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Abstract

The "Noisy intermediate-scale quantum” NISQ machine era primar-
ily focuses on mitigating noise, controlling errors, and executing
high-fidelity operations. Therefore, quantum circuits on a NISQ
quantum computer require shallow circuit depth and robustness
against noise. Approximate computing (AC) is a novel computing
paradigm that produces imprecise results by relaxing the need for
fully precise or completely deterministic operations; such error-
tolerant applications include multimedia, data mining, and image
processing. In this paper, we investigate the application of approx-
imate computing in NISQ quantum computing as a mechanism
to increase the noise resilience of the quantum adder circuits. We
propose five designs of approximate quantum adders designed to
reduce depth while making them noise-resilient at the same time.
Three designs of approximate quantum adders are with carryout
while two designs are without carryout. We have used novel ap-
proaches to design these approximate quantum adders that include
approximating the Sum just from the inputs (pass-through designs),
therefore, these adders have zero depth as no quantum gate is
required. The second design style uses a single CNOT gate to ap-
proximate the SUM with a constant depth of O(1). We performed
our experimentation on IBM Qiskit on seven noise models (thermal,
depolarizing, amplitude damping, phase damping, SPAM, bitflip,
and readout). Simulation results illustrate that compared to exact
cuccaro adder[1] the proposed approximate adder without carry-
out has improved fidelity in the range of 8.34% (Phase Damping
noise) to 219.22% (Bitflip noise). Similarly for proposed approxi-
mate adder with carryout the fidelity improves in range of 8.23%
(Phase Damping noise) to 371% (Bitflip noise). We also evaluated
our proposed approximate quantum adder in terms of various error
metrics providing the quantity and frequency of error deviation.
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1 Introduction

Quantum circuits serve as the basis for constructing quantum al-
gorithms, making them helpful in applications such as quantum
information processing, cryptography, image processing, and other
scientific computations [8, 13]. Quantum arithmetic circuits are
vital to design efficient circuits of quantum algorithms for scientific
computing such as variational quantum algorithms for nonlinear
problems, simulation of many-body systems, Poisson equation,
linear systems of equations HHL, quantum Metropolis sampling,
Gibbs state preparation, Singular Value Thresholding or Triangle
Finding, and in the widely applicable framework of Quantum Re-
jection Sampling [5, 6]. In addition, researchers have included ded-
icated libraries of basic quantum integer arithmetic functions in

quantum programming languages such as Microsoft Quantum De-
velopment Kit and Quipper [2, 7]. Therefore, quantum arithmetic
circuit libraries will help design resource-efficient circuits of quan-
tum algorithms for scientific computing [2, 7]. Further, quantum
arithmetic circuits can be potential candidates for future bench-
marking of noise models in NISQ machines or future benchmarking
of automatic design tools for NISQ machines such as those in [3].
Quantum arithmetic circuits such as adders are already being used
as benchmark circuits in NISQ machines [11]. Further, error-aware
compilation in IBM’s 20-Qubit machines uses adder circuits as
benchmark circuits [11].

The quantum hardware available today supports what is known
as noisy intermediate-scale quantum (NISQ) computing, which is
unsuitable for prolonged operations due to error accumulation [4].
In the current “noisy intermediate-scale quantum” NISQ machine
era, a primary focus is on mitigating noise, controlling errors, and
executing high-fidelity operations. Therefore, quantum circuits
on a NISQ quantum computer require shallow circuit depth and
robustness against noise.

The currently existing quantum adders are based on the ripple
carry mechanism in which the final carry depends on all the in-
puts. This long carry path inflates the circuit depth and gate count
leading to a proportional rise in noise [1, 14]. The exact quantum
adder by Cuccaro et al [1]. is widely used in quantum arithmetic cir-
cuits. We referred the design of Cuccaro et al. with output carry as
CQA1 and without output carry as CQA0. Another exact quantum
adder design proposed by Thapliyal et al. called TPL13 provides
resource optimized design for quantum ripple carry adder. To have
better comparison with existing work we compare our proposed
approximate adder against designs proposed by Cuccaro et al. and
Thapliyal et al. [1, 14].

