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Abstract

We present a new Lagrangian modal discontinuous Galerkin (DG) hydrodynamic method that supports a dynamic
dislocation based crystal plasticity model for simulating the mechanical behavior of crystallographic materials, both
single crystal and polycrystalline, under dynamic conditions. A modal DG approach is used to evolve elds relevant
to conservation laws. These elds are approximated by Taylor series polynomials of varying degree. These poly-
nomials describenacro-scale hydrodynamic behavior while their evolution is determined by evaluating the dynamic
crystalplasticity model at material points within the element. The dynamic crystal plasticity model is sensitive to
the time increment size, with too large of time increments leading to instability in the model. To mitigate this, the
temporal evolution of the dynamic crystal plasticity model is achieved with the combination of a sub-incrementing
scheme with Heun's third-order time integration scheme, which is also used to temporally evolve the governing equa-
tions. The implementation of the dynamic crystal plasticity model within the DG framework is tested using a 2D
approximation of the Taylor impact test with a single crystal material, using quadratic elements that have faces that
can bend. In addition to the standard continuous material modeling, we propose a new simulation method that would
represent the heterogeneous behavior of polycrystalline microstructures within an element by varying the position and
material properties of the material points within the element. This method is demonstrated using random orientation
distributions on materials points that are arranged in both structured and random con gurations.

Keywords: Lagrangian, Hydrodynamics, Discontinuous Galerkin, Solid Dynamics, Crystal Plasticity, Polycrystal

1. Introduction

We seek to advance numerical methods to enable routine, scale-bridging simulatioasrofscale parts taking
into account the microstructure of the materials. The microstructure of a material can vary depending on the composi-
tion and processing. Di erences in microstructure can lead to signi cant di erences in the bulk mechanical behavior
because of the fundamentally non-linear, non-homogeneous, and anisotropic behavior of solids. Capturing the me-
chanics at the scale of the microstructure (termed the mesoscale) requires a constitutive model that represents the
mechanics of the individual grains that compose the microstructure. The direct simulation approach would discretize
the individual grains in the microstructure with a ne mesh, typically involving hundreds to thousands of grains with
mesh elements on the scale of tens of microns or smaller, and use a single crystal model for computing the dynamic
response of polycrystalline materials. These simulations are achieved with a variety of methods such as crystal plas-
ticity nite element methods (CPFEM) [1], hydrodynamic methods [2, 3] and Fast Fourier Transform-based methods
[4]. The challenge is that using a nely resolved mesh internal to the grain will be computationally expensive for
simulations on the scale of a full-scale part. There have been a number of methods proposed to overcome these
challenges. One of the rst is the Taylor averaging method\{Bjich employsthe Taylor model of polycrystalline
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behavior [6] that states all grains in a polycrystal undergo the same deformation. The stress response from each
grain is then averaged together to produce a homogenized response of the polycrystal. A similar but more advanced
homogenization technique is the self-consistent method [7, 8], which represents each grain as embedded within a
homogenous matrix, which allows for more independent behavior of the crystal to be determined before the stress
responses are homogenized. Self-consistent methods have also been used within nite element methods to simulate
more macroscale behavior [9]. The more advanced form of this sort of integration is the multilevel nite element, or
FE?, method [10], which involves the simultaneous calculation of mechanical behavior at the macroscale with nite
elements and a fully meshed mesoscale within each element. We propose a novel method to simulate the behavior
of polycrystalline microstructures by representing the grains of a polycrystal at material points within a higher-order
element (e.g., the edges are quadratic polynomials) and then evolve polynomials for the element that capture the vari-
ation of physical elds at thenacro-scale. These high-order order polynomials in turn are used to update the state at
the material points. This method addresses the challenge of polycrystalline modeling from a similar perspective as
the FE2 method, but uses high-order numerical methods for solving both the macro and meso levels.

The Lagrangian discontinuous Galerkin (DG) method [11, 12, 13, 14, 15, 16, 17] is a spatially collocated ap-
proach that solves the governing equations for mass, momentum, and total energy within a given control volume that
corresponds to the element. The role of the modal DG method is to evolve a spatial polyRgiteal., a Taylor
series polynomial) forward in time. The elds represented by polynomials are velocity, speci ¢ volume, speci c total
energy and deformation gradient. The discretization of the polynomial evolution equations is achieved through the
use of Gauss quadrature integration points. The polynomials are discontinuous across the element surface and, as
such, a Riemann problem must be solved on the surface of the elements. The Riemann problem is a function of the
jump in the shock impedance, velocity, and stress at the element surface and is identical to the one used in nite
volume cell-centered hydrodynamic (CCH) methods [18, 19, 20]. The accuracy of a modal DG method is controlled
by the order of the polynomial; for example, a quadratic polynomjgbroduces up to third-order spatial accuracy
as demonstrated in [16]. The DG method with a polynomial order of O is identical to a rst order nite volume CCH
method. However, the DG method can achieve higher-order accuracy without tting to the element-average values
in the neighboring elements as done with nite volume CCH methods because it evolves the polynomials forward in
time. The Lagrangian DG method has been shown to work on quadrilateral and triangular meshes [14] as well as
curvilinear triangle [21] and quadrilateral meshes with gas dynamics [16], solid dynamics [22], and high explosives
[23]. In this work, the DG method is used with curvilinear elements and a subcell mesh stabilization method [16] that
mitigates the risks of degenerative mesh deformations.

We presentthe rst Lagrangian modal DG hydrodynamic method to simulate dynamic crystal plasticity with
guadratic elements, demonstrating both single crystal and polycrystalline d¢asethe polycrystalline caséndi-
vidual grains with distinct orientations are represented at individual material points inside of the element, with the
modal elds describing the varying behavior within the element to capture the heterogeneous mechanical response.
The material points can be spatially arranged within the element to match, in a statistical way, the grain positions
of a polycrystalline microstructure. The modal deformation gradient polynomial is used to determine a local stress
response individually at material points within each element using a dynamic crystal plasticity nbeestress
at these grain material points are t to a Taylor series polynomial so that the stress can be determined at the Gauss
guadrature integration points and used to evolve the polynomial elds.

