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Abstract

A scalable stochastic algorithm is presented that can evaluate explicitly correlated (F12)
second-order many-body perturbation (MP2) energies of weak, noncovalent, intermolecular
interactions. It first transforms the formulas of the MP2 and F12 energy differences into a
short sum of high-dimensional integrals of Green’s functions in real space and imaginary time.
These integrals are then evaluated by the Monte Carlo method augmented by parallel execu-
tion, redundant-walker convergence acceleration, direct-sampling autocorrelation elimination,
and control-variate error reduction. By sharing electron-pair walkers across the supermolecule
and its subsystems spanned by the joint basis set, the statistical uncertainty is reduced by one to
two orders of magnitude in the MP2 binding energy corrected for the basis-set incompleteness
and superposition errors. The method predicts the MP2-F12/aug-cc-pVDZ binding energy of

19.1 + 4.0 kcal mol™! for the Cg( dimer at the center distance of 9.748 A.

Introduction

Weak attractive forces acting on non-covalently-bonded molecules are responsible for many pro-
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cesses in host-guest chemistry,? supramolecular chemistry,®* inhomogeneous catalysis,> bio-
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chemistry,®” pharmacology,® geochemistry,® materials science, ' food science, ! animal science,

and so on. These forces are often the result of delicate competition between exchange repulsion

and dispersion attraction, '>!3

and are long ranged. Their accurate computational description is
arduous because dispersion interaction is a higher-order electron-correlation effect, requiring high-
angular-momentum basis functions to describe. Its long-range nature further necessitates diffuse
basis functions, which in turn cause basis-set superposition errors (BSSE) that need to be ad-
dressed. All in all, the computational method ought to be able to reach within 0.1 kcal mol~' of the
exact solution of the Schrodinger equation, namely, the full-configuration-interaction (FCI) result
in the complete-basis-set (CBS) limit.

Sinnokrot et al.'* demonstrated that this could be achieved for the benzene dimers by com-

bining explicitly correlated (F12) second-order Mgller—Plesset perturbation theory (MP2) and



coupled-cluster singles, doubles, and noniterative triples [CCSD(T)] with the aug-cc-pVDZ ba-
sis set. The former (F12) boosts the basis set to the CBS limit, whereas the latter [CCSD(T)] fills
the gap between MP2 and FCI. This ab initio protocol was generalized by Jurecka et al.,'> who
compiled the S22 dataset, extrapolating the CBS limits (in lieu of using F12). A drawback of the
ab initio protocol is the steep size-dependence of the cost of these methods, which grows as no
less than the fifth power of system size. Another drawback is the fact that these methods are hard
to parallelize efficiently. As a result, its applicability is limited to relatively small molecules.

In the meantime, a number of studies'®* witnessed that quantum Monte Carlo (QMC)?**3!
could reach the same limit, reliably reproducing the noncovalent interaction energies within 0.1
kcal mol~! of the CCSD(T)/CBS predictions. QMC aims at solving the Schrédinger equation ex-
actly at a cubic-scaling cost using geminals such as the Jastrow factor to reach the near-CBS limit.
Their algorithms lend themselves to highly efficient parallelization on a variety of modern super-
computer architectures. A shortcoming of this QMC approach is the presence of nonsystematic
errors (biases) such as those due to the fixed-node approximation in the diffusion Monte Carlo or
from the use of effective core potentials (ECP), although the former has been largely contained.?
An equally serious issue is the existence of slowly decaying statistical errors, which easily over-
whelm small interaction energies when they are evaluated as differences between large, noisy total
energies.

