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A unified theory is presented for finite-temperature many-body perturbation expansions of the anharmonic vibrational
contributions to thermodynamic functions, i.e., the free energy, internal energy, and entropy. The theory is diagrammat-
ically size-consistent at any order, as ensured by the linked-diagram theorem proved in this study, and thus applicable
to molecular gases and solids on an equal footing. It is also a basis-set-free formalism, just like its underlying Bose–
Einstein theory, capable of summing anharmonic effects over an infinite number of states analytically. It is formulated
by the Rayleigh–Schrödinger-style recursions, generating sum-over-states formulas for the perturbation series, which
unambiguously converges at the finite-temperature vibrational full-configuration-interaction limits. Two strategies are
introduced to reducing these sum-over-states formulas into compact sum-over-modes analytical formulas. One is a
purely algebraic method that factorizes each many-mode thermal average into a product of one-mode thermal averages,
which are then evaluated by the thermal Born–Huang rules. Canonical forms of these rules are proposed, dramatically
expediting the reduction process. The other is finite-temperature normal-ordered second quantization, which is fully
developed in this study, including a proof of thermal Wick’s theorem and the derivation of a normal-ordered vibrational
Hamiltonian at finite temperature. The latter naturally defines a finite-temperature extension of size-extensive vibra-
tional self-consistent field theory. These reduced formulas can be represented graphically as Feynman diagrams with
resolvent lines, which include anomalous and renormalization diagrams. Two order-by-order and one general-order
algorithms of computing these perturbation corrections are implemented and applied up to the eighth order. The results
show no signs of Kohn–Luttinger-type nonconvergence.

I. INTRODUCTION

Einstein’s quantum-mechanical treatment of heat capacity
ignited the quantum revolution. While the breakdown of the
Dulong–Petit law could be explained qualitatively within the
harmonic approximation to the potential energy surface (PES)
of a crystal, quantitative agreement between theory and exper-
iment deteriorates with increasing temperature (see, e.g., Fig.
6 of Ref. 1). This is due to anharmonicity in the PES, which
tends to lower the calculated vibrational frequencies, making
them more accessible to heat and thus elevating the calculated
heat capacity to be in better agreement with the observed.

There are other thermal properties of crystals in which an-
harmonicity is even more crucial. Thermal expansion2–4 does
not occur in a harmonic crystal because the mean displace-
ment of a harmonic oscillator is zero at any quantum num-
ber. For the same reason, the volume isotope effect4 does not
exist in a harmonic crystal, either. Since harmonic-oscillator
wave functions are stationary states and cannot be scattered
by one another, thermal conductivity5–7 in a harmonic crys-
tal is infinity. Only when anharmonicity is taken into account
can the phenomenon known as second sound8 be explained.
Furthermore, since a harmonic potential rises forever, a har-
monic crystal never melts.9 Needless to say, there are also
zero-temperature anharmonic effects in crystals, such as the

a)Email: sohirata@illinois.edu

Fermi and Darling–Dennison resonances and the breakdown
of spectral selection rules (see, e.g., Refs. 10–12).

Owing to these noticeable thermal anharmonic effects in
crystals, mathematical theories13 for their treatments have
been extensively developed in solid state physics. Since these
theories must be diagrammatically size-consistent,14,15 they
tend to be either a mean-field theory or perturbation theory
that treats anharmonicity as perturbation.16

The most widely used mean-field theory is the so-called
self-consistent-phonon (SCP) method,17–21 which is an ef-
fective harmonic approximation whose frequencies include
first-order (and occasionally second-order) perturbative an-
harmonic effects.22 Thermodynamic functions are then evalu-
ated in the framework of the Bose–Einstein theory23–25 using
these renormalized harmonic frequencies, which implicitly in-
clude the second- and all higher-order perturbation corrections
of certain (ring-diagram) types.

A finite-temperature many-body perturbation theory for
thermodynamic functions of an anharmonic crystal—crystal
phonon perturbation theory—was developed by Maradudin
and coworkers,26–28 by Cowley,29,30 and by Shukla and
coworkers9,22,31,32 (see also Kobashi et al.33,34). It is based
on the time-dependent diagrammatic perturbation theory23–25

as extended to thermodynamics, exploiting the isomorphism
of the time-dependent Schrödinger and β-dependent Bloch
equations.35–39

A derivation of perturbation correction formulas to the free
energy proceeds as follows: First, draw all closed linked
diagrams of a desired perturbation order. Second, in each
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diagram, associate a vertex with a force constant, and as-
sign an edge with a zeroth-order finite-temperature Green’s
function.40 Third, multiply together these algebraic interpre-
tations of the building blocks of each diagram. Fourth,
integrate and sum this product over all variables and in-
dexes of the Green’s functions and force constants to ar-
rive at the diagram’s algebraic evaluation. In the last
step, care must be exercised in considering all possible
cases of index coincidences, as they lead to anomalous-36,41

and/or renormalization-diagram41 contributions. Shukla and
coworkers9,22,31,32 derived a fourth-order perturbation formula
of the free energy using this method, correctly accounting for
the renormalization diagrams.

In these perturbation theories, the Hamiltonian is inevitably
expressed with force constants in the normal coordinates, and
the reference wave function takes a harmonic form. Unlike
Rayleigh–Schrödinger perturbation theory (RSPT), however,
the perturbation operator is defined according to the Van Hove
ordering scheme,42 in which anharmonic force constants of
different ranks are assigned different orders. Therefore, as the
perturbation order is raised, higher-ranked force constants are
introduced to the Hamiltonian, obscuring the meaning of the
perturbation order.

In molecular applications also, quantitative computational
treatments of anharmonicity43 began attracting growing inter-
est owing to the underlying electronic structure calculations
for PES gaining predictively accuracy.44–46 Here, the primary
goal is the predictions of anharmonic vibrational spectra, in-
cluding Fermi resonances,47 for which zero-temperature for-
malisms usually suffice.

For this purpose, second-order anharmonic vibrational per-
turbation theory (VPT2) at zero temperature has been de-
veloped and refined by many groups.43,48–57 It is based on a
harmonic reference and formulated with force constants in
the normal coordinates. Naturally, its formula for the anhar-
monic correction to the zero-point energy mirrors the second-
order correction to the free energy of the crystal phonon
perturbation theory in the zero-temperature limit,9,22,26–32 es-
pecially when the Van Hove ordering scheme is used in
both cases. However, when the theory is applied to finite-
temperature problems (thermodynamics and kinetics),43 an
ad hoc adjustment50,58 of the vibrational partition function
by zero-temperature VPT2 results has been proposed and
widely used.43 There are also semiclassical approximations to
the anharmonic vibrational free energy (see, e.g., Makri and
Miller59).

For molecules, however, a whole new class of anharmonic
vibrational theories has also been developed, which may be
called modal theory60 in analogy to molecular orbital theory
for electronic structures. The PES used in this class of theories
can be expressed by force constants or numerically on a grid.

Its mean-field approximation is known as vibrational self-
consistent-field (VSCF) theory,60–62 which expresses the zero-
point vibrational wave function by a single Hartree product of
one-mode functions (modals) along the normal coordinates,
whose shapes are varied to minimize its energy expectation
value. This ansatz leads to an effective one-mode eigenvalue
equation with a one-dimensional anharmonic potential that

modals must satisfy. Typically, the one-mode equations are
solved by expanding the modals by a finite number of basis
functions not only for the zero-point state but also for excited
states. These state energies are related to the corresponding
eigenvalues, and do not bear a simple relationship with one
another, making it difficult to incorporate thermal effects in
the theory. This is in contrast with the evenly spaced eigen-
values of a harmonic oscillator, which can be summed over
analytically up to an infinite quantum number in the Bose–
Einstein theory and in the perturbation theories based on it.

Starting from a VSCF reference wave function, vibra-
tional configuration-interaction (VCI),63 vibrational Møller–
Plesset perturbation (VMP),64 and vibrational coupled-cluster
(VCC)65 theories were developed to capture the residual one-
mode anharmonic effects and anharmonic mode-mode cou-
pling. Their formulations largely follow the corresponding
ones for electronic structures66,67 by replacing molecular or-
bitals with modals and the electronic Hamiltonian with the
vibrational counterpart. Each of these hierarchical theories
should converge, as a single unambiguous series (especially
if the Van Hove ordering scheme is not used) at the exact
solution of the Schrödinger equation within a basis set with
increasing rank of the hierarchical theory.

To calculate the partition function and account for the ther-
mal effects, however, one would have to sum over all states
by brute force, which would furthermore be truncated by the
finite basis set; unlike the Bose–Einstein theory or the pertur-
bation theories thereof, a dramatic reduction of these expen-
sive sum-over-states formulas into sum-over-modes expres-
sions is unlikely to occur. Consequently, these modal theo-
ries are formulated only at zero temperature with notable ex-
ceptions of finite-temperature VSCF methods,68–70 employing
additional ad hoc approximations, and finite-temperature vi-
brational full configuration interaction (FCI) as a benchmark
method.71 This is despite the fact that molecular vibrational
excited states are thermally populated at room temperature.

Furthermore, it was revealed that VSCF is neither diagram-
matically size-consistent72,73 nor invariant to a unitary trans-
formation of degenerate modals,74 unlike its electronic coun-
terpart, i.e., the Hartree–Fock (HF) theory.66 The lack of size-
consistency does not mean that VSCF is rendered useless for
crystals; rather it means that VSCF energies and one-mode
potentials are dominated by non-closable diagrammatic con-
tributions that vanish in the thermodynamic limit. As a result,
the one-mode potentials are shown, both analytically72 and
numerically,73 to become effectively harmonic in this limit, in
accordance with Makri’s theorem.75 These “harmonic” poten-
tials are dressed with the effects of even-order force constants
of certain (ring-diagram) types (see Fig. 1 of Ref. 73), whereas
the effects of cubic and all higher-odd-order force constants
are washed out. This implies that VMP and VCC based on
a VSCF reference also lack diagrammatic size-consistency in
the sense that they are saddled with a vast number of van-
ishing terms for crystals and are exceedingly inefficient, al-
though they should still produce meaningful results. VCI, on
the other hand, is non-size-consistent in the sense of not sat-
isfying a linked-diagram theorem and will give meaningless
(null-anharmonicity) results in the thermodynamic limit.14,15
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One of the present authors with coauthors72,73,76 introduced
diagrammatically size-consistent analogs of VSCF by retain-
ing only those terms in the VSCF equations that are nonva-
nishing in the thermodynamic limit. The resulting vastly-
streamlined diagrammatic theory, named XVSCF,73,76 was
identified77 as variants of SCP (for the precise relationship
between XVSCF and SCP, see Table 1 of Ref. 21). They
are also closely related to the effective-harmonic-oscillator
method of Cao and Voth.81 On this basis, diagrammatically
size-consistent analogs of VMP2 and VCC were developed as
XVMP2 (Ref. 78) and XVCC (Refs. 79 and 80), respectively.
The former, whose applicability to an infinitely extended sys-
tem has been demonstrated recently,12 is essentially equiva-
lent to VPT2 for zero-point energy when the harmonic ap-
proximation is adopted as the reference. It also corresponds
to crystal phonon perturbation theory in the zero-temperature
limit. On the other hand, XVCC has been identified79 as a
higher-order generalization of the vibrational coupled-cluster
theory of Prasad and coworkers,82–84 but differs materially
from VCC of Christiansen.65

All of these diagrammatically size-consistent vibrational
theories15,85 can be formulated expediently by the quantum-
field-theoretical methods of normal-ordered second quantiza-
tion and Wick’s theorem,67 which have been extended to the
vibrational Hamiltonian.86 When passing from the plain sec-
ond quantization to the normal-ordered one, the constant part
of the Hamiltonian rearranges from the PES value at the origin
to the XVSCF zero-point energy expression; the gradients and
harmonic force constants are replaced by the XVSCF effective
gradients and harmonic force constants dressed with higher-
even-order force constants of certain types; cubic- and higher-
order force constants are modified similarly. This underscores
the central place XVSCF occupies in the framework of anhar-
monic vibrational theories,14 just as the HF theory does in the
ab initio electronic structure theory.67

The XVSCF, XVMP, and XVCC theories are now formu-
lated in a unified fashion by the normal-ordered Hamiltonian
and, therefore, in terms of the XVSCF energy expression
and effective gradients and force constants. Consequently,
a XVMP calculation based on any reference will largely re-
cover the XVSCF energy at the first order (taking into account
the ring diagrams) without resorting to an artificial, order-
by-order adjustment of the perturbation operator such as the
Van Hove ordering scheme. It may be said that the anhar-
monic perturbation theories that have evolved separately in
solid state physics and quantum chemistry are converging at
the unified series of XVSCF and XVMP. Nonetheless, these
theories are thus far formulated at zero temperature only.

In this article, we establish the whole converging se-
ries of the finite-temperature many-body perturbation theory
for anharmonic vibrations, which is diagrammatically size-
consistent and thus applicable to molecules and crystals on an
equal footing. It is a general-order extension of crystal phonon
perturbation theory9,22,26–32 or a finite-temperature generaliza-
tion of the XVMP theory.78 Capitalizing on the recent devel-
opment of the finite-temperature many-body perturbation the-
ory for electrons,41,87–90 we present the recursive definitions of
thermodynamic functions—free energy, internal energy, and

entropy—in the style of the RSPT recursions, which make no
assumption or restriction on the Hamiltonian or its partition-
ing, except that its PES is expressed with force constants in
the normal coordinates and the partitioning does not vary with
the perturbation order. The recursions immediately give the
sum-over-states analytical formulas of the perturbation cor-
rections at any arbitrary order, also indicating the presence of
anomalous- and renormalization-diagram contributions.41

The sum-over-states analytical formulas are then reduced
to sum-over-modes analytical formulas, which will be useful
for actual applications to large molecules and crystals. These
sum-over-states formulas are written in terms of the pertur-
bation corrections to state energies, which are in turn given
by the degenerate RSPT (Ref. 91) as eigenvalues of an ef-
fective perturbation operator matrix in each subspace spanned
by degenerate reference states. Using the same mathematical
trick enabling the reduction in electronic finite-temperature
many-body perturbation theory,41 i.e., the trace invariance of
a cyclic matrix product, we show that the sum-over-states for-
mulas can be written in a closed form involving the Hamil-
tonian matrix elements in the basis of the Hartree products.
These matrix elements are in turn evaluated by the Born–
Huang rules13,73 elevated to finite temperature, into sums of
products of force constants that are further simplified into the
sum-over-modes analytical formulas. We introduce canoni-
cal forms of these thermal Born–Huang rules, which facilitate
the simplification process. Remarkably, these reduced ana-
lytical formulas can take into account anharmonic effects on
infinitely many states, and are not limited by a finite basis set.

While this algebraic reduction is straightforward and rigor-
ous, it is extremely tedious. We, therefore, present an alterna-
tive method of reduction, which is based on the quantum-field-
theoretical tool of normal-ordered second quantization and
Wick’s theorem for vibrations at finite temperatures.23,92 We
stipulate normal ordering for an arbitrary number of operators
and prove thermal Wick’s theorem. We introduce the finite-
temperature normal-ordered form of the vibrational Hamilto-
nian, whose constant, gradients, and force constants prove to
be the XVSCF counterparts, defining a finite-temperature ex-
tension of the XVSCF method (see Ref. 41 for the same me-
chanics for electronic structures). This method dramatically
expedites the reduction of the sum-over-states formulas into
the sum-over-modes ones, without compromising the mathe-
matical rigor or straightforward logic of the purely algebraic
reduction.

The application of thermal Wick’s theorem consists in re-
peatedly connecting (contracting) a creation and an annihila-
tion operator belonging to two different normal-ordered prod-
ucts until no operator is left uncontracted.67 This instantly sug-
gests a graphical representation of the sum of equal-valued
full contraction patterns, in which a normal-ordered opera-
tor is a vertex and a contraction is an edge, introducing time-
independent Feynman diagrammatics. We document the rules
for diagrammatic enumeration and interpretation, which are
the most expedient. Furthermore, a linked-diagram theorem is
proved for finite-temperature anharmonic vibrations, guaran-
teeing size-consistency of the theory at any perturbation order.

The time-independent diagrams introduced here are distinct
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from the time-dependent ones25 employed in crystal phonon
perturbation theory in the sense that the former carry resol-
vent lines representing denominator factors. They explic-
itly include anomalous and renormalization diagrams, which
lend themselves to instant algebraic interpretations. The time-
independent diagrammatic logic is nothing but convenient
mnemonics for normal-ordered second quantization and is
based on the recursions in contrast to the time-dependent
counterpart outlined above, where a user is responsible for
taking into account numerous special circumstances that give
rise to these counterintuitive diagrams.

We also report three methods of numerically evaluating
the perturbation corrections to the free energy, internal en-
ergy, and entropy as a function of temperature. The first
method implements a general-order algorithm that evaluates
the sum-over-states analytical formulas generated by the re-
cursions, running a modified finite-temperature vibrational
FCI program.71 The second uses the λ-variation method,87,93

in which some lowest-order perturbation corrections are
obtained as finite-difference λ-derivatives of the finite-
temperature vibrational FCI results71 with a perturbation-
scaled Hamiltonian Ĥ = Ĥ(0) + λV̂ (1). The third is based
on the sum-over-modes analytical formulas for several lowest
perturbation orders. They are shown to agree with one an-
other numerically exactly insofar as the finite-basis-set effects
and numerical errors due to finite-difference approximations
are negligible, mutually confirming the correctness of the for-
malisms and computer programs.

The general-order algorithm, furthermore, demonstrates
the convergence of the finite-temperature perturbation the-
ory at the exact (finite-temperature vibrational FCI) limit as
the perturbation order is raised, numerically proving the cor-
rectness of the theory in the sense that no diagram is left
out. In the zero-temperature limit, the finite-temperature the-
ory recovers the zero-temperature counterpart both numeri-
cally and analytically insofar as there is no zero-frequency
mode. For vibrations, the Kohn–Luttinger-type nonconver-
gence problem36,94,95 does not exist.

Below, we give the most comprehensive and complete ex-
position of this unified many-body perturbation theory for an-
harmonic vibrations, which is valid for gases of molecules and
crystals at zero and nonzero temperatures.

II. THERMODYNAMICS OF ANHARMONIC VIBRATIONS

Here, we start with thermodynamic functions for an ideal
gas of identical, non-rotating, anharmonic molecules, which
are defined at an exact or mean-field-theoretical level. Elec-
tronic and rotational degrees of freedom are suppressed and
the nonadiabatic and vibration-rotation couplings are not con-
sidered. It is applicable to crystals.

The exact partition function for vibrations per molecule is
given by71

Ξ =

∞∑
N=0

exp(−βEN), (1)

where β = (kBT )−1, EN is the exact energy of the Nth vi-
brational state (N = 0 being the zero-point state), and the
summation runs over all infinitely many states. The chemi-
cal potential is zero for vibrations,96 and, therefore, the grand
canonical and canonical ensembles coincide with each other.
In this article, we elect to use the terminology of the grand
canonical ensemble, and call the free energy the grand poten-
tial, which is synonymous with the Helmholtz energy adopted
by other authors.9,22,31,32

The exact grand potential Ω, internal energy U, and entropy
S are derived from Ξ as

Ω = −
1
β

ln Ξ, (2)

U = −
∂

∂β
ln Ξ = Ω + β

∂Ω

∂β
, (3)

S =
U −Ω

T
=
β

T
∂Ω

∂β
. (4)

We will hereafter focus on Ω and U because S can be readily
inferred from them.

The energy in Eq. (1) is the eigenvalue solution of the vi-
brational Schrödinger equation,

ĤΨN = ENΨN , (5)

in which the pure vibrational Hamiltonian Ĥ is written as

Ĥ = −
1
2

m∑
i

∂2

∂Q2
i

+ Vref +

m∑
i

FiQi +
1
2!

m∑
i, j

Fi jQiQ j

+
1
3!

m∑
i, j,k

Fi jkQiQ jQk +
1
4!

m∑
i, j,k,l

Fi jklQiQ jQkQl + . . . ,

(6)

where Qi is the ith normal coordinate, Vref is the value of
the PES at the reference geometry, which is typically but
not limited to the equilibrium geometry, and Fi, Fi j, Fi jk,
and Fi jkl are a first-, second-, third-, and fourth-order force
constant, respectively, which have the permutation symmetry,
e.g., Fi jk = Fik j = F jik = F jki = Fki j = Fk ji. The summations
run over all m vibrational degrees of freedom or all m modes.

In the formulations and numerical tests discussed below,
a quartic force field (QFF)97 will be employed, which trun-
cates the above Hamiltonian after the fourth-order force con-
stants, but they can be straightforwardly extended to higher-
order force fields, although a cubic force field cannot be used
because it is ill-conditioned (see page 508 of Ref. 98). The
coordinates can also be generalized to any rectilinear, orthog-
onal, mass-weighted coordinates without altering the follow-
ing formulations, but we call them normal coordinates in this
article for the sake of convenience.

The zeroth-order Hamiltonian Ĥ(0) for a mean-field theory
takes a harmonic form,

Ĥ(0) = −
1
2

m∑
i

∂2

∂Q2
i

+ Vref +
1
2

m∑
i

ω2
i Q2

i , (7)

where ωi is the harmonic frequency corresponding to the ith
normal mode. Superscript ‘(0)’ indicates that this mean-field



5

theory will furnish the reference (zeroth-order) wave func-
tions and energies for the perturbation theory. The frequency
ωi can be the frequency (ωi = F1/2

ii ) of the harmonic approx-
imation, but it can also be a (finite-temperature) XVSCF fre-
quency, in which case the Møller–Plesset partitioning of the
Hamiltonian is adopted.

In either case, the reference vibrational Schrödinger equa-
tion has analytical solutions for all states, i.e.,

Ĥ(0)Φ
(0)
N = E(0)

N Φ
(0)
N , (8)

where Φ
(0)
N is the wave function for the Nth state, which takes

a Hartree-product form,

Φ
(0)
N = |n1n2 . . . nm〉 =

m∏
i

|ni〉, (9)

where |ni〉 is a one-dimensional harmonic-oscillator wave
function along the ith normal coordinate with quantum num-
ber ni. The corresponding energy E(0)

N is given by

E(0)
N = Vref +

m∑
i

ωi (ni + 1/2) . (10)

Owing to the additive nature of the energy, the infinite sum-
mation in the zeroth-order partition function [Eq. (1)] can be
carried out analytically, leading to the following expressions
for the thermodynamic functions:23–25,71

Ω(0) = Vref −

m∑
i

ωi

2
−

1
β

m∑
i

ln fi, (11)

U(0) = Vref +

m∑
i

ωi( fi + 1/2), (12)

S (0) = kB

m∑
i

{− fi ln fi + ( fi + 1) ln ( fi + 1)} , (13)

where fi is the Bose–Einstein distribution function given by

fi =
1

exp(βωi) − 1
. (14)

This Bose–Einstein theory23–25 is an infinite-basis or basis-
set-free formalism, whose T → ∞ limit of S (0) is infinity. This
is in contrast with any finite-basis-set theory such as VSCF,
VCI (including vibrational FCI), VMP, and VCC, which, if
extended to a finite temperature, would have its entropy dis-
play a spurious plateau in the high-temperature limit.71

In the subsequent sections, we drop the upper limit (m) of
the summation index range over modes to reduce clutter.

III. RAYLEIGH–SCHRÖDINGER RECURSIONS

We consider a Rayleigh–Schrödinger perturbation expan-
sion of the thermodynamic functions, starting with the Bose–
Einstein theory as the reference (zeroth order) and thus treat-
ing anharmonicity of the PES as a perturbation. Quantity X

(in this study, X = Ω, U, S , EN , etc.) is expanded41,93 in a
power series as

X(λ) = X(0) + λX(1) + λ2X(2) + λ3X(3) + . . . (15)

or

X(n) =
1
n!
∂nX(λ)
∂λn

∣∣∣∣∣
λ=0

, (16)

where X(λ) is the exact value of X, i.e., calculated by the
finite-temperature vibrational FCI (Ref. 71) in the infinite-
basis-set limit for a perturbation-scaled Hamiltonian, Ĥ =

Ĥ(0) + λV̂ (1). The parenthesized superscript indicates the per-
turbation order.

A recursion for Ω(n) can be derived by differentiating the
exact definition of Ω [Eq. (2)] with respect to λ. After some
nontrivial algebraic manipulations,41 it becomes

Ω(n) =
[
E(n)

N

]
+

(−β)
2!

n−1∑
i=1

([
E(i)

N E(n−i)
N

]
−Ω(i)Ω(n−i)

)
+

(−β)2

3!

n−2∑
i=1

n−i−1∑
j=1

([
E(i)

N E( j)
N E(n−i− j)

N

]
−Ω(i)Ω( j)Ω(n−i− j)

)
+ · · · +

(−β)n−1

n!

{[
(E(1)

N )n
]
− (Ω(1))n

}
, (17)

where the square bracket denotes a zeroth-order thermal aver-
age of quantity XN , i.e.,

[
XN

]
≡

∞∑
N=0

XN exp(−βE(0)
N )

∞∑
N=0

exp(−βE(0)
N )

. (18)

The derivation of this recursion is identical to the electronic
case41 except that the chemical potential and its perturbation
corrections are all set to zero. The second term and onwards
are multiplied by a power of β and are responsible for the
anomalous-diagram contributions36,41 (see below). Hereafter,
a “thermal average” refers to the zeroth-order thermal average
defined by Eq. (18).

Differentiating Eq. (3) with respect to λ, we obtain the re-
cursion for U(n) as

U(n) =
[
E(n)

N

]
+ (−β)

n∑
i=1

([
E(i)

N E(n−i)
N

]
−Ω(i)U(n−i)

)
+

(−β)2

2!

n−1∑
i=1

n−i∑
j=1

([
E(i)

N E( j)
N E(n−i− j)

N

]
−Ω(i)Ω( j)U(n−i− j)

)
+ . . . +

(−β)n

n!

{[
(E(1)

N )nE(0)
N

]
− (Ω(1))nU(0)

}
, (19)

which can also be reached by setting all chemical potentials
to zero in the electronic counterpart, i.e., Eq. (38) of Ref. 41.

The recursion for S (n) is obtained as a concatenation of the
recursions for Ω(n) and U(n) from the relation,

S (n) =
U(n) −Ω(n)

T
. (20)
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The perturbation corrections to the state energies {E(n)
N } are

given by degenerate RSPT (Ref. 91) because some zeroth-
order states are almost always degenerate. A degenerate RSPT
valid for any Hamiltonian was developed by Hirschfelder and
Certain91 and serves as the foundation of the present theory.

According to this degenerate RSPT,41,91 the nth-order cor-
rections {E(n)

N } are the eigenvalues of an effective perturbation
operator matrix E(n). This matrix is block-diagonal, and each
of its nondiagonal blocks is spanned by zeroth-order degener-
ate states. The γth block is defined recursively by41,91(

E(n)
γ

)
IJ

= 〈Φ
(0)
J |V̂

(1)|Φ
(n−1)
I 〉 (21)

with

Φ
(n)
I = R̂

V̂ (1)Φ
(n−1)
I −

n−1∑
i=1

∑
J∈γ

(
E(i)
γ

)
IJ

Φ
(n−i)
J

 , (22)

for each I, where I and J run over all Hartree-product states
in the γth block, which share the same zeroth-order energy of
E(0)
γ . The resolvent operator R̂ (Ref. 67), when acting within

the γth degenerate subspace, is defined as

R̂ =
∑
A<γ

|Φ
(0)
A 〉〈Φ

(0)
A |

E(0)
γ − E(0)

A

=

denom.,0∑
A

|Φ
(0)
A 〉〈Φ

(0)
A |

E(0)
γ − E(0)

A

, (23)

where A runs over all zeroth-order states that are not degen-
erate with the Ith or Jth state and are thus outside the γth
block. This summation restriction is equivalent to the condi-
tion “denom.,0,” which demands that only those summands
with nonzero denominators be summed. When the rank of
the block is one, the above recursion reduces to the familiar,
nondegenerate RSPT.67

While the elements of E(n) are expressed in a closed form
according to Eqs. (21)–(23), its eigenvalues in general cannot
be. This may give a false impression that the sum-over-states
formulas for Ω(n) or U(n) obtained from Eq. (17) or (19) can-
not be simplified any further and hence the finite-temperature
perturbation theory has a limited practical utility. This is not
the case.

Since these eigenvalues are thermal-averaged with an equal
weight [see Eq. (18)], all we need is the sum of the eigenvalues
over zeroth-order degenerate states rather than their individual
values. This sum can furthermore be expressed in a closed
form by virtue of the trace invariance of a matrix or of a cyclic
matrix product,41 i.e.,[

E(n)
N

]
=

[
Tr

(
E(n)

)]
, (24)[

E(i)
N E(n−i)

N

]
=

[
Tr

(
E(i)E(n−i)

)]
, (25)[

E(i)
N E( j)

N E(n−i− j)
N

]
=

[
Tr

(
E(i)E( j)E(n−i− j)

)]
, (26)

and so on, where the left-hand sides are the thermal averages
of eigenvalues or their products, while the right-hand sides are
the thermal averages of matrix traces, defined by

[
Tr (X)

]
≡

∑
γ

Tr
(
Xγ

)
exp(−βE(0)

γ )

∞∑
N=0

exp(−βE(0)
N )

. (27)

Here, γ runs over all blocks of the block-diagonal matrix X
with the γth block (Xγ) being spanned by degenerate states
with a common zeroth-order energy of E(0)

γ . The matrices in
the right-hand sides of Eqs. (24)–(26) and, therefore, their
traces are expressible in closed forms (unlike their eigen-
values), lending them to dramatic reductions into sum-over-
modes analytical formulas as demonstrated in Secs. IV and
V. Note that the off-diagonal elements of E(n) enter the fi-
nal results through matrix products such as in Eqs. (25) and
(26), ultimately giving rise to the renormalization-diagram
contributions41 (see Sec. V D).

IV. ALGEBRAIC REDUCTION BASED ON THERMAL
BORN–HUANG RULES AND CANONICAL FORMS

In this section, we reduce the sum-over-states analyti-
cal formulas for Ω(n) and U(n) into sum-over-modes analyt-
ical formulas algebraically, i.e., without resorting to a time-
dependent diagrammatic logic involving integration of zeroth-
order β-dependent Green’s functions. While the reduction is
extremely tedious, it uses only the most basic algebraic ma-
nipulations, placing the theory on a firm mathematical foot-
ing.