The crystal plasticity model used in this work was developed by Lusehat [2, 24] and is capable of de-
scribing single crystal deformation mechanics under dynamic loading conditions such as shocks and impacts. The
plastic deformation within the model is based on crystallographic slip associated with the motion of dislocations,
expressed through the velocity and evolution of dislocation densities. The model also incorporates elastic behavior
through crystallographic elasticity and thermoelasticity. Most crystal plasticity models, including the dynamic crystal
plasticity model used in this work, describe the mechanical response of a single crystal de ned by a particular crystal
orientation. Many important crystalline materials consist of a collection of grains, i.e. individual crystals, within
the microstructure. Such aggregates of individual grains, each with their own lattice orientation, are referred to as
polycrystalline microstructures. It is the behavior of this heterogeneous microstructure that determines the overall
mechanical behavior of the volume.

In previous material dynamics papers, the Lagrangian DG hydrodynamic method used the 3-stage total variation
diminishing Runge-Kutta (TVD-RK3) time integration method to temporally advance the coe cients in the polyno-
mials [16, 17, 22, 23]. However, the dislocation physics represented within the crystal plasticity model are numerically
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sensitive to the temporal evolution, particularly under shock and impact conditions; if the time incrementation is not
su ciently re ned, the solution can become unstable. Tacntly account for this, an adaptive sub-incrementation
scheme is applied [24] and coupled to the 3-stage Heun's time integration method for solving the DG system of
equations. The TVD-RK3 method is not suited to the sub-incrementation scheme, so Heun's 3-stage time integration
method is used instead because the individual integration stages occur in a temporally sequential order.

The implementation of the dynamic crystal plasticity model along with the sub-incrementation scheme is tested
using 2D approximation of the Taylor impact test with a single crystal material. Due to the lack of an analytic solution,
the results are compared to a Lagrangian staggered-grid hydrodynamic (SGH) method [25, 26, 27, 28] in which the
same dynamic crystal plasticity model has already been implemented [3]. A highly resolved SGH result is used in
place of an analytic solution for judging the accuracy and convergence of the results. The same single crystal 2D
projectile impact test is used to test the accuracy and stability of the polynomial t of the stress values at arbitrarily
located material points by comparing the results of the polynomial t aedint degrees to the results when the
material points are colocated with the Gauss quadrature integration points. A Voronoi mesh is used with the SGH
method and compared to the DG method using arbitrary material point locations, where the SGH method uses a
single material point per Voronoi element. The polycrystalline representation inside of the DG element is rst tested
by applying a random orientation distribution to material points colocated with the Gauss quadrature integration points
and running the 2D approximation of the Taylor impact test. The DG results are compared to SGH results where each
element on a quadrilateral mesh have the same random orientation distribution. The polycrystalline representation
inside of the DG element is then tested with arbitrary material point locations through two randomly generated sets of
material point orientations and locations.

2. Lagrangian DG Method

2.1. Governing conservation equations

The analytic Lagrangian equations for speci ¢ volume, momentum, and speci ¢ total energy evolution are given
by

dv _
E—r u (1)
du _
a—r 2)
d _
rrL ®3)

wherev is the speci c volumey is the velocity, is the speci c total energy (= e+ k), and is the Cauchy stress.
The density is the inverse of the speci ¢ volume= 1=v. The pressure, speci ¢ internal energy and speci ¢ kinetic
energy are denoted g@se, andk respectively. The time derivatives are total derivatives that follow the element mesh.
The spatial derivatives in Egs. (1) - (3) are in terms of the current coordiraed the rate of change is

dx
i u 4)

A DG discretization is developed for solving Egs. (1) - (3). These expressions are developed in a manner applicable
to 2D and 3D problems. In this work, we focus speci cally on 2D test problems.

A convention is followed throughout the paper for denoting scalars and tensors. Scalars are denoted with non-bold
font such as density, speci c total energy , speci ¢ internal energg, and reaction mass fraction A bold character
is used to denote a tensor such as velogijtyhe stress tensor, and the Jacobian matrik At times it is useful to
derive very general equations for an arbitrary unknown quantity that might be a scalar or a tensor; in this case, a
blackboard bold charactér is used to denote the arbitrary unknown. The uxes in a generalized evolution equation
will be denoted asi, which is a tensor. A scalar product, sucinas;; in index notation, is denoted as . A tensor
product, such a@u;, is denoted as u.



Figure 1: The mapping of the reference element (top) to the initial (bottom left) and current (bottom right) elements is graphically illustrated
for a quadratic element. Both mappings from the reference elerf¥nt,to)) for the initial and(X( ;t)) for the current, are calculated using the
Jacobian matrid(t), which makes use of the canonical shape functions [29].

2.2. Discretization

The solution domain is decomposed into non-overlapping discrete control volumes called elements. The initial
element volume is\’. Each element has a constant mass,%é.: 0. The elements will deform with the ow, and
the volume at a later time is denotedvel). This work uses an isoparametric mapping from a reference elemient
the current con guration given by X
x=x(;)= bp( xp(t): (5)

P
wherex, are the nodal coordinates of the element at tinip are the canonical shape functions at the nodes (for the
element type), and the reference element coordinateq arg The reference element dimensions are always from
1 to 1. The Jacobian matrix is de ned a$ = @*and relates the current coordinates to isoparametric coordinates.
The Jacobian matrid varies in time within each element. The mappings are illustrated in Fig. 1.

2.3. Modal elds

The speci ¢ volume, velocity, speci c total energy and deformation gradient elds are represented using conser-
vative Taylor series polynomials on the reference elemeret.

