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Abstract

The growth dynamics of two- and three-dimensional single-mode reshocked Richtmyer–Meshkov instability are compared sys-
tematically using data from high-resolution implicit large-eddy simulations of a model of the Mach 1.3 air(acetone) and sulfur
hexafluoride Jacobs and Krivets [Phys. Fluids 17, 034105 (2005)] shock tube experiment. The vorticity deposition by the incident
shock and the dynamics of interface evolution are examined quantitatively and qualitatively. The perturbation amplitudes from the
two- and three-dimensional simulations are compared to the experimental data and to the predictions of several nonlinear instability
growth models. It is shown that the perturbation amplitudes from the two- and three-dimensional simulations with matching initial
Richtmyer velocity are in excellent agreement with the experimental data. In addition, the dynamics of reshock (not considered in
the experiment) are described in detail, and the post-reshock mixing layer amplitude growth rate is compared to the predictions of
several reshock models. It is shown that using two-dimensional simulations to understand three-dimensional dynamics is valid only
at early-to-intermediate times before reshock; at intermediate-to-late times after reshock the three-dimensional growth is generally
larger than the corresponding two-dimensional growth. The reshock dynamics are also different between two and three dimensions.
The quantitative results, together with visualizations of the flow field, were also used to contrast the difference between two- and
three-dimensional vorticity and enstrophy dynamics.

Keywords: Richtmyer–Meshkov instability, reshock, nonlinear instability growth models, WENO method

1. Introduction

Richtmyer–Meshkov instability [1, 2] develops when an in-
terface separating a heavier and a lighter material is impulsively
accelerated: perturbations grow into bubbles ‘penetrating’ into
the heavier fluid and spikes ‘penetrating’ into the lighter fluid,
eventually developing roll-ups and complex structures through
secondary shear instabilities. This instability is of fundamental
interest to fluid dynamics and turbulent mixing [3–5], and for
its applications to inertial confinement fusion [6], supersonic
combustion [7], and astrophysics [8] (see Refs. [9, 10] for a
recent review). One of the challenges in better understanding
Richtmyer–Meshkov instability is the accurate modeling of the
growth of the mixing layer in the nonlinear phase, as well as
predicting the statistical properties and dynamics of turbulent
mixing induced by this instability [11–14].

The single-mode dynamics of this instability are examined
here in two and three dimensions using the formally high-order
accurate weighted essentially nonoscillatory (WENO) method.
The simulations are performed on a model of the Mach 1.3
reshocked Richtmyer–Meshkov instability experiment of Ja-
cobs and Krivets [15] to both provide validation of the simu-
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lation results by comparison to experimental data, and to exam-
ine the evolution of the instability from the early linear stage,
through reshock, and to late times following reshock. The
WENO method is a shock-capturing method used for discretiz-
ing the compressible Euler equations of gas dynamics. As such,
ab initio simulations are performed with a shock generated in an
air(acetone) mixture interacting with a diffuse sinusoidal inter-
face initially separating this mixture from sulfur hexafluoride.

Other numerical simulations have been performed to investi-
gate and compare various aspects of the evolution of single- and
multimode Richtmyer–Meshkov instability in two and three di-
mensions using a variety of numerical algorithms and meth-
ods [16–19]. Also, the predictions of the van Leer method and
fifth- and ninth-order WENO methods applied to the Jacobs–
Krivets experiment were compared [20], with an emphasis on
the effect of grid resolution on the instability using coarse
two-dimensional grids. An adaptive central-upwind sixth-order
WENO method was previously used to simulate the Jacobs–
Krivets experiment in two dimensions [21], with an emphasis
on the differences between single- and multifluid formulations.

This paper is organized as follows. A description of the
present numerical simulations, including the numerical method,
initial and boundary conditions, and characterization of the vor-
ticity deposition by the shock is given in Sec. 2. A description
of the dynamics of the interface evolution is presented in Sec.
3. A comparison of the numerical amplitude to the predictions
of several nonlinear instability growth models is discussed in
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Sec. 4. The dynamics of reshock are discussed in Sec. 5, in-
cluding a comparison of the numerical amplitude to the predic-
tions of several reshock models. This study is extended to three
dimensions in Sec. 6. Finally, a summary of the results and
conclusions is given in Sec. 7.

2. Numerical Simulations

2.1. Numerical method

The weighted essentially nonoscillatory (WENO) method is
a widely used shock-capturing scheme that has previously been
used in the investigation of Richtmyer–Meshkov instability [11,
12, 22, 23] and more generally of complex flows with shocks
[24]. The numerical simulations of reshocked Richtmyer–
Meshkov instability here were performed using the charac-
teristic projection-based, finite-difference WENO method with
ninth-order flux reconstruction [25, 26]. A methods-of-lines
discretization of the compressible Euler equations is adopted.

The standard Euler equations (ρ, ui, e, and p are the density,
velocity, total energy, and pressure, respectively) are augmented
by an equation for the conservation of mass fraction m of the
heavier gas (the mass fraction of the lighter gas is 1 − m):

∂

∂t


ρ
ρ ui

ρ e
ρm

 +
∂

∂x j


ρ u j

ρ ui u j + p δi j
(ρ e + p) u j

ρm u j

 = 0 (1)

with summation implied over repeated indices. Thus, the sim-
ulations can be interpreted as implicit large-eddy simulations
(ILES) in which the inherent dissipation of the scheme provides
an implicit subgrid-scale model [27, 28]. Additional details of
the WENO method are provided in Appendix A.

2.2. Initial and boundary conditions

The initial and boundary conditions used for the two- and
three-dimensional WENO simulations of a model of the Mach
1.3 air(acetone) and sulfur hexafluoride (SF6) Jacobs and Kriv-
ets shock tube experiment [15] are discussed here. Jacobs and
Krivets modified the vertical shock tube used in previous inves-
tigations [29, 30] to include a longer driver section, allowing a
slightly stronger incident shock with Mach number Mai ≈ 1.3
to be initiated. The test section had a 8.9 cm square cross sec-
tion and a length of 75 cm.

A membraneless initial condition was created as follows. A
mixture of air and acetone vapor, and SF6 gas flowed towards
each other, exiting from small slits located at the entrance of
the test section. This generated a stable interface at the en-
trance of the test section. Oscillations imposed on the shock
tube formed standing sinusoidal waves. This technique created
a well-defined, slightly diffuse single-mode initial condition.
By contrast, the use of membranes in most of the experiments
performed to date gives sharp initial conditions, but the effects
of the membrane fragmentation upon shock passage on the de-
velopment of the instability are difficult to model numerically
and are not fully understood.

Previously, using membraneless sinusoidal initial conditions
and shocks with Mai ≈ 1.1 and 1.2, Collins and Jacobs [30]
reported excellent agreement between their experimental mea-
surements of the amplitude growth and the prediction of the
Sadot et al. [31] nonlinear growth model. However, the late-
time development of the instability was limited by the arrival
of the transmitted shock during the reshock phase. The larger
Mach number Mai ≈ 1.3 allowed the investigation of “late-
time” effects, with the instability developing more rapidly for
the larger Mach number. Note that there was no reshock in the
experiment, but the numerical model considered here includes
reshock.

Rescaling time with

τ = k v0 t , (2)

where the initial Richtmyer velocity is

v0 = k a−0 ∆u At (3)

with wavenumber k = 2π/λ, preshock amplitude a−0 , and At-
wood number At =

(
ρSF6 − ρair

)
/
(
ρSF6 + ρair

)
, the instability de-

velopment attained larger values of rescaled time τ due to the
larger velocity jump arising from the shock passage through the
interface ∆u. In addition to the λ = 5.9 cm experiment, Jacobs
and Krivets also considered λ = 3.6 cm, resulting in a larger
value of k, allowing the investigation of even later-time effects.
Only the λ = 5.9 cm case is considered here. In a previous nu-
merical investigation [11], upstream conditions were matched
so that the adiabatic exponent corresponding to the air(acetone)
mixture was used. Here, mix initial conditions are adopted (see
Sec. 2.3).

The WENO simulations require the following:

1. physical properties of the gases, including the densities ρr

(r is fluid index) and adiabatic exponent γ;
2. initial perturbation characteristics, including the preshock

amplitude a−0 , perturbation wavelength λ, and diffusion
width δT —the single-mode initial perturbation is

η(y) = a−0 sin (k y) , (4)

and the thickness function multiplying the density is an
exponential filter that mitigates oscillations near disconti-
nuities for high-order methods [32, 33]

S (x, y) =


1 d ≤ 0
exp

(
−α |d(x, y)| 8

)
0 < d < 1

0 d ≥ 1
(5)

with d(x, y) =
[
xs + η(y) + δT − x

]
/(2δT ), xs = 3 cm is the

location of the centerline of the perturbed interface, and
α = − ln β (β is machine zero);

3. additional quantities, including the lengths of the domain
Lx and Ly (and Lz in three dimensions), the shock Mach
number, and the temperature ahead of the shock T1 = 293
K, and;

4. numerical parameters, including the number of grid points
per direction Nx and Ny (and Nz in three dimensions).
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Other properties, including the initial pressure and energy are
computed based on the density, temperature, and the gas con-
stant Rg = Ru/M, where Ru = 8.3143 × 107 erg/(mol K) is the
universal gas constant. The pressure is then matched across the
interface by adjusting the temperature of the gas T2 [34].

The simulations were performed using the following bound-
ary conditions:

1. free-stream at the entrance of the test section;
2. reflecting at the end of the test section, so that reshock

occurs;
3. periodic in the y direction (and in the z direction for three-

dimensional simulations).

The resolution of the two-dimensional simulation is summa-
rized in Table 6, where a comparison is made to the three-
dimensional simulations.

2.3. Specification of mixture properties

The physical properties of the air(acetone) are obtained using
the thermodynamic properties of a mixture [35] composed of
75% air and 25% acetone vapor by volume [30], so that the
density of the air(acetone) mixture is

ρaa = 0.75 ρair + 0.25 ρac , (6)

where the air mass fraction and mole fraction are

mair =
0.75 ρair

ρaa
, Xair =

mair Mac

(1 − mair) Mair + mair Mac
, (7)

and Mr are the molecular weights. The heat capacity at constant
pressure and at constant volume for the mixture are obtained by
weighting the heat capacities of the components by the mass
fraction: their ratio is the adiabatic exponent γ of the mixture.

