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1 Introduction

The production of a hadron with large transverse momentum pr can be simplified by using
a factorization theorem for inclusive hadron production at large pp [1]. It states that the
leading power in the expansion of the inclusive cross section in powers of 1/ppr can be
expressed as a sum of perturbative QCD (pQCD) cross sections for producing a parton
convolved with fragmentation functions:

do[H + X] =) do[i+ X]® Di,pu(z). (1.1)

1

The sum extends over the types of partons i (gluons, quarks, and antiquarks). The symbol
“®” in eq. (1.1) represents a convolution integral over the longitudinal momentum fraction
z of the hadron H relative to the parton. The pQCD cross section dé for producing the
parton i can be expanded in powers of ay(pr), and it includes convolutions with parton
distributions if the colliding particles are hadrons. The nonperturbative factor D; 5 (2) is
a fragmentation function that gives the probability distribution for z. We refer to eq. (1.1)
as the leading-power (LP) factorization formula. It was derived by Collins and Soper in
1981 for the case of a light hadron H at a transverse momentum satisfying pr > Aqcp [1].

The LP factorization formula in eq. (1.1) applies equally well to heavy quarkonium
at a transverse momentum satisfying pr > m, where m is the mass of the heavy quark.
A proof of this factorization theorem that deals with issues specific to heavy quarkonium
production was first sketched by Nayak, Qiu, and Sterman in 2005 [2]. The LP factorization
formula gives the leading power in the expansion in powers of m/pp. In the case of cross
sections summed over quarkonium spins, the corrections are suppressed by m?/ p%. The
LP factorization formula has limited predictive power, because the nonperturbative factors
D, (z) are functions of z that must be determined from experiment.

In 1994, Bodwin, Braaten, and Lepage proposed the NRQCD factorization formula for
cross sections for heavy quarkonium production [3]. It uses an effective field theory called
nonrelativistic QCD to separate momentum scales of order m and larger from momentum
scales of order mv and smaller, where v is the typical relative velocity of the Q or Q in the
quarkonium. The theoretical status of the NRQCD factorization conjecture is discussed
in ref. [4]. The predictive power of the LP factorization formula for heavy quarkonium in
eq. (1.1) can be increased by applying the NRQCD factorization formula to the fragmen-
tation functions, reducing these nonperturbative functions of z to multiplicative constants.
The fragmentation function for the parton i to produce the quarkonium H is expressed as
a sum of pQCD fragmentation functions multiplied by NRQCD matrix elements:

Disu(2) =) Disqom(2) (OF). (1.2)

The sum extends over the color and angular-momentum channels n of a nonrelativistic
QQ pair. The pQCD fragmentation function Dz _,QQ[R](Z) for producing the QQ pair in
the channel n can be expanded in powers of ag(m). The NRQCD matrix element (OX)
is proportional to the probability for a QQ pair created in the channel n to evolve into a



final state that includes the quarkonium H. The nonperturbative constants (OX) scale as
definite powers of v [3].

The factorization theorem for inclusive production of heavy quarkonium at large pr
has been extended to the next-to-leading power (NLP) of m?/p%. The NLP factorization
theorem was proven diagrammatically by Kang, Qiu, and Sterman [5-7], and it was derived
using soft collinear effective theory by Fleming, Leibovich, Mehen, and Rothstein [8, 9].
In addition to corrections to the terms in the LP factorization formula, the NLP factor-
ization formula has additional terms suppressed by m?/ p2T that are expressed as a sum of
pQCD cross sections for producing a pair of collinear partons convolved with double-parton
fragmentation functions. In the case of cross sections summed over quarkonium spins, the
corrections to the NLP fragmentation formula are suppressed by a power of m*/ p4T. The
predictive power of the NLP fragmentation formula can be dramatically increased by ap-
plying the NRQCD factorization formula to the double-parton fragmentation functions,
reducing these nonperturbative functions to multiplicative constants.

The NLP/NRQCD factorization formula opens the door to dramatic improvements in
the accuracy of theoretical predictions for quarkonium production at large pr. The factor-
ization formula can be expressed as a triple expansion in powers of ay, v, and m/pp. NLP
factorization incorporates subleading powers of m/pr. The NRQCD expansion includes
subleading powers of v. Accurate predictions also require calculating all the pQCD factors
to next-to-leading order (NLO) in as. The pQCD factors are the cross sections for produc-
ing single partons, the cross sections for producing collinear parton pairs, the single-parton
fragmentation functions for producing QQ pairs, the double-parton fragmentation functions
for producing QQ pairs, and the evolution kernels for both sets of fragmentation functions.

The first fragmentation function for quarkonium production to be calculated to next-
to-leading order (NLO) in a; was for gluon fragmentation into QQ in the color-octet 35}
channel [10, 11]. This calculation is particularly simple, because the LO fragmentation
function is proportional to (1 — z). The first NLO calculation of a fragmentation function
that at LO is a nontrivial function of z was that for gluon fragmentation into QQ in
the color-singlet 1Sy channel [12]. It would be useful to have all the phenomenologically
relevant fragmentation functions calculated to NLO in as.

In NLO QCD calculations, the most challenging step is often the calculation of the
phase-space integrals from real-gluon emission. A strategy that is often effective is to
design subtractions that cancel the infrared divergences in the phase-space integrals, calcu-
late the integrals of the subtraction terms analytically, and then calculate the subtracted
phase-space integrals numerically. In the case of fragmentation functions, the phase-space
integrals also have ultraviolet divergences. It is therefore necessary to design subtrac-
tions that also cancel these ultraviolet divergences. The NLO calculation of ref. [12] was
carried out using a subtraction procedure for fragmentation functions that was adapted
from the dipole subtraction procedure for parton cross sections introduced by Catani and
Seymour [13]. An alternative subtraction scheme for parton cross sections that has some
advantages was introduced by Frixione, Kunszt, and Signer (FKS) [14]. The FKS sub-
traction method has been used in the automation of next-to-leading order computations
of parton cross sections in QCD [15].



In this paper, we adapt the FKS subtraction method to the NLO calculation of frag-
mentation functions. We illustrate the method by applying it to gluon fragmentation into
a QQ pair in the color-octet 'Sy channel. This fragmentation function is of phenomeno-
logical importance for the production of JP¢ = 0~ quarkonium states, such as the 7 or
Ne- The color-singlet 1Sy channel is leading order in v. The color-octet 'Sy channel is one
of three color-octet channels suppressed by only v%. In the case of production of the 7. at
large pr at the Large Hadron Collider, the color-octet 'Sy channel is numerically the most
important of the three [16, 17].

