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ABSTRACT.  

We present a detailed analysis of the linear polarizability (α) and second hyperpolarizability (γ) 

in a series of streptocyanines, as predicted with various range-separated functionals and 

CCSD(T)-based methods. Contrary to previous work on these systems, we find that the lowest 

energy electronic states for the larger streptocyanine oligomers are not closed-shell singlets, and 

improved accuracy can be obtained with certain DFT methods by allowing the system to relax to 

a lower-energy broken-symmetry solution. Our extensive analyses are complemented by new 

large-scale CCSD(T) and explicitly correlated CCSD(T)-F12 calculations that comprise the most 

complete and accurate benchmarks of α and γ for the streptocyanine systems to date. Taken 

together, our CCSD(T) and broken-symmetry DFT calculations (1) show that the MP2 

benchmarks used in previous studies still exhibit significant errors (~ 25% for α and ~100% for γ) 

and, therefore, the MP2 calculations should not be used as reliable benchmarks for 

polarizabilities or hyperpolarizabilities, and (2) emphasize the importance of testing for a lower-

energy open-shell configuration when calculating nonlinear optical properties for these systems. 
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Introduction 

Cyanine dyes comprise a subset of π-conjugated organic systems that exhibit remarkably 

strong linear and nonlinear optical (NLO) response electronic properties.1-10 In the past 50 years, 

these NLO properties have been harnessed in a variety of advanced materials and technologies 

such as electro-optic waveguide devices,11,12 memory devices,13-15 three dimension fluorescence 

microscopy,16,17 and nanofabrication.18,19 To further enhance their usage in next-generation 

optical technologies, significant effort has been focused on achieving a detailed understanding of 

the electronic structure-property relationships20 that govern their performance in realistic 

materials. As such, predictive computational methods, particularly quantum chemical methods, 

offer a rational approach for guiding future experimental efforts to obtain tailored NLO 

properties in these functional π-conjugated systems. 

Historically, wavefunction-based techniques, particularly coupled-cluster methods and 

Møller–Plesset perturbation theory (MP2 or MP4), have been used to provide accurate 

predictions for both the linear polarizability (α) and second hyperpolarizability (γ) in various 

NLO materials.21,22 While, it is generally accepted that the coupled-cluster method with single 

and double excitations and perturbative triple excitations (CCSD(T)) is widely viewed as the 

“gold standard” in quantum chemistry, its usage as a routine computational screening tool is 

significantly limited due to its immense computational cost (particularly for very large 

systems).22-25 Conversely, methods such as Kohn-Sham density functional theory (DFT)26 have 

garnered significant attention because of their favorable balance between computational cost and 
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accuracy in large organic and inorganic NLO materials.23,27 However, the specific choice of the 

exchange-correlation (XC) functional in DFT still poses a practical problem since the accurate 

prediction of both α and γ is particularly challenging for most DFT methods.23,28 In particular, 

XC functionals such as the local density approximation (LDA), generalized gradient 

approximation (GGA), and even conventional hybrid functionals that contain a fixed percentage 

of exact-exchange fail to provide an accurate description of polarizabilities in one dimensional π-

conjugated polymers.23,29 These difficulties can be traced to the lack of a field-induced 

counteracting term in the response part of the XC functional.30 

In a very recent paper by Wang and coworkers,31 the authors examined the second 

hyperpolarizability (γ) in a series of streptocyanine systems (Figure 1) using non-empirically 

tuned range-separated functionals and second order Møller-Plesset perturbation theory (MP2) as 

benchmark standards. Based on their MP2 benchmarks, the authors concluded that 

hyperpolarizabilities and other electronic structure-property relationships such as bond order 

alternation parameters (which are used in the design of π-conjugated molecular and polymer 

active materials) were predicted poorly with DFT methods.  