In this work, we combine the ab initio protocol and QMC approach to arrive at a scalable
method for evaluating noncovalent interaction energies, which inherits the complementary merits
of both approaches while avoiding their drawbacks. It is based on Monte Carlo MP2 (MC-MP2)*
and Monte Carlo explicitly correlated MP2 (MC-MP2-F12),%33* accounting for the bulk com-
ponent of the exact interaction correlation energy. They evaluate the MP2 and F12 corrections
directly (not as energy differences) by Monte Carlo (MC) integration of a few, high-dimensional
integrands of energy differences expressed with Green’s functions in real space and imaginary
time. The convergence of the MC integration is accelerated by many orders of magnitude by the

redundant-walker,* control-variate,*® and direct-sampling?’ algorithms. They are easily and effi-



ciently parallelized on at least thousands of CPUs and hundreds of GPUs.® Unlike the determinis-
tic counterparts, they do away with the evaluation, transformation, or storage of two-electron and
geminal integrals, reducing the size-dependence of cost by one to two ranks. In contrast to QMC,
these methods have no bias, ECP, or fermion sign problems (at second order at least), and can
directly compute energy differences (such as correlation correction, 34" F12 correction, 334!
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electron interaction energies, or quasiparticle energy bands*). Therefore, this method is an

example of the burgeoning class of stochastic ab initio electronic structure methods.*°

We will apply this method to the water dimer (82 basis functions), !> methane dimer (82 basis
functions), !> T-shaped and parallel-displaced benzene dimers (384 basis functions),*!37080 a5

well as the Cqy dimer (1380 basis functions)3!#? to demonstrate its utility and performance.

Methods

With the counterpoise correction for BSSE, 3’ the interaction energy, E,, between a pair of molecules

is given by
Ej = Enp — EA — Eg, (1)

where EA, Eg, and Esp are the energies of the molecule A using the joint basis set for A and B,

molecule B in basis set A+B, and dimer AB in basis set A+B.

Supermolecular Approach

Taking MP2 as an example, the correlation energies of these subsystems are written>? as

E(AZI)?v = ffffdrldrzdr3dr4f de,izEz(rlar29 r3’r49T)9 (2)
0
EY = dr;dr,dr;dr ) drf?
N 1drydrsdry, Tfy (X1, T2, 13,14, 7), (3)
0
EY = drdrsdrsdry [ drf®
B — 1dr2drsdry Tfg (r1,T2,13,14,7), 4)
0
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where ffB), @ and féz) are the integrands of the MP2 correlation energy of dimer AB, monomer
A, and monomer B, respectively, expressed>? in terms of Green’s functions in real-space electron
coordinates, {r;}, and imaginary-time coordinate, T

An obvious approach to evaluating the correlation correction to the interaction energy, Efff)g -

Ef) - E](BZ), is to perform each integration by the MC method and then take the difference. The

MC-MP2 correlation energies, E2, are obtained? as

N (2) [n] [n] L[n] LIn] _[n]
E\(z)_lz f Iy ,r3 ’r4’Tn) %)
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ETZ)—lZ Jg (rpLryryrg, ") 7)
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wp(r}", Ty Hws(ry ', r, wp.(71")
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, ["]) in Eq. (§) are the coordinates of electron pair (walker) in the nth MC step, which

where (r]
are distributed randomly according to the weight function, wap (rE"] , r[z”]), 7l is the random imaginary-
time coordinate in the distribution wag.., both in the case of the dimer AB. Quantities in Egs. (6)
and (7) are defined likewise for monomers A and B. N is the total number of MC steps for each
subsystem. The domains of the summation indexes, n, emphasize the fact that each MC inte-
gration uses a different sequence of random coordinates. See Refs.3?> and?’ for the Metropolis
and direct-sampling algorithms, respectively, for generating random sequences according to these
distributions (weight functions).

(2))2

The variance, (o7,")", of the interaction energy, E AB — E A — EB, then bears the following rela-

tionship with the variances of the subsystems:

where each term in the right-hand side is to be evaluated using the formulas given in Ref.*? This

expression underlines an undesirable feature of this approach: As a small interaction energy is com-



puted by subtracting three large, noisy total energies, the variance accumulates and overwhelms

the interaction energy.

