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sent a new Lagrangian modal discontinuous Galerkin (DG) hydrodynamic method that supports
tion based crystal plasticity model for simulating the mechanical behavior of crystallographic mat
crystal and polycrystalline, under dynamic conditions. A modal DG approach is used to evolve �eld
ervation laws. These �elds are approximated by Taylor series polynomials of varying degree. T

s describemacro-scale hydrodynamic behavior while their evolution is determined by evaluating the
plasticity model at material points within the element. The dynamic crystal plasticity model is se
e increment size, with too large of time increments leading to instability in the model. To mitigat
al evolution of the dynamic crystal plasticity model is achieved with the combination of a sub-inc
e with Heun's third-order time integration scheme, which is also used to temporally evolve the gove
The implementation of the dynamic crystal plasticity model within the DG framework is tested u
imation of the Taylor impact test with a single crystal material, using quadratic elements that hav
nd. In addition to the standard continuous material modeling, we propose a new simulation metho
ent the heterogeneous behavior of polycrystalline microstructures within an element by varying the
l properties of the material points within the element. This method is demonstrated using random
tions on materials points that are arranged in both structured and random con�gurations.

rds: Lagrangian, Hydrodynamics, Discontinuous Galerkin, Solid Dynamics, Crystal Plasticity, Poly

duction

seek to advance numerical methods to enable routine, scale-bridging simulations ofmacro-scale parts ta
count the microstructure of the materials. The microstructure of a material can vary depending on th
d processing. Di�erences in microstructure can lead to signi�cant di�erences in the bulk mechanica
e of the fundamentally non-linear, non-homogeneous, and anisotropic behavior of solids. Captu

s at the scale of the microstructure (termed the mesoscale) requires a constitutive model that re
nics of the individual grains that compose the microstructure. The direct simulation approach woul
ividual grains in the microstructure with a �ne mesh, typically involving hundreds to thousands of g
lements on the scale of tens of microns or smaller, and use a single crystal model for computing
se of polycrystalline materials. These simulations are achieved with a variety of methods such as
ite element methods (CPFEM) [1], hydrodynamic methods [2, 3] and Fast Fourier Transform-base
e challenge is that using a �nely resolved mesh internal to the grain will be computationally exp
tions on the scale of a full-scale part. There have been a number of methods proposed to ove
ges. One of the �rst is the Taylor averaging method [5],which employsthe Taylor model of polycrysta
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or [6] that states all grains in a polycrystal undergo the same deformation. The stress respons
then averaged together to produce a homogenized response of the polycrystal. A similar but mo

enization technique is the self-consistent method [7, 8], which represents each grain as embed
enous matrix, which allows for more independent behavior of the crystal to be determined befor
ses are homogenized. Self-consistent methods have also been used within �nite element method
acroscale behavior [9]. The more advanced form of this sort of integration is the multilevel �nite e

ethod [10], which involves the simultaneous calculation of mechanical behavior at the macroscale
ts and a fully meshed mesoscale within each element. We propose a novel method to simulate

crystalline microstructures by representing the grains of a polycrystal at material points within a hi
t (e.g., the edges are quadratic polynomials) and then evolve polynomials for the element that cap

f physical �elds at themacro-scale. These high-order order polynomials in turn are used to update t
terial points. This method addresses the challenge of polycrystalline modeling from a similar pe
method, but uses high-order numerical methods for solving both the macro and meso levels.
Lagrangian discontinuous Galerkin (DG) method [11, 12, 13, 14, 15, 16, 17] is a spatially collo
that solves the governing equations for mass, momentum, and total energy within a given control
onds to the element. The role of the modal DG method is to evolve a spatial polynomialPn (e.g., a Ta

polynomial) forward in time. The �elds represented by polynomials are velocity, speci�c volume, spe
and deformation gradient. The discretization of the polynomial evolution equations is achieved
Gauss quadrature integration points. The polynomials are discontinuous across the element su
Riemann problem must be solved on the surface of the elements. The Riemann problem is a fu
the shock impedance, velocity, and stress at the element surface and is identical to the one u
cell-centered hydrodynamic (CCH) methods [18, 19, 20]. The accuracy of a modal DG method is

order of the polynomial; for example, a quadratic polynomialP2 produces up to third-order spatial acc
onstrated in [16]. The DG method with a polynomial order of 0 is identical to a �rst order �nite volu
. However, the DG method can achieve higher-order accuracy without �tting to the element-ave
eighboring elements as done with �nite volume CCH methods because it evolves the polynomials
he Lagrangian DG method has been shown to work on quadrilateral and triangular meshes [14
ear triangle [21] and quadrilateral meshes with gas dynamics [16], solid dynamics [22], and high
this work, the DG method is used with curvilinear elements and a subcell mesh stabilization metho

es the risks of degenerative mesh deformations.
presentthe �rst Lagrangian modal DG hydrodynamic method to simulate dynamic crystal plasti
tic elements, demonstrating both single crystal and polycrystalline cases.For the polycrystalline case,in
grains with distinct orientations are represented at individual material points inside of the elemen
�elds describing the varying behavior within the element to capture the heterogeneous mechanic
aterial points can be spatially arranged within the element to match, in a statistical way, the gra
lycrystalline microstructure. The modal deformation gradient polynomial is used to determine a l
se individually at material points within each element using a dynamic crystal plasticity model.The str
e grain material points are �t to a Taylor series polynomial so that the stress can be determined a
ture integration points and used to evolve the polynomial �elds.
crystal plasticity model used in this work was developed by Luscheret al. [2, 24] and is capable o