We take the first- and second-order corrections in a QFF as
examples. The reduction strategy is general and applicable to
any perturbation order or force-constant rank, in principle, al-
though going beyond the second order would be impractical.
It relies on a finite-temperature extension of the Born–Huang
rules,13,73 which is fully developed in this study and whose
derivation is given in Appendix A. In Appendix B, we in-
troduce canonical forms of these thermal Born–Huang rules,
which facilitate the consolidation of numerous terms with
complex summation index restrictions into the most stream-
lined final expressions without such restrictions. In what fol-
lows, we illustrate the process of this reduction for several
representative terms of Ω(1), U(1), and Ω(2), relegating length-
ier reduction processes of some terms in Appendixes C and
D.

A. Perturbation operator and scaled force constants

Let us write the perturbation operator V̂ (1) = Ĥ− Ĥ(0) in the
n-mode representation99 for future convenience. For a QFF, it
reads

V̂ (1) = V̂1 + V̂2 + V̂3 + V̂4 (28)
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with

V̂1 =
∑

i

FiQi, (29)

V̂2 =
∑

i

1
2

F̄iiQ2
i +

i, j∑
i, j

1
2

F̄i jQiQ j, (30)

V̂3 =
∑

i

1
6

FiiiQ3
i +

i, j∑
i, j

1
2

Fi j jQiQ2
j +

i, j,i,k
j,k∑
i, j,k

1
6

Fi jkQiQ jQk,

(31)

V̂4 =
∑

i

1
24

FiiiiQ4
i +

i, j∑
i, j

(
1
8

Fii j jQ2
i Q2

j +
1
6

Fi j j jQiQ3
j

)

+

i, j,i,k
j,k∑
i, j,k

1
4

Fi jkkQiQ jQ2
k +

i, j,i,k
i,l, j,k
j,l,k,l∑
i, j,k,l

1
24

Fi jklQiQ jQkQl, (32)

and

F̄i j = Fi j − δi jω
2
i , (33)

where we explicitly showed the summation restrictions for
coincident indexes. In an algebraic reduction process, these
restrictions are gradually lifted as multiple terms are con-
solidated, which is the most arduous aspect of the whole
process.90

We also define, again for future use, scaled force constants
as

F̃i =
Fi

(2ωi)1/2 , (34)

F̃i j =
Fi j

(2ωi)1/2(2ω j)1/2 , (35)

F̃i jk =
Fi jk

(2ωi)1/2(2ω j)1/2(2ωk)1/2 , (36)

F̃i jkl =
Fi jkl

(2ωi)1/2(2ω j)1/2(2ωk)1/2(2ωl)1/2 (37)

with

˜̄Fi j = F̃i j − δi j
ωi

2
. (38)

Neither F̄i j nor ˜̄Fi j should be assumed zero.

B. Inner projection operator

When evaluating traces of matrix products such as Eqs. (25)
and (26), we need to consider off-diagonal elements of E(i)

within each degenerate subspace. The closed-form expres-
sion of an off-diagonal element varies depending on the pre-
cise relationship between the two degenerate Hartree-product
basis functions involved. Therefore, we classify, for a given
Hartree-product state (say the Zth state), its degenerate states

according to the number of constituent modals that are differ-
ent from it. We thus rewrite, e.g., Eq. (25) as[

E(i)
N E(n−i)

N

]
=

[
Tr

(
E(i)P̂0E(n−i)

)]
+

[
Tr

(
E(i)P̂1E(n−i)

)]
+

[
Tr

(
E(i)P̂2E(n−i)

)]
+

[
Tr

(
E(i)P̂3E(n−i)

)]
+

[
Tr

(
E(i)P̂4E(n−i)

)]
+ . . . , (39)

where P̂n is an inner projection operator onto all n-modal-
difference Hartree products within each degenerate subspace
(we use matrices and operators interchangeably). When act-
ing on a state in the γth degenerate subspace, they are defined
as

P̂0 = |Φ
(0)
Z 〉〈Φ

(0)
Z |, (40)

P̂1 =
∑
S∈γ

|Φ
(0)
S 〉〈Φ

(0)
S | =

denom.=0∑
S

|Φ
(0)
S 〉〈Φ

(0)
S |, (41)

P̂2 =
∑
D∈γ

|Φ
(0)
D 〉〈Φ

(0)
D | =

denom.=0∑
D

|Φ
(0)
D 〉〈Φ

(0)
D |, (42)

P̂3 =
∑
T∈γ

|Φ
(0)
T 〉〈Φ

(0)
T | =

denom.=0∑
T

|Φ
(0)
T 〉〈Φ

(0)
T |, (43)

P̂4 =
∑
Q∈γ

|Φ
(0)
Q 〉〈Φ

(0)
Q | =

denom.=0∑
Q

|Φ
(0)
Q 〉〈Φ

(0)
Q |, (44)

and so on, where Φ
(0)
Z = |n1 . . . ni . . . nm〉 is the Zth (reference)

Hartree product, S , D, T , and Q stand for, respectively, one-,
two-, three-, and four-modal-difference Hartree products rela-
tive to the reference (Zth) state. The summation index restric-
tion, e.g., S ∈ γ, can be replaced by an equivalent one, “de-
mon.=0,” meaning that the fictitious denominator E(0)

γ −E(0)
S is

zero. We furthermore stipulate that P̂n erases all off-diagonal
matrix elements belonging to two separate degenerate sub-
spaces, i.e.,

〈Φ
(0)
I |P̂n|Φ

(0)
J 〉 = 0, (45)

when I and J belong to two different (degenerate) blocks. The
total inner projection operator P̂ is given by

P̂ = P̂0 + P̂1 + P̂2 + P̂3 + P̂4 + . . . . (46)

More precisely, S in Eq. (41) is specified by its occupation
number vector as{

Φ
(0)
S

}
=

{
Φ

(0)
S (+1)

}
∪

{
Φ

(0)
S (−1)

}
(47)

with {
Φ

(0)
S (+1)

}
=

{
|n1 . . . (ni + 1) . . . nm〉

}
, (48){

Φ
(0)
S (−1)

}
=

{
|n1 . . . (ni − 1) . . . nm〉

}
. (49)

Since these one-modal-difference states must be degenerate
with the reference (Zth) state, ωi = 0. The component inner
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projectors are given by

P̂(+1)
1 =

denom.=0∑
S (+1)

|Φ
(0)
S (+1)〉〈Φ

(0)
S (+1)|, (50)

P̂(−1)
1 =

denom.=0∑
S (−1)

|Φ
(0)
S (−1)〉〈Φ

(0)
S (−1)|, (51)

which satisfy P̂1 = P̂(+1)
1 + P̂(−1)

1 .
Likewise, {D} in Eq. (42) consists of three subsets:{

Φ
(0)
D

}
=

{
Φ

(0)
D(+2)

}
∪

{
Φ

(0)
D(±0)

}
∪

{
Φ

(0)
D(−2)

}
(52)

with {
Φ

(0)
D(+2)

}
=

{
|n1 . . . (ni + 2) . . . nm〉

}
∪

{
|n1 . . . (ni + 1) . . . (n j + 1) . . . nm〉

}
, (53){

Φ
(0)
D(±0)

}
=

{
|n1 . . . (ni + 1) . . . (n j − 1) . . . nm〉

}
, (54){

Φ
(0)
D(−2)

}
=

{
|n1 . . . (ni − 2) . . . nm〉

}
∪

{
|n1 . . . (ni − 1) . . . (n j − 1) . . . nm〉

}
. (55)

Each set defined by Eq. (53), (54), or (55) implies the condi-
tion −2ωi = 0 or −ωi − ω j = 0, −ωi + ω j = 0, 2ωi = 0 or
ωi + ω j = 0, respectively, because the states in these sets are
degenerate with the reference (Zth) state. We then define the
component inner projectors as

P̂(+2)
2 =

denom.=0∑
D(+2)

|Φ
(0)
D(+2)〉〈Φ

(0)
D(+2)|, (56)

P̂(±0)
2 =

denom.=0∑
D(±0)

|Φ
(0)
D(±0)〉〈Φ

(0)
D(±0)|, (57)

P̂(−2)
2 =

denom.=0∑
D(−2)

|Φ
(0)
D(−2)〉〈Φ

(0)
D(−2)|, (58)

where P̂2 = P̂(+2)
2 + P̂(±0)

2 + P̂(−2)
2 .

T in Eq. (43) stands for a Hartree product that differs by
three in quantum numbers from the reference (Zth) state but
has the same zeroth-order energy. Therefore, P̂3 = P̂(+3)

3 +

P̂(+1)
3 + P̂(−1)

3 + P̂(−3)
3 with

P̂(+3)
3 =

denom.=0∑
T (+3)

|Φ
(0)
T (+3)〉〈Φ

(0)
T (+3)|, (59)

P̂(+1)
3 =

denom.=0∑
T (+1)

|Φ
(0)
T (+1)〉〈Φ

(0)
T (+1)|, (60)

P̂(−1)
3 =

denom.=0∑
T (−1)

|Φ
(0)
T (−1)〉〈Φ

(0)
T (−1)|, (61)

P̂(−3)
3 =

denom.=0∑
T (−3)

|Φ
(0)
T (−3)〉〈Φ

(0)
T (−3)|, (62)

where{
Φ

(0)
T (+3)

}
=

{
|n1 . . . (ni + 3) . . . nm〉

}
∪

{
|n1 . . . (ni + 2) . . . (n j + 1) . . . nm〉

}
∪

{
|n1 . . . (ni + 1) . . . (n j + 1) . . . (nk + 1) . . . nm〉

}
,

(63){
Φ

(0)
T (+1)

}
=

{
|n1 . . . (ni + 2) . . . (n j − 1) . . . nm〉

}
∪

{
|n1 . . . (ni + 1) . . . (n j + 1) . . . (nk − 1) . . . nm〉

}
,

(64)

and so on. Each line in the above implies −3ωi = 0, −2ωi −

ω j = 0, −ωi−ω j−ωk = 0, −2ωi +ω j = 0, and −ωi−ω j +ωk =

0, respectively.
Q in Eq. (44) is defined completely analogously. We have

P̂4 = P̂(+4)
4 + P̂(+2)

4 + P̂(±0)
4 + P̂(−2)

4 + P̂(−4)
4 .

Let us also introduce a breakdown of the resolvent operator
R̂ into the singles, doubles, etc. components, i.e., R̂ = R̂1+R̂2+

. . . . When acting on a state in the γth degenerate subspace,
they are given by

R̂1 =
∑
S<γ

|Φ
(0)
S 〉〈Φ

(0)
S |

E(0)
γ − E(0)

S

=

denom.,0∑
S

|Φ
(0)
S 〉〈Φ

(0)
S |

E(0)
γ − E(0)

S

, (65)

R̂2 =
∑
D<γ

|Φ
(0)
D 〉〈Φ

(0)
D |

E(0)
γ − E(0)

D

=

denom.,0∑
D

|Φ
(0)
D 〉〈Φ

(0)
D |

E(0)
γ − E(0)

D

, (66)

and so on, where S , D, T , and Q have the same meanings as
before, and the summation index restriction, e.g., S < γ, can
be actuated by “denom.,0,” demanding that the denominator
E(0)
γ − E(0)

S be nonzero.
We further subdivide R̂n according to the number of modal

differences in the degenerate Hartree products involved. For
instance,

R̂2 = R̂(+2)
2 + R̂(±0)

2 + R̂(−2)
2 (67)

with

R̂(+2)
2 =

denom.,0∑
D(+2)

|Φ
(0)
D(+2)〉〈Φ

(0)
D(+2)|

E(0)
γ − E(0)

D(+2)

, (68)

R̂(±0)
2 =

denom.,0∑
D(±0)

|Φ
(0)
D(±0)〉〈Φ

(0)
D(±0)|

E(0)
γ − E(0)

D(±0)

, (69)

R̂(−2)
2 =

denom.,0∑
D(−2)

|Φ
(0)
D(−2)〉〈Φ

(0)
D(−2)|

E(0)
γ − E(0)

D(−2)

, (70)

where Φ
(0)
D(+2), Φ

(0)
D(±0), and Φ

(0)
D(−2) are given by Eqs. (53), (54),

and (55), respectively.

C. First-order correction to the grand potential

Here, we illustrate the algebraic reduction of the sum-over-
states formula of Ω(1) in a QFF. Substituting the trace invari-
ance [Eq. (24)] and the degenerate RSPT energy formula [Eq.
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(21)] into the recursion [Eq. (17)], we immediately arrive at
the sum-over-states analytical formula of Ω(1) as

Ω(1) =
[
E(1)

N

]
=

[
Tr

(
E(1)

)]
=

[
〈N|V̂ (1)|N〉

]
, (71)

where “[. . . ]” refers to a zeroth-order thermal average [Eq.
(18)] and N stands for Φ

(0)
N as defined by Eq. (9). Furthermore,

using V̂ (1) given in Eq. (28), we can expand the right-hand side
of the above equation as

[
〈N |V̂ (1)|N〉

]
=

∑
i

(
Fi

[
〈N |Qi|N〉

]
+

1
2

F̄ii

[
〈N|Q2

i |N〉
]

+
1
6

Fiii

[
〈N |Q3

i |N〉
]

+
1

24
Fiiii

[
〈N|Q4

i |N〉
])

+

i, j∑
i, j

(
1
2

F̄i j

[
〈N |QiQ j|N〉

]
+

1
2

Fi j j

[
〈N|QiQ2

j |N〉
]

+
1
8

Fii j j

[
〈N |Q2

i Q2
j |N〉

]
+

1
6

Fi j j j

[
〈N |QiQ3

j |N〉
])

+

i, j,i,k
j,k∑
i, j,k

(
1
6

Fi jk

[
〈N |QiQ jQk |N〉

]
+

1
4

Fi jkk

[
〈N |QiQ jQ2

k |N〉
])

+

i, j,i,k
i,l, j,k
j,l,k,l∑
i, j,k,l

1
24

Fi jkl

[
〈N |QiQ jQkQl|N〉

]
, (72)

where we have used the distributive property of a thermal av-
erage.

Each term can be factored. The first term, which is a many-
mode thermal average, is written as a product of one-mode
thermal averages as follows:

∑
i

Fi

[
〈N |Qi|N〉

]

=
∑

i

Fi

∞∑
N=0
〈N |Qi|N〉 exp(−βE(0)

N )

∞∑
N=0

exp(−βE(0)
N )

=
∑

i

Fi

∞∑
ni=0
〈ni|Qi|ni〉 exp{−β(ni + 1/2)ωi}

∞∑
ni=0

exp{−β(ni + 1/2)ωi}

≡
∑

i

Fi

[
〈Qi〉0

]
= 0. (73)

In the last line, “[. . . ]” now refers to a zeroth-order thermal
average over a single mode, i.e.,

[
〈F̂(Qi)〉0

]
≡

∞∑
ni=0
〈ni|F̂(Qi)|ni〉 exp{−β(ni + 1/2)ωi}

∞∑
ni=0

exp{−β(ni + 1/2)ωi}

, (74)

which can be analytically evaluated for a variety of operators
made of Qi, F̂(Qi). They are tabulated as the thermal Born–
Huang rules13,73 in Table I, whose derivation is found in Ap-
pendix A. Using the second column of this table, we find this
thermal average [Eq. (73)] to be zero.

TABLE I. The thermal Born–Huang rules for the integrals of the type
Eq. (74), where Qi is the ith normal coordinate with frequency ωi

and Bose–Einstein distribution function fi [Eq. (14)]. All other cases
are either zero for a QFF or unnecessary for our objectives. See
Appendix A for the derivation.

[〈∂2/∂Q2
i 〉0] [〈Qi〉0] [〈Q2

i 〉0] [〈Q3
i 〉0] [〈Q4

i 〉0]
−ωi( fi + 1/2) 0 ( fi + 1/2)/ωi 0 3( fi + 1/2)2/ω2

i

The second term in Eq. (72) can be evaluated similarly as

1
2

∑
i

F̄ii

[
〈N |Q2

i |N〉
]

=
1
2

∑
i

F̄ii

[
〈Q2

i 〉0

]
=

1
2

∑
i

F̄ii
fi + 1/2
ωi

=
∑

i

˜̄Fii( fi + 1/2), (75)

where the third column of Table I was consulted with in the
second equality and ˜̄Fii is defined by Eq. (38). This term is
nonzero.

Repeating this process for the remaining terms of Eq. (72),
we find that there are only two other terms that are nonvanish-
ing. The first of them is

1
24

∑
i

Fiiii

[
〈N |Q4

i |N〉
]

=
1
24

∑
i

Fiiii

[
〈Q4

i 〉0

]
=

1
2

∑
i

F̃iiii( fi + 1/2)2, (76)

where the last column of Table I was used and F̃iiii is given by
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Eq. (37). The other nonvanishing term is

1
8

i, j∑
i, j

Fii j j

[
〈N|Q2

i Q2
j |N〉

]

=
1
8

i, j∑
i, j

Fii j j

∞∑
ni=0
〈ni|Q2

i |ni〉 exp{−β(ni + 1/2)ωi}

∞∑
ni=0

exp{−β(ni + 1/2)ωi}

×

∞∑
n j=0
〈n j|Q2

j |n j〉 exp{−β(n j + 1/2)ω j}

∞∑
n j=0

exp{−β(n j + 1/2)ω j}

=
1
8

i, j∑
i, j

Fii j j

[
〈Q2

i 〉0

] [
〈Q2

j〉0

]
=

1
8

i, j∑
i, j

Fii j j
fi + 1/2
ωi

f j + 1/2
ω j

=
1
2

i, j∑
i, j

F̃ii j j( fi + 1/2)( f j + 1/2). (77)

Summing the above two equations, we obtain

1
24

∑
i

Fiiii

[
〈N |Q4

i |N〉
]

+
1
8

i, j∑
i, j

Fii j j

[
〈N |Q2

i Q2
j |N〉

]
=

1
2

∑
i

F̃iiii( fi + 1/2)2 +
1
2

i, j∑
i, j

F̃ii j j( fi + 1/2)( f j + 1/2)

=
1
2

∑
i, j

F̃ii j j( fi + 1/2)( f j + 1/2). (78)

This is the simplest example of the lifting of summation index
restrictions as multiple terms are consolidated. For higher-
order perturbation contributions, reorganizing terms to lift
summation index restrictions is an extremely arduous task.
We introduce canonical forms of the thermal Born–Huang
rules to facilitate this process, which are summarized in Table
II and justified in Appendix B. For these two terms, canonical
form (1) of Table II is salient. Substitution of this into Eq. (76)
early will expedite the consolidation process.

That all the other terms in Eq. (72) vanish can be inferred
from Table I.

Collecting all nonvanishing terms, we obtain the final sum-
over-modes analytical formula for Ω(1) as

Ω(1) =
∑

i

˜̄Fii( fi + 1/2)

+
1
2

∑
i, j

F̃ii j j( fi + 1/2)( f j + 1/2) (79)

≡
[
E(1)

N

]
L
, (80)

which is linked. Algebraically, an unlinked term is a simple
product (as opposed to a contraction with at least one common
summation index) of two or more extensive quantities and,
therefore, increases superlinearly with system size.14 Neither
term in Eq. (79) can be written as such and, therefore, Ω(1) is
linked and size-consistent. This is indicated by subscript L in
Eq. (80).

D. First-order correction to the internal energy

From the recursion for U(n) [Eq. (19)], we immediately ob-
tain the sum-over-states formula for U(1) as

U(1) =
[
E(1)

N

]
− β

([
E(1)

N E(0)
N

]
−Ω(1)U(0)

)
. (81)

We have already reduced the first term of the right-hand side
in Sec. IV C.

Using Eq. (39), we can rewrite the second term as[
E(1)

N E(0)
N

]
=

[
Tr

(
E(1)P̂0E(0)

)]
+

[
Tr

(
E(1)P̂1E(0)

)]
+

[
Tr

(
E(1)P̂2E(0)

)]
+

[
Tr

(
E(1)P̂3E(0)

)]
+

[
Tr

(
E(1)P̂4E(0)

)]
=

[
Tr

(
E(1)P̂0E(0)

)]
=

[
〈N |V̂ (1)P̂0Ĥ(0)|N〉

]
=

[
〈N |V̂ (1)|N〉〈N |Ĥ(0)|N〉

]
, (82)

where we assumed a QFF in the first equality and used the fact
that E(0) is diagonal and, therefore, E(1)P̂iE(0) = 0 for i ≥ 1.

Recalling the definition of Ĥ(0) [Eq. (7)] and keeping only
those terms in V̂ (1) that give rise to nonvanishing results (see
below for a justification), we can expand the last expression
as

[
〈N |V̂ (1)|N〉〈N |Ĥ(0)|N〉

]
=

〈N | 12 ∑
i

F̄iiQ2
i +

1
8

i, j∑
i, j

Fii j jQ2
i Q2

j +
1

24

∑
i

FiiiiQ4
i |N〉〈N| −

1
2

∑
k

∂2

∂Q2
k

+ Vref +
1
2

∑
k

ω2
k Q2

k |N〉


= −

1
4

∑
i,k

F̄ii

〈N |Q2
i |N〉〈N |

∂2

∂Q2
k

|N〉
 +

1
4

∑
i,k

F̄iiω
2
k

[
〈N |Q2

i |N〉〈N |Q
2
k |N〉

]
+

〈N| 18
i, j∑
i, j

Fii j jQ2
i Q2

j +
1

24

∑
i

FiiiiQ4
i |N〉〈N | −

1
2

∑
k

∂2

∂Q2
k

+
1
2

∑
k

ω2
k Q2

k |N〉

 + Ω(1)Vref , (83)
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TABLE II. Canonical forms of the thermal Born–Huang rules. See Eq. (86) for the definition of the thermal averages and Eq. (A12) for their
permutation symmetry.

Original form Canonical form
(1) [〈Q4

i 〉0] = 3[〈Q2
i 〉0][〈Q2

i 〉0]
(2) [〈Q2

i 〉0〈Q
2
i 〉0] = [〈Q2

i 〉0][〈Q2
i 〉0] + 4[〈Qi〉1〈Qi〉−1][〈Qi〉−1〈Qi〉1]

(3) [〈Q2
i 〉2〈Q

2
i 〉−2] = 2[〈Qi〉1〈Qi〉−1][〈Qi〉1〈Qi〉−1]

(4) [〈Q2
i 〉−2〈Q2

i 〉2] = 2[〈Qi〉−1〈Qi〉1][〈Qi〉−1〈Qi〉1]
(5) [〈Q2

i 〉0〈∂
2/∂Q2

i 〉0] = [〈Q2
i 〉0][〈∂2/∂Q2

i 〉0] − 4ω2
i [〈Qi〉1〈Qi〉−1][〈Qi〉−1〈Qi〉1]

(6) [〈Q2
i 〉2〈∂

2/∂Q2
i 〉−2] = 2ω2

i [〈Qi〉1〈Qi〉−1][〈Qi〉1〈Qi〉−1]
(7) [〈Q2

i 〉−2〈∂
2/∂Q2

i 〉2] = 2ω2
i [〈Qi〉−1〈Qi〉1][〈Qi〉−1〈Qi〉1]

(8) [〈Qi〉1〈Q3
i 〉−1] = 3[〈Qi〉1〈Qi〉−1][〈Q2

i 〉0]
(9) [〈Qi〉−1〈Q3

i 〉1] = 3[〈Qi〉−1〈Qi〉1][〈Q2
i 〉0]

(10) [〈Q4
i 〉0〈Q

2
i 〉0] = 24[〈Qi〉1〈Qi〉−1][〈Qi〉−1〈Qi〉1][〈Q2

i 〉0] + 3[〈Q2
i 〉0][〈Q2

i 〉0][〈Q2
i 〉0]

(11) [〈Q4
i 〉2〈Q

2
i 〉−2] = 12[〈Qi〉1〈Qi〉−1][〈Qi〉1〈Qi〉−1][〈Q2

i 〉0]
(12) [〈Q4

i 〉−2〈Q2
i 〉2] = 12[〈Qi〉−1〈Qi〉1][〈Qi〉−1〈Qi〉1][〈Q2

i 〉0]
(13) [〈Q4

i 〉0〈∂
2/∂Q2

i 〉0] = 24[〈Qi〉1〈Qi〉−1][〈Qi〉−1〈Qi〉1][〈∂2/∂Q2
i 〉0] + 3[〈Q2

i 〉0][〈Q2
i 〉0][〈∂2/∂Q2

i 〉0]
(14) [〈Q4

i 〉2〈∂
2/∂Q2

i 〉−2] = −12[〈Qi〉1〈Qi〉−1][〈Qi〉1〈Qi〉−1][〈∂2/∂Q2
i 〉0]

(15) [〈Q4
i 〉−2〈∂

2/∂Q2
i 〉2] = −12[〈Qi〉−1〈Qi〉1][〈Qi〉−1〈Qi〉1][〈∂2/∂Q2

i 〉0]
(16) [〈Q3

i 〉1〈Q
3
i 〉−1] = 9[〈Qi〉1〈Qi〉−1][〈Q2

i 〉0][〈Q2
i 〉0] + 18[〈Qi〉1〈Qi〉−1][〈Qi〉1〈Qi〉−1][〈Qi〉−1〈Qi〉1]

(17) [〈Q3
i 〉3〈Q

3
i 〉−3] = 6[〈Qi〉1〈Qi〉−1][〈Qi〉1〈Qi〉−1][〈Qi〉1〈Qi〉−1]

(18) [〈Q3
i 〉−1〈Q3

i 〉1] = 9[〈Qi〉−1〈Qi〉1][〈Q2
i 〉0][〈Q2

i 〉0] + 18[〈Qi〉−1〈Qi〉1][〈Qi〉−1〈Qi〉1][〈Qi〉1〈Qi〉−1]
(19) [〈Q3

i 〉−3〈Q3
i 〉3] = 6[〈Qi〉−1〈Qi〉1][〈Qi〉−1〈Qi〉1][〈Qi〉−1〈Qi〉1]

(20) [〈Q4
i 〉0〈Q

4
i 〉0] = 144[〈Qi〉1〈Qi〉−1][〈Qi〉−1〈Qi〉1][〈Q2

i 〉0][〈Q2
i 〉0] + 144[〈Qi〉1〈Qi〉−1][〈Qi〉−1〈Qi〉1][〈Qi〉1〈Qi〉−1][〈Qi〉−1〈Qi〉1]

+9[〈Q2
i 〉0][〈Q2

i 〉0][〈Q2
i 〉0][〈Q2

i 〉0]
(21) [〈Q4

i 〉2〈Q
4
i 〉−2] = 72[〈Qi〉1〈Qi〉−1][〈Qi〉1〈Qi〉−1][〈Q2

i 〉0][〈Q2
i 〉0] + 96[〈Qi〉1〈Qi〉−1][〈Qi〉1〈Qi〉−1][〈Qi〉1〈Qi〉−1][〈Qi〉−1〈Qi〉1]

(22) [〈Q4
i 〉4〈Q

4
i 〉−4] = 24[〈Qi〉1〈Qi〉−1][〈Qi〉1〈Qi〉−1][〈Qi〉1〈Qi〉−1][〈Qi〉1〈Qi〉−1]

(23) [〈Q4
i 〉−2〈Q4

i 〉2] = 72[〈Qi〉−1〈Qi〉1][〈Qi〉−1〈Qi〉1][〈Q2
i 〉0][〈Q2

i 〉0] + 96[〈Qi〉−1〈Qi〉1][〈Qi〉−1〈Qi〉1][〈Qi〉−1〈Qi〉1][〈Qi〉1〈Qi〉−1]
(24) [〈Q4

i 〉−4〈Q4
i 〉4] = 24[〈Qi〉−1〈Qi〉1][〈Qi〉−1〈Qi〉1][〈Qi〉−1〈Qi〉1][〈Qi〉−1〈Qi〉1]

where we used
[
〈N |V̂ (1)|N〉〈N |Vref |N〉

]
= Ω(1)Vref according to Eq. (71).

Let us first reduce the first term in the right-hand side. We need to consider two cases, i , k and i = k, separately. For the
i , k case, we have

−
1
4

i,k∑
i,k

F̄ii

〈N |Q2
i |N〉〈N|

∂2

∂Q2
k

|N〉


= −
1
4

i,k∑
i,k

F̄ii

∞∑
ni=0
〈ni|Q2

i |ni〉 exp{−β(ni + 1/2)ωi}

∞∑
ni=0

exp{−β(ni + 1/2)ωi}

∞∑
nk=0
〈nk |∂

2/∂Q2
k |nk〉 exp{−β(nk + 1/2)ωk}

∞∑
nk=0

exp{−β(nk + 1/2)ωk}

= −
1
4

i,k∑
i,k

F̄ii

[
〈Q2

i 〉0

] 〈 ∂2

∂Q2
k

〉
0

 = −
1
4

i,k∑
i,k

F̄ii
fi + 1/2
ωi

{−ωk( fk + 1/2)} =
1
2

i,k∑
i,k

˜̄Fiiωk( fi + 1/2)( fk + 1/2), (84)

where we used the first and third columns of Table I in the penultimate equality.
For the i = k case, we must instead write

−
1
4

i=k∑
i,k

F̄ii

〈N |Q2
i |N〉〈N |

∂2

∂Q2
k

|N〉
 = −

1
4

∑
i

F̄ii

∞∑
ni=0
〈ni|Q2

i |ni〉〈ni|∂
2/∂Q2

i |ni〉 exp{−β(ni + 1/2)ωi}

∞∑
ni=0

exp{−β(ni + 1/2)ωi}

= −
1
4

∑
i

F̄ii

〈Q2
i 〉0

〈
∂2

∂Q2
i

〉
0

 = −
1
4

∑
i

F̄ii

−8 f 2
i + 8 fi + 1

4


=

1
4

∑
i

F̄ii

{
( fi + 1/2)2 + fi( fi + 1)

}
=

1
2

∑
i

˜̄Fiiωi( fi + 1/2)2 +
1
2

∑
i

˜̄Fiiωi fi( fi + 1), (85)
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where the one-mode thermal average [〈. . . 〉〈. . . 〉] appearing above is defined by

[
〈F̂(Qi)〉δi〈Ĝ(Qi)〉−δi

]
≡

∑
ni

〈ni|F̂(Qi)|ni − δi〉〈ni − δi|Ĝ(Qi)|ni〉 exp{−β(ni + 1/2)ωi}∑
ni

exp{−β(ni + 1/2)ωi}
, (86)

where F̂(Qi) and Ĝ(Qi) are operators made of Qi, and ni runs
over all appropriate integers. The values of the thermal aver-
ages of this type are summarized in Table III, whose derivation
is given in Appendix A. The third equality of Eq. (85) made
use of this table.