Approximate computing (AC) is a novel computing paradigm
that produces imprecise results by relaxing the need for fully precise
or completely deterministic operations. Therefore, error-tolerant ap-
plications, such as multimedia, data mining, and image processing,
often do not require fully accurate results, as imprecise or less-than-
optimal results suffice. In the existing literature [12], approximate
quantum multipliers are designed based on controlled quantum
adders that are focused on optimizing depth and T-count. However,
the designs of quantum adders perform controlled additions, there-
fore, have resource overhead compared to non-controlled quantum
addition. Further, it utilizes an uncomputation gate that requires
measurement operations, limiting its applicability to the NISQ do-
main due to increased noise susceptibility due to SPAM errors [10].
Therefore, to the best of our knowledge, no existing designs of
uncontrolled (normal) quantum addition use approximate comput-
ing applicable to the NISQ domain. Hence, we propose five new
designs of quantum approximate adders that have improved noise
resilience and reduced circuit depth. This is achieved by removing
the carry propagation dependency during the addition operation by
applying the principle of approximate computing. Since there is no



carry dependency, each addition of input qubits operates in parallel,
resulting in reduced logic gates and depth, thereby increasing noise
resilience compared to exact designs of quantum adder circuits. To
summarize, we make the following contributions:

e We propose five approximate quantum adders (three proposed
adders with carryout, and two proposed adders without carryout)
designed using approximate computing to reduce the depth and
boost noise resilience.

o Out of the five designs, two are zero-depth parallel adders that
do not require any quantum gates because they employ pass-
through logic. The other three adders are of constant depth, as
they compute the Sum output of the addition using single CNOT
gates in parallel.

e We illustrate the superior noise-resilience of the proposed quan-
tum approximate adders by conducting IBM Qiskit-based simula-
tions on seven noise models.

o The proposed approximate adders without carryout improve fi-
delity in the range of 31.45% to 33.98%, while the proposed ap-
proximate adders with carryout improve fidelity in the range of
26.71% to 39.84% compared to exact quantum adder designs in
4-qubit configuration.

e We also assess the error introduced by approximate computing
in the proposed adders by error metrics such as NMED and error
rate.

This work is organized as follows: Section 2 provides background
on quantum noise sources and error metrics. Section 3 presents
the proposed approximate adders with error deviation. Section 4
compares the noise performance of proposed adders.

2 Background
2.1 Quantum Gates

The quantum gates used in this work are explained below.

e CNOT Gate: CNOT gate (or Feynman gate) shown in Figure la
helps in realizing XOR and XNOR operations by mapping A, B to
A, A®B.

o Toffoli Gate: Figure 1b shows the mapping of three input A, B, C
to three outputs A, B, A-B&C. Toffoli gate, also known as CCNOT
(double controlled NOT) gate, can achieve AND, NAND, and OR
logical operations. It is also the most resource intensive gate used
in this work.

a—e— a
a—e— a b —e— b
b—— aeb c—P— a-boc
(a) CNOT Gate (b) Toffoli Gate

Figure 1: The CNOT and Toffoli gates.

2.2  Quantum Computing Noise Sources

Noise is the main obstacle in the adoption and scaling of quantum
computing [10]. The prime source of quantum noise lies in the
design and type of quantum computer. We focus on identifying
unique noise sources and their impact on proposed designs by using
IBM Qiskit [3] commands to inject uncertainty in simulations. We

have chosen to model quantum noise in form of probability of
incorrect output. Table 1 shows a compilation of noise models used
in this work.

Table 1: DESCRIPTION OF NOISE MODELS

Model Description

Thermal = Thermal relaxation error is characterized by time con-
stants related by T1 (thermal relaxation) < T2 (dephasing).
We use T1 = 50us, T2 = 70us [3].

Depolarizinglt is the probability that a completely mixed state I/2
replaces the state of qubit [10]. We use an error probability
of 0.005 for 1-qubit and 0.01 for 2-qubit gates.

