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Drift instabilities contribute to the formation of edge turbulence and zonal flows and thus the
anomalous transport in tokamaks. Experiments often found micro-scale turbulence strongly cou-
pled with large-scale magnetohydrodynamic (MHD) processes, whereas a general framework has
been lacking that can cover both regimes, in particular, their coupling. In this paper, the linear
resistive drift wave instability is investigated using a full 2-fluid MHD model, as well as its numeri-
cal implementation in the NIMROD code. Both analytical and numerical analyses reveal a macro-
scale global drift wave eigenmode coupled with MHD dynamics and illustrate a non-monotonic
dispersion relation with respect to both perpendicular and parallel wavenumbers. NIMROD results
also reveal an edge-localized behavior in the radial mode structure as the azimuthal mode number
increases, implying the dependence of the 2-fluid effects due to the inhomogeneous density profile.
The edge-localization introduces a non-trivial dependence of the effective perpendicular wavenum-
ber to the perpendicular mode number, which may explain the quantitative difference between the
global dispersion relation and its local approximation from the conventional local theory.
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I. INTRODUCTION

Micro-scale turbulence, such as those driven by the drift
wave instability (DWI), is believed to be one of the dominant
transport mechanisms in tokamak plasmas. Whereas the con-
ventional theory focuses only on small-scale dynamics,
experiments often find regimes where micro-scale turbulen-
ces are strongly coupled with large-scale magnetohydrody-
namic (MHD) processes. For example, it has long been
argued that turbulence can enhance the rate of magnetic
reconnection;l in fusion systems, micro-turbulence due to
the kinetic ballooning mode (KBM) is often thought to pose
constraints on the pedestal height, which in turn influences
the edge localized mode.? Although there have been theories
that are well developed for micro-turbulence and MHD sepa-
rately in their own regimes, a general theoretical framework
has been missing that can simultaneously cover regimes of
both micro-turbulence and MHD processes, as well as their
coupling.

In early DWI studies, such as in Galeev et al.,3 the two-
fluid equations with electro-static approximation were often
adopted. The magnetic fluctuation was later included in the
work of Scott,* which is partially represented by the parallel
component of magnetic potential. Using this model, Scott*
has investigated the electron drift turbulence in tokamak
edge plasmas during L-H transition. Recently, resistive drift
modes have been investigated in a series of papers in the
context of blob dynamics in tokamak plasmas.”’™ Using
mostly reduced MHD models in slab geometry with bound-
ary conditions relevant to the scrape-off-layer (SOL) region,
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they have studied the electromagnetic effects of resistive
drift-wave modes on the plasma blob-filament dynamics and
transport in tokamaks. These approaches adopt the momen-
tum equations for both electrons and ions, bringing an advan-
tage in describing two-fluid effects. However, the two-fluid
representation has not taken the full temporal evolution of
the magnetic field into consideration, and the equilibrium
considered may not be self-consistent in terms of MHD force
balance.

In contrast, our work here is mainly motivated by the
goal of exploring the cross-scale coupling mechanism
between macro-scale MHD and micro-scale drift-wave pro-
cesses in a common theory framework. For that purpose, the
micro-scale resistive drift-wave instability has been studied
within a full MHD instead of the reduced MHD model.
Whereas only the parallel component of the magnetic vector
potential is considered in the reduced MHD models from
previous work such as those by Scott,4 Lee et al.,7’8 Lee
et al.’ the complete magnetic effects are included from all
components of magnetic field through Faraday’s law in the
full MHD model, which allows maximal coupling between
drift-wave modes and the entire MHD dynamics.

The full MHD models of DWI in single-fluid representa-
tion adopt an extended set of MHD equations, where two-
fluid effects are included in the generalized Ohm’s law. It
self-consistently evolves all components of the magnetic per-
turbation, while still keeping both the macro-scale MHD and
the dominant micro-scale two-fluid physics. The fundamen-
tal difference between single-fluid and two-fluid representa-
tions is the treatment of the magnetic field. In single-fluid
representation, the magnetic field is intrinsically included in
the induction equation, which in turn guarantees MHD force

Published by AIP Publishing.
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balance. On the other hand, the two-fluid representation
treats magnetic field only as a correction to the electrostatic
approximation, such that both MHD equilibrium and self-
consistent magnetic field evolution are absent. In situations
where the magnetic field and its evolution are of interest or
importance, the single-fluid representation might serve as a
more suitable theory framework.