To provide further insight into the surprising DFT trends reported by Wang et al.,31 we 

present new calculations using a variety of range-separated DFT functionals with new CCSD(T) 

and CCSD(T)-F12 calculations. Contrary to their previous studies, we find that the electronic 

ground states for several of the streptocyanine oligomers are not closed-shell singlets, which can 

be obtained by allowing the system to relax to a lower-energy broken-symmetry solution (this 
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effect is similar to a recent paper published by our group which also found that enhanced 

accuracy with range-separated DFT could be obtained for other conjugated systems with a 

broken-symmetry solution23). In short, broken-symmetry effects arise when the restricted 

(closed-shell) wavefunction becomes unstable towards an unrestricted (open-shell) solution.32,33 

To provide a stringent verification of our results, we carried out new CCSD(T) and explicit 

correlated CCSD(T)-F12 calculations as benchmark standards in our study. It is important to 

note that Wang et. al31 commented that their MP2 benchmarks likely underestimated γ by about 

30%; as such, our CCSD(T) and CCSD(T)-F12 calculations permit a new assessment of the MP2 

benchmarks by comprising the most complete and accurate calculations of polarizabilities and 

hyperpolarizabilities for the streptocyanine systems to date. We present a detailed analysis for all 

of these aforementioned effects and discuss the implications of using broken-symmetry effects 

and high-level CCSD(T) benchmarks for calculating polarizabilities and bond order alternation 

properties in these challenging streptocyanine systems. 

 

Theory and Methodology 

The primary goals of this study are to assess the linear polarizabilities (α) and second 

hyperpolarizabilities (γ) for streptocyanines using broken-symmetry range-separated density 

functional methods as well as to provide new high-level CCSD(T) and CCSD(T)-F12 

benchmarks for these systems. The various quantum chemical methods utilized in this study are 

briefly reviewed below.  
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In contrast to conventional hybrid functionals,34,35 the range-separated approach mixes 

short-range density functional exchange with long-range Hartree-Fork (HF) exchange by 

partitioning the electron-electron repulsion operator into short- and long- range parts (i.e., the 

mixing parameter is a function of electron coordinates). In the Coulomb-Attenuating Method 

(CAM) proposed by Yanai et. al.,35-37 the most general form of the range-separated approach is 

given by the following partitioning 

 1
𝑟12

=
1 − [𝑎 + 𝑏 ∙ erf(𝜔 ∙ 𝑟12)]

𝑟12
+

[𝑎 + 𝑏 ∙ erf(𝜔 ∙ 𝑟12)]
𝑟12

, 
(1) 

where erf stands for the standard error function, 𝑟12  is the interelectronic distance between 

electrons 1 and 2, and 𝜔 is the range-separated parameter in units of Bohr-1. The parameters, a 

and b, satisfy the following inequalities: 0 ≤ a + b ≤ 1, 0 ≤ a ≤ 1, and 0 ≤ b ≤ 1. The partitioning 

in Eq. (1) allows a contribution of HF exchange over the entire range by a factor of a, while the 

parameter b allows us to incorporate long-range asymptotic HF exchange by a factor of (a + b). 

Previously, we38-44 and others45,46 have shown that maintaining a full 100% contribution of 

asymptotic HF exchange (i.e., constraining a + b = 1), was essential for accurately describing 

valence excitations in relatively simple molecular systems. Therefore, in the present work on the 

streptocyanine system, we fix the parameters a = 0.0 (no short-range exchange) and b = 1.0 in 

conjunction with self-consistently tuning the range-separation parameter ω in the LC-ωPBE 

functional to satisfy DFT-Koopmans’ theorem.47-49 Briefly, this theorem states that the energy of 

the highest occupied molecular orbital, 𝜀HOMO, is equal to the negative of the ionization potential, 

–IP, for the exact exchange-correlation functional. The ionization potential is typically computed 
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via a ∆SCF energy difference between the neutral and cationic electron system. Although several 

numerical schemes exist for self-consistently tuning ω to satisfy DFT-Koopmans’ theorem, one 

widely used approach is to numerically minimize the following objective function, 𝐽𝐽2: 

 𝐽𝐽2(𝜔) = [𝜀HOMO𝜔 (𝑁) + IP𝜔(𝑁)]2 + [𝜀HOMO𝜔 (𝑁 + 1) + IP𝜔(𝑁 + 1)]2, (2) 

where 𝜀HOMO𝜔 (𝑁) and 𝜀HOMO𝜔 (𝑁 + 1) are the HOMO energies of the N and N + 1 electron systems, 

respectively. Similarly, IP𝜔(𝑁) and IP𝜔(𝑁 + 1) are the ionization potentials of the N and N + 1 

electron systems computed with the same ω value as 𝜀HOMO𝜔 (𝑁) and 𝜀HOMO𝜔 (𝑁 + 1), respectively. 