Ampli
P 1Fude This noise occurs due to energy dissipation during opera-
Damping . .1 -
tions [10]. We apply probability of 0.01 for 1-qubit gates.
Ph
Daerlrsle in Phase damping involves the loss of information without
ping energy loss [10]. We use probability of 0.01 for 1-qubit
gates.
SPAM State Preparation And Measurement noise reflects the

reliability. In state preparation, error probability of reset
to 1 (0.04) is twice the error of reset to 0 (0.02), while
measurement error is 0.1 [9]
Bitflip This noise source flips the qubit from 0 to 1 or vice versa,
we use error probability for 1/2 qubit gates as 0.01 [3]
Readout  P(n|m) represents the probability of measuring n when
correct output is m. We use P(1]0) = 0.05, P(0|1) = 0.1. [3]

2.3 Error Metrics

In this section, we explain the metrics used to measure the mag-
nitude and frequency of the error introduced by the approximate
adders. The most elementary metric is Error Distance (ED), which
is the difference between the exact Sum (Sexqcr) and the approx-
imate Sum (Sgpprox). As shown in Equation 2, we utilize ED to
create Mean Error Distance (MED) by averaging over the total in-
put combinations (N). Furthermore in Equation 3, normalization of
MED by the maximum output across all inputs (S;qx) reduces the
sensitivity of NMED to outliers and variations in the distribution of
error distances. NMED is particularly useful because it takes into
account the scale and distribution of the error, allowing for fair
comparison across different input configurations.

ED = ’Sexact - Sapprox| (1)
ED
MED = 2ED @)
N
MED
NMED = 3)
max

Error rate (ER) is another metric used to evaluate the accuracy of
an adder by measuring the proportion of incorrect results produced
by it. ER is calculated by dividing the number of incorrect output
(Nerror) by the total input combinations (N), as shown in Equation
4. Adder with lower error rate will have errors limited to fewer
input combinations, making them suitable for applications such
as sensor data acquisition and image/audio filters which care for
overall quality and discard outliers.

ER = M (4)
N
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3 Proposed Designs of
Approximate Quantum Adders
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Figure 2: Exact quantum adder by Cuccaro et al [1]. The in-
puts are in range ag to a4 and by to by while S to S4 represent
Sum bits. The Carry generation path extends from cg to cq4,
creating higher depth and longer carrypath, increasing the
noise susceptibility of carryout. LSB qubits spend much more
time idling than MSB, making Sum vulnerable to noise [4].
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In this section, we propose five approximate quantum adders to
reduce the number of quantum gates and the depth to increase noise
resilience. Figure 2 illustrates two root causes of noise in the design
of existing quantum exact adders that we address in this work by
utilizing approximate computing. First, we approximate the Sum
output of the addition of two qubits using only its corresponding
inputs. Our approximate adders operate in parallel, as there is
no carry propagation during the addition operation. We do not
generate intermediate carries and instead focus on creating the final
carryout using only the MSB input qubits. These design techniques
help generate all qubits of the Sum in parallel, avoiding the issue
of idling qubits. In addition, the noise accumulated on carryout is
lesser as there is no longer a carry path. Applying these design
principles reduces the depth of proposed adders and increases their
noise resilience.

Table 2 showcases the Sum and Carry logical equations for the ex-
act quantum adders and the proposed quantum approximate adders.
The proposed adders AQA1 and AQA?2 are without Carry, whereas
AQA3, AQA4, and AQA5 are with carryout. Table 2 also lists the
CNOT and Toffoli gate count with their respective depth. The O(1)
or constant depth complexity of proposed adders is superior to the
O(n) or linear complexity of exact adders.

3.1 Proposed Adders Without Carryout

We first design adders without carryout for quantum applications
that do not need an output carry. We only approximate the Sum
for these adders, keeping the designs simple and with low depth.

(1) Approximate Quantum Adder 1 (AQA1)

The easiest way to approximate Sum is by using one of the inputs.
In our first design AQA1, we map the input A to Sum and pass the
input B unaltered, as shown in Equation 5. As evident from Figure
3(a), the adder is zero depth, and utilizes no quantum gates.

si=a; f0<i<n-1 (5)
(2) Approximate Quantum Adder 2 (AQA2)
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(a) AQAT: Pass based (b) AQA2: CNOT based
Zero Depth Single Depth
Figure 3: Proposed Carryless 4-Qubit Adders. a) AQA1 needs
no hardware to pass input A to Sum with input B unchanged.
b) Single CNOT gate in AQA2 reduces the error distance.
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Figure 5: Error Rate of Proposed Carryless Adders.