The outline of our paper is as follows. In section 2, we present the LO fragmentation
function for gluon fragmentation into Q@ in the color-octet 1Sy channel and define some
quantities that are useful in the NLO calculation. In section 3, we introduce the FKS
subtraction terms that cancel all the ultraviolet and infrared divergences in the real NLO
corrections. The subtracted phase-space integrals are calculated in 4 dimensions, and their
insensitivity to the cut parameters in the FKS subtractions is verified. In section 4, we
present analytic results for the ultraviolet and infrared divergences from loop integrals in the
virtual NLO corrections. In section 5, we verify that all the divergences from phase-space
integrals and from loop integrals are canceled by renormalization of the parameters of QCD
and by renormalization of the operator whose matrix element defines the fragmentation
function. Some numerical illustrations of our results are presented in section 6. Our
results are summarized in section 7. In appendix A, we derive parametrizations of massless
two-parton phase-space integrals that are used to integrate the subtractions terms for the
real NLO corrections. In appendix B, we calculate the pole terms in the dimensionally
regularized phase-space integrals of the subtraction terms analytically. In appendix C, we
show how MADGRAPH5 [18] can be used to generate helicity amplitudes for cut diagrams
with a heavy-quark pair and two light partons in the final state.

2 Leading-order fragmentation function

In this section, we present the perturbative fragmentation function for ¢ — QQ, with
the QQ pair in a color-octet 'Sy state, at leading order in a,. We also introduce some
related expressions that are useful in the calculation of the real radiative corrections at
next-to-leading order in .

2.1 Feynman rules

Gluon fragmentation functions can be calculated using Feynman rules derived by Collins
and Soper in 1981 [1]. The fragmentation function is expressed as the sum of all possible
cut diagrams with an eikonal line that extends from a gluon-field-strength operator on
the left side of the cut to a gluon-field-strength operator on the right side. Single virtual
gluon lines are attached to the operators on the left side and on the right side. The two
virtual gluon lines from the operators are connected to each other by gluon and quark
lines produced by QCD interactions, with possibly additional gluon lines attached to the
eikonal line. The cut passes through the eikonal line, the line for the particle into which
the gluon is fragmenting, and possibly additional gluon and quark lines. An example of a



Figure 1. One of the 4 cut diagrams for gluon fragmentation into a color-octet 'Sy QQ pair at
leading order in «s. The eikonal line is represented by a double solid line. The dotted line is the
cut. The other 3 cut diagrams at leading order are obtained by interchanging the two gluon vertices
on each side of the cut.

cut diagram with the cut passing through the lines of a heavy quark and antiquark and an
additional gluon is shown in figure 1.

The Feynman rules for the cut diagrams are relatively simple [1]: they are summarized
in ref. [12]. The 4-momentum K of the gluon that is fragmenting enters the diagram
through the operator vertex on the left side of the eikonal line and it exits through the
operator on the right side. Some of that momentum flows through the single gluon line
attached to the operator and the remainder flows through the eikonal line. The particle into
which the gluon is fragmenting has a specified 4-momentum. In the case of fragmentation
of a gluon into a QQ pair with zero relative momentum, it is convenient to express the 4-
momentum of the QQ pair as 2p. The longitudinal momentum fraction z of the QQ pair is:

(2p).n

2= (2.1)

The operator at the left end of the eikonal line is labelled by a Lorentz index u and a color
index a. The Feynman rule for the operator vertex is

—1 (K.ng“)‘ - q“n’\> 9%, (2.2)

where ¢, A and ¢ are the 4-momentum, Lorentz index, and color index of the gluon line
attached to the vertex. The operator at the right end of the eikonal line is labelled by
a Lorentz index v and a color index b. The fragmentation function is the sum of all cut
diagrams contracted with —g,,, and 6,5 and multiplied by the Collins-Soper prefactor [1]:

1 1—2¢

(N2 —1)(2—2¢)2nK.n’

C

Ncs = (2.3)

where N, = 3 is the number of colors of a quark and D = 4—2¢ is the space-time dimension.



2.2 LO fragmentation function

The NRQCD factorization formula in eq. (1.2) for the fragmentation function D;_,p(z) for
producing the quarkonium state H expresses it as a sum of pQCD fragmentation functions
multiplied by NRQCD matrix elements. The NRQCD matrix elements (OX) scale as
definite powers of the relative velocity v of the heavy quark in the quarkonium. The pQCD
fragmentation functions ﬁi _)QQM(Z) can be calculated as power series in as(m), where m
is the heavy-quark mass. The fragmentation function for a gluon into a 0~ quarkonium
state nq, including the color-singlet 18y and color-octet 'Sy terms explicitly, has the form

Dying () = (O1(150))" [a2 DI (2) + a2 D)o () + ...

+ (Os("So))™@ [a2 DY (2) + a2 Do)+ | + ... (2.4)

The color-singlet NRQCD matrix element (O1(1Sp))"@ is leading order in v, and it can
be expressed in terms of the wavefunction at the origin for the 7g. The matrix element
(0g(1Sp))"e is one of three color-octet matrix elements that are suppressed by only v*. It
is related by heavy-quark spin symmetry to the NRQCD matrix element (Og(35;))¥e for
a 17~ quarkonium state 1)g, which can be determined phenomenologically by fitting cross
sections for production of ¢g. In eq. (2.4), the PQCD fragmentation functions multiplying
(01(18p))"@ and (Og(1Sp))"@ have been expanded to next-to-leading order (NLO) in a.
The color-singlet 1Sy fragmentation function was calculated at leading order (LO) in o
by Braaten and Yuan in 1993 [19]:

(1 1
DL(%(Z) T ANZm3

[2(1 — 2)log(1 — 2) + 32 — 227] . (2.5)

The NLO term Dl(\llﬁo(z) in this fragmentation function was calculated in ref. [12]. Our
goal is to calculate the color-octet 1.8y fragmentation function to NLO.

The pQCD fragmentation functions in eq. (2.4) can be determined from perturbative
QCD calculations of the fragmentation function for producing a QQ pair. Fragmentation
functions for producing QQ in a 'Sy state can be determined most easily by taking the QQ
pair to be in a spin-singlet state with zero relative momentum. To determine the color-
singlet fragmentation function, the  and @ are projected onto the color-singlet state
QQ1 by contracting their color indices i and j with 8ij/v/Ne. To determine the color-octet
fragmentation function, the Q and Q are projected onto the color-octet state QQg with color
index a by contracting their color indices i and j with v/2 T Given the normalizations of
the NRQCD operators defined in ref. [3], the perturbative approximations to the NRQCD
matrix elements are

(01(150))99 = 2N, (2.62)
(05(180))9% = N2 -1, (2.6b)

where N, = 3. On the left side of eq. (2.6b), there is an implied sum over the N2—1 colors of
QQs. If dimensional regularization is used to regularize ultraviolet and infrared divergences,



these matrix elements have no NLO corrections. By dividing the perturbatively calculated
fragmentation function D,_,55,(2) by the perturbative matrix element in eq. (2.6b), we
obtain the fragmentation function multiplying (Og(1S0))"@ in eq. (2.4).