Since DFT-Koopmans’ theorem does not directly relate the negative of the LUMO energy to the 

electron affinity (EA), the second term in equation (2) takes into account the N + 1 electron 

system to indirectly tune the LUMO energy of the N electron system.  

To determine the optimal range-separation ω values for each oligomer, we carried out 

several single-point energy calculations by varying ω from 0.0 to 0.4 (in increments of 0.02) for 

each of the N, N + 1, and N - 1 electronic states. A spline interpolation was then used to refine 

these optimal ω values which were then subsequently used in final LC-ωPBE calculations for 

each streptocyanine oligomer. For all of the oligomers, we also carried out a DFT stability 

analysis to converge (if possible) toward a lower-energy broken-symmetry solution, which 

allows for an unrestricted spin state as well as a reduction in symmetry of the orbitals. This 

additional stability analysis is necessary since very recent work by us had shown that large 

conjugated systems will favor a lower energy broken-symmetry configuration with DFT methods 

that inherently contain a large percentage of HF exchange (such as range-separated methods).23 
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In order to maintain a consistent comparison with the previous study of Wang and co-

workers, the same geometry optimization procedure from Ref. 31 was used throughout this work 

(i.e., all molecular geometries were optimized at the ωb97x/cc-pVTZ level of theory with C2v 

symmetry constraints). The Cartesian coordinates for all of the oligomers investigated in this 

study are tabulated in the Supporting Information for completeness. Since all of the 

streptocyanine oligomers possess C2v symmetry, the linear polarizability (α) and second 

hyperpolarizabiliy (γ) are dominated by the longitudinal tensor component along the z-axis (cf. 

Figure 1). As such, we only report the z-component of the linear polarizability and second 

hyperpolarizability in this study, which we calculated with a custom-developed code as second- 

and fourth-order numerical derivatives of the energy with respect to the external electric field 

strength. In these calculations, the following finite field amplitudes in atomic units (1 au = 

5.14226 × 1011 V/m) were selected: F = 0.0, ±1 × 10-4, ±2 × 10-4, ±4 × 10-4, ±8 × 10-4, ±16 × 10-4, 

and ±32 × 10-4 au. To assess the accuracy of the various DFT calculations, we also carried out 

large CCSD(T)/6-311G(d,p) and explicitly correlated CCSD(T)-F12 calculations as benchmark 

standards. We specifically chose to use the 6-311G(d,p) basis for all of our calculations since 

MP2/6-311G(d,p) benchmark calculations by us (see Results and Discussion section) 

demonstrated that this basis set was large enough to closely reproduce the MP2/Def2-TZVPD 

benchmarks originally used by Wang et al.31 (while, at the same time, the 6-311G(d,p) basis is 

small enough to use for our computationally-expensive CCSD(T) calculations). Extremely 

accurate electronic energies can be obtained with CCSD(T)-F12 approaches (typically at a higher 
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level of accuracy than conventional CCSD(T) with the same basis) since these methods construct 

a wave function that depends explicitly on the interelectronic coordinates. As such, the explicitly 

correlated CCSD(T)-F12 methods exhibit dramatic improvements in basis set convergence, and 

results of quintuple-zeta quality that were obtained with smaller triple-ζ basis sets have 

previously been shown.50-52 All linear polarizabilities (α) and second hyperpolarizabilities (γ) 

were obtained from self-consistent CCSD(T)-F12a energies since extensive benchmarks have 

indicated that the CCSD(T)-F12a variant gives better results than CCSD(T)-F12b, particularly 

for smaller basis sets24 (the F12b variant differs from the F12a method by the inclusion of an 

additional energy correction that approximately doubles the magnitude of the coupling between 

the conventional and explicitly correlated pieces of calculation24,50). Taken together, the α and γ 

values resulting from the CCSD(T)-F12 method serve as an additional check on both the DFT 

and CCSD(T) calculations as well as provide new high-quality benchmarks for the 

streptocyanine system. It is also worth mentioning that the previous study by Wang et al.31 

utilized lower-level MP2 calculations as benchmark standards, and the present work significantly 

extends this previous study by providing new, high-level CCSD(T) and CCSD(T)-F12 

benchmarks to more stringently assess the merits/deficiencies of DFT methods for the various 

streptocyanine oligomers.  