g single crystal deformation mechanics under dynamic loading conditions such as shocks and im
deformation within the model is based on crystallographic slip associated with the motion of di
sed through the velocity and evolution of dislocation densities. The model also incorporates elas
h crystallographic elasticity and thermoelasticity. Most crystal plasticity models, including the dynam
ity model used in this work, describe the mechanical response of a single crystal de�ned by a partic
tion. Many important crystalline materials consist of a collection of grains, i.e. individual crysta
rostructure. Such aggregates of individual grains, each with their own lattice orientation, are re
stalline microstructures. It is the behavior of this heterogeneous microstructure that determines
nical behavior of the volume.
revious material dynamics papers, the Lagrangian DG hydrodynamic method used the 3-stage to
hing Runge-Kutta (TVD-RK3) time integration method to temporally advance the coe�cients in the
6, 17, 22, 23]. However, the dislocation physics represented within the crystal plasticity model are n
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e to the temporal evolution, particularly under shock and impact conditions; if the time incrementa
ntly re�ned, the solution can become unstable. To e� ciently account for this, an adaptive sub-increme
e is applied [24] and coupled to the 3-stage Heun's time integration method for solving the DG
ns. The TVD-RK3 method is not suited to the sub-incrementation scheme, so Heun's 3-stage time
is used instead because the individual integration stages occur in a temporally sequential order.
implementation of the dynamic crystal plasticity model along with the sub-incrementation schem

D approximation of the Taylor impact test with a single crystal material. Due to the lack of an analyti
ults are compared to a Lagrangian staggered-grid hydrodynamic (SGH) method [25, 26, 27, 28]
ynamic crystal plasticity model has already been implemented [3]. A highly resolved SGH resul
f an analytic solution for judging the accuracy and convergence of the results. The same single

ile impact test is used to test the accuracy and stability of the polynomial �t of the stress values a
material points by comparing the results of the polynomial �t at di� erent degrees to the results wh
l points are colocated with the Gauss quadrature integration points. A Voronoi mesh is used wi
and compared to the DG method using arbitrary material point locations, where the SGH me

material point per Voronoi element. The polycrystalline representation inside of the DG element is
lying a random orientation distribution to material points colocated with the Gauss quadrature integr
ning the 2D approximation of the Taylor impact test. The DG results are compared to SGH results
t on a quadrilateral mesh have the same random orientation distribution. The polycrystalline re

of the DG element is then tested with arbitrary material point locations through two randomly gener
l point orientations and locations.

rangian DG Method

overning conservation equations

analytic Lagrangian equations for speci�c volume, momentum, and speci�c total energy evolution

�
dv
dt

= r � u (

�
du
dt

= r � � (

�
d�
dt

= r � (� � u) (

is the speci�c volume,u is the velocity,� is the speci�c total energy (� = e+ k), and� is the Cauchy st
nsity is the inverse of the speci�c volume� = 1=v. The pressure, speci�c internal energy and speci�c
are denoted asp, e, andk respectively. The time derivatives are total derivatives that follow the eleme
atial derivatives in Eqs. (1) - (3) are in terms of the current coordinatesx and the rate of change is

dx
dt

= u (

iscretization is developed for solving Eqs. (1) - (3). These expressions are developed in a manne
nd 3D problems. In this work, we focus speci�cally on 2D test problems.

onvention is followed throughout the paper for denoting scalars and tensors. Scalars are denoted w
ch as density� , speci�c total energy� , speci�c internal energye, and reaction mass fraction� . A bold chara
to denote a tensor such as velocityu, the stress tensor� , and the Jacobian matrixJ. At times it is usefu

very general equations for an arbitrary unknown quantity that might be a scalar or a tensor; in
oard bold characterU is used to denote the arbitrary unknown. The �uxes in a generalized evolution
denoted asH, which is a tensor. A scalar product, such asni � i j in index notation, is denoted asn � � . A ten
t, such as@iu j , is denoted asr u.
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: The mapping of the reference element (top) to the initial (bottom left) and current (bottom right) elements is graphical
dratic element. Both mappings from the reference element,(X(� ; t0)) for the initial and(X(� ; t)) for the current, are calculated usi
matrixJ(t), which makes use of the canonical shape functions [29].

iscretization

solution domain is decomposed into non-overlapping discrete control volumes called elements.
t volume isw0. Each element has a constant mass, i.e.dM

dt = 0. The elements will deform with the �ow,
ume at a later time is denoted asw(t). This work uses an isoparametric mapping from a reference elem

rent con�guration given by

x = x (� ; t) =
X

p

bp(� )xp(t): (

p are the nodal coordinates of the element at timet, bp are the canonical shape functions at the nodes
t type), and the reference element coordinates are� (�; �). The reference element dimensions are alway
The Jacobian matrix is de�ned asJ = @x

@� and relates the current coordinates to isoparametric coo
cobian matrixJ varies in time within each element. The mappings are illustrated in Fig. 1.

odal �elds

speci�c volume, velocity, speci�c total energy and deformation gradient �elds are represented usin
aylor series polynomials on the reference element
, i.e.

vh(� ; t) =
P

k
k (� ) vk (t)

uh(� ; t) =
P

k
k (� ) uk (t)

� h(� ; t) =
P

k
k (� ) � k (t)

Fh(� ; t) =
P

k
k (� ) Fk (t)

(

k (� ) are the basis functions about the center of mass of the element. The Taylor series coe�cie
es are denoted with the subscriptk. The Taylor series basis functions for a conservative quadratic po

4
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1 = 1
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1
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2
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2
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1
Z
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� (� � � z)(� � � z) j0 d


(

the subscriptz denotes either the center of mass of the element (forv, u and�) or the centroid of the elem
Z is either the mass of the element (forv, u and�) or the volume of the element (forF), j0 is the determin
nitial JacobianJ0 and
 is the volume of the reference element. The quadratic basis functions requir
at is needed to ensure a conservative reconstruction; the conservation implies that the integral ove
dal �eld is equal to the element average value. As an example, the Taylor series coe�cients for a

mial in 2D Cartesian coordinates of speci�c total energy and deformation gradient are