2.3 Born fragmentation function

The fragmentation function for ¢ — QQ can be calculated perturbatively from the cut
diagrams in which the cut lines include @ and Q. At leading order in o, the cut diagrams
are the diagram in figure 1 and three other diagrams obtained by interchanging the two
gluon vertices on the left side of the cut and interchanging the two gluon vertices on the
right side of the cut. The final-state @ and Q are on-shell with equal momenta p and total
longitudinal momentum fraction z. The final-state gluon is on-shell with a momentum gq
whose phase space must be integrated over. The cut through the eikonal line gives a factor
of 2n§(K.n — (2p + q).n).

The amplitude corresponding to the sum of the two diagrams on the left side of the
cut in figure 1 is given in eq. (2.10) of ref. [12]. The QQ pair is projected onto the color-
singlet state QQ1 in eq. (2.11) of ref. [12]. If the amplitude is instead projected onto the
color-octet state QQg with color index b, the net effect is the replacement

1 1

VNe V2

where a is the color index of the gluon-field-strength operator and c is the color index of

8¢ — V2 Tr({T%, T}TY) = —=d*®, (2.7)

the final-state gluon. After squaring the amplitudes, contracting the color indices for the
operators, and summing over the colors of the gluon and the QQ pair, the net effect is the

substitution
N2 -1 (N2 —1)(N2 —4)

—
N, 2N,
This procedure projects the QQ pair onto the color-octet states QQs. Thus the LO frag-
mentation function D, _, o, () differs from the LO fragmentation function D _, g5, (2) just

(2.8)

by the multiplicative color factor (N2 — 4)/2. The LO fragmentation function DIE%(Z) in
the second term of the factorization formula in eq. (2.4) differs from the LO fragmenta-
tion function DSO)(Z) in the first term by the product of that color factor and the ratio
2N./(N2 —1) of the perturbative NRQCD matrix elements in eqs. (2.6a) and (2.6b). Thus

the LO color-octet 'Sy fragmentation function is

D@ (2) = N — 4 21 log(1 37 — 222 2.9

In the calculation of the NLO fragmentation function for ¢ — QQs, it is useful to have
the LO fragmentation function for ¢ — QQg expressed as an integral over the gluon phase
space in D = 4 — 2¢ dimensions:

Dl(z) - NCS/d¢Born(p> Q)ABorn(p7 Q)a (210)

where Ncg is the Collins-Soper prefactor in eq. (2.3). The Born phase-space measure d¢porn
is the product of the differential phase space for the final-state gluon of momentum ¢ and



a factor 20 (K.n — (2p + q).n) from the cut through the eikonal line. It can be reduced to
a single differential in the invariant mass s of the QQg system:

B 271 = 2)E Am2\ ¢
d¢Born(p7 q) - 2(47T)1_6F(1 — 6)(2p i q)?’l, <8 - Z> dS, (211)

where s and z expressed as functions of p and ¢ are

s=(2p+q)?, (2.12a)
= m. (2.12b)

There is an implied Heavyside theta function that imposes the constraint s > 4m?/z. The
Born squared amplitude Apor, is obtained by multiplying the right side of eq. (2.15) in
ref. [12] by the color factor (N2 — 4)/2:

2(1 — 2¢)(NZ — 1)(NZ — 4)g[(2p + ¢).nJ°
Nems?(s — 4m?2)?

x [(1-2z+ 222 — €)s? — 8(z — e)m?s + 16(1 — e)mﬂ , (2.13)

ABorn (p7 q) =

where z and s are expressed as functions of p and ¢ in eqs. (2.12). The factors of K.n =
(2p + q).n cancel between Ncs, dppor, and Apoy in egs. (2.3), (2.11), and (2.13).

The LO fragmentation function for ¢ — QQg in D dimensions is obtained by inserting
the three factors in egs. (2.3), (2.11), and (2.13) into eq. (2.10). Setting ¢ = 0 and inte-
grating over s, we obtain the final result for the LO fragmentation function for ¢ — QQs
in 4 dimensions:

(LO) ( ) . (NC2 —4)&2

2
900s(?) = s 21— 2)log(1 — 2) +3z —227].. (2.14)

Dividing by the perturbative NRQCD matrix element in eq. (2.6b), we obtain the LO

fragmentation function Dés(%(z) in eq. (2.9) multiplied by o?.

2.4 Born tensors

To facilitate the calculation of the real NLO corrections to the fragmentation function, it
is convenient to generalize the integration measure dgpor (p,q) for the LO fragmentation
function in eq. (2.11) by allowing ¢ to be a more general light-like 4-vector. It could be
the momentum ¢; or ¢o of a massless final-state parton, or it could be another light-like
4-vector constructed from q; and ga. The variables s = (2p+¢)? and z = (2p.n)/(2p+q).n
defined in egs. (2.12) can be regarded as functions of this more general light-like 4-vector g.
The longitudinal momentum of the fragmenting gluon is (2p+q1 +¢2).n. The Collins-Soper
prefactor in eq. (2.3) can be generalized to a function of p and g:

1 1 opn O\
NBom(p,q) = ) 2.15
Born (P, 4) (NZ—1)(2—26)20(2p + q1 + q2) ((Qp—l—q).n) (2.15)



The Born phase-space measure in eq. (2.11), with the factor of 1/(2p + ¢).n replaced by
1/(2p+q1 +¢q2).n and with its coefficient expressed as a function of s and z, will be denoted

by d(bBorn(Sa 2)3

B 21— 2)7€ 4m2\ ¢
ddBorm (s, 2) = AT =@+ ot o) (s -— ) ds. (2.16)

Similarly, the Born squared amplitude Apom(p,q) in eq. (2.13), with the factor of [(2p +
q).n)? replaced by [(2p + q1 + ¢2).n)? and with its coefficient expressed as a function of s
and z, will be denoted by Apom (s, 2):

2(1 - 2¢)(NZ — 1)(NZ — 4)g5[(2p + a1 + ¢2).n]?
Nems?(s — 4m?2)?
x [(1—2z+ 222 — €)s? — 8(z — e)m?s + 16(1 — e)mﬂ . (2.17)

ABorn(S7 Z) =

The product of Nporn, ddBorn, and Apoery, in egs. (2.15), (2.16), and (2.17) depends only on
s and z. We introduce a more concise notation for this product:

— 2¢ 2 _ m)ea’ s —4m?2/z)"€
NdoAparn(s.2) = e SO g g AR
w1 emaa1 =SB4y 2 (2.18)

(s —4m?)?

If this measure is multiplied by a function of s and integrated over s from 4m?/z to
00, it defines a function of z. If the weight function is simply 1, the integral is the LO
fragmentation function for ¢ — QQs in D dimensions defined in eq. (2.10):

(1 — 2)(NZ — 4)(4r)‘a?