Finally, we also computed Mayer bond order and bond order alternation (BOA) 

parameters53 to assess the electronic mixing between resonance structures for selected 
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streptocyanine oligomers. The atomic Mayer bond order, 𝐼𝐴𝐵, between two adjacent atoms A and 

B is defined by the following: 

 𝐼𝐴𝐵 = ��[(𝑃𝑆)𝑏𝑎(𝑃𝑆)𝑎𝑏 + (𝑃𝑆𝑆)𝑏𝑎(𝑃𝑆𝑆)𝑎𝑏]
𝑏∈𝐵𝑎∈𝐴

, (3) 

where P, PS, and S correspond to the total density matrix, spin density matrix, and overlap matrix, 

respectively. The BOA is the average difference in bond orders between adjacent carbon-carbon 

bonds in the π-electron conjugated bridge in the geometry-optimized ground state.54 As such, the 

BOA provides a good measure and predictor of linear and nonlinear optical (NLO) properties. 

Since all of the streptocyanine oligomers in our calculations were optimized under C2v symmetry 

constraints, we calculated the BOA as the mean value of the absolute bond order difference of 

adjacent atoms in the π-conjugation bridge (i.e., the carbon-carbon backbone depicted in Figure 1) 

according to the following expression: 

 BOA = avg(|𝐼12 − 𝐼23| + |𝐼34 − 𝐼45| + |𝐼56 − 𝐼67| + ⋯ ), (3) 

All CCSD(T) and CCSD(T)-F12 calculations were carried out with the MOLPRO package,55 and 

all DFT calculations were performed with the Gaussian 09 software package.56 The numerical 

differentiations required to obtain α and γ were calculated with custom-developed codes, and the 

Multiwfn 3.3.9 package57 was utilized to calculate the various bond order parameters.  

 

Results and Discussion 
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Figure 2 shows the objective function, 𝐽𝐽2  (cf. Eq. (2)), as a function of the range-

separated parameter, ω, for the various streptocyanine oligomers obtained with (a) the 

conventional LC-ωPBE functional and (b) an LC-ωPBE approach that allows for a broken-

symmetry (BS) solution. A broken-symmetry solution was obtained by performing a full DFT 

stability analysis to give a lower-energy broken-symmetry solution (if possible). Figure 2(b) 

shows that a broken-symmetry solution is obtained at the LC-ωPBE/6-311G(d,p) level of theory 

for large values of ω. This result is in line with a previous study by our group which showed that 

π-conjugated systems undergo an electronic symmetry breaking as a function of backbone 

length.23 Since the chemical structure of the streptocyanine system is composed of successive 

single-double carbon-carbon bonds, the π orbitals are much more strongly conjugated along the 

backbone. Furthermore, from a more theoretical standpoint, a lower-energy broken-symmetry 

configuration is more favored if the DFT method contains a higher percentage of HF exchange58-

62 (such as range-separated functionals with large values of ω). It is also interesting to note that 

only the streptocyanine oligomers with more than 4 monomer units will exhibit broken-

symmetry configurations where the alpha and beta spin densities alternate through the whole 

backbone of the molecule when ω is sufficiently large. Moreover, the long-range ordering of the 

spin density still persists when the length of the streptocyanine chain is increased. This can be 

ascribed to electron localization of the 𝑝  orbitals on the carbon atoms which result in an 

antiferromagnetic pattern that can be visualized as alternating spin density differences in Figure 

3. Only streptocyanines with monomer units from n = 5 to 9 are shown since the ground states 
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for the smaller streptocyanines are closed-shell singlets and do not exhibit an antiferromagnetic 

pattern. While the present work focuses on streptocyanine oligomers possessing a C2v symmetry 

(i.e., to permit a consistent and fair comparison with the previous study by Wang and co-

workers31), it is natural to ask whether a broken-symmetry solution is still obtained if the 

molecular symmetry is significantly reduced. To test this effect, we distorted the largest 

streptocyanine oligomer by intentionally introducing a cis-conformational “kink” in the original 

all-trans-conformation backbone, as shown in Figure 4. Upon convergence, we found that the 

broken-symmetry solution is more stable and 0.08 eV lower in energy than the closed-shell 

(restricted) solution at the LC-ωPBE DFT (ω = 0.33) level of theory. As such, these calculations 

show that a broken-symmetry solution can still persist in the midst of disorder, and one should 

still check for these broken-symmetry effects when the molecular symmetry is reduced.  