Concurrent Approach

An alternative, superior approach combines the three integrations [Egs. (2), (3), and (4)] into one
and evaluates the correlation correction to the interaction energy directly. Again taking MP2 as an

example, we have

E(Az) = ffff dl‘ldl'zdr3dl'4 f degz)(rl » I, I'3, Iy, T) (9)
0

with
2 2 2 2
fg )(1'1, r,I3,14,T) =f,§]§(r1, r,I3,T4,T) — f/i )(1’1, I, r3,T4,T) — fé )(1‘1, Iy, I3,T4, 7). (10)

The MC-MP2 correlation energy is evaluated as

|
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Here, the three integrands share the identical random electron-pair (walker) distribution spanning
dimer AB according to the weight function, wag. This provision not only compresses the cost of
propagating electron pairs (walkers) but also dramatically reduces the variance, as proven below.
On the other hand, the distributions (weight functions) for the imaginary-time coordinates for

dimer AB, monomer A, and monomer B are kept unchanged because they depend on the highest-
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occupied and lowest-unoccupied molecular orbital energies,** which differ from one subsystem to
another. In the direct-sampling algorithm,” random imaginary times are generated directly from

[n]

the distribution using a random number seed, p;~. We let this number common for all subsystems,

so that the imaginary-time coordinates are computed by solving*’
P = CDFlwap: (1) = CDFlwa1(7,)) = CDFlwp.1(1), (13)

where CDF[wag.-] is the cumulative distribution function of wag.;.
A key to understanding why the concurrent approach is vastly more advantageous is the fol-
lowing two equations. First, the integrands of the dimer and the sum of the integrands of the two

monomers should be approximately equal pointwise:
D+ 1 (14)

Second, the variance for integrand of Eq. (10) is related to the variances and covariances of the

subsystems by
@) = (02 + () + (0F)? = 2cov(AB, A) — 2cov(AB, B) + 2cov(A,B),  (15)

where cov(X,Y) stands for the covariance between integrands of subsystems X and Y (we are
calling each of AB, A, and B a subsystem). Note that the individual components in the right-hand
side are not accumulated, but only the left-hand side is evaluated in practice.

From Eq. (14), we infer that (03)> ~ (D)% + (00)), cov(AB, A) = (¢°7)?, and cov(AB, B) ~
(0'(2))2. Because of the separation between the monomers, we surmise cov(A, B) ~ 0. Therefore,
the variances and covariances in the right-hand side largely cancel with one another, leaving orders-
of-magnitude smaller variance in the left-hand side as compared to Eq. (8). This may be viewed as

a special case of control-variate convergence acceleration. >



Computer Implementation

All good practices of the state-of-the-art MC-MP2(-F12) implementation2-* were adopted in
the supermolecular and concurrent MC-MP2(-F12) methods for noncovalent interaction energies,
including the redundant-walker,> control-variate,3® and direct-sampling®’ algorithms as well as
the stochastic imaginary-time integration.** The reader is referred to these articles for the algorithm
details. For parallel implementation, see Ref.® The more complete VBX formalism?* of MP2-F12
was used in conjunction with Ten-no’s SP ansatz.3**> The base computer software is released for
general use. ¢

Specific issues to the concurrent MC-MP2(-F12) method are as follows: The electron-pair
coordinates (for MP2 and F12) and electron coordinates (for F12) were produced just once in
each MC step for the dimer subsystem and reused for the monomers. The imaginary-time coordi-
nates were generated first for the dimer subsystem, followed by spawning those for the monomers
reusing the same random number seed [Eq. (13)]. The counterpoise correction®® for the BSSE
was embedded in the algorithm (and cannot be turned off even though its efficacy for correlation
energies may be mixed '487). Because of this, the atomic-orbital basis sets for all three subsystems

are the same and their pointwise values needed to be calculated only once per MC cycle. Hence,

the concurrent approach takes slightly less than three times the cost of a dimer calculation.