Summing together the two cases [Eqs. (84) and (85)], we
observe that the summation index restrictions are lifted, lead-
ing to the following result without any such restriction:

−
1
4

∑
i,k

F̄ii

〈N |Q2
i |N〉〈N |

∂2

∂Q2
k

|N〉


=
1
2

∑
i,k

˜̄Fiiωk( fi + 1/2)( fk + 1/2) +
1
2

∑
i

˜̄Fiiωi fi( fi + 1).

(87)

The first term in the right-hand side is identified as unlinked
because it is a simple product of two extensive quantities,∑

i
˜̄Fii( fi+1/2) and

∑
k ωk( fk+1/2), and, therefore, it increases

quadratically with size. It is non-size-consistent and expected
to be canceled out somehow to restore size-consistency for a
whole perturbation correction (see below and also Sec. VII for
systematic cancellation at any order). The second term of Eq.
(87) is linked.

The lifting of the summation index restriction is facilitated
by canonical form (5) of Table II (see Appendix B for deriva-
tion), which anticipates the correct breakdown of the factor
(8 f 2

i + 8 fi + 1)/4 = ( fi + 1/2)2 + fi( fi + 1) in the penulti-
mate equality of Eq. (85). We shall illustrate more directly the
utility of the canonical forms starting with the next paragraph.

For the second term in the right-hand side of Eq. (83), we
again need to consider two cases (i , k and i = k) separately.

1
4

∑
i,k

F̄iiω
2
j

[
〈N |Q2

i |N〉〈N |Q
2
k |N〉

]
=

1
4

i,k∑
i,k

F̄iiω
2
k

[
〈N |Q2

i |N〉〈N |Q
2
k |N〉

]
+

1
4

i=k∑
i,k

F̄iiω
2
k

[
〈N |Q2

i |N〉〈N|Q
2
k |N〉

]
=

1
4

i,k∑
i,k

F̄iiω
2
k

[
〈Q2

i 〉0

] [
〈Q2

k〉0

]
+

1
4

∑
i

F̄iiω
2
i

[
〈Q2

i 〉0〈Q
2
i 〉0

]
=

1
4

i,k∑
i,k

F̄iiω
2
k

[
〈Q2

i 〉0

] [
〈Q2

k〉0

]
+

1
4

∑
i

F̄iiω
2
i

[
〈Q2

i 〉0

] [
〈Q2

i 〉0

]
+

∑
i

F̄iiω
2
i

[
〈Qi〉1〈Qi〉−1

][
〈Qi〉−1〈Qi〉1

]
=

1
4

∑
i,k

F̄iiω
2
k

[
〈Q2

i 〉0

] [
〈Q2

k〉0

]
+

∑
i

F̄iiω
2
i

[
〈Qi〉1〈Qi〉−1

][
〈Qi〉−1〈Qi〉1

]
=

1
4

∑
i,k

F̄iiω
2
k

fi + 1/2
ωi

fk + 1/2
ωk

+
∑

i

F̄iiω
2
i

fi( fi + 1)
(2ωi)2

=
1
2

∑
i,k

˜̄Fiiωk( fi + 1/2)( fk + 1/2) +
1
2

∑
i

˜̄Fiiωi fi( fi + 1),

(88)

where canonical form (2) of Table II was used in the third
equality, which lifts instantly the summation index restriction
(i , k) introduced in the beginning. The thermal Born–Huang
rules (Tables I and III) were consulted with in the penultimate
equality.

It is unsurprising that the first and second terms of Eq. (83)
are reduced to the same formula [Eqs. (87) and (88)]. This
is due to the fact that these two terms originate, respectively,

from the kinetic- and potential-energy operators of the same
harmonic oscillator, whose corresponding energies obey the
virial theorem and hence have the equal value.

The first term in the right-hand side of Eq. (88) is unliked
and will be canceled out later (see below), whereas the second
term is linked and will persist.

The third term in the right-hand side of Eq. (83) can be
expanded as
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TABLE III. The thermal Born–Huang rules for the integrals of the type Eq. (86), where Qi is the ith normal coordinate with frequency ωi and
Bose–Einstein distribution function fi [Eq. (14)]. All other cases are either zero for a QFF or unnecessary for our objective. See Appendix A
for the derivation.

δi [〈Qi〉δi 〈Qi〉−δi ] [〈Q2
i 〉δi 〈Q

2
i 〉−δi ] [〈Q2

i 〉δi 〈∂
2/∂Q2

i 〉−δi ] [〈Qi〉δi 〈Q
3
i 〉−δi ]

0 0
8 f 2

i +8 fi+1

4ω2
i

−
8 f 2

i +8 fi+1
4 0

1 fi
2ωi

0 0
6 f 2

i +3 fi
4ω2

i

2 0
f 2
i

2ω2
i

f 2
i
2 0

−1 fi+1
2ωi

0 0
6 f 2

i +9 fi+3

4ω2
i

−2 0 ( fi+1)2

2ω2
i

( fi+1)2

2 0

δi [〈Q4
i 〉δi 〈Q

2
i 〉−δi ] [〈Q4

i 〉δi 〈∂
2/∂Q2

i 〉−δi ] [〈Q3
i 〉δi 〈Q

3
i 〉−δi ] [〈Q4

i 〉δi 〈Q
4
i 〉−δi ]

0
72 f 3

i +108 f 2
i +42 fi+3

8ω3
i

-
72 f 3

i +108 f 2
i +42 fi+3

8ωi
0

864 f 4
i +1728 f 3

i +1080 f 2
i +216 fi+9

16ω4
i

1 0 0
54 f 3

i +54 f 2
i +9 fi

8ω3
i

0

2
6 f 3

i +3 f 2
i

2ω3
i

6 f 3
i +3 f 2

i
2ωi

0
48 f 4

i +48 f 3
i +9 f 2

i
2ω4

i

3 0 0
3 f 3

i
4ω3

i
0

4 0 0 0
3 f 4

i
2ω4

i

−1 0 0
54 f 3

i +108 f 2
i +63 fi+9

8ω3
i

0

−2
6 f 3

i +15 f 2
i +12 fi+3

2ω3
i

6 f 3
i +15 f 2

i +12 fi+3
2ωi

0
48 f 4

i +144 f 3
i +153 f 2

i +66 fi+9

2ω4
i

−3 0 0 3( fi+1)3

4ω3
i

0

−4 0 0 0 3( fi+1)4

2ω4
i

〈N | 18
i, j∑
i, j

Fii j jQ2
i Q2

j +
1
24

∑
i

FiiiiQ4
i |N〉〈N | −

1
2

∑
k

∂2

∂Q2
k

+
1
2

∑
k

ω2
k Q2

k |N〉


=

〈N | 18
i, j∑
i, j

Fii j jQ2
i Q2

j +
1

24

∑
i

FiiiiQ4
i |N〉〈N| −

1
2

∑
k

∂2

∂Q2
k

|N〉

 +

〈N | 18
i, j∑
i, j

Fii j jQ2
i Q2

j +
1

24

∑
i

FiiiiQ4
i |N〉〈N |

1
2

∑
k

ω2
k Q2

k |N〉

 .
(89)

Invoking the same argument given above based on the virial theorem, we expect that the two terms in the right-hand side lead to
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the same reduced formula. Therefore, focusing only on the first term, we can further expand it as〈N | 18
i, j∑
i, j

Fii j jQ2
i Q2

j |N〉〈N | −
1
2

∑
k

∂2

∂Q2
k

|N〉

 +

〈N| 1
24

∑
i

FiiiiQ4
i |N〉〈N | −

1
2

∑
k

∂2

∂Q2
k

|N〉


= −

1
16

i, j,i,k
j,k∑
i, j,k

Fii j j

[
〈Q2

i 〉0

] [
〈Q2

j〉0

] 〈 ∂2

∂Q2
k

〉
0

 − 1
16

i, j,i,k
j=k∑
i, j,k

Fii j j

[
〈Q2

i 〉0

] 〈Q2
j〉0

〈
∂2

∂Q2
j

〉
0

 − 1
16

i, j,i=k
j,k∑
i, j,k

Fii j j

[
〈Q2

j〉0

] 〈Q2
i 〉0

〈
∂2

∂Q2
i

〉
0


−

1
48

i= j,i,k
j,k∑
i, j,k

Fiiii

[
〈Q4

i 〉0

] 〈 ∂2

∂Q2
k

〉
0

 − 1
48

i= j,i=k
j=k∑
i, j,k

Fiiii

〈Q4
i 〉0

〈
∂2

∂Q2
i

〉
0


= −

1
16

i, j,i,k
j,k∑
i, j,k

Fii j j

[
〈Q2

i 〉0

] [
〈Q2

j〉0

] 〈 ∂2

∂Q2
k

〉
0

 − 1
16

i, j,i,k
j=k∑
i, j,k

Fii j j

[
〈Q2

i 〉0

] [
〈Q2

j〉0

] 〈 ∂2

∂Q2
k

〉
0

 − 1
16

i, j,i=k
j,k∑
i, j,k

Fii j j

[
〈Q2

i 〉0

] [
〈Q2

j〉0

] 〈 ∂2

∂Q2
k

〉
0


+

1
2

i, j∑
i, j

Fii j jω
2
j

[
〈Q2

i 〉0

] [
〈Q j〉1〈Q j〉−1

] [
〈Q j〉−1〈Q j〉1

]
−

1
16

i= j,i,k
j,k∑
i, j,k

Fiiii

[
〈Q2

i 〉0

] [
〈Q2

i 〉0

] 〈 ∂2

∂Q2
k

〉
0


−

1
2

i= j∑
i, j

Fiiii

[
〈Qi〉1〈Qi〉−1

][
〈Qi〉−1〈Qi〉1

] 〈 ∂2

∂Q2
i

〉
0

 − 1
16

i= j,i=k
j=k∑
i, j,k

Fiiii

[
〈Q2

i 〉0

] [
〈Q2

i 〉0

] 〈 ∂2

∂Q2
i

〉
0


= −

1
16

∑
i, j,k

Fii j j

[
〈Q2

i 〉0

] [
〈Q2

j〉0

] 〈 ∂2

∂Q2
k

〉
0

 +
1
2

∑
i, j

Fii j jω
2
j

[
〈Q2

i 〉0

] [
〈Q j〉1〈Q j〉−1

] [
〈Q j〉−1〈Q j〉1

]
=

1
4

∑
i, j,k

F̃ii j jωk( fi + 1/2)( f j + 1/2)( fk + 1/2) +
1
2

∑
i, j

F̃ii j jω j( fi + 1/2) f j( f j + 1), (90)

where we used canonical forms (1), (5), and (13) of Table
II in the second equality, which helped lift summation in-
dex restrictions in the penultimate equality. We also invoked
ω2

i [〈Q2
i 〉0] = −[〈∂2/∂Q2

i 〉0] (see Table I) as well as

∑
i, j,k

Xi jk =

i, j,i,k
j,k∑
i, j,k

Xi jk +

i, j,i=k
j,k∑
i, j,k

Xi ji +

i, j,i,k
j=k∑
i, j,k

Xi j j +

i= j,i,k
j,k∑
i, j,k

Xiik

+

i= j,i=k
j=k∑
i, j,k

Xiii, (91)

where Xi jk is a general summand (no index permutation sym-
metry is assumed). The last equality of Eq. (90) follows from
the thermal Born–Huang rules (Tables I and III).

An inspection into Tables I and III indicates that the terms
in V̂ (1) appearing in Eq. (83) exhaust all cases of nonvanishing
contributions. Remembering that the second term of Eq. (89)
should lead to the same reduced expression as Eq. (90), we

gather all the terms and find[
E(1)

N E(0)
N

]
=

∑
i,k

˜̄Fiiωk( fi + 1/2)( fk + 1/2)

+
∑

i

˜̄Fiiωi fi( fi + 1)

+
1
2

∑
i, j,k

F̃ii j jωk( fi + 1/2)( f j + 1/2)( fk + 1/2)

+
∑
i, j

F̃ii j jω j( fi + 1/2) f j( f j + 1)

+Ω(1)Vref

=
∑

i

˜̄Fiiωi fi( fi + 1)

+
∑
i, j

F̃ii j jω j( fi + 1/2) f j( f j + 1) + Ω(1)U(0)

≡
[
E(1)

N E(0)
N

]
L

+ Ω(1)U(0), (92)

where the reduced analytical formulas for Ω(1) [Eq. (79)] and
U(0) [Eq. (12)] were used. The unlinked terms add up to be-
come Ω(1)U(0) (which is quadratic with system size and non-
size-consistent). The rest of the terms consist in the linked
part of [E(1)

N E(0)
N ], which is indicated by subscript L.

Going back to Eq. (81), we obtain the sum-over-modes an-
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alytical formula of U(1) as

U(1) =
[
E(1)

N

]
− β

([
E(1)

N E(0)
N

]
−Ω(1)U(0)

)
=

∑
i

˜̄Fii( fi + 1/2) +
1
2

∑
i, j

F̃ii j j( fi + 1/2)( f j + 1/2)

−β
∑

i

˜̄Fiiωi fi( fi + 1)

−β
∑
i, j

F̃ii j jω j( fi + 1/2) f j( f j + 1) (93)

≡
[
E(1)

N

]
L
− β

[
E(1)

N E(0)
N

]
L
, (94)

where the exact cancellation of unlinked terms takes place,
leaving only linked contributions. Therefore, U(1) is diagram-
matically size-consistent and written symbolically as Eq. (94).

An alternative derivation of U(1) relies on Eq. (3). Identi-
fying the nth λ-derivative as the nth-order perturbation cor-
rection [Eq. (16)], we immediately obtain the same sum-over-
modes formula as

U(1) = Ω(1) + β
∂Ω(1)

∂β

=
∑

i

˜̄Fii( fi + 1/2) +
1
2

∑
i, j

F̃ii j j( fi + 1/2)( f j + 1/2)

−β
∑

i

˜̄Fiiωi fi( fi + 1)

−β
∑
i, j

F̃ii j jω j( fi + 1/2) f j( f j + 1), (95)

where we used Eq. (79) for Ω(1) and

∂ fi
∂β

= −ωi fi( fi + 1). (96)

E. Second-order correction to the grand potential

From the recursion of Eq. (17), the sum-over-states analyt-
ical formula for Ω(2) is obtained as

Ω(2) =
[
E(2)

N

]
−
β

2

([
E(1)

N E(1)
N

]
−Ω(1)Ω(1)

)
. (97)

Each term can then be reduced to a sum-over-modes analytical
formula by evaluating the thermal averages using the thermal
Born–Huang rules (Tables I and III) and then by consolidating
the resulting terms with the aid of the canonical forms (Table
II). After tedious, but straightforward algebraic manipulations
described in Appendixes C and D, we can formally write

Ω(2) =
[
E(2)

N

]
L
−
β

2

([
E(1)

N E(1)
N

]
L

+
[
E(1)

N

]
L

[
E(1)

N

]
L
−Ω(1)Ω(1)

)
=

[
E(2)

N

]
L
−
β

2

[
E(1)

N E(1)
N

]
L
. (98)

The exact cancellation of the unlinked terms takes place and
leaves only the linked, and thus size-consistent contributions.
In a QFF, according to Eqs. (C35) and (D14), the final formula
reads
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Ω(2) =

denom.,0∑
i

F̃iF̃i

ωi
fi +

denom.,0∑
i

F̃iF̃i

−ωi
( fi + 1) + 2

denom.,0∑
i, j

F̃iF̃i j j

ωi
fi( f j + 1/2) + 2

denom.,0∑
i, j

F̃iF̃i j j

−ωi
( fi + 1)( f j + 1/2)

+

denom.,0∑
i, j,k

F̃i j jF̃ikk

ωi
fi( f j + 1/2)( fk + 1/2) +

denom.,0∑
i, j,k

F̃i j jF̃ikk

−ωi
( fi + 1)( f j + 1/2)( fk + 1/2) +

1
2

denom.,0∑
i, j

˜̄Fi j
˜̄Fi j

ωi + ω j
fi f j

+
1
2

denom.,0∑
i, j

˜̄Fi j
˜̄Fi j

−ωi − ω j
( fi + 1)( f j + 1) +

denom.,0∑
i, j,k

˜̄Fi jF̃i jkk

ωi + ω j
fi f j( fk + 1/2) +

denom.,0∑
i, j,k

˜̄Fi jF̃i jkk

−ωi − ω j
( fi + 1)( f j + 1)( fk + 1/2)

+
1
2

denom.,0∑
i, j,k,l

F̃i jkkF̃i jll

ωi + ω j
fi f j( fk + 1/2)( fl + 1/2) +

1
2

denom.,0∑
i, j,k,l

F̃i jkkF̃i jll

−ωi − ω j
( fi + 1)( f j + 1)( fk + 1/2)( fl + 1/2)

+

denom.,0∑
i, j

˜̄Fi j
˜̄Fi j

ωi − ω j
fi( f j + 1) + 2

denom.,0∑
i, j,k

˜̄Fi jF̃i jkk

ωi − ω j
fi( f j + 1)( fk + 1/2) +

denom.,0∑
i, j,k,l

F̃i jkkF̃i jll

ωi − ω j
fi( f j + 1)( fk + 1/2)( fl + 1/2)

+
1
6

denom.,0∑
i, j,k

F̃i jkF̃i jk

ωi + ω j + ωk
fi f j fk +

1
6

denom.,0∑
i, j,k

F̃i jkF̃i jk

−ωi − ω j − ωk
( fi + 1)( f j + 1)( fk + 1) +

1
2

denom.,0∑
i, j,k

F̃i jkF̃i jk

ωi + ω j − ωk
fi f j( fk + 1)

+
1
2

denom.,0∑
i, j,k

F̃i jkF̃i jk

−ωi − ω j + ωk
( fi + 1)( f j + 1) fk +

1
24

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

ωi + ω j + ωk + ωl
fi f j fk fl

+
1

24

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

−ωi − ω j − ωk − ωl
( fi + 1)( f j + 1)( fk + 1)( fl + 1) +

1
6

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

ωi + ω j + ωk − ωl
fi f j fk( fl + 1)

+
1
6

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

−ωi − ω j − ωk + ωl
( fi + 1)( f j + 1)( fk + 1) fl +

1
4

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

ωi + ω j − ωk − ωl
fi f j( fk + 1)( fl + 1)

−
β

2

denom.=0∑
i

F̃iF̃i fi −
β

2

denom.=0∑
i

F̃iF̃i( fi + 1) − β
denom.=0∑

i, j

F̃iF̃i j j fi( f j + 1/2) − β
denom.=0∑

i, j

F̃iF̃i j j( fi + 1)( f j + 1/2)

−
β

2

denom.=0∑
i, j,k

F̃i j jF̃ikk fi( f j + 1/2)( fk + 1/2) −
β

2

denom.=0∑
i, j,k

F̃i j jF̃ikk( fi + 1)( f j + 1/2)( fk + 1/2) −
β

4

denom.=0∑
i, j

˜̄Fi j
˜̄Fi j fi f j

−
β

4

denom.=0∑
i, j

˜̄Fi j
˜̄Fi j( fi + 1)( f j + 1) −

β

2

denom.=0∑
i, j,k

˜̄Fi jF̃i jkk fi f j( fk + 1/2) −
β

2

denom.=0∑
i, j,k

˜̄Fi jF̃i jkk( fi + 1)( f j + 1)( fk + 1/2)

−
β

4

denom.=0∑
i, j,k,l

F̃i jkkF̃i jll fi f j( fk + 1/2)( fl + 1/2) −
β

4

denom.=0∑
i, j,k,l

F̃i jkkF̃i jll( fi + 1)( f j + 1)( fk + 1/2)( fl + 1/2)

−
β

2

denom.=0∑
i, j

˜̄Fi j
˜̄Fi j fi( f j + 1) − β

denom.=0∑
i, j,k

˜̄Fi jF̃i jkk fi( f j + 1)( fk + 1/2) −
β

2

denom.=0∑
i, j,k,l

F̃i jkkF̃i jll fi( f j + 1)( fk + 1/2)( fl + 1/2)

−
β

12

denom.=0∑
i, j,k

F̃i jkF̃i jk fi f j fk −
β

12

denom.=0∑
i, j,k

F̃i jkF̃i jk( fi + 1)( f j + 1)( fk + 1) −
β

4

denom.=0∑
i, j,k

F̃i jkF̃i jk fi f j( fk + 1)

−
β

4

denom.=0∑
i, j,k

F̃i jkF̃i jk( fi + 1)( f j + 1) fk −
β

48

denom.=0∑
i, j,k,l

F̃i jklF̃i jkl fi f j fk fl

−
β

48

denom.=0∑
i, j,k,l

F̃i jklF̃i jkl( fi + 1)( f j + 1)( fk + 1)( fl + 1) −
β

12

denom.=0∑
i, j,k,l

F̃i jklF̃i jkl fi f j fk( fl + 1)

−
β

12

denom.=0∑
i, j,k,l

F̃i jklF̃i jkl( fi + 1)( f j + 1)( fk + 1) fl −
β

8

denom.=0∑
i, j,k,l

F̃i jklF̃i jkl fi f j( fk + 1)( fl + 1), (99)

where the corresponding terms in [E(2)
N ]L and [E(1)

N E(1)
N ]L are listed in the same order, so that the fictitious denominators
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in the latter (which are required to be zero) can be inferred
from the existing denominators in the former (which must be
nonzero). The terms with no denominator (or those with a
fictitious denominator) are divided by kBT (or multiplied by
β) to restore the correct dimension of energy. Diagrammat-
ically, they correspond to the so-called anomalous diagrams,
of which one or more resolvent lines are erased (see below).

F. Second-order correction to the internal energy

From Eq. (19), we obtain the sum-over-states analytical for-
mula of U(2) as

U(2) =
[
E(2)

N

]
− β

([
E(1)

N E(1)
N

]
−Ω(1)U(1)

)
−β

([
E(2)

N E(0)
N

]
−Ω(2)U(0)

)
+
β2

2

([
E(1)

N E(1)
N E(0)

N

]
−Ω(1)Ω(1)U(0)

)
. (100)

The first three thermal averages can be algebraically trans-
formed to sum-over-modes analytical formulas in much the
same way U(1) and Ω(2) were reduced using Tables I–III.
However, the last thermal average is taken over the product
of three matrices, i.e.,[

E(1)
N E(1)

N E(0)
N

]
=

[
Tr

(
E(1)P̂E(1)P̂E(0)

) ]
, (101)

and in order to process this using the same strategy, we will
need to extend both the thermal Born–Huang rules and their
canonical forms to ternary products. This poses a severe lim-
itation of the algebraic reduction method, which is shared by
the electronic case,88,90 where new Boltzmann sum rules need
to be discovered every time the perturbation order is raised.

An alternative algebraic reduction starts from

U(2) = Ω(2) + β
∂Ω(2)

∂β
(102)

with Eq. (96). We can thus arrive at the reduced formula of
U(2) by a mechanical application of Eq. (96) to each term of
the Ω(2) formula [Eq. (99)], which will not be reproduced here.

It may be tempting to think that the cancellation of unlinked
terms completes within each pair of parentheses in Eq. (100),
but this is not the case. Cancellations occur, instead, across all
terms except for the first term. Specifically, substituting[

E(2)
N

]
=

[
E(2)

N

]
L
, (103)[

E(1)
N E(1)

N

]
=

[
E(1)

N E(1)
N

]
L

+
[
E(1)

N

]
L

[
E(1)

N

]
L
, (104)[

E(2)
N E(0)

N

]
=

[
E(2)

N E(0)
N

]
L

+
[
E(2)

N

]
L

[
E(0)

N

]
L
, (105)[

E(1)
N E(1)

N E(0)
N

]
=

[
E(1)

N E(1)
N E(0)

N

]
L

+
[
E(1)

N E(1)
N

]
L

[
E(0)

N

]
L

+2
[
E(1)

N E(0)
N

]
L

[
E(1)

N

]
L

+
[
E(1)

N

]
L

[
E(1)

N

]
L

[
E(0)

N

]
L
,

(106)

into Eq. (100), and also using

U(0) =
[
E(0)

N

]
L
, (107)

Ω(1) =
[
E(1)

N

]
L
, (108)

U(1) =
[
E(1)

N

]
L
− β

[
E(1)

N E(0)
N

]
L
, (109)

Ω(2) =
[
E(2)

N

]
L
−
β

2

[
E(1)

N E(1)
N

]
L
, (110)

we get

U(2) =
[
E(2)

N

]
− β

[
E(1)

N E(1)
N

]
L
− β

[
E(2)

N E(0)
N

]
L

+
β2

2

[
E(1)

N E(1)
N E(0)

N

]
L
, (111)

proving the size-consistency of U(2). See Sec. VII for a linked-
diagram theorem, showing that the cancellation occurs sys-
tematically at any perturbation order.

V. NORMAL-ORDERED SECOND-QUANTIZED REDUCTION

In this section, we derive the reduced analytical formulas of
Ω(n) and U(n) in a QFF using normal-ordered second quanti-
zation at finite temperature, starting from the same sum-over-
states formulas obtained from the recursions of Sec. III. This
may be contrasted with the purely algebraic reduction in Sec.
IV. The reader is referred to Appendix E for the rules of nor-
mal ordering and their rigorous derivations including a proof
of thermal Wick’s theorem.

A. First-order correction to the grand potential

From the recursion [Eq. (17)] and the degenerate RSPT [Eq.
(21)], we write

Ω(1) =
[
E(1)

N

]
=

[
〈N |V̂ (1)|N〉

]
= EXVSCF(T ) − Vref −

∑
i

ωi ( fi + 1/2) , (112)

where we used the rule of normal-ordered second quantiza-
tion that a thermal average of normal-ordered operators is
zero; hence, the only surviving contribution comes from the
constant part of the finite-temperature normal-ordered form
of V̂ (1) given in Eq. (E52).

Recalling the finite-temperature XVSCF energy expression
[Eq. (E46)] and the definition of ˜̄Fi j [Eq. (38)], we see that
the above reduced formula of Ω(1) is the same as Eq. (79).
Not only is the same final formula obtained instantly by nor-
mal ordering (because much of the reduction efforts are pre-
paid), but also the final expression is more informative about
the connection between the first-order many-body perturba-
tion theory and XVSCF both at finite temperature. The latter
point is more fully discussed in Sec. IX.
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B. First-order correction to the internal energy

The sum-over-states formula of U(1) is given by Eq. (81).
The first term has already been simplified in Eq. (112), and

the third term does not need any action. Only the second term
needs to be reduced by normal ordering:

[
E(1)

N E(0)
N

]
=

[
〈N |V̂ (1)P̂Ĥ(0)|N〉

]
=

[
〈N|

(
EXVSCF(T ) − Vref −

∑
i

ωi( fi + 1/2)
)

P̂0

(
Vref +

∑
i

ωi( fi + 1/2)
)
|N〉

]
+

[∑
i, j,k

〈N |Wi j{âiâ
†

j }P̂2ωk{âkâ†k}|N〉
]

= Ω(1)U(0) +
[ denom.=0∑

p,q

∑
i, j,k

〈N|Wi j{âiâ
†

j }{âpâ†q}|N〉〈N |{âqâ†p}ωk{âkâ†k}|N〉
]

= Ω(1)U(0) +
∑

i

Wiiωi fi( fi + 1), (113)

where Eqs. (E52) and (E51) were substituted for V̂ (1) and Ĥ(0),
respectively. Only the constant part and

∑
i, j Wi j{âiâ

†

j } term in
V̂ (1) can lead to nonzero full contractions because Ĥ(0) also
has a constant part and

∑
k ωk{âkâ†k} term. In the penultimate

equality, the Ω(1) and U(0) expressions in Eqs. (112) and (12)
were used. In the last two equalities, the Wick contraction
rules for a projection operator discussed in Appendix E 6 were
invoked. The “denom.=0” restriction in this case demands
ωp − ωq = ωi − ωi = 0, which is automatically fulfilled, and
is, therefore, removed in the final expression.

Substituting the above and Eq. (112) into the sum-over-
states formula of U(1) [Eq. (81)], we obtain

U(1) = EXVSCF(T ) − Vref −
∑

i

ωi ( fi + 1/2)

−β
∑

i

Wiiωi fi( fi + 1), (114)

which is equal to Eq. (93), when the definitions of EXVSCF(T )
[Eq. (E46)] and Wi j [Eq. (E48)] truncated after quartic force
constants are substituted. Not only is the reduction process
far more expedient than the algebraic reduction in Sec. IV,
but it also leads directly to the final formulas that are writ-
ten in a more compact form given in terms of the XVSCF
energy and dressed force constants. This is reminiscent of the
electronic case,41,67 where the most streamlined analytical for-
mulas written with the (finite-temperature) HF quantities are
obtained directly and expediently by the (finite-temperature)
normal ordering.

C. Second-order correction to the grand potential

Let us first break down the sum-over-states formula of Ω(2)

[Eq.(97)] as follows:

Ω(2) =
[
E(2)

N

]
−
β

2

([
E(1)

N E(1)
N

]
−Ω(1)Ω(1)

)
=

[
〈N |V̂ (1)R̂V̂ (1)|N〉

]
−
β

2

([
〈N |V̂ (1)P̂V̂ (1)|N〉

]
−Ω(1)Ω(1)

)
=

[
〈N|V̂ (1)R̂1V̂ (1)|N〉

]
−
β

2

[
〈N |V̂ (1)P̂1V̂ (1)|N〉

]
+
[
〈N |V̂ (1)R̂2V̂ (1)|N〉

]
−
β

2

[
〈N |V̂ (1)P̂2V̂ (1)|N〉

]
+
[
〈N |V̂ (1)R̂3V̂ (1)|N〉

]
−
β

2

[
〈N |V̂ (1)P̂3V̂ (1)|N〉

]
+
[
〈N |V̂ (1)R̂4V̂ (1)|N〉

]
−
β

2

[
〈N |V̂ (1)P̂4V̂ (1)|N〉

]
−
β

2

([
〈N |V̂ (1)P̂0V̂ (1)|N〉

]
−Ω(1)Ω(1)

)
, (115)

in the case of a QFF. See Sec. IV B for the definitions of P̂n
and R̂n. Closely related terms are placed in the same line.

Each thermal average in the right-hand side can be reduced
by a mechanical application of the rules of normal-ordered
second quantization (see Appendix E). For instance, the first
term of Eq. (115) is evaluated as[

〈N |V̂ (1)R̂1V̂ (1)|N〉
]

=
[ denom.,0∑

p

∑
i,a

〈N |Wi{â
†

i }{âp}|N〉〈N|{â
†
p}{âa}Wa|N〉

ωp

]

+
[ denom.,0∑

p

∑
i,a

〈N |Wi{âi}{â
†
p}|N〉〈N |{âp}{â

†
a}Wa|N〉

−ωp

]
=

denom.,0∑
i

WiWi

ωi
fi +

denom.,0∑
i

WiWi

−ωi
( fi + 1), (116)

where the rules pertaining the resolvent operator described in
Appendix E 6 were used. Recalling the definition of Wi in
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Eq. (E47), we see that the above two terms encompass the
first six terms (or all terms sharing the same denominators) of
Eq. (99). It again attests to the better organization of the final
expressions automatically achieved by normal ordering.