Table 1 lists the optimally tuned ω values as a function of size for the various 

streptocyanine oligomers. As the optimally tuned ω values are the same for both the LC-ωPBE 

and LC-ωPBE (BS) levels of theory, we only list the values for the former in Table 1. 

Interestingly, the optimal ω numerical values nor their electronic properties (such as the HOMO 

or IP energies) are not affected by the broken-symmetry solutions since the shaded regions 

(where these broken-symmetry solutions occur) are located to the right of the minima of all the 

𝐽𝐽2 curves, as shown in Figure 2. From Table 1, the optimal ω values reflect the trend that larger-

sized streptocyanine oligomers have smaller optimal ω values compared to smaller-sized 

oligomers, and for all cases, these are smaller than the “default” ω value of 0.33. These findings 
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are in line with the non-empirically tuned ω values (shown in the parentheses in Table 1) 

reported by Wang and co-workers.31 Moreover, a similar size-dependence has already been 

reported in several other chemical systems.23,40,41,48,63,64 All the subsequent linear polarizability 

(α) and second hyperpolarizability (γ) calculations were evaluated using the optimum ω values 

summarized in Table 1. 

Table 2 gives a concise summary and analysis of α and γ for streptocyanine systems 

containing up to 9 monomer units as obtained by the LC-ωPBE DFT (ω = 0.33, 0.40, and non-

empirically tuned values) and MP2 methods in comparison to the new high-level CCSD(T) and 

explicitly correlated CCSD(T)-F12 benchmarks. Table 2 also includes the broken-symmetry (BS) 

HF and DFT solutions to allow for a direct comparison with the closed-shell DFT values. It is 

worth noting that while the broken-symmetry HF and DFT polarizabilities are numerically quite 

different from each other, the spatial spin density differences are similar, and the broken-

symmetry HF densities resemble those shown in Figure 3. Additionally, the results in the 

parentheses for the MP2 and LC-ωPBE (ω = tuned) functionals were taken from Ref. 31. As can 

be seen in Table 2, there are only minor discrepancies between our calculations and the prior 

MP2 benchmarks by Wang et al.31, which justifies our use of the 6-311G(d,p) basis set for the 

DFT, MP2, and CCSD(T) calculations in the present study. Another minor discrepancy is the 

finite-field expressions used in the current work; specifically, Wang et. al, calculated 

hyperpolarizabilities via finite differences of the dipole moment using the expression 𝛾 =

[𝜇𝑧(2∆𝑧) − 2𝜇𝑧(∆𝑧) + 2𝜇𝑧(−∆𝑧) − 𝜇𝑧(2∆𝑧)] [2(∆𝑧)3]⁄ ,  where 𝜇𝑧  is the dipole moment 
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component along the z-axis and ∆𝑧 (= 0.0003 au) is the variation of the electric field. In our study, 

however, we directly fitted the energies (as a function of the external electric field) to second- 

and fourth-order polynomials to evaluate α and γ, respectively. We specifically chose to calculate 

γ using finite differences of energies since the CCSD(T) and CCSD(T)-F12 dipole moments 

from the correlated coupled-cluster density matrix are not available in most standard quantum 

chemistry codes. All of our DFT and CCSD(T)/CCSD(T)-F12 results for α and γ were computed 

using the polynomial fitting procedure discussed above, which we found in previous work23 to be 

more stable than other numerical techniques such as the Romberg differentiation procedure. All 

mean absolute errors (MAE) were computed with respect to the CCSD(T)/6-311G(d,p) 

benchmarks to allow for a consistent comparison with DFT calculations. 