Results & Discussion

The supermolecular and concurrent MC-MP2 and MC-MP2-F12 calculations for the noncovalent
interaction energies were performed for the water dimer, methane dimer, T-shaped and parallel-
displaced benzene dimers, and Cgy dimer. The geometries for all dimers were taken from the S22
dataset, !> except for the Cg dimer whose geometry came from Sharapa et al.3? with the center
distance of 9.748 A. The MC-MP2-F12-VBX calculations used the Slater-type geminal®®% with
v = 1.2. Some or all of the aug-cc-pVDZ, TZ, QZ, and 5Z basis sets were used in the Hartree—

Fock (HF) calculations with the counterpoise correction®® for the BSSE. The aug-cc-pVDZ basis



set in the frozen-core approximation was employed in MC-MP2 and MC-MP2-F12 with the coun-
terpoise correction. The CBS limits of MP2 corrections (for verification) were extrapolated using
the inverse cubic formula,'> whereas the same for HF interaction energies were taken from the
largest basis-set calculations directly (not extrapolated).

Sixty-four (64) electron pairs (redundant walkers>>*) were propagated in MC-MP2 and MC-
MP2-F12 calculations for all systems except for the Cgy dimer where 256 electron pairs were
generated. Thirty-two (32) electrons (redundant walkers**) were used in MC-MP2-F12.

We previously established**3 the size-dependence of the costs (scaling) of the MC-MP2 and
MC-MP2-F12 methods. The costs to reach a given relative accuracy (a given ratio of the statisti-
cal error to the correlation energy) were observed to be O(rn®) and O(n*) (where n is the number
of electrons) for MC-MP2 and MC-MP2-F12, respectively, as compared to the O(n’) and O(n’)
scaling of the corresponding deterministic algorithms (with zero statistical errors). Therefore, al-
though the prefactors multiplying these cost functions may be large, the stochastic algorithms are
theoretically guaranteed to outstrip their deterministic counterparts in speed for large enough ap-
plications. The advantage of the MC-MP methods is further amplified by the near-perfect parallel
efficiency*® on CPUs and GPUs as well as by the ease with which they can be deployed to new
computer architectures. However, whether the crossover point (where the MC-MP algorithm is
actually faster) is reached in the Cgy dimer application is doubtful, given that the deterministic
MP2-F12 calculation of the same system (with a larger basis set) was performed on a faster super-
computer by Ohnishi et al.3' Our MC-MP2-F12 calculation was done in three parts on the Blue
Waters supercomputer, taking advantage of the fault-tolerant and indefinitely restartable nature of
the algorithm: MC-MP2 for 36,488 node-hours on the Blue Waters” CPU nodes and for another
24,338 node-hours on the GPU nodes as well as MC-MP2-F12 for 16,394 node-hours on the CPU
nodes. In either case, constant evolution of parallel (if not quantum) computer architectures and
the low human cost of deploying stochastic algorithms may be said to favor such algorithms over
conventional matrix-based counterparts.

Table 1 lists the results of the water dimer, which is bound together by a hydrogen bond,



Table 1: The dimer (E£,5), monomer (£, and Eg), and interaction (E g — E5, — Eg and AE,g)
energies (all in ;) and associated statistical uncertainties (in parentheses) of H,O. Frozen-
core approximation and counterpoise BSSE corrections were applied.

Method EAB EA EB EAB - EA — EBa AEABb
MP2¢ —-0.44135 -0.21997 -0.22011 -0.00127 —-0.00127
MC-MP2¢ —0.44084(75)  —0.22022(48)  -0.21969(50) —0.00093(102) —0.00094(19)
MC-MP2(CV)*¢ —0.44136(27) —0.21996(16) -0.22011(17) -0.00129(37) —-0.00129(2)
MP2/CBS/ -0.60311 —-0.30052 —-0.30040 -0.00218 -0.00218
MC-MP2-F12¢ —0.59596(173) —0.29806(157) —0.29617(71) —0.00172(244)  —0.00175(19)