D(s) = 2 S O e
> (s—4m?/z)"€ s(s —4m?/z)
x/4m2/c?23§ 1—6—2z(1—z)m . (2.19)

In the calculation of the real NLO corrections to the fragmentation function, it is
convenient to have expressions for the Born squared amplitude with a pair of uncontracted
Lorentz indices. They will be used to construct subtraction terms that cancel the ultraviolet
and infrared divergences in the real NLO corrections point-by-point in the phase space.
There are two useful choices for the uncontracted indices p and v. One choice is the
Lorentz indices associated with the ends of the eikonal line. The other choice is the Lorentz
indices associated with the polarization vectors of the cut gluon line. We will refer to those
expressions as the Born tensors.

The Born tensor with Lorentz indices associated with the eikonal line is obtained by
multiplying the right side of eq. (2.24) in ref. [12] by the color factor (N2 — 4)/2:

" (1= 2/ (N2 = (N2 = 9)gd{(2p + g).n]?

eikonal(p’ q) = ANm[(2p + q)2]2(p.q)2 [(Qp,q)zTW’ —(2p+ q)2lulu] ’

(2.20)



where [# and TH* are

DN
h=oph — T (9 p 2.21
p (2p+q)'n( p+q)*, (2.21a)
“w v LoV
T g 4 " (2p +q)” + (2p + ¢)n” (2.21b)
(2p+q).n

The tensor AL is orthogonal to n, and n,. Its contraction with —g,,, is

v (. @ptan \?
Aironal (P, @) (=guw) = <(2p+CI1 +q2)'n> Apom (8, 2), (2.22)

where Apoyy, s given in eq. (2.17).
The Born tensor with Lorentz indices associated with the final-state gluon is obtained
by multiplying the right side of eq. (2.27) in ref. [12] by the color factor (N2 — 4)/2:

(N2 = D(NZ —4)g5[(2p + ).

A q) = Ci(z " (p, q), 2.23
auon(P20) = o 0P () Z PP a) (223
where the tensors are
Lo V jpe
T (p,q) = —g" + L0 q+nn €, (2.24a)
JTNY v
T (p,q) = —g + TLTP0 (2.24b)
pgq
T (p,q) = (p“ P qn“) <p” — p.qn,,> , (2.24c)
q.n q.n
T (p,a) = ¢"q"- (2.24d)
Their coefficients are
Ci(z,p.q) = =2(1 = 2)(m® + p.q) [zp.q — 2(1 — 2)m?] , (2.25a)
Co(z,p.q) = [1 — 26 — 22(1 — 2)] (p.q)* — 22(1 — 2)m?p.q, (2.25D)
Cs(2,p.9) = 4(1 = 2)*(m® + p.g), (2-25¢)
Ca(z,p.q) = 2°p.q + (1 + 2¢ + 2°)m?, (2.25d)

where z is the momentum fraction in eq. (2.12b). The tensor A’} is orthogonal to g,

gluon
and q,. Its contraction with —g,,, is

(2p+Q).n) >2 Mg (5. ), (2.26)

Agluon(p7 ) <_g;w) = <(2p+Q1 T go)n

where Apory, is given in eq. (2.17).



3 Real NLO corrections

The real NLO corrections to the perturbative fragmentation function for ¢ — QQ, with
the QQ pair in a color-octet 1Sy state, come from cut diagrams with two real partons in
the final state. The two partons can be two gluons (gg) or a light quark-antiquark pair
(¢q). Cut diagrams with two real gluons can be obtained from the four LO cut diagrams
with a single real gluon, such as the diagram in figure 1, by adding a gluon line that crosses
the cut and runs from any of the 6 colored lines on the left side of the cut to any of the 6
colored lines on the right side of the cut. The additional gluon line can also be attached
to the operator vertex, in which case the fragmenting gluon is attached to the eikonal line.
The cut diagrams with a light g pair can be obtained from the four LO cut diagrams by
replacing the real gluon line that crosses the cut by a virtual gluon that produces a ¢g pair
that crosses the cut.

Each of the cut diagrams involves an integral over the phase space of the two real
partons in the final state. We denote the equal momenta of the @ and Q by p and the
momenta of the final-state partons (which can be two gluons or a light quark and antiquark)
by g1 and g2. The real NLO contribution to the fragmentation function can be expressed as

T 1 q
DS(J_e}anQS (Z) = NCS / d¢real(p> q1, QQ) (2“41(3;]1) (p7 q1, Q2) + Aﬁgg% (pa q1, QQ)> ) (31)

where Ncg is the Collins-Soper prefactor in eq. (2.3) and d¢eq is the product of the
differential phase space for final-state partons with momenta ¢; and ¢o and the factor
2m0(K.n — (2p + q1 + q2).n) from the cut through the eikonal line. The longitudinal mo-
mentum fraction of the QQ pair is

(2p).n

= . 3.2
‘ 2p+q +q2)n (32)

In the integrand of eq. (3.1), AY9) 55 the squared amplitude from cut diagrams with two

real
gluons crossing the cut, and A(qql) is the squared amplitude from cut diagrams with a light

rea.
quark and antiquark crossing the cut. The factor % multiplying Agggl)

in eq. (3.1) com-
pensates for overcounting the states by integrating over the entire phase space of the two

identical gluons.

3.1 Anatomy of the poles

The phase-space integrals in eq. (3.1) diverge in several regions, yielding poles in ¢ =
(4 — D)/2 of both infrared (IR) and ultraviolet (UV) nature. The nature of the IR poles
can be soft or collinear.

3.1.1 Soft infrared limits

Soft singularities only show up in the squared amplitude Agzgl) from final-state gluons since
a soft (anti)quark does not yield any pole. First let us consider the limit g2 — 0 (soft
limit for the gluon 2). The tree-level amplitude is proportional to the color factor doch
in eq. (2.7), where a, b, and ¢ are the color indices of the eikonal line, the QQ pair, and

~10 -



the final-state gluon, respectively. In the eikonal approximation associated with the soft
limit g — 0, the amplitude for the emission of the soft-gluon is obtained from the tree
amplitude by replacing d®® with

gsic | £—d @ g d
tgsph acefebd + aebSecd t ecbfead 5M(q2)a (3.3)
D-q2 q1-q2 n.q2

where p and d are the Lorentz index and color index of the gluon with soft momentum
g2- The first term inside the parentheses is an eikonal factor built upon the momentum
of the heavy-quark pair. Such a term arises only when the heavy-quark pair is projected
onto a color-octet state. Squaring the amplitude and summing over color and Lorentz
indices, one readily obtains the following approximation for the squared amplitude in the
soft limit g — O:

2

€ P-q1 p.n qi.-n m
AEZZI) 47TO(S[L2 NC ( + + - 2) ABorn(p7 q1)a (34)
p-q2 q2.91 D.q2 q2.n q1-92 g2.1 (QQ-p)

where Apopy, is the Born squared amplitude defined in eq. (2.13). The analogous result in
the soft limit ¢ — 0 reads

q2.1 m?