To create a better approximation than AQA1, we use logical-
XOR of the two inputs as depicted in Equation 6. This design is
also without carryout, has single depth, and has n CNOT gates for
n-qubit input, evident from Figure 3(b). As a result, AQA2 performs
better than AQA1 regarding both NMED and error rate, as shown
in Table 3. Figure 4 and 5 illustrate the NMED and error rates of
the adders AQA1 and AQA2.As evident, the proposed adder AQA2
scales better than AQA1 in the entire range upto eight qubits.

si=a;®b; if0<i<n-1 (6)



Table 2: DEsIGN CHARACTERISTICS OF EXACT AND PROPOSED APPROXIMATE ADDERS

Depth Count
Adder Type Name Sum Carry Qubits
CNOT | Toffoli | CNOT | Toffoli
CQAO0([1] A®B®Cip N.A. 2n+1 3n+1 2n 4n 2n
Quantum Exact Adders | CQA1[1] A®B®Cip | A-B®B-Cin®Cin, A | 2n+2 3n+2 2n 4n+1 2n
TPL13[14] | A®@Ba®C; A-B®B-C;®C;-A 2n+1 3n—2 2n—1 5n—5 2n—1
Proposed Adders AQA1 A N.A. 2n 0 0 0 0
Without Carryout AQA2 A®B N.A. 2n 1 0 n 0
AQA3 A Bn-1 2n 0 0 0 0
Proposed Adders
With Carryout AQA4 A®B Bn_1 2n 1 0 n 0
AQA5 A®B An1-Bn_1 n+1 1 1 n 1
Table 3: ERROR METRICS FOR PROPOSED CARRYLESS ADDERS ag S0 ag _69_ S0
Crror et QALQI;:: 0 3t42 0 3246 o b bo bo
: : a s
NMED AQA2 | 0.2625 | 0.2899 ! ! a1 —P—
AQA1 | 0.9375 | 0.9961 by b1 by —e——1b;
Error Rate
AQA2 | 0.5781 | 0.8665 az ——— 52 a; —P— 2
by — b by —e—by
# —— s @ —@— 5
3.2 Proposed Adders With Carryout bs sq
by —e—— 54

In several applications, the output carry generated from the addition
of two inputs is required. Therefore, to design the approximate
adder with carryout we explore design strategies to generate it

with low depth and minimal gates encountered in the carry path.

In the process, we also improve their error metrics.

(1) Approximate Quantum Adder 3 (AQA3)

Our first design with an output carry AQA3, is derived from
AQA1. The carryout is created from input B’s MSB as shown in
Equation 7. Figure 6(a) illustrates that it has zero depth and zero gate
count. Table 3 shows that inclusion of approximate carry improves
the NMED from 0.35 to 0.13 for 4 qubit configuration, although the
error rate remains same. Lower NMED value represents that the
output will be closer to the exact output.

ifo<i<n-1
ifi=n ™)
cn =bp-1
(2) Approximate Quantum Adder 4 (AQA4)
Like in the case of AQA3, we also design AQA4 using AQA2 by

reassigning the last qubit of the input B as carryout, as shown in
Equation 8. As observable from Figure 6(b), this approach helps

ensure the depth remains constant with n CNOT gates for n inputs.

The proposed adder AQA4 is worse than AQA3 regarding NMED
but has a much superior error rate, as evident from 4.

a; ® b,
si=
Cn;

cn =bn-1

(3) Approximate Quantum Adder 5 (AQA5)

ifo<i<n-1
ifi=n 3)

(a) AQA3: Pass based (b) AQA4: CNOT based
Zero Depth Single Depth
Figure 6: Proposed 4-Qubit Adders With Carryout which
improve the error distance by assigning b3 to s4 as carryout.

We next propose approximate adder AQAS5, which generates the
carryout as ap—1 - bp—1 to provide a better approximation of the
carryout, where a,_1 and by, _1 are the MSB’s of the inputs. We use
a Toffoli gate for this purpose as shown in Figure 7. AQAS5 provides
output carry on a separate qubit for quantum applications that
require cascading a larger quantum circuit after the quantum adder.
This adder shields the cascaded circuit from input noise sources
and provides a high fidelity carryout while freeing one of the inputs
for downstream utilization. Table 4 shows that AQAS5 is better than
both AQA3 and AQA4 in terms of NMED and error rate.

