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In this work, we derive analytic formulae that determine the effect of error mechanisms on one-
and two-qubit gates in trapped ions and electrons. First, we analyze, and derive expressions for,
the effect of driving field inhomogeneities on one-qubit gate fidelities. Second, we derive expressions
for two-qubit gate errors, including static motional frequency shifts, trap anharmonicities, field
inhomogeneities, heating, and motional dephasing. We show that, for small errors, each of our
expressions for infidelity converges to its respective numerical simulation; this shows our formulae
are sufficient for determining error budgets for high-fidelity gates, obviating numerical simulations
in future projects. All of the derivations are general to any internal qubit state, and any mized state
of the ion crystal’s motion that is diagonal in the Fock state basis. Our treatment of static motional
frequency shifts, trap anharmonicities, heating, and motional dephasing apply to both laser-based
and laser-free gates, while our treatment of field imhomogenieties applies to laser-free systems.

I. INTRODUCTION

The highest-fidelity quantum computing gates are, at
present, performed with trapped ions [IH3]. This, in com-
bination with long coherence times, inherent uniformity,
and all-to-all connectivity, is why trapped ions are one
of the most promising quantum computing platforms to
date [4HI0]. The most common method for performing
high-fidelity gates is to couple the internal states of the
ions using lasers. While laser-based gates have many ad-
vantages, strong spin-motion coupling for example, they
suffer from photon scattering and phase-noise. Further,
the lasers necessary for high-fidelity gates are expensive
and difficult to calibrate. Laser-free gates, however, offer
a promising alternative to this paradigm, where laser-
fields are replaced with microwaves that directly couple
internal states of the ions [I, IOHI7]. First, the use of
microwave fields eliminates photon scattering. Secondly,
the phase and amplitude of microwave fields are easier
to control, thereby reducing decoherence due to noisy
driving fields, which is often a limiting factor in laser-
based gates. However, the relatively slow gate times of
microwave gates (compared with laser-based gates) exag-
gerate the effects of motional decoherence. Trapped elec-
trons, albeit significantly less explored than ions, are an-
other promising qubit platform, and will likely have gate
operations similar to those in laser-free trapped ion se-
tups [I8-20]. Due to their light mass, we expect trapped
electrons will operate on much faster time-scales relative
to laser-free trapped ion experiments. Unfortunately, be-
cause sideband cooling is not possible, trapped electrons
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will have to operate at much higher temperatures than
trapped ions, and, therefore, are likely to be sensitive to
motional decoherence as well.

High-fidelity gates are critical for fault tolerant quan-
tum computation, which requires infidelities ranging
from 1072 to 10~* [21], making it important to quan-
tify sources of infidelity. While many error sources are
general to trapped ion (and would-be trapped electron)
experiments, their effect on gate fidelity is typically calcu-
lated numerically; this leads to duplicate computational
effort between research groups. Further, it is difficult to
determine how gate fidelities scale with various experi-
mental parameters (such as temperature) when working
only with numerical simulations. In this work, we aim
to ameliorate these issues by deriving analytic formu-
lae for likely sources of motional decoherence in trapped
ions and electrons. The formulae we derive make no as-
sumptions about the initial qubit state of the ion, and
assume only that the motion is in an incoherent mixed
state, diagonal in the Fock state basis. We also assume
that the qubit frequency is very different from the mo-
tional frequency of all relevant motional modes. We then
compare every formula to its respective numerical sim-
ulation, showing that the two calculations converge in
the high-fidelity limit for each source of infidelity. In
short, this work aims to expedite the formulation of error
budgets in future experiments, providing analytic formu-
lae where numerical simulations were needed. Moreover,
the derivations provide insight into each error mecha-
nism, and show how they scale with relevant experimen-
tal parameters. In this work, we focus on static motional
frequency shifts, heating, trap anharmonicities, and mo-
tional dephasing, which are major sources of infidelity in
all trapped ion two-qubit gates. We also explore the ef-
fects of field inhomogeneities on one- and two-qubit gate
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fidelities, which are specific to laser-free systems.

The paper is organized as follows. We first describe the
theoretical techniques that we use to derive our analytic
expressions for infidelity. We then derive errors in single-
qubit gates from field inhomogeneities. We then derive
errors for two-qubit gates, including static shifts, trap an-
harmonicities, field inhomogeneitites, motional dephas-
ing, and motional heating.

II. THEORY

For the calculations we present in this work, we focus
on one- or two-qubit gates in trapped ions and trapped
electrons, studying systems with one or two qubits cou-
pled to one or two phonon modes. We represent the
qubit subspace as |¢(t)), and the motion of the crystal
as phonon Fock states |n). The density matrix of the ini-
tial state is assumed to be p(0) = |1(0)) (¥(0)] ® p,(0),
where p,, (0) is the density matrix of the phonon subspace:

pu(0) = 3" Po ) (m], 1)

diagonal in the Fock state basis. Here, P, is the probabil-
ity that the phonon subspace begins in the |n) state. For
every calculation below, we determine the fidelity by ap-
plying the system’s time-propagator to a pure state wave
function initialized to |¢)(0)) |n), which gives F,, which
can then be averaged over P, to obtain JF; this is mathe-
matically equivalent to solving the master equation for an
incoherent mixed state, diagonal in the Fock state basis,
and tracing over the motional degree-of-freedom to de-
termine the fidelity F. For each calculation, we leave our
final answer in terms of the infidelity for a state with an
initial phonon number Z,,, which allows one to straight-
forwardly determine the ensemble averaged infidelity Z,
as discussed below.

For each of the calculations, we consider a gate Hamil-
tonian H,; when H, acts on a system for a gate time ¢,
it results in an ‘ideal’ time-propagator for the gate that
we represent with Uy (t). We note that, unless it would
lead to ambiguities, we will drop the time arguments of
operators from here on. Under realistic conditions, the
actual Hamiltonian will deviate from H,, producing a
value of F that is less than one. In this manuscript, we
only consider high-fidelity gates (F ~ 1), meaning that
we can take each individual error source to be small, and
assume their resultant infidelities (Z = 1 — F) will be
additive. If we represent each source of error with er,
this makes the total Hamiltonian:

H, =H,+H.,. (2)
which results in a time-propagator for the system acting

under H,, which we represent as U;. The fidelity F,, for
a system with initial phonon number n being acted on

by U, is given by:

Fo=)_ [{(0) (0| U [(0)) n) (3)

where U, [1(0)) is the ‘ideal’ target state.