Table 1 gives the properties of the air(acetone) mixture and of
the SF6 gas used in the present simulations where the adiabatic
exponent corresponding to a mixture of 50% air(acetone) and
50% SF6 by volume is adopted so that γ = γ1 = γ2 = 1.1405
(mix initial conditions). The simulations require only the spec-
ification of γ, and the other quantities are shown for complete-
ness. In order to match the initial velocity, Eq. (3), of the ex-
periment, the incident shock Mach number is slightly increased
to Mai = 1.313 per shock refraction theory [34]. The postshock
initial perturbation amplitude and postshock diffuse-interface
width are

a+
0 = ηc a−0 , δ+

T = ηc δ
−
T , (8)

respectively, where ηc ≡ 1−∆u/ushock is the compression factor
[36].

Table 2 compares the flow properties as reported by Jacobs
and Krivets [15] (experimental initial conditions) with the mix
initial conditions. The effects of the diffuse interface can be
quantified by the growth reduction factor ψ, which is a function
of δT and At satisfying the boundary value problem [37]

d
dx

(
ρ

d f
dx

)
=

(
ρ −

ψ

k At
dρ
dx

)
k2 f , (9)

Mix initial conditions
air(acetone) SF6

γ 1.1405 1.1405
Rg [erg/(g K)] 2.391682 × 106 5.692894 × 105

cp [erg/(g K)] 1.941408 × 107 4.621112 × 106

cv [erg/(g K)] 1.70224 × 107 4.051823 × 106

Table 1: The gas constant Rg, heat capacity at constant pressure cp, and heat
capacity at constant volume cv for the air(acetone) mixture and SF6 when γ1 =

γ2 = 1.1405 for a mixture of 50% air(acetone) and 50% SF6 by volume.

where the eigenfunction satisfies f → 0 as x→ ±∞. This equa-
tion was solved numerically assuming a density profile [11]

ρ(y) = ρ1 +
ρ2 − ρ1

2

[
1 + erf

( √
π y
δT

)]
. (10)

Thus, in the comparisons of the simulation amplitude data to the
predictions of the nonlinear growth models discussed later, the
amplitude growth rates are adjusted to account for the diffuse
interface by the rescaling

da
dt
−→

1
ψ

da
dt
. (11)

Table 2 also includes the physical and numerical parameters
used in the single-mode sinusoidal perturbation in two dimen-
sions.

2.4. Baroclinic circulation deposition on the interface and
comparison to the predictions of models

The circulation deposited on the interface by a shock con-
stitutes the principal driving mechanism for the evolution of
Richtmyer–Meshkov instability from an initially-perturbed in-
terface. The misalignment of the density gradient and pressure
gradient causes a deposition of vorticity ω ≡ ∇×u on the inter-
face through baroclinic vorticity production P ≡ (∇ρ × ∇p)/ρ2:
in two dimensions

dω
dt

= P + C , (12)

where C ≡ −ω∇ · u is the vorticity compression and d/dt ≡
∂/∂t + u · ∇ is the convective derivative.

The circulation on the sinusoidal interface can be quantified
by [38, 39]

〈ω〉(y, 0+) ≡
∫ ∞

−∞

ω(x, y, 0+) dx , (13)

which can be compared to the predictions of the following ana-
lytical models.

1. In the Samtaney–Zabusky model [39] the circulation is

〈ω〉(y, 0+) = Γ′1 k a0 sin (k y) , (14)

where

Γ′1 =
cs1

Mas

 γ2

γ2 − 1

1 − φ( p4
p2

)

η0 γ1
−

1 − φ( p5
p3

) φ( p3
p1

)

γ1 − 1

 , (15)
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Experimental Mix
initial conditions initial conditions

Mai 1.292 ± 0.006 1.313
ushock,i (cm/s) 38858 37311

∆u (cm/s) 9260 ± 200 9770
v0 (cm/s) 1338.76 1336.8

Mar 1.077 1.092
ushock,r (cm/s) 34516 32203

Mat 1.422 1.437
ushock,t (cm/s) 19625 20265
treshock (ms) 6.00 5.65
λ (cm) 5.9 5.9

k (cm−1) 1.06495 1.06495
ηc − 0.738

Preshock Postshock Preshock Postshock
a0 (cm) 0.29 0.215 0.29 0.214
δT (cm) 0.5 − 0.5 0.369

At 0.605 0.635 0.605 0.604
ψ 1.17 1.131 1.182 1.133

Table 2: Comparison of the flow properties, including incident, reflected, and
transmitted shock Mach numbers, Mai, Mar , and Mat , respectively, shock ve-
locities ushock,i, ushock,r , and ushock,t , respectively, interface velocity ∆u, initial
interface growth velocity v0, and pre- and postshock initial amplitudes a−0 and
a+

0 , the pre- and postshock diffuse-interface width δ−T and δ+
T , pre- and post-

shock Atwood numbers At+, and At−, and pre- and postshock growth reduction
factor ψ+ and ψ−, when the initial conditions of Jacobs and Krivets are adopted
in one-dimensional refraction theory. The results in the experiments of Jacobs
and Krivets are compared with the results when a single value of the adiabatic
exponent is used, corresponding to mix initial conditions.

p1 = p2 is the initial pressure ahead of the incident shock,
p3 is the pressure behind the incident shock, p4 = p5 is the
pressure behind the reflected and transmitted shocks, η0 is
the initial density ratio, cs1 is the initial sound speed, and
the ratio of sound speeds across the incident, reflected and
transmitted shocks is given by

√
φ(p3/p1),

√
φ(p5/p3) and√

φ(p4/p2), respectively, where φ(r) ≡ r (1 + µr)/(µ + r)
and µ ≡ (γ + 1)/(γ − 1).

2. In the linear instability model [39], the vortex dipole and
initial circulations are

µ(e, 0+) = 2 v0 cos
[
k x(e, 0+)

]
cosh

[
k y(e, 0+)

]
, (16)

γ(e, 0+) =
∂µ(e, 0+)

∂e
,

respectively, where v0 [Eq. (3)] is the initial velocity and e
is the parameter defining the two-dimensional interface.

The values of Γ′1, max (γ), and max 〈ω〉 are given in Table 3.
Figure 1 shows the initial circulation deposited on the interface
by the shock 〈ω〉(y, 0+) from the simulation, together with the
prediction of the Samtaney–Zabusky model (14) and the lin-
ear instability model (16). The models give virtually identical
predictions (0.6% difference), but underpredict the simulation
results by ≈ 4%. The difference between the numerical and
model predictions can be attributed to the fact that the circula-
tion is computed at 0.06 ms. As a result, the initial circulation

〈ω
〉(

y,
0+

)(
cm

/s
)

0 1 2 3 4 5
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〉(
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/s
2 )
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0
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1

1.5
x 107
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Figure 1: The initial deposition of circulation on the interface 〈ω〉(y, 0+) from
the incident shock at time t = 0+ from the WENO simulation (solid black
line), together with the predictions of the Samtaney–Zabusky model (dashed
line) and linear instability theory (solid blue line) (top). The average of the
initial baroclinic vorticity production on the interface 〈P〉(y, 0+) is also shown
(bottom).

deposited on the interface has evolved, increasing in value in
the proximity of the bubble and spikes.

The average of the baroclinic vorticity production term on
the interface

〈P〉 (y, 0+) ≡
∫ ∞

−∞

P(x, y, 0+) dx (17)

is also shown in Fig. 1. The shape of the curve is a skewed
sinusoid. The baroclinic production mechanism can also be at-
tributed to the evolution of this term on the interface, follow-
ing the passage of the shock. The term could not have been
computed at an earlier time, while the shock was crossing the
interface.

3. Dynamics of the instability evolution

A two-dimensional simulation of a model of the Jacobs and
Krivets [15] Mai = 1.3 air(acetone)/SF6 shock tube experi-
ment is performed using the ninth-order WENO method. The
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Max Circulation (cm/s) Other Parameters
Samtaney–Zabusky Γ′1 a+

0 = 2784.9 Γ′1 = 12952.9 (1/s)
Linear instability max (γ) = 2768.7

WENO max
[
〈ω〉 (y, 0+)

]
= 2909.1 max

[
〈P〉 (y, 0+)

]
= 1.6313 × 107 (cm/s2)

Table 3: Predictions of the Samtaney–Zabusky and linear instability models and comparison to WENO results. Also shown is max
[
〈P〉(y, 0+)

]
, which quantifies the

initial circulation deposition on the interface.

grid resolution and other numerical parameters are given in Ta-
ble 6. Simulations for a similar two-dimensional, single-mode
Richtmyer–Meshkov instability with reshock using the same
code with different grid resolutions and comparison of results
are discussed in detail elsewhere [22]. The density fields from
the simulation are compared to the experimental planar laser-
induced fluorescence (PLIF) images in Sec. 3.1. In addition,
the mass fraction contour from these simulations is compared.
The vorticity and baroclinic vorticity production P fields are
also discussed in Sec. 3.2. The vorticity can be interpolated
onto the mass fraction contour to give the vortex sheet strength
on the interface.

3.1. Comparison of density fields to experimental PLIF images

Figure 2 shows a comparison of the density fields from the
simulation with the PLIF images from the Jacobs–Krivets ex-
periment. At 1.16 ms, the simulation gives a similar character-
ization of the bubble and spike initial growth as in the experi-
ment. At 3.06 and 5.26 ms, the roll-up in the simulation shows
additional small-scale structure along the interface and within
the vortex cores (which may be attributable to the absence of
molecular dissipation and diffusion). The overall morphology
of the bubbles and spikes (including the widths of the stem and
troughs) are in very good agreement between the simulation and
experiment. The WENO method shows a fully-developed roll-
up with fragmentation, which is clearly visible in the density
field.