The single-fluid representation has been adopted in a
few DWI studies, such as those by Mikhailovskii,m’11 where
the validity condition for the electrostatic approximation is
derived. Following the same approach, Mirnov er al.'* have
derived a general theory for drift-tearing modes that cover
the arbitrary f regime by taking into account plasma com-
pressibility and the Hall term. Recently, following
Mikhailovskii’s study,'®'" a two-fluid MHD model has been
adopted to develop a theory for the resistive drift instability
in a plasma slab.'? However, it is not clear if its conclusion
would be readily applicable to the more realistic geometries
and configurations since no global or geometric effects are
included in the slab model.

In this work, the dispersion relation for DWI from the full
two-fluid MHD model is first extended to a general form that
is independent of the choice of coordinate or configuration.
Such a coordinate-free form of the dispersion relation avoids
limitations and complications due to explicit dependence on
coordinates, thus signifying the relevant physics. More impor-
tantly, the coordinate-free approach might be more amenable
to cylindrical and toroidal geometries. Applying this model,
we further compare the analytical result with the numerical
result obtained from the initial-value extended full MHD code
NIMROD."* Both analytical and numerical calculations in our
work qualitatively agree on the essential features of linear
DWTI in the cylindrical geometry, which sets up the stage for
the future study of the nonlinear cross-scale coupling between
micro-turbulences and MHD processes.

In comparison with the mainly slab geometry and local
approximation considered in those previous studies on resis-
tive modes using either single- or two-fluid representa-
tions,3’4’7*13 in our work we turn attention to the global
effects of resistive drift-wave instability in a cylindrical
plasma. Whereas the local slab geometry is applied to the
study of plasma blob dynamics,” the global cylindrical
configuration adopted in our work could be also applied to
the same subject with inclusion of the full geometry of a
plasma blob-filament. Such an application of our study here
can be planned for future work.

The rest of this paper is organized as follows: The geo-
metrical and physical configurations are described in Sec. II.
In Sec. III, we extend the dispersion relation for DWI in the
full two-fluid MHD model and evaluate a new resistive DWI
dispersion relation in the cylindrical configuration. Section
IV reports numerical results from NIMROD -calculations,
along with verifications and benchmarks. Finally, summary
and discussion are given in Sec. V.

Il. GEOMETRY AND MHD EQUILIBRIUM

In order to include global effects that almost always
accompany macro-scale MHD processes, the cylindrical
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geometry is adopted for our analytical and numerical calcula-
tions. For the sake of simplicity, the ion is assumed to be
cold, and the electron temperature profile uniform and con-
stant (T; = 0, T.(r) = T,). Furthermore, the MHD equilibrium
is assumed to be static. The plasma density profile N is a bell-
shaped function of the cylinder radius r, and r only
(N=N(r)). The magnetic field B consists of a uniform part
and a non-uniform part, i.e., B =B, + B.(r). B, goes along
the axial direction, and is uniform all over the cylinder. B, has
no radial component, either. It has a radially varying pitch
angle (the angle between B, and axial direction) and balances
the density gradient in the MHD force balance equation.
Additionally, |B,| < |B,] is considered such that § < 1.

In comparison with more realistic configurations such as
tokamaks, the equilibrium of the system has an additional
direction of symmetry, i.e., the equilibrium is independent of
both axial and azimuthal directions. This additional symmetry
allows for an analytical formulation of DWI that is
coordinate-free. For benchmark purpose, two kinds of grids
for cylindrical geometry, namely “circular” and “rectangular,”
have been set up for NIMROD calculations (Fig. 1).
Calculation results from the “circular” and the “rectangular”
grids have been compared to verify their correctness.

lll. RESISTIVE DWI UNDER THE FULL TWO-FLUID
MHD MODEL

The two-fluid MHD model adopted in this work is based
on the full set of resistive MHD equations and the inclusion
of two-fluid effects in the generalized Ohm’s law. Since the
temperature or pressure effects are not our primary concern,
a constant temperature and the equation of state p = NT are
assumed.