_In this work, we isolate the small deviations of U, from
U, by factoring the total time-propagator such that

U, = U,U.. (4)

If this factorization is straightforward, we can immedi-
ately rewrite Eq. as:

Fu= D 1) (0| Ue [(0)) ) |*. (5)

We can, subsequently, Taylor expand ﬁe, and determine
the leading-order correction to fn due to H,. When it is
not straightforward to factor Uy, we transform into the
interaction picture with respect to Hy, then use 2nd_order
time-dependent perturbation theory to approximate U..
Similar techniques have been used before Ref. [22] 23],
and date back to work on NMR [24] 25]. The interaction
picture Hamiltonian is given by:

Hi(t) = UL H ()T, () + U (0T, (1), (6)

Upon doing this, we can determine the time-propagator
for a system acting under a small H; for a time ¢, by
using 2"%-order time-dependent perturbation theory:

R ) . tg R 1 ty pt’ R R
UI::I——E?/?dﬂ[ﬁ(ﬂ)—-g—j/l/’dﬂdﬂqidﬂ)H}U”)
h 0 h’2 0 JO
(7)

Transforming out of the interaction picture, this gives:
[4(tg)) = UyUe [4(0)) (8)

where we have replaced U with U,, as that the two oper-
ators are synonymous in this frame. We have now factor-
ized Uy = UyU,, at which point Eq. applies, and we
can determine the leading-order correction to JF, using
the expansion given by Eq. .

For all of the calculations below, we first calculate the
infidelity of a gate for an initial phonon number Z,, =
1—F,. Each value of Z,,’s dependence on the initial qubit
state is written in terms of the variance of an operator A
that acts on the qubit subspace:

; 9)

such that 4 € {6a, S, Sﬁ}, where &, is a Pauli spin op-
erator with eigenstates pointing in the a-direction on the
Bloch sphere, and S, = 64,1 + 64,2 is a collective spin
operator acting on qubits 1 and 2. Physically, )\ii encap-
sulates the degree to which the qubit is initialized to an



eigenstate of the gate Hamiltonian, meaning that there is
less infidelity when an operation affects the qubit(s) less.
We use each equation for Z,, to determine an ensemble
average over an initial mixed state by summing over the
probability distribution P,, via:

I=> Pnln, (10)

resulting in the replacement n* with its average over P,
nk for each equation. Thus, all of the equations derived
below are general to any initial qubit state and ensem-
ble average of Fock states. Finally, we note that we are
here discussing the value of Z associated with a single
gate implementation; if the error mechanisms discussed
in this work significantly change the motional state, and
the motion is not sympathetically cooled between gate
operations, our formulae could become less accurate in
some cases.

IIT. SINGLE-QUBIT GATE ERRORS

For the ideal case, we represent a single-qubit gate
Hamiltonian with:

Hiy = hQ1,64. (11)

This Hamiltonian is in the rotating frame with respect
to the qubit frequency, and we have made the rotat-
ing wave approximation with respect to terms oscillat-
ing near the qubit frequency. Here, Q;, is the Rabi fre-
quency of the microwave field oscillating in the n, direc-
tion, and 64 = (71, - &) is a single-qubit Pauli operator,
with eigenvectors that point in the +a direction on the
Bloch sphere. We also assume that the qubit frequency
deviates significantly from the motional frequency. After
a gate time tg4, the time-propagator for H, is:

Uiy = e " hotoda, (12)

which (by definition) would give F = 1 in the absence
of an error term. In this section, we consider the infi-
delity of gates generated by Eq. in the presence of
inhomogeneities in the microwave field.

Driving field inhomogeneity

Inhomogeneities of the driving field do not constitute a
significant part of the error budget of the highest-fidelity
single-qubit laser-free gates in trapped ions [I0]. Due
to their light mass, though, trapped electrons typically
have a relatively large spatial extent compared to ions.
The problem is exacerbated by the absence of laser cool-
ing methods, likely leading to substantially higher mo-
tional temperatures. This could render inhomogeneities
a significant part of the trapped electron single-qubit er-
ror budget. Here, we provide analytical and numerical

quantification of the infidelity due to these errors. We
represent the error Hamiltonian for driving field inhomo-
geneities in the presence of two phonon modes as:

Hy = h{wad*& +wpbtb + G (Q;[eﬁ +a] + Qb+ b
+Qfat + a)* + Qb + o)
+0fat -+ allbt +8]) }, (13)

where the tilde indicates that we are in the lab-frame with
respect to the motion, w,() is the motional frequency

of the a(b) mode, Qé(b) = /N/2mwa )04/ 0 qp is
the Rabi frequency of the 1%t-derivative of the driv-
ing field projected on along the a(b) mode, Qg(b) =
(h/4mw,r))0*Q14/ 027, is the Rabi frequency of the
27d_derivative of the driving field along the a(b) mode,
and Q, = (h/2m, /wawb)GQng/(’?ia(ﬁb is the cross-Kerr
coupling Rabi frequency between modes a and b; here,
each partial derivative is evaluated at the qubit’s loca-
tion. Moving into the rotating frame with respect to each
mode’s frequency, and dropping the 2°d-order terms that
oscillate near 2w, ;) and wg + wyp, we get:

He =~ h&a{Q; (df@iw““r defi“’“t) +Q (IA)Teiw”t+ l;e*i%t)
+8, (ded + 1) + (213*13 + 1)
+Q0 (dTBeiw“bt + &I;Te_i‘””bt) }, (14)
where wqy, = w, — wp. Note that the above equation

comprises what are effectively three different error types:
x Q;(b) terms that arise from the 1%'-derivative of the

driving field’s projection along the a(b) mode, Q;’(b)
terms that arise from the projection of the 2"d-derivative

of the driving field on the a(b) mode, and o< Q, cross-
Kerr terms.

1°*-order inhomogeneity

In this subsection, we consider the infidelity Z'¢ of a
single-qubit gate in the presence of a non-zero projec-
tion of the field gradient onto mode a, noting that the
calculation for mode b is identical. This is given by the
Hamiltonian:

g, = hﬂg&a{&Tei““t + &e’i‘”“t}. (15)
The total Hamiltonian for the system is then:
i}, = My + 3, (16)

In this situation, H’fe creates a residual spin-dependent
displacement at t,, decohering the system.