At this point, it is natural to ask whether our CCSD(T) values are accurate benchmarks 

for our DFT calculations. Particularly, in light of our previous discussion on broken-symmetry 

effects in DFT, one can naturally inquire whether broken-symmetry CCSD(T) calculations 

should be used as reference values instead. First, to check for possible non-dynamical correlation 

effects in our restricted HF-reference CCSD(T) calculations, the T1 diagnostic for all 

streptocyanine oligomers was also computed. We obtained T1 values ranging from 0.0148 to 

0.0207 for the n = 1 to n = 9 streptocyanine oligomers, which indicate that these conjugated 

systems are relatively well described by a single-reference electron correlation method. Second, 

we also carried out new unrestricted CCSD(T) benchmark calculations obtained from a broken-

symmetry HF reference determinant (UHF-CCSD(T)). Surprisingly, we found that all of the 
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UHF-CCSD(T) energies were larger (i.e., less stable) than their restricted CCSD(T) counterparts, 

further verifying (in conjunction with the T1 diagnostic discussed previously) that correlation 

effects are properly handled at the single-reference restricted CCSD(T) level of theory. The 

failure of UHF-CCSD(T) to yield accurate energies for these systems seems paradoxical, 

particularly since our DFT calculations seem to imply that the symmetry-broken reference state 

is a more correct zeroth-order description of the system (compared to the restricted reference 

state). In a seminal review on coupled-cluster methods,65 Lee and Scuseria stated, “when 

performing approximate electron correlation calculations, it is better to use a symmetry 

constrained reference function rather than a symmetry broken reference function…This is in 

spite of the fact that the symmetry broken reference function possesses a lower energy, and these 

conclusions appear to be valid whether discussing spin symmetry or spatial symmetry.” Our 

CCSD(T) and UHF-CCSD(T) trends are in agreement with Lee and Scuseria’s observations, 

giving us additional confidence that the restricted HF-reference CCSD(T) calculations are 

accurate benchmarks for our DFT calculations (instead of the broken-symmetry CCSD(T) 

results). 

Figure 5 depicts the percent relative errors in the linear polarizability 

�= ��𝛼comp. − 𝛼CCSD(T)� 𝛼CCSD(T)� � × 100%�  and the second hyperpolarizability �=

��𝛾comp. − 𝛾CCSD(T)� 𝛾CCSD(T)� � × 100%�  with respect to oligomer chain length, where the 

subscript “comp.” denotes the various computational methods surveyed and CCSD(T) is the 

benchmark reference. For conciseness, we do not plot the broken-symmetry HF results in Figure 
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5 since the relative errors are extremely large and off-scale. In Figure 5(a), the DFT results 

overshoot the CCSD(T) reference values for the linear polarizability, and the overestimation is 

expected to further increase with size as the curves have not attained a characteristic plateau in 

the asymptotic limit. When n = 9, most of the LC-ωPBE variants yield a fairly large relative 

error (> 40%) for the linear polarizability, except for the broken-symmetry LC-ωPBEω=0.33 and 

LC-ωPBEω=0.40 functionals. For 1 ≤ n ≤ 4, the relative errors are very similar among the DFT 

methods irrespective of whether they include broken-symmetry effects or whether ω is non-

empirically tuned or not. A remarkably different behavior can be observed from both the LC-

ωPBEω=0.33 (BS) and LC-ωPBEω=0.40 (BS) functionals in which the relative error surprisingly 

decreases after n = 5 and n = 4, respectively. As such, allowing the system to converge toward a 

lower-energy broken-symmetry solution improves the accuracy in the linear polarizability 

(although the relative error increases after n = 7 for the LC-ωPBEω=0.40 (BS) functional). In their 

previous work, Wang et al.31  showed that these errors could be reduced when electron 

correlation is perturbatively included at the MP2 level of approximation; however, our CCSD(T) 

benchmarks indicate that the MP2 polarizabilities still show significant errors (~ 25%) that 

increase as a function of size. As such, our results indicate that the MP2 method should not be 

used as reliable benchmarks for polarizabilities, in contrast to the previous MP2 study by Wang 

et al.31  It is interesting to note that the LC-ωPBEω=0.33 (BS) functional gives the best agreement 

with the lowest MAE value of 55.16 × 10-24 esu compared to the CCSD(T) benchmarks. As far 

as α is concerned, the MAEs can be summarized in the following order: LC-ωPBEω=0.33 (BS) < 
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LC-ωPBEω=0.40 (BS) < MP2 < LC-ωPBEω=0.40 < LC-ωPBEω=0.33 < LC-ωPBEω=tuned < LC-

ωPBEω=tuned (BS). According to this sequence, the LC-ωPBEω=0.33 (BS) and LC-ωPBEω=0.40 (BS) 

functionals are in better agreement with the CCSD(T) benchmarks than their counterparts 

without broken-symmetry solutions (a reduction in MAE from 143.75 × 10-24 to 55.16 × 10-24 

esu and from 141.45 × 10-24  to 71.00 × 10-24 esu, respectively). 