(iD= O

m(m:z ) ue®
(0= 0 k0 ©
Fn( ;t) = ) k()F(®)

Here () are the basis functions about the center of mass of the element. The Taylor series coe cients for all
variables are denoted with the subsckpfhe Taylor series basis functions for a conservative quadratic polynomial



in 2D Cartesian coordinates are
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where the subscript denotes either the center of mass of the elementfarand ) or the centroid of the element

(for F), Z is either the mass of the element (fou and ) or the volume of the element (fdf), j° is the determinant

of the initial Jacobiad® and is the volume of the reference element. The quadratic basis functions require an extra
term that is needed to ensure a conservative reconstruction; the conservation implies that the integral over the element
of a modal eld is equal to the element average value. As an example, the Taylor series coe cients for a quadratic
polynomial in 2D Cartesian coordinates of speci ¢ total energy and deformation gradient are
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where the subscritm denotes the center of mass of the element and the subsedphotes the geometric centroid

of the element. The Taylor series coe cients are constant within the element space, but they vary tempdirally.

but the rst coe cient in the Taylor series polynomial can be modi ed by limiters, which are applied to maintain
monotonicity of the elds by decreasing the magnitude of the higher-order coe ciefitee basis functions in the

array | are calculated at the initial timé, are constant in time, and are a function only of the reference element
coordinates, which are also temporally constant. As s&ﬁh,: 0. The DG method with a linear Taylor series
polynomial is denoted as DG(P1) and can be up to second-order accurate without limiters. The DG method with a
guadratic polynomial is denoted as DG(P2) and can be up to third-order accurate without limiters.

2.4. Nodal elds

In this work, the density, speci c internal energy, Cauchy stress, plastic deformation gradient and in some cases
crystal orientation are represented as nodal elds. These elds are calculated at Gauss-Legendre quadratgge points
in the interior of the element as well as at Gauss-Lobatto quadrature ggialisng the surface of the element. The
density at a particular quadrature poigtnside the reference element is calculated by taking the inverse of the speci ¢
volume ¢ = 1=v( 4;t). The specic internal energy at a particular quadrature poiegis ( ;1) 1:2(u(g;t))2.
The Cauchy stress is determined at each quadrature point from the constitutive models and can further be partitioned
into a deviatoric stress and a pressure followifigg) = % 4) p(g)l. These terms are determined along the
reference element surface the same way using

2.5. The discontinuous Galerkin approach
The governing evolution equations for speci ¢ volume, momentum, and speci c total energy evolution can be

written in a generalized form,
du

il
5

H 9)



The generalized variablg is eitherv, u, and the generalized u¥ is eitheru, , or u. The integration of
this generalized equation over the element volume, put in terms of the Taylor series polynomials and the reference
element, takes the form of

| VA

duk s gd' Hd roq ' Hd (10)

* Tat T
e

whereH is from a Riemann solution at the element surface integrated over the reference elementisurideze
sis the reference element surface normal. The mass mdtjixs de ned as

Z
Mgk = q kjd (11)

In addition, an evolution equation for the deformation gradient teRsderived in Liebermarmet al. [22], takes the
form of | z

@

where the superscrigtindicates that the variable corresponds to the initial element state. The volume \xggﬁﬂx
de ned as z

Vo= q «i%d (13)

The above equations are all valid for 1D, 2D, and 3D Cartesian coordinates. The 2D Cartesian DG equations for
evolvingv, u, and as well as the 2D Cartesian Riemann problem for quadratic elements are presenteetn Liu

al. [16]. The structure of the subcell mesh stabilization method is used for the Riemann problem at the non-vertex
surface quadrature points but the density correction component is 0 for this work. The mesh is evolved by applying
the velocity from the Riemann solution to Eq. 4, the details are also provided et ali [16].

2.6. Time integration

For many hydrodynamic methods, the time discretization is constrained by the Courant-Friedrichs-Lewy (CFL)
limit. However, the dynamic crystal plasticity model necessitates more restrictive constraints due to tisist
of the constitutive equations. The time step sizes required for stable advancement of the material model are often
two orders of magnitude smaller than otherwise required by CFL condition for hydrodynamic stability. Using such
a small time step size for the hydrodynamic solution is unnecessary and presents signi cant computational cost. To
overcome this temporal scale disparity, we adopt a multi-scale time integration approach. The hydrodynamic solution
is temporally advanced fromto n+ 1 over a larger time step (based on the CFL condition) using the 3-stage Heun
method and then we temporally advance the crystal plasticity model over many sub-increments between each stage
in Heun's method. The objective is an e cient and robust time integration approach and not to necessarily achieve
third-order temporal accuracy.

Heun's 3-stage method is applied to a system of equations of theZ@rrﬁ(% = R, orin the case of the position
of the element nodes, has the form%jf= U,. The matrixZy represents either a mass matrix or the initial volume
matrix, both of which are constant constant in tirg, is the right-hand side of Egs. (10) or (12), anglis the
Riemann velocity at an element node. The 3-stages in the time integration of the Taylor series codXiants

1

Ust= U+ 3 & Ra
2
Ug2=Up+ 3™ a R (14)
Un+1 — Un+ 1 tM 1 Rn+ 3 tM 1 R52
k ~YT g gk Ta g gk "'



The superscripsl denotes the quantities after the rst stage, and the supers2rigenotes the quantities after the
second stage in the scheme. The choice of using Heun's method is in contrast to previous works that used the TVD-
RK3 method with the Lagrangian DG method. Heun's method readily facilitates sub-increments with the crystal
plasticity model. The dynamic crystal plasticity model can be advanced between each stage in Heun's method because
each stage is sequential in time as shown in Fig. 2. The TVD RK3 method does not proceed across the time step

)*"+,-.1-,01234"5/67!3/0

5% 5( 5

(] [ [ (]
1! A7 S A N
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
I 8,516 | ! !

! 961513431, ! !
Y216 ! ! !

Figure 2: The state and order of progression of the individual stages for Heun's 3-step method. The steps to advance the governing DG equations
over the time step from to n + 1 are sequential in time, which facilitates sub-time increments of the crystal plasticity model using a RK3-RK4
method between each stage.

in a sequential fashion, instead it uses non-sequential time step incrementg emythe rst stage. Thus Heun's
3-stage method is better suited for this work compared to the TVD RK3 method by allowing sub-time increments
with the crystal plasticity model between each stage in Heun's method. For the Taylor impact problem approximation
considered in this work, a constant time step of*.0s is used. The sub-incrementation method uses an RK3-RK4
explicit scheme to determine a sub-increment time step size, the details of which are tied to the dynamic crystal
plasticity model and are discussed in Section 3.