02 0 02

Qa/ng

FIG. 1. Comparison between the one-qubit gate infidelities due to field inhomogeneities given by numerical simulations (dashed
lines) and the analytic predictions (solid lines) given in the text. Each graph shows the gate infidelity, normalized by the phonon
dependence of the infidelity predicted by the analytic formulae, T, versus the relative size of the error term compared to the
gate Rabi frequency Q14. Each gate is implemented for a time ¢4 = w/2Q14. For each error source, we compare for two initial

[¥(0)) = ||) (analytic: upper black solid, numeric: upper blue), and [¢(0)) = +/3/4|}) + /1/4|1)
grey solid, numerical: lower red). (a) Shows Z.* = Z}*/(2n, + 1) versus the ﬁrst order field inhomogeneity Q./Q14, where
wq = 10Q14. This is shown for initial phonon numbers of n, = 0 (dotted), n, = 100 (dashed dotted), and n, = 200 (dashed).

states: (analytic: lower

(b) Shows f}l‘f = I}LZQ /(2nq + 1)? versus the strength of the second-order field inhomogeneity

Qg2 /g, for ng = 0 (dotted),

ne = 100, and n, = 200. (c) Shows Iﬁlgbnb I}lzbnb/(Znanb + ng + np) versus cross-Kerr coupling strength Qq4/Q14, when

Wab = 10919.

Because Hy, and H{, commute at all times, we can
immediately factor their time-propagator:
Uf, = Un, U, (17)

allowing us to apply Eq. to calculate the infidelity of a
state initialized to Hhonon mode n, for this error source
Z}*. We calculate U{, using the Magnus expansion [26]

for ﬁfe. Up to a phase, this is described by a spin-
dependent displacement operator:

. ty R
Ue, = exp{ - %/ dt’er(t’)}
0
2Q, . (watg)
Gosin [ —2
Wa 2

% (dfeiwaty/2 T &efiwatg/Q) }’ (18)

:exp{—

which we can plug into Eq. . Since we assume U Lo~ I ,
we can subsequently insert its Taylor series, and keep
only the quadratic contributions to the ﬁdehty Fle This

expression for F, 1“ , keeping terms up to o< (€2, /wa) , is:

4072 Wt
Flo~1- - sin? (%) (2na + 1) A2 (19)
where we have simplified this expression by substi-
tuting the ¢ = 0 variance of the &, operator: 1 —
((0)]a](0 )) = (62) — (64)° = = A2 . We can further
simplify our expression by takmg the time-average of
sin®(wyty/2) =~ 1/2. We here note that if an experiment
has sufficient control over ¢y, this step is not necessary
and the error can be eliminated by setting wqty to be an
integer multiple of 2w. This gives an equation for the
infidelity of a gate acting on a state beginning with n,
phonons:

29/2
Tie ~ w—;(?na + 1))@,&. (20)

In Fig. [I{a), we compare Eq. to the direct numer-
ical integration of Eq. (16), varying |¢(0)) and n,, and
showing they converge when |Q, /w,| < 1.

2" _order inhomogeneity

If the 2"d-derivative of the driving field has a non-zero
projection onto phonon mode a, noting again the cal-
culation is identical for mode b, the Hamiltonian for a
single-qubit gate is:

Hy, = Hy,+ HE
= 160 + hY6, (2&*& + 1). (21)

Here, ng and H1€ commute at all times, so we may
factor U2 u = Ule Ulg, allowing us to apply Eq. , where:

U4 = exp { — Q60 (2@*& + 1) } (22)

Assuming that |Q/t,] < 1, we only keep terms up to
o (QUt,)%. The result is:
1a? 12,2 219
Fit o1 - 2 (2m +1) A2, (23)
giving an equation for the infidelity of a gate acting on a
state that begins with n, phonons:

2
710" o 242 (Qna + 1) A2, (24)

where we have, again, simplified our expression by sub-
stituting in the ¢ = 0 expression for the variance of the &,
operator. In Fig.[I|b), we compare Eq. to the direct
numerical simulation of Eq. (21]), showing they converge
when |Q/t,| < 1.



Cross-Kerr coupling

If the mixed, 2"-order partial derivative of the driving
field has a non-zero projection over modes a and b, the
single-qubit gate is described by:

ﬁftb = glg + Hﬁ?
= igo0 + hggbf}a{d%ei”“bt + &BTe’iwabt}’
(25)

where Hlb takes the form of a spin-dependent beam-
splitter interaction. While H{? still commutes with ng
as UleUlg, the
2%d_order term in the Magnus expansion in U“b’s con-
tribution to the dynamics is no longer merely a global

phase. Thus, keeping terms up to 2"%-order in Uab 12 gives:

at all times, allowing us to factor U

. tg
U ~ exp{ - % dt' b (1)

%2 tg/ dt dt” HEb ),ﬁfj(t”)}}
— exp {f i6a (Xafb Ty db*)f zﬂ(& afw))}, (26)

where we have defined:

— :z/b sin (wabtg)eiwabtg/Q
o Wab 2
Q”2 : t
6 — ab {tg _ Sll’l(wab g) }’ (27)
Wab Wab

up to a phase. Since ﬁfg couples two modes, when ap-
plying Eq. we must consider both when calculating
the fidelity:

b

’
n nb

(| (np| UL2 [(0) Ina) [ns) 7. (28)

Applying this equation and, again, keeping only the
leading-order contribution to the fidelity Fﬁb we get:

,np )

49//2
}',lL“bnb ~ 1 — —2b sin? (wab g) (2nanb +ng + nb))\A
as wab 2

(29)

which we can simplify by substituting in the variance of
the 6, operator, and the time-average of the sinusoidal
oscillation sin?(wapty/2) =~ 1/2. This gives:

lab 29:1/13 2
T ~ 2 (Qnanb + Ny + nb>)\ (30)

Ma,Np
ab

In Fig. [I|(c), we compare this result to the direct numer-
ical integration of Eq. , showing that the two calcu-
lations converge when |Q, /wqs| < 1.