After normalization, the rest of the full two-fluid MHD
equations are

FT =V (Na), (1)

(06 . .\ . - .
SlN(E—Hl Vu)—JxB—VN, )
OB P . . oy
at:—Vx[—uxB+S2J+S3(J><B—VN)+S46t,
3)

Computation
Mesh

(@)

FIG. 1. A sketch of two different grid setups used in the NIMROD calcula-
tions for this work. (a) “Rectangular” grid. (b) “Circular” grid.
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J=5i;VxB, V-B=0. 4)
For any physical quantity F, we denote its normalization unit
and normalized form as F and F, respectively. In particular,
lengths are normalized in the cylinder radius a, times in the
Alfven time 74, velocity u in the Alfven speed u4, and den-
sity N, temperature T, resistivity 7, and magnetic field B in
their equilibrium peak values, respectively. The detailed nor-
malizations are given as follows:

7/ wr, 7=T
s = }’)’ll7 = 5 :—_’
P aB
NT
B= 'uo,z , S= fola (Lundquist number)
B
St = Mi/C? - 717

52 = 1(taNT)/(a*B%) = s7'S 7",

- ‘L'AT
537 B’
m, T
HT e @2B*

where all definitions and meanings, as well as those in Egs.
(1)—(4), are conventional. Unless otherwise specified, the
normalization units and other corresponding values of
plasma parameters used in this work are listed in Table I. For
an evolving field F, we further follow the conventional nota-
tion for linearization: F = Fy + F, where Fq stands for the
equilibrium field. One set of example MHD equilibrium pro-
files are illustrated in Fig. 2.

Here, a wave-like dependence F ~ exp(2minz/L. + im0
—iwt) is assumed for the perturbation, where m is the azi-
muthal mode number, n the axial mode number, and L. the
normalized periodic length of cylinder in the z direction.
With the adoption of slow wave assumption to exclude fast
MHD waves, a set of differential equations determining the
linear dispersion relation of DWI are derived using a
coordinate-free approach (see Appendix) and shown as
follows:

TABLE I. Typical normalization units and plasma parameters used in ana-
lytical formulations and NIMROD calculations.

Parameter Notation Value
Density N 2.0 x 10"®¥m 3
Temperature T 6.25eV
Magnetic field B 0.1T
Cylinder length Lz 8.0m
Cylinder radius a 0.1m

ITon cyclotron frequency Wi 9.58 x 10° rad/s
ITon sound speed Cy 2.45 x 10" m/s
Alfven speed Uy 1.54 x 10° m/s
Ion cyclotron radius Ps 2.6 mm
Conductivity i 6.2 x 107> Q/m
Beta B 50x107*

Phys. Plasmas 25, 092113 (2018)

le—7 1.2

r/a

FIG. 2. Equilibrium profiles as functions of the normalized radius r/a for
density Ny (blue) and azimuthal magnetic field By (red).

. 1 _
|:l(,0 — m (B() . V)2 + ¢V2 + S3N0 1(J() . V)

2571 (VNo - V) (# - V)
ia)NOV2 :| ( VNO)
= s5153N, ' (Bo - V)(Bg - B), (5)

t

1
|:in1 — m (B() . V)2 + d)Vz + S3N0_1 (J() . V):| (Bo . B)

_i(Bo-V
= ONz )| By|* +N—0( 0-V)
—s5153N; ' (Bo - V)(Jo - V) | (B - V), (6)

where ¢ = s1 (52179 — iws4/Np), K =b- Vb, and b =B /|By|
is the unit vector along the equilibrium magnetic field lines.
The inverse of Laplace operator 1/V? in Eq. (5) simply
denotes its matrix definition in the spectral space of solution
(see Appendix for details). Effects of resistivity appear in ¢-
dependent terms in both equations and two-fluid effects in
s3-dependent terms, whereas s; implies the inclusion of
the coupling mechanism between MHD modes and DWI.
Within local approximation, this dispersion relation can
reduce to that in the previous work which is derived specifi-
cally for the slab configuration.'* The local dispersion rela-
tion for DWI is shown as follows:

k> k2
k
= o’ Ny 'Kk dF + oo, { — Ny ki + ’ﬁTL}
(7
where w, = —Lm%%m, di ==, and k and k_ are the
r Ny dr w,,a

parallel and the perpendicular wavenumbers with respect to
the equilibrium magnetic field, respectively.

The above dispersion relation for DWI also includes an
interchange drive 2L 'k which does not vanish in configu-
rations where the magnetic curvature is finite, such as in the
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cylinder considered here. Since the field line curvature
Kk ~ (Bg/B)*/r, the interchange drive can be neglected
when By < B, which is the case in this work. In particular,
By/B ~1077 for the equilibrium we considered here, thus
the interchange drive is negligibly small and will be
dropped in the rest of the analytical and numerical analy-
ses. This allows a focused study on the drift mode alone
first. A similar practice is also adopted earlier by Lee
et al.,” for example, where the interchange term is dropped
when the dispersion relation for the drift mode is derived
in Eq. (4) there.’