MC-MP2-F12(CV)" -0.59648(158) —0.29781(150) —0.29660(53) —0.00208(224) —-0.00209(3)
¢ Supermolecular Monte Carlo (explicitly correlated) MP2 calculation. » Concurrent Monte Carlo
(explicitly correlated) MP2 calculation. ¢ Deterministic MP2/aug-cc-pVDZ calculation. ¢ Monte
Carlo MP2/aug-cc-pVDZ calculation with 16777216 steps. The concurrent (AEAg) calculation
used 25165824 steps. ¢ Monte Carlo MP2/aug-cc-pVDZ calculation using control variates with
16777216 steps. The concurrent (AEp) calculation used 25165824 steps. / Complete-basis-set
limit extrapolated from the deterministic MP2 calculations using the aug-cc-pVQZ and
aug-cc-pV5Z basis sets. ¢ Monte Carlo explicitly correlated MP2/aug-cc-pVDZ calculation with
16777216 steps. The concurrent (AEAg) calculation used 25165824 steps. " Monte Carlo
explicitly correlated MP2/aug-cc-pVDZ calculation using control variates with 16777216 steps.
The concurrent (AEsp) calculation used 25165824 steps.

stronger of all nocovalent interactions, although its electrostatic and induction attraction can be
partly captured by HF.

Let us first consider the results without control variates. MC-MP2 reproduces MP2 corrections
to the dimer and monomer energies within 10~ E;,, which is only about 0.3% of the correlation
correction. The energy difference, Exg — Ex — Eg, also suffers from 10™* E},, which is more than
100% of the interaction energy, rendering the result useless. When the concurrent approach is used
(with 50% more MC steps), the interaction energy, AE g, is saddled with only 20x 10> E}, or 20%
of the interaction energy.

Next, let us focus on the results with control variates. MC-MP2(CV) compresses the statistical
errors of the energies (Eap, Ea, and Eg) and energy difference (Eag — Ea — E) roughly by a factor
of three. It seems to work even more effectively for the concurrent calculation of the interaction en-
ergy (AEag), reducing the statistical error by a factor of ten, bringing AE g to —0.00129 E},, which
agrees with the correct deterministic value of —0.00127 E}, with an actual error of 2 X 107 E;, and

statistical error of 2 x 107> E;,. Therefore, the statistical error decreases from 110% (supermolecu-

10



lar approach) to 29% (control variates) to 25% (concurrent approach adjusted for 16.8-million MC
steps) to 2% (concurrent approach and control variates adjusted for 16.8-million MC steps) of the
interaction energy, although the error in the supermolecular approach might be overestimated for
unknown reasons.

The MP2 interaction energy goes from —0.00127 E}, at the aug-cc-pVDZ basis set to a substan-
tially more negative value of —0.00218 E}, in the extrapolated CBS limit. MC-MP2-F12(CV) gives
the value of —0.00209 E;, which differs from the MP2/CBS value by 9 x 107> E,,, three times the
statistical error of 3 x 107> E,. While the agreement is satisfactory, it appears that MP2-F12/aug-
cc-pVDZ and MP2/CBS limits are slightly different from each other; Figure 4 of Ref.** indi-
cates that MP2-F12/aug-cc-pVDZ is closer to MP2/aug-cc-pV5Z than to MP2/CBS. In fact, the
MP2/aug-cc-pV5Z interaction energy of the water dimer is —0.00210 Ey,, which is within o/3 of
MC-MP2-F12(CV)/aug-cc-pVDZ. The concurrent MC-MP2-F12 method without control variates
and supermolecular MC-MP2-F12 methods (Exg — Ex — Ep) all yield systematically inferior re-

sults, although the statistical errors in the latter seem much too great as compared with the actual

errors.
Table 2: Same as Table 1 but for CH,.

Method EAB EA EB EAB - EA — EBa AEABb
MP2¢ —0.33748 —-0.16814 -0.16814 —0.00120 —0.00120
MC-MP2¢ —0.33832(108) —0.16938(73) —0.16811(72) —0.00083(149)  —0.00103(27)
MC-MP2(CV)* —0.33716(32)  —0.16793(21) —0.16786(21) —0.00138(43) —0.00120(2)
MP2/CBS/ -0.43910 —-0.21887 —0.21887 -0.00137 —0.00137
MC-MP2-F12¢ —-0.43411(121) —-0.21699(81) —-0.21619(83) —0.00094(167) —0.00114(27)
MC-MP2-F12(CV)" —-0.43295(62) —0.21554(41) -0.21593(45) -0.00148(87) —0.00131(2)

@ See the corresponding footnote of Table 2.