2
666666666666666666666664

� 1

� 2

� 3

� 4

� 5

� 6

3
777777777777777777777775

=

2
66666666666666666666666666664

� cm
@�
@�

���
cm

@�
@�

���
cm

@2�
@�2

���
cm

@2�
@�2

���
cm

@2�
@�@�

���
cm

3
77777777777777777777777777775

2
666666666666666666666664

F1

F2

F3

F4

F5

F6

3
777777777777777777777775

=

2
66666666666666666666666666664

Fcv
@F
@�

���
cv

@F
@�

��
cv

@2F
@�2

���
cv

@2F
@�2

���
cv

@2F
@�@�

���
cv

3
77777777777777777777777777775

(

the subscriptcmdenotes the center of mass of the element and the subscriptcv denotes the geometric cen
element. The Taylor series coe�cients are constant within the element space, but they vary tempA

�rst coe�cient in the Taylor series polynomial can be modi�ed by limiters, which are applied to m
nicity of the �elds by decreasing the magnitude of the higher-order coe�cients.The basis functions in

k are calculated at the initial timet0, are constant in time, and are a function only of the reference
ates, which are also temporally constant. As such,d k

dt = 0. The DG method with a linear Taylor s
mial is denoted as DG(P1) and can be up to second-order accurate without limiters. The DG me
tic polynomial is denoted as DG(P2) and can be up to third-order accurate without limiters.

odal �elds
his work, the density, speci�c internal energy, Cauchy stress, plastic deformation gradient and in s
orientation are represented as nodal �elds. These �elds are calculated at Gauss-Legendre quadra
nterior of the element as well as at Gauss-Lobatto quadrature pointsxs along the surface of the elemen
at a particular quadrature point� g inside the reference element is calculated by taking the inverse of th
� g = 1=v(�g; t). The speci�c internal energy at a particular quadrature point iseg = �(� g; t) � 1=2(u(�g; t)
uchy stress is determined at each quadrature point from the constitutive models and can further b

deviatoric stress and a pressure following�(� g) = � 0(� g) � p(� g)I. These terms are determined alon
ce element surface the same way using� s.

e discontinuous Galerkin approach
governing evolution equations for speci�c volume, momentum, and speci�c total energy evolutio

in a generalized form,

�
dU
dt

= r � H (
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neralized variableU is eitherv, u, � and the generalized �uxH is eitheru, �, or � � u. The integration
neralized equation over the element volume, put in terms of the Taylor series polynomials and th
t, takes the form of

Mqk �
dUk

dt
=

I

@


s�  q jJ �1 � H � d� �
Z




�
r �  q

�
� jJ �1 � H d
 (1

� is from a Riemann solution at the element surface integrated over the reference element surfacd� whe
reference element surface normal. The mass matrixMqk is de�ned as

Mqk =
Z




� q k j d
 (1

tion, an evolution equation for the deformation gradient tensorF, derived in Liebermanet al. [22], takes

V0
qk �

dFk

dt
=

I

@


s�
�

q j0
�
J0

� �1
u�

�
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Z




�
r �  q

�
�
�
j0

�
J0

� �1
u
�
d
 (1

the superscript0 indicates that the variable corresponds to the initial element state. The volume maV0
qk

as

V0
qk =

Z




q k j0 d
 (1

ove equations are all valid for 1D, 2D, and 3D Cartesian coordinates. The 2D Cartesian DG eq
g v, u, and� as well as the 2D Cartesian Riemann problem for quadratic elements are presente
]. The structure of the subcell mesh stabilization method is used for the Riemann problem at the

quadrature points but the density correction component is 0 for this work. The mesh is evolved
ocity from the Riemann solution to Eq. 4, the details are also provided in Liuet al. [16].

me integration

many hydrodynamic methods, the time discretization is constrained by the Courant-Friedrichs-L
owever, the dynamic crystal plasticity model necessitates more restrictive constraints due to thenat

constitutive equations. The time step sizes required for stable advancement of the material mod
ers of magnitude smaller than otherwise required by CFL condition for hydrodynamic stability. U

l time step size for the hydrodynamic solution is unnecessary and presents signi�cant computatio
me this temporal scale disparity, we adopt a multi-scale time integration approach. The hydrodyna
orally advanced fromn to n + 1 over a larger time step (based on the CFL condition) using the 3-sta
and then we temporally advance the crystal plasticity model over many sub-increments betwee

n's method. The objective is an e�cient and robust time integration approach and not to necessar
rder temporal accuracy.
n's 3-stage method is applied to a system of equations of the formZqk � dUk

dt = Rq, or in the case of the pos
lement nodes, has the form ofdu

dt = u�
p. The matrixZqk represents either a mass matrix or the initial v

both of which are constant constant in time,Rq is the right-hand side of Eqs. (10) or (12), andu�
p is t

nn velocity at an element node. The 3-stages in the time integration of the Taylor series coe�cientsUk are

Us1
k = Un

k +
1
3

�tM �1
qk � Rn

q

Us2
k = Un

k +
2
3

�tM �1
qk � Rs1

q

Un+1
k = Un

k +
1
4

�tM �1
qk � Rn

q +
3
4

�tM �1
qk � Rs2

q

(1
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6)
perscripts1 denotes the quantities after the �rst stage, and the superscripts2 denotes the quantities aft
stage in the scheme. The choice of using Heun's method is in contrast to previous works that us

ethod with the Lagrangian DG method. Heun's method readily facilitates sub-increments with
ity model. The dynamic crystal plasticity model can be advanced between each stage in Heun's met
tage is sequential in time as shown in Fig. 2. The TVD RK3 method does not proceed across t
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)*"+,-./-,01234"5/67!3/0
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5% 5( 5'