The second term of Eq. (115) is reduced similarly:

−
β

2

[
〈N |V̂ (1)P̂1V̂ (1)|N〉

]
= −

β

2

[ denom.=0∑
p

∑
i,a

〈N |Wi{â
†

i }{âp}|N〉〈N |{â†p}{âa}Wa|N〉
]

−
β

2

[ denom.=0∑
p

∑
i,a

〈N |Wi{âi}{â†p}|N〉〈N |{âp}{â†a}Wa|N〉
]

= −
β

2

denom.=0∑
i

WiWi fi −
β

2

denom.=0∑
i

WiWi( fi + 1), (117)

where “denom.=0” means that the fictitious denominators
gleaned from the corresponding terms of Eq. (116) are zero,
i.e., ωi = 0. They account for the first six denominatorless
terms of Eq. (99).

It is clear that the reduced analytical formula for the second
term in each line of Eq. (115) can be readily inferred from
the formula for the first term in the same line. Specifically
the former is obtained by removing all denominators and then
replacing “denom.,0” by “denom.=0.” Hereafter, we shall,
therefore, focus on the first term of each line in Eq. (115).

The third term of Eq. (115) is transformed as

[
〈N |V̂ (1)R̂2V̂ (1)|N〉

]
=

1
2!2!2!


denom.,0∑

p,q

∑
i, j,a,b

〈N |Wi j{â
†

i â†j }{âpâq}|N〉〈N |{â
†
qâ†p}{âaâb}Wab|N〉

ωp + ωq

 × 4

+
1

2!2!2!


denom.,0∑

p,q

∑
i, j,a,b

〈N |Wi j{âiâ j}{â
†
pâ†q}|N〉〈N |{âqâp}{â

†
aâ†b}Wab|N〉

−ωp − ωq

 × 4

+


denom.,0∑

p,q

∑
i, j,a,b

〈N |Wi j{âiâ
†

j }{âpâ†q}|N〉〈N |{âqâ†p}{âaâ†b}Wab|N〉

ωp − ωq


=

1
2

denom.,0∑
i, j

Wi jWi j

ωi + ω j
fi f j +

1
2

denom.,0∑
i, j

Wi jWi j

−ωi − ω j
( fi + 1)( f j + 1) +

denom.,0∑
i, j

Wi jWi j

−ωi + ω j
( fi + 1) f j, (118)

where “×4” means that there are four distinct, equal-valued full contractions, given the permutation symmetry of Wi j (see
Appendix E 6 for the subtlety arising from the p , q versus p = q cases). They encompass the seventh through fifteenth terms
(sharing the same denominators) of Eq. (99). The fourth term of Eq. (115) can be reduced analogously, leading to a similar
formula in which all denominators are stripped and every “denom.,0” restriction is replaced by “denom.=0,” whose fictitious
denominators are the ones that have been removed.
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The fifth term of Eq. (115) is evaluated as

[
〈N|V̂ (1)R̂3V̂ (1)|N〉

]
=

1
3!3!3!


denom.,0∑

p,q,r

∑
i, j,k
a,b,c

〈N |Wi jk{â
†

i â†j â
†

k}{âpâqâr}|N〉〈N|{â
†
r â†qâ†p}{âaâbâc}Wabc|N〉

ωp + ωq + ωr

 × 36

+
1

3!3!3!


denom.,0∑

p,q,r

∑
i, j,k
a,b,c

〈N |Wi jk{âiâ jâk}{â
†
pâ†qâ†r }|N〉〈N |{ârâqâp}{â

†
aâ†bâ†c}Wabc|N〉

−ωp − ωq − ωr

 × 36

+
1

2!2!2!


denom.,0∑

p,q,r

∑
i, j,k
a,b,c

〈N |Wi jk{âiâ
†

j â
†

k}{âpâqâ†r }|N〉〈N |{ârâ
†
qâ†p}{âaâbâ†c}Wabc|N〉

ωp + ωq − ωr

 × 4

+
1

2!2!2!


denom.,0∑

p,q,r

∑
i, j,k
a,b,c

〈N |Wi jk{â
†

i â jâk}{â
†
pâ†qâr}|N〉〈N |{â

†
r âqâp}{â

†
aâ†bâc}Wabc|N〉

−ωp − ωq + ωr

 × 4

=
1
6

denom.,0∑
i, j,k

Wi jkWi jk

ωi + ω j + ωk
fi f j fk +

1
6

denom.,0∑
i, j,k

Wi jkWi jk

−ωi − ω j − ωk
( fi + 1)( f j + 1)( fk + 1)

+
1
2

denom.,0∑
i, j,k

Wi jkWi jk

−ωi + ω j + ωk
( fi + 1) f j fk +

1
2

denom.,0∑
i, j,k

Wi jkWi jk

ωi − ω j − ωk
fi( f j + 1)( fk + 1), (119)

which is equal to the sum of the sixteenth through nineteenth terms of Eq. (99). The sixth term of Eq. (115) is the same as above,
but without the denominators, which (i.e., fictitious denominators) are required to be zero.
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The seventh term of Eq. (115) is transformed similarly:

[
〈N |V̂ (1)R̂4V̂ (1)|N〉

]
=

1
4!4!4!


denom.,0∑

p,q,r,s

∑
i, j,k,l

a,b,c,d

〈N |Wi jkl{â
†

i â†j â
†

k â†l }{âpâqârâs}|N〉〈N |{â
†
s â†r â†qâ†p}{âaâbâcâd}Wabcd |N〉

ωp + ωq + ωr + ωs

 × 576

+
1

4!4!4!


denom.,0∑

p,q,r,s

∑
i, j,k,l

a,b,c,d

〈N|Wi jkl{âiâ jâkâl}{â
†
pâ†qâ†r â†s}|N〉〈N |{âsârâqâp}{â

†
aâ†bâ†c â†d}Wabcd |N〉

−ωp − ωq − ωr − ωs

 × 576

+
1

3!3!3!


denom.,0∑

p,q,r,s

∑
i, j,k,l

a,b,c,d

〈N|{Wi jklâiâ
†

j â
†

k â†l }{âpâqârâ
†
s}|N〉〈N |{âsâ

†
r â†qâ†p}{âaâbâcâ†d}Wabcd |N〉

ωp + ωq + ωr − ωs

 × 36

+
1

3!3!3!


denom.,0∑

p,q,r,s

∑
i, j,k,l

a,b,c,d

〈N|Wi jkl{â
†

i â jâkâl}{â
†
pâ†qâ†r âs}|N〉〈N|{â

†
s ârâqâp}{â

†
aâ†bâ†c âd}Wabcd |N〉

−ωp − ωq − ωr + ωs

 × 36

+
1

2!2!2!2!2!2!


denom.,0∑

p,q,r,s

∑
i, j,k,l

a,b,c,d

〈N |Wi jkl{âiâ jâ
†

k â†l }{âpâqâ†r â†s}|N〉〈N |{âsârâ
†
qâ†p}{âaâbâ†c â†d}Wabcd |N〉

ωp + ωq − ωr − ωs

 × 16

=
1

24

denom.,0∑
i, j,k,l

Wi jklWi jkl

ωi + ω j + ωk + ωl
fi f j fk fl +

1
24

denom.,0∑
i, j,k,l

Wi jklWi jkl

−ωi − ω j − ωk − ωl
( fi + 1)( f j + 1)( fk + 1)( fl + 1)

+
1
6

denom.,0∑
i, j,k,l

Wi jklWi jkl

−ωi + ω j + ωk + ωl
( fi + 1) f j fk fl +

1
6

denom.,0∑
i, j,k,l

Wi jklWi jkl

ωi − ω j − ωk − ωl
fi( f j + 1)( fk + 1)( fl + 1)

+
1
4

denom.,0∑
i, j,k,l

Wi jklWi jkl

−ωi − ω j + ωk + ωl
( fi + 1)( f j + 1) fk fl, (120)

which accounts for the rest of the terms with a denominator in
Eq. (99). The eighth term of Eq. (115) can be evaluated anal-
ogously or inferred systematically from the above formula.

In the thermal average of the last term of Eq. (115), only
the constant part of the normal-ordered V̂ (1) [see Eq. (E52)]

survives. Therefore,

−
β

2

([
〈N |V̂ (1)P̂0V̂ (1)|N〉

]
−Ω(1)Ω(1)

)
= −

β

2

([
〈N |V̂ (1)|N〉〈N |V̂ (1)|N〉

]
−Ω(1)Ω(1)

)
= −

β

2


EXVSCF(T ) − Vref −

∑
i

ωi( fi + 1/2)

2

−Ω(1)Ω(1)


= 0, (121)

where Eq. (112) was used. Hence, the last line of Eq. (115)
accounts for the cancellation of all unlinked terms in Ω(2).

Together, we arrive at the final reduced formula of Ω(2),
which reads
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Ω(2) =

denom.,0∑
i

WiWi

ωi
fi +

denom.,0∑
i

WiWi

−ωi
( fi + 1) +

1
2

denom.,0∑
i, j

Wi jWi j

ωi + ω j
fi f j +

1
2

denom.,0∑
i, j

Wi jWi j

−ωi − ω j
( fi + 1)( f j + 1)

+

denom.,0∑
i, j

Wi jWi j

−ωi + ω j
( fi + 1) f j +

1
6

denom.,0∑
i, j,k

Wi jkWi jk

ωi + ω j + ωk
fi f j fk +

1
6

denom.,0∑
i, j,k

Wi jkWi jk

−ωi − ω j − ωk
( fi + 1)( f j + 1)( fk + 1)

+
1
2

denom.,0∑
i, j,k

Wi jkWi jk

−ωi + ω j + ωk
( fi + 1) f j fk +

1
2

denom.,0∑
i, j,k

Wi jkWi jk

ωi − ω j − ωk
fi( f j + 1)( fk + 1) +

1
24

denom.,0∑
i, j,k,l

Wi jklWi jkl

ωi + ω j + ωk + ωl
fi f j fk fl

+
1

24

denom.,0∑
i, j,k,l

Wi jklWi jkl

−ωi − ω j − ωk − ωl
( fi + 1)( f j + 1)( fk + 1)( fl + 1) +

1
6

denom.,0∑
i, j,k,l

Wi jklWi jkl

−ωi + ω j + ωk + ωl
( fi + 1) f j fk fl

+
1
6

denom.,0∑
i, j,k,l

Wi jklWi jkl

ωi − ω j − ωk − ωl
fi( f j + 1)( fk + 1)( fl + 1) +

1
4

denom.,0∑
i, j,k,l

Wi jklWi jkl

−ωi − ω j + ωk + ωl
( fi + 1)( f j + 1) fk fl

−
β

2

denom.=0∑
i

WiWi fi −
β

2

denom.=0∑
i

WiWi( fi + 1) −
β

4

denom.=0∑
i, j

Wi jWi j fi f j −
β

4

denom.=0∑
i, j

Wi jWi j( fi + 1)( f j + 1)

−
β

2

denom.=0∑
i, j

Wi jWi j( fi + 1) f j −
β

12

denom.=0∑
i, j,k

Wi jkWi jk fi f j fk −
β

12

denom.=0∑
i, j,k

Wi jkWi jk( fi + 1)( f j + 1)( fk + 1)

−
β

4

denom.=0∑
i, j,k

Wi jkWi jk( fi + 1) f j fk −
β

4

denom.=0∑
i, j,k

Wi jkWi jk fi( f j + 1)( fk + 1) −
β

48

denom.=0∑
i, j,k,l

Wi jklWi jkl fi f j fk fl

−
β

48

denom.=0∑
i, j,k,l

Wi jklWi jkl( fi + 1)( f j + 1)( fk + 1)( fl + 1) −
β

12

denom.=0∑
i, j,k,l

Wi jklWi jkl( fi + 1) f j fk fl

−
β

12

denom.=0∑
i, j,k,l

Wi jklWi jkl fi( f j + 1)( fk + 1)( fl + 1) −
β

8

denom.=0∑
i, j,k,l

Wi jklWi jkl( fi + 1)( f j + 1) fk fl, (122)

which is easily seen to be the same as Eq. (99) derived purely
algebraically. Notice the vastly improved expediency of the
normal-ordered reduction as compared to the algebraic reduc-
tion described in Sec. IV and in Appendixes C and D using
Tables I–III, which are furthermore limited to Ω(2) (the reduc-
tion of U(2) would require new tables). In addition, raising
the rank of the force constants is much easier with the above
expression because the dressed force constants W can include
higher-order force constants systematically, i.e., without sig-
nificantly altering the appearance of the above formula.

D. Third-order correction to the thermal-averaged energy

In the finite-temperature many-body perturbation theory for
electrons,41 terms not seen in the zero-temperature theory
emerge. One class of such terms is the anomalous terms,36,41

which lack a usual denominator of the corresponding “nor-
mal” terms, but instead are multiplied by a power of β. Their
diagrams are, therefore, missing one or more (up to all) resol-
vent lines (see Sec. VI).

Another class, appearing only at the third and higher or-
ders, originates from the renormalization terms of RSPT.41,67

In the zero-temperature theory,67 these renormalization terms

are wholly unlinked and cancel out the unlinked contributions
of the parent term with the same magnitude but opposite sign,
leaving only the linked contributions. It is well known66,67

that Brueckner explicitly confirmed exact cancellation of all
unlinked contributions up to the sixth order, speculating on
the same at all orders. This was then proved by Goldstone,
which became the celebrated linked-diagram theorem.66,67

Unlike the zero-temperature RSPT, the renormalization
terms at finite temperature contain both linked and unlinked
contributions. Only the unlinked contributions cancel the
same in the parent term, but the linked-renormalization con-
tributions persist.41 Their diagrams have one or more of their
resolvent lines shifted relative to the corresponding normal di-
agrams, so that two or more resolvent lines pile up in between
some pairs of adjacent vertexes, while there are none in be-
tween others (see Sec. VI). Such shifting of resolvent lines
is possible at the third and higher orders.41 There are also
anomalous, linked-renormalization terms at the fourth order
and higher, in whose diagrams some resolvent lines are shifted
while others are erased at the same time.

Given the parallel between the electronic and vibra-
tional finite-temperature perturbation theories, the linked-
renormalization terms must also appear in the vibrational the-
ories. In fact, in their β-dependent diagrammatic deriva-
tion of the fourth-order perturbation theory, Shukla and
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coworkers9,22,31,32 correctly recognized the emergence of such
terms, but on the basis of a careful inspection of index
coincidence cases in each diagram. In this section, we
succinctly summarize the mechanism by which the linked-
renormalization terms emerge in a more transparent time-
independent formalism. This naturally leads to a simple and
expedient set of rules for enumerating all types of diagrams in
Sec. VI.

The linked-renormalization term appears for the first time
in [E(3)

N ]. As per the recursion of degenerate RSPT [Eqs. (21)
and (22)], we write[

E(3)
N

]
=

[
Tr

(
E(3)

) ]
=

[
〈N |V̂ (1)R̂V̂ (1)R̂V̂ (1)|N〉

]
−
[ degen.∑

M

〈N |V̂ (1)R̂R̂V̂ (1)|M〉
(
E(1)

)
NM

]
=

[
〈N |V̂ (1)R̂V̂ (1)R̂V̂ (1)|N〉

]
−
[ degen.∑

M

〈N |V̂ (1)R̂R̂V̂ (1)|M〉〈M|V̂ (1)|N〉
]

=
[
〈N |V̂ (1)R̂V̂ (1)R̂V̂ (1)|N〉

]
−

[
〈N |V̂ (1)R̂R̂V̂ (1)P̂V̂ (1)|N〉

]
,

(123)

where M runs over all Hartree-product states that are degen-
erate with the Nth state, including N itself. The second terms
are the renormalization term of RSPT. In the zero-temperature
nondegenerate RSPT, |N〉 = |M〉 = |Φ

(0)
0 〉, and, therefore, it is

a single product of two extensive scalars and is wholly un-
linked.

The first term of the last line is decomposed into the linked
and unlinked contributions.[

〈N |V̂ (1)R̂V̂ (1)R̂V̂ (1)|N〉
]

=
[
〈N|V̂ (1)R̂V̂ (1)R̂V̂ (1)|N〉

]
L

+
[
〈N |V̂ (1)R̂

[
E(1)

N

]
R̂V̂ (1)|N〉

]
,

(124)

where an overall full contraction pattern is outlined by the sta-
ple symbols in the second term, which is unlinked. In this
term, the constant part of the uncontracted middle V̂ (1) is used
in the full contraction, giving rise to the [E(1)

N ] factor.
The renormalization term [the second term of Eq. (123)] is

also broken down into the linked and unlinked parts:[
〈N|V̂ (1)R̂R̂V̂ (1)P̂V̂ (1)|N〉

]
=

[
〈N |V̂ (1)R̂R̂V̂ (1)P̂V̂ (1)|N〉

]
L

+
[
〈N |V̂ (1)R̂R̂V̂ (1)

[
E(1)

N

]
|N〉

]
,

(125)

where the first, linked contribution arises from P̂1 + P̂2 + . . . ,
while the second, unlinked one from P̂0. The former is iden-
tified as the linked-renormalization term, which is generally
nonzero because there are states that are degenerate with the
Nth state.

The unlinked contributions in Eqs. (124) and (125) clearly
have an equal value, canceling each other in Eq. (123). The

thermal average of E(3)
N , therefore, consists of two linked con-

tributions: [
E(3)

N

]
=

[
〈N |V̂ (1)R̂V̂ (1)R̂V̂ (1)|N〉

]
L

−
[
〈N|V̂ (1)R̂R̂V̂ (1)P̂V̂ (1)|N〉

]
L
. (126)

The first term is the normal term, which interleaves resolvent
and perturbation operators. The corresponding diagram has a
resolvent line in between every pair of adjacent vertexes. The
second term is the linked-renormalization term, which has two
resolvent operators in between the first and second perturba-
tion operators, whereas there is an inner projector in between
the second and third perturbation operators. Its diagram crams
two resolvent lines in between a pair of vertexes and none in
between the other pair.

These terms occurring only at finite temperature and higher
orders can be systematically and exhaustively included with
the aid of Feynman diagrams, which we now discuss.

VI. TIME-INDEPENDENT FEYNMAN DIAGRAMS

A. Diagrammatic rules

The conventional derivation of finite-temperature perturba-
tion theory begins with recognizing the isomorphism of the
β-dependent Bloch equation and time-dependent Schrödinger
equation,23 and then reappropriates the time-dependent Feyn-
man diagrammatic logic. In the zero-temperature case, the
latter logic is fully established to be equivalent to the time-
independent algebraic derivation of RSPT via the linked-
diagram theorem.67,100–106

In a practical use of time-dependent diagrammatics, a user
is asked to summon intuition to draw all possible, topo-
logically distinct, closed, linked diagrams, each graphically
representing a scattering process of mean-field particles.25

The diagrams are then transformed into algebraic formulas.
This transformation step has been justified mathematically
rigorously,107 but is exceedingly complex and tedious, in-
volving series of contour integrations over time or frequency,
whose main outcome is to introduce the denominators. This
top-down approach to time-dependent diagrammatics was in-
evitable in quantum electrodynamics since it lacks the funda-
mental equation of motion in the style of the Schrödinger or
Dirac equation.

For vibrations, starting with the equation of motion, we can
instead adopt a bottom-up approach of time-independent di-
agrammatics. It is a set of expedient mnemonics of normal-
ordered derivations, which are in turn firmly grounded on the
time-independent Schrödinger equation and RSPT thereof.
An algebraic formula for each diagram can be obtained in-
stantaneously including its denominators by following a set
of well-defined rules, which can furthermore be justified by
the normal-ordered derivations. In this section, we document
these rules and illustrate their utility for Ω(2).

The rules to generate all diagrams for Ω(n) (n ≥ 2) are given
in Table IV. The rules to transform these diagrams into alge-
braic formulas are compiled in Table V.
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TABLE IV. Rules to generate all Ω(n) diagrams (n ≥ 2).

(1) Draw n filled-circle or open-circle vertexes in an unambiguous
vertical order. A filled circle stands for a dressed force constant
(W), while an open circle a scaled bare force constant (F̃ or ˜̄F).

(2) Connect all vertexes with edges to form a closed, linked
diagram in all topologically distinct manners to generate all
skeleton diagrams. No short loop or “ring” (an edge connecting
with one and the same vertex at both ends) shall be formed
from a dressed-force-constant vertex; it must be formed
from a bare-force-constant vertex.

(3) Starting with each skeleton diagram, give each edge an
upgoing or downgoing direction to generate all topologically
distinct arrow diagrams.

(4) Insert zero through n − 1 resolvent (wiggly) lines in all 2n−1

ways with either zero or one resolvent line in between each pair
of adjacent vertexes. An arrow diagram with less than n − 1
resolvent lines is called an anomalous diagram.

(5) For each arrow diagram, shift upward one or more resolvent
lines onto existing resolvents. An arrow diagram with at least
one resolvent line shifted is called a renormalization diagram.
An arrow diagram with missing and shifted resolvent lines is
called an anomalous-renormalization diagram. A diagram that
is neither anomalous nor renormalization one is called
a normal diagram. A normal diagram containing only upgoing
edges is called a zero-temperature diagram.

Generally, all equal-valued full contractions in the normal-
ordered derivation are many-to-one mapped onto a single ar-
row diagram. Normal diagrams arise from the first term in
the recursion of Ω(n) [Eq. (17)]. The subsequent terms mul-
tiplied by various powers of β give rise to anomalous di-
agrams. Owing to the mechanism explained in Sec. V D,
linked-renormalization terms can arise at the third and higher
orders. They are represented by renormalization diagrams.

In each arrow diagram, a filled-circle vertex graphically
represents an amplitude (dressed force constant W) of the
normal-ordered perturbation operator V̂ (1), while an edge cor-
responds to a Wick binary contraction. The two directions
(upgoing and downgoing) of an edge correspond to the two
types of Wick contractions in Eqs. (E22) and (E21), respec-
tively. That we only draw closed diagrams without short
loops reflects the normal-ordered second-quantization rule
that nonzero thermal averages arise only from full contrac-
tions excluding internal contractions (and an internal contrac-
tion is a short loop). That we need to consider only linked
diagrams is justified by the linked-diagram theorem at finite
temperature proven in Sec. VII.

Once the diagrammatic rules based on the normal-ordered
derivations are established, we can expand each dressed force
constant W (a filled-circle vertex) as a sum of scaled bare force
constants F̃ and ˜̄F (open-circle vertexes) to arrive at an alter-
native set of rules for more widely used, but cluttered dia-
grams with short loops (rings). The rules in Tables IV and V
are applicable to both cases.

It is possible to devise diagrammatic rules for the pertur-
bative internal energies and entropies.41 This is not pursued
in this study because the derivative method of obtaining alge-

TABLE V. Rules to transform an Ω(n) diagram to an algebraic for-
mula (n ≥ 2).

(1) Label each edge with a mode index i, j, k, etc.
(2) Associate an n-edged filled-circle vertex with an nth-order

dressed force constant W with the n connecting edge indexes
as subscripts in no particular order.

(3) Associate an n-edged open-circle vertex with an nth-order
scaled bare force constant F̃ (n , 2) or ˜̄F (n = 2) with the n
connecting edge indexes as subscripts in no particular order.

(4) Associate the ith downgoing edge with a Bose–Einstein
distribution function fi, and the ith upgoing edge with fi + 1.

(5) Associate the short loop made of the ith edge with fi + 1/2.
(6) Associate a resolvent line with 1/(ωi + ω j · · · − ωk − ωl . . .),

where i, j, . . . (k, l, . . . ) label downgoing (upgoing) edges
intersecting the resolvent line. No resolvent line shall
intersect a short loop.

(7) Sum over all edge indexes. Restrict the summation indexes to
only those cases in which denominator factors are nonzero
and fictitious denominator factors are zero.

(8) Multiply 1/n! for each set of n equivalent edges. Two edges
are equivalent when they start from and end at the same two
vertexes and have the same arrow direction.

(9) Multiply (−β)n/(n + 1)! to an anomalous diagram with n
missing resolvent lines.

(10) Multiply (−1)n to a renormalization diagram with n shifted
resolvent lines.

Ω(2) =

�

+

�

+

�

+

�

Ω2A Ω2B Ω2C Ω2D

FIG. 1. Skeleton-diagram equation of Ω(2) in a QFF.

braic formulas for U(n) [see, e.g., Eq. (95)] is judged far more
expedient, once Ω(n) is derived diagrammatically. Then, S (n)

is also readily available from Eq. (4) without diagrams. It is
also unnecessary to consider diagrams at the zeroth and first
orders.

B. Second-order correction to the grand potential

Here, we show the utility of the time-independent diagram-
matic rules for Ω(2) in a QFF. There are four skeleton diagrams
for Ω(2) shown in Fig. 1. Each of them is broken down into ar-
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i
+

�

i
+

�

i

Ω2A Ω2a1 Ω2a2 Ω2a3 Ω2a4

FIG. 2. The definition of the Ω2A skeleton diagram in terms of its
arrow diagrams with edge indexes.
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FIG. 3. Same as Fig. 2, but for the Ω2B skeleton diagram.
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Ω2c5 Ω2c6 Ω2c7 Ω2c8

FIG. 4. Same as Fig. 2, but for the Ω2C skeleton diagram.

row diagrams with index labels in Figs. 2–5, which are easily
transformed into algebraic formulas of Eq. (122) using Table
V.

Let us illustrate this step using diagram Ω2B in Fig. 3. As
per Table V, diagram Ω2b1 is evaluated as

Ω2b1 =
1
2

denom.,0∑
i, j

Wi jWi j

−ωi − ω j
( fi + 1)( f j + 1), (127)

where the factors of fi +1 and f j +1 come from the ith and jth
upgoing edges, the two Wi j correspond to the two filled-circle
vertexes connected with the ith and jth edges, the denomina-
tor −ωi − ω j is rationalized by the intersections between the
resolvent line and the ith and jth upgoing edges, and the sum-
mation needs to be restricted to the case that this denominator

�
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i lj k
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�

i lj k
+

�

i lj k
+
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i lj k
+
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i lj k
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+
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i lj k
+

�

i lj k
+

�

i lj k
+

�

i lj k
+

�

i lj k

Ω2d6 Ω2d7 Ω2d8 Ω2d9 Ω2d10

FIG. 5. Same as Fig. 2, but for the Ω2D skeleton diagram.

be nonzero. The factor of 1/2 is due to the two edges being
equivalent.

Likewise, diagrams Ω2b2 and Ω2b3 are interpreted as

Ω2b2 =
1
2

denom.,0∑
i, j

Wi jWi j

ωi + ω j
fi f j, (128)

Ω2b3 =

denom.,0∑
i, j

Wi jWi j

−ωi + ω j
( fi + 1) f j. (129)

In the former, the ith and jth edges are equivalent, hence the
factor of 1/2.

In the second row of Fig. 3 are listed the corresponding
anomalous diagrams with their resolvent lines erased. They
are evaluated immediately as

Ω2b4 = −
β

4

denom.=0∑
i, j

Wi jWi j( fi + 1)( f j + 1), (130)

Ω2b5 = −
β

4

denom.=0∑
i, j

Wi jWi j fi f j, (131)

Ω2b6 = −
β

2

denom.=0∑
i, j

Wi jWi j( fi + 1) f j, (132)

where the “denom.=0” restrictions demand the summations
be limited to the cases −ωi − ω j = 0, ωi + ω j = 0, and −ωi +

ω j = 0, respectively.
Together, we obtain

Ω2B = Ω2b1 + Ω2b2 + Ω2b3 + Ω2b4 + Ω2b5 + Ω2b6

=
1
2

denom.,0∑
i, j

Wi jWi j

−ωi − ω j
( fi + 1)( f j + 1)

+
1
2

denom.,0∑
i, j

Wi jWi j

ωi + ω j
fi f j

+

denom.,0∑
i, j

Wi jWi j

−ωi + ω j
( fi + 1) f j

−
β

4

denom.=0∑
i, j

Wi jWi j( fi + 1)( f j + 1)

−
β

4

denom.=0∑
i, j

Wi jWi j fi f j

−
β

2

denom.=0∑
i, j

Wi jWi j( fi + 1) f j, (133)

which agrees with the sum of all Wi jWi j terms in Eq. (122).
The same procedure can be repeated to Figs. 2, 4, and 5 to
quickly arrive at the same Ω(2) formula in Eq. (122). This
expedient time-independent diagrammatic mnemonic may be
contrasted with a complex and lengthy time-dependent dia-
grammatic derivation,25 which is furthermore, in practice, in-
tuitive in its first step of diagram enumeration.

In the zero-temperature limit, since fi → 0, only diagram
Ω2b1 survives among all arrow diagrams in Fig. 3 (and is
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FIG. 6. The relationship between the dressed-force-constant (W) di-
agrams and the scaled-bare-force-constant (F̃) diagrams in a QFF. A
filled-circle vertex denotes W, while an open-circle vertex F̃.
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FIG. 7. The relationship between the dressed-force-constant (W) di-
agrams and the scaled-bare-force-constant (F̃) diagrams in a QFF. A
filled-circle vertex denotes W, while an open-circle vertex F̃ or ˜̄F.

hence called a zero-temperature diagram). It has the same al-
gebraic expression and numerical value as the corresponding
term of the zero-temperature perturbation theory.78 The first
diagram in the right-hand side of each diagrammatic equa-
tion in Figs. 2–5 is a zero-temperature diagram. As will be
discussed in Sec. VIII, all anomalous and renormalization di-
agrams vanish at zero temperature, insofar as ωi > 0.

Every filled-circle vertex represents a dressed force con-
stant W, appearing in the finite-temperature XVSCF work-
ing equations (see Appendix E 4 and Sec. IX). When these
W vertexes (filled circles) are expanded in terms of the F̃ ver-
texes (open circles), we arrive at diagrams made of scaled bare
force constants. In a QFF, skeleton diagrams Ω2A and Ω2B
are reexpressed as sums of scaled-bare-force-constant skele-
ton diagrams of Figs. 6 and 7, respectively. It can be seen that
each W skeleton diagram folds in itself ring diagrams made of
higher-order scaled bare force constants.