IV. TWO-QUBIT GATE ERRORS

We represent the, idealized, two-qubit gate Hamilto-
nian:

Hyy = %S‘z + hwadla + 210, £ () S, (&T + a)
(31)

where, again, the tilde indicates that we are working in
the lab-frame, Sy = 64,1+04,2 is a multi-qubit Pauli spin
operator with eigenvectors pointing in the « direction,
Qg4 is the two-qubit gate Rabi frequency, and f(¢) is a si-
nusoidal function representing the temporal dependence
of the gradient field, which is either f(t) = cos([wa — Alt)
ifa=z, or f(t) = cos([wo —wae+AJt) +cos(Jwo+we — Alt)
if « is in the xy-plane; in both bases, A acts as the de-
tuning of the gate. Transforming into the rotating frame
with respect to the qubit and motion, as well as making
the rotating wave approximation, gives:

My = 10245, (' + ae™21), (32)

the form of which can be generated using lasers [27H29)
and with microwaves [T, TIHI4, [30H32]. We will begin
with Eq. for all of the following sections except
Sec. [VCl

We analyze the unitary evolution of Eq. under
the influence each subsection’s error term, giving a total
Hamiltonian Hy;. We continue to assume each error’s
contribution to the final infidelity will be additive. We
analyze the unitary evolution using the Magnus expan-
sion [26], keeping terms up to 2"4-order:

. t
Uz = exp | — 1/ dt' Hoy (1)

2h2// dtdt”

For geometric phase gates, the first term in the Mag-
nus expansion represents a spin-dependent displacement
operator, making a circular trajectory in phase-space.
Ideally, this term will disappear after each of N ‘loops’
in phase-space, occurring every integer multiple of ¢t =
27w /A. Because the spin and motion are entangled dur-
ing a loop, any decoherence of the motion will affect the
spin, and, ultimately, the fidelity of the gate. For an ideal
gate, after a time ¢, = 20 N/A, this gives:

a(t), Hao(2)]). (33)

U = €52, (34)

where, in this work, we set the phase ¢ = 27 NQ3, /A* =
/8, to give a maximally entangled Bell state when op-
erating on [1(0)) = |[})). This may be turned into an
N-loop gate by setting t, — N'/?t, and A — N/2A.
Finally, we note that we will frequently use the fact that
S — 4k G2 and §2k+1 = 45§, where k € N.



Single-Qubit Gate Errors
error name [ equation [ infidelity
2

15°-order inhomogeniety Eq. (20 T = 2532“ (Qﬁa + 1) )\ga
284 order inhomogeniety Eq. (24 Te* — fotg (4@ + 4n, + 1))\§a

- i lab _ 2%5 2

cross-Kerr coupling Eq. (30 v 3 (2nanb + Tia + nb))\
ab

TABLE I. Summary of infidelities for single-qubit gates. See text for variable definitions.

A. Static motional frequency shifts

During a two-qubit gate, if the frequency of the mo-
tional mode is shifted from its idealized value the phase-
space trajectory is distorted, giving an error. In this
section, we will show that the effects of this error mecha-
nism may be separated into two physical sources: residual
spin-motion entanglement from the phase-space trajec-
tory, and the area encompassed in phase-space deviating
from its idealized value. These two effects require differ-
ent techniques to ameliorate their deleterious effects on
the gate fidelity.

The total gate Hamiltonian including a static motional
frequency shift is:

Hyy = Hyy + Hj,
= 454 ( —ist 4 ate lAt) +hoata,  (35)

where § < 4 is the frequency shift. Unlike the error
mechanisms we have explored thus far, [ﬁgg,ﬁge} £ 0,

meaning we cannot directly factor Ugt. In order to put
U, in a form that enables factorization, we transform
the above equation into the rotating frame with respect

to H'gm which gives:

A+t 4 4t

.1 = 1y S (6™ et (36)
We are now in a frame rotating at A+ 4§, noting that this
will have no effect on 225. Plugging this into Eq. ,
and droppmg terms hlgher order than o 62, we can fac—
torize Ug, = Ugg US., up to a global (n, dependent) phase,

where:

ZQQQ(St

2iQ3,0ty .,
4 8.

S [ AT]_ A2

Uge ~ exp (
(37)

The first term in this equation is a displacement opera-
tor, representing the error from residual spin-motion en-
tanglement, whereas the second term represents the erro-
neous area encompassed in phase-space, producing an in-
correct geometric phase. Due to the fact that A oc N1/2

and t, oc N'/2 for an N-loop gate, we can see that in-
creasing N reduces the error due to the incorrect geomet-
ric phase, but does not affect the error due to residual
spin-motion entanglement. Because of this, more sophis-
ticated pulse sequences such as Walsh modulations [33]
(see appendix) or polychromatic gates [16, 23] 32, [34]
are needed. We note that, in the appendix, we derive
the value of Iﬁi for gates undergoing such Walsh modu-
lations. We can plug Eq. into Eq. to obtain Ifli
up to oc (§/82,)%:

252

B
7206~ " [2a 1)A2
na 64939(”+)sa+

XL, /4N} . (38)

where we have encapsulated the dependence of Iﬁi on

the initial qubit state with the variances of S, and 5‘2
In Fig. [2| I(a we compare Eq. ( . to the direct numeri-
cal integration of Eq. ., showing they converge when
|0/Q0g| < 1.

B. Trap anharmonicity

We now examine the contribution of anharmonicities
in the trapping potential to the two-qubit gate infidelity.
Considering that 3"?-order anharmonicities only contain
terms that oscillate near w,, we make the rotating wave
approximation and take the leading-order trap anhar-
monicity to be a quartic oc 2% addition to Hs,. Rep-
resenting Hy, in terms of ladder operators, and in the
rotating frame with respect to w,, gives:

flzt = thgSa{dTeMt + &e‘mt}
. 4
the{ateie! +ac b (39)

Upon making the rotating wave approximation, and
dropping a global phase, this can be reduced to give:

(aTa)Q}.
(40)

Hy = 103580 {ale'™ 4+ ae=2} + 6hefala +
= Hy, + H;,.