a; @ b;,
si =
Cn,

Cn = an-1-bn-1

ifo<i<n-1
ifi=n ©)

Table 4: ERROR METRICS FOR PROPOSED ADDERS WITH CARRY-
ouT

Error Metric | Qubits 4 8
AQA3 | 0.1333 | 0.1255

NMED AQA4 | 0.1917 | 0.1877
AQA5 | 0.1167 | 0.1245
AQA3 | 0.9375 | 0.9961

Error Rate AQA4 | 0.6836 | 0.8999
AQAS5 | 0.5781 | 0.8665
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Figure 7: Proposed constant depth 4-qubit adder AQA5. The
Sum is generated using logical-XOR, while the Carry is a3 - bs.
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Figure 9: Error Rate of Proposed Adders with Carryout.

The proposed approximate adders reduce the quantum gates to
achieve zero or constant depth. Furthermore, unlike exact adders,
the output on all Sum qubits gets generated in parallel, with carry-
out getting generated using a much shorter mechanism. Both these
factors help improve the noise fidelity of proposed approximate
adders over exact adders, which we explore in Section 4.

Table 5: OUTPUT PROBABILITY OF PROPOSED 4-QUBIT ADDERS
WITHOUT CARRYOUT FROM NOISE SIMULATIONS

. Impr. % Impr. %
Noise Type CQAO0[1] | AQA1 AQA2
w.r.t. CQAO w.r.t. CQA0

Thermal 0.712 0.951 33.57 0.935 31.32
Depolarizing 0.589 0.995 68.93 0.97 64.69
Phase 0.923 1.0 8.34 1.0 8.34
Amplitude 0.776 0.98 26.29 0.961 23.84
Bitflip 0.307 0.98 219.22 0.924 200.98

4 Noise-Resilience Analysis of
Proposed Approximate Quantum Adders

To evaluate the noise resilience of the proposed approximate quan-
tum adders, we utilize the probability of obtaining the intended
output to measure noise fidelity. To arrive at the output probability,
we simulate the adders in a 4-qubit configuration using IBM Qiskit
for all 256 input configurations. Then, we divide the number of
accurate results by the simulation count (256 in this case). By mod-
ifying only the noise model in qiskit simulations and leaving the
rest unchanged, we perform the same process for each adder using
the seven different noise models. SPAM and readout noise depend
on the measurement and input states making them proportional to
the qubit count, impacting the exact and approximate adders in the
same manner in our study. Due to this, we present the results of
five noise models in Tables 5 and 6 for comparison. In the rest of
this work, the average output probability is also interchangeably
referred to as accuracy (in percentage). To simplify the process of
analyzing noise, we split the adders into two categories depending
on the presence (or absence) of output carry.

4.1 Comparison of noise resilience of proposed
approximate adders without carryout

The adders in Table 5 are the proposed adders without carryout
simulated using noise conditions in a 4-qubit configuration. While
comparing with exact adder without carry CQAO0[1]: 1. Thermal
Noise: AQA1 shows improvement of 33.57%, while AQA2 shows
31.32%. 2. Depolarizing: AQA1 shows 68.93% and AQA2 shows
64.69% improvement respectively. 3. Phase Damping: Both AQA1
and AQA2 show improvement of 8.24%. 4. Amplitude Damping:
AQA1 shows improvement of 26.29%, while AQA2 shows 23.84%.
5. Bitflip: Both adders show high improvement, AQA1 showing
219.22% and AQA2 showing 200.98% respectively. This shows that
the proposed adders make good gains over CQAOQ in thermal, depo-
larizing, amplitude damping and bitflip noise models.

Table 6: OUTPUT PROBABILITY OF PROPOSED 4-QUBIT ADDERS
WITH CARRYOUT FROM NOISE SIMULATIONS

Noise Type CQA1[1] | TPL13[14] | AQA3 | AQA4 | AQA5
Thermal 0.663 0.6956 0.953 0.926 0.904
Depolarizing 0.576 0.6292 0.994 0.968 0.917
Phase 0.924 0.9408 1.0 1.0 0.99
Amplitude 0.772 0.8139 0.975 0.961 0.94
Bitflip 0.207 0.263 0.975 0.915 0.814