Diagrams Ω2A1, Ω2A2, Ω2A3, and Ω2A4 in Fig. 6 are
isomorphic with diagrams 2G, 2F, 2E, and 2A, respectively,
of XVMP2,78 with the former reducing to the latter as T → 0
both analytically and numerically (see also Sec. VIII). Like-
wise, the zero-temperature limits of diagrams Ω2B1, Ω2B2,
Ω2B3, and Ω2B4 in Fig. 7 are diagrams 2J, 2I, 2H, and 2B of
XVMP2.78

Diagram 1(c) of Shukla and Cowley9 is identified as dia-
gram Ω2A4 of Fig. 6. Diagram 2(b) of the same authors9

is Ω2B4 of Fig. 7, but is, however, listed among the fourth-
order perturbation correction (Ω2B4 is second order in our
theory) because the Van Hove ordering scheme was adopted
by Shukla and Cowley. Other second-order diagrams in Figs.
6 and 7 are not seen in their figures, underscoring the general-
ity and completeness of our perturbation treatment, although
the basic physics is the same.

VII. LINKED-DIAGRAM THEOREM

In Eq. (80), we showed that Ω(1) is linked and thus size-
consistent, writing

Ω(1) =
[
E(1)

N

]
=

[
E(1)

N

]
L
, (134)

where “L” denotes linkedness. Algebraically, the linkedness
means that Ω(1) is not a simple product of two or more ex-
tensive scalars.14 Diagrammatically, it means that the diagram
does not consist of two or more disconnected parts, of which
one or more are closed.14 In Eq. (98), likewise, we demon-
strated the linkedness of Ω(2), i.e.,

Ω(2) =
[
E(2)

N

]
−
β

2

([
E(1)

N E(1)
N

]
−

[
E(1)

N

][
E(1)

N

])
=

[
E(2)

N

]
L
−
β

2

[
E(1)

N E(1)
N

]
L
. (135)

The first term [E(2)
N ]L is linked by itself. The second and third

terms in the first line are unlinked, but the unlinked part in
the second term is canceled exactly by the wholly unlinked
third term, leaving only the linked (anomalous-diagram) term,
−(β/2)[E(1)

N E(1)
N ]L.

We can generalize this observation to any order in the form
of a linked-diagram theorem for the finite-temperature many-
body perturbation theory for vibrations. The proof is identi-
cal to the one for finite-temperature electrons.41 For complete-
ness, we shall succinctly summarize it.

Linked-diagram theorem. Ω(n), U(n), and S (n) are linked at
any order n, and hence the finite-temperature many-body per-
turbation theory for vibrations is size-consistent at all orders.

Proof. We begin with the recursion,

Ω(n) =
[
E(n)

N

]
+

(−β)
2!

n−1∑
i=1

([
E(i)

N E(n−i)
N

]
−Ω(i)Ω(n−i)

)
+

(−β)2

3!

n−2∑
i=1

n−i−1∑
j=1

([
E(i)

N E( j)
N E(n−i− j)

N

]
−Ω(i)Ω( j)Ω(n−i− j)

)
+ · · · +

(−β)n−1

n!

{[
(E(1)

N )n
]
− (Ω(1))n

}
. (136)

The proof consists of two parts: (1) Prove that [E(n)
N ] is linked

at any n; (2) Prove that the [E(i)
N E( j)

N · · · E
(k)
N ] terms consist of

linked and unlinked parts, and the unlinked part is canceled
exactly by the unlinked Ω(i)Ω( j) · · ·Ω(k) products.

In part (1), we first rewrite the degenerate RSPT recursion
[Eq. (22)] into

Φ
(n)
I = R̂

V̂ (1)Φ
(n−1)
I −

n−1∑
i=1

∑
J∈γ

(
E(i)
γ

)
IJ

Φ
(n−i)
J


= R̂

V̂ (1)Φ
(n−1)
I −

n−1∑
i=1

(
E(i)
γ

)
II

Φ
(n−i)
I


−R̂

n−1∑
i=1

J,I∑
J∈γ

(
E(i)
γ

)
IJ

Φ
(n−i)
J , (137)
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where γ labels a set of states that are degenerate with the Ith
state. The second term is linked through index J, which gives
rise to the linked-renormalization term (see Sec. V D). The
first term is isomorphic to the nondegenerate RSPT recur-
sion, to which the linked-diagram theorem at zero tempera-
ture holds without modification.67,100–106 Therefore, [E(n)

N ] is
linked.

In part (2), first, keep in mind that the cancellation does not
complete within each parenthesis of the recursion [Eq. (136)].
Let us define41

(−β)B(n) = (−β)
[
E(n)

N

]
L

+
(−β)2

2!

n−1∑
i=1

[
E(i)

N E(n−i)
N

]
+

(−β)3

3!

n−2∑
i=1

n−i−1∑
j=1

[
E(i)

N E( j)
N E(n−i− j)

N

]
+ · · · +

(−β)n

n!

[
(E(1)

N )n
]
, (138)

where we used the result of part (1) that the first term is linked.
We then divide B(n) into linked and unlinked parts:

B(n) = B(n)
L + B(n)

U . (139)

The unlinked part will take an exponential form of the linked
part,67 i.e.,

(−β)B(n)
U =

(−β)2

2!

n−1∑
i=1

B(i)
L B(n−i)

L

+
(−β)3

3!

n−2∑
i=1

n−i−1∑
j=1

B(i)
L B( j)

L B(n−i− j)
L

+ · · · +
(−β)n

n!

(
B(1)

L

)n
. (140)

Substituting the above two equations into Eq. (138), we obtain

B(n)
L =

[
E(n)

N

]
L

+
(−β)
2!

n−1∑
i=1

([
E(i)

N E(n−i)
N

]
− B(i)

L B(n−i)
L

)
+

(−β)2

3!

n−2∑
i=1

n−i−1∑
j=1

([
E(i)

N E( j)
N E(n−i− j)

N

]
− B(i)

L B( j)
L B(n−i− j)

L

)
+ · · · +

(−β)n−1

n!

{[
(E(1)

N )n
]
−

(
B(1)

L

)n}
. (141)

Comparing this with Eq. (136), we infer Ω(n) = B(n)
L , which is

linked. This proves the linkedness of Ω(n), where mathemati-
cal induction is implicit.

Since U(n) and S (n) are related to Ω(n) by

U(n) = Ω(n) + β
∂Ω(n)

∂β
, (142)

S (n) =
U(n) −Ω(n)

T
, (143)

and furthermore the β-derivative gives rise to only an intensive
multiplier [see Eq. (96)], they are also linked at any n. This
completes the proof of the linked-diagram theorem for finite-
temperature vibrations.

VIII. ZERO-TEMPERATURE LIMITS

In 1960, Kohn and Luttinger36 pointed out that the finite-
temperature many-body perturbation theory for electrons does
not reduce to the zero-temperature counterpart as T → 0 when
the reference wave function is degenerate and also anisotropic.
One of the present authors confirmed, both analytically and
numerically, that the theory41 indeed has zero radius of con-
vergence at T = 0 when the reference wave function is quali-
tatively different from the exact one.94 In particular, when the
degeneracy of the reference is lifted at the first order of de-
generate RSPT,91 Ω(2) and U(2) are divergent at T = 0 due to
divergent anomalous diagrams (although E(2) is finite for the
same reference). The root cause of this nonconvergence has
been identified94 as the nonanalytic nature of the Ω and U for-
mulas, which contain the Boltzmann factor, exp(−E/kBT ), a
prime example of a nonanalytic function at T = 0. A solution
is to simply avoid such a problematic reference by adopting a
symmetry-broken reference.95

In the T = 0 limit of the present theory, in contrast, both
Ω(n) and U(n) are shown to converge at E(n)

0 of RSPT (Refs. 67
and 91) (subscript ‘0’ for the zero-point state) under the as-
sumption ωi > 0 for all i. This assumption is readily satisfied
by choosing a reference geometry at or near a local minimum
of the PES. Although a crystal in a local-minimum geometry
does have zero-frequency acoustic modes at the Γ point, they
are not vibrations but translations (or rotations in the case of
a polymer) and must be excluded from the theoretical treat-
ments. In other words, they have infinitesimally small volume
elements and can be safely neglected in computational treat-
ments also.12 Furthermore, when at least one ωi is zero or
imaginary, the Bose–Einstein theory is no longer valid, mak-
ing the perturbation theory based on it moot. That ωi > 0 for
all i is, therefore, a reasonable assumption, and is also implicit
in the Born–Huang rules.

Below, we illustrate that Ω(0 + Ω(1) and U(0) + U(1) reduce
to E(0)

0 + E(1)
0 , i.e., the XVSCF zero-point energy,73,76 as T →

0, whereas Ω(2) and U(2) converge at E(2)
0 , i.e., the XVMP2

correction,78 under this assumption.
As per the Bose–Einstein theory [Eqs. (11)–(13)] and fi �

exp(−βωi)→ 0 as T → 0 (β→ ∞), we infer

lim
T→0

Ω(0) = lim
T→0

U(0) = Vref +
∑

i

ωi

2
, (144)

which implies S (0) → 0. Using Eqs. (79) and (93), we obtain

lim
T→0

Ω(1) = lim
T→0

U(1) =
1
2

∑
i

˜̄Fii +
1
8

∑
i

F̃ii j j, (145)

for a QFF, because βn fi � βn exp(−βωi) → 0 as T → 0 for
any n. This again implies S (1) → 0. Summing them together,
we conclude

lim
T→0

(
Ω(0) + Ω(1)

)
= lim

T→0

(
U(0) + U(1)

)
= EXVSCF(0),

(146)

where the zero-temperature XVSCF energy expression,
EXVSCF(0), can be found in Refs. 21, 73, 76, and 86 or ob-
tained by substituting fi = 0 in Eq. (E46).
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From Eq. (99), we get

lim
T→0

Ω(2) =
∑

i

F̃iF̃i

−ωi
+

∑
i, j

F̃iF̃i j j

−ωi
+

1
4

∑
i, j,k

F̃i j jF̃ikk

−ωi

+
1
2

∑
i, j

˜̄Fi j
˜̄Fi j

−ωi − ω j
+

1
2

∑
i, j,k

˜̄Fi jF̃i jkk

−ωi − ω j

+
1
8

∑
i, j,k,l

F̃i jkkF̃i jll

−ωi − ω j
+

1
6

∑
i, j,k

F̃i jkF̃i jk

−ωi − ω j − ωk

+
1
24

∑
i, j,k,l

F̃i jklF̃i jkl

−ωi − ω j − ωk − ωl
, (147)

where “denom.,0” restrictions are lifted as they are auto-
matically fulfilled under the assumption ωi > 0. The above
formula is equal to the XVMP2 correction.78 All anomalous
terms (as well as all renormalization terms at higher orders)
vanish at T = 0 because with fi = 0 the diagrams that con-
tain upgoing arrows only (each giving rise to a fi + 1 factor)
can possibly survive, but their denominator factors that take
the form of −ωi − ω j − ωk . . . cannot satisfy the “denom.=0”
restrictions under the assumption ωi > 0.

From Eqs. (142) and (96), generally, we conclude

lim
T→0

Ω(n) = lim
T→0

U(n) = E(n)
0 , (148)

lim
T→0

S (n) = 0. (149)

In the electronic case, the Kohn–Luttinger nonconvergence
problem36,94,95 occurs when the reference wave function is de-
generate whereas the exact ground-state wave function is not
or it connects adiabatically to an exact excited state. In the
vibrational case, a degenerate or excited reference is prohib-
ited by the assumption ωi > 0 for all i. The Kohn–Luttinger
nonconvergence problem,94,95 therefore, does not exist in the
present finite-temperature perturbation theory for vibrations.

IX. FINITE-TEMPERATURE XVSCF

In Appendix E 4, the Hamiltonian is brought to a finite-
temperature normal-ordered form. Its constant part [Eq.
(E46)], denoted EXVSCF(T ), reduces to the XVSCF zero-
point energy expression21,73,76,86 as T → 0. In the same
limit, the dressed force constants Wi [Eq. (E47)] and Wi j [Eq.
(E48)] become the XVSCF effective gradients and quadratic
force constants, respectively, defining the XVSCF work-
ing equation.21,73,76,86 Hence, the finite-temperature normal-
ordered Hamiltonian [Eq. (E45)] can be considered as pos-
tulating a finite-temperature extension of XVSCF. This mir-
rors the electronic case: The (finite-temperature) normal-
ordered Hamiltonian naturally isolates the constant part
that is the (finite-temperature) HF energy expression. Its
one-electron operator becomes the (finite-temperature) Fock
operator.41,67,108

The finite-temperature XVSCF “energy,” EXVSCF(T ), is nei-
ther a grand potential nor internal energy at some perturbation

TABLE VI. Comparison of the harmonic approximation, XVSCF,
and SCP methods at zero and nonzero temperatures, where νi is the
ith modal anharmonic frequency of the respective methods, while ωi

is the ith modal harmonic frequency. See Eqs. (29)–(32) for bare
force constants F, and Eqs. (E47)–(E50) for XVSCF dressed force
constants W. See Ref. 21 for the first-order Dyson geometry and
coordinates.

Method Geometry Gradient Coordinate Frequency
Harmonic Equilibrium Fi = 0 Normal Fi j = δi jω

2
i

XVSCF(n) Equilibrium Fi = 0 Normal Wii + ωi/2 = νi

XVSCF[n] Dyson Wi = 0 Normal Wii + ωi/2 = νi

SCP(n) Equilibrium Fi = 0 Dyson Wi j + δi jωi/2 = δi jνi

SCP[n] Dyson Wi = 0 Dyson Wi j + δi jωi/2 = δi jνi

order. It instead bears the following relationship:

EXVSCF(T ) =
[
E(0)

N

]
+

[
E(1)

N

]
(150)

= U(0) + Ω(1) (151)
= Ω(0) + Ω(1) + TS (0) (152)
= U(0) + U(1) − TS (1). (153)

Modal frequencies of the finite-temperature XVSCF will dif-
fer from those at zero temperature, and their physical mean-
ing is unknown at this point. The situation is again analogous
to the electronic case:41 The constant part (“energy”) of the
finite-temperature normal-ordered Hamiltonian is not equal to
the first-order grand potential or internal energy. The physical
meaning of its orbital energies is still unknown.109 Neverthe-
less, the fact that the quantities of XVSCF (but not of VSCF)
and HF emerge naturally in the normal-ordered Hamiltonians
underscores the central place XVSCF and HF theories occupy
in the framework of ab initio vibrational and electronic struc-
ture theories, respectively.41,67

The foregoing formulation of the finite-temperature many-
body perturbation theory is valid, without modification, for
any harmonic reference. The latter includes the harmonic ap-
proximation and all incarnations of XVSCF,21,72,73,76,86 i.e.,
XVSCF(n),73 XVSCF[n],76 SCP(n),17–21 and SCP[n],17–21

(where n is the truncation rank of the force constants) as well
as their finite-temperature extensions postulated above. Ta-
ble VI summarizes the relationships among these mean-field
methods. Reference 21 has a similar table. It also gives the
definitions of the first-order Dyson geometry and coordinates
as well as the working equations of the respective methods.
The new information provided in Table VI is that each row
now characterizes both finite- and zero-temperature methods.

The XVSCF(n) and XVSCF[n] methods rely on normal co-
ordinates and leave the dressed quadratic-force-constant ma-
trix (Wi j) nondiagonal. Its diagonal elements report anhar-
monic modal frequencies. On the other hand, SCP(n) and
SCP[n] diagonalize (Wi j), determining the first-order Dyson
coordinates,21 the vibrational analog of the Dyson orbitals.110

They account for the first-order anharmonic effects on the co-
ordinates. The eigenvalues of (Wi j) lead to anharmonic modal
frequencies. The XVSCF[n] and SCP[n] methods, further-
more, shift the center of the PES from the equilibrium geome-
try to the first-order Dyson one,21 at which the dressed gradi-
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ent vector (Wi) is zero. Therefore, with the finite-temperature
XVSCF[n] reference, the first two terms and first two anoma-
lous terms (multiplied by β) of Ω(2) in Eq. (122) are zero be-
cause they contain a factor of Wi. With the harmonic refer-
ence, all of the numerous terms of Ω(2) in Eq. (99) that con-
tain a factor of F̃i or ˜̄Fi j vanish. More importantly, the fore-
going formulas retain all these potentially nonzero terms and
are valid for any harmonic reference.

X. GENERAL-ORDER CALCULATIONS

We implemented three distinct and independent algorithms
of the finite-temperature many-body perturbation theory and
compared their results. The algorithms developed are as fol-
lows:

A. The λ-variation method

Several lowest-order perturbation corrections of any quan-
tity in any perturbation theory with any reference (or Hamil-
tonian partitioning) can be determined as the λ-derivatives of
the same quantity calculated by an exact (FCI) method with
a scaled Hamiltonian Ĥ = Ĥ(0) + λV̂ (1) [Eq. (16)]. This gen-
eral numerical technique—the λ-variation method—was con-
ceived by Knowles et al.111 in the course of their general-
order many-body perturbation algorithm development.112 It
was adopted by one of the present authors with coauthors in
the time-independent formulation of one-particle many-body
Green’s-function theory93 and of finite-temperature many-
body perturbation theory for electrons.41,87–90 We also employ
this method in this study, applying a finite-difference approx-
imation to the λ-derivatives of the finite-temperature vibra-
tional FCI results.71,113

A complication occurring uniquely for finite-temperature
vibrations (not seen in electronic cases41,87–90,93) is the pres-
ence of finite-basis-set errors. They are substantial at higher
temperatures.71 As emphasized in Introduction, the Bose–
Einstein theory is a basis-set-free theory because infinitely
many energy levels can be analytically summed over. The
present finite-temperature perturbation theory inherits the
basis-set-free nature of the Bose–Einstein reference. In con-
trast, the vibrational FCI method determines the energy lev-
els as eigenvalues of a Hamiltonian matrix in Hartree-product
states spanned by a finite one-mode basis set. Therefore, at
higher temperatures, as more high-lying vibrational states be-
come populated, FCI begins to become less accurate than the
perturbation theory or even the Bose–Einstein theory. For ex-
ample, entropy in the high-temperature limit is determined
solely by the number of available states, and this value is in-
finite in the Bose–Einstein theory, in the perturbation theory
thereof, and in reality. It, however, plateaus at a small finite
value according to the vibrational FCI method. Generally, the
finite-temperature vibrational FCI results are reliable when
kBT < ω, where ω is the lowest modal harmonic frequency.71

Our computer implementation of the λ-variation method
capitalizes on the finite-temperature vibrational FCI program

reported earlier.71,113 It was modified to accommodate a scaled
Hamiltonian, Ĥ = Ĥ(0) + λV̂ (1), with an arbitrary value of λ.
We executed the FCI calculations with seven values of λ on an
evenly spaced grid (∆λ = 0.01) symmetrically about λ = 0,
so that we could approximate the λ-derivatives of Eq. (16) by
central seven-point finite-difference formulas.

B. Sum-over-states analytical formulas from the recursions

We literally translated the recursions for Ω(n) [Eq. (17)] and
U(n) [Eq. (19)] into a general-order program by modifying the
finite-temperature vibrational FCI program.71,113 The compu-
tational kernel of FCI is the action of V̂ (1) onto any wave func-
tion that is a linear combination of Hartree products, and it can
be reused to evaluate the sum-over-states expressions of these
perturbation corrections generated by the recursions.

The degenerate RSPT corrections to state energies form a
block-diagonal matrix E(n) [Eq. (21)], whose off-diagonal el-
ements are nonzero within each degenerate subspace. These
matrices may either be diagonalized or left undiagonalized,
and correspondingly we can use the left- and right-hand sides
of Eqs. (24)–(26) in the algorithms evaluating their thermal
averages. Both are mathematically correct, but only the lat-
ter lends itself to algebraic or second-quantized reduction be-
cause the result of diagonalization cannot be expressed in a
closed analytical form (see Secs. IV and V). In our implemen-
tation, we elected to leave the E(n) matrices undiagonalized
in order to numerically verify the validity of the nondiagonal
route of evaluating the thermal averages.

It is important to recognize that this general-order algorithm
is also limited by the same finite-basis-set errors mentioned
above, even though the recursions and sum-over-states for-
mulas formally embody the basis-set-free perturbation theory.
When implemented into a computer program, however, the in-
finite sums over states implied in these formulas are approx-
imated by short finite sums, thereby introducing the finite-
basis-set errors. This is in line with our observation71 that the
finite-temperature vibrational FCI calculation with λ = 0 does
not necessarily reproduce the Bose–Einstein theory at higher
temperatures because the former is limited by a finite basis
set, whereas the latter is not.

C. Sum-over-modes analytical formulas

We also implemented sum-over-modes analytical formulas
of Ω(n) and U(n) for 0 ≤ n ≤ 2. They are given by Eqs. (11),
(12), (79), (93), and (99). The U(2) working equation has not
been given above because it is long, but can be easily gener-
ated via Eq. (102) and then directly programmed.

Remarkably, these reduced formulas are not only inexpen-
sive to evaluate but also basis-set-free. This is because the al-
gebraic or second-quantized reduction process (Secs. IV and
V) achieves two feats: (1) It factorizes a thermal average of
m-dimensional integrals over m-mode states into a product of
thermal averages of one-dimensional integrals over one-mode
states (where m is the vibrational degrees of freedom); (2) It
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TABLE VII. The nth-order perturbation corrections (in Eh) to the grand potential (Ω) and internal energy (U) per molecule of an ideal gas of
the identical, non-rotating water molecules at T = 10 K.

Ω(n) / Eh U (n) / Eh

n Recursiona λ-Variationb Analyticalc Recursiona λ-Variationb Analyticalc

0 0.021410 0.021410 0.021410 0.021410 0.021410 0.021410
1 0.000234 0.000234 0.000234 0.000234 0.000234 0.000234
2 −0.000540 −0.000540 −0.000540 −0.000540 −0.000540 −0.000540
3 0.000121 0.000121 0.000121 0.000121
4 −0.000098 −0.000098 −0.000098 −0.000098
5 0.000058 0.000059 0.000058 0.000059
6 −0.000049 −0.000049 −0.000049 −0.000049
7 0.000041 0.000041
8 −0.000040 −0.000040∑8

0 0.021137 0.021137
FCId 0.021157 0.021157

a Based on sum-over-states formulas from the recursions that are evaluated with a modified finite-temperature vibrational FCI code with 16
harmonic-oscillator basis functions. See Sec. X B.

b Based on a central seven-point finite-difference approximation with ∆λ = 0.01 to the finite-temperature vibrational FCI results obtained with
Ĥ = Ĥ(0) + λV̂ (1) and 16 harmonic-oscillator basis functions. See Sec. X A.

c Based on sum-over-modes formulas including the Bose–Einstein formulas, which are basis-set free. See Sec. X C.
d Obtained with the finite-temperature vibrational FCI method71 with 16 harmonic-oscillator basis functions.

TABLE VIII. Same as Table VII, but at T = 103 K.

Ω(n) / Eh U (n) / Eh

n Recursiona λ-Variationb Analyticalc Recursiona λ-Variationb Analyticalc

0 0.021066 0.021066 0.021066 0.022331 0.022331 0.022331
1 0.000195 0.000195 0.000195 0.000282 0.000282 0.000282
2 −0.000547 −0.000547 −0.000547 −0.000491 −0.000491 −0.000491
3 0.000123 0.000123 0.000098 0.000098
4 −0.000106 −0.000106 −0.000062 −0.000062
5 0.000066 0.000066 0.000025 0.000025
6 −0.000058 −0.000058 −0.000007 −0.000007
7 0.000052 −0.000008
8 −0.000054 0.000024∑8

0 0.020737 0.022194
FCId 0.020757 0.022228

a See the corresponding footnote of Table VII.
b See the corresponding footnote of Table VII.
c See the corresponding footnote of Table VII.
d See the corresponding footnote of Table VII.

then carries out the summation over infinitely many one-mode
states analytically and exactly.

D. Numerical results and discussion

The values of Ω(n) and U(n) per molecule were computed
for an ideal gas of identical, non-rotating water molecules at
T = 10, 103, and 104 K. The results are summarized in Tables
VII, VIII, and IX. The three algorithms described above, de-
noted λ-variation, ‘recursion,’ and ‘analytical’ in these tables,
were used. An ideal gas means that there is no intermolec-
ular interaction. The rotational and electronic temperatures
were set to zero. The equilibrium geometry, normal coordi-
nates, and QFF of the water molecule were determined by the
second-order Møller–Plesset perturbation theory with the aug-

cc-pVTZ basis set. The harmonic approximation was adopted
as the reference. The same system was used in our finite-
temperature vibrational FCI study previously.71

The temperature of 10 K is so low as compared with the vi-
brational frequencies of the water molecule that the data in Ta-
ble VII may be viewed as the zero-temperature limits. The re-
sults from the three algorithms agree with one another for six
decimal places for both Ω(n) and U(n) at any order, mutually
verifying their formalisms and computer codes. The finite-
basis-set errors that are formally present in the λ-variation and
recursion methods are not noticeable in this case because the
reference (zero-point) state dominates in every thermal aver-
age. The table also confirms the theoretically expected zero-
temperature behaviors of Eqs. (148) and (149). The values of
Ω(n) or U(n) for 0 ≤ n ≤ 2 agree with the results of the zero-
temperature perturbation (XVH2) theory.78 The accumulated
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TABLE IX. Same as Table VII, but at T = 104 K.

Ω(n) / Eh U (n) / Eh

n Recursiona λ-Variationb Analyticalc Recursiona λ-Variationb Analyticalc

0 −0.081153 −0.081153 0.081916 0.093852 0.093852 0.096790
1 −0.000026 −0.000026 0.000672 −0.001401 −0.001401 0.000890
2 −0.011827 −0.011827 −0.013770 0.010936 0.010936 0.016635
3 0.013168 0.013167 −0.023082 −0.023081
4 −0.033952 −0.033951 0.063492 0.063490
5 0.086246 0.087326 −0.179668 −0.181634
6 −0.025221 −0.025553 0.514059 0.518805
7 0.763838 −1.397265
8 −2.348398 3.386418∑8

0 −1.864313 2.467342
FCId −0.093747 0.093530

a See the corresponding footnote of Table VII.
b See the corresponding footnote of Table VII.
c See the corresponding footnote of Table VII.
d See the corresponding footnote of Table VII.

perturbation corrections at n = 8 recover 99.9% of the finite-
temperature FCI value, suggesting that the perturbation series
is convergent at exactness with no terms overlooked or ne-
glected. While this is expected or even guaranteed when the
theory is formulated bottom-up and algebraically, it is not as
self-evident when the theory is postulated diagrammatically
and top-down.

Table VIII shows that, at T = 103 K, Ω(n) and U(n) differ
from each other by the entropy contribution. The three algo-
rithms agree with one another for all shown digits, indicating
that the formalisms are correct and that the finite-basis-set er-
rors are still negligible. The sum of Ω(n) or U(n) over 0 ≤ n ≤ 8
accounts for 99.9% of the respective finite-temperature FCI
values. The perturbation theory is, therefore, convergent at
exactness. This would not be the case if the off-diagonal el-
ements of E(n) or any one of the anomalous and/or renormal-
ization diagrams were neglected or overlooked.

Table IX, on the other hand, illustrates the manifestation
of the finite-basis-set effects at T = 104 K, making the re-
sults of the λ-variation and ‘recursion’ methods differ visibly
from those of the ‘analytical’ method. Generally, the former
two basis-set methods underestimate the magnitude of all ther-
modynamic functions because of the limited number of states
spanned by a small basis set.71 At T = 104 K, both Ω(n) and
U(n) series show signs of divergence, which are common in
many perturbation theory applications.41,114,115

XI. CONCLUSIONS

Thermal effects are critically important on accurate vibra-
tional structure calculations of molecules and solids. Their in-
clusion requires accounting for anharmonic effects in a large
or infinite number of vibrational states simultaneously, ac-
curately, and size-consistently. These exacting requirements
pose a severe constraint on what types of mathematical the-
ories are viable. Since the Bose–Einstein theory solves the
problem of statistical thermodynamics of harmonic oscillators

exactly, a finite-temperature many-body perturbation theory
that starts from it and systematically incorporates anharmonic
effects as perturbation is the most promising approach.

This article is the most comprehensive and complete expo-
sition of the finite-temperature many-body perturbation the-
ory for anharmonic vibrations based on the Bose–Einstein
theory. It is a generalization of crystal phonon perturba-
tion theory,9,22,26–32 or a finite-temperature extension of the
XVMP theory.78 It may also be viewed as the vibrational ana-
log of the finite-temperature many-body perturbation theory
for electrons.41,87–90 It is diagrammatically linked and size-
consistent at any order, as proved by the linked-diagram the-
orem in this study, and therefore applicable to molecules and
solids on an equal footing. It inherits from the Bose–Einstein
theory the remarkable ability of accumulating anharmonic ef-
fects from infinitely many states analytically. It is, therefore,
a basis-set-free method, simultaneously achieving efficiency,
accuracy, size-consistency, and systematic convergence.

Unlike the conventional top-down diagrammatic derivation,
we adopted a bottom-up approach to formulating the whole
perturbation series starting with the Rayleigh–Schrödinger-
type recursions, maintaining all algebraic terms so that the
series converge at exactness. Many of these terms are graphi-
cally represented by counterintuitive diagrams such as anoma-
lous, renormalization, and anomalous-renormalization dia-
grams, whose resolvent lines are removed or shifted. We felt
that appealing to human intuition to exhaustively enumerate
all these diagrams is an unreliable starting point of a many-
body theory formulation. We, therefore, resorted instead to a
general and powerful strategy of deriving the recursions of any
perturbation theory by way of taking the λ-derivatives.41,93

The recursions lead to sum-over-states analytical formulas
for the perturbation corrections to thermodynamic functions.
We developed three distinct methods of reducing them into
sum-over-modes analytical formulas:

The first method is a purely algebraic one, which factorizes
each many-mode thermal average into a product of one-mode
thermal averages, and then evaluates the latter using the ther-
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mal Born–Huang rules. This leads to a combinatorial number
of terms differing in the patterns of index coincidences, which
are to be consolidated into much fewer terms. We introduced
the canonical forms of the rules, which facilitate this other-
wise intractable consolidation process. A major drawback of
this method is that the thermal Born–Huang rules and their
canonical forms need to be expanded as the perturbation or-
der is raised. The value of this reduction method, nevertheless,
lies in the fact that it shows that a complete set of sum-over-
modes formulas at any order can, in principle, be obtained in
a transparent and plain (albeit tedious) algebraic logic start-
ing from the time-independent Schrödinger equation and the
partition function.