To show the radial structure of the global DWI eigen-
mode, a simplified differential equation is derived from Egs.
(5) and (6) in the electrostatic and § — oo limit

d*y 1 dNo\ dyr w m

d7+<+Nodr)dr+<wp r>l// 0. ®
where p?> = d?f and { = B,. This result is consistent with a
previous work based on the two-fluid model.'® For the equi-
librium considered in Sec. II, the above Eq. (8) is then
solved numerically using a shooting code and the results are
shown in Fig. 3. There the DWI eigenmode profiles are
found to shift towards the cylinder edge as the azimuthal
mode number m increases. This behavior results in a non-
trivial relation between the azimuthal mode number m and
the perpendicular wavenumber &, due to varying effective
radius of DWI eigenmode for different azimuthal mode
numbers. In fact, the concept of k£, makes sense only if an
effective radius rey is defined. A natural approach is to
define r.g as the radius at which the eigen-frequency of the
eigenmode equals the value of local theory at k; = m/r.g.
This definition guarantees agreement between the global
theory and its local approximation and provides a straight-
forward way to calculate the value of r.y as follows.
Symbolically denote Eq. (8) as Ly(r) = A(r)y(r), regr can
be obtained by solving the local approximated dispersion
relation Det(A(r; w,m, k|)) = 0, with m, k| given, and o the
corresponding eigen-frequency.

1.0 1.0
0.8 1 0.8
0.6 1 [ 0.6
= >
0.4 1 0.4
0.2 0.2
0.0 1 0.0
0.0 0.2 0.4 0.6 0.8 1.0
r/a

FIG. 3. DWI eigenmode profiles as functions of radius for different azi-
muthal mode number m obtained from the numerical solutions of Eq. (8)
(colored), and the profile of the corresponding equilibrium density N, (dark).
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IV. CALCULATION RESULTS USING NIMROD

NIMROD applies a conforming representation of 2D
finite elements and 1D finite Fourier series using a semi-
implicit time-advance and enables a 3D nonlinear non-ideal
MHD calculation in extremely stiff conditions without
sacrificing the geometric flexibility needed for modeling lab-
oratory experiments. NIMROD covers a wide range of
mechanisms in tokamak plasma, including DWI, by adopting
a set of full two-fluid MHD model equations as follows:

uJd=VxB, V- -B=0, )
OB
5 = VxE (10)
ON
o=V (), (11
ou
m;N E—Fu Vu| =JxB-Vp+V_-II, (12)
m, OJ
E_—uxB+17J+—(J><B Vp) 41 (13)
N, [0
y—1<8l+u“ V>Ta
=—p,V-u, —II,:Vu, -V .-q,+0,, a=ie (14)

The equilibrium and configuration described in Sec. II
are adopted in NIMROD calculations. Before carrying out
further analysis, however, these configurations are first vali-
dated to ensure the domination of DWI, rather than MHD
modes such as the localized interchange mode using the
well-known Suydam’s criterion'®

rB? (¢ 2
= <—) +8p' >0 for stability. (15)
Ho \4

Alternatively, the criterion can be rewritten as Y =1
+8p'/ LA (" )2 > 0 for stability. For the MHD equilibrium

con51dered here, the stability criterion is evaluated, from which
the stability condition is found to be well satisfied (Fig. 4).

1.041 — Y=1+8p/ (@)
stability region : Y>0

1.02 yreo

1.00 1 \/

0.98 -

>_

0.96 1

0.94 -

0.92 -

0.90 A= " . " r r

0.0 0.2 0.4 0.6 0.8 1.0
r/a

FIG. 4. The Suydam’s criterion parameter Y as a function of the normalized
radius r/a.
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For the equilibrium we considered in this study, the azi-
muthal component of equilibrium magnetic field Byy o 2.
Thus, the safety factor g(r) < 1/r and the magnetic shear is a
finite constant but not zero. Despite the finite magnetic shear,
the more fundamental reason that Suydam’s criterion is satis-
fied is that the interchange drive for the equilibrium consid-
ered is rather weak due to the fact that the field line
curvature k ~ (Bg/B)*/r ~ 10~ /r, which is negligibly
small. For the same reason, even in the presence of resistiv-
ity, the drive for resistive interchange is significantly weaker
than that for resistive drift instability, which should dominate
the mode growth and structure in the NIMROD calculations
in this study. Although Suydam’s criterion (15) is a neces-
sary condition for stability to the localized interchange
mode, the possibility of interchange mode and other MHD
modes can be further excluded based on the agreement on
the mode characteristics between NIMROD calculations,
and the analytical dispersion relations for DWI only in Egs.
(7) and (8) in the absence of the interchange term are shown
from the calculation results below.