4.2 Comparison of noise resilience of proposed
approximate adders with carryout

For the proposed quantum adders with carryout listed in Table
6, we consider CQA1[1] as the baseline to compare the proposed
adders and the more optimized TPL13[14]. While comparing with
exact adders: 1. Thermal Noise: AQA3 shows improvement of
43.74% with CQA1[1] and 37% with TPL13[14], while AQA4 shows
39.67% and 33.12%, and AQA5 shows 36.35% and 29.96% respec-
tively. 2. Depolarizing: All adders show high improvement. AQA3
showing 72.57% and 57.98% over CQA1[1] and TPL13[14] respec-
tively, AQA4 showing 68.06% and 53.85%, while AQA5 showing
59.2% and 45.74% respectively. 3. Phase Damping: Both AQA3 and
AQA4 show improvement of 8.23% with CQA1[1] and 6.29% with
TPL13[14], AQAS5 shows 7.14% and 5.23% respectively. 4. Ampli-
tude Damping: AQA3 shows improvement of 26.3% with CQA1[1]
and 19.79% with TPL13[14], while AQA4 shows 24.48% and 18.07%,
and AQAS5 shows 21.76% and 15.49% respectively. 5. Bitflip: All
adders show high improvement. AQA3 showing 371% and 270%
over CQA1[1] and TPL13[14] respectively, AQA4 showing 342%
and 247.91%, while AQA5 showing 293.24% and 209.51% respec-
tively. This closely follows the pattern of number of quantum gates
and depth in Table 2 with AQA2 having no CNOT gates to AQA4
having n=4, and AQA5 having n+1=5 CNOT gates. AQA6 on the
other hand features a Toffoli gate introducing a higher noise impact.

Table 7: IMPROVEMENT COMPARISON OF PROPOSED 4-QUBIT
ADDERS WITH CARRYOUT WITH EXISTING WORKS

g —_~
0 S
= g T
SR I I
«< ] R ~
E 2 3| 5| B
¥
Q a < o=
Impr.% = o = = =
Adder mpr.% = a ~ < /M
w.r.t.
CQAl[l] 43.74 | 72.57 | 8.23 26.3 371.01
AQA3
TPL13[14] 37 57.98 | 6.29 | 19.79 | 270.72
CQA1[1] 39.67 | 68.06 | 8.23 | 24.48 | 342.03
AQA4
TPL13[14] | 33.12 | 53.85 | 6.29 | 18.07 | 247.91
CQAl[l] 36.35 59.2 7.14 | 21.76 | 293.24
AQA5
TPL13[14] | 29.96 | 45.74 | 5.23 | 15.49 | 209.51

5 Discussion and Conclusion

We have proposed five approximate quantum adders in this work
by optimizing the depth and gate count. We have shown that the
proposed adders have better fidelity than the existing works by
performing quantum simulations on the IBM qiskit platform, con-
ducted using different noise models. Thermal and Bitflip noise hit
exact adders the hardest since they have more gates, increasing the
likelihood of output deviation. Depolarizing noise applies random
pauli operation on the three-axis [10]. Since this error needs to
accumulate before affecting output, it impacts exact adders with
higher depth and carry path for error accumulation. Phase damp-
ing noise, on the other hand, introduces a rotation along the z-axis

[10] but has minimal impact on the adders as our input lies on the
x-axis. Amplitude damping noise is proportional to the idling time
for qubit [4], impacting the exact adders with ripple carry mecha-
nism the severest. As the LSB in cuccaro exact adders must wait
for the longest for the reverse computation, its output probability
in amplitude damping noise model drops to 0.772. In contrast, the
proposed approximate quantum adders are unscathed, as all qubits
get processed in parallel. Finally, it is evident that the exact adders
leave much to be desired in noise fidelity, and the proposed approx-
imate quantum adders outperform them by a very wide margin. We
also study the error characteristics of the proposed approximate
quantum adders using metrics such as NMED, and error rate and
establish the scalability of proposed approximate quantum adders.
Our results illustrate that approximate quantum adders increase
noise fidelity while saving quantum gates. They can be very use-
ful in applications such as quantum image processing which are
inherently error tolerant and suited for approximate arithmetic.
We conclude that the proposed quantum approximate adders can
be very beneficial in the NISQ era, with our thorough error and
noise analysis helping select an approximate adder suitable for the
quantum application.
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