3.2. Visualization of the vorticity and baroclinic vorticity pro-
duction fields

Figure 3 shows the vorticity ω(x, y) and baroclinic vorticity
production P(x, y) fields from the simulation. At 0.06 ms, the
vorticity field shows one layer of positive and negative vorticity
deposited by the shock. The vorticity indicates that the linear
instability model best characterizes the diffuse interface of the
Jacobs and Krivets experiment and the diffuse interface of the
simulation. The initial baroclinic vorticity production shows
the reduction of vorticity near the bubble tip and the increase of
vorticity near the spike tip. At 1.16 ms, there is a stronger con-
centration of vorticity corresponding to the roll-up region. The
baroclinic vorticity production also shows that more generation
occurs near the spike tip. At 3.06 and 5.26 ms the simulation
shows fragmentation surrounding the main rotating core, pro-
duced by the secondary vortex accelerated vorticity deposition,
which is related to baroclinic vorticity production. Most of the
baroclinic vorticity production is concentrated near the cores
and along the interface.

Additional thin structure in the vorticity forms above the
main interface. These are visible as faint lines at times 1.16
and 3.06 ms and then develop into additional structures that are
visible at 5.26 ms. These structures are due to the pressure fluc-
tuations originating from the reflected rarefaction wave, which
together with the accompanying density fluctuations, induces a
nonzero vorticity compression C in Eq. (12). The vorticity field
is also advected away from the interface.

4. Comparison of the perturbation, bubble, and spike am-
plitudes to experimental data and model predictions

Here, the amplitude and bubble and spike velocity are com-
pared to the predictions of several nonlinear growth models.
Nonlinear Padé models for the amplitude growth are discussed
in Sec. 4.1, and models for the bubble and spike velocities are
presented in Sec. 4.2. A comparison of the amplitudes from the
numerical simulation to experimental results and to the predic-
tions of the models is discussed in Sec. 4.3.

4.1. Nonlinear Padé models

Models based on asymptotic expansion of the linear pertur-
bation equations are briefly summarized here. These models
generate asymptotic series with limited radii of convergence:
the convergence is improved using Padé approximants.

Zhang and Sohn [40] developed a model for the growth of a
two-dimensional Richtmyer–Meshkov unstable interface from
early to late times for a reflected shock (light-to-heavy tran-
sition). The dynamics of the interface are modeled using the
linear, compressible flow equations for early times and the non-
linear, incompressible flow equations for later times. This for-
mulation gives an independent series for the spike and bubble
amplitudes in terms of the Richtmyer velocity v0 [Eq. (3)]. As
the range of validity of this finite Taylor series approximation
is limited, Padé approximations are used to extend the approxi-
mation into the nonlinear regime to give the amplitude

a(t) = a0+
2

k
√

4 max
[
0, (k a0)2− At2+ 1

2

]
− (k a0)2

(18)

× tan−1

k a0 + 2 max
[
0, (k a0)2− At2+ 1

2

]
k v0 t√

4 max
[
0, (k a0)2− At2+ 1

2

]
− (k a0)2

.
The choice of the Padé approximants matches the experimental
late-time growth. However, the Zhang–Sohn model does not
predict the generally accepted 1/t velocity decay at late times.
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Figure 2: Comparison of the corrected PLIF images from the Jacobs–Krivets experiment with the density fields ρ(x, y) from the WENO simulation at a resolution
of 512 points per wavelength at 0.06, 1.16, 3.06, and 5.26 ms. The experimental images are reproduced from Fig. 5 of Jacobs and Krivets [15] (with the permission
of AIP Publishing).

0.06 ms 1.16 ms 3.06 ms 5.26 ms
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1x 104
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5x 106

Figure 3: The vorticity fields ω(x, y) (top row) and the baroclinic vorticity production fields P(x, y) (bottom row) from the WENO simulation at 0.06 , 1.16, 3.06,
and 5.26 ms.
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The empirical Sadot et al. [31] model is based on fits
to Richtmyer–Meshkov instability experimental data and on
asymptotic growth laws. This model was tested against experi-
mental data and appears to be valid over Mach numbers 1.3–3.5
in air and SF6. The model provides a single formula that de-
scribes the initial linear growth and the later nonlinear growth
of the bubble and spike,

vb,s(t) =
dab,s

dt
=

(1 + k v0 t) v0

1 + (1 ± At) k v0 t + 1±At
1+At

(k v0 t)2

2πC

, (19)

where C = 1/(3π) for At ≥ 0.5 (with + and − corresponding
to the bubble and spike, respectively). In the limit At → 0,
C = 1/(2π). Integrating Eq. (19) gives the bubble and spike
amplitudes

ab,s(t) = ab,s(0) +
2 − 2πC (1 + At)

k
√

2
πC

1±At
1+At − (1 ± At)2

(20)

× tan−1

 1 ± At + 1±At
1+At

k v0 t
πC√

2
πC

1±At
1+At − (1 ± At)2


+
πC
k

1 + At
1 ± At

× ln
[
1 + (1 ± At) k v0 t +

1 ± At
1 + At

(k v0 t)2

2πC

]
.

This model is consistent with the 1/t asymptotic decay of the
velocity at late times.

Matsuoka, Nishihara, and Fukuda [41] proposed a new for-
mulation of the kinematic boundary conditions in the pertur-
bation expansion of the Zhang–Sohn potential flow model to
account for stretching at the interface. This provides different
expansions for the bubble and spike velocity

∂ab,s

∂τ
=

f 3
±[

f±
(
At2 − 1

2

)
+ g2

±

]
τ2 − f± g± τ + f 2

±

, (21)

where f± ≡ ∓
(
2At2 − 3/2

)
(ka0)2+ka0At/2∓1, g± ≡ ∓2At2ka0+

At ± ka0, and τ = kv0t is the rescaled time (with + and − corre-
sponding to the bubble and spike, respectively).

Mikaelian [42] obtained an analytic expression for the transi-
tion of the bubble amplitude from the linear to nonlinear regime
by combining the Richtmyer initial velocity v0 [Eq. (3)] with
the Goncharov late-time bubble growth for arbitrary Atwood
numbers [see Eq. (23) below]. Mikaelian combined the ini-
tial and asymptotic bubble velocities with a transition between
these velocities at time t∗ where ab(t∗) = 1/(3k). This results in
a bubble amplitude

ab(t) =
1

3 k

{
1 +

3 + At
1 + At

ln
[
1 +

3 k v0 (1 + At)
3 + At

(t − t∗)
]}

(22)

for times t > t∗, so that vb agrees with the Goncharov model
(23) at large times.

4.2. Bubble and spike velocity models

Bubble and spike velocity models are derived from poten-
tial flow models and are valid through the late-time, nonlinear
regime. Layzer [43] developed the first potential flow model to
describe Rayleigh–Taylor instability, which was subsequently
extended to Richtmyer–Meshkov instability. These models pre-
dict that the bubble and spike velocities approach zero asymp-
totically.

Goncharov [44] extended the two-dimensional Layzer model
to the At , 1 case using a parabolic expansion near the bubble
and spike tips and an ansatz for the initial velocity potential.
This ansatz requires the solution of five ordinary differential
equations, giving the asymptotic bubble velocity

vb(t) =
3 + At

3 (1 + At) k t
. (23)

Sohn [45] also extended the Layzer model to fluids with ar-
bitrary density ratios. The approach differs from that of Gon-
charov in the use of a simpler form for the initial velocity poten-
tials, leading to a simplified system of three ordinary differential
equations. The Sohn–Layzer asymptotic bubble velocity is

vb(t) =
2

(2 + At) k t
. (24)

The predictions of the Sohn–Layzer and Goncharov models are
very similar.

Sohn [46] also extended the Zufiria model [47, 48] to arbi-
trary Atwood numbers. In the Zufiria model, the velocity poten-
tial is obtained by approximating the bubble as a point source.
The Sohn–Zufiria bubble velocity is

vb(t) =

[
3 + At

3 (1 + At)
−

1
q

+
2 At

3 (1 + At) q2

]
1
k t
, (25)

where q = q(At) is the root of the cubic polynomial (3 − At) q3−

(21 + 9At) q2 + (3 + 15At) q − 4At = 0 . Comparing the Sohn–
Zufiria model (25) with the Goncharov model (23) shows that
the former contains two additional terms, resulting in a smaller
asymptotic velocity.

Zhang and Guo [49] recently proposed a universal model for
the spike and bubble velocity

vb,s(t) =
v0

1 + α k v0 t
, (26)

where v0 is the Richtmyer velocity, Eq. (3), and

α =
3
4

(1 + At)(3 + At)

3 + At +
√

2 + 2 At

4 (3 + At) + (9 + At)
√

2 + 2 At

(3 + At)2+ 2 (3 − At)
√

2 + 2 At
.

(27)
Equation (26) is universal because α is computed for the bubble
using At < 0 and for the spike using At > 0. Integrating Eq.
(26) gives the bubble and spike amplitudes

ab,s(t) =
ln (1 + α k v0 t)

α k
. (28)
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Figure 4: Comparison of the perturbation amplitude a(t) from the WENO sim-
ulation with the experimental data points. Also shown are the bubble and spike
amplitudes ab(t) and as(t), respectively.

4.3. Comparison of simulation amplitudes to experimental
data and to predictions of nonlinear growth models

Presented here is a comparison of the perturbation, bubble,
and spike amplitudes from the simulation using 512 points
per initial perturbation wavelength with the experimental data
points of Jacobs and Krivets and the predictions of the previ-
ously discussed amplitude growth models. The perturbation
amplitude is the difference between the bubble and spike lo-
cations. The bubble and spike locations are calculated from
the mass fraction m(x, y) (see Ref. [22] for details). To de-
termine the bubble and spike amplitudes, a numerical simula-
tion without an initial perturbation (but otherwise identical) was
performed to obtain the interface location. The difference be-
tween the bubble and interface location gives the bubble ampli-
tude, and the difference between the interface and spike location
gives the spike amplitude.

Figure 4 shows a comparison of the perturbation amplitude
a(t) from the simulation with the experimental data points.
There is good agreement between the simulation results and the
experimental data points. It is apparent that there is a strong
asymmetry between the bubble and spike amplitudes (nearly a
factor of two difference).