Our NIMROD calculations find a global DWI eigen-
mode with a bell-shaped radial profile, similar to the numeri-
cal solution of Eq. (8). Figure 5 illustrates one such DWI
eigenmode structure for a specific set of mode numbers
(m=6, n=1), where the calculations are successfully
benchmarked between the two different computational mesh
setups described in Sec. II. In particular, for the same equi-
librium physical parameters, the time evolutions of the DWI
eigenmode yield the same growth rate from those two grids.
The mode structures from the two grids are also consistent
with each other (Fig. 5).

The amplitude of the eigenmode maximizes at a certain
radius and vanishes at the cylindrical center and edge
regions. The peak value, along with its radial location, is
determined globally by the MHD equilibrium profiles. This
is fundamentally different from theories based on the local
approximation, where only local values of MHD equilibrium
fields are relevant to the DWI frequency and growth rate. In
situations where global effects are of interest or substantial,
the difference between local and global theories may no lon-
ger be negligible.

Besides the DWI radial mode structure, the edge-
localization of the global eigenmodes in previous analytical
results is also confirmed by NIMROD results. Illustrated in
Fig. 6 are the DWI eigenmode structures for several azimuthal
mode numbers, from which the edge-localization can be
clearly observed. Phenomenologically, the effective radius of
DWI eigenmode 7. becomes a function of the azimuthal
wavenumber m and increases as m becomes larger. As a result,
the effective perpendicular wavenumber k; depends on m in a
slightly more complicated manner, as in k| = m/re (m).

One of the consequences of the edge-localization
appears in the dispersion relation. In particular, the linear
growth rates obtained from NIMROD calculations are plot-
ted as contours in Fig. 7, together with the corresponding
analytical results from the local theory in Eq. (7). The two
results are in qualitative agreement. Both plots exhibit a non-
monotonic dependence of the growth rates on the parallel
and the perpendicular wavenumbers. The linear growth rate

Phys. Plasmas 25, 092113 (2018)

0 0.05 0.1 0.15 0.2

(a)

(b)

FIG. 5.2D contours of B, for the m=6, n=1 DWI obtained from
NIMROD calculations in two different mesh setups. (a) The “rectangular”
mesh setup. (b) The “circular’” mesh setup.

first increases with &, (k)), until a maximum value is
reached. The quantitative difference between the two sets of
contours is likely due to the global mode structure effects
missing in the dispersion relation for DWI from local theory.
The resistive nature of the DWI eigenmode in our
NIMROD calculation is confirmed from the dependence of
its linear growth rate on resistivity. Figure 8 shows the rela-
tion between the linear growth rate and resistivity from
NIMROD results for a specific mode number. When the
resistivity is small, the linear growth rate of DWI increases
with resistivity, which is in agreement with the previous the-
ories.>*!%117 The calculation results also find that the
growth rate of DWI is reduced when the resistivity is above
a certain threshold. This resistive stabilization on DWI might
not have been captured by those conventional DWI theories,
such as those developed by Galeev er al.® Scott,*
Mikhailovsky,lo Mikhailovskii and Laing,11 Bellan.!”
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(©

FIG. 6. 2D contours of B, for the m =3, 6,9, n =1 drift wave instabilities. (a) m = 3. (b) m = 6. (¢c) m = 9.

V. SUMMARY, DISCUSSION, AND FUTURE WORK

In this work, the linear resistive drift instability is investi-
gated using a full two-fluid MHD model, as well as its numer-
ical implementation in the NIMROD code. The analytical
dispersion relation for DWI from the full two-fluid MHD
model is extended to a general vector-based form that is inde-
pendent of the choice of coordinates. When the eigenvalue
equations for DWI are applied to cylindrical geometry, they
would yield a bell-shaped radial mode structure, similar to tra-
ditional eigenmode theories on DWI. In local approximation,
the eigenvalue equations reduce to the same dispersion rela-
tion in slab geometry obtained in a previous work."?