2.7. Polynomial Fitting of Stress

One of the goals in this work is to perform simulations where polycrystalline microstructures are represented
inside of elementsTo achieve this, a polycrystalline microstructure is de ned by usiagerial points in the element
to represent individual grain centroiddowever, by solving the constitutive models at these material pdhgstress
results are calculated at locations in the elentbat may not be colocated witthe Gauss quadrature point3o
remedy this, &aylor series polynomial is t to the stress values at the material points to determine stress values at the
guadrature points for use in the discretization of Eq. 10.

Separate quadratic polynomials are built for each component of the deviatoric stress tensor and the pressure by
tting the values at the material points inside each element. This polynomial is evaluated at the quadrature points
inside the element. A conservative quadratic Taylor series polynomial of a component of the deviatoric stress tensor
or the pressur& about the cell center is given by,

X
Sn( )= k( )Sk (15)
k
where
:1 = S1 = Sey
2=( o) =2
A3 = o) Sz = % ov
PEE TGk Sy = %“? o (16)
5= %( (:v)2 S5 = as

A6: %( o)( o) Se= @ @cv



S; are the components of the Taylor series polynomial for the components of the deviatoric stress tensor or the
pressure. The choice of tting the deviatoric stress tensor and pressure separately has both bene ts and costs. The
use of an equation of state can result in pressure elds behaving veeyatitly than the deviatoric stress elds as

well as causing dierences in magnitude between the two stress types. By tting them separately, the particular
features of the dierent stress types can be preserved. However, the tting of the deviatoric stress tensor might not
preserve the isochoric nature of the deviatoric stress [30]. The Taylor basis functions here are not for a conservative
reconstruction, which is not necessary because the stress values are not a conservative eld in this description. The
least squares problem creates a system of 6 equations for the 6 unknown Taylor serigermisé j,

ATAS= ATE (7)

E is a vector that contains the deviatoric stress or pressure values at the materiabpoints

Smy
e (18)
Sm
and there aren, material points. The matrix for a quadratic polynon#&l is
1 2(m)  3(m) 6( ms my)
A=l 2 2(:mz) 3§.m2) : 6( ms m) 19)
b odm) o) o mi m)

wherethe coordinate vectors,, are the locations of the material points on the reference element. The unknowns are
found by

S=(ATA) IATE (20)

The stress polynomials are used to determine the stresses at the quadrature points for use in the governing DG evolu-
tion equations.

3. Constitutive Models

The stress response of the material is determined from a combination afrei€en equation of state and a
dynamic single crystal model that includes thermoelasticity and viscoplasticity. All parameters for the models are
taken from [31, 2] and are intended to be nominally consistent with copper. Tinee{Sen equation of state is used
to determine: a) a pressup.q ; €) following the equations used in [32], and b) a temperaiife €) following
the equations used in [33]. The dynamic crystal plasticity model used in this work is based on the one presented in
Luscheret al. [2, 24]. The model describes the thermomechanical response of single crystals within the context of
nite strain theory. As such, the model evolves as a function of the deformation gradient, which can be multiplicitavely
decomposed into an elastic and plastic component by

F = FeFp (21)

The total deformation gradieiftis known from the evolution of Eg. 12 while the plastic deformation gradigris

evolved via crystallographic slip using a dislocation density. The equations for the dynamic crystal plasticity model
are described here in the context of the sub-incrementation within the Heun's RK method. Within this section, the
variablessands+ 1 are used to describe the previous and new RK stages respectively, while the viraidés 1

are used to describe the previous and new sub-increment steps respectively, sticis thatinded byt following

tk ts andtk+1 ts+l_



For a given RK stage, the known values as input to the constitutive solve’,ar&?, €3, e, FS, Fs*1, S and
Fp. The initial values of the RK stage are used to calculate updated values of the elastsstiensoC® and the
thermal strain tensors. The elastic stiness tensor is a function of pressure and temperature expressed as

S — r dC S dc S

c°=C'+ dpp + dT(T To) (22)
whereC' is the sti ness tensor under reference conditions (pressure at U andy), p° = %Tr( S) is the pressure
derived from the Cauchy stress tensor arfg 5; €%) is the temperature from the @weisen equation of state. The
reference temperature & = 293K, which is the same as for the equation of state. The threaests tensors
(reference, pressure dependence and temperature dependence) are expressed in the Cartesian reference frame by
rotating the base tensors using the Bunge Euler angles of the crystal orientations. The thermal strain tensor is a
function of the temperature expressed as

*= AT To)+ (T Tof (23)

where the coe cient of thermal expansion tensor8 and P are rotated to the Cartesian reference frame using the
Bunge Euler angles of the crystal orientations.

The sub-incrementation process seeks to determine the resuftfoby incrementally evolving fronfs to FS*1,
The value of deformation gradient for the sub-increments is determined from a linear interpolation betwdeh 1

FS+1 ES

Fk+l - Fk +
=3

P (24)
where tis the overall time step andts'® is the time step of the sub-increment. The overall time step is divided by

3 because for Heun's 3-stage method each time stage approximates one third of the overall time step. The plastic
deformation gradient is evolved in the sub-increment using the dislocation density based Orowan equation given by

e
=  b%v(FS %T;%)s, n

=1

L o (25)

whereL , is the plastic velocity gradienlys is the total number of slip systems for the crystatlesignates a particular

slip systemb is the Burgers vectofy, is the density of mobile dislocations, is the dislocation velocity, anth

are the total dislocation densities on all slip systermss [1::Ng]. The unit vectorss, andn, are the slip direction

and slip plane normal for slip systenrotated to the Cartesian reference frame using the Bunge Euler angles. In this
work the mobile dislocation density is assumed to be half that of the total dislocation density and the total dislocation
density is held to be constant, thus at all tirigs= %%. The details of the calculation of the dislocation velogity

may be found in Luscheat al. [2, 24]. The plastic velocity gradient is used to evolve the plastic deformation gradient
through the equation

h i
Fitl = Frexp L to° (26)

where the matrix exponential is evaluated using the scaling and squaring technique introduced by Fung [34]. Once
the new plastic deformation gradieh?fg+l is determined, it can be used with the known deformation gradfig&ntin
Eq. 21 to determine a thermoelastic second Piola-Kirchétoess through

s*l=cs: gt s (27)

whereEk! = %(FEMF{;” 1) is the elastic Green-Lagrange strain tensor. The thermoelastic second Piola-Kirchho

stress is converted to Cauchy stress throulftt = J,1F&1S1FT*"! whereJ, is the determinant dEs*L.