When comparing the simulation data to the predictions of the
models, the amplitude growth rate is adjusted to account for the
diffuse interface by including the growth reduction factor (11).
Shown in Fig. 5 is a comparison of the perturbation amplitude
from the WENO simulation with the experimental data points
and the predictions of the nonlinear Zhang–Sohn series model
(18), the Matsuoka et al. series model (21), the nonlinear Sadot
et al. model (20), and the Zhang–Guo model (28). The Sadot
et al. model overpredicts the perturbation amplitude, while the
Zhang–Sohn and Matsuoka et al. models underpredict the am-
plitude. The Sadot et al. model gives the best overall agreement
with the simulation data.

Figure 6 shows the velocity, bubble velocity, and spike veloc-
ity from the simulation together with the corresponding predic-
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Figure 5: The perturbation amplitudes a(t) − a+
0 (top), ab(t) − ab(0+) (middle),

and as(t) − as(0+) (bottom) versus time t from the WENO simulation and the
experimental data points, together with the predictions of the nonlinear growth
models.
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Figure 6: Comparison of the WENO velocities da(t)/dt (top), dab(t)/dt (mid-
dle), and das(t)/dt (bottom) with the predictions of the Zhang–Sohn, Sadot et
al., Matsuoka et al., Mikaelian, Sohn–Layzer, Goncharov, Sohn–Zufiria, and
Zhang–Guo models.

∆exp ∆sim

Experiment − 6.35
Zhang–Sohn Padé (all) 13.0 9.9

Zhang–Sohn Padé (bubble) − 5.2
Zhang–Sohn Padé (spike) − 12.2
Matsuoka et al. Padé (all) 19.4 14.9

Matsuoka et al. Padé (bubble) − 22.5
Matsuoka et al. Padé (spike) − 12.7

Sadot et al. (all) 11.7 9.6
Sadot et al. (bubble) − 6.0
Sadot et al. (spike) − 11.5
Mikaelian (bubble) − 5.2
Zhang–Guo (all) 10.0 10.4

Zhang–Guo (bubble) − 6.8
Zhang–Guo (spike) − 19.9

Table 4: Average fractional deviations ∆exp between the experimental ampli-
tude aexp(t) and the amplitude from the WENO simulation asim and the predic-
tions of the nonlinear models amod(t), respectively. Also shown is the average
fractional deviation ∆sim between the simulation amplitude asim(t) and the am-
plitude from the nonlinear models amod(t).

tions from the models. Also shown are the asymptotic bubble
velocities from the the Sadot et al. model (20), the Matsuoka et
al. model (21), and the Zhang–Guo model (28). The simulation
velocities are best described by the Sadot et al. and Zhang–
Sohn models.

To quantitatively compare the agreement between the simu-
lation and model perturbation amplitude and the n experimental
data points shown in Fig. 5, the average fractional deviations
[11, 15]

∆exp =
1
n

n∑
i=1

∣∣∣amod(ti) − aexp(ti)
∣∣∣

aexp(ti)
, (29)

∆sim =
1
n

n∑
i=1

|amod(ti) − asim(ti)|
asim(ti)

, (30)

are shown in Table 4, with smaller values of ∆exp and ∆sim
indicating better agreement. The simulation data agrees very
well with the experimental data points on average. The aver-
age fractional deviations between the WENO simulation and
the nonlinear model predictions indicate that the overall per-
turbation and spike amplitudes are best captured by the Sadot
et al. model, and the bubble amplitude is best captured by the
Zhang–Sohn model. Note that ∆sim is systematically larger for
the spikes compared to the bubbles.

The time-evolution of the circulation and resolution-
dependent numerical Reynolds number [22]

Re∆x(t) =

[
a(t)
∆x

]4/3

, (31)

where a(t) = ab(t) + as(t), are shown in Fig. 7. During the
early-time evolution, the circulation decreases slightly and then
steadily grows linearly with time; the rate of growth sharply de-
creases at the time of reshock. The numerical Reynolds num-
ber grows relatively slowly as a power-law before reshock, de-
creases as the mixing layer is compressed during reshock, and
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Figure 7: Time-evolution of the circulation Γ+(t) and numerical Reynolds num-
ber Re∆x(t) from the WENO simulation.

then grows much more rapidly following reshock, attaining a
value of ≈ 1.5 × 104 at the latest time.

5. Analysis of two-dimensional reshock

Figure 8 shows the x-t diagram from the WENO simulation.
The locations of the bubble `b(t) and of the spike `s(t) are shown
using the dash-dot and the dashed lines, respectively. The in-
terface location is also shown using a solid line. The horizontal
distance between the spike and bubble is the perturbation width
h(t), and half of this distance is the perturbation amplitude a(t).
Reshock occurs at ≈ 5.65 ms, when the shock wave refracts
at the evolving interface, generating a transmitted shock in the
air(acetone), and a reflected rarefaction wave returns into the
SF6.

The transmitted shock following reshock moves faster than
the incident shock, as indicated by the change in the slope, cor-
responding to a slow–fast refraction [50]. Following reshock,
the interface is compressed (as indicated by the kink in the bub-
ble and spike locations) and moves away from the end wall of
the test section. The reflected rarefaction wave returning back
into the SF6 is not shown in the x-t diagram. This rarefaction
reflects from the end wall of the test section and interacts with
the interface at ≈ 8.5 ms, inducing an expansion of the inter-
face (as shown from the position of the bubble and spikes) and

t(
m

s)

0 20 40 60 750

2

4

6

8

10

x (cm)

Figure 8: The x-t diagram showing the position of the interface `int(t) (solid
line), shock (dotted line), and bubble and spike locations `b(t) and `s(t) (dash-
dot and dashed lines, respectively). The horizontal distance between the spike
and the bubble location is the perturbation width h(t).

causing the interface to move towards the end wall. The inter-
action with the reflected rarefaction causes a compression wave
to return into the SF6, and a series of wave interactions follows
until the interface eventually comes to rest in the shock tube test
section.

5.1. Dynamics of the reshock process
Figure 9 shows the time-evolution of the density and simu-

lated density schlieren fields during reshock at time intervals of
0.1 ms (and later 0.2 ms) from 5.6 to 7 ms. Simulated density
schlieren images are used to visualize the detailed wave struc-
ture present during reshock. The density schlieren shown is
[51]

Φ(x, y, t) = exp
[
−α(m)

|∇ρ|

max |∇ρ|

]
, α(m) =

20 if m > m∗ ,
100 if m < m∗ ,

(32)
where m is the mass fraction of SF6 and m∗ = 0.25.

Figure 9 shows the arrival of the reflected shock at 5.6 ms,
the reflected shock refracting at the interface at 5.7 ms and at
5.8 ms, and the inception of the inversion process at 5.9 ms,
when bubbles transform into spikes and vice versa. As reshock
here is a refraction from a heavier fluid (SF6) into a lighter fluid
[air(acetone)], a transmitted shock enters the air(acetone) and a
reflected rarefaction wave returns back into the SF6. The trans-
mitted shock is highly curved following the interaction with the
bubble at 5.7 ms, and also generates a complex system of waves
as it passes through the roll-ups at 5.8 and 5.9 ms. The inversion
occurs due to the deposition of vorticity of opposite sign on the
interface that drives the formation of rolls-up in the opposite
direction.

The simulated density schlieren not only provides a detailed
visualization of the system of reflected and transmitted waves
generated during reshock, but also clearly shows the fine-scale
mixing within the roll-ups and more generally within the mix-
ing layer. In particular, prior to reshock, the cores of the roll-up
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Figure 9: Time-evolution of the density and simulated density schlieren fields from the WENO simulation illustrating the reshock process at 5.6, 5.7, 5.8, 5.9, 6.0,
6.2, 6.5, and 7.0 ms.
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contain well-mixed complex regions. During reshock, these re-
gions are compressed by the passage of the shock. At late times,
large spikes of SF6 develop. Near the large spike, a finely-
mixed complex layer is observed, which are the remnants of
the spike prior to reshock. The creation of small disordered
structures breaks symmetry [12], leading to the formation of
complex structures with a wide range of scales at late times.
Note that the ‘mixing’ described here is induced by numerical
processes, but is largely consistent with the mixing observed
experimentally.

Figure 10 shows the time-evolution of the vorticity ω(x, y)
and baroclinic vorticity production field P(x, y) at the same
times as in Fig. 9. Immediately prior to reshock (5.6 ms), strong
rotating cores develop, together with the vortex bilayers that
contribute to the formation of the irregular structures within the
roll-ups. At 5.7 ms, vorticity of opposite sign is deposited by
the shock on the interface and drives the inversion process at 5.8
and 5.9 ms. The vorticity deposited by the shock is eight times
more intense than the vorticity present inside the roll-ups. As a
result, at 5.7 ms the vorticity inside the roll-ups appears much
smaller. By contrast, the baroclinic vorticity production expe-
riences more than a ten-fold increase at reshock, and the baro-
clinic production inside the roll-ups is almost not apparent at
5.7 ms. Following passage of the transmitted shock, the baro-
clinic vorticity production forms strong positive and negative
cores around the roll-up, contributing to the further fragmen-
tation and increased mixing within the layer, as shown by the
simulated density schlieren.

The baroclinic vorticity production also contributes to the
formation of strong vortex bilayers. As a result, the layers of
negative (or positive) vorticity present immediately following
the passage of the shock at 5.9 ms on the surface of the spike
are replaced by a disordered set of alternating layers of positive
and negative vorticity at 6.0 ms. After 6.0 ms, the inversion pro-
cess forms a strong spike that penetrates into the mixing layer.
A region of finely-mixed material forms where the pre-reshock
spike was previously located. The presence of the numerous
vortex bilayers in the region previously occupied by the spike
may facilitate the penetration of the spike, which instead has a
strong region of positive and negative vorticity and behaves as
a “vortex projectile” [4]. This may also elucidate why spikes
penetrate deeply into the mixing layer at 6.2 and 6.5 ms. At
late times, larger-scale structures form due to the inverse en-
ergy cascade [12].