We here transform into the interaction picture with re-
spect to Hag, using Us, described by Eq. , which
gives:

H5; = GhE{(dT+ga’7*)(d+Sa7)+[(dT+‘§a7*)(&+§a’7)]2}a

where:

v %{1—&“}. (42)
After this transformation, the time propagator for an
ideal gate is U5; = I. Since we assume that infideli-
ties are small, (7251 ~ 1 , which we can evaluate using
Eq. . Before evaluating Eq. we transform out of
the interaction picture, giving a factored 0§t = UQQUQEI,
and then apply Eq. . Here, we only wish to extract the
leading-order (o< [¢/€22,4]?) contribution to the infidelity.
This means that in evaluating the fidelity we can neglect
imaginary, and off-diagonal, terms from the 2"d-order in-
tegral, simplifying the evaluation. Doing this, and then
plugging Eq. @ into Eq. gives an infidelity of:

2.2
% 9mee
MNa — 2

1692g

{/\ga [4(2n§’; +3n2 4 3n, + 1)

6 . o 9
+N(2na +2n,+ 1)+ m@na + 1)]

3
A2, {S—N(nni +11n, +3)

2n, +1) + (43)

3

+4N 3 64N 3} }’
where we have, again, encapsulated the dependence on
the initial spin with the variances >‘§a,5‘§‘ Figure b)
compares Eq. to the direct numerical integration
of Eq. for various initial states of the qubits and
motion, showing the two calculations converge when
le/Qaq] < 1.

C. Field inhomogeneities

Another error occurs if the gradient field that gener-
ates spin-motion coupling for the two-qubit gate changes
significantly over the spatial extent of the qubits’ motion.
In this section, we consider a gradient with non-zero 15¢
and 2" derivatives. We begin by transforming Eq.
into the rotating frame with respect to the qubit and
motional frequencies, and eliminating terms that oscil-
late o< wg. This gives:

Hyy = 2hcos([wa — A]t)ﬁa{ﬂgg + 5, (&Teiwat n de—iwmﬁ)

. . 2 ) )
+Q/2/g (@Tezwat + &e—lwat) }{dTeiwat + de—lwat},
(44)

where 5, = (h/2mw,)/208s,/0%,, and Qy, =
(h/4mw,)0%Q2,/022. In our treatment, we assume the
15t —order oc Qf, term is negligible relative to the 29-
order o< QY , term, because the former contains only terms
that rotate o w, and the latter contains terms that ro-
tate o« A. This makes the relative contribution of the
o Q5 terms to the QF terms ~ (Q5,A/QY w,)?; since
the value of (A/w,)? will be very small for both trapped
ions and trapped electrons, Q’Qg would need to be several
orders-of-magnitude larger than 25, to significantly con-
tribute. Further, because traps are typically designed so
that the ions are located near where (2o, is at a maxi-
mum, they tend to minimize Q/Qg by default. Neglecting
the 1%t-order inhomogeneity, and dropping all terms that
oscillate o< wg, gives:

iy = Moy + 3095, 50 {alaal '™ + aataeiat ).
(45)
To calculate the fidelity, we, again, transform into the

interaction picture with respect to the ideal gate Hamil-
tonian Hay. Transforming into the interaction picture

using U, gives:

ﬁQQIQQ = 302, Sala’ + Sav*][a + Sarlla’ + Sav*]e M + c.c.

(46)

After this transformation, we can apply Eq. , which

results in a factorized ff;zg = 029029129 upon transform-
ing out of the interaction picture. We can subsequently
apply Eq. , and keep only the (o Q/Q/g/QQg)Z contribu-
tions to the gate fidelity:

QQ”g 9#29'2/2 9 9 3
29 _ 16(2%99 {)‘S*g [4na +4n, + 1+ N <2na + 1)

9 1,
+—16N2] + X (2na + 1)}

giving the infidelity of a two-qubit gate initialized to the
motional state n,, as well as an initial qubit state with
variances >‘2§ and )\%2 . In Fig.[2(c), we compare Eq. 1]

to the direct numerical integration of Eq. 7 showing
for various initial states of the qubits and motion that
the two calculations converge when [Q5, /Qay| < 1.

Na

(47)

D. Infidelities from Markovian bath

There is a temporal window during a geometric phase
gate where the qubits are entangled to their motion. Dur-
ing this window, the fidelity of the gate is sensitive to ex-
traneous fields that couple to the motion. In this section,
we focus on fields that have very low coherence times rel-
ative to t4, namely those causing heating and motional
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FIG. 2. Comparison of infidelities Z,, for an initial phonon number n, versus error size between the analytic formulas (solid
lines) described in this work and their corresponding numerical simulations (dabhed lines) This is shown for initial states:

[(0)) = |41 ((a—d) middle (e-f) top blue), = V1/31L) + /2/3[11) ) top (e-f) middle red), and [¢(0)) =
\/ /31 — 4/2/3|11) (bottom green). The left column (a-b) is for a static rnotlonal frequency shift §, the middle column
(c- d) is for a trap anharmonlmtles €a, and the right column (e-f) is for inhomogeneities of the gradient ﬁeld ng The first row
(a,c,e) is for ion crystals that begin in the ground state of the phonon mode n = 0, and the second row (b,d,f) is for ion crystals
that begin with a phonon mode such that n = 50. Note that, for every figure, the values of Z,, predicted by the numeric and

analytic results converge, for high-fidelity gates.

dephasing. In this work, we eschew the application of
the Lindblad equation, typically used to model these two
decoherence mechanisms [35]. We model our ‘coupling
to a bath’ by first calculating the fidelity of a two-qubit
gate in the presence of an error of the form:

Hyy, o cos(wt) M, (48)

where M is an operator describing bath coupling. Sub-
sequently, we average over the normalized power spectral
density S, of each w:

F= / dwSy Foo, (49)
0

where F,, is the fidelity of a gate undergoing the Ho,
perturbation.