The sub-increment time steps“? is crossed using a standard fourth-order RK (RK4) method where values are
calculated &, k + 1=2 andk + 1. The t5“ step size is determined through an iterative process for each stage of
Heun's third-order RK method. Initially, the sub-increment step size is set to be the same as the overall RK stage.
Results from the RK4 are then compared to the results of a standard third-order RK (RK3) method over the same
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sub-increment and if the derence is larger than some tolerance, the sub-increment time step size is reduced by 80%
and the RK3 and RK4 results are recalculated. Once thereice is below the tolerance, the sub-increments will
proceed at that time step size. The speci ¢ value compared between RK3 and RK4 (generally based on the method
by Mayeuret al. [35]) is the slip increment on each slip system =b %,v tsUe. with the di erence quanti ed as

— RK4 RK3
¢ 2( F) 29)
In this work, the normalization term in the denominator is $eeond invariant ¢J of the tensor F = F$*1  FS,
in contrast to the previous method described by Maystual. [35]. The tolerance is determined in this work as
max(e) 10 4.
When the sub-incrementation is complete, i¢; = ts1, @ nal quasi-conservative Cauchy stress is obtained by
incorporating the equation of state pressure with a correction pressure into the thermoelastic Cauchy stress.

*L= k1 (ps Peon)l (29)
where the correction pressupg,, is de ned as
Poor = K5 33 P15 031 1 () (30)

where K = %I : C5: | is the bulk modulus found from the stiess tensor of Eq. 22.

The parameters for the Gmeisen equation of state for copper [36] are shown in Table 1. Parameters used in
the dynamic crystal plasticity model for copper are shown in Tables 2-4. The initial dislocation dgnsitl/vary
depending on the particular test case.

B 0 ¢ S S S ok ToK) Cy
2 0 0394 149 O 0 893 293 3742e 6

Table 1: Gruneisen parameters for copper are taken from [36].

r dcij dCij Mbar
Component Cij(Mbar) o ar K

(5] 169 593  410e 4
(1;2) 1.22 505 1.98e 4
(4,4) 0753 232  2:69e 4

Table 2: Elastic stiness component values and their pressure and temperature derivatives for copper are taken from [31].

Component  2(K*')  B(K?)
L1) 17 10 00
(2;2) 17 105 00
(3:3) 17 106 00

Table 3: Coe cient of thermal expansion components for copper are taken from [36].

4. Single Crystal Tests

4.1. Single Crystal Taylor Impact
The test problems in this work all use a two-dimensional approximation of the Taylor impact problem [37]. The
details of the problem used in this work follow the problem designed and simulated by &laite[38] for a 2D
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¢ jbjcm) Bo(Mbars) go 'o(s?) p g  o(Mbar)
05 3 10° 3 10 087 85 033 166 1 10°

Table 4: Dynamic crystal plasticity model parameters for copper taken from [2].

projectile impacting a rigidfrictionlesswall; the distinction between 2D and 3D projectiles in single crystal cases
can be noted in Nguyeat al [39]. The projectile is of dimensions(y) 2 [0 cm, 1 cm] [0 cm, 5 cm], with a
density of 8.93 ¢em? and an initial velocity ofu = (0; 0:015 crd s). All single crystal tests use the same crystal
orientation expressed as the Bunge Euler angles2792 86:556 ; 245851 ). An initial internal energy of 16Mbar

cm® g 1is set to ensure internal energy positivity without the use of limiting. For this problem, the DG method uses
4 4 interior Gauss quadrature points and ve surface Gauss quadrature pluintseach edge of thguadratic
quadrilateral elements. Initially, the total dislocation density is séte 10° mnymne.

To test the eect of the sub-incrementation method on the computation speed, a 1 mm resolution quadrilateral
mesh (1050 elements) is run to a time of 25. The largest time step that can stably run under these conditions
without the sub-incrementation method is= 1e 4 s and resulted in a run time o0fL0.88 hours. For comparison, a
time step of t = 5e 3 sis used with the sub-incrementation method and resulted in a run tin@e37 hours, which
is 29.45 times faster. The results using the sub-incrementation were visually identical to those that did not use the
sub-incrementation. The speci ¢ time steps that can be used and the speed improvement from the sub-incrementation
method is dependent of the material parameters used and the problem being run.

The DG results are compared to a Lagrangian staggered-grid hydrodynamic (SGH) method [25, 26, 27]. To
properly compare the DG and SGH methods, the simulations using either method are conducted with the same total
number of interior material point degrees of freedom (DOFs). To do this, the number of material points are matched
between the methods rather than using the element resolution or the kinematic DOFs. For the DG method, there are
4x4 interior material points, compared to the SGH method that has 1 material point per element. The SGH method
uses a Multidirectional Approximate Riemann Solver (MARS) [28] for improved accuracy. MARS uses an shock
impedance in each corner of the element

= (gic+ gz j uj) (31)

wherec is the sound speed,u is the di erence between the velocity at the vertex and at the element centep, and
andq, are user settable parameters that can be set based on shock data [4Q]afitiq, coe cients typically have
di erent values for an element expanding or compressing. Theaiepts used in all test problems aje= 1.0 and
gz = 1:33 for an element in compression, and tlyer= 0:1 andg, = O for an element in expansion.