Finally, Fig. 11 shows the density, vorticity, and baroclinic
vorticity production fields at late times following reshock. The
simulation produces highly complex structures at late times. A
dominant spike is present, and finely-mixed fluid is present in
between the structures. The vorticity field shows the formation
of localized strong cores of positive and negative vorticity. The
baroclinic vorticity production shows fragmentation and activ-
ity that occurs at the boundaries of the large-scale structure and
in between the separation region.

5.2. Comparison of the mixing layer amplitude to the predic-
tions of reshock models

Here, the mixing layer amplitude from the WENO simulation
is compared to the predictions of several reshock models. A
similar comparison was performed previously [12] using a two-
dimensional WENO simulation of a model of the Collins and
Jacobs experiment [30].

A linear power-law model for the mixing layer amplitude fol-
lowing reshock was developed by Mikaelian [52]

da
dt

= 0.14 ∆u1 At+1 , (33)

where At+1 is the post-reshock Atwood number, based on the ex-
perimental results of Read [53] and Youngs [54] for the width
of a Rayleigh–Taylor mixing layer. The numerical prefactor is
obtained from the assumed value of the Rayleigh–Taylor mix-
ing growth parameter α = 0.14 in the self-similar mixing layer
width expression h(t) = αAtgt2 (where g is the constant accel-
eration).

Brouillette and Sturtevant [55] performed shock tube exper-
iments to assess the effects of a thick, diffuse interface on the
growth of Richtmyer–Meshkov instability. The expression

da
dt

= k
(
a+

0 ∆u At+ + a+
1 ∆u1 At+1

)
(34)

was obtained by empirically generalizing the Richtmyer model,
where the subscript 1 indicates values following reshock.

Charakhch’yan [56] assumed that reshock is much weaker
than the initial incident shock and occurs during the nonlinear
phase, to obtain

da
dt

= u−1 − 1.25 ∆u1 At+ , (35)

where u−1 is the pre-reshock velocity. The reshock growth does
not depend on the initial amplitude and on the change in At-
wood number at reshock (i.e., it depends on At+ rather than on
At+1 ).

Lombardini et al. [57] developed a semi-analytical, impul-
sive model based on a diffuse-interface approach [58]. The
model is (written here for the amplitude)

da
dt

=
C′

2
(
At+1

)2 g(At+1 ) ∆u1 , (36)

g(At+1 ) =
1(

At+1
)2

1 − 1 −
(
At+1

)2

2 At+1
log

(
1 + At+1
1 − At+1

)
with the coefficient C′ ≈ 0.6 determined using comparisons to
data from their large-eddy simulations.

Figure 12 shows the mixing layer amplitude and the predic-
tions of the Mikaelian, Brouillette–Sturtevant, Charakhch’yan,
and Lombardini et al. reshock models. All of these models
predict linear growth in time. The Brouillette–Sturtevant model
predicts the largest velocity, followed by the Mikaelian, Lom-
bardini et al., and the Charakhch’yan models. The models are
intended to apply immediately after reshock (≈ 5.77 ms) until
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Figure 10: Time-evolution of the vorticity ω(x, y) and baroclinic vorticity production P(x, y) fields from the WENO simulation during reshock at 5.6, 5.7, 5.8, 5.9,
6.0, 6.2, 6.5, and 7.0 ms.
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Figure 11: Time-evolution of the density ρ(x, y), vorticity ω(x, y), and baro-
clinic vorticity production P(x, y) fields from the WENO simulation at 8 and
10 ms.
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Figure 12: The mixing layer amplitude a(t) versus time t from the WENO
simulation together with the predictions of the linear reshock models.

2D Simulation da
dt k da

dτ

Richtmyer 1337 1
Mikaelian 3334 2.50

Brouillette–Sturtevant 3871 2.89
Charakhch’yan 2534 1.89

Lombardini et al. 3071 2.30

Table 5: The velocity da/dt (in units of cm/ms) and the normalized velocity
kda/dτ from the Richtmyer model before reshock for mix initial conditions.
Also shown is the velocity and the normalized velocities from the Mikaelian,
Brouillette–Sturtevant, Charakhch’yan, and Lombardini et al. reshock models.

the arrival of the reflected rarefaction wave at ≈ 7.0 ms. The
model predictions are in good agreement with the simulation
data. The mixing layer amplitude velocities da/dt and the nor-
malized velocities kda/dτ are given in Table 5.

6. Three-dimensional single-mode Richtmyer–Meshkov in-
stability

Presented here are three-dimensional WENO simulations of
single-mode Richtmyer–Meshkov instability using two values
of the initial perturbation amplitude and analysis of the results.

6.1. Initial and boundary conditions

The initial and boundary conditions in three dimensions are
similar to those in two dimensions (see Table 6) with the values
for the periodic z direction the same as those for the periodic y
direction: Lz = Ly, ∆z = ∆y, and Nz = Ny. The initial perturba-
tion

η(y, z) = a−0 sin
(
ky y

)
sin (kz z) (37)

is the standard initial condition for single-mode Richtmyer–
Meshkov instability in three dimensions. For example, it was
previously used in the quantitative study of three-dimensional
Richtmyer–Meshkov instability [59] and in a comparison be-
tween two- and three-dimensional simulations [60].

As ky = kx = k2D, the effective wavenumber for the three-
dimensional perturbation is

k3D =

√
k2

x + k2
y =
√

2 k2D . (38)

Thus, two values for the initial preshock amplitude are consid-
ered:

1. a−0 = 0.205 cm, such that the preshock amplitude is re-
duced by

√
2 and the corresponding initial velocity v0, Eq.

(3), is the same as in the two-dimensional simulation, and;
2. a−0 = 0.29 cm, such that the preshock amplitude is the

same as in the two-dimensional simulations and the cor-
responding value of v0 is

√
2 larger than in the two-

dimensional case.

A summary of these initial conditions, including a compari-
son to the two-dimensional mix initial conditions is presented
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Figure 13: The x-t diagram showing the position of the interface `int(t) (solid
line), shock (dotted line), and bubble and spike locations `b(t) and `s(t) (dash-
dot and dashed lines, respectively) for the three-dimensional simulation with
a−0 = 0.205 cm and a−0 = 0.29 cm.

in Table 6. The simulations were performed using the ninth-
order WENO method with a resolution of 128 points per ini-
tial perturbation wavelength (as compared to 512 points for the
two-dimensional simulation). Symmetry boundary conditions
were used in the transverse directions.

The location of the left boundary for Lx and Ly may appear
arbitrary. The reason for this choice is that the code places the
mesh point at the center of the cell. Therefore, the selection of
the limits corresponds to the first grid point at −3 cm for Lx and
at 0 cm for Ly. The right side limit is obtained by multiplying
the number of grid points N by the grid spacing ∆x. This en-
sures that, as the grid spacing is halved and the number of grid
points is increased, the grid points overlap.

Figure 13 shows a comparison of the x-t diagram for the
three-dimensional simulations with a−0 = 0.205 and 0.29 cm,
including the bubble and spike position, unperturbed interface
position, and the shock position. Prior to reshock, the spike po-
sition from the simulation with a−0 = 0.29 cm is slightly behind
that of the simulation with a−0 = 0.205. The bubble positions
are the same. The location of the shock and the time of reshock
are the same. Following reshock, differences between the two
simulations become less evident. In particular, the positions for
both the bubble and spike agree well, even following the arrival
of the reflected rarefaction at ≈ 8.5 ms.

6.2. Baroclinic circulation deposition on the interface and
comparison to linear theory

The circulation on the sinusoidal interface is defined by gen-
eralizing Eq. (13) to three dimensions:

〈ωi〉(y, z, t) =

∫ ∞

−∞

ωi(x, y, z, t) dx . (39)

Equation (39) can be compared with the predictions of linear
theory [61]. By analogy with two dimensions, define the vortex

dipole in three dimensions

µ(x, y) = 2 v0 cos (kx x) cos
(
ky y

)
, (40)

so that the initial vortex sheet in three dimensions is

γ(x, y) =

∂µ
∂y î − ∂µ

∂x ĵ +
(
∂η
∂x

∂µ
∂y −

∂η
∂y

∂µ
∂x

)
k̂√

1 +
(
∂η
∂x

)2
+

(
∂η
∂y

)2
. (41)

For the present η [Eq. (37)] and µ [Eq. (40)], it follows that
γ3 ≡ 0.

Figure 14 shows a visualization of the initial baroclinic cir-
culation deposition by the shock for the a−0 = 0.205 cm initial
condition. The right column shows surface plot visualizations
for the simulations with a comparison to the predictions of lin-
ear theory. The first column shows 〈ω1〉(y, z, 0+), 〈ω2〉(y, z, 0+),
and 〈ω3〉(y, z, 0+) used to visualize the initial baroclinic circula-
tion deposition on the interface by the shock and a visualization
of the initial enstrophy on the interface 〈Ω〉(y, z, 0+), where

Ω(x, y, z, t) =
ω2

1 + ω2
2 + ω2

3

2
(42)

is the enstrophy. The isosurface is computed at a value corre-
sponding to half the maximum and minimum enstrophy values.
A uniform layer of enstrophy is deposited on the interface and
white represents regions where Ω = 0, corresponding to the
tip of the bubble or the tip of the spike. An (x, y)-cross-section
corresponding to zmid shows the deposition of enstrophy on the
interface and the zero values of the enstrophy corresponding to
the tip and bottom of the bubble. The enstrophy is expected to
be zero in these regions, just as the vorticity is zero at the tip of
the bubble and spike. In these regions the density and pressure
gradients are parallel, so that the baroclinic vorticity production
vanishes.