A(gg)—>4msu2€Nc< Pz pn

— AB P,q2). 3.5
real P-q1q1-G2  P-q1q1-n G2.1 1. (Q1.p)2> om(p, ¢2)- (3:5)

3.1.2 Collinear infrared limits

Collinear singularities show up in both the squared amplitudes Affjl) and AEZZ% from the
kinematic region in which the light partons crossing the cut are collinear. In order to
describe the collinear limit, it is convenient to define the light-like four-vector

q1-q2 u

=gl gt — — 2 3.6
U R P (3.6)

which satisfies g2 = 0 and ¢.n = (¢1 + g2).n. In the collinear limit, the four-vector §

coincides with ¢; + g2, and the expression for the squared amplitude factorizes over the

Born amplitude up to spin correlations. In order to account for these spin correlation

effects in collinear splittings, it is convenient to define a 4-vector ¢ by
7= qi-n L @n 4

3.7
(@1 + Q2)-n(h (@1 + (12)‘”(12 (3.7)

This 4-vector is orthogonal to ¢: ¢.¢ = 0. The 4-momenta of the two partons can be
expressed as
wo_ q1. s qa-nq.qg2
q = Q" +q¢"+———n", 3.8a
I S @+ .17 (3:50)
o Qn o, Q@nqa.q
= —q¢" — ¢ + ——n". (3.8b)
> (g +g)n [(q1 + g2).n]?

In the case of Agzgl) , the factorisation formula when the momenta of the two gluons

crossing the cut are nearly collinear reads

4o e y _
A8 — ﬁpﬁgﬂ) (P 41, 42) Agron (: @), (3.9)
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where the Born tensor A!; is defined in eq. (2.23). The tensor P;S,’Zg ) is

gluon
PY9) (. a1.q0) = N <C]1.p+ @ Q1.n+QQ.n> L) 421 e v | 310
pv (p a1,9q ) c Go.p q1.p G.n q.n ( Iu ) ( )Ql-q2 ( )

In the case of Afzg, the factorisation formula when the momenta of the light quark

and antiquark crossing the cut are nearly collinear reads

_ Ao /1'26 ~ . B
Al — TZQPELZ") (a1, 92) Apon (P D)- (3.11)
The tensor P,E,qu) is
P (1, ) = s Tp [(—M - ol ] , (3.12)

where Tp = % is the trace of the square of a generator for the fundamental representation

and ny is the number of light flavours.

(99)
real ?

regions in which one gluon crossing the cut is collinear to the eikonal line. When the gluon

In the squared amplitude A additional collinear singularities arise from kinematic

momentum ¢; is collinear to the four-vector n, one has

Kn 1
nQ?—(Q—q

where @) = 2p + ¢1 + ¢2 is the sum of the momenta of the particles crossing the cut.

A9 Aragpu®4N,

real

2 ABom(P: ). (3.13)

3.1.3 Ultraviolet limits

Ultraviolet singularities in the squared amplitude Aiggl) arise from the kinemetic region in
which the invariant mass s = (2p + g1 + ¢2)? of all the final-state particles goes to co. The
factorisation formula in each of the two UV limits s > (2p+ qj)2 for 7 = 1,2 also holds up
to spin correlations. In order to account for these spin correlation effects, it is convenient
to introduce the 4-vectors [; defined by

qz-n

P=gh— 227 (9 p 14
ey p— L " 14
ly =q (2p+q2>_n( P+ q2)". (3.14b)

These 4-vectors are orthogonal to n: l;.n = 0. The 4-vector [} is the component of ¢4
orthogonal to n. It is also convenient to define the longitudinal momentum fraction y; of
the system consisting of the QQ pair and the parton of momentum qj:

2 ).
yj = @pta)n (3.15)
(2p+q1+q2)n
The factorisation formula includes a factor of Agﬁ{onal(p, q;), where A’efilf{onal is the Born

tensor defined in eq. (2.20) whose Lorentz indices p and v are associated with the eikonal

line. The factor A’;i'f(onal can be interpreted as arising from the fragmentation of a gluon
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with longitudinal momentum y; K.n into a QQ pair with longitudinal momentum zK.n via
the radiation of a gluon of momentum ¢;. In the limit s > (2p + qj)2, one has

2e
(99) 87-(045” ik 1 v
Areal (2p +q + q2)2 Pﬁ’/ (yJ’ ZJ) yj2 Aeikonal (p7 Qj)- (316)

The tensor Pﬁiyk is defined by

PEk(y, 1) = 2N, [ <13y +y(1- y)) (~gu) —2(1— o) - l?éy : (3.17)

3.2 Subtraction scheme and kinematics

In order to extract the poles resulting from phase-space integrals in the singular regions
outlined in the previous section, we adopt in this work a subtraction scheme that is inspired
by the formalism introduced by Frixione, Kunszt, and Signer (FKS) [14]. In the FKS
formalism for parton cross sections [14], the phase space is partitioned into kinematic
regions that in any singular limit give either (a) a finite contribution or (b) a soft IR
singularity or (c) a collinear IR singularity or (d) the product of a soft IR singularity and a
collinear IR singularity. In the extension of the FKS formalism to fragmentation functions,
a kinematic region in a singular limit may also give (e) a UV singularity or (f) the product
of a UV singularity and a collinear IR singularity. For the (gg) term in eq. (3.1), the

partition of the phase space can be implemented by multiplying 2A by a partition of

real
unity with four terms:

S11+ 812+ 821+ S22 =1, (3.18)

where the weight functions S; ; are scalar functions of p, ¢1, g2, and n. Each S; ; acts as
a damping factor for some singular phase-space regions. The second index j is associated
with the parton of momentum ¢;. For the (¢g) term in eq. (3.1), no partition of unity is
required since there is only one kinematic region yielding a pole, namely the singular limit
of a collinear ¢ pair. Our strategy to extract the poles in the expression in eq. (3.1) is to

(99)

design a subtraction term 175 for each of the four terms 2.A S;,j in the integrand and

real
a subtraction term 799 for the term A(qq Hence the fragmentation function in eq. (3.1)
can be decomposed as

rea, 1 ~
D£(7_>22Q ZNCS /d(breal |:2A£ZZI)S%J B Tz(,?g):| + NCS/d¢real |: rZZ% T(qq)
+ Z NCS / d¢realT gg) + NCS / d‘brealT(qq)) (319)
i,J

where the dependence on the momenta p, g1, g2 is implicit in each function in the integrands.
The subtraction terms Ti(gg ) and 7099 are designed so that the first and second integrals on
the right side of eq. (3.19) are finite and can be evaluated in D = 4 dimensions. The third
and fourth integrals are evaluated in D = 4 — 2¢ dimensions, so the UV and IR divergences
appear as poles in €. The first and second integrals in eq. (3.19) are decomposed into sums
of terms such that the subtracted singularity in each term is associated with a very simple
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kinematic region. Such a decomposition is particularly suited for multichannel Monte Carlo
integration, as it naturally separates the different channels by making use of the partition
of unity in eq. (3.18).