: The state and order of progression of the individual stages for Heun's 3-step method. The steps to advance the governin
time step fromn to n + 1 are sequential in time, which facilitates sub-time increments of the crystal plasticity model using a

between each stage.

quential fashion, instead it uses non-sequential time step increments e.g.,� t on the �rst stage. Thus He
method is better suited for this work compared to the TVD RK3 method by allowing sub-time i

e crystal plasticity model between each stage in Heun's method. For the Taylor impact problem app
ered in this work, a constant time step of 10� 4 � s is used. The sub-incrementation method uses an R
scheme to determine a sub-increment time step size, the details of which are tied to the dyna

ity model and are discussed in Section 3.

lynomial Fitting of Stress

e of the goals in this work is to perform simulations where polycrystalline microstructures are re
of elements. To achieve this, a polycrystalline microstructure is de�ned by usingmaterial points in the elem
esent individual grain centroids.However, by solving the constitutive models at these material points,the str
are calculated at locations in the elementthat may not be colocated withthe Gauss quadrature point

y this, aTaylor series polynomial is �t to the stress values at the material points to determine stress va
ture points for use in the discretization of Eq. 10.
arate quadratic polynomials are built for each component of the deviatoric stress tensor and the
e values at the material points inside each element. This polynomial is evaluated at the quadra

the element. A conservative quadratic Taylor series polynomial of a component of the deviatoric s
ressureS about the cell center is given by,

Sh(� ) =
X

k

 ̂ k(� )Sk (1
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���
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���
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the components of the Taylor series polynomial for the components of the deviatoric stress te
re. The choice of �tting the deviatoric stress tensor and pressure separately has both bene�ts an
an equation of state can result in pressure �elds behaving very di� erently than the deviatoric stress �el
causing di� erences in magnitude between the two stress types. By �tting them separately, the

s of the di� erent stress types can be preserved. However, the �tting of the deviatoric stress tenso
ve the isochoric nature of the deviatoric stress [30]. The Taylor basis functions here are not for a c
truction, which is not necessary because the stress values are not a conservative �eld in this des
quares problem creates a system of 6 equations for the 6 unknown Taylor series coe� cientsT j ,

ATAS = ATE (1

ector that contains the deviatoric stress or pressure values at the material pointsSm

E =

2
6666666666666664

Sm1

Sm2

:::
Smn

3
7777777777777775

(1

re aremn material points. The matrix for a quadratic polynomialP2 is

AP2 =

2
6666666666666664

 1  2(� m1)  3(� m1) � � �  6(� m1; � m1)
 1  2(� m2)  3(� m2) � � �  6(� m2; � m2)
:::

:::
:::

:::
 1  2(� mn)  3(� mn) � � �  6(� mn; � mn)

3
7777777777777775

(1

he coordinate vectors� m are the locations of the material points on the reference element. The unkn
y

S = (ATA)� 1ATE (2

ess polynomials are used to determine the stresses at the quadrature points for use in the govern
uations.

stitutive Models

stress response of the material is determined from a combination of a Grüneisen equation of state
ic single crystal model that includes thermoelasticity and viscoplasticity. All parameters for the m
rom [31, 2] and are intended to be nominally consistent with copper. The Grüneisen equation of state is
rmine: a) a pressurepeos(�; e) following the equations used in [32], and b) a temperatureT(�; e) followi
ations used in [33]. The dynamic crystal plasticity model used in this work is based on the one p
ret al. [2, 24]. The model describes the thermomechanical response of single crystals within the

rain theory. As such, the model evolves as a function of the deformation gradient, which can be mult
posed into an elastic and plastic component by

F = FeFp (2

tal deformation gradientF is known from the evolution of Eq. 12 while the plastic deformation gradieFp

d via crystallographic slip using a dislocation density. The equations for the dynamic crystal plast
scribed here in the context of the sub-incrementation within the Heun's RK method. Within this s
essands+ 1 are used to describe the previous and new RK stages respectively, while the variablesk andk +
d to describe the previous and new sub-increment steps respectively, such thattk is bounded byts followi
ndtk+1 � ts+1.
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Eq. 21

7)

whereE -Kirchho�

stress
The lues are

calcula stage of
Heun's ll RK stage.
Result r the same
a given RK stage, the known values as input to the constitutive solve are� s, � s+1, es, es+1, Fs, Fs+1, � s a
e initial values of the RK stage are used to calculate updated values of the elastic sti� ness tensorCs and
l strain tensor� s. The elastic sti� ness tensor is a function of pressure and temperature expressed as

Cs = Cr +
dC
dp

ps +
dC
dT

(Ts � T0) (2

r is the sti� ness tensor under reference conditions (pressure at 0 andT = T0), ps = 1
3Tr(� s) is the press

from the Cauchy stress tensor andTs(� s; es) is the temperature from the Grüneisen equation of state.
ce temperature isT0 = 293K, which is the same as for the equation of state. The three sti� ness ten
nce, pressure dependence and temperature dependence) are expressed in the Cartesian refe

the base tensors using the Bunge Euler angles of the crystal orientations. The thermal strain
n of the temperature expressed as

� s = � a(Ts � T0) + � b(Ts � T0)2 (2

the coe� cient of thermal expansion tensors� a and� b are rotated to the Cartesian reference frame u
Euler angles of the crystal orientations.
sub-incrementation process seeks to determine the result for� s+1 by incrementally evolving fromFs to Fs

lue of deformation gradient for the sub-increments is determined from a linear interpolation betweensands+

Fk+1 = Fk +
Fs+1 � Fs

� t=3
� tsub (2

t is the overall time step and� tsub is the time step of the sub-increment. The overall time step is div
use for Heun's 3-stage method each time stage approximates one third of the overall time step.
ation gradient is evolved in the sub-increment using the dislocation density based Orowan equatio