Turning to the second hyperpolarizability (γ) in Figure 5(b), we observe significantly 

larger deviations – for the smallest oligomer (n = 1), all levels of theory except MP2 show 

extremely large relative errors. In addition, the curves resulting from the LC-ωPBEω=tuned, LC-

ωPBEω=tuned (BS), LC-ωPBEω=0.33, and the LC-ωPBEω=0.40 functionals reach a characteristic 

plateau in the asymptotic limit at around 100% relative error. Similar to the linear polarizability, 

the LC-ωPBEω=0.33 (BS) and LC-ωPBEω=0.40 (BS) functionals exhibit a non-monotonic behavior 

as a function of size. Specifically, the relative errors for both of these functionals fluctuate near 2 

≤ n ≤ 5 and subsequently decrease for n ≥ 5. Overall, the overestimation is more severe for γ than 

α for both the DFT and MP2 methods. In our study, the γ values resulting from the LC-

ωPBEω=tuned functional closely mirror those from Wang et al.,31 with the exception of the n = 1 

and 2 monomer units which they mentioned were underestimated compared to the default LC-

ωPBE functional. Similarly, our MP2 results are in relatively good agreement with those 

reported by Wang and coworkers, as shown in Table 2. Nevertheless, the relative error of the 

MP2 method compared to the CCSD(T) benchmarks is still quite sizeable and reaches an 

asymptotic limit of around 80%. These trends in the relative error are consistent with that 
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observed for the linear polarizabilities depicted in Figure 5(a), emphasizing the fact that electron 

correlation effects beyond MP2 (i.e., at the CCSD(T) level of theory) play a major role in π-

conjugated systems. For γ, we noticed that the LC-ωPBEω=0.33 (BS) method still gives the most 

accurate results due to its lowest MAE values 73740.40 (10-36 esu) among all other methods. To 

summarize, the MAEs for γ can be summarized as follows: LC-ωPBEω=0.33 (BS) < MP2 < LC-

ωPBEω=0.40 (BS) < LC-ωPBEω=0.40 < LC-ωPBEω=0.33 < LC-ωPBEω=tuned < LC-ωPBEω=tuned (BS). 

Among all the DFT methods examined here, the LC-ωPBEω=0.33 (BS) functional is the most 

accurate for calculating both α and γ for the streptocyanine system (although none of the DFT 

methods still predict the correct sign of γ for the shortest oligomer), indicating the importance of 

including broken-symmetry effects when calculating polarizabilities and hyperpolarizabilities for 

this chemical system. 

The bond order alternation (BOA) gives a predictor of linear and nonlinear optical (NLO) 

properties since it provides a measure of the electronic mixing between resonance structures in a 

π-conjugated system. Figure 6 demonstrates the relationship between the BOA and ω for the 

streptocyanine hexamer (n = 6) computed with the LC-ωPBE and LC-ωPBE (BS) functionals. 

Within the 0 ≤ ω ≤ 0.2 range, both LC-ωPBE and LC-ωPBE (BS) exhibit similar trends for the 

BOA (which is not surprising, since broken-symmetry effects come into play for larger values of 

ω). The BOA increases monotonically with ω for the conventional LC-ωPBE functional; 

however, for the LC-ωPBE (BS) functional, an inflection point occurs near ω = 0.3, at which the 

BOA decreases initially then moderately increases once again. Figure 7 depicts the trends in α 
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and γ as a function of ω for the n = 6 streptocyanine oligomer. Our trends in α and γ are similar 

to the closed-shell calculations for the n = 7 streptocyanine oligomer reported by Wang et al.31 

However, when we allow the system to relax to a lower-energy broken-symmetry configuration, 

we obtain extremely different trends: α increases incrementally from ω = 0 to 0.3 and 

subsequently grows substantially, whereas γ decreases moderately until ω = 5, at which point it 

then diminishes rapidly. These qualitatively different trends are due to the extended/delocalized 

antiferromagnetic electron pattern (cf. Figure 3) resulting from the broken-symmetry formalism 

(which, in turn, arises from the large amount of Hartree-Fock exchange present at large ω values). 