Unlike the construction in the FKS formalism, Lorentz invariance is explicitly manifest
in our construction of the subtraction terms, i.e. we do not specify any specific frame. Sin-
gular regions are characterised by Lorentz-invariant quantities. We define a dimensionless
variable A that vanishes at the boundary that gives IR singularities associated with two
collinear partons and/or one soft parton:

(1 + Q2)2

=
4m?

(3.20)

We define a dimensionless variable u; (u2) that vanishes at the boundary that gives IR
singularities when gluon 2 (gluon 1) is soft and/or collinear to the eikonal line:

uy = ga.n Uy = qi-n (3‘21)

(¢1 +q2)-n’ (@1 +q2)n’
They satisfy u; + us = 1. (The mismatch between the indices of the variable u; that
approaches 0 and the momentum g3_; that becomes soft or collinear simplifies the expres-
sions for subtraction terms.) The total invariant mass s of the final-state particles and the
invariant mass s; of the heavy-quark pair and the gluon j are

s=2p+q+q) (3.22a)
sj=(2p+q;)* (3.22b)

We define dimensionless variables (; that vanish at the boundaries that give UV singular-
ities when s is much larger than s;:

G = 81/7%7 G = 82/75/2, (3.23)

S S

where the momentum fraction y; is defined by eq. (3.15). The boundaries of the singular
regions are represented in figure 2.

The subtraction terms Tl-(gg) and 709 introduced in eq. (3.19) will be defined using
cutoff variables, so that the subtraction is applied only in the vicinity of the singular phase-
space boundaries. The variables on which these cutoffs apply are selected in such a way to
make the integration of the poles in € in the subtraction integrals tractable.

3.3 Subtraction terms

3.3.1 Partition of unity

To define the weight functions S; ; in the partition of unity in eq. (3.18), we first introduce
functions wj ;:

= (3.24a)

_ 1 -y
Augjluf 4 (1 —u;)?]

(3.24b)

w25
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A=0 155

Figure 2. Representation of the singular regions for the integration of the real emission amplitude.
Each line represents a specific limit, which is specified in terms of Lorentz invariants in the inner
part of the figure. A line represents a phase-space boundary that gives a single pole in €. A dot
connecting two lines represents a phase-space region leading to a double pole in €. For each dot,
there is a specific subtraction term Ti(f;g ) appearing in eq. (3.19) whose integral includes the double
pole. The subtraction of the single pole associated with a line connecting two dots is shared among
the two subtraction terms associated with these dots.

The sum of these four functions is

1 1 1
> wy = + + (3.25)

n Guir  CQua  Aujqug’

The weight functions in the partition of unity are defined by
wl?]

Yk Wik

At the singular boundaries of phase space, one or two of the variables A, u1, us, (1,

Sij (3.26)

and (2 vanishes. In the singular limits, some of the weight functions S; ; vanish and the
others simplify. In the collinear IR limit A — 0, only S and S92 are nonzero (and they
add up to 1):

2 2

u u
lim So 1 = 52— lim Spp = 51— . 3.27
Ao 2 u? +ui’ 22 u? + u3 (3.27)
In the soft IR limit u; — 0, only S; ; and Sy j are nonzero (and they add up to 1):
lim ;= —2> (3.28a)
Ujlgo 17.7 - )\ "‘ CJ ) * a
. G
1 | = . 2
A% =30 (3250
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In the UV limit ¢; — 0, only S ; is nonzero:

lim S, =1. 3.29
Jm S (3.29)
In the construction of the subtraction terms Ti(gg ) in eq. (3.19), we use Heavyside theta
functions in the variables A, u;, and (; associated with the singular boundaries:
N =gt —N), 0 = G(ut —wy), ) = 9(¢ — ). (3.30)

In the construction of the subtraction terms T(g.g )

5, ineq. (3.19), we also use Heavyside theta

functions in variables ¢ and d; defined by

) 3.31a
p-(q1 + g2) (3312
2
5i—1- p.q1 + m°qa.n/(2p.n) (3.31b)
p(q1 + q2)
2
Gy —1- p.q2 +m ql.n/(2p.n). (3.31¢)
p-(q1 +q2)
The theta functions are
00 = g(6t —§), 0% = (Ut — ). (3.32)

In the construction of the subtraction terms 79 in eq. (3.19), we use the Heavyside theta
function #™) in the variable \.

3.3.2 Subtraction terms for Tl(f’jg )

(99)

The phase-space boundaries that give singularities in the integral of %Areal

S1,; are u; =0
and ¢; = 0. The singular piece can be expressed as
Tl(g.g) = Siujj) ]_)guf) o) 1 D) gl&) — plGui) g(¢s) gluy) (3.33)
7‘7 I

(99)
real

in D = 4 dimensions, because the (%) term subtracts the singularity when u; — 0, the
0(%) term subtracts the singularity when ¢; — 0, and the 0()9(%) term adds back the
double singularity that is over-subtracted by the other two terms.

(uy)
1,5

The remainder obtained by subtracting Tl(gjg ) from %A S1,; can be integrated numerically

The weight function S, 7’ in the first subtraction term in eq. (3.33) is

gs) _ Aj

W= N Gife))s (3.34)

where )\; is defined by

y, = L= 2)(s —si/y;)
J 4m?2 ’
In the soft limit gz_; — 0, this weight function approaches Si ;, whose limiting behavior

(3.35)
is given in eq. (3.28a). The subtraction term Dguj ) is constructed using the Born squared
amplitude Ao in eq. (2.13) with s replaced by s;/y;:

N
'-ABorn(sj/yjaZ) (336)

D§uj)(20, q,q2) = 4ﬂasﬂ2€m
5 Uj
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The integral of the sum of S( 7) (uj ) and the subtraction term Sy (u] ) D(uj ) for T 2(2-9) is
evaluated analytically in sectlon B. 6 of appendix B. The sum over j of these subtraction
integrals is given in egs. (B.33) and (B.34).

The subtraction term D(%) in eq. (3.33) is constructed using the Born tensor A"Y

eikonal
in eq. (2.20) with Lorentz indices associated with the eikonal line:

2e VM(E] ) (

D(CJ) (p) q1, QQ) = 477055# b, q1, Q2)Aelkona1(]77 q]) (337)

The tensor Vu(gj ) is

Vu(gj)(n q,q2) = 2N [ < Y g y; (1 — yj)) (—guw) —2(1 — e)ﬂ% ., (3.38)
S I —y; Yj lj
where the 4-vector [; is defined in eqgs. (3.14). The poles in the integral of D(%) are evaluated
analytically in section B.1 of appendix B. The subtraction integral summed over j is given
in egs. (B.6) and (B.7).
The over-subtraction term D(%%) in eq. (3.33) is constructed using the Born squared
amplitude Aporn (5;/Y;, 2):

2N,

WABOHI(SJ /Y 2)- (3.39)

D(CJ7 )(p7 q1, q2) 47—‘-0‘8#26

The poles in the integral of D(&) are evaluated analytically in section B.2 of appendix B.
The over-subtraction integral summed over j is given in egs. (B.11) and (B.12).