We first show that, upon invoking the Markovian ap-
proximation, this prescription is equivalent to the Lin-
blad formalism. Take |9, (t)) to be a wave function
undergoing Hy;. We wish to calculate |, (¢ + 6t)),
then upon averaging over S,, show that p(t ) =

> dwS,, p., follows the Lindblad formalism, where p,, =
|1/Jw( ) (Y (t)]- Assuming 1 /ot is significantly larger than
any Rabi frequency in Hgt = Hgg + H. 9w, We can use 2"4-
order time-dependent perturbation theory to calculate

[u(t):
i t+4dt .
o=l 0) ~ 5 [ dt Fl) (o)

t+ot,t R .
— %/t /tdt'dt”Hzt (t/)H2t (t”) 9 (t))
(50)

We now calculate py,(t + 0t) = |t (t + 5t)) (o, (t + Ot)],
while keeping only terms that are linear in dt, and drop-
ping every term that averages to zero upon integrating

over S, i.e. terms that are proportional to fIgw, ﬁggﬁzw,

or ﬁgwﬁgg. We also replace p,,(t) — p(t), equivalent to
making the Markovian approximation. This gives:

B i N
p(t) = = [Hag (1), A(2)]
1 oo pt+ot pt+ot R R
a5 /0 / / dwdt'dt" S, Hay, (') p(t) Hay (")
t t

_% / - / t+5t/t/dwdt’dt”5w
X[ o) Ha (#)5(0) + p(0) Ho () a2 (51)

taking the form of the Lindblad master equation. Note
that in the final line of the equation, we have made the
substitution p(t) ~ [p(t + 0t) — p(t)]/dt. In the appendix,
we show that evaluating the integrals gives the standard
form of the master equation for both heating and mo-
tional dephasing.

1.  Heating

When an ion crystal is close to a surface, moving
charges within the surface create extraneous electric
fields that decohere the motion of the crystal [36]. We
assume these fields are homogeneous over the extent of
the qubits’ motion, and model H" as:

HY"(t) = hF cos(wt)i,
= 2hgy, cos(wt)(al + a), (52)

where F' is the projection of the electric force onto the
designated mode of motion, Z, is the position operator,
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FIG. 3. Comparison between infidelities for a given initial phonon number Z,, between numerical simulations (dashed lines)
and the analytic formulas (solid lines) for motional heating and dephasing, as described in this work, versus the bath coupling
rate. This is shown for initial states: [¢(0)) = |JJ) (middle blue), |¥(0)) = /1/3[{d) + /2/3|11) (top red), and [4(0)) =
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dephasing 1. The first row is for ion crystals that begin in the ground state of the phonon mode n = 0, and the second row
(b,d,f) is for ion crystals that begin with a phonon mode where n = 50. Note that, for every figure, the values of Z, predicted

by the numeric and analytic results converge, for high-fidelity gates.

and g, = %F«/h/?mwa. Writing this in the interaction
picture with respect to the frequency of the motional
mode w,, and making the rotating wave approximation,
we get:

13[29:,/( ) ~ hgh( z(wa w)t + aefz(wafw)t)

(53)

We analyze the effect of HSY on Fy.,
ing Hzt = H2g + Hgf, into the interaction picture with

by transform-

respect to HJ"'. We do this using the transformation:

U = exp {u(t)al =5 (0a}, (54)
giving a displacement operator that transforms the sys-
tem into a frame that follows the changes to the ‘classi-
cal’ position and momentum induced by the electric field

[37H39], up to a phase, where:

() = ST e ), (55)
which makes:
HS} = Hag + HS.
= 12450 (' + ac™ a1
+mgg§a( *eidt |y e*mf). (56)

This equation shows that heating can be represented as a
x Sy, shift of the qubit in this frame. This is because the
electric field displaces the charged particles along the the
spin-dependent gradient that is driving the gate, shift-
ing the spin coupling strength. As we will show, this
correspondence results in an infidelity that does not de-
pend on the initial state of the motion, and is, therefore,

independent of temperature. Noting that Hzg and ﬁgg
commute at all times, we can factor the time propagator
for the whole system U, = U, US", where:

tg o N
Uéqeh = exp ( — iQ2gSa / dt/ [,y:)(t/)ezAt + Yoo (t/)e—zAt ]) )
0
(57)

Since we assume small errors, we can Taylor expand UQ‘8 ,
and apply Eq. 7 which, to leading-order, gives:

Fit = 1= &lty)X (58)
where:

tg tg - / - ’
Gt =03, [ [T atdr o) e

0 0

y [%*J (t//)emt” e (t”)e_iAt”} .

(59)
We can now apply Eq. and average over S,:
For =122 / dwsS,6u(ty), (60)
0

leaving a final integral over w to determine the fidelity:

0 ptg ptg
£(ty) =03, / / / dwdt’dt”Sw{fy:( e
0JO JO

X[ et e ] (1)

zAt“r’Yw( ) —zAt}



Keeping only terms that do not average to zero upon
integrating over time (since t; = 27 N/A):

oo pt t 4 ZSwQQ
:/0 /09/ gdwdt/dt//(gh_iwigcos(w/t/) Cos(w't”)
5.3,

f/ /tq d dtdt"ghimc
(w—wq)?

s(w't’) cos(w't”),
(62)

where w’ = w, — w — A. We now make two approxima-
tions: extending the limits of the the first integral from
[tg, —t4] to [—00,00], and setting S,,,—a =~ S,,. After
this, the above integrals may be straightforwardly inte-
grated, giving:

47rg,QLS%Q§ t
(ty) = — 15— (63)
resulting in a final infidelity of:
2 2
2gn T 9iSwa \2
Ing} N 8QQgN1/2 8o’ (64)
We substitute the heating rate n = Wg%Swa (see ap-
pendix), giving a final form:
. 71'n/\2
MNa
Ina 8QZQN1/2 (65)

Since Iﬁa is independent of Na, a3 expected, averaging
over P, simply gives I"“ = 7", In Fig. 3(a), we com-
pare Eq. . to the dlrect integration of the heating
master equation (see appendix) for various initial states
of the qubits and motion, showing that the two converge
when 71/, < 1.

2.  Motional dephasing

In Sec. [VA] we derived the infidelity of a gate due
to a static shift in motional frequency. In this section,
we derive the effects of non-static shifts in the limit of
vanishingly small coherence times. We begin by adding
an error term:

HY (t) = hgg cos(wt)a'a, (66)
which adds a sinusoidally oscillating frequency shift to
the motional mode, giving Hgt = Hgg + HQW for the to-
tal system Hannltonlan In this section, we first trans-
form Hs; into the interaction picture with respect to Hag,
which gives:

HE% = hgg cos(wt)[a’ + Sav*][a + Sarl, (67)

where 7 is here defined by Eq. . We now determine
Ud# using Eq. , leaving the integrals unevaluated for

now. Since this results in a factored US;' = Uy, USy, we
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can apply Eq. . Dropping all terms higher-order than
o g2 gives:

Foe ,=1-2g] /0 v /0 t dt'dt"” cos(wt) cos(wt”) [nﬁ
+(82) {na ()2 + hE)P) + nar ()" ()
(0 + D () |+ (58) P
+93 /Otg /Otg dt'dt"” cos(wt") cos(wt’) [ni
+(S2)ma (v () + (")) +
(8a)” {nar* (1) + (na + V() ()}
+(82)" () e 2.