L k
p =

NsX

� =1

b� %�
Mv� (Fk; � k; T; %� )s�

o 
 n�
o (2

p is the plastic velocity gradient,Ns is the total number of slip systems for the crystal,� designates a parti
tem,b� is the Burgers vector,%�

M is the density of mobile dislocations,v� is the dislocation velocity, an
total dislocation densities on all slip systems� = [1 ::Ns]. The unit vectorss�

o andn�
o are the slip direc

p plane normal for slip system� rotated to the Cartesian reference frame using the Bunge Euler angl
e mobile dislocation density is assumed to be half that of the total dislocation density and the total
is held to be constant, thus at all times%M = 1

2%0. The details of the calculation of the dislocation velo
found in Luscheret al. [2, 24]. The plastic velocity gradient is used to evolve the plastic deformation

h the equation
Fk+1

p = Fk
p exp

h
L k

p� tsub
i

(2

the matrix exponential is evaluated using the scaling and squaring technique introduced by Fung
plastic deformation gradientFk+1

p is determined, it can be used with the known deformation gradienFk+1

to determine a thermoelastic second Piola-Kirchho� stress through

Sk+1 = Cs :
�
Ek+1

e � � s
�

(2

k+1
e = 1

2(FT
e

k+1Fk+1
e � I ) is the elastic Green-Lagrange strain tensor. The thermoelastic second Piola

is converted to Cauchy stress through� k+1 = J� 1
e Fk+1

e Sk+1FT
e

k+1 whereJe is the determinant ofFk+1
e .

sub-increment time step� tsub is crossed using a standard fourth-order RK (RK4) method where va
ted ak, k + 1=2 andk + 1. The� tsub step size is determined through an iterative process for each
third-order RK method. Initially, the sub-increment step size is set to be the same as the overa

s from the RK4 are then compared to the results of a standard third-order RK (RK3) method ove
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4.1. S
The [37]. The

details 2D
rement and if the di� erence is larger than some tolerance, the sub-increment time step size is reduc
RK3 and RK4 results are recalculated. Once the di� erence is below the tolerance, the sub-increme

d at that time step size. The speci�c value compared between RK3 and RK4 (generally based on
euret al. [35]) is the slip increment on each slip system� 
 � = b� %�

Mv� � tsub, with the di� erence quanti�ed

e� =

���� 
 �
RK4 � � 
 �

RK3

���

J2(� F)
(2

work, the normalization term in the denominator is thesecond invariant (J2) of the tensor� F = Fs+1 � F
rast to the previous method described by Mayeuret al. [35]. The tolerance is determined in this wo
) � 10� 4.
en the sub-incrementation is complete, i.e.tk+1 = ts+1, a �nal quasi-conservative Cauchy stress is obta
rating the equation of state pressure with a correction pressure into the thermoelastic Cauchy stre

� s+1 = � k+1 � (ps+1
eos � pcor)I (2

the correction pressurepcor is de�ned as

pcor = Ks
�
Js+1

e

� � 1=3
�
1:5

� �
Js+1

e

�2=3
� 1

�
� Tr(� s)

�
(3

Ks = 1
9I : Cs : I is the bulk modulus found from the sti� ness tensor of Eq. 22.

parameters for the Grüneisen equation of state for copper [36] are shown in Table 1. Paramete
amic crystal plasticity model for copper are shown in Tables 2-4. The initial dislocation density%0 will va
ing on the particular test case.

g0 g1 c
�

cm
� s

�
S0 S1 S2 � 0

�
g

cm3

�
T0(K) CV

�
cm2

� s2K

�

2 0 0:394 1:49 0 0 8:93 293 3:742e� 6

Table 1: Gruneisen parameters for copper are taken from [36].

Component Cr
i j (Mbar) dCi j

dp
dCi j

dT

�
Mbar

K

�

(1; 1) 1:69 5:93 � 4:10e� 4
(1;2) 1:22 5:05 � 1:98e� 4
(4;4) 0:753 2:32 � 2:69e� 4

Table 2: Elastic sti� ness component values and their pressure and temperature derivatives for copper are taken from [31

Component � a
i j (K

� 1) � b
i j (K

� 2)
(1; 1) 17� 10� 6 0:0
(2;2) 17� 10� 6 0:0
(3;3) 17� 10� 6 0:0

Table 3: Coe� cient of thermal expansion components for copper are taken from [36].

le Crystal Tests

ingle Crystal Taylor Impact
test problems in this work all use a two-dimensional approximation of the Taylor impact problem

of the problem used in this work follow the problem designed and simulated by Maireet al. [38] for a
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Table 4: Dynamic crystal plasticity model parameters for copper taken from [2].

ile impacting a rigid, frictionlesswall; the distinction between 2D and 3D projectiles in single crysta
noted in Nguyenet al [39]. The projectile is of dimensions (x; y) 2 [0 cm, 1 cm]� [0 cm, 5 cm], wit
of 8.93 g/cm3 and an initial velocity ofu = (0; � 0:015 cm/� s). All single crystal tests use the same

tion expressed as the Bunge Euler angles (112:279� ; 86:556� ; 245:851� ). An initial internal energy of 104 Mb
1 is set to ensure internal energy positivity without the use of limiting. For this problem, the DG me
nterior Gauss quadrature points and �ve surface Gauss quadrature pointsalong each edge of thequadra
ateral elements. Initially, the total dislocation density is set to%0 = 109 mm/mm3.
test the e� ect of the sub-incrementation method on the computation speed, a 1 mm resolution qu
10� 50 elements) is run to a time of 25� s. The largest time step that can stably run under these co
t the sub-incrementation method is� t = 1e� 4 � s and resulted in a run time of� 10.88 hours. For comparis
ep of� t = 5e� 3 � s is used with the sub-incrementation method and resulted in a run time of� 0.37 hours, wh
5 times faster. The results using the sub-incrementation were visually identical to those that did
rementation. The speci�c time steps that can be used and the speed improvement from the sub-in
is dependent of the material parameters used and the problem being run.
DG results are compared to a Lagrangian staggered-grid hydrodynamic (SGH) method [25, 2

ly compare the DG and SGH methods, the simulations using either method are conducted with th
r of interior material point degrees of freedom (DOFs). To do this, the number of material points a
n the methods rather than using the element resolution or the kinematic DOFs. For the DG meth
erior material points, compared to the SGH method that has 1 material point per element. The S
Multidirectional Approximate Riemann Solver (MARS) [28] for improved accuracy. MARS uses
nce in each corner of the element