0,000

0,002

25 30

FIG. 7. Contours of linear growth rates in the perpendicular (i.e., m) and par-
allel wavenumber (i.e., n) plane as obtained from NIMROD -calculations
(Left) and analytical theory based on local approximation (Right).

Furthermore, the numerical results are obtained from the
two-fluid model in the NIMROD code. Our calculations
have confirmed the resistive nature of the DWI eigenmode.
The dispersion relation obtained from the NIMROD calcula-
tion is in qualitative agreement with our full two-fluid theory
in local approximation. The comparison also shows similar
radial structure profiles of DWI eigenmode from the
NIMROD results and conventional eigenmode theories. In
particular, the DWI eigenmode is found to localize towards
the edge as the azimuthal mode number increases.

It is worth mentioning that collision is not the only mech-
anism for generating DWI. In fact, the collisionless mecha-
nism is also well-known to induce DWI. However, our work
is mostly concerned about whether the full two-fluid MHD
model allows the presence of DWI despite the inclusion of all
components of magnetic perturbation. Such an issue should
not depend on the specific mechanism, collisional or colli-
sionless, for the excitation of DWI. The inclusion of finite
resistivity prevents the cancellation of the charge separation
due to the fast electron response in the parallel direction and
thus serves to postpone the electron response, in a similar
manner to other collisionless mechanisms.

Although the current work is limited only to the linear
regime, the analytical and numerical results in this work con-
firm the validity and capability of the two-fluid MHD

le—3

4.0

3.5F

3.0F

111
3333
& Ld

2.5F

2.0p

YTa

1.5

1.0F

0.5}

0.0p

—0.5 . . . . .
-0.1 0.0 0.1 0.2 0.3 0.4 0.5

o

FIG. 8. Linear growth rates of DWI as functions of resistivity for different
azimuthal mode number m as obtained from NIMROD calculations.



092113-7 Yang et al.

equations for the purpose of DWI modeling. This model may
provide a unified framework for future study of the nonlinear
cross-scale coupling between micro-turbulences and MHD
processes.
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APPENDIX: DETAILED DERIVATION OF THE RESISTIVE
DWI DISPERSION IN THE FULL TWO-FLUID MHD
MODEL AND CYLINDRICAL GEOMETRY

In situations where good symmetry properties are pre-
sent, it is often possible to represent all physics without
coordinate-dependent terms. The rest of this appendix is the
detailed derivation of the dispersion relation for global resis-
tive DWI eigenmode in cylindrical geometry. The result
agrees with a previous work,'> where a coordinate-
dependent approach is adopted.

For the sake of brevity, the cylindrical geometry and the
following are assumed:

. acold ion plasma (T; = 0);

. a constant temperature profile (T, = T);

. an equation of state p = NT,;

. a static MHD equilibrium (u = 0).

. B < 1, the equilibrium magnetic field is dominated by the
axial component.

Dn AW -

The normalized full two-fluid MHD equations are as
follows:

ON n
E:—V'(Nll), (A1)
N A R
s1N<—[+u-Vu):J><B—V, (A2)
OB . = - X X
EVx{uxB+ssz+hN (J xB —VN)
+v4]\7_1%} = (U+V+W), (A3)
U=-Vx(iaxB)=BV-u—-B-Vi+i-VB,
V=Vx[p/s1]] =V x [p(V xB)],
W:slswxu(vmé)xﬁ,
J =5V xB. (A4)

After linearization, we have
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—ioN = =V - (Noil) = —NoV - @ — VNp -,  (A5)
—iws\Noti = (Jo x B+ J x By) — VN, (A6)
ioB=U+V +W,
U=B\V-i—By-Vi+ii- VB,
V = —¢V’B,
W S3V(]\l7) X (JoxB+J ><Bo)+S3]l\7V
X (Jo x B+ J x By). (A7)

Applying the inner products of VNy, By and V to Eq.
(AO6), respectively, we have
i -
u-VNy=——(Bo:-V)B - VN
u 0 wNo( 0-V) 0
i

(VNog-V)(siBo-B +N),  (A8)

(J)N()Sl

i By=—

- i 3
B -VNy+—(Bg- B-B A
oNos, \% o+wN0( 0 V)( 0), (A9)

—iwNoV -1 =V - [(B-V)By+ (B - V)B — V(By - B)]
— 57 'V2N + iwa - VNo. (A10)