We can plug this equation into Eq. to obtain FJ?.

Upon doing this, we are left with a sum of triple integrals,
each of which is proportional to:

¢ = /0 o0 /Otg /Ots dwdt’dt”%{cos(w[t”+t’])+cos(w[t”_t'])},

(68)

(69)

where t; € {t,,t'}. In order to evaluate Eq. , we
perform the following manipulations:

o[ ot s}
o~ &/Oo /tg/tsdwdt’dt” COS(W[t//ﬂLt/])+Cos(w[t“7t’])}

:”SO/ / dtdt" S+t +o(t” t’)},

where, in the second line, we assumed a white noise bath
of w and pulled S, ~ Sy outside of the integral. We can
now straightforwardly evaluate the integrals in Eq. ,
which gives:

03t 303
Fot o1 - g Z-"Qg) (12na + 103+ 5202, ),
(71)

where, plugging in t, = 27 N/A and A = 4(229]\[1/2 gives
a final infidelity of:

94 _ ™

2
Nag 16929N1/2 ([Qna ])\

v 2
+16N/\Sz) (72)

where n = 7g2S0/2 (see appendix). Note that n = 2/7,
where 7 corresponds to the decay time of the coherence
between two neighboring Fock states. In Fig. (3] I(b we
compare Eq. . ) to the direct numerical integration of
the motional dephasing master equation (see appendix),
showing the two calculations converge when 7/, < 1
for various initial states of the qubits and motion.

(70)
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Two-Qubit Gate Errors

error name [ equation

infidelity

static motional shift Eq. (38

2252 _
= 2 [(Qna DX A, /4N]

64Q

trap anharmonicity Eq. (43) 7% =

2_2 — — —
fgﬂgg {/\QSQ [4 (2ng +3n2 4 374 + 1) + & (2ng + 200 + 1) + o2 (2na + 1)]

0, [ (17 + 1 +3) + g @+ 1) + %]

’ 2012
field inhomogeneities | Eq. (47) |Z%%29 L

1602, {22 [407 + 470 + 14 5% (270 +1) + %2 | + 422 (272 +1) }

heating Eq. (65

271 Th 2
17" = T
8Qag N1/27°5,

motional dephasing Eq. (72

2 2
16929N1/2 [(Zna + 1)/\ + 16N )‘52]

TABLE II. Summary of infidelities for N-loop two-qubit gates. See text for variable definitions.

V. CONCLUSION

In this work, we derived formulae describing how sev-
eral motional error sources in trapped ions and trapped
electrons affect the fidelity of one- and two-qubit gates.
The effect of these error sources on infidelities are typ-
ically calculated numerically when determining an indi-
vidual experiment’s error budget. Therefore, this work
serves to both expedite the creation of error budgets,
and provide physicists with a deeper understanding of
how these gate infidelities depend on the parameters of
their experiments: temperature, initial qubit state, the
number of loops traversed in phase-space, and so on. Fi-
nally, we compare all our analytic derivations to their
respective numerical simulations, showing they converge
for high-fidelity gates.
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APPENDIX
A. Static Qubit frequency shifts

If the qubit frequency is erroneously shifted from its
desired value during the course of a one-qubit gate, the
Hamiltonian is given by:

Hyy = Hyg + HY,
= (146, + oG, (73)
where we have assumed that the gate operation is polar-

ized in the Z-direction. Equation (73] acts as a rotation
about the n axis, where:

Qg + 02

at an angular frequency:

19 =1/ 01, + 02 (75)

This gives a time evolution operator:
Ut(t> _ e—iQ’lgt('fr&')
= T cos(Q),t) —i(7 - &) sin(Q) 1). (76)

This is the exact solution for the time evolution of
Eq. (73) [40]. In this work, however, we concerned with
calculating the the 1nﬁdehty 7' due to small values of 6.

(74)

n

We, therefore, relate U, to Ulg by expanding Q}, and 7
about the point 6 = 0, which gives:
62
Qllg ~ ng + m
. 5 d N\,
= (1 202, )i+ (ng> ' (77



After expanding these two variables, we can also expand
the sinusoidal functions that appear in Eq. :

5%t N .
cos(Q ,t) = cos(gt) — (m) sin(Qy4t)

2

sin(§) 1) ~ sin(Qu4t) + (ﬂ

Qng) cos(Qygt).  (78)

Plugging these expansions into Eq. gives:

. 2 2
{14 e (a)e

)6£}+i sin(ngt){ (m

(79)

We can then plug this equation into Eq. , which gives:

F = {1-i(5g o} + s, { (5 )o-
(ao)o-ywon |- (50)

Only keeping terms up to O([6/81,4]?), we get:

F~1- (%)2{ sin(Qy4t)
[ cos(621,) sin(@t) (52) + sin*(1,1) (63| 2}.
(81)

If we assume that [1(0)) = |0), i.e. (0.) = —1and (oy) =
0, this gives an infidelity of:

52N .
QT) sin® (Q4t).

T ~ (
1g

(82)

If we average |¢(0)) over the Bloch sphere, this gives:

2

Tl ~ ( 20 (83)

502, ) sin®(Qq,t).