The results from DG and SGH at various resolutions are compared to the SGH result using aj@adrilateral
mesh. However, to perform this comparison, the total dislocation density is decreaset froh0® mnvymmn? to
% = 10’ mmymme. As the total dislocation density increases, the propensitiofmlized large plastic deformations
also increases and the results become extremely sensitive to mesh resolution, makiwglittdi accurately assess
the convergence behavior of the DG and SGH methods. The equivalent plastic strain results for DG(P2) with a 1
mm quadratic quadrilateral mesh and SGH with a 2B0linear quadrilateral mesh are shown in Fig. 3. Qualita-
tively, the results from the two methods are comparable when matching the number of material points. To get a sense
of the accuracy and convergence behavior of the methods, the equivalent plastic strain distribution from quadrature
pointgelements along the bottom of the impacting projectile are compared to the result from SGH ahaj&dri-
lateral mesh in Fig. 4. Both methods converge toward the same solution. The DG(P2) results are generally closer to
the 25 m SGH result compared to the SGH results at an identical number of total material points.

For further comparison, the length of the foot of the impacting projectile is measured on the left and right side
for DG(P2) and SGH at dierent resolutions and compared to the position from SGH at arR§uadrilateral mesh
as shown in Fig. 5. The left and right foot lengths are computed as the distance along the impact interface from the
original center axis of the specimen to the furthest left and right deformed vertex position, respectively. The foot
length on the left side is converging for both methods, but the convergence is fremedi directions with DG(P2)
converging from an overshooting length while SGH converges from an undershooting length. For the left side, the
DG(P2) results are closer to the 2B SGH results than the SGH at matching number of material points. The foot
length on the right side is converging but it is not a monotonic convergence for either method. The DG(P2) method
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(@) DGP2)-1 mm (b)SGH-250 m

Figure 3: The equivalent plastic strain values at the quadrature points (DG) and elements (SGH) from the Taylor impact test for (a) DG(P2) at
10 50 quadratic elements (1 mm) and (b) SGH at 200 elements (250m). The results between the two are comparable. The same total number
of material points are used in these calculations, but the kinematic DOFs in the DG calculation are 2X fewer than the SGH calculation.

is more accurate than SGH matching the number of material points at the coarse resolution but is less accurate at the
ne resolution. The reason for this varying accuracy is that while the comparisons are made matching the number of
material points between the two methods, this creates a mismatch in the kinematic degrees of freedom between the
two methods. For matching the material points, 1 DG(P2) element is compared agaidset 4f SGH elements, but

if the kinematic degrees of freedom were to be matched the comparison would be 1 quadratic element from DG(P2)
compared against a 2 set of SGH elements. The in uence of the kinematic degrees of freedom can be seen in a
comparison of the DG(P2) and SGH mesh results in Fig. 6, where the DG(P2) mesh surfaces are generally more well
aligned with the SGH 25m mesh surface while the SGH 25 mesh has a smoother surface.

4.2. DG Arbitrary Material Points

To accomplish the goal of simulating polycrystalline microstructures inside of the elements with the modal DG
method, the material points representing the individual grains must be placed arbitrarily within the element. The
constitutive models are evaluated at these arbitrary material point locations, the resulting stress values at the material
points must then be transferred to the Gauss quadrature points. To do this, the material point stress values are tto
a Taylor series polynomial using the method described in Section 2.7. The single crystal 2D projectile impact test is
used to assess theect that the Taylor series t has on the accuracy of the calculation. In these tests, various Taylor
polynomial orders are tto the stress material points and then these polynomials are evaluated at the Gauss quadrature
points.

For these tests, the DG method use$interior Gauss quadrature points and ve surface Gauss quadrature points
along each edge of thguadratic quadrilateral elements. In the case of the material points being arbitrarily located,

25 material points are used and their locations are randomly assigned within each quadratic element. The mesh used
has a resolution of 500m and the Taylor impact test is run to 18 and a total dislocation density & = 10° is

used. Quadratic, cubic, and quartic Taylor series polynomial ts are used, and the results are compared to the case
where the material points are colocated with the Gauss quadrature points. The equivalent stress results at the material
points are shown in Fig. 7. The overall responses of the quadratic and cubic Taylor series ts compare favorably to
the calculation that colocates the material points at the Gauss quadrature points. The quartic Taylor series t creates
errors that noticeably alter the nal mesh.

The relative error is calculated at each Gauss quadrature point in each element by takingetheodi in the
equivalent stress between the standard Gauss quadrature result and the polynomial t and dividing by the standard
Gauss quadrature result. These errors are plotted against the distance of the Gauss quadrature point from the origin
in the reference element space in Fig. 8. The average relative errors and maximum relative errors of the quadratic
and cubic Taylor series ts are comparable but the quartic Taylor series t has much higher error. On average,
the cubic t has lower error than the quadratic t nearer to the center of the element but higher error towards the

12



"&

=DBS#C+#7@@

-./01234567832960:7;6<205

-- =DB8#C+7@@
-- =DB8#C+&!17/@
— DE+#&7/@

DE+&!I7/@ \
— DE+#&7/@ |
— DE+#&!7/@ \‘

"$ DE+$$$7/@ |
DE+&I7/@ \

"%

\DE+,7@@

+, +"(& +"& +H"#H& ! "#& "& "(&
=09625:47><?@7A4564<7B:@C

Figure 4: The equivalent plastic strain values at the quadrature points (DG) and elements (SGH) along the bottom edge of the impacting projectile.
Both methods are converging toward the same solution. The DG method is generally more accurate for the same number of material points.
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Figure 5: The foot length measured for the (a) left and (b) right sides of the impacting projectile for DG(P2) and SGH at various resolutions. For
the left foot, the results of both methods are converging, though from opposite directions, with the DG results being more accurate. For the right
foot, the results are converging but it is not a monotonic convergence.

element surface. All the Taylor series polynomial ts have increasing errors as the Gauss quadrature point nears the
surface. Inaccuracy near the domain boundary for Taylor series polynomials is not uncommon; the behavior of other
polynomial approximations can be explored in future work.