3.3.3 Subtraction terms for T(g.g)

The phase-space boundaries that give singularities in the integral of Areal Sa; are u; =0

and A = 0. The singular piece can be expressed as
T(gg) Séj 2 Dé“j) 9(ui) 4 5;)}) DX g 4 plusids) g(us) g(65)
D®id) glus) (&) _ phuy) g(N) glus) (3.40)

The remainder obtained by subtracting T(gg ) from 1A Sg j can be integrated numerically

real
in D = 4 dimensions, because the (43 term subtracts the singularity when u; — 0, the
6N term subtracts the singularity when A — 0, the 8(“) #(%) term subtracts additional
singularities when both u; — 0 and d; — 0, and the last two terms add back singularities
that are over-subtracted by the other terms.

The weight function Sézj ) in the first subtraction term in eq. (3.40) is

() _ _8/s
2 N+ 3)s

(3.41)

where 5 = (2p+¢)?. In the soft limit g3—j — 0, this weight function approaches Sz ;, whose

limiting behavior is given in eq. (3.28b). The subtraction term Dguj ) is constructed using
the Born squared amplitude Ao in eq. (2.13) with s replaced by 5 = (2p + §)*:

. N, -
DY (0,01, 42) = Am0uh™ G A (5. 2). (342)
J

2m2\
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The integral of the sum of Séf;j ) Déuj ) and the subtraction term SE;? ) Dguj ) for T 1(29) is
evaluated analytically in section B.6 of appendix B. The sum over j of the subtraction
integrals is given in egs. (B.33) and (B.34).

The weight functions 522- in the second subtraction term in eq. (3.40) are

e (1—u;)?

) = . 3.43
2 uf 4 (1 — uy)? (3:43)

Since u1 + ug = 1, they satisfy
SO+ 59 = 1. (3.44)

In the collinear IR limit A — 0, this weight function approaches S ;, whose limiting
behavior is given in eq. (3.27). The subtraction term D™ is constructed from the Born

tensor A"

eluon 11 €4 (2.23) with Lorentz indices associated with the final-state gluon:

P(gg) (pa q1, QQ)Agll:mn(p7 Cj)? (345)

A _ 2
D( )(pv QIaQZ) - 471—0[8,“’ 64m2/\ nv

where the tensor PF(ng ) is given in eq. (3.10). The poles in the integral of DW) are evaluated

analytically in section B.5 of appendix B. The subtraction integral summed over j is given
in egs. (B.25), (B.26), and (B.27).

The subtraction term D(i-%) is constructed using the Born squared amplitude
Agorn (85, 2), where the variable §; is defined by

1 _
5 =s;+ 7Zuj(4m2) : (3.46)

with s; = (2p + ¢;)? and u; defined in eq. (3.21). The subtraction term is

N, z 1
D(5:55) — 4 2e € - = S5 3.47
(P, q1,92) T 2m? | 2(1 — Z)ijj w? ABorn(sja z), ( )
where w; is defined by
p.q2 p.q1
w1 = W, Wwo = W (348)

The poles in the integral of D(®i:%) are evaluated analytically in section B.4 of appendix B.
The subtraction integral summed over j is given in egs. (B.19) and (B.20).

The over-subtraction terms D(®:%) and DX%) in eq. (3.40) are the same. They are
constructed using the Born squared amplitude Apom (8, 2):

. e N -
D9 (p.q1, q2) = drovsps? W;%‘ABOM(S’ 2), (3.49a)

. . N -
D()\,UJ)(p’ q1,q2) = dmagp? W;uj'ABom(S’ z). (3.49Db)

The poles in the integral of D39 are evaluated analytically in section B.3 of appendix B.
The over-subtraction integral summed over j is given in eqgs. (B.15) and (B.16). The over-
subtraction integral for DM%) is evaluated analytically in section B.7 of appendix B. The
over-subtraction integral summed over j is given in egs. (B.35) and (B.36).
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3.3.4 Subtraction term for 7(9)
The only phase-space boundary that gives singularities in the integral of A((@ is A = 0.

real
The singular piece can be expressed as

7@ — plaa) g (3.50)

The remainder obtained by subtracting 7049 from AEZQ can be integrated numerically in
D = 4 dimensions, because the V) term subtracts the singularity when A — 0.

The subtraction term D% is constructed from the Born tensor Agﬁlon in eq. (2.23)
with Lorentz indices associated with the final-state gluon:

_ 1 _ ” B
D(qq) (p7 qi1, QZ) = 471—058:“’26@13;5?/(]) (q17 QQ)Agluon(p7 Q) (351)

The tensor P,S,%CD is given in eq. (3.12). The subtraction integral for D9 is evaluated
analytically in section B.8 of appendix B. It is given in egs. (B.38) and (B.39).

3.4 Insensitivity to cut parameters

The finite parts of the real NLO corrections to the fragmentation function for ¢ — QQs
can be obtained by adding two contributions:

e the subtracted real NLO corrections, which are given by the first two integrals on
the right side of eq. (3.19). The integrals over the phase space of the two final-state
partons in 4 dimensions are evaluated numerically.

e the finite parts of the subtractions for the real NLO corrections, which are given by
the last two integrals on the right side of eq. (3.19). They are the difference between
the sum of the finite parts of the subtraction integrals in egs. (B.6), (B.19), (B.25),
and (B.38) and the sum of the finite parts of the over-subtraction integrals in
egs. (B.11), (B.15), (B.33), and (B.35). Most of these finite parts include one-
dimensional or two-dimensional integrals that are evaluated numerically.

Both contributions depend on the cut parameters u', A\ §U and ¢“** that define
the phase-space regions where the subtractions are applied. The dependence on the cut
parameters must cancel between the two contributions. The fact that the overall sum of
finite pieces should be independent of the cut parameters can be used as a sanity check for
the subtraction procedure.