The second method uses the normal-ordered second quan-
tization at finite temperature, which we fully developed in this
study. It is as transparent and straightforward as the alge-
braic reduction, but far more expedient. It furthermore lays
a natural foundation for the subsequent graphical representa-
tions by Feynman diagrams. In Appendix E, we stipulated the
normal orders of harmonic-oscillator ladder operators at finite
temperature, defined Wick contractions, and proved thermal
Wick’s theorem. We then derived a finite-temperature normal-
ordered form of the pure vibrational Hamiltonian, showing
that its constant part defines a finite-temperature extension
of the XVSCF energy while its force constants become the
finite-temperature XVSCF force constants, which are dressed
with higher-order force constants of the ring-diagram types.
Hence, as a by-product of this study, we stipulated a finite-
temperature extension of XVSCF.

The third and most expedient method is based on the time-
independent Feynman diagrammatic rules. They are distin-
guished from those in crystal phonon perturbation theory by
the presence of the resolvent lines. Each diagram is merely
a graphical representation of all equal-valued full contraction
patterns in the finite-temperature normal-ordered reductions.
The rules are, therefore, justified by the second method of re-
duction and include the need to draw anomalous, renormal-
ization, and anomalous-renormalization diagrams mentioned
above. The rule that only linked diagrams need to be drawn is
justified by the linked-diagram theorem for finite-temperature
vibrations proved in this study.

The zero-temperature limits of the perturbation corrections
to the grand potential and internal energies are the correspond-
ing corrections to the zero-point energy as determined by the
zero-temperature perturbation theory. The Kohn–Luttinger-
type nonconvergence problem does not manifest itself for vi-
brations either in a molecule or crystal.

One general-order algorithm and two order-by-order algo-
rithms were developed. The numerically exact agreement of
the results among these three algorithms underscores the cor-
rectness of the formalisms and computer implementations.
The deviations that manifest at higher temperatures are as-
cribed to the finite-basis-set errors in the CI-based algorithms
of the recursion and λ-variation methods, although the per-
turbation theory itself is fundamentally basis-set-free and can
be implemented as such in the most efficient algorithm. The
sums of the perturbation corrections converge at the finite-
temperature vibrational FCI limits, numerically demonstrat-

ing that the perturbation theory is correct and complete with
no term being overlooked or neglected. To achieve this con-
vergence, it is crucial to treat the perturbation corrections to
state energies as matrices (not scalars) and take into account
their nonzero off-diagonal elements.
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Appendix A: Thermal Born–Huang rules

The thermal Born–Huang rules summarized in Tables I and
III were originally derived by Born and Huang13 on the ba-
sis of the zero-temperature rules also introduced by the same
authors. The latter are reproduced in Table X for a QFF.13,73

The thermal Born–Huang rules permit rapid evaluation of the
thermal average of the expectation value for operators made of
the ith normal coordinate Qi or the products thereof [Eqs. (74)
and (86)]. These expectation values are, in turn, expressed by
quantum number ni and frequency ωi of the harmonic oscilla-
tor wave function. In this Appendix, we show how these rules
are systematically derived from the zero-temperature counter-
parts.

The one-mode thermal averages considered in Table I are
expanded as

[
〈F̂(Qi)〉0

]
≡

∞∑
ni=0
〈F̂(Qi)〉0 exp {−β(ni + 1/2)ωi}

∞∑
ni=0

exp {−β(ni + 1/2)ωi}

=

∞∑
ni=0

f (ni; 0) exp {−β(ni + 1/2)ωi}

∞∑
ni=0

exp {−β(ni + 1/2)ωi}

=
[
f (ni; 0)

]
(A1)

where f (ni; 0) ≡ 〈F̂(Qi)〉0 is given in Table X and takes the
form of a polynomial of ni. For instance, for F̂(Qi) = ∂2/∂Q2

i ,
f (ni; 0) = −ωi(ni + 1/2) as per the second column of Table X.

Because f (ni; 0) is a polynomial of ni, its thermal average
is analytically evaluated with the thermal averages of various
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TABLE X. The zero-temperature Born–Huang rules.13,73 〈F̂(Qi)〉δi = 〈ni|F̂(Qi)|ni − δi〉, where F̂(Qi) is an operator made of the ith normal
coordinate Qi, and |ni〉 is the harmonic oscillator wave function with quantum number ni and frequency ωi. All other cases are zero for a QFF.

δi 〈∂2/∂Q2
i 〉δi 〈Qi〉δi 〈Q2

i 〉δi 〈Q3
i 〉δi 〈Q4

i 〉δi

0 −ωi(ni + 1/2) 0 (ni + 1/2)/ωi 0 (6n2
i + 6ni + 3)/4ω2

i
1 0

√
ni/2ωi 0 3(ni/2ωi)3/2 0

2 ωi
√

ni(ni − 1)/2 0
√

ni(ni − 1)/2ωi 0 (ni − 1/2)
√

ni(ni − 1)/ω2
i

3 0 0 0
√

ni(ni − 1)(ni − 2)/(2ωi)3/2 0
4 0 0 0 0

√
ni(ni − 1)(ni − 2)(ni − 3)/4ω2

i
−1 0

√
(ni + 1)/2ωi 0 3{(ni + 1)/2ωi}

3/2 0
−2 ωi

√
(ni + 2)(ni + 1)/2 0

√
(ni + 2)(ni + 1)/2ωi 0 (ni + 3/2)

√
(ni + 2)(ni + 1)/ω2

i
−3 0 0 0

√
(ni + 3)(ni + 2)(ni + 1)/(2ωi)3/2 0

−4 0 0 0 0
√

(ni + 4)(ni + 3)(ni + 2)(ni + 1)/4ω2
i

powers of ni, e.g.,

[
ni

]
=

∞∑
ni=0

ni exp{−β(ni + 1/2)ωi}

∞∑
ni=0

exp{−β(ni + 1/2)ωi}

=

∞∑
ni=0

ni exp(−βniωi)

∞∑
ni=0

exp(−βniωi)

=
1

z(0)
i

∂z(0)
i

∂(−βωi)
=

fi( fi + 1)
fi + 1

= fi, (A2)

where fi is the Bose–Einstein distribution function [Eq. (14)]
and z(0)

i is defined by

z(0)
i =

∞∑
ni=0

exp(−βniωi) =
1

1 − exp(−βωi)
= fi + 1, (A3)

with

∂z(0)
i

∂(−βωi)
=
∂( fi + 1)
∂(−βωi)

= fi( fi + 1). (A4)

The thermal averages of higher powers of ni are evaluated an-

alytically in a similar way.

[
n2

i

]
=

1

z(0)
i

∂2z(0)
i

∂(−βωi)2 = 2 f 2
i + fi, (A5)

[
n3

i

]
=

1

z(0)
i

∂3z(0)
i

∂(−βωi)3 = 6 f 3
i + 6 f 2

i + fi, (A6)

[
n4

i

]
=

1

z(0)
i

∂4z(0)
i

∂(−βωi)4 = 24 f 4
i + 36 f 3

i + 14 f 2
i + fi. (A7)

For instance, the rule for [〈Q4
i 〉0] in Table I can be derived

from 〈Q4
i 〉0 in Table X as follows:

[
〈Q4

i 〉0

]
=

6n2
i + 6ni + 3

4ω2
i


=

1
4ω2

i

(
6
[
n2

i

]
+ 6

[
ni

]
+ 3

)
=

3( fi + 1/2)2

ω2
i

, (A8)

where Eqs. (A2) and (A5) were used in the last equality. All
the other rules in Table I can be justified similarly.

The rules in Table III are derived completely analogously,
but care must be exercised to the different ranges of summa-
tion index depending on the sign of δi. For δi < 0,

[
〈F̂(Qi)〉δi〈Ĝ(Qi)〉−δi

]
≡

∞∑
ni=0
〈ni|F̂(Qi)|ni − δi〉〈ni − δi|Ĝ(Qi)|ni〉 exp {−β(ni + 1/2)ωi}

∞∑
ni=0

exp {−β(ni + 1/2)ωi}

=

∞∑
ni=0

f (ni; δi)g(ni; δi) exp {−β(ni + 1/2)ωi}

∞∑
ni=0

exp {−β(ni + 1/2)ωi}

=
[
f (ni; δi)g(ni; δi)

]
, (A9)
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where f (ni; δi) ≡ 〈F̂(Qi)〉δi and g(ni; δi) ≡ 〈Ĝ(Qi)〉δi , which are polynomials of ni given in Table X. For δi ≥ 0, on the other hand,

[
〈F̂(Qi)〉δi〈Ĝ(Qi)〉−δi

]
≡

∞∑
ni=δi

〈ni|F̂(Qi)|ni − δi〉〈ni − δi|Ĝ(Qi)|ni〉 exp {−β(ni + 1/2)ωi}

∞∑
ni=0

exp {−β(ni + 1/2)ωi}

=

∞∑
ni=0
〈ni + δi|F̂(Qi)|ni〉〈ni|Ĝ(Qi)|ni + δi〉 exp {−β(ni + 1/2)ωi} exp (−βδiωi)

∞∑
ni=0

exp {−β(ni + 1/2)ωi}

= exp (−βδiωi)
[
f (ni;−δi)g(ni;−δi)

]
=

(
fi

fi + 1

)δi [
f (ni;−δi)g(ni;−δi)

]
, (A10)

where we used exp(−βωi) = fi/( fi + 1) [cf. Eq. (14)]. Gener-
ally, for δi , 0,[

〈F̂(Qi)〉δi〈Ĝ(Qi)〉−δi

]
,

[
〈F̂(Qi)〉−δi〈Ĝ(Qi)〉δi

]
, (A11)[

〈F̂(Qi)〉δi〈Ĝ(Qi)〉−δi

]
=

[
〈Ĝ(Qi)〉δi〈F̂(Qi)〉−δi

]
. (A12)

For instance, the rule for [〈Q4
i 〉−2〈Q2

i 〉2] in Table III can be
derived as[

〈Q4
i 〉−2〈Q2

i 〉2

]
=

 (ni + 3/2)
√

(ni + 2)(ni + 1)
ω2

i

√
(ni + 2)(ni + 1)

2ωi


=

2n3
i + 9n2

i + 13ni + 6

4ω3
i


=

2
[
n3

i

]
+ 9

[
n2

i

]
+ 13

[
ni

]
+ 6

4ω3
i

=
6 f 3

i + 15 f 2
i + 12 fi + 3

2ω3
i

, (A13)

where Table X was used in the first equality and Eqs. (A2)–
(A6) in the last equality. [〈Q4

i 〉2〈Q
2
i 〉−2] can then be obtained

readily according to Eq. (A10) as

[
〈Q4

i 〉2〈Q
2
i 〉−2

]
=

(
fi

fi + 1

)2 [
〈Q4

i 〉−2〈Q2
i 〉2

]
=

6 f 3
i + 3 f 2

i

2ω3
i

. (A14)

All the other rules in Table III can be reproduced in the same
manner.

Appendix B: Canonical forms

The most serious weakness of the algebraic reduction based
on the thermal Born–Huang rules is the need for enumerating
all possible cases of summation index coincidences and hav-
ing to use different rules depending on the cases. It causes pro-
liferation of terms during the reduction process, even though

they will be consolidated eventually with all summation index
restrictions lifted. This is analogous to extremely lengthy re-
ductions of electron-correlated theories’ formalisms using the
Slater–Condon rules.90

The canonical forms of the thermal Born–Huang rules sum-
marized in Table II expedite this consolidation process. Gen-
erally, a canonical form is the way in which a thermal average
is expressed as a sum of products of Wick contractions, which
are

〈 ∂2

∂Q2
i

〉
0

 = −
{âiâ

†

i } + {â
†

i âi}

2ω−1
i

,

[
〈Q2

i 〉0

]
=
{âiâ

†

i } + {â
†

i âi}

2ωi
,

[
〈Qi〉1〈Qi〉−1

]
=
{â†i }{âi}

2ωi
,

[
〈Qi〉−1〈Qi〉1

]
=
{âi}{â

†

i }

2ωi
, (B1)

where curly brackets denote the finite-temperature normal or-
dering of second-quantized ladder operators discussed exten-
sively in Appendix E. Therefore, the canonical forms partially
impart the normal-ordered second quantization logic (which
does not have to enumerate the index coincidence cases) to
the algebraic reduction.

Every canonical form in Table II can be verified straight-
forwardly from the thermal Born–Huang rules in Tables I and
III, which will not be repeated here.

Appendix C: Algebraic reduction of [E(2)
N ]

Here, we document the algebraic reduction of [E(2)
N ] appear-

ing in Ω(2) [Eq. (97)] using the thermal Born–Huang rules and
their canonical forms.

In a QFF, [E(2)
N ] can be expanded as follows using the re-

cursion of the degenerate RSPT [Eqs. (21) and (22)] and the
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trace invariance [Eq. (24)]:[
E(2)

N

]
=

[
Tr

(
E(2)

)]
=

[
〈N|V̂1R̂V̂1|N〉

]
+

[
〈N |V̂1R̂V̂3|N〉

]
+

[
〈N |V̂3R̂V̂1|N〉

]
+

[
〈N |V̂2R̂V̂2|N〉

]
+

[
〈N |V̂2R̂V̂4|N〉

]
+

[
〈N |V̂4R̂V̂2|N〉

]
+

[
〈N |V̂3R̂V̂3|N〉

]
+

[
〈N |V̂4R̂V̂4|N〉

]
(C1)

with the resolvent R̂ being

R̂ = R̂1 + R̂2 + R̂3 + R̂4, (C2)

where V̂n is the nth-order force-constant term in the PES op-
erator [Eq. (28)]. Only nonvanishing combinations (m, n) of
[〈N |V̂mR̂V̂n|N〉] in a QFF are shown above (see below for a
justification).

1. [〈N|V̂1R̂V̂1|N〉]

The first term in the right-hand side of Eq. (C1) is evaluated
as[
〈N|V̂1R̂V̂1|N〉

]
=

∑
i, j

FiF j

[
〈N |QiR̂Q j|N〉

]
=

∑
i, j

FiF j

denom.,0∑
M

〈N |Qi|M〉〈M|Q j|N〉

E(0)
N − E(0)

M


=

denom.,0∑
i

FiFi

ωi

[
〈ni|Qi|ni − 1〉〈ni − 1|Qi|ni〉

]
+

denom.,0∑
i

FiFi

−ωi

[
〈ni|Qi|ni + 1〉〈ni + 1|Qi|ni〉

]
=

denom.,0∑
i

FiFi

ωi

[
〈Qi〉1〈Qi〉−1

]
+

denom.,0∑
i

FiFi

−ωi

[
〈Qi〉−1〈Qi〉1

]
=

denom.,0∑
i

FiFi

ωi

fi
2ωi

+

denom.,0∑
i

FiFi

−ωi

fi + 1
2ωi

=

denom.,0∑
i

F̃iF̃i

ωi
fi +

denom.,0∑
i

F̃iF̃i

−ωi
( fi + 1). (C3)

In the second equality, M runs over all Hartree-product states
that are not degenerate with the Nth state. This is equivalent
to M running over all states with the restriction “denom.,0”
requiring that E(0)

N − E(0)
M , 0. Furthermore, only when i = j

is the numerator nonzero. The penultimate equality used the
thermal Born–Huang rules in Table III. See Eq. (34) for the
definition of F̃ appearing in the last equality. In the final ex-
pression, “denom.,0” means ωi , 0, and, therefore, “a divi-
sion by zero” never occurs in this theory or its computer pro-
gram. Both terms in the last line are linked through the com-
mon summation index i and are, therefore, size-consistent.

2. [〈N |V̂1R̂V̂3|N〉] and [〈N|V̂3R̂V̂1|N〉]

Next, we consider the second term of Eq. (C1). As per
Tables I and III, only R̂1 will have a nonzero contribution to
this term. Furthermore, since R̂1 = R̂(+1)

1 + R̂(−1)
1 [cf. Eq. (67)],

we write[
〈N |V̂1R̂V̂3|N〉

]
=

[
〈N |V̂1R̂(−1)

1 V̂3|N〉
]

+
[
〈N|V̂1R̂(+1)

1 V̂3|N〉
]
.

(C4)

As inferred from Appendix C 1, the terms arising from R̂(+1)
1

are simply related to those from R̂(−1)
1 , and the former are ob-

tained by systematically flipping the signs of the ω’s in the
denominators and of the subscripts of the thermal averages in
the latter, and vice versa. Therefore, we initially focus on the
latter, which is evaluated as[

〈N |V̂1R̂(−1)
1 V̂3|N〉

]
=

1
6

∑
i, j

FiF j j j

[
〈N|QiR̂

(−1)
1 Q3

j |N〉
]

+
1
2

j,k∑
i, j,k

FiF jkk

[
〈N |QiR̂

(−1)
1 Q jQ2

k |N〉
]

+
1
6

j,k, j,l
k,l∑

i, j,k,l

FiF jkl

[
〈N |QiR̂

(−1)
1 Q jQkQl|N〉

]
=

1
6

denom.,0∑
i

FiFiii

ωi

[
〈Qi〉1〈Q3

i 〉−1

]

+
1
2

denom.,0
i, j∑
i, j

FiFi j j

ωi

[
〈Qi〉1〈Qi〉−1

] [
〈Q2

j〉0

]
=

1
2

denom.,0∑
i

FiFiii

ωi

[
〈Qi〉1〈Qi〉−1

][
〈Q2

i 〉0

]

+
1
2

denom.,0
i, j∑
i, j

FiFi j j

ωi

[
〈Qi〉1〈Qi〉−1

] [
〈Q2

j〉0

]
=

1
2

denom.,0∑
i, j

FiFi j j

ωi

[
〈Qi〉1〈Qi〉−1

] [
〈Q2

j〉0

]
=

denom.,0∑
i, j

F̃iF̃i j j

ωi
fi( f j + 1/2). (C5)

In the right-hand side of the first equality, the third term van-
ishes according to Tables I and III because there is no thermal
average of this type listed as having a nonzero value. [The
same logic led to Eq. (C1) enumerating all nonvanishing ther-
mal averages.] In the second equality, the resolvent R̂ intro-
duces the “denom.,0” restrictions, which mean ωi , 0. In
the third equality, canonical form (8) of Table II was used to
lift the i , j summation index restrictions in the penultimate
equality. In the last equality, Tables I and III were again con-
sulted with.
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The term arising from R̂(+1)
1 can then be inferred as

[
〈N |V̂1R̂(+1)

1 V̂3|N〉
]

=
1
2

denom.,0∑
i, j

FiFi j j

−ωi

[
〈Qi〉−1〈Qi〉1

] [
〈Q2

j〉0

]
=

denom.,0∑
i, j

F̃iF̃i j j

−ωi
( fi + 1)( f j + 1/2). (C6)

Together, we obtain

[
〈N |V̂1R̂V̂3|N〉

]
=

denom.,0∑
i, j

F̃iF̃i j j

ωi
fi( f j + 1/2)

+

denom.,0∑
i, j

F̃iF̃i j j

−ωi
( fi + 1)( f j + 1/2),

(C7)

which is linked through the common summation index i.
Following the same procedure, the third term of Eq. (C1),

[〈N |V̂3R̂V̂1|N〉], is reduced to the same, linked formula as
above.

3. [〈N|V̂2R̂V̂2|N〉]

The fourth term of Eq. (C1) is decomposed as[
〈N |V̂2R̂V̂2|N〉

]
=

[
〈N|V̂2R̂(−2)

2 V̂2|N〉
]

+
[
〈N |V̂2R̂(±0)

2 V̂2|N〉
]

+
[
〈N |V̂2R̂(+2)

2 V̂2|N〉
]
. (C8)

We shall reduce the first two terms and infer the third from
the first.[

〈N|V̂2R̂(−2)
2 V̂2|N〉

]
=

1
4

denom.,0∑
i

F̄iiF̄ii

2ωi

[
〈Q2

i 〉2〈Q
2
i 〉−2

]

+
1
2

denom.,0
i, j∑
i, j

F̄i jF̄i j

ωi + ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

]
=

1
2

denom.,0∑
i

F̄iiF̄ii

2ωi

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

]

+
1
2

denom.,0
i, j∑
i, j

F̄i jF̄i j

ωi + ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

]
=

1
2

denom.,0∑
i, j

F̄i jF̄i j

ωi + ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

]
=

1
2

denom.,0∑
i, j

˜̄Fi j
˜̄Fi j

ωi + ω j
fi f j. (C9)

In the second equality, canonical form (3) was used, lifting the
summation index restriction i , j in the third equality.

Likewise, we obtain

[
〈N|V̂2R̂(±0)

2 V̂2|N〉
]

=

denom.,0
i, j∑
i, j

F̄i jF̄i j

ωi − ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

]
=

denom.,0∑
i, j

F̄i jF̄i j

ωi − ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

]
=

denom.,0∑
i, j

˜̄Fi j
˜̄Fi j

ωi − ω j
fi( f j + 1), (C10)

where the summation index restriction i , j is absorbed by
the stronger condition “denom.,0” (meaning ωi − ω j , 0).

The third term of Eq. (C8) can be inferred from Eq. (C9) as

[
〈N |V̂2R̂(+2)

2 V̂2|N〉
]

=
1
2

denom.,0∑
i, j

F̄i jF̄i j

−ωi − ω j

[
〈Qi〉−1〈Qi〉1

][
〈Q j〉−1〈Q j〉1

]
=

1
2

denom.,0∑
i, j

˜̄Fi j
˜̄Fi j

−ωi − ω j
( fi + 1)( f j + 1). (C11)

Therefore, we find

[
〈N|V̂2R̂V̂2|N〉

]
=

1
2

denom.,0∑
i, j

˜̄Fi j
˜̄Fi j

ωi + ω j
fi f j

+
1
2

denom.,0∑
i, j

˜̄Fi j
˜̄Fi j

−ωi − ω j
( fi + 1)( f j + 1)

+

denom.,0∑
i, j

˜̄Fi j
˜̄Fi j

ωi − ω j
fi( f j + 1). (C12)

Each term is linked through indexes i and j.

4. [〈N|V̂2R̂V̂4|N〉] and [〈N|V̂4R̂V̂2|N〉]

The fifth term of Eq. (C1) is evaluated as follows:

[
〈N |V̂2R̂V̂4|N〉

]
=

[
〈N |V̂2R̂(−2)

2 V̂4|N〉
]

+
[
〈N |V̂2R̂(±0)

2 V̂4|N〉
]

+
[
〈N |V̂2R̂(+2)

2 V̂4|N〉
]

(C13)
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with

[
〈N |V̂2R̂(−2)

2 V̂4|N〉
]

=
1

48

denom.,0∑
i

F̄iiFiiii

2ωi

[
〈Q2

i 〉2〈Q
4
i 〉−2

]

+
1
8

denom.,0
i,k∑
i,k

F̄iiFiikk

2ωi

[
〈Q2

i 〉2〈Q
2
i 〉−2

][
〈Q2

k〉0

]

+
1
6

denom.,0
i, j∑
i, j

F̄i jFi j j j

ωi + ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q3

j〉−1

]

+
1
4

denom.,0
i, j,i,k

j,k∑
i, j,k

F̄i jFi jkk

ωi + ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q2

k〉0

]
=

1
4

denom.,0∑
i

F̄iiFiiii

2ωi

[
〈Qi〉1〈Qi〉−1

][
〈Qi〉1〈Qi〉−1

][
〈Q2

i 〉0

]

+
1
4

denom.,0
i,k∑
i,k

F̄iiFiikk

2ωi

[
〈Qi〉1〈Qi〉−1

][
〈Qi〉1〈Qi〉−1

][
〈Q2

k〉0

]

+
1
2

denom.,0
i, j∑
i, j

F̄i jFi j j j

ωi + ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q2

j〉0

]

+
1
4

denom.,0
i, j,i,k

j,k∑
i, j,k

F̄i jFi jkk

ωi + ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q2

k〉0

]
=

1
4

denom.,0∑
i, j,k

F̄i jFi jkk

ωi + ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q2

k〉0

]
=

1
2

denom.,0∑
i, j,k

˜̄Fi jF̃i jkk

ωi + ω j
fi f j( fk + 1/2), (C14)

where canonical forms (3), (8), and (11) were used in the sec-
ond equality as well as

∑
i, j,k

X(i j)k =

i, j,i,k
j,k∑
i, j,k

X(i j)k + 2

i, j,i,k
j=k∑
i, j,k

X(i j) j +

i= j,i,k
j,k∑
i, j,k

X(ii)k

+

i= j,i=k
j=k∑
i, j,k

X(ii)i, (C15)

where X(i j)k has the index permutation symmetry of the form
X(i j)k = X( ji)k. All summation index restrictions are lifted ex-
cept for “denom.,0” requiring ωi + ω j , 0.

The second term of Eq. (C13) is reduced similarly:[
〈N |V̂2R̂(±0)

2 V̂4|N〉
]

=
1
6

denom.,0
i, j∑
i, j

F̄i jFi j j j

ωi − ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q3

j〉1

]

+
1
6

denom.,0
i, j∑
i, j

F̄i jFi jii

ωi − ω j

[
〈Qi〉1〈Q3

i 〉−1

][
〈Q j〉−1〈Q j〉1

]

+
1
2

denom.,0
i, j,i,k

j,k∑
i, j,k

F̄i jFi jkk

ωi − ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

][
〈Q2

k〉0

]

=
1
2

denom.,0
i, j∑
i, j,k

F̄i jFi jkk

ωi − ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

][
〈Q2

k〉0

]
=

1
2

denom.,0∑
i, j,k

F̄i jFi jkk

ωi − ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

][
〈Q2

k〉0

]
=

denom.,0∑
i, j,k

˜̄Fi jF̃i jkk

ωi − ω j
fi( f j + 1)( fk + 1/2), (C16)

where the i , j restriction was absorbed by “denom.,0” re-
quiring ωi−ω j , 0. In the second equality, we used canonical
forms (8) and (9) as well as

i, j∑
i, j,k

Xi jk =

i, j,i,k
j,k∑
i, j,k

Xi jk +

i, j,i=k
j,k∑
i, j,k

Xi ji +

i, j,i,k
j=k∑
i, j,k

Xi j j (C17)

in the third equality.
The third term of Eq. (C13) is inferred from the first:[
〈N |V̂2R̂(+2)

2 V̂4|N〉
]

=
1
4

denom.,0∑
i, j,k

F̄i jFi jkk

−ωi − ω j

[
〈Qi〉−1〈Qi〉1

][
〈Q j〉−1〈Q j〉1

][
〈Q2

k〉0

]
=

1
2

denom.,0∑
i, j,k

˜̄Fi jF̃i jkk

−ωi − ω j
( fi + 1)( f j + 1)( fk + 1/2). (C18)

We finally obtain[
〈N |V̂2R̂V̂4|N〉

]
=

1
2

denom.,0∑
i, j,k

˜̄Fi jF̃i jkk

ωi + ω j
fi f j( fk + 1/2)

+
1
2

denom.,0∑
i, j,k

˜̄Fi jF̃i jkk

−ωi − ω j
( fi + 1)( f j + 1)( fk + 1/2)

+

denom.,0∑
i, j,k

˜̄Fi jF̃i jkk

ωi − ω j
fi( f j + 1)( fk + 1/2), (C19)

which is linked through indexes i and j.
The sixth term of Eq. (C1), [〈N|V̂4R̂V̂2|N〉], is reduced to

the same, linked formula.
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5. [〈N|V̂3R̂V̂3|N〉]

Next, consider the penultimate term of Eq. (C1). It is di-
vided into groups as[
〈N |V̂3R̂V̂3|N〉

]
=

([
〈N |V̂3R̂(−1)

1 V̂3|N〉
]

+
[
〈N |V̂3R̂(−1)

3 V̂3|N〉
])

+
([
〈N |V̂3R̂(−3)

3 V̂3|N〉
])

+
([
〈N |V̂3R̂(+1)

1 V̂3|N〉
]

+
[
〈N|V̂3R̂(+1)

3 V̂3|N〉
])

+
([
〈N |V̂3R̂(+3)

3 V̂3|N〉
])
. (C20)

The first two terms (the first parenthesized group) are ex-
panded together as

[
〈N |V̂3R̂(−1)

1 V̂3|N〉
]

+
[
〈N|V̂3R̂(−1)

3 V̂3|N〉
]

=
1

36

denom.,0∑
i

FiiiFiii

ωi

[
〈Q3

i 〉1〈Q
3
i 〉−1

]
+

1
4

denom.,0
i, j∑
i, j

Fi j jFi j j

ωi

[
〈Qi〉1〈Qi〉−1

][
〈Q2

j〉0〈Q
2
j〉0

]
+

1
6

denom.,0
i,k∑
i, j

FiiiFikk

ωi

[
〈Q3

i 〉1〈Qi〉−1

][
〈Q2

k〉0

]

+
1
4

denom.,0
i, j,i,k

j,k∑
i, j,k

Fi j jFikk

ωi

[
〈Qi〉1〈Qi〉−1

][
〈Q2

j〉0

][
〈Q2

k〉0

]
+

1
4

denom.,0
i, j∑
i, j

Fi j jFi j j

−ωi + 2ω j

[
〈Qi〉−1〈Qi〉1

][
〈Q2

j〉2〈Q
2
j〉−2

]

+
1
2

denom.,0
i, j,i,k

j,k∑
i, j,k

Fi jkFi jk

ωi + ω j − ωk

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉−1〈Qk〉1

]
=

1
4

denom.,0∑
i

FiiiFiii

ωi

[
〈Qi〉1〈Qi〉−1

][
〈Q2

i 〉0

][
〈Q2

i 〉0

]
+

1
2

denom.,0∑
i

FiiiFiii

ωi

[
〈Qi〉1〈Qi〉−1

][
〈Qi〉1〈Qi〉−1

][
〈Qi〉−1〈Qi〉1

]

+
1
4

denom.,0
i, j∑
i, j

Fi j jFi j j

ωi

[
〈Qi〉1〈Qi〉−1

][
〈Q2

j〉0

][
〈Q2

j〉0

]
+

denom.,0
i, j∑
i, j

Fi j jFi j j

ωi

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q j〉−1〈Q j〉1

]

+
1
2

denom.,0
i,k∑
i, j

FiiiFikk

ωi

[
〈Qi〉1〈Qi〉−1

][
〈Q2

i 〉0

][
〈Q2

k〉0

]
+

1
4

denom.,0
i, j,i,k

j,k∑
i, j,k

Fi j jFikk

ωi

[
〈Qi〉1〈Qi〉−1

][
〈Q2

j〉0

][
〈Q2

k〉0

]

+
1
2

denom.,0
i, j∑
i, j

Fi j jFi j j

−ωi + 2ω j

[
〈Qi〉−1〈Qi〉1

][
〈Q j〉1〈Q j〉−1

][
〈Q j〉1〈Q j〉−1

]

+
1
2

denom.,0
i, j,i,k

j,k∑
i, j,k

Fi jkFi jk

ωi + ω j − ωk

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉−1〈Qk〉1

]
=

1
4

denom.,0∑
i, j,k

Fi j jFikk

ωi

[
〈Qi〉1〈Qi〉−1

][
〈Q2

j〉0

][
〈Q2

k〉0

]
+

1
2

denom.,0∑
i, j,k

Fi jkFi jk

ωi + ω j − ωk

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉−1〈Qk〉1

]
=

denom.,0∑
i, j,k

Fi j jFikk

ωi
fi( f j + 1/2)( fk + 1/2) +

1
2

denom.,0∑
i, j,k

Fi jkFi jk

ωi + ω j − ωk
fi f j( fk + 1), (C21)
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where canonical forms (2), (3), (8), and (16) were used in the second equality as well as Eq. (C15) in the last equality. Likewise,
the third term of Eq. (C20) is reduced as

[
〈N |V̂3R̂(−3)

3 V̂3|N〉
]

=
1

36

denom.,0∑
i

FiiiFiii

3ωi

[
〈Q3

i 〉3〈Q
3
i 〉−3

]
+

1
4

denom.,0
i, j∑
i, j

Fi j jFi j j

ωi + 2ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q2

j〉2〈Q
2
j〉−2

]

+
1
6

denom.,0
i, j,i,k

j,k∑
i, j,k

Fi jkFi jk

ωi + ω j + ωk

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉1〈Qk〉−1

]

=
1
6

denom.,0∑
i

FiiiFiii

3ωi

[
〈Qi〉1〈Qi〉−1

][
〈Qi〉1〈Qi〉−1

][
〈Qi〉1〈Qi〉−1

]
+

1
2

denom.,0
i, j∑
i, j

Fi j jFi j j

ωi + 2ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q j〉1〈Q j〉−1

]

+
1
6

denom.,0
i, j,i,k

j,k∑
i, j,k

Fi jkFi jk

ωi + ω j + ωk

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉1〈Qk〉−1

]
=

1
6

denom.,0∑
i, j,k

Fi jkFi jk

ωi + ω j + ωk

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉1〈Qk〉−1

]
=

1
6

denom.,0∑
i, j,k

Fi jkFi jk

ωi + ω j + ωk
fi f j fk, (C22)

where we used canonical forms (3) and (17) as well as

∑
i, j,k

X(i jk) =

i, j,i,k
j,k∑
i, j,k

X(i jk) + 3

i, j,i,k
j=k∑
i, j,k

X(i j j) +

i= j,i=k
j=k∑
i, j,k

X(iii), (C23)

where X(i jk) has the full index permutation symmetry, i.e., X(i jk) = X(ik j) = X( jik) = X( jki) = X(ki j) = X(k ji).