4.3. SGH Voronoi Mesh

To continue the comparison of the DG and SGH methods in the case of arbitrary material point locations, the
SGH method is used with a Voronoi mesh that is generated by using the arbitrary material point locations used in
the previous subsection as the seed for a Voronoi tessellation. The same 2D projectile impact test from previous
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(a) Left Foot (b) Right Foot

Figure 6: The nal mesh on the bottom (a) left and (b) right sides of the projectile for DG(P2) and SGH. The green colored mesh is DG(P2) at 2
mm resolution, the red colored mesh is DG(P2) at 1 mm resolution, the blue colored mesh is SGH mt250lution and the black outline is

SGH at 25 m resolution. Note that the DG(P2) meshes are generally closer to the black outline than the SGH mesh, but the SGH mesh shows
smoother deformation due to the greater kinematic degrees of freedom.

subsection is also used, with a nal time of 18 and a total dislocation density & = 10° mnymm?®. The total

number of material points, and thus the number of Voronoi elements, is 50000. To determineth¢hat the

Voronoi mesh has the on the SGH results, we compare the Voronoi results to the results from a quadrilateral mesh
with a resolution of 100 m, which has the same number of elements. The results for equivalent stress in each element
are shown in Fig. 9. The irregularity of the Voronoi mesh has a signi cant, negative impact on the accuracy of the
results. Throughout the projectile, the results are much noisier and some local features have been completely lost
compared to the quadrilateral meshhus the SGH method cannot readily replicate the setup of arbitrary material
point locations being used in the DG method

5. Polycrystal Tests

5.1. Grid Polycrystal

The polycrystal tests use the same constitutive models, sub-incrementation time step method and 2D projectile
impact test as the single crystal tests. The keyedince is that every material point uses aedéent randomly
generated crystal orientation, where as prior calculations used the same crystal orientation. The total dislocation
density is increased t8 = 5 10° mmymn?, increasing the propensity ddcalized large plastic deformations
and adding more contrasting ects from the varying crystal orientationsor the 2D projectile impact test in this
polycrystalline context, the DG and SGH methods, as well asréint microstructure setups with the same method,
are compared qualitatively.

Due to the inaccuracies introduced by the Voronoi mesh with the SGH method, results from the SGH method with
a quadrilateral mesh are compared to the DG method with the material points colocated with the Gauss quadrature
points. In these calculations, each SGH element in the structured mesh represents a crystal. The DG(P2) method
uses a 500m mesh, 20100 quadratic elements, while the SGH method uses a &0Mesh, 100500 elements. In
other words, the SGH calculation used®more elements compared to the DG(P2) calculation. The 2D projectile
impact test is run to a time of 15s, with the resulting equivalent plastic strain for DG(P2) and SGH shown in
Fig. 10. The overall general features in the two results are similar, but there aedces in the ner, localized
details. The DG(P2) results seem to be a smoothed version of the SGH results. Two contributing factors are: a) the
di erence in kinematic degrees of freedon8X more in the SGH calculation) and b) the polynomial representation
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of the deformation gradierft, which is continuous inside of each element for the DG solutidre greater kinematic

degrees of freedom in the SGH calculation may be allowing it to more accurately capture localized deformation that
the DG calculation is not able to replicate with the high-order polynomials. A possible adverseod the higher
kinematic degrees of freedom is that the large heterogeneity in material behavior between the linear SGH elements is
leading to degenerative mesh deformation, with many elements showing possible cases of hourglassing. In the case
of the second factor, the use of a continuous polynomiaFfanside of the DG element across the grains may be

an overly smooth representation of the mechanical behavior of a polycrystal, where the deformation between grains
can potentially be very discontinuous. Additional deformation mechanics may be needed at the sub-element level to
better capture grain to grain discontinuity and interactions.

5.2. Random Polycrystal

To be comparable to real microstructures, the material points must be able to arbitrarily vary in both crystal
orientation and position. To begin, thge of microstructure to beested is a random grain structure with a random
orientation distribution.Such a microstructure for a copper material is expected to be somewhagiiedi to any
particular randomization in its' global scale behavior but show variations in local heterogeneities at the scale of the
grains. Two di erent random sets of material point locations and crystal orientations are generated to be used with
DG(P2) in the same 2D projectile impact test as Section 5.1, using a run time & E500 m resolution mesh
and a total dislocation density 8 = 5 10° mm/mm?. The equivalent plastic strain at each material point is shown
for both random polycrystal structures in Fig. The overall deformation of the volume and general distribution of
equivalent plastic strain internally is similar between the two random polycrystal structures as well as the DG and SGH
grid polycrystals. Both show large plastic strains accumulating near the corners of the volume with localized bands
of plastic deformation developing up from the bottom surface. However, there are a number of smallencis
between the two results; while the outer edge of the volume is generally the same shape, there are perturbations in the
surface caused by locally higher deformation atedent locations for the two polycrystal structures. The localized
bands of plastic deformation in each microstructure are also atrelt angles and begin from dirent locations on
the bottom surface. These dirences are in line with the behavior for a random copper polycrystal and indicate that
the DG method is to some degree microstructure senskieavever, to determine if the microstructure sensitivity and
general polycrystalline behavior is correct, additional constitutive features need to be added following Eusther
[2, 24] followed by a validation test using experimental results. To do such a test, the DG method needs to be advanced
to 3D and the material point position and crystal orientation need to be based on experimental microstructure data.