Similarly, taking the inner products of Eq. (A7) with VN,
and B, respectively, yields

io(B - VNy) = —(By - V)(ii - VNg) — V(B - VN)
+ 53Ny 'VNy - V x (Jo x B +J x By),

(A11)

_ 1
io(B - Bo) = [Bo|’V - i — (B - V)(ii - By) tou V(|Bo|*)
— ¢V?(B -By) +By - W. (A12)

Now, we show how the above Egs. (A11) and (A12) can
be further reduced to the differential equations for the global
DWI eigenmode in Egs. (5) and (6). First, combining Eq.
(AS) and Eq. (A10) yields

No
—iwN, 0

—SIIVZN),

ioN =

(v [(B-V)Bo + (By - V)B — V(B - B)]

or, equivalently,

(0 +s7' VAN =V-[(B-V)By+ (By-V)B —V(By-B)].
(A13)

Next, we insert Eq. (A13) into Eq. (A8) to eliminate N, lead-
ing to
ioNo(0? + s7'V?)(1i - VN)
= s7'VN, - {sl(wz +57'V2) V(B - B)
+VV-[(B-V)By+ (By-V)B — V(Bo-B)] }

—(? +57'V?)(By - V)(B - VNp). (Al14)
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When Eq. (A14) is used to substitute the u - VN, term in Eq.
(A11), we have

R
w? +571V?

=—(Bo-V)

iwB - VNy = +g

1
iwNo(w? + s71V?)
X {SIIVNO . {sl (0® 457 'V*)V(Bo - B)

+V(2[V.BY] [V,B ] — V(B - f;))]

— (@ +57'V?)(By - V) (B - VNo) |

—¢V2(B - VNy) + 5153VNy - V

<INy ' [(B-V)Bo + (By- V)B — V(By-B)] |
(A15)

Here, the inverse of the operator (£ = o’ + s7!V?) [ie.,
L' = (0* +57'V?) '] is defined as the inverse of the cor-
responding matrix of £ in the spectral space of solution.
For example, the solution of Eq. (A15) =B - VN, in
a cylinder can be decomposed in spectral space as
U =3V Tx(r) exp(2ninz/L, + im0 — iwt), where T,(r)
is the Chebyshev or Bessel basis function. In the spectral
space defined by the basis functions T,(r)exp (2minz/L.
+imb), the above Eq. (A15) takes the form of iw(y,,,)
= L™ (fymn) + (8omn)> Where (Yoy,) is the solution vector, L
is the matrix whose element

L(o:mn,a’m’n’) = <TO( (I‘) CXP(ZTCinZ/I:Z
+im0), L [Ty (r) exp (2nin'z/L. + im'0)] ).
(A16)

(fomn) and (g.,,,,) are the projection vectors of f and g in the
solution spectral space respectively, and the inner product fol-
lows the conventional definition (fi,f>) = [drd0dzw(r)fif>
with w(r) being the corresponding weight function. Similarly,
the inverse of Laplace operator 1/V? in Eq. (5) simply denotes
its matrix definition in the spectral space of solution.

In Eq. (A15), the term 2[V,B5][V,B] is the origin of
the interchange drive due to the curvature of magnetic field,
where the Einstein convention of summation is adopted for
the vector component indices a and b, respectively. In partic-
ular, we note that
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2(Bo - V)(VaBg) (VsB") ~ 2(Va(Bo - V)BG)(V,B")
= 2(V,[B3k"])(V,B") = 2(V,BE) (kK"V,B")
—2(Vas7'No) (KPV,BY) = =257 (R - V)(B - VN),
(A17)

which turns into the curvature interchange term in Eq. (5).
The axial component of the induction equation can be
reduced from Eq. (A12) to Eq. (6) in a similar manner.

In local approximation, whenever the operator V acts on
a perturbed field F ~ exp (2ninz/L. + im0 — iot), it is for-
mally equivalent to a factor ik, where k = egm/r + e,n/L, is
the wave vector, with e, and e, being the unit vectors in the
azimuthal and axial directions, respectively. Thus, V? is
essentially —k which can be manipulated as a number during
the derivation. In another word, the matrix for Laplace oper-
ator V7 in the spectral space of solution becomes diagonal.
Thus, the simpler local dispersion relation in Eq. (7) can be
obtained by replacing the operator V> with —k” in Eq. (5).
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