Table 2 compiles the same data as Table 1 but for the methane dimer, whose attractive in-
termolecular interaction is of the van-der-Waals type. The concurrent MC-MP2 and MC-MP2-
F12 with the control variates reproduce the deterministic MP2 and MP2/CBS within 10~> and
6 x 1073 Ey, respectively. The statistical errors, 1 x 107> and 2 x 107> Ey, are consistent with the
actual errors. Incidentally, MP2/aug-cc-pV5Z interaction energy is —0.00136 Ej,.

The actual and statistical errors in the supermolecular approach (Exg — Ex — Eg) with control

11



variates or in the concurrent approach (AEg) without control variates (taking account of the fact
that the concurrent calculations ran 50% more MC steps) are one order of magnitude greater than
these small errors. The errors from the supermolecular approach without control variates are two

orders of magnitude greater, and the results are not yet meaningful after 16.8-million MC steps.

Table 3: The dimer (E,5), monomer (E4 and Eg), and interaction (Exg—E,—FEp and AEsp) en-
ergies (all in £}) and associated statistical uncertainties (in parentheses) of benzene. Frozen-
core approximation and counterpoise BSSE corrections were applied.

T—shaped EAB EA EB EAB - EA - EBa AEABb
MC-MP2°¢ —-1.64331(1938) —-0.81517(1293) -0.81374(1267) —0.01440(2652) —0.00964(546)
MC-MP2(CV)? ~1.62691(586)  —0.80978(355)  —0.81316(358)  —0.00397(773)  —0.00735(60)
MC-MP2-F12°¢ —2.15667(5448) —1.04354(1353) —-1.09807(5229) -0.01506(7672) —0.01026(546)
MC-MP2-F12(CV)Y  -2.14027(5126) —1.03815(532)  —1.09745(5087) —0.00466(7241) —0.00797(60)
Parallel-displaced EAB EA EB EAB - EA - EBa AEABb
MC-MP2°¢ -1.61573(1970) -0.79786(1271) -0.80774(1244) -0.01012(2654) —0.00141(628)
MC-MP2(CV)4 —-1.63666(551)  —-0.81042(330)  —-0.81084(323)  -0.01541(719) —-0.01436(57)
MC-MP2-F12°¢ —-2.06004(2086) —1.03401(1332) -1.01500(1364) -0.01102(2827) -0.00231(628)

MC-MP2-F12(CVY  -2.08096(882)  —1.03711(576)  —1.02755(597)  -0.01630(1210) —0.01526(57)

¢ Supermolecular Monte Carlo (explicitly correlated) MP2 calculation. ® Concurrent Monte Carlo
(explicitly correlated) MP2 calculation. © Monte Carlo MP2/aug-cc-pVDZ calculation with
25165824 steps. ¢ Monte Carlo MP2/aug-cc-pVDZ calculation using control variates with
25165824 steps. ¢ Monte Carlo explicitly correlated MP2/aug-cc-pVDZ calculation with
25165824 steps. ¢ Monte Carlo explicitly correlated MP2/aug-cc-pVDZ calculation using control
variates with 25165824 steps.

Table 3 compares the energies of the T-shaped and parallel-displaced benzene dimers. After
25-million MC steps, the concurrent approach with control variates yields the interaction energies
that are converged with the statistical error of 6 x 10~* E},, which are accurate enough to discern the
correct MP2 energy ordering of the two conformers; they show that the parallel-displaced benzene
dimer has twice as great mr-stacking attraction as the T-shaped benzene dimer according to MP2 in
the CBS limit, which is consistent with Figure 7 of Sinnokrot et al.'* The MP2-F12 correlation
interaction energies '%7* in the T-shaped and parallel-displaced benzene dimers are 5.26 and 10.12
kcal mol~!, respectively, which compare reasonably well with the MC-MP2-F12(CV) values of
5.00 + 0.38 and 9.58 + 0.36 kcal mol~!. When either of the concurrent approach and control
variates is turned off, the statistical error becomes so large that the results are no longer useful at

25.2-million MC steps.