From these, we can readily infer the remaining terms of Eq. (C20):

[
〈N |V̂3R̂(+1)

1 V̂3|N〉
]

+
[
〈N |V̂3R̂(+1)

3 V̂3|N〉
]

=
1
4

denom.,0∑
i, j,k

Fi j jFikk

−ωi

[
〈Qi〉−1〈Qi〉1

][
〈Q2

j〉0

][
〈Q2

k〉0

]
+

1
2

denom.,0∑
i, j,k

Fi jkFi jk

−ωi − ω j + ωk

[
〈Qi〉−1〈Qi〉1

][
〈Q j〉−1〈Q j〉1

][
〈Qk〉1〈Qk〉−1

]
=

denom.,0∑
i, j,k

Fi j jFikk

−ωi
( fi + 1)( f j + 1/2)( fk + 1/2) +

1
2

denom.,0∑
i, j,k

Fi jkFi jk

−ωi − ω j + ωk
( fi + 1)( f j + 1) fk, (C24)

and

[
〈N |V̂3R̂(+3)

3 V̂3|N〉
]

=
1
6

denom.,0∑
i, j,k

Fi jkFi jk

−ωi − ω j − ωk

[
〈Qi〉−1〈Qi〉1

][
〈Q j〉−1〈Q j〉1

][
〈Qk〉−1〈Qk〉1

]
=

1
6

denom.,0∑
i, j,k

Fi jkFi jk

−ωi − ω j − ωk
( fi + 1)( f j + 1)( fk + 1). (C25)
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Together, we obtain

[
〈N |V̂3R̂V̂3|N〉

]
=

denom.,0∑
i, j,k

Fi j jFikk

ωi
fi( f j + 1/2)( fk + 1/2) +

denom.,0∑
i, j,k

Fi j jFikk

−ωi
( fi + 1)( f j + 1/2)( fk + 1/2)

+
1
6

denom.,0∑
i, j,k

Fi jkFi jk

ωi + ω j + ωk
fi f j fk +

1
6

denom.,0∑
i, j,k

Fi jkFi jk

−ωi − ω j − ωk
( fi + 1)( f j + 1)( fk + 1)

+
1
2

denom.,0∑
i, j,k

Fi jkFi jk

ωi + ω j − ωk
fi f j( fk + 1) +

1
2

denom.,0∑
i, j,k

Fi jkFi jk

−ωi − ω j + ωk
( fi + 1)( f j + 1) fk. (C26)

Every term is linked.

6. [〈N|V̂4R̂V̂4|N〉]

The last term of Eq. (C1) will be split and then grouped as

[
〈N |V̂4R̂V̂4|N〉

]
=

([
〈N |V̂4R̂(−4)

4 V̂4|N〉
])

+
([
〈N |V̂4R̂(−2)

4 V̂4|N〉
]

+
[
〈N |V̂4R̂(−2)

2 V̂4|N〉
])

+
([
〈N |V̂4R̂(±0)

4 V̂4|N〉
]

+
[
〈N |V̂4R̂(±0)

2 V̂4|N〉
])

+
([
〈N |V̂4R̂(+2)

4 V̂4|N〉
]

+
[
〈N |V̂4R̂(+2)

2 V̂4|N〉
])

+
([
〈N |V̂4R̂(+4)

4 V̂4|N〉
])
. (C27)

In the following, we shall reduce the first three parenthesized groups explicitly and infer the rest. We also use

∑
i, j,k,l

Xi jkl =



i, j,i,k
i,l, j,k
j,l,k,l∑
i, j,k,l

Xi jkl


+



i, j,i,k
i,l, j,k
j,l,k=l∑
i, j,k,l

Xi jkk +

i, j,i,k
i,l, j,k
j=l,k,l∑
i, j,k,l

Xi jk j +

i, j,i,k
i,l, j=k
j,l,k,l∑
i, j,k,l

Xi j jl +

i, j,i,k
i=l, j,k
j,l,k,l∑
i, j,k,l

Xi jki +

i, j,i=k
i,l, j,k
j,l,k,l∑
i, j,k,l

Xi jil +

i= j,i,k
i,l, j,k
j,l,k,l∑
i, j,k,l

Xiikl


+



i, j,i,k
i,l, j=k
j=l,k=l∑
i, j,k,l

Xi j j j +

i, j,i=k
i=l, j,k
j,l,k=l∑
i, j,k,l

Xi jii +

i= j,i,k
i=l, j,k
j=l,k,l∑
i, j,k,l

Xiiki +

i= j,i=k
i,l, j=k
j,l,k,l∑
i, j,k,l

Xiiil


+



i= j,i,k
i,l, j,k
j,l,k=l∑
i, j,k,l

Xiikk +

i, j,i=k
i,l, j,k
j=l,k,l∑
i, j,k,l

Xi ji j +

i, j,i,k
i=l, j=k
j,l,k,l∑
i, j,k,l

Xi j ji


+



i= j,i=k
i=l, j=k
j=l,k=l∑
i, j,k,l

Xiiii


, (C28)

where no index permutation symmetry is assumed for Xi jkl.
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The first term of Eq. (C27) is transformed as

[
〈N |V̂4R̂(−4)

4 V̂4|N〉
]

=
1

576

denom.,0∑
i

FiiiiFiiii

4ωi

[
〈Q4

i 〉4〈Q
4
i 〉−4

]
+

1
32

denom.,0
i,k∑
i,k

FiikkFiikk

2ωi + 2ωk

[
〈Q2

i 〉2〈Q
2
i 〉−2

][
〈Q2

k〉2〈Q
2
k〉−2

]

+
1
36

denom.,0
i, j∑
i, j

Fi j j jFi j j j

ωi + 3ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q3

j〉3〈Q
3
j〉−3

]
+

1
8

denom.,0
i, j,i,k

j,k∑
i, j,k

Fi jkkFi jkk

ωi + ω j + 2ωk

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q2

k〉2〈Q
2
k〉−2

]

+
1
24

denom.,0
i, j,i,k
i,l, j,k
j,l,k,l∑
i, j,k,l

Fi jklFi jkl

ωi + ω j + ωk + ωl

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉1〈Qk〉−1

][
〈Ql〉1〈Ql〉−1

]
=

1
24

denom.,0∑
i

FiiiiFiiii

4ωi

[
〈Qi〉1〈Qi〉−1

][
〈Qi〉1〈Qi〉−1

][
〈Qi〉1〈Qi〉−1

][
〈Qi〉1〈Qi〉−1

]

+
1
8

denom.,0
i,k∑
i,k

FiikkFiikk

2ωi + 2ωk

[
〈Qi〉1〈Qi〉−1

][
〈Qi〉1〈Qi〉−1

][
〈Qk〉1〈Qk〉−1

][
〈Qk〉1〈Qk〉−1

]

+
1
6

denom.,0
i, j∑
i, j

Fi j j jFi j j j

ωi + 3ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q j〉1〈Q j〉−1

]

+
1
4

denom.,0
i, j,i,k

j,k∑
i, j,k

Fi jkkFi jkk

ωi + ω j + 2ωk

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉1〈Qk〉−1

][
〈Qk〉1〈Qk〉−1

]

+
1
24

denom.,0
i, j,i,k
i,l, j,k
j,l,k,l∑
i, j,k,l

Fi jklFi jkl

ωi + ω j + ωk + ωl

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉1〈Qk〉−1

][
〈Ql〉1〈Ql〉−1

]
=

1
24

denom.,0∑
i, j,k,l

Fi jklFi jkl

ωi + ω j + ωk + ωl

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉1〈Qk〉−1

][
〈Ql〉1〈Ql〉−1

]
=

1
24

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

ωi + ω j + ωk + ωl
fi f j fk fl, (C29)

where we used canonical forms (3), (17), and (22) as well as Eq. (C28) to consolidate terms.

We can then also obtain

[
〈N |V̂4R̂(+4)

4 V̂4|N〉
]

=
1
24

denom.,0∑
i, j,k,l

Fi jklFi jkl

−ωi − ω j − ωk − ωl

[
〈Qi〉−1〈Qi〉1

][
〈Q j〉−1〈Q j〉1

][
〈Qk〉−1〈Qk〉1

][
〈Ql〉−1〈Ql〉1

]
=

1
24

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

−ωi − ω j − ωk − ωl
( fi + 1)( f j + 1)( fk + 1)( fl + 1), (C30)
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The second parenthesized group of terms in Eq. (C27) is processed as[
〈N |V̂4R̂(−2)

4 V̂4|N〉
]

+
[
〈N |V̂4R̂(−2)

2 V̂4|N〉
]

=
1

576

denom.,0∑
i

FiiiiFiiii

2ωi

[
〈Q4

i 〉2〈Q
4
i 〉−2

]
+

1
16

denom.,0
i,k∑
i,k

FiikkFiikk

2ωi

[
〈Q2

i 〉2〈Q
2
i 〉−2

][
〈Q2

k〉0〈Q
2
k〉0

]

+
1

36

denom.,0
i, j∑
i, j

Fi j j jFi j j j

ωi + ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q3

j〉1〈Q
3
j〉−1

]
+

1
8

denom.,0
i, j,i,k

j,k∑
i, j,k

Fi jkkFi jkk

ωi + ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q2

k〉0〈Q
2
k〉0

]

+
1
8

denom.,0
i, j,i,k
i,l, j,k
j,l,k,l∑
i, j,k,l

Fi jkkFi jll

ωi + ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q2

k〉0

][
〈Q2

l 〉0

]
+

1
16

denom.,0
i,k,i,l

k,l∑
i,k,l

FiikkFiill

2ωi

[
〈Q2

i 〉2〈Q
2
i 〉−2

][
〈Q2

k〉0

][
〈Q2

l 〉0

]

+
1

48

denom.,0
i,l∑
i,l

FiiiiFiill

2ωi

[
〈Q4

i 〉2〈Q
2
i 〉−2

][
〈Q2

l 〉0

]
+

1
6

denom.,0
i, j,i,l

j,l∑
i, j,l

Fi j j jFi jll

ωi + ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q3

j〉1〈Q j〉−1

][
〈Q2

l 〉0

]

+
1

36

denom.,0
i, j∑
i, j

F jiiiFi j j j

ωi + ω j

[
〈Qi〉1〈Q3

i 〉−1

][
〈Q j〉1〈Q3

j〉−1

]
+

1
36

denom.,0
i,l∑
i,l

FiiilFiiil

3ωi − ωl

[
〈Q3

i 〉3〈Q
3
i 〉−3

][
〈Ql〉−1〈Ql〉1

]

+
1
4

denom.,0
i,k,i,l

k,l∑
i,k,l

FiiklFiikl

2ωi + ωk − ωl

[
〈Q2

i 〉2〈Q
2
i 〉−2

][
〈Qk〉1〈Qk〉−1

][
〈Ql〉−1〈Ql〉1

]

+
1
6

denom.,0
i, j,i,k
i,l, j,k
j,l,k,l∑
i, j,k,l

Fi jklFi jkl

ωi + ω j + ωk − ωl

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉1〈Qk〉−1

][
〈Ql〉−1〈Ql〉1

]
=

1
8

denom.,0∑
i, j,k,l

Fi jkkFi jll

ωi + ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q2

k〉0

][
〈Q2

l 〉0

]
+

1
6

denom.,0∑
i, j,k,l

Fi jklFi jkl

ωi + ω j + ωk − ωl

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉1〈Qk〉−1

][
〈Ql〉−1〈Ql〉1

]
=

1
2

denom.,0∑
i, j,k,l

F̃i jkkF̃i jll

ωi + ω j
fi f j( fk + 1/2)( fl + 1/2) +

1
6

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

ωi + ω j + ωk − ωl
fi f j fk( fl + 1), (C31)

where canonical forms (2), (3), (8), (11), (16), (17), and (21) as well as Eq. (C28) were invoked to fully remove summation
index restrictions in the second equality except “denom.,0” meaning either ωi + ω j , 0 or ωi + ω j + ωk − ωl , 0. In the last
equality, the thermal Born–Huang rules were used.

We can then infer[
〈N |V̂4R̂(+2)

4 V̂4|N〉
]

+
[
〈N |V̂4R̂(+2)

2 V̂4|N〉
]

=
1
8

denom.,0∑
i, j,k,l

Fi jkkFi jll

−ωi − ω j

[
〈Qi〉−1〈Qi〉1

][
〈Q j〉−1〈Q j〉1

][
〈Q2

k〉0

][
〈Q2

l 〉0

]
+

1
6

denom.,0∑
i, j,k,l

Fi jklFi jkl

−ωi − ω j − ωk + ωl

[
〈Qi〉−1〈Qi〉1

][
〈Q j〉−1〈Q j〉1

][
〈Qk〉−1〈Qk〉1

][
〈Ql〉1〈Ql〉−1

]
=

1
2

denom.,0∑
i, j,k,l

F̃i jkkF̃i jll

−ωi − ω j
( fi + 1)( f j + 1)( fk + 1/2)( fl + 1/2) +

1
6

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

−ωi − ω j − ωk + ωl
( fi + 1)( f j + 1)( fk + 1) fl. (C32)
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The third parenthesized group of terms in Eq. (C27) is evaluated analogously.[
〈N |V̂4R̂(±0)

4 V̂4|N〉
]

+
[
〈N|V̂4R̂(±0)

2 V̂4|N〉
]

=
1

18

denom.,0
i, j∑
i, j

Fi j j jFi j j j

ωi − ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q3

j〉−1〈Q3
j〉1

]
+

1
4

denom.,0
i, j,i,k

j,k∑
i, j,k

Fi jkkFi jkk

ωi − ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

][
〈Q2

k〉0〈Q
2
k〉0

]

+
1
4

denom.,0
i, j,i,k
i,l, j,k
j,l,k,l∑
i, j,k,l

Fi jkkFi jll

ωi − ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

][
〈Q2

k〉0

][
〈Q2

l 〉0

]
+

1
3

denom.,0
i, j,i,l

j,l∑
i, j,l

Fi j j jFi jll

ωi − ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q3

j〉−1〈Q j〉1

][
〈Q2

l 〉0

]

+
1

18

denom.,0
i, j∑
i, j

F jiiiFi j j j

ωi − ω j

[
〈Q3

i 〉1〈Qi〉−1

][
〈Q j〉−1〈Q3

j〉1

]
+

1
8

denom.,0
i,k,i,l

k,l∑
i,k,l

FiiklFiikl

2ωi − ωk − ωl

[
〈Q2

i 〉2〈Q
2
i 〉−2

][
〈Qk〉−1〈Qk〉1

][
〈Ql〉−1〈Ql〉1

]

+
1
8

denom.,0
i, j,i,k

j,k∑
i, j,k

Fi jkkFi jkk

ωi + ω j − 2ωk

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q2

k〉−2〈Q2
k〉2

]

+
1
4

denom.,0
i, j,i,k
i,l, j,k
j,l,k,l∑
i, j,k,l

Fi jklFi jkl

ωi + ω j − ωk − ωl

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉−1〈Qk〉1

][
〈Ql〉−1〈Ql〉1

]
=

1
4

denom.,0∑
i, j,k,l

Fi jkkFi jll

ωi − ω j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

][
〈Q2

k〉0

][
〈Q2

l 〉0

]
+

1
4

denom.,0∑
i, j,k,l

Fi jklFi jkl

ωi + ω j − ωk − ωl

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉−1〈Qk〉1

][
〈Ql〉−1〈Ql〉1

]
=

denom.,0∑
i, j,k,l

F̃i jkkF̃i jll

ωi − ω j
fi( f j + 1)( fk + 1/2)( fl + 1/2) +

1
4

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

ωi + ω j − ωk − ωl
fi f j( fk + 1)( fl + 1), (C33)

where canonical forms (2), (3), (4), (8), (9), and (18) as well as Eq. (C28) were used.
Putting these together, we obtain[

〈N |V̂4R̂V̂4|N〉
]

=
1
24

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

ωi + ω j + ωk + ωl
fi f j fk fl +

1
24

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

−ωi − ω j − ωk − ωl
( fi + 1)( f j + 1)( fk + 1)( fl + 1)

+
1
2

denom.,0∑
i, j,k,l

F̃i jkkF̃i jll

ωi + ω j
fi f j( fk + 1/2)( fl + 1/2) +

1
6

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

ωi + ω j + ωk − ωl
fi f j fk( fl + 1)

+
1
2

denom.,0∑
i, j,k,l

F̃i jkkF̃i jll

−ωi − ω j
( fi + 1)( f j + 1)( fk + 1/2)( fl + 1/2) +

1
6

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

−ωi − ω j − ωk + ωl
( fi + 1)( f j + 1)( fk + 1) fl

+

denom.,0∑
i, j,k,l

F̃i jkkF̃i jll

ωi − ω j
fi( f j + 1)( fk + 1/2)( fl + 1/2) +

1
4

denom.,0∑
i, j,k,l

F̃i jklF̃i jkl

ωi + ω j − ωk − ωl
fi f j( fk + 1)( fl + 1), (C34)

which is linked.

Since all terms of [E(2)
N ] are linked, we write[
E(2)

N

]
=

[
E(2)

N

]
L
. (C35)

Appendix D: Algebraic reduction of [E(1)
N E(1)

N ]

Here, we illustrate an algebraic reduction of [E(1)
N E(1)

N ] en-
tering Ω(2) [Eq. (97)]. In parallel with Eq. (C1), we first divide
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it into its components as follows:

[
E(1)

N E(1)
N

]
=

[
Tr

(
E(1)E(1)

)]
=

[
〈N |V̂1P̂V̂1|N〉

]
+

[
〈N |V̂1P̂V̂3|N〉

]
+

[
〈N |V̂3P̂V̂1|N〉

]
+

[
〈N|V̂2P̂V̂2|N〉

]
+

[
〈N |V̂2P̂V̂4|N〉

]
+

[
〈N|V̂4P̂V̂2|N〉

]
+

[
〈N |V̂3P̂V̂3|N〉

]
+

[
〈N|V̂4P̂V̂4|N〉

]
, (D1)

where the inner projector P̂ consists of

P̂ = P̂0 + P̂1 + P̂2 + P̂3 + P̂4, (D2)

in a QFF. Recall that E(1)
N is an eigenvalue of the matrix E(1)

and cannot generally be expressed in a closed form. How-
ever, as per the trace invariance [Eq. (25)], the thermal aver-
age of the squares of these eigenvalues is equal to the trace of
the matrix product E(1)E(1), which can be written in a closed
form according to the degenerate RSPT [Eqs. (21) and (22)].
Through this matrix product E(1)E(1), off-diagonal as well as
diagonal elements of E(1) enter the thermal average.

With Eq. (D2), we can further divide each term as

[
〈N |V̂mP̂V̂n|N〉

]
=

[
〈N|V̂mP̂0V̂n|N〉

]
+

[
〈N|V̂mP̂1V̂n|N〉

]
+

[
〈N |V̂mP̂2V̂n|N〉

]
+

[
〈N |V̂mP̂3V̂n|N〉

]
+

[
〈N |V̂mP̂4V̂n|N〉

]
(D3)

with[
〈N|V̂mP̂1V̂n|N〉

]
=

[
〈N |V̂mP̂(+1)

1 V̂n|N〉
]

+
[
〈N |V̂mP̂(−1)

1 V̂n|N〉
]
,

(D4)[
〈N |V̂mP̂2V̂n|N〉

]
=

[
〈N |V̂mP̂(+2)

2 V̂n|N〉
]

+
[
〈N |V̂mP̂(±0)

2 V̂n|N〉
]

+
[
〈N |V̂mP̂(−2)

2 V̂n|N〉
]
, (D5)[

〈N |V̂mP̂3V̂n|N〉
]

=
[
〈N |V̂mP̂(+3)

3 V̂n|N〉
]

+
[
〈N |V̂mP̂(+1)

3 V̂n|N〉
]

+
[
〈N |V̂mP̂(−1)

3 V̂n|N〉
]

+
[
〈N |V̂mP̂(−3)

3 V̂n|N〉
]
, (D6)[

〈N |V̂mP̂4V̂n|N〉
]

=
[
〈N |V̂mP̂(+4)

4 V̂n|N〉
]

+
[
〈N |V̂mP̂(+2)

4 V̂n|N〉
]

+
[
〈N |V̂mP̂(±0)

4 V̂n|N〉
]

+
[
〈N|V̂mP̂(−2)

4 V̂n|N〉
]

+
[
〈N |V̂mP̂(−4)

4 V̂n|N〉
]
. (D7)

An algebraic reduction of [〈N |V̂mP̂(y)
x V̂n|N〉] (y , 0) is essen-

tially the same as that of [〈N |V̂mR̂(y)
x V̂n|N〉] with the only differ-

ence being that R̂ introduces a denominator with the summa-
tion index restriction requiring the denominator to be nonzero,
while P̂ instead injects the opposite restriction that the corre-
sponding fictitious denominator be zero.

For example, [〈N |V̂1P̂1V̂1|N〉] is reduced, using the identi-

cal logic as Eq. (C3), as

[
〈N |V̂1P̂1V̂1|N〉

]
=

denom.=0∑
i

FiFi

[
〈Qi〉1〈Qi〉−1

]
+

denom.=0∑
i

FiFi

[
〈Qi〉−1〈Qi〉1

]
=

denom.=0∑
i

F̃iF̃i fi +

denom.=0∑
i

F̃iF̃i( fi + 1), (D8)

where “denom.=0” means ωi = 0. These fictitious denomina-
tors can be inferred from the corresponding thermal average
having R̂ in place of P̂, i.e., Eq. (C3). We shall not repeat es-
sentially the same reduction of [〈N |V̂mP̂(y)

x V̂n|N〉] (y , 0) and
refer the reader to Appendix C.

In this Appendix, we instead focus on the terms that require
special attention, i.e., [〈N|V̂mP̂(y)

x V̂n|N〉] with x = 0 or y = 0.
The term in Eq. (D1) involving P̂0 consists of

[
Tr

(
E(1)P̂0E(1)

)]
=

([
〈N |V̂2P̂0V̂2|N〉

])
+

([
〈N|V̂2P̂0V̂4|N〉

]
+

[
〈N |V̂4P̂0V̂2|N〉

])
+

([
〈N |V̂4P̂0V̂4|N〉

])
. (D9)

Only these combinations of V̂m and V̂n lead to nonzero re-
sults, as inferred from Tables I and III. Each term in the right-
hand side together with the associated contributions from
[〈N |V̂mP̂(±0)

x V̂n|N〉] (x = 2 or 4) will be evaluated in the fol-
lowing.
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1. [〈N|V̂2P̂0V̂2|N〉] + [〈N|V̂2P̂(±0)
2 V̂2|N〉]

The first term of Eq. (D9) needs to be reduced in conjunc-
tion with [〈N |V̂2P̂(±0)

2 V̂2|N〉].

[
〈N |V̂2P̂0V̂2|N〉

]
+

[
〈N |V̂2P̂(±0)

2 V̂2|N〉
]

=
1
4

i, j∑
i, j

F̄iiF̄ j j

[
〈Q2

i 〉0

][
〈Q2

j〉0

]
+

1
4

∑
i

F̄iiF̄ii

[
〈Q2

i 〉0〈Q
2
i 〉0

]

+

denom.=0
i, j∑
i, j

F̄i jF̄i j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

]
=

1
4

i, j∑
i, j

F̄iiF̄ j j

[
〈Q2

i 〉0

][
〈Q2

j〉0

]
+

1
4

∑
i

F̄iiF̄ii

[
〈Q2

i 〉0

][
〈Q2

i 〉0

]
+

∑
i

F̄iiF̄ii

[
〈Qi〉1〈Qi〉−1

][
〈Qi〉−1〈Qi〉1

]

+

denom.=0
i, j∑
i, j

F̄i jF̄i j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

]
=

1
4

∑
i, j

F̄iiF̄ j j

[
〈Q2

i 〉0

][
〈Q2

j〉0

]
+

denom.=0∑
i, j

F̄i jF̄i j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

]
=

∑
i, j

˜̄Fii
˜̄F j j( fi + 1/2)( f j + 1/2) +

denom.=0∑
i, j

˜̄Fi j
˜̄Fi j fi( f j + 1),

(D10)

where P̂0 (unlike P̂x with x ≥ 1) does not introduce the “de-
nom.=0” restriction. Canonical form (2) of Table II was used
in the second equality to consolidate terms and thereby elimi-
nate the i , j restrictions. This is contrasted with Eq. (C10),
where the i , j restriction was removed because it is im-
plied by the stronger condition “denom.,0”. The “denom.=0”
restriction in the second term of the final expression origi-
nates from P̂(±0)

2 and it demands that the fictitious denominator
ωi − ω j be zero.

The first term of the final reduced formula is unlinked be-
cause it is a product of two extensive scalars with no common
summation index. It will be canceled out by another unlinked
term of the same magnitude in Ω(2) (see the main text). The
second term is linked through indexes i and j.

2. [〈N|V̂2P̂0V̂4|N〉] + [〈N|V̂2P̂(±0)
2 V̂4|N〉] and

[〈N|V̂4P̂0V̂2|N〉] + [〈N|V̂4P̂(±0)
2 V̂2|N〉]

The second term of Eq. (D9) and [〈N|V̂2P̂(±0)
2 V̂4|N〉] are re-

duced together.[
〈N |V̂2P̂0V̂4|N〉

]
+

[
〈N|V̂2P̂(±0)

2 V̂4|N〉
]

=
1

16

i, j,i,k
j,k∑
i, j,k

F̄iiF j jkk

[
〈Q2

i 〉0

][
〈Q2

j〉0

][
〈Q2

k〉0

]
+

1
48

i, j∑
i, j

F̄iiF j j j j

[
〈Q2

i 〉0

][
〈Q4

j〉0

]
+

1
48

∑
i

F̄iiFiiii

[
〈Q2

i 〉0〈Q
4
i 〉0

]
+

1
8

i,k∑
i,k

F̄iiFiikk

[
〈Q2

i 〉0〈Q
2
i 〉0

][
〈Q2

k〉0

]

+
1
6

denom.=0
i, j∑
i, j

F̄i jFi j j j

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q3

j〉1

]

+
1
6

denom.=0
i, j∑
i, j

F̄i jFi jii

[
〈Qi〉1〈Q3

i 〉−1

][
〈Q j〉−1〈Q j〉1

]

+
1
2

denom.=0
i, j,i,k

j,k∑
i, j,k

F̄i jFi jkk

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

][
〈Q2

k〉0

]
=

1
16

∑
i, j,k

F̄iiF j jkk

[
〈Q2

i 〉0

][
〈Q2

j〉0

][
〈Q2

k〉0

]
+

1
2

denom.=0∑
i, j,k

F̄i jFi jkk

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

][
〈Q2

k〉0

]
=

1
2

∑
i, j,k

˜̄FiiF̃ j jkk( fi + 1/2)( f j + 1/2)( fk + 1/2)

+

denom.=0∑
i, j,k

˜̄Fi jF̃i jkk fi( f j + 1)( fk + 1/2), (D11)

which may be contrasted with Eq. (C16). The terms with the
“denom.=0” restriction (meaning ωi −ω j = 0) originate from
P̂(±0)

2 , whereas those without the restriction come from P̂0. In
the second equality, we used canonical forms (1), (2), (8), (9),
and (10) as well as Eq. (91) and

∑
i, j,k

Xi( jk) =

i, j,i,k
j,k∑
i, j,k

Xi( jk) + 2

i, j,i=k
j,k∑
i, j,k

Xi( ji) +

i, j,i,k
j=k∑
i, j,k

Xi( j j)

+

i= j,i=k
j=k∑
i, j,k

Xi(ii), (D12)

where Xi( jk) has the index permutation symmetry of the form
Xi( jk) = Xi(k j). The first term in the final reduced expression is
unlinked, while the second term is linked.