In other words, increasing ω in a conventional closed-shell range-separated DFT calculation 

leads to an over-localization of electrons40,41 and, hence, a decreasing linear polarizability (cf. 

Figure 7(a)). However, allowing the system to relax to a lower-energy broken-symmetry 

configuration will instead delocalize electrons into the extended patterns seen in Figure 3, 

yielding a linear polarizability that increases as a function of ω, as seen in Figure 7(b).  

 

Conclusion 

Within this extensive theoretical study, we have analyzed a variety of range-separated 

DFT, MP2, CCSD(T), and CCSD(T)-F12 methods for predicting the linear polarizability (α) and 

the second hyperpolarizability (γ) in a series of π-conjugated streptocyanine oligomers. Contrary 

to previous studies, we have found that the electronic ground states for several of the 
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streptocyanine oligomers are not closed-shell singlets, which can be obtained by allowing the 

system to relax to a lower-energy broken-symmetry solution. Our extensive analyses are 

complemented by new large-scale CCSD(T) and explicitly correlated CCSD(T)-F12 calculations 

that comprise the most complete and accurate benchmarks of α and γ for the streptocyanine 

systems to date. Based on these new benchmarks, we find that the broken-symmetry LC-

ωPBEω=0.33 functional yields the most accurate results among the various DFT methods for 

predicting both α and γ. In addition, our CCSD(T) calculations indicate that the MP2 

benchmarks used in previous studies still exhibit significant errors (~ 25% for α and ~100% for γ) 

and, therefore, the MP2 calculations should not be used as reliable benchmarks for 

polarizabilities or hyperpolarizabilities. Finally, we explored other structure-property 

relationships, such as bond order alternation (BOA) parameters, to assess the electronic mixing 

between resonance structures in the π-conjugated streptocyanine system. From our BOA analysis, 

we observe qualitatively different trends (compared to the conventional closed-shell calculations) 

for both α and γ that result from the broken-symmetry formalism. Taken together, our new 

CCSD(T) and CCST(T)-F12 benchmarks in conjunction with our broken-symmetry range-

separated DFT calculations (1) highlight the importance of incorporating electron correlation 

effects beyond MP2 (i.e., at the CCSD(T) level of theory) for benchmarking both α and γ in π-

conjugated streptocyanines and (2) emphasize the importance of testing for a lower-energy open-

shell configuration when calculating nonlinear optical properties for these systems. 
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Figure Captions 

 

Figure 1. Chemical structure of streptocyanine oligomers (n = 1 – 9) studied in this work. The 
linear polarizability (α) and second hyperpolarizability (γ) are computed along the z-axis shown 
in figure.  

Figure 2. Plots of the objective function, 𝐽𝐽2 (cf. Eq. (2)), as a function of the range-separated 
parameter, ω, for streptocyanines using the non-empirically tuned LC-ωPBE functional (a) 
without broken-symmetry solutions and (b) with symmetry-broken solutions. The yellow-shaded 
region denotes regions (primarily for the n = 5 – 9 oligomers) where a broken-symmetry solution 
is obtained. 

Figure 3. Spin density difference (blue = positive spin density and red = negative spin density) 
obtained with LC-ωPBEω=0.33 for the various streptocyanine oligomers. 

Figure 4. Spin density difference (blue = positive spin density and red = negative spin density) 
obtained with LC-ωPBEω=0.33 for the lowest-energy electronic state of a distorted n = 9 
streptocyanine oligomer. 

Figure 5. Percent relative error (compared to CCSD(T) benchmarks) of (a) linear polarizability 
and (b) second hyperpolarizability as a function of streptocyanine length for different 
approximation levels of theory. 

Figure 6. BOA for the n = 6 streptocyanine oligomer as a function of the range-separated 
parameter ω for LC-ωPBE and LC-ωPBE (BS), respectively.  

Figure 7. Structure-property relationships as a function of the range-separation parameter, ω, for 
the n = 6 streptocyanine oligomer: (a) LC-ωPBE α values, (b) broken-symmetry LC-ωPBE α 
values, (c) LC-ωPBE γ values, and (d) broken-symmetry LC-ωPBE γ values.  
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