� = � (q1c + q2� j� uj) (3

is the sound speed,� u is the di� erence between the velocity at the vertex and at the element cent
are user settable parameters that can be set based on shock data [40]. Theq1 andq2 coe� cients typically h
nt values for an element expanding or compressing. The coe� cients used in all test problems areq1 = 1:0 a
33 for an element in compression, and thenq1 = 0:1 andq2 = 0 for an element in expansion.

results from DG and SGH at various resolutions are compared to the SGH result using a 25� m quadrilate
However, to perform this comparison, the total dislocation density is decreased from%0 = 109 mm/mm3

7 mm/mm3. As the total dislocation density increases, the propensity forlocalized large plastic deforma
creases and the results become extremely sensitive to mesh resolution, making it di� cult to accurately as
vergence behavior of the DG and SGH methods. The equivalent plastic strain results for DG(P
adratic quadrilateral mesh and SGH with a 250� m linear quadrilateral mesh are shown in Fig. 3. Q
he results from the two methods are comparable when matching the number of material points. To
accuracy and convergence behavior of the methods, the equivalent plastic strain distribution from
lements along the bottom of the impacting projectile are compared to the result from SGH at a 25� m quad

mesh in Fig. 4. Both methods converge toward the same solution. The DG(P2) results are genera
m SGH result compared to the SGH results at an identical number of total material points.
further comparison, the length of the foot of the impacting projectile is measured on the left and

(P2) and SGH at di� erent resolutions and compared to the position from SGH at a 25� m quadrilateral m
wn in Fig. 5. The left and right foot lengths are computed as the distance along the impact interfa
l center axis of the specimen to the furthest left and right deformed vertex position, respectively
on the left side is converging for both methods, but the convergence is from di� erent directions with DG
ging from an overshooting length while SGH converges from an undershooting length. For the le
) results are closer to the 25� m SGH results than the SGH at matching number of material points.
on the right side is converging but it is not a monotonic convergence for either method. The DG(P
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: The equivalent plastic strain values at the quadrature points (DG) and elements (SGH) from the Taylor impact test for
uadratic elements (1 mm) and (b) SGH at 40� 200 elements (250� m). The results between the two are comparable. The same tot
ial points are used in these calculations, but the kinematic DOFs in the DG calculation are 2X fewer than the SGH calculati

accurate than SGH matching the number of material points at the coarse resolution but is less ac
olution. The reason for this varying accuracy is that while the comparisons are made matching the
l points between the two methods, this creates a mismatch in the kinematic degrees of freedom
thods. For matching the material points, 1 DG(P2) element is compared against a 4� 4 set of SGH elements
inematic degrees of freedom were to be matched the comparison would be 1 quadratic element fr
red against a 2� 2 set of SGH elements. The in�uence of the kinematic degrees of freedom can be
rison of the DG(P2) and SGH mesh results in Fig. 6, where the DG(P2) mesh surfaces are genera
with the SGH 25� m mesh surface while the SGH 250� m mesh has a smoother surface.

G Arbitrary Material Points

accomplish the goal of simulating polycrystalline microstructures inside of the elements with the
, the material points representing the individual grains must be placed arbitrarily within the ele

utive models are evaluated at these arbitrary material point locations, the resulting stress values a
must then be transferred to the Gauss quadrature points. To do this, the material point stress va
r series polynomial using the method described in Section 2.7. The single crystal 2D projectile im
assess the e� ect that the Taylor series �t has on the accuracy of the calculation. In these tests, vario

mial orders are �t to the stress material points and then these polynomials are evaluated at the Gaus

these tests, the DG method uses 5� 5 interior Gauss quadrature points and �ve surface Gauss quadratu
ach edge of thequadratic quadrilateral elements. In the case of the material points being arbitraril
erial points are used and their locations are randomly assigned within each quadratic element. Th
esolution of 500� m and the Taylor impact test is run to 10� s and a total dislocation density of%0 = 109

Quadratic, cubic, and quartic Taylor series polynomial �ts are used, and the results are compared
the material points are colocated with the Gauss quadrature points. The equivalent stress results a
are shown in Fig. 7. The overall responses of the quadratic and cubic Taylor series �ts compare f
culation that colocates the material points at the Gauss quadrature points. The quartic Taylor seri
that noticeably alter the �nal mesh.

relative error is calculated at each Gauss quadrature point in each element by taking the di� erence in
lent stress between the standard Gauss quadrature result and the polynomial �t and dividing by
quadrature result. These errors are plotted against the distance of the Gauss quadrature point fr
eference element space in Fig. 8. The average relative errors and maximum relative errors of t
bic Taylor series �ts are comparable but the quartic Taylor series �t has much higher error. O
ic �t has lower error than the quadratic �t nearer to the center of the element but higher error to
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thods are converging toward the same solution. The DG method is generally more accurate for the same number of materi
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: The foot length measured for the (a) left and (b) right sides of the impacting projectile for DG(P2) and SGH at various res
oot, the results of both methods are converging, though from opposite directions, with the DG results being more accurate
results are converging but it is not a monotonic convergence.

t surface. All the Taylor series polynomial �ts have increasing errors as the Gauss quadrature po
. Inaccuracy near the domain boundary for Taylor series polynomials is not uncommon; the beha

mial approximations can be explored in future work.