The values of 〈ω1〉(y, z, 0+) are much smaller than the val-
ues for the other components of the vorticity field, indicating
that it is negligible; 〈ω2〉(y, z, 0+) and 〈ω3〉(y, z, 0+) show the
formation of alternating strong positive and negative vortices,
as expected by the different misalignments of the density and
pressure gradient vectors. Note that 〈ω3〉(y, z, 0+) is the same
as 〈ω2〉(y, z, 0+), but rotated 90◦ clockwise. The second col-
umn shows the predictions for 〈ω2〉(y, z, 0+) and 〈ω3〉(y, z, 0+)
from linear theory. Linear theory gives similar qualitative and
quantitative predictions as those from the simulations. The only
difference is that the maximum values are slightly larger in
the linear prediction, and that the vortices are much rounder
in the linear predictions. The discrepancy can be attributed
to the fact that the simulation values are measured at 0.06 ms,
so that the circulation deposited on the interface by the shock
has evolved. The surface plots for 〈ω1〉(y, z, 0+) show a disor-
dered noisy structure, while the surface plots of 〈ω2〉(y, z, 0+)
and 〈ω3〉(y, z, 0+) show the formation of a sinusoid-like struc-
ture with the prediction of linear theory shown above the simu-
lation in the peaks of the vortices and shown below in the case
of the valleys. A visualization for the a−0 = 0.29 cm initial con-
dition yields similar results and is not shown.
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Figure 14: The initial circulation deposition on the interface from the three-dimensional WENO simulation with a−0 = 0.205 cm, as measured by the averaged
components of the vorticity vector 〈ω1〉

(
y, z, 0+)

, 〈ω2〉
(
y, z, 0+)

, 〈ω3〉
(
y, z, 0+)

, and the enstrophy 〈Ω〉
(
y, z, 0+)

from the incident shock at time 0+ (left column) with
the comparison from linear instability theory (center column). Also shown is the surface-plot comparison of the results from the simulation (green) with the results
from linear instability theory (blue) (right column).
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3D a−0 = 0.205 cm 3D a−0 = 0.29 cm 2D mix
initial conditions initial conditions initial conditions

k (cm−1) 1.4976 1.4976 1.0590
v0 (cm/s) 1336.8 1891.2 1336.8

Preshock Postshock Preshock Postshock Preshock Postshock
a0 (cm) 0.205 0.1513 0.29 0.214 0.29 0.214

3D Numerical parameters 2D Numerical parameters
x y and z x y

N 1683 129 6726 513
L (cm) [−3.0232, 75.0216] [−0.0232, 5.9624] [−3.0058, 75.0042] [−0.0058, 5.9334]

∆x (cm) 0.0464 0.0464 0.0116 0.0116

Table 6: Initial conditions for the three-dimensional simulations and a comparison to those for the two-dimensional simulation.

3D a−0 = 0.205 cm 3D a−0 = 0.29 cm
initial conditions initial conditions

WENO Theory WENO Theory
max

[
〈ω1〉(y, z, 0+)

]
(cm/s) 9.7698 0 20.8719 0

max
[
〈ω2〉(y, z, 0+)

]
(cm/s) 1.7828 × 103 1.9525 × 103 2.5768 × 103 2.7623 × 103

max
[
〈ω3〉(y, z, 0+)

]
(cm/s) 1.7835 × 103 1.9525 × 103 2.5765 × 103 2.7623 × 103

max
[
〈Ω〉(y, z, 0+)

]
(cm/s2) 1.6267 × 107 − 3.2774 × 107 −

Table 7: Comparison of the initial circulation deposition max
[
〈ω1〉

(
y, z, 0+)]

, max
[
〈ω2〉

(
y, z, 0+)]

, and max
[
〈ω3〉

(
y, z, 0+)]

from the three-dimensional simulations
with a−0 = 0.205 and 0.29 cm together with the predictions of linear instability theory. Also shown is the baroclinic circulation deposition on the interface
max

[
〈Ω〉

(
y, z, 0+)]

.

A quantitative measure of the initial circulation deposition is
obtained by comparing the maximum values from the WENO
simulations with the predictions of linear theory. The results
for the simulations with a−0 = 0.205 and 0.29 cm are given in
Table 7, and indicate that linear theory overpredicts the simu-
lation by 8.7% for a−0 = 0.205 cm and by 2.5% for a−0 = 0.29
cm. The values of ω3 and ω2 also confirm that the simulations
retain symmetry, as the difference is only 0.04%. The results
also show that the simulation with a−0 = 0.29 cm has initial cir-
culations that are one third larger than those with a−0 = 0.205
cm. The nonzero value of max

[
〈ω1〉(y, z, 0+)

]
indicates an er-

ror of 1% between the simulations and theory. As the simula-
tion values are taken at 0.06 ms, the baroclinic vorticity produc-
tion has already modified the vorticity, which can be quantified
as follows. The baroclinic vorticity production has magnitude
P1 ∼ ×107 and P2 ∼ 109 s−2 in the streamwise (x) and periodic
(y and z) directions, respectively. For ∆t ∼ 0.06 ms, this corre-
sponds to an increase in vorticity ∆ 〈ω1〉 ∼ ∆tP1 ∼ 6 × 102 and
∆ 〈ω2〉 ∼ ∆tP2 ∼ 6 × 104 s−1, which is consistent with the dis-
crepancy between the WENO results and the predictions from
linear instability theory.

6.3. Dynamics of the instability evolution

Presented here is a visualization of the time-evolution of the
Richtmyer–Meshkov instability in three dimensions using the
mass fraction and enstrophy isosurfaces. As the initial surface
in three-dimensions (37) is a product of sine waves, a distinctive
“bubble” corresponding to the perturbation entering into the

SF6, and a distinctive “spike” corresponding to the perturbation
entering into the air(acetone) can be identified. In addition, a
“front side” corresponding to a view from the air(acetone) side,
and a “back side” corresponding to a view from the SF6 side can
be identified. The visualizations shown are for the a−0 = 0.205
cm initial condition (the visualizations for a−0 = 0.29 cm are
expected to be very similar and are not shown).

Figure 15 shows the time-evolution of the mass fraction iso-
surfaces illustrating the dynamics of the bubble and spike from
the front air(acetone) side and the back (SF6) side from the
WENO simulation. The first row shows the mass fraction iso-
surface corresponding to mSF6 = 1/2: “spike front” denotes
a view of the isosurface from the air(acetone) side; “bubble
back” denotes a view from the SF6 side. The isosurfaces show
the shocked initial sinusoidal interface. Also shown is the
(x, y)-cross-section corresponding to the central value of the z-
coordinate zmid.

The bubble front contains a quarter of the spike front corre-
sponding to the sides on the quarters, which becomes more ap-
parent at later times. Following the passage of the shock, bub-
bles of air(acetone) start penetrating into the heavier SF6 and
spikes of SF6 start penetrating into the air(acetone). At 1.16
ms, a tube-like feature links the spike fronts at the separation
between the bubbles and the spikes: this feature is the result of
the initial conditions and the fact that in three dimensions two
roll-ups are observed, one corresponding to the spike and one to
the bubble. These tube-like features form the roll-up of the bub-
ble and spike at 1.76 ms. On the front bubble, features appear
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Figure 15: Time-evolution of the mass fraction isosurface mS F6 = 1/2 and enstrophy isosurface Ω = 108 s−2 at 1.0, 3.0, 4.5, and 5.6 ms from the WENO simulation.
The spike side facing the air(acetone) (top two rows), and the bubble side facing SF6 (bottom two rows) are shown.
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at the corners due to the interaction of the bubble with adja-
cent bubbles, indicating the onset of the nonlinear interaction.
As the instability develops further, the bubble and spike roll-up
further. At 3.0 ms, the spike develops a further structure on the
roll-up. This structure can be seen when visualizing the back
of the spike, where corrugations form on the curved part of the
spike. This structure is further evident at 4.5 ms when these ad-
ditional structures can be seen on both the front and back of the
spike, and develop a nearly star-shaped feature. At late times
(5.6 ms) the roll-ups develop additional complex structure. The
sides of the mass fraction isosurface offer a view of the roll-ups,
which are similar to those in the two-dimensional simulation.

Figure 15 also shows the time-evolution of the enstrophy iso-
surfaces following the passage of the shock through 5.6 ms.
The enstrophy [Eq. (42)] is used here to visualize the dynam-
ics of the vorticity. Immediately following the passage of the
shock at 0.06 ms, a layer of vorticity is deposited on the inter-
face by the baroclinic vorticity production mechanism. At 1.0
ms, the enstrophy isosurfaces begin rolling up with bubbles of
air(acetone) penetrating into the SF6 and spikes of SF6 pene-
trating into the air(acetone). At 3.0 ms, the enstrophy shows a
toroidal tube-like structure indicating the formation of a rotat-
ing vortex corresponding to the spike. The bubble also shows
a similar circular feature but is larger. In the simulation, the
vortex tubes meet at corners forming a complex structure. In
addition, ripples in the mass fraction isosurface are observed
at 3.0 ms, which may be due to instabilities developing at the
bubble surface. In addition, the vortex tubes connecting the
spike to the bubble divide, indicating that further roll-ups are
occurring. The bubble also shows the formation of complex
structures. The enstrophy isosurface shows the formation of a
toroidal structure in the bubble core where the roll-up devel-
ops. At 4.5 ms, this toroidal structure fragments. At later times,
the spike still retains a dominant central core, while the bubble
fragments further. The vortex tubes also become smaller with
the formation of thinner and finer structures. This is the result
of vortex stretching at the interface which causes the elongation
of the vortex tubes (an effect absent in two dimensions due to
the absence of vortex stretching).

6.4. Comparison of the perturbation, bubble, and spike ampli-
tudes to the predictions of an amplitude growth model

Figure 16 shows a comparison of the perturbation amplitudes
a(t) from the three-dimensional simulations with a−0 = 0.29
and 0.205 cm with those from the two-dimensional simulation
and the experimental data. The amplitudes from the three-
dimensional simulations overpredict the two-dimensional re-
sults. The three-dimensional simulation with a−0 = 0.205 cm
is in best agreement with the two-dimensional results (due to
the matching initial velocity v0 prior to reshock) and with the
experimental data. The amplitudes from the three-dimensional
simulations are in excellent agreement for both initial condi-
tions after reshock. Also shown is a comparison of the bubble
and spike amplitudes ab(t) and as(t). Whereas the bubble am-
plitudes from the two three-dimensional simulations agree well,
the spike amplitude from the a−0 = 0.29 cm simulation is much
larger.
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Figure 16: Comparison of the perturbation amplitude a(t) from the simulations
with a−0 = 0.205 and 0.29 cm with the two-dimensional simulation and experi-
mental results (top). The corresponding bubble and spike amplitudes ab(t) and
as(t) are also shown (bottom).