[〈N|V̂4P̂0V̂2|N〉] + [〈N |V̂4P̂(±0)
2 V̂2|N〉] is the same as above.
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3. [〈N |V̂4P̂0V̂4|N〉] + [〈N|V̂4P̂(±0)
2 V̂4|N〉] + [〈N |V̂4P̂(±0)

4 V̂4|N〉]

Capitalizing on Eq. (C33), we write

[
〈N |V̂4P̂0V̂4|N〉

]
+

[
〈N |V̂4P̂(±0)

2 V̂4|N〉
]

+
[
〈N |V̂4P̂(±0)

4 V̂4|N〉
]

=
1
64

i, j,i,k
i,l, j,k
j,l,k,l∑
i, j,k,l

Fii j jFkkll

[
〈Q2

i 〉0

][
〈Q2

j〉0

][
〈Q2

k〉0

][
〈Q2

l 〉0

]
+

1
16

i,k,i,l
k,l∑
i,k,l

FiikkFiill

[
〈Q2

i 〉0〈Q
2
i 〉0

][
〈Q2

k〉0

][
〈Q2

l 〉0

]
+

1
32

i, j∑
i, j

Fii j jFii j j

[
〈Q2

i 〉0〈Q
2
i 〉0

][
〈Q2

j〉0〈Q
2
j〉0

]
+

1
48

i,l∑
i,l

FiiiiFiill

[
〈Q2

i 〉0〈Q
4
i 〉0

][
〈Q2

l 〉0

]
+

1
576

∑
i

FiiiiFiiii

[
〈Q4

i 〉0〈Q
4
i 〉0

]

+
1

96

i, j,i,k
j,k∑
i, j,k

Fii j jFkkkk

[
〈Q2

i 〉0

][
〈Q2

j〉0

][
〈Q4

k〉0

]
+

1
576

i,k∑
i,k

FiiiiFkkkk

[
〈Q4

i 〉0

][
〈Q4

k〉0

]

+
1

18

denom.=0
i, j∑
i, j

Fi j j jFi j j j

[
〈Qi〉1〈Qi〉−1

][
〈Q3

j〉−1〈Q3
j〉1

]
+

1
4

denom.=0
i, j,i,k

j,k∑
i, j,k

Fi jkkFi jkk

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

][
〈Q2

k〉0〈Q
2
k〉0

]

+
1
4

denom.=0
i, j,i,k
i,l, j,k
j,l,k,l∑
i, j,k,l

Fi jkkFi jll

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

][
〈Q2

k〉0

][
〈Q2

l 〉0

]
+

1
3

denom.=0
i, j,i,l

j,l∑
i, j,l

Fi j j jFi jll

[
〈Qi〉1〈Qi〉−1

][
〈Q3

j〉−1〈Q j〉1

][
〈Q2

l 〉0

]

+
1

18

denom.=0
i, j∑
i, j

F jiiiFi j j j

[
〈Q3

i 〉1〈Qi〉−1

][
〈Q j〉−1〈Q3

j〉1

]
+

1
8

denom.=0
i,k,i,l

k,l∑
i,k,l

FiiklFiikl

[
〈Q2

i 〉2〈Q
2
i 〉−2

][
〈Qk〉−1〈Qk〉1

][
〈Ql〉−1〈Ql〉1

]

+
1
8

denom.=0
i, j,i,k

j,k∑
i, j,k

Fi jkkFi jkk

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Q2

k〉−2〈Q2
k〉2

]
+

1
16

denom.=0
i, j∑
i, j

Fii j jFii j j

[
〈Q2

i 〉2〈Q
2
i 〉−2

][
〈Q2

j〉−2〈Q2
j〉2

]

+
1
4

denom.=0
i, j,i,k
i,l, j,k
j,l,k,l∑
i, j,k,l

Fi jklFi jkl

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉−1〈Qk〉1

][
〈Ql〉−1〈Ql〉1

]
=

1
64

∑
i, j,k,l

Fii j jFkkll

[
〈Q2

i 〉0

][
〈Q2

j〉0

][
〈Q2

k〉0

][
〈Q2

l 〉0

]
+

1
4

denom.=0∑
i, j,k,l

Fi jkkFi jll

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉−1〈Q j〉1

][
〈Q2

k〉0

][
〈Q2

l 〉0

]
+

1
4

denom.=0∑
i, j,k,l

Fi jklFi jkl

[
〈Qi〉1〈Qi〉−1

][
〈Q j〉1〈Q j〉−1

][
〈Qk〉−1〈Qk〉1

][
〈Ql〉−1〈Ql〉1

]
=

1
4

∑
i, j,k,l

F̃ii j jF̃kkll( fi + 1/2)( f j + 1/2)( fk + 1/2)( fl + 1/2) +

denom.=0∑
i, j,k,l

F̃i jkkF̃i jll fi( f j + 1)( fk + 1/2)( fl + 1/2)

+
1
4

denom.=0∑
i, j,k,l

F̃i jklF̃i jkl fi f j( fk + 1)( fl + 1), (D13)

where canonical forms (1), (2), (3), (4), (8), (9), (10), (18), and (20) as well as Eq. (C28) were used. In the last expression,
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“denom.=0” means ωi − ω j = 0 in the second term and ωi +

ω j − ωk − ωl = 0 in the third term. The first term is unlinked,
while the second and third terms are linked.

Combining all these, we obtain [E(1)
N E(1)

N ] given in the main
text. It consists of both linked and unlinked contributions and
is thus written as[

E(1)
N E(1)

N

]
=

[
E(1)

N E(1)
N

]
L

+
∑
i, j

˜̄Fii
˜̄F j j( fi + 1/2)( f j + 1/2)

+
∑
i, j,k

˜̄FiiF̃ j jkk( fi + 1/2)( f j + 1/2)( fk + 1/2)

+
1
4

∑
i, j,k,l

F̃ii j jF̃kkll( fi + 1/2)( f j + 1/2)( fk + 1/2)( fl + 1/2)

=
[
E(1)

N E(1)
N

]
L

+
[
E(1)

N

]
L

[
E(1)

N

]
L
, (D14)

where [E(1)
N ]L is given by Eq. (79).

Appendix E: Normal-ordered second quantization at finite
temperature

This Appendix gives a derivation of the rules of normal-
ordered second quantization for vibrations at finite temper-
ature, including a proof of thermal Wick’s theorem. The
reader is referred to Shavitt and Bartlett67 for normal order-
ing for zero-temperature electrons and Wick’s theorem, to Hi-
rata and Hermes86 for normal ordering for zero-temperature
vibrations, and to Hirata41 for normal ordering for finite-
temperature electrons. Normal ordering for finite-temperature
vibrations was also considered by Nooijen and Bao.92

1. Second quantization for vibrations

The second-quantized creation (â†i ) and annihilation (âi)
operators (“ladder operators”) for the ith normal mode are
defined86 by

âi|ni〉 = n1/2
i |ni − 1〉, (E1)

â†i |ni〉 = (ni + 1)1/2 |ni + 1〉, (E2)

where |ni〉 is the harmonic oscillator wave function with quan-
tum number ni. They are related to the normal-coordinate op-
erators by

Qi = (2ωi)−1/2
(
âi + â†i

)
, (E3)

−i
∂

∂Qi
= i

(
ωi

2

)1/2 (
â†i − âi

)
. (E4)

They obey the boson commutation rules, i.e.,

âiâ j − â jâi = 0, (E5)

â†i â†j − â†j â
†

i = 0, (E6)

âiâ
†

j − â†j âi = δi j. (E7)

The pure vibrational Hamiltonian can then be expressed86

as

Ĥ =
1
4

∑
i

ωi

(
−âiâi + âiâ

†

i + â†i âi − â†i â†i
)

+Vref +
∑

i

F̃i

(
âi + â†i

)
+

1
2!

∑
i, j

F̃i j

(
âiâ j + âiâ

†

j + â†i â j + â†i â†j
)

+
1
3!

∑
i, j,k

F̃i jk

(
âiâ jâk + âiâ jâ

†

k + âiâ
†

j âk + âiâ
†

j â
†

k

+â†i â jâk + â†i â jâ
†

k + â†i â†j âk + â†i â†j â
†

k

)
+

1
4!

∑
i, j,k,l

F̃i jkl

(
âiâ jâkâl + âiâ jâkâ†l + âiâ jâ

†

k âl

+âiâ jâ
†

k â†l + · · · + â†i â†j â
†

k â†l
)

+ . . . , (E8)

where terms that exist in a QFF are shown explicitly.

2. Normal ordering at finite temperature

Normal-ordered products of creation and annihilation oper-
ators at finite temperature are defined by

{âiâ
†

i } = {â†i âi} ≡ ( fi + 1) â†i âi − fi âiâ
†

i

= â†i âi − fi, (E9)

where fi is the Bose–Einstein distribution function [Eq. (14)].
When i , j,

{â†i â j} ≡ â†i â j, (E10)

{âiâ
†

j } ≡ âiâ
†

j . (E11)

Two annihilation or two creation operators are also unchanged
by normal ordering, hence,

{âiâ j} ≡ âiâ j, (E12)

{â†i â†j } ≡ â†i â†j , (E13)

for both i = j and i , j. As T → 0 ( fi → 0), the above
reduces to the zero-temperature normal ordering.86

These orders are defined such that a thermal average of a
normal-ordered product of operators is always zero. For in-
stance, [

〈N |{â†i âi}|N〉
]

=
[
〈N |â†i âi|N〉

]
−

[
〈N | fi|N〉

]
=

[
ni

]
− fi

= 0, (E14)

where Eqs. (E1) and (E2) were used in the penultimate equal-
ity, and Eq. (A2) in the last equality.
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Normal ordering can be extended to a product of three op-
erators. For instance,

{â†i âiâ j} = {â†i â jâi} = {âiâ
†

i â j}

= {âiâ jâ
†

i } = {â jâ
†

i âi} = {â jâiâ
†

i }

≡ {â†i âi}{â j}

=
(
â†i âi − fi

)
â j, (E15)

for i , j. The first two lines indicate that the original order
is immaterial, and the third line uses the fact that operators of
different modes commute and are separately normal ordered.
For i = j, we instead have

{â†i âiâi} ≡ â†i âiâi − 2 fi âi. (E16)

The logic behind these definitions is given in Appendix E 3.
For a product of four operators, we stipulate, e.g.,

{â†i âiâ
†

j â j} = {â†i âiâ jâ
†

j } = {â†i â†j âiâ j} = . . .

≡ {â†i âi}{â
†

j â j}

=
(
â†i âi − fi

) (
â†j â j − f j

)
= â†i â†j âiâ j − f j â†i âi − fi â†j â j + fi f j, (E17)

for i , j. For i = j, we instead postulate

{â†i âiâ
†

i âi} ≡ â†i â†i âiâi − 4 fi â†i âi + 2 f 2
i . (E18)

See Appendix E 3 for a justification.
These longer normal-ordered products are also defined in

such a way that their thermal averages are guaranteed to van-
ish. Since there are an odd number of operators in Eqs. (E15)
and (E16), their thermal averages are trivially zero. For Eq.
(E17) with i , j, we find[

〈N |{â†i âiâ
†

j â j}|N〉
]

=
[
ni

][
n j

]
− f j

[
ni

]
− fi

[
n j

]
+ fi f j

= 0, (E19)

where Eq. (A2) was used. We can also confirm that a thermal
average of Eq. (E18) is zero:[

〈N |{â†i âiâ
†

i âi}|N〉
]

=
[
ni(ni − 1)

]
− 4 fi

[
ni

]
+ 2 f 2

i

= 0, (E20)

where Eqs. (A2) and (A5) were used.

3. Thermal Wick’s theorem

A Wick (binary) contraction is defined as the difference be-
tween the normal-ordered and original products of operators.
It is designated by a staple symbol.

â†i âi ≡ â†i âi − {â
†

i âi} = fi, (E21)

âiâ
†

i ≡ âiâ
†

i − {âiâ
†

i } = fi + 1, (E22)

where we used Eq. (E9) and the boson commutation rule [Eq.
(E7)]. All other binary contractions are zero.

Thermal Wick’s theorem.41,67,86 A product of creation and
annihilation operators is the sum of its normal-ordered prod-
uct plus all its partial and full contractions.

See Shavitt and Bartlett67 for the definition of partial and
full contractions for zero-temperature electrons and Ref. 41
for finite-temperature electrons. The only major difference
from these electronic cases is that there is no parity involved
in vibrations. See also Shavitt and Bartlett67 for a proof of the
theorem for zero-temperature electrons, which is rather dif-
ferent from the proof we provide below for finite-temperature
vibrations.

For a product of two operators, the theorem is just a restate-
ment of the definitions of Wick contractions:

â†i â j = {â†i â j} + â†i â j, (E23)

âiâ
†

j = {âiâ
†

j } + âiâ
†

j . (E24)

For a product of three operators, the theorem asserts

â†i â jâk = {â†i â jâk} + {â
†

i â jâk} + {â
†

i â jâk}, (E25)

where only potentially nonzero partial contractions are shown.
Likewise, for a product of four operators,

âiâ jâ
†

k â†l = {âiâ jâ
†

k â†l } + {âiâ jâ
†

k â†l } + {âiâ jâ
†

k â†l } + {âiâ jâ
†

k â†l }

+{âiâ jâ
†

k â†l } + {âiâ jâ
†

k â†l } + {âiâ jâ
†

k â†l }. (E26)

The first term and its partial contractions (the second through
fifth terms) are normal-ordered operators (multiplied by the
value of the binary contraction). All of these will vanish when
a thermal average is taken. The last two terms (the full con-
tractions) are real numbers (a product of the values of the two
binary contractions) and will be the only ones that survive
upon thermal averaging.

Proof. The definitions of normal orders for more than two
operators given in Appendix E 2 were deduced from thermal
Wick’s theorem: The normal-ordered product was defined as
the difference between the original product and all of its par-
tial and full contractions. Here, we prove that the normal or-
dering thus defined gives a zero thermal average, i.e., the con-
verse of the theorem. Since normal ordering is not unique and
its usefulness comes from its ability to make its thermal aver-
age zero, this constitutes a rigorous proof of thermal Wick’s
theorem.

Recognize that a thermal average is zero unless there are an
equal number of creation and annihilation operators for each
mode in a normal-ordered product. Therefore, only nontrivial
normal-ordered product that needs to be considered consists
of an even number of operators per each mode such as

{(â†i â†i â†i âiâiâi)(â
†

j â
†

j â jâ j)(â
†

k âk)}

= {â†i â†i â†i âiâiâi}{â
†

j â
†

j â jâ j}{â
†

k âk}, (E27)

where we used the fact that the normal ordering of the whole
product is just the product of normal-ordered operators of sep-
arate modes. See Eqs. (E15) and (E17) for examples of such
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constructions. Therefore, we only need to prove that a normal-
ordered product of an even number of operators for a sin-
gle mode gives a zero thermal average. Such normal-ordered
products are

{â†i âi}, (E28)

{â†i â†i âiâi}, (E29)

{â†i â†i â†i âiâiâi}, (E30)

etc.

As per thermal Wick’s theorem, the normal ordering of 2n
one-mode operators is defined by

{(â†i )n(âi)n} = (â†i )n(âi)n − n2 â†i âi{(â
†

i )n−1(âi)n−1}

− · · · − n!
(
â†i âi

)n
, (E31)

where the first term is the original order, the second term is
a partial contraction (there are n2 distinct ways of contracting
a pair of â†i and âi), and the last term is the full contraction
(there are n! distinct ways of contracting n pairs of â†i and âi).
Our goal is to show that the thermal average of this normal-
ordered product is zero. It should be recalled that the original
order of operators in the left-hand side is immaterial. The
order of operators in the right-hand side is also arbitrary, and
different choices lead to different normal-ordering definitions,
but they are mathematically equal to one another. The above
choice is the most convenient for the following proof.

We use mathematical induction: The thermal average of the
normal-ordered product as defined by Eq. (E31) is zero for
n = 1 as per the definition of Wick contractions [Eq. (E14)].
We will show that if the thermal average is zero for n = k − 1
then the same is true for n = k.

Taking a thermal average of Eq. (E31), we see that only the
first and last terms in the right-hand side persist, i.e.,

[
〈N |{(â†i )k(âi)k}|N〉

]
=

[
〈N|(â†i )k(âi)k |N〉

]
− k!

(
â†i âi

)k

=
[
ni(ni − 1)(ni − 2) . . . (ni − k + 1)

]
−k! f k

i , (E32)

because the thermal averages of partial contractions, which
are by themselves normal-ordered operators of length n = k −
1 or shorter, vanish as per the assumption of this induction
proof. Equations (E1) and (E2) as well as Eq. (E21) were
used in the last equality.

We can furthermore evaluate [ni(ni−1)(ni−2) . . . (ni−k+1)]
by a recursive method analogous to the one in Appendix A.

We write

z(0)
i =

∞∑
ni=0

exp(−βniωi) = fi + 1, (E33)

z(1)
i =

∞∑
ni=0

ni exp(−βniωi)

= exp(−0 βωi)
∂

∂(−βωi)
z(0)

i exp(0 βωi)

= fi( fi + 1), (E34)

z(2)
i =

∞∑
ni=0

ni(ni − 1) exp(−βniωi)

= exp(−1 βωi)
∂

∂(−βωi)
z(1)

i exp(1 βωi)

= 2! f 2
i ( fi + 1), (E35)

z(3)
i =

∞∑
ni=0

ni(ni − 1)(ni − 2) exp(−βniωi)

= exp(−2 βωi)
∂

∂(−βωi)
z(2)

i exp(2 βωi)

= 3! f 3
i ( fi + 1), (E36)

and so on, where fi exp(βωi) = fi + 1 and Eq. (A4) were used.
Generally,

z(k)
i = k! f k

i ( fi + 1). (E37)

Finally, substituting

[
ni(ni − 1)(ni − 2) . . . (ni − k + 1)

]
=

z(k)
i

z(0)
i

= k! f k
i , (E38)

into Eq. (E32), we prove

[
〈N |{(â†i )k(âi)k}|N〉

]
= 0. (E39)

This completes the induction proof, establishing that the ther-
mal average of a normal-ordered product as defined by ther-
mal Wick’s theorem is zero.

4. Hamiltonian

Here, using thermal Wick’s theorem, we will bring the pure
vibrational Hamiltonian [Eq. (E8)] in a normal-ordered form.

The first term of Eq. (E8) is the kinetic-energy operator,
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which is normal ordered as

1
4

∑
i

ωi

(
−âiâi + âiâ

†

i + â†i âi − â†i â†i
)

= −
1
4

∑
i

ωi{âiâi} +
1
4

∑
i

ωi

(
{âiâ

†

i } + {âiâ
†

i }

)
+

1
4

∑
i

ωi

(
{â†i âi} + {â

†

i âi}

)
−

1
4

∑
i

ωi{â
†

i â†i }

= −
1
4

∑
i

ωi{âiâi} +
1
2

∑
i

ωi{âiâ
†

i } −
1
4

∑
i

ωi{â
†

i â†i }

+
1
2

∑
i

ωi( fi + 1/2). (E40)

The linear- and quadratic-force-constant terms of Eq. (E8) are
rewritten as

∑
i

F̃i

(
âi + â†i

)
=

∑
i

F̃i{âi} +
∑

i

F̃i{â
†

i }, (E41)

and

1
2

∑
i, j

F̃i j

(
âiâ j + âiâ

†

j + â†i â j + â†i â†j
)

=
1
2

∑
i, j

F̃i j{âiâ j} +
1
2

∑
i, j

F̃i j

(
{âiâ

†

j } + {âiâ
†

j }

)

+
1
2

∑
i, j

F̃i j

(
{â†i â j} + {â

†

i â j}

)
+

1
2

∑
i, j

F̃i j{â
†

i â†j }

=
1
2

∑
i, j

F̃i j{âiâ j} +
∑
i, j

F̃i j{âiâ
†

j } +
1
2

∑
i, j

F̃i j{â
†

i â†j }

+
∑

i

F̃ii( fi + 1/2). (E42)

The same, but lengthier process leads to the normal-ordered
form of the cubic- and quartic-force-constant terms, which
read

1
3!

∑
i, j,k

F̃i jk

(
âiâ jâk + âiâ jâ

†

k + âiâ
†

j âk + âiâ
†

j â
†

k

+â†i â jâk + â†i â jâ
†

k + â†i â†j âk + â†i â†j â
†

k

)
=

∑
i, j

F̃i j j( f j + 1/2){âi} +
∑
i, j

F̃i j j( f j + 1/2){â†i }

+
1
3!

∑
i, j,k

F̃i jk{âiâ jâk} +
1
2

∑
i, j,k

F̃i jk{âiâ jâ
†

k}

+
1
2

∑
i, j,k

F̃i jk{âiâ
†

j â
†

k} +
1
3!

∑
i, j,k

F̃i jk{â
†

i â†j â
†

k}, (E43)

and

1
4!

∑
i, j,k,l

F̃i jkl

(
âiâ jâkâl + âiâ jâkâ†l + âiâ jâ

†

k âl

+âiâ jâ
†

k â†l + · · · + â†i â†j â
†

k â†l
)

=
1
4!

∑
i, j,k,l

F̃i jkl{âiâ jâkâl} +
1
3!

∑
i, j,k,l

F̃i jkl{âiâ jâkâ†l }

+
1

2!2!

∑
i, j,k,l

F̃i jkl{âiâ jâ
†

k â†l } +
1
3!

∑
i, j,k,l

F̃i jkl{â
†

i â†j â
†

k âl}

+
1
4!

∑
i, j,k,l

F̃i jkl{â
†

i â†j â
†

k â†l } +
1
2

∑
i, j,k

F̃i jkk( fk + 1/2){âiâ j}

+
∑
i, j,k

F̃i jkk( fk + 1/2){âiâ
†

j } +
1
2

∑
i, j,k

F̃i jkk( fk + 1/2){â†i â†j }

+
1
2

∑
i, j

F̃ii j j( fi + 1/2)( f j + 1/2). (E44)

Higher-order potential operators can be systematically normal
ordered analogously.

Together, we obtain the Hamiltonian in a finite-temperature
normal-ordered form as

Ĥ = EXVSCF(T ) +
∑

i

Wi{âi} +
∑

i

Wi{â
†

i } +
1
2!

∑
i, j

Wi j{âiâ j}

+
1
2!

∑
i, j

Wi j{â
†

i â†j } +
∑
i, j

(Wi j + δi jωi){âiâ
†

j }

+
1
3!

∑
i, j,k

Wi jk{âiâ jâk} +
1
3!

∑
i, j,k

Wi jk{â
†

i â†j â
†

k}

+
1
2!

∑
i, j,k

Wi jk{âiâ jâ
†

k} +
1
2!

∑
i, j,k

Wi jk{â
†

i â†j âk}

+
1
4!

∑
i, j,k,l

Wi jkl{âiâ jâkâl} +
1
4!

∑
i, j,k,l

Wi jkl{â
†

i â†j â
†

k â†l }

+
1
3!

∑
i, j,k,l

Wi jkl{âiâ jâkâ†l } +
1
3!

∑
i, j,k,l

Wi jkl{â
†

i â†j â
†

k âl}

+
1

2!2!

∑
i, j,k,l

Wi jkl{âiâ jâ
†

k â†l } + . . . , (E45)

where

EXVSCF(T ) = Vref +
1
2

∑
i

ωi( fi + 1/2) +
∑

i

F̃ii( fi + 1/2)

+
1
2!

∑
i, j

F̃ii j j( fi + 1/2)( f j + 1/2)

+
1
3!

∑
i, j,k

F̃ii j jkk( fi + 1/2)( f j + 1/2)( fk + 1/2)

+ . . . , (E46)
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and

Wi = F̃i +
∑

j

F̃i j j( f j + 1/2)

+
1
2!

∑
j,k

F̃i j jkk( f j + 1/2)( fk + 1/2)

+
1
3!

∑
j,k,l

F̃i j jkkll( f j + 1/2)( fk + 1/2)( fl + 1/2)

+ . . . , (E47)

Wi j = ˜̄Fi j +
∑

k

F̃i jkk( fk + 1/2)

+
1
2!

∑
k,l

F̃i jkkll( fk + 1/2)( fl + 1/2)

+
1
3!

∑
k,l,m

F̃i jkkllmm( fk + 1/2)( fl + 1/2)( fm + 1/2)

+ . . . , (E48)

Wi jk = F̃i jk +
∑

l

F̃i jkll( fl + 1/2)

+
1
2!

∑
l,m

F̃i jkllmm( fl + 1/2)( fm + 1/2) + . . . , (E49)

Wi jkl = F̃i jkl +
∑

m

F̃i jklmm( fm + 1/2)

+
1
2!

∑
m,n

F̃i jklmmnn( fm + 1/2)( fn + 1/2) + . . . , (E50)

etc. The scaled bare force constants, F̃ and ˜̄F, are given by
Eqs. (34)–(38). The dressed force constants, W, have the same
permutation symmetry as the bare force constants.

These are the quantities defining a finite-temperature exten-
sion of XVSCF as discussed in Sec. IX. Note that they emerge
naturally by normal ordering Ĥ.

5. Perturbation operator

The zeroth-order Hamiltonian must take a harmonic form
[cf. Eq. (7)]. In second quantization, it can be written as

Ĥ(0) = Vref +
1
2

∑
i

ωi

(
âiâ
†

i + â†i âi

)
= Vref +

∑
i

ωi ( fi + 1/2) +
∑

i

ωi{âiâ
†

i }, (E51)

so that the zeroth-order thermodynamics is exactly solvable
by the Bose–Einstein theory. The definitions of Wick contrac-
tions [Eqs. (E21) and (E22)] were used in the last equality.

Here, the “harmonic” form is not limited to the harmonic
approximation to the PES. It can correspond to a zero- or
nonzero-temperature XVSCF reference wave function, for in-
stance, in which case ωi and Qi are the ith modal frequency
and coordinate of XVSCF. Generally, the values of Vref and
all force constants change with the reference, but the forego-
ing perturbation theoretical formalisms are unchanged. See
Sec. IX for a salient discussion.

The perturbation operator, V̂ (1) ≡ Ĥ − Ĥ(0), can then be
written in a finite-temperature normal-ordered form as

V̂ (1) = EXVSCF(T ) − Vref −
∑

i

ωi ( fi + 1/2)

+
∑

i

Wi{âi} +
∑

i

Wi{â
†

i }

+
1
2!

∑
i, j

Wi j{âiâ j} +
1
2!

∑
i, j

Wi j{â
†

i â†j } +
∑
i, j

Wi j{âiâ
†

j }

+
1
3!

∑
i, j,k

Wi jk{âiâ jâk} +
1
3!

∑
i, j,k

Wi jk{â
†

i â†j â
†

k}

+
1
2!

∑
i, j,k

Wi jk{âiâ jâ
†

k} +
1
2!

∑
i, j,k

Wi jk{â
†

i â†j âk}

+
1
4!

∑
i, j,k,l

Wi jkl{âiâ jâkâl} +
1
4!

∑
i, j,k,l

Wi jkl{â
†

i â†j â
†

k â†l }

+
1
3!

∑
i, j,k,l

Wi jkl{âiâ jâkâ†l } +
1
3!

∑
i, j,k,l

Wi jkl{â
†

i â†j â
†

k âl}

+
1

2!2!

∑
i, j,k,l

Wi jkl{âiâ jâ
†

k â†l } + . . . , (E52)

where terms that are pertinent to a QFF are shown explicitly.

6. Inner projection and resolvent operators

The utility of normal ordering lies in the fact that a ther-
mal average of a normal-ordered product is zero. A product
of two or more normal-ordered products can also be thermal-
averaged expediently into the sum of all full contractions ex-
cluding internal contractions.41,67,86 For general matrices x
and y, therefore, we can quickly evaluate

[ ∑
i, j,k,l

〈N |xi j{âiâ
†

j }{âkâ†l }ykl|N〉
]

=
[ ∑

i, j,k,l

〈N|xi j{âiâ
†

j }{âkâ†l }ykl|N〉
]

=
∑
i, j

xi jy ji( fi + 1) f j, (E53)

from which the internal contraction,

[
〈N |

∑
i, j,k,l

xi j{âiâ
†

j }{â
†

k âl}ykl|N〉
]
, (E54)

was excluded.

Some care needs to be exercised when there is a projection
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operator involved:[ ∑
i, j,k,l

〈N |xi j{âiâ
†

j }P̂{âkâ†l }ykl|N〉
]

=

denom.=0∑
M

∑
i, j,k,l

〈N |xi j{âiâ
†

j }|M〉〈M|{âkâ†l }ykl|N〉


=

denom.=0∑
p,q

∑
i, j,k,l

〈N |xi j{âiâ
†

j }{âpâ†q}|N〉〈N |{âqâ†p}{âkâ†l }ykl|N〉


=

denom.=0∑
i, j

xi jy ji( fi + 1) f j, (E55)

where each chain of contractions, âi-â
†
q-âq-â†l or â†j -âp-â†p-âk,

should be regarded41 as a single contraction and evaluated
by Eq. (E22) or (E21), respectively. In the second line, “de-
nom.=0” indicates that M runs over all Hartree-product states
that are degenerate with Nth state. The same restrictions in the
third and fourth lines demand that the fictitious denominators,
ωp − ωq and ω j − ωi, be zero.

A resolvent operator is handled in an analogous manner.[ ∑
i, j,k,l

〈N |xi j{â
†

i â†j }R̂{âkâl}ykl|N〉
]

=

denom.,0∑
M

∑
i, j,k,l

〈N |xi j{â
†

i â†j }|M〉〈M|{âkâl}ykl|N〉

E(0)
N − E(0)

M


=

denom.,0∑
p≤q

∑
i, j,k,l

〈N |xi j{â
†

i â†j }{âpâq}|N〉〈N |{â
†
qâ†p}{âkâl}ykl|N〉

ωp + ωq


=

1
2


denom.,0∑

p,q

∑
i, j,k,l

〈N |xi j{â
†

i â†j }{âpâq}|N〉〈N |{â
†
qâ†p}{âkâl}ykl|N〉

ωp + ωq


×4

+


denom.,0∑

p

∑
i, j,k,l

〈N |xi j{â
†

i â†j }{âpâp}|N〉〈N |{â
†
pâ†p}{âkâl}ykl|N〉

ωp + ωp


×2

=
1
2


denom.,0∑

p,q

∑
i, j,k,l

〈N |xi j{â
†

i â†j }{âpâq}|N〉〈N |{â
†
qâ†p}{âkâl}ykl|N〉

ωp + ωq


×4

= 2
denom.,0∑

i, j

xi jy ji

ω j + ωi
fi f j, (E56)

where x and y are assumed to have index permutation symme-
try, and we used

∑
p≤q = (1/2)

∑
p,q +

∑
p=q. We also meant

by “×4” and “×2” that there are four and two equal-valued full
contractions, respectively. In the penultimate equality, while
initially we need to consider the p , q and p = q cases sepa-
rately, we arrive at the same, correct result by treating p and q
as distinct indexes.
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