6. Conclusions

In this work, we presented the integration of a dynamic crystal plasticity model into a Lagrangian modal discon-
tinuous Galerkin (DG) hydrodynamic method to simulate single crystal and polycrystalline materials. The modal
elds evolved by the DG method are the velocity, speci c volume, speci c total energy and deformation gradient.
The nodal quantities are the speci c internal energy, the Cauchy stress and the plastic deformation gradient. When
simulating polycrystalline microstructures, the crystal orientation is also a nodal quantity. These nodal quantities are
calculated at the material points, which can be colocated with the Gauss quadrature integration points or be arbitrarily
located in the element. The dynamic crystal plasticity model is sensitive to the time increment size, necessitating a
sub-incrementation method to maintain stability. To accommodate the sub-incrementation method, Heun's third-order
Runga-Kutta (RK) time integration method was used to temporally advance the governing evolution equations. In this
work, we also propose a method to simulate polycrystalline microstructures within the modal DG element by having
individual material points represent @rent grains. When possible, the DG results were compared to results from
a staggered-grid hydrodynamic (SGH) method by matching the number of material points, as such the SGH had a
ner mesh resolution. By matching the interior material points, the SGH had 2X more kinematic DOFs than the DG
calculations.

The implementation of the dynamic crystal plasticity model with the sub-incrementation method was tested using
a 2D projectile impact problem with a single crystal material. This test problem does not have an analytic solution, so
the results are compared against SGH results run at a very ne mesh resolution. Testing both the DG and SGH methods
at various resolutions showed that both methods converged toward the reference solution. The results from the DG
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method showed equal or greater accuracy than the SGH method when matching the number of material points. The
accuracy of the DG results is notable because the kinematic degrees of freedom are not matched; the SGH calculations
used a mesh with 2X greater kinematic degrees of freedom than the mesh used with the DG calculation.

The single crystal case of the 2D projectile impact test was used to quantify errors with using arbitrary material
point locations. For the DG method, this required tting a polynomial to the deviatoric Cauchy stress and pressure at
the material points. This polynomial in turn was evaluated at the Gauss quadrature points. The resultrdot di
degree polynomial ts were compared to when the material points are colocated with the Gauss quadrature points.
Quadratic and cubic polynomial ts showed similar results compared to the normal colocated case. The quartic
polynomial tresulted in large errors. In all polynomial ts, the error was greatest at Gauss quadrature points located
near the surface of the element, which may be a trait of tting data with a Taylor series polynomial. For the SGH
method, the arbitrary material point locations were used as the seed for a Voronoi mesh. The single crystal 2D Taylor
impact results from the SGH method using the Voronoi mesh were exceptionally noisy compared to the SGH results
using a quadrilateral mesh with the same number of elements. Furthermore, the Voronoi mesh results lost key features
in the distribution of elds.

To test the polycrystalline representation inside of an element, the 2D Taylor impact test was run with random
crystal orientations at each material point. These tests considered the case where the material points are colocated
with the Gauss quadrature points and the material points are at random positions. For the case of the material points
being colocated with the Gauss quadrature points, the results are compared to the SGH method using a structured
quadrilateral mesh (with 5x5 more resolution that the DG calculation) where every elementéendicrystal orien-
tation that matches the orientation in the same spot as the DG calculation. The results showed that the overall features
in the results of the two methods were similar, but they were not identical. The DG results appearing to be a smoother
version of the SGH results. This could indicate that the DG method could be improved with additional sub-element
techniques to capture the discontinuity between grains, which is not as readily captured with the continuous modal
DG elds. The di erences could also be explained by the mesh in the SGH calculation used 5x5 more resolution,
which resulted in 3x more kinematic DOFs than the mesh used in the DG calculafiomaccuracy of either method
is di cult to asses in this particular code-to-code comparison because the SGH method cannot readily simulate a re-
alistic polycrystal at the scale being examined, being limited to a structured arrangement of foaittee case of
random material point locations, two sets of random locations were used with two sets of random orientation distri-
butionsto generate microstructures to be run with the DG metfde results showed similar general behaviors, but
with local di erences in thiocalized large plastic deformatigriadicating that the polycrystalline modal DG method
is at least partially microstructure sensitised demonstrates the potential for the method capture the in uence of
microstructure on macroscopic respanse

In this work, we demonstrated that the implementation of a dynamic crystal plasticity model with a temporal sub-
incrementation method within a Lagrangian modal DG method can produce results that are as or more accurate than
an established hydrodynamic method for the same number of material points. We also demonstrated the possibility
of simulating polycrystalline microstructures inside of the DG eleméhtsigh truly determining the accuracy of the
method will require experimental validation with 3D simulations, which in turn will require extending the Lagrangian
DG code to 3D.
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(a) Gauss Quadrature (b) Quadratic Taylor Series

(c) Cubic Taylor Series (d) Quartic Taylor Series
Figure 7: The equivalent stress values at the materials points when they are (a) colocated with the Gauss quadrature points and when they are

arbitrarily placed and t with a (b) quadratic, (c) cubic, and (d) quartic Taylor series polynomial. The Taylor series polynomial is used to determine
the stress at the Gauss quadrature points. The quadratic and cubic ts are reasonably close but the quartic t has observable errors.
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(a) Average Relative Error (b) Maximum Relative Error

Figure 8: The relative error in the equivalent stress between the polynomial ts and the standard Gauss quadrature result is calculated at every Gauss
quadrature point in the mesh. The (a) average and (b) maximum relative error is found across all elements. The quadratic and cubic results are
similar to each other and have less error than the quartic results. The error is increasing as the Gauss quadrature point is farther from the reference

element center.

(a) Voronoi Mesh (b) Quadrilateral Mesh

Figure 9: The equivalent stress results in every element from (a) a Voronoi mesh seeded from the arbitrary material points and (b) a quadrilateral
mesh with the same number of elements. The Voronoi mesh had a severely negetiverethe SGH results.
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(a) DG Grid Polycrystal (b) SGH Grid Polycrsytal
Figure 10: The equivalent plastic strain results at every material point in the polycrystal test are shown for (a) the DG(P2) method and (b) the

SGH method. Both results show similar gross features, but the DG(P2) results appear to be a smoother representation of the SGH results. The DG
calculation used a mesh resolution of 508, where as the SGH calculations used a resolution of 100

(a) Random Polycrystal Set 1 (b) Random Polycrystal Set 2
Figure 11: The equivalent plastic strain results at every material point in the random polycrystal test are shown foerteva chndom sets of

crystal orientations and material point locations. There are some general similarities in the struttteteadlized large plastic deformatiobst
the exact placement and band angles aremint.
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