Figure 17 show a comparison of the WENO perturbation am-
plitudes and the predictions of the three-dimensional Zhang–
Sohn model [59]

da
dt

=
v0

1 + ε a+
0 v0 λ1 t + max

[
0,

(
k a+

0 λ1

)2
− λ2

]
(k v0 t)2

, (43)

where λ1 = 0.08887 (At+)2+0.45567 and λ2 = 0.39136 (At+)2+

0.22784. The Zhang–Sohn model prediction agrees with the
simulation amplitudes at early-to-intermediate times. At later
times, the models underpredict the simulation amplitudes.

Figure 17 also shows a comparison of ab(t) − ab(0+) from
the WENO simulations with the predictions of the Zhang–Sohn
model

dab

dt
= −

da
dt

+
k v2

0 λ3 t

1 +
k2 a+

0 v0 λ4

λ3
+

[(
k a+

0 λ4

λ3

)2
+

λ5
λ3

]
(k v0 t)2

, (44)

where λ3 = 4.8482 (At+)3 + 1.8257At+, λ4 = 0.32772 (At+)3 +

9.87594At+, and λ5 = 0.02435 (At+)3 + 3.15422At+. The pre-
dicted bubble amplitude agrees with the simulated bubble am-
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Figure 17: Comparison of the perturbation amplitudes a(t) − a+
0 (top), ab(t) −

ab(0+) (middle), and as(t) − as(0+) (bottom) from the WENO simulations with
a−0 = 0.205 and 0.29 cm with the predictions of the Zhang–Sohn model.

a−0 = 0.205 cm a−0 = 0.29 cm
∆sim ∆sim

Zhang–Sohn Padé (all) 5.9 36.2
Zhang–Sohn Padé (bubble) 15.4 5.5
Zhang–Sohn Padé (spike) 5.47 35.4

Table 8: Average fractional deviation ∆sim between the simulation amplitudes
for a−0 = 0.205 and 0.29 cm and the predictions of the Zhang–Sohn model.

plitudes at early times. At later times, the model underpredicts
the simulation amplitudes.

Also shown in Fig. 17 is a comparison of as(t)− as(0+) from
the simulations with the predictions of the Zhang–Sohn model

das

dt
=

da
dt

+
k v2

0 λ3 t

1 +
k2 a+

0 v0 λ4

λ3
+

[(
k a+

0 λ4

λ3

)2
+

λ5
λ3

]
(k v0 t)2

. (45)

The model predictions agree with the simulation spike ampli-
tude at early times. At late times, the models underpredict the
simulation amplitude. The agreement between the model pre-
dictions and the simulation amplitudes can be made quantitative
by computing the average fractional deviation ∆sim (30) shown
in Table 8.

6.5. Dynamics of the reshock process
As in the analysis of the two-dimensional case in Sec. 5, the

transmitted shock reflects from the end wall of the shock tube
and interacts with the evolving mixing layer during reshock
at ≈ 5.65 ms. Investigated here are the dynamics of reshock
in three dimensions, including a visualization of the complex
wave interactions. The mixing layer amplitude is also com-
pared to the predictions of the reshock models considered in
Sec. 5.2 for the two-dimensional case.

Figures 18–20 show the dynamics of the mass fraction iso-
surface, including the arrival of the shock wave (5.7 ms), the
inversion process (5.8 and 5.9 ms), and the development of a
complex mixing layer at late times (8 and 10 ms). At 5.7 ms,
reshock is indicated by the compression of the bubble which
now shows a flat tip. Following reshock, a transmitted shock en-
ters the air(acetone) and a reflected rarefaction returns into the
SF6. The vorticity deposited by reshock induces an inversion
process, where the bubble turns into a spike and vice versa. The
inversion process at 5.8 and 5.9 ms shows the bubble returning
back into the air(acetone). The spike is also compressed by the
passage of the transmitted shock, causing the formation of ad-
ditional complex structures in the roll-up. At 6.0 ms (see Fig.
19), the mixing layer is compressed and shows the formation of
complex structures. At 6.5 ms, the new spike generated by the
inversion of the bubble forms. This spike grows at later times
(7, 8, and 10 ms), as shown in Fig. 20. This central spike is
the only large-scale structure following reshock, and is similar
to that in the two-dimensional simulation shown in Fig. 9.

Figures 18–20 also show the time-evolution of the mass frac-
tion isosurface during reshock. At 5.7 ms, reshock causes a sig-
nificant deposition of vorticity on the interface. As a result, the
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Figure 18: Time-evolution of the mass fraction isosurface mS F6 = 1/2 and enstrophy isosurface Ω = 108 s−2 at 5.7, 5.8, and 5.9 ms from the WENO simulation.
The spike side facing the air(acetone) (top two rows) and the bubble side facing SF6 (bottom two rows) are shown.
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Figure 19: Same as Fig. 18 but at 6.0, 6.2, and 6.5 ms.
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Figure 20: Same as Fig. 18 but at 7, 8, and 10 ms.

23



enstrophy is largest at reshock and the isosurface only shows a
structure corresponding to the reshocked surface. Furthermore,
as the vorticity is generated by the misalignment of the den-
sity and pressure gradients, it attains its largest values near the
curved parts of the bubble. This explains why the enstrophy
isosurface is primarily observed along a strip on the side of the
bubble. At 5.8 ms, the transmitted shock has interacted with the
spike, causing deposition of vorticity in the region. At 5.9 ms,
the vorticity begins fragmenting. This fragmentation continues
with the formation of a dense, thick, tubular structure by 6 ms
in Fig. 19. This phenomenon is further observed at 6.2 and 6.5
ms. At later times, the mixing layer width grows, but the frag-
mentation of the vorticity persists, forming complex structure.

Figures 21 and 22 show the density cross-sections for the
bubble and spike during reshock. At 5.7 ms, the transmitted
shock enters the air(acetone) and a reflected rarefaction wave
returns into the SF6. The reflected rarefaction is clearly visible
from the lighter red colors corresponding to the bubble position.
The transmitted shock is weaker and is visible only when it in-
teracts with the spike, where it leaves behind a dark red color.
The transmitted shock is not seen in the air(acetone), as it is
weak and does not significantly increase the density. The trans-
mitted shock enters the spike at 5.8 ms and the interactions with
the density structures cause the formation of a complex system
of reflected and transmitted waves. At 5.9 ms, the transmitted
shock has crossed the mixing layer and the inversion process
begins.

The visualizations at 6.0, 6.1, 6.3, and 6.5 ms show the in-
version process, with the pre-reshock spike thinning and the
pre-reshock bubble transforming into a strong spike. At 7 ms,
this spike begins to roll-up as shown in Fig. 22. A reflected rar-
efaction wave further interacts with the mixing layer after 8 ms
and causes the change in colors at 10 ms. Between the spikes,
the density cross-sections reveal the formation of a well-mixed
region as also observed in the two-dimensional simulation (see
Fig. 11). However, whereas the two-dimensional simulation
exhibits the formation of strong vorticity cores, the enstrophy
isosurface shows that the vorticity is fragmented and forms
small, short, tubular structures in three dimensions. The dif-
ferences between the two- and three-dimensional cases is again
attributable to the absence of vortex stretching in two dimen-
sions (in which coherency of the flow structures persists).

The mixing layer amplitude after reshock is compared to
the predictions of the reshock models considered for the two-
dimensional simulation in Sec. 5.2. As the models for the mix-
ing layer amplitude are linear, the velocity can be computed in
dimensional and rescaled units (see Table 9). Figure 23 shows
a comparison of the mixing layer amplitude from the three-
dimensional WENO simulations with a−0 = 0.205 and 0.29 cm,
together with the prediction of the Mikaelian model (33), the
Brouillette–Sturtevant model (34), the Charakhch’yan model
(35), and the Lombardini et al. model (36). The Mikaelian
model depends only on the post-reshock Atwood number At+1 ,
which has the same value in both simulations: as a result, only
a single curve is plotted. This model overpredicts the numeri-
cal results. By contrast, the Brouillette–Sturtevant model yields
a different prediction for each simulation. The prediction cor-

responding to a−0 = 0.205 cm has the smallest value, followed
by the model corresponding to a−0 = 0.29 cm (30% larger), as
given in Table 9. The Charakhch’yan model depends on the
post-reshock Atwood number At+1 and the Richtmyer velocity
v0, so that two curves are plotted corresponding to the simu-
lations with the two initial amplitudes. This model gives the
smallest prediction for a−0 = 0.205 cm, and the prediction for
a−0 = 0.29 cm is 30% larger. The Lombardini et al. model
prediction is quite close to that of the Mikaelian model. In con-
clusion, the predictions of the Mikaelian reshock model are in
best overall agreement with the present simulation results, as
the post-reshock mixing layer amplitude does not depend on
the pre-reshock amplitude.

7. Summary and Conclusions

The ninth-order WENO shock-capturing method was applied
to simulate a model of the Mach 1.3 air(acetone) and SF6 Ja-
cobs and Krivets single-mode Richtmyer–Meshkov instability
experiment [15] extended numerically to include reshock. In
this experiment, the larger Mach number compared to previ-
ous studies allowed the investigation of late-time effects prior
to the arrival of the transmitted shock in the reshock phase.
The present study analyzed the development of the instability
prior to reshock, during the reshock phase, and post-reshock.
As with all other shock-capturing methods, at most first-order
accuracy can be achieved in the postshock region [62, 63]. De-
spite the loss of accuracy, high-order shock-capturing methods
are desirable for the accurate evolution of high-frequency com-
ponents and small-scale structure [64] present in the complex
mixing layer of Richtmyer–Meshkov instability, and for the re-
duced numerical dissipation associated with higher-order flux
reconstructions and finer grids [22].