12



Table 4: The interaction energies and associated statistical uncertainties (in parentheses) of
the Cq dimer (in E}). Frozen-core approximation and counterpoise BSSE corrections were
applied.

Method AEAB
MC-MP2¢ +0.03679(3577)
MC-MP2(CV)* —-0.04037(623)
MC-MP2-F12¢ +0.03226(3577)

MC-MP2-F12(CV)¢  —0.04489(643)
¢ Concurrent Monte Carlo MP2/aug-cc-pVDZ calculation with 3046047744 steps. © Concurrent
Monte Carlo MP2/aug-cc-pVDZ calculation using control variates with 3046047744 steps. ¢
Concurrent Monte Carlo explicitly correlated MP2/aug-cc-pVDZ calculation with 61734912
steps. ¢ Concurrent Monte Carlo explicitly correlated MP2/aug-cc-pVDZ calculation using
control variates with 61734912 steps.

Table 4 compiles the data for the Cgy dimer. Only concurrent calculations were carried out over
3.0-billion MC steps for MP2 and over 61-million MC steps for MP2-F12. The majority of the
statistical errors comes from the MC-MP2 part since MC-MP2-F12 is more rapidly convergent.
With control variates, the statistical errors are reduced to about 15% of the correlation corrections
to the interaction energies, which are meaningful. Without control variates, they are 100% of the

correlation corrections, as a result the interaction correlation energies even have the wrong sign.

Table 5: Calculated interaction energies and associated statistical uncertainties (in kcal
mol ™).

Molecule = MC-MP2-F12¢  MP2/CBS?  CCSD(T)/CBS”
(H,0), —-4.90 +0.02¢ -5.03, —4.89¢ -5.02
(CHy), -0.45+0.01° -0.51, —0.46¢ —-0.53
T-(CeHg),Y -3.38+0.38% -3.62,-3.63" -2.74, -2.74"
P-(C¢Hg),! —4.42+036/ -4.95,-495" -2.73,-2.78"
(Co0)2 -19.10 £ 4.03*  -21,/ -23.46™ —6.88"
¢ This work. * Taken from Jurecka et al.,'> unless otherwise noted. ¢ HF/aug-cc-pV5Z +
concurrent MC-MP2-F12(CV)/aug-cc-pVDZ. ¢ MP2/aug-cc-pV5Z. ¢ HF/aug-cc-pV5Z +
concurrent MC-MP2-F12(CV)/aug-cc-pVDZ./ T-shaped benzene dimer. ¢ HF/CBS™ +
concurrent MC-MP2-F12(CV)/aug-cc-pVDZ. " Sinnokrot et al. '* ! Parallel-displaced benzene
dimer. / HF/CBS™ + concurrent MC-MP2-F12(CV)/aug-cc-pVDZ. ¥ HF/aug-cc-pVDZ +
concurrent MC-MP2-F12(CV)/aug-cc-pVDZ. ! MP2-F12/aug-cc-pVDZ from Ohnishi et al.®! for
the P-P conformation. " MP2/def2-TZVP from Sharapa et al.®? " DLPNO-CEPA/cc-pVDZ from
Sharapa et al.