GH Voronoi Mesh

continue the comparison of the DG and SGH methods in the case of arbitrary material point loc
ethod is used with a Voronoi mesh that is generated by using the arbitrary material point locatio
vious subsection as the seed for a Voronoi tessellation. The same 2D projectile impact test fro
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: The �nal mesh on the bottom (a) left and (b) right sides of the projectile for DG(P2) and SGH. The green colored mesh is
lution, the red colored mesh is DG(P2) at 1 mm resolution, the blue colored mesh is SGH at 250� m resolution and the black out

25� m resolution. Note that the DG(P2) meshes are generally closer to the black outline than the SGH mesh, but the SGH
r deformation due to the greater kinematic degrees of freedom.

tion is also used, with a �nal time of 10� s and a total dislocation density of%0 = 109 mm/mm3. The to
r of material points, and thus the number of Voronoi elements, is 50000. To determine the e� ect that
i mesh has the on the SGH results, we compare the Voronoi results to the results from a quadri
esolution of 100� m, which has the same number of elements. The results for equivalent stress in ea
wn in Fig. 9. The irregularity of the Voronoi mesh has a signi�cant, negative impact on the accu

. Throughout the projectile, the results are much noisier and some local features have been co
red to the quadrilateral mesh.Thus the SGH method cannot readily replicate the setup of arbitrary
cations being used in the DG method.

crystal Tests

rid Polycrystal
polycrystal tests use the same constitutive models, sub-incrementation time step method and 2
test as the single crystal tests. The key di� erence is that every material point uses a di� erent rando
ted crystal orientation, where as prior calculations used the same crystal orientation. The tota
is increased to%0 = 5 � 109 mm/mm3, increasing the propensity oflocalized large plastic deforma

ding more contrasting e� ects from the varying crystal orientations.For the 2D projectile impact test in
stalline context, the DG and SGH methods, as well as di� erent microstructure setups with the same m
pared qualitatively.
to the inaccuracies introduced by the Voronoi mesh with the SGH method, results from the SGH m

rilateral mesh are compared to the DG method with the material points colocated with the Gaus
In these calculations, each SGH element in the structured mesh represents a crystal. The DG

500� m mesh, 20� 100 quadratic elements, while the SGH method uses a 100� m mesh, 100� 500 elements
ords, the SGH calculation used 5� 5 more elements compared to the DG(P2) calculation. The 2D p
test is run to a time of 15� s, with the resulting equivalent plastic strain for DG(P2) and SGH sh
. The overall general features in the two results are similar, but there are di� erences in the �ner, local

. The DG(P2) results seem to be a smoothed version of the SGH results. Two contributing factor
nce in kinematic degrees of freedom (� 3X more in the SGH calculation) and b) the polynomial represe
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�ner me an the DG
calcula

The sted using
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the res GH methods
at vario from the DG
eformation gradientF, which is continuous inside of each element for the DG solution.The greater kinem
s of freedom in the SGH calculation may be allowing it to more accurately capture localized defor
calculation is not able to replicate with the high-order polynomials. A possible adverse e� ect of the hig
tic degrees of freedom is that the large heterogeneity in material behavior between the linear SGH
to degenerative mesh deformation, with many elements showing possible cases of hourglassing

second factor, the use of a continuous polynomial forF inside of the DG element across the grains m
rly smooth representation of the mechanical behavior of a polycrystal, where the deformation bet
tentially be very discontinuous. Additional deformation mechanics may be needed at the sub-elem
apture grain to grain discontinuity and interactions.

andom Polycrystal

be comparable to real microstructures, the material points must be able to arbitrarily vary in b
tion and position. To begin, thetype of microstructure to betested is a random grain structure with a ra
tion distribution.Such a microstructure for a copper material is expected to be somewhat indi� erent to
lar randomization in its' global scale behavior but show variations in local heterogeneities at the s
Two di� erent random sets of material point locations and crystal orientations are generated to be
) in the same 2D projectile impact test as Section 5.1, using a run time of 15� s, a 500� m resolution m
otal dislocation density of%0 = 5 � 109 mm/mm3. The equivalent plastic strain at each material point is
h random polycrystal structures in Fig. 11.The overall deformation of the volume and general distribu
lent plastic strain internally is similar between the two random polycrystal structures as well as the D
lycrystals. Both show large plastic strains accumulating near the corners of the volume with loca
tic deformation developing up from the bottom surface. However, there are a number of smaller� eren
n the two results; while the outer edge of the volume is generally the same shape, there are pertur
caused by locally higher deformation at di� erent locations for the two polycrystal structures. The lo

of plastic deformation in each microstructure are also at di� erent angles and begin from di� erent locations
tom surface. These di� erences are in line with the behavior for a random copper polycrystal and ind
method is to some degree microstructure sensitive. However, to determine if the microstructure sensitiv
l polycrystalline behavior is correct, additional constitutive features need to be added following Luet
followed by a validation test using experimental results. To do such a test, the DG method needs to
nd the material point position and crystal orientation need to be based on experimental microstruc

clusions

his work, we presented the integration of a dynamic crystal plasticity model into a Lagrangian mod
Galerkin (DG) hydrodynamic method to simulate single crystal and polycrystalline materials. T

volved by the DG method are the velocity, speci�c volume, speci�c total energy and deformation
dal quantities are the speci�c internal energy, the Cauchy stress and the plastic deformation grad
ting polycrystalline microstructures, the crystal orientation is also a nodal quantity. These nodal qu
ted at the material points, which can be colocated with the Gauss quadrature integration points or b
in the element. The dynamic crystal plasticity model is sensitive to the time increment size, nec