In the WENO simulations, a single value of the adiabatic
exponent γ was specified corresponding to a mixture of 50%
air(acetone) and 50% SF6 using mix initial conditions. The
incident shock Mach number was therefore very slightly in-
creased so that the initial velocity v0 matched that in the ex-
periment. Excellent agreement was found between the vorticity
deposited on the interface in the simulations compared to the
predictions of the Samtaney–Zabusky circulation-deposition
model and linear instability theory. A comparison of the den-
sity fields from the WENO simulations with the experimental
PLIF images showed good agreement in the large-scale struc-
tures but differences in the small-scale structures. In particular,
the WENO and PLIF images showed similar small-scale struc-
ture within the roll-ups.

The perturbation amplitude from the two-dimensional sim-
ulation was in generally good agreement with the experimen-
tal data points. The perturbation, bubble, and spike amplitudes
from the simulation were compared with the predictions of sev-
eral nonlinear amplitude growth models, where the growth was
reduced to account for the diffuse initial interface. In general,
the model predictions agreed with the simulation amplitudes
at early-to-intermediate times (τ < 4) and underpredicted the
amplitudes at later times, corresponding to the late nonlinear
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Figure 21: Time-evolution of the density in the (x, y)-plane at 5.7, 5.8, 5.9, 6.0, 6.1, 6.3, and 6.5 ms from the WENO simulation. Both the evolution of the spike
(first and third row) and of the bubble (second and fourth row) are shown.
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Figure 22: Same as Fig. 21 but at 7, 8 , and 10 ms.
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3D a−0 = 0.205 cm 3D a−0 = 0.29 cm
initial conditions initial conditions

da
dt k da

dτ
da
dt k da

dτ

Richtmyer 1337 1 1891 1
Mikaelian 3334 2.50 3334 1.76

Brouillette–Sturtevant 3071 2.30 4342 2.30
Charakhch’yan 2534 1.89 3641 1.93

Lombardini et al. 3220 2.41 3220 1.70

Table 9: The velocity da/dt (in units of cm/ms) and the normalized velocity
kda/dτ from the Richtmyer model before reshock for the three-dimensional
WENO simulations with a−0 = 0.205 and 0.29 cm. Also shown are the veloc-
ities and the normalized velocities from the Mikaelian, Brouillette–Sturtevant,
Charakhch’yan, and Lombardini et al. reshock models.
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Figure 23: The mixing layer amplitude a(t) from the three-dimensional simula-
tion with a−0 = 0.205 cm (top) and 0.29 cm (bottom), together with the predic-
tions of the Mikaelian, Brouillette–Sturtevant, Charakhch’yan, and Lombardini
et al. reshock models.

regime. Overall, the predictions of the Sadot et al. and Zhang–
Sohn models were in best agreement with the simulation data.
Averaged fractional deviations were computed as metrics quan-
tifying the degree of agreement.

The reshock process was also investigated, which occurs
when the transmitted shock reflects from the end wall of the test
section and interacts with the evolving mixing layer. Reshock
is of fundamental interest as it imparts additional energy into
the mixing layer and contributes to the formation of complex
disordered structures. Reshock of the interface evolving from
a single-mode initial condition generates multimode structures
of varying sizes. The postreshock mixing layer width was com-
pared to the predictions of several reshock models and generally
good agreement was found between the model predictions and
the simulation data. The prediction of the Mikaelian model was
in best agreement with the simulation data.

The numerical investigation was also performed in three di-
mensions where the initial perturbation is a product of sinu-
soids. Under these initial conditions, the effective wavenumber
(which enters into the determination of the velocity v0) is larger
than the corresponding two-dimensional value. Thus, simula-
tions were performed with:

1. initial perturbation amplitude a−0 = 0.29 cm (same as the
two dimensional case) resulting in a larger v0, and;

2. a reduced amplitude a−0 = 0.205 cm (so that v0 is the same
as in two dimensions).

The instability evolution was visualized using the mass frac-
tion isosurface. In three dimensions two roll-ups formed, one
corresponding to the spike roll-up (as in two dimensions) and
one corresponding to the bubble roll-up. As the spike was com-
pressed and the bubble expanded, the bubble roll-up was larger
than the spike roll-up. The vorticity was visualized through the
enstrophy isosurface showing the formation of a ring structure
corresponding to the cores of the roll-ups and complex struc-
tures in the cores.

The perturbation amplitudes from the three-dimensional
WENO simulations were compared with those from the two-
dimensional simulation and the experimental data. The three-
dimensional simulation with a−0 = 0.205 cm was in best agree-
ment with the two-dimensional results and the experimental
amplitude data prior to reshock due to the matching initial ve-
locity v0.

The perturbation amplitudes from the three-dimensional
WENO simulations were compared to the predictions of the
nonlinear Zhang–Sohn model: although agreement was ob-
served at early times, the model underpredicted the simula-
tion results at later times. In general, overall better agree-
ment between the model and simulations was observed for the
a−0 = 0.205 case compared to the a−0 = 0.29 case.

In three dimensions, reshock produced a qualitative change
in structures compared to two dimensions. In particular, the
enstrophy isosurface showed that the vorticity fragmented and
formed small, short, tubular structures in contrast to the two-
dimensional vorticity, which formed strong cores. The differ-
ences between the two- and three-dimensional dynamics and
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structure are directly attributable to the existence of vortex
stretching in three dimensions. The mixing layer width from the
simulations with different initial perturbation amplitudes were
in excellent agreement, indicating that the post-reshock ampli-
tude did not depend on the initial perturbation amplitude. A
comparison with the predictions of reshock models showed that
the Mikaelian model (which is independent of the pre-reshock
amplitude) was in best agreement with the amplitudes follow-
ing reshock, as also found for the two-dimensional case.

This study indicates that high-order WENO simulations in-
terpreted as implicit large-eddy simulations are useful for inves-
tigating the complex fluid dynamics of reshocked Richtmyer–
Meshkov instability in two and three dimensions. Comparisons
to experimental data (amplitude growth and structure of the
density field) indicate favorable agreement. The data from the
simulations was also used to quantitatively evaluate the predic-
tions of nonlinear amplitude growth and reshock models. The
simulation data elucidated differences between the two- and
three-dimensional dynamics, consistent with the expected be-
havior of the baroclinic vorticity and enstrophy dynamics and
vortex stretching mechanism.
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Appendix A. Numerical Method

The WENO method for the solution of hyperbolic conserva-
tion laws is briefly summarized here in one spatial dimension.
In the finite-difference WENO method [24], the scalar conser-
vation law

∂u(x, t)
∂t

+
∂f (u)
∂x

= 0 (A.1)

is discretized on a uniform grid:

dui(t)
dt

= −
f̂i+ 1

2
− f̂i− 1

2

∆x
, (A.2)

where f̂i± 1
2

are the numerical fluxes and ∆x = xi+1 − xi is the
uniform grid spacing. The WENO algorithm reconstructs the
fluxes at the mid-points between cells f̂i± 1

2
based on the values

at the center of the cells f̂i.
Before applying WENO reconstruction, an upwinding direc-

tion is established using local Lax–Friedrichs flux-splitting

f̂ ±(u) =
f (u) ± α u

2
, α = max

u

∣∣∣∣∣∂f (u)
∂u

∣∣∣∣∣ (A.3)

for example. Next, the WENO reconstruction is applied to de-
termine f̂ +

i± 1
2

based on the point values of f̂i. The main concept
of the WENO method is to use a polynomial of degree k for
the reconstruction, built on stencils containing k + 1 points. For
the f̂ +

i+ 1
2

reconstruction, the stencils (not shown here) must con-
tain the point xi, so that k reconstructions are formed. Next, the
reconstructions are nonlinearly weighted

f̂ +

i+ 1
2

=

k−1∑
r=0

wr f̂ (r)+
i+ 1

2
, wr =

αr∑k−1
s=0 αs

, (A.4)

where the αr in the construction of the weights wr are given for
example by the classical Jiang–Shu nonlinear weights [25]

αr =
dr

(ε + βr)2 , βr =

k−1∑
l=1

∫ xi+
1
2

xi− 1
2

(∆x)2l−1
[
∂l pr(x)
∂xl

]2

dx ,

dr are the optimal weights, βr are smoothness indicators, pr(x)
are the interpolating polynomials, and ε = 10−6 is a small num-
ber. The less numerically dissipative WENO-Z weights [65] are
used in the simulations presented here. The construction of the
weights achieves two goals:

1. in the presence of a discontinuity, the stencil that crosses
the discontinuity is given an effectively zero weight, en-
forcing the ENO property of solutions to hyperbolic con-
servation laws;

2. in smooth regions, the information from the 2k−1 points is
efficiently used to give a (2k−1)-th order accurate solution.

A similar reconstruction is performed for f̂ −
i+ 1

2
. Finally, the

flux entering Eq. (A.2) is

f̂i+ 1
2

= f̂ +

i+ 1
2

+ f̂ −
i+ 1

2
. (A.5)

In the present simulations, a single value for the adiabatic ex-
ponent γ is specified: a multiple-γ formulation introduces non-
physical pressure oscillations near the material interfaces in
conservative shock-capturing schemes for the multicomponent
fluid equations [66–69]. Nonetheless, WENO schemes have
been developed for two-γ formulations [51, 70].
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The system of ordinary differential equations from the spatial
discretization

du
dt

= L(u, t) (A.6)

are integrated in time using a third-order total-variation-
diminishing (TVD) Runge–Kutta method [71]

u(1) = un +L(un) ∆t ,

u(2) =
3
4

un +
1
4

u(1) +
1
4
L(u(1)) ∆t , (A.7)

un+1 =
1
3

un +
2
3

u(2) +
2
3
L(u(2)) ∆t ,

where ∆t is the timestep. These methods were developed be-
cause ordinary Runge–Kutta methods are only linearly stable
and do not guarantee convergence in the presence of shocks or
other discontinuities. The TVD property ensures stability of
the numerical scheme [72]. In addition, a TVD scheme ensures
that large oscillations are not introduced at shocks and contact
discontinuities in the numerical solution.
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