In Table 5, the total interaction energies (summing HF and MP2-F12 contributions) for all sys-

13



tems are summarized in comparison with literature values. The MC-MP2-F12 interaction energy
of the water dimer (—4.90+0.02 kcal mol™") differs from the MP2/CBS value (-5.03 kcal mol™") of
Jure&ka et al. !> by more than 6 o, but this is due to the MP2-F12/aug-cc-pVDZ bias, as mentioned
before. The MP2/aug-cc-pV5Z calculation, which MP2-F12/aug-cc-pVDZ tends to reproduce,*
predicts the interaction energy of —4.89 kcal mol~!,!> which agrees with the MC-MP2-F12 value
within o-/2. Likewise, the MC-MP2-F12 interaction energy of the methane dimer (-0.45 + 0.01
kcal mol™') is within 1 o of the MP2/aug-cc-pV5Z value (—0.46 kcal mol™"), but 5 o away from
the MP2/CBS result (—0.51 kcal mol™!). In other words, MC-MP2-F12 is working correctly for
both interaction energies and their statistical uncertainties, but the aug-cc-pVTZ basis set may be
used for the F12 part for the target accuracy of 0.1 kcal mol~!. For these systems, the differences
between CCSD(T) and MP2 are rather small.

MC-MP2-F12 reproduces the MP2/CBS interaction energies of the benzene dimers with the
standard error of 0.4 kcal mol™! and the correct order of stability (according to MP2). Since the
higher-order correlation effect such as captured by CCSD(T) amounts to as much as a few kcal
mol~! in these dimers, an effort to compress the statistical errors in MC-MP2-F12 may have to be
accompanied by the same to reduce other systematic errors such as those caused by inadequate
correlation treatments or the lack of zero-point vibrational energies.

The binding energy of the Cq, dimer at the center distance of 9.748 A is calculated to be 19.10+
4.03 kcal mol™! according to MC-MP2-F12. This value is consistent with the MP2-F12/aug-cc-
pVDZ value of ca. 21 kcal mol~! for the P-P conformation carried out by Ohnishi, Ishimura, and
Ten-no.?!' It is somewhat smaller than the MP2/def2-TZVP value of 23.46 kcal mol~!,%> which
will likely increase upon a basis-set extension, moving away from, instead of approaching, the
MC-MP2-F12 value. There is a large decrease in the binding energy of over 16 kcal mol~' upon
including higher-order correlation effect by CCSD(T). The present result will therefore only serve
as a starting point for reaching CCSD(T)/CBS binding energy of the Cg( dimer.

There are at least two strategies to obtain more tightly converged binding energies by run-

ning longer calculations: One is to simply restart the MC-MP2-F12 calculations as many times as
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needed until the desired statistical errors are reached. The statistical errors will decrease nearly ex-

actly as N~!/2

, and hence increasing N by100 times will accurately compress the statistical errors
by an order of magnitude. The other strategy is to repeat the MC-MP2-F12 calculations at dif-
ferent intermolecular distances and least-squares fit the noisy data to a potential energy function.
In the latter, since we are injecting an additional piece of information about the plausible smooth

functional form, more accurate binding energy and equilibrium intermolecular distance may be

obtained at the same overall cost.

Conclusions

We have shown that the concurrent MC-MP2-F12 method can integrate small noncovalent inter-
action energies directly by having the variances and covariances of the subsystem energies cancel
with one another accurately. As a consequence, the statistical errors from this concurrent method
are one to two orders of magnitude smaller than those from the supermolecular method. Having
tiny memory footprint and being indefinitely restartable, it can be applied to any system whose
HF calculation can be completed, supplying HF orbitals and orbital energies. Statistical errors can
therefore be reduced as much as desired by running longer calculations, while there is no nonsys-
tematic errors such as those due to fixed-node approximation or ECP. We have demonstrated that
the method can reproduce the MP2/CBS interaction energies of a variety of noncovalently bonded
dimers within the statistical errors, which decay as N~!/2. For the Cgy dimer, MC-MP2-F12/aug-
cc-pVDZ calculation predicts the binding energy of 19.1 +4.0 kcal mol~!, which is consistent with
the value of 21 kcal mol™! from the MP2-F12/aug-cc-pVDZ calculation at a similar geometry.5!
To reach the exact limit, one needs to include higher-order correlation and vibrational effects. The
former can in principle be included by the concurrent extensions of MC-MP33*® and MC-MP4,%
the latter rivaling CCSD(T). Our preliminary application of these methods to the water dimer (not
shown) has indicated that for small energy differences they need to be further accelerated to be-

come practical.
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