B. Static motional frequency shifts with Walsh

sequences

In Sec. [[VA] we showed that a geometric phase gate
traversing a single loop in phase-space produces an error
operator of:

iQag0t)

U, X Syla+at] —

6,0
. :exp<f

where we have replaced the gate time ¢, in Eq. with

2iQ3,0t; .,
——52),
(84)

a single loop time ¢; = 27 /A. The error described by Ugéo
comprises a spin-dependent (o Sa) displacement opera-
tor, representing the residual spin-motion entanglement,
and a o 52 operator, representing the error in the geo-
metric phase. Reference [33] showed that administering
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pi-pulses such that H — —H can suppress the former of
these. To see how this works, we first must understand
that the k*"-order Walsh sequence W (2% — 1, z) is simply
two concatenated (k—1)"-order Walsh sequences, where

H — —H for the latter of the two. If the error operator

for the (k — 1)*"-order Walsh function takes the form:
U3+ = exp ( —iSae [’ydT + 7*&} ) (85)
where € is an arbitrary constant, and:
¢
V() = / dt' eI AT
to
‘ t—to . )
— ez(A-i—(S)to/ dtlez(A+5)t
0
t—to
_ eiéto / dt/ei(A+5)t” (86)
0

where, in the third-line, we have assumed that that ¢ is
an integer multiple of 27 /A. If t5_4 is the time it takes a
(k — 1)"h-order Walsh sequence to complete, (¢) for the
second of the two concatenated Walsh sequences is:

2t —1
v(2tg—1) :/ di' A+

te—1

. te—1 . ’
_ ezétk,l /0\ dtlez(A+6)t , (87)

meaning that v for the second sequence will be identical
to the first, up to a phase e**~1. Keeping this in mind,
we get:

(A]gék =exp (igas[ewt’”‘*l v+ e_iétkfw*d} ) exp (—igag [vdT —I—’y*d} )
~ exp (— i.é’as(iétk,l) [ —~al + 'y*d} )7

showing that increasing k by one reduces the argument of

USF~! by a factor of idty_1. A W(l x) Walsh sequence

is a two loop gate where H — —H after the first loop at
tx—1 = t;. This gives:

Qgg(i5t1)2 22929(%5, S2)

A A2 @)’
where t, = 27N/A, where N = 2F is the number of
loops in phase space. This process can be repeated for a
W (3, z) sequence, which is just two concatenated W (1, z)
sequences, such that H — —H after the first sequence at

tk—l = 2tl:
p(i ng(i&z)s(l -9)Sala Si)
(89)

A
This pattern can be repeated to give the error propagator
for a general k*"-order Walsh sequence:

. Qg (i5t)F 1255

Ug’ek:exp<— 21 l)A

229295159 0
arS2)

(88)

Uy = EXP(— Sala —al] -

2iQ3,0t,

037 - ex vaf - 20

So[a+(—1)*af]

(90)



This error operator can be plugged into Eq. and Tay-
lor expanded to find the leading-order corrections to the
gate infidelity:

403 6%t2
(2ng + 1AL +—22 9

k(k—1
—ok(k=1) 2. A7

ok 03, (5ty)>*++Y)
2

$2>
(91)

which we can simplify by substituting A = 4929]\71/2,
t; =2mw/A, t, = 2rN/A, and N = 2*. Upon averaging
over Py, , we obtain the infidelity of a two-qubit gate un-
dergoing a W (2% — 1, x) Walsh sequence, for an arbitrary
initial state of the qubits’ and mixed-state of the motion:

Lok (gjg)z(kﬂ)

w252

(5k+6)(2n +1)A2 Q2 2_(k+8)A2A§.

(92)

C. DMarkovian master equations

Equation contains three triple integrals:

t+8t pt+0t R .
Ti= e / / duodt'd" S,y Flyw, (1) (1) Elas ()

t+5t
T, = mt/ / /dwdt At" S p(t) How (") Hawo ()

t+0 N N
TM:% /O /t /t dwdt'dt" S, Hou, (') Hou, (8") p(2).-
(93)

Once we determine Ha,(t), we can evaluate these inte-
grals using the similar approximations to that in the text.

Heating master equation

We begin with Eq. , representing a stray electric
field at frequency w, taken in the rotating frame with
respect to the frequency of the trap w,, and makes the
rotating wave approximation:

(1) = hgy (alellen—It o ae=lealt) (04

Plugging this into T; in Eq. gives:

146t pt+ot o
;= / / / dwdt'dt" S, {a pt)ate "+

+ap )aefzw (¢ +t)+CL p( )CLS iw’ (t'—t")

+ ap(t)ate = >}, (95)
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where w’' = w, —w. We can evaluate this integral by first
replacing S, with a constant S,

g t+dt pt+ot o,
T, hwa/ / / doodt dt'! ap()Tezw(t +t")

+ap )ae iw’ (t+t )+CL ( ) —iw’ (t"—t' )+CL,O( ) Tei“’,(t”*t’)}

g}ZlSw () t+-40t t+ot ; y ’(t”+t’)
ZhWa / d dt’dt”{A p(t)a'e™

+ap( ) —iw’ (t"+t’ )+an( )aeii“’/(t”*t/)_’_ dﬁ(t)&Teiw/(t/Lt/)}

t+0t t+6t
— 7TSwagh/ / dt dt” S +t[atp(t)a + ap(t)

(¢ — t)[aTp(t)a + ap(t)af]}

where, in the last line, we have introduced the heating
rate i = 7S, g2. Keeping in mind the added factor of
1/2 that comes from changing the limits of integration
from ¢ + 6t to ¢’ in the integral over dt”, we can follow
this prescription to evaluate Y;; and Y;;. This gives a
final master equation for Markovian heating of:

pt) = 3 | By (1), 5(0)| + i{atp(t)a + ap(t)a!
—% (a%a+aa") pt) - %ﬁ(t) (ata+aaf) }

Motional dephasing master equation

We begin with Eq. , representing fluctuations of
the motional frequency of the trap at frequency w as:

HY (1) = hgy cos(wt)aa. (98)

Plugging this into Y; in Eq. gives:

t+0t pt+4dt
Ti=3 / / dwdt'dt"'S,,cos(wt')cos(wt)atap(t)a'a
0

t+5t t+ot
" "
2&/ / / dwdt'dt’ S, {cos( [t + ')

+cos(wlt” — t })} tap(t)ata. (99)

We can, again, make the approximation of replacing the
S, term with a constant Sy, and change the limits of the

il
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integral over w to obtain:

928, 45t pt4ot
T, ~ Z&O / / / dwdt dt”{cos( [t +t])

+cos(wlt” — t’})} tap(t)ata

t+5t pt+0t
:ﬂgi(/ mﬂﬂ@uﬂmﬁ+&ﬂ—ﬂ%$@@)
t

where, in the last line, we have introduced the motional
dephasing rate n = ﬂ'gdSO /2. Again, keeping in mind
the limits of integration over dt”, Y;; and Y;;; can be
evaluated in the same manner. This gives a final equaiton
for Markovian motional dephasing:
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