rementation method to maintain stability. To accommodate the sub-incrementation method, Heun's
-Kutta (RK) time integration method was used to temporally advance the governing evolution equat
e also propose a method to simulate polycrystalline microstructures within the modal DG elemen
al material points represent di� erent grains. When possible, the DG results were compared to res
ered-grid hydrodynamic (SGH) method by matching the number of material points, as such the
sh resolution. By matching the interior material points, the SGH had 2X more kinematic DOFs th
tions.
implementation of the dynamic crystal plasticity model with the sub-incrementation method was te

rojectile impact problem with a single crystal material. This test problem does not have an analytic
ults are compared against SGH results run at a very �ne mesh resolution. Testing both the DG and S
us resolutions showed that both methods converged toward the reference solution. The results
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showed equal or greater accuracy than the SGH method when matching the number of materia
cy of the DG results is notable because the kinematic degrees of freedom are not matched; the SGH
mesh with 2X greater kinematic degrees of freedom than the mesh used with the DG calculation.
single crystal case of the 2D projectile impact test was used to quantify errors with using arbitra

cations. For the DG method, this required �tting a polynomial to the deviatoric Cauchy stress and
terial points. This polynomial in turn was evaluated at the Gauss quadrature points. The results� er
polynomial �ts were compared to when the material points are colocated with the Gauss quadra
tic and cubic polynomial �ts showed similar results compared to the normal colocated case. T

mial �t resulted in large errors. In all polynomial �ts, the error was greatest at Gauss quadrature poin
e surface of the element, which may be a trait of �tting data with a Taylor series polynomial. For
, the arbitrary material point locations were used as the seed for a Voronoi mesh. The single cryst
results from the SGH method using the Voronoi mesh were exceptionally noisy compared to the S
quadrilateral mesh with the same number of elements. Furthermore, the Voronoi mesh results lost
istribution of �elds.

test the polycrystalline representation inside of an element, the 2D Taylor impact test was run w
orientations at each material point. These tests considered the case where the material points

e Gauss quadrature points and the material points are at random positions. For the case of the m
olocated with the Gauss quadrature points, the results are compared to the SGH method using

ateral mesh (with 5x5 more resolution that the DG calculation) where every element is a di� erent crystal or
hat matches the orientation in the same spot as the DG calculation. The results showed that the ov
esults of the two methods were similar, but they were not identical. The DG results appearing to be
of the SGH results. This could indicate that the DG method could be improved with additional su
ues to capture the discontinuity between grains, which is not as readily captured with the contin

ds. The di� erences could also be explained by the mesh in the SGH calculation used 5x5 more
esulted in� 3x more kinematic DOFs than the mesh used in the DG calculation.The accuracy of either me
ult to asses in this particular code-to-code comparison because the SGH method cannot readily s
olycrystal at the scale being examined, being limited to a structured arrangement of grains.For the cas
material point locations, two sets of random locations were used with two sets of random orient

to generate microstructures to be run with the DG method. The results showed similar general behavio
al di� erences in thelocalized large plastic deformations, indicating that the polycrystalline modal DG m
ast partially microstructure sensitiveand demonstrates the potential for the method capture the in�u
tructure on macroscopic response.
his work, we demonstrated that the implementation of a dynamic crystal plasticity model with a tem
entation method within a Lagrangian modal DG method can produce results that are as or more a
blished hydrodynamic method for the same number of material points. We also demonstrated th
lating polycrystalline microstructures inside of the DG elements,though truly determining the accuracy
will require experimental validation with 3D simulations, which in turn will require extending the La
e to 3D.
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Figure 7 d when they are
arbitraril to determine
the stres .
(a) Gauss Quadrature (b) Quadratic Taylor Series

(c) Cubic Taylor Series (d) Quartic Taylor Series

: The equivalent stress values at the materials points when they are (a) colocated with the Gauss quadrature points an
y placed and �t with a (b) quadratic, (c) cubic, and (d) quartic Taylor series polynomial. The Taylor series polynomial is used
s at the Gauss quadrature points. The quadratic and cubic �ts are reasonably close but the quartic �t has observable errors
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Figure 8 d at every Gauss
quadratu ubic results are
similar to m the reference
element

Figure 9 a quadrilateral
mesh wi
(a) Average Relative Error (b) Maximum Relative Error

: The relative error in the equivalent stress between the polynomial �ts and the standard Gauss quadrature result is calculate
re point in the mesh. The (a) average and (b) maximum relative error is found across all elements. The quadratic and c
each other and have less error than the quartic results. The error is increasing as the Gauss quadrature point is farther fro

center.

(a) Voronoi Mesh (b) Quadrilateral Mesh

: The equivalent stress results in every element from (a) a Voronoi mesh seeded from the arbitrary material points and (b)
th the same number of elements. The Voronoi mesh had a severely negative e� ect on the SGH results.
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Figure 1 d and (b) the
SGH me results. The DG
calculati

Figure 1 ts of
crystal o nsbut
the exac
(a) DG Grid Polycrystal (b) SGH Grid Polycrsytal

0: The equivalent plastic strain results at every material point in the polycrystal test are shown for (a) the DG(P2) metho
thod. Both results show similar gross features, but the DG(P2) results appear to be a smoother representation of the SGH
on used a mesh resolution of 500� m, where as the SGH calculations used a resolution of 100� m.

(a) Random Polycrystal Set 1 (b) Random Polycrystal Set 2

1: The equivalent plastic strain results at every material point in the random polycrystal test are shown for two di� erent random se
rientations and material point locations. There are some general similarities in the structure ofthe localized large plastic deformatio
t placement and band angles are di� erent.
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