The numerical integrations are performed with the use of the adaptive Monte Carlo
integrator Vegas [20]. To validate the subtraction procedure, we use two sets of cut

parameters:
cuts A:  u™ =01, A" =06, 6" =0.25 ("=0.25 (3.52a)
cuts B:  w™=02, AXW=12 =050 (" =0.50. (3.52b)

The fragmentation function with ny = 0 comes from cut diagrams with two gluons crossing
the cut. The coefficient of ny in the fragmentation function comes from cut diagrams
with a light quark and antiquark crossing the cut. These two contributions are shown in
figure 3. For both contributions, the sum of the subtracted terms and the finite parts of the
subtraction terms is seen to be independent of the choice of values for the cut parameters.
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Figure 3. The finite parts of the real contributions to the NLO fragmentation function Dl(\fgo (2).
The fragmentation function with ny = 0 and the coefficient of n; in the fragmentation function
are shown in the left panel and in the right panel, respectively. The subtracted and subtraction
contributions are associated with the decomposition in eq. (3.19). Cuts A and B refer to the two
sets of cut parameters specified in eqgs. (3.52a) and (3.52b). The “total” curves for cuts A and cuts
B are almost indistinguishable.

4 Virtual NLO corrections

The virtual NLO corrections to the perturbative fragmentation function for ¢ — QQs,
where the QQ pair is in a color-octet 1Sy state, come from cut diagrams with one loop
on either the right side or the left side of the cut. Loop diagrams on one side of the cut
can be obtained from the LO diagrams, like the one in figure 1, by adding a gluon line
connecting any pair of the 6 colored lines, by adding a loop correction to the propagator
of the fragmenting gluon, or by adding a loop correction to the propagator of the virtual
heavy quark. There are additional loop diagrams in which the heavy-quark line is attached
to the eikonal line by both the fragmenting gluon that attaches to the operator vertex
and by a second gluon line, with the gluon that crosses the cut attached to either the
fragmenting gluon or the eikonal line.

As in the LO cut diagrams, we denote the equal momenta of the Q and Q by p
and the momentum of the final-state gluon by ¢. The sum of the virtual one-loop cut
diagrams at order a2 defines a scalar function Ayirtual(p, ¢,1, ) that is integrated over the
loop momentum [. The virtual NLO contribution to the fragmentation function can be
expressed as

dPl

W-Avirtual (p, q,1, TL) s (41)

DLl e) = Nes [ doson(v.a) |
where Ncg is the Collins-Soper prefactor in eq. (2.3) and d¢pery is the phase-space measure
in eq. (2.11). The integral of Ay;;tual over the loop momentum [ is a homogeneous function
of n of degree 2. It can be expressed as the product of [(2p+¢q).n]?/s%, where s = (2p+¢q)?,
and a dimensionless function of s/m? and the momentum fraction z defined in eq. (2.12b).

By means of standard tensor reduction techniques, the integral of Ayitual Over [ can
be reduced to [(2p + ¢).n]?/s% multiplied by a linear combination of one-loop scalar master
integrals whose numerators are simply 1 and whose coefficients are functions of s, z, the
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number of dimensions D = 4 — 2¢, and the number of colors N.. The denominators of the
master integrals come from at most three Feynman propagators with mass m or 0 and at
most one eikonal propagator of the form 1/[({ + P).n+ie|, where P is a linear combination
of p and q. The set of master integrals is the same as in the NLO calculation of the
fragmentation function for g — QQ1 in ref. [12]. Each master integral can be expanded as
a Laurent expansion in € to order €. The coefficients of the poles in € can be evaluated
analytically. Analytic expressions for the poles in € for the master integrals with an eikonal
propagator are given in appendix B of ref. [12]. The poles and the finite parts of the virtual
NLO correction can be readily obtained from the calculation of the fragmentation function
for g — QQ1 in ref. [12] by changing the coefficients of the master integrals.

In all the poles in € from the loop integral in eq. (4.1), the Born squared amplitude
Ao (p, q) in eq. (2.13) appears as a multiplicative factor. The virtual NLO corrections
to the fragmentation function can therefore be expressed as

2\ €
virtua Qs gy
D;—:QQL) (Z) = %F(l‘f‘ﬁ) <mQ> NCS/d¢Born(pa Q) [fpole(paQ)ABorn(paQ)+Aﬁnite(p7Q)]7

(4.2)

where fpole(p, ¢) has only poles in € and Agpite(p, ¢) is a finite function of s = (2p+¢)? and
z. The terms in fyole(p,q) can be organized to make their cancellation against the poles
from other contributions of the NLO correction more transparent:

Fpote(p, @) = U9 +U(5) + 24992 + Y 4 M(5) + Sy + Sas, 2). (4.3)

There are four terms in eq. (4.3) with only UV poles:

5 4 1
U= ;Ne— ongTp | —, 4.4

(3 g ) p— (4.42)

1 12m?
Us) =Cp— | —— —1 4.4b
O =cr (25— 1), (1.40)

5 1
UuIR? = (N, + Cp) —, (4.4c)
€UV
, 1
uelkonal =N,—, (44d)
€UV

where Cp = (N2—1)/(2N,) is the Casimir for the fundamental representation. In Feynman
gauge, the terms U9, U2(s), U999 and yekonal arige from virtual-gluon propagator cor-
rections, virtual-quark propagator corrections, quark-gluon vertex corrections, and eikonal
line corrections, respectively. There is one term in eq. (4.3) with mixed UV and IR poles:

M(s) = 2N,

[1 — elog(s/4m?)] . (4.5)
€UVEIR

In Feynman gauge, this term comes from loop correction to the operator vertex. There are
two terms in eq. (4.3) with only IR poles:

1
S =(2Cp — N.) —, (4.6a)
€IR
2 1 s s — 4m?
Sa(s,z) = N, |:_€%R + p (2 log s + log iz +log (2(1 —2)) — 1)] . (4.6b)
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The infrared poles originate from loop-momentum configurations with partons that can
be soft and/or collinear. The term S; is a soft pole that in Feynman gauge comes from
one-loop diagrams obtained from the four LO cut diagrams by exchanging a gluon between
the on-shell heavy quarks. All other infrared poles are included in the term Sa(s, z).

The virtual NLO corrections in eq. (4.2) can be expressed as

2\ €
(virtual) Qs T QQ ikonal
DiTae)(z) = 2201 +¢) (m2 ) [(ug + 21990 4 yeikona +Sl)D1(z)

+ / NdpApom (s, 2) (Z/{Q(s) + M(s) + Sals, z))
+ Ncs / ddBorn (P, @) Asinite (P, Q)], (4.7)

where Dj(z) is the LO fragmentation function in 4 — 2¢ dimensions in eq. (2.19) and
NdpAporn is the LO differential fragmentation function in eq. (2.18).

Many of the IR poles cancel against terms in the real NLO corrections, which are
given by the integrals of the subtraction terms in eq. (3.19). The poles in the real NLO
corrections are contained in the difference between the sum of the subtraction integrals
in egs. (B.6), (B.19), (B.25), and (B.38) and the sum of the over-subtraction integrals in
egs. (B.11), (B.15), (B.33), and (B.35). The mixed double pole in M(s) cancels against
the 1/(euvemr) terms in egs. (B.7a), (B.12a), and (B.34). The double IR pole in Sa(s, 2)
cancels against the 1/ef; terms in egs. (B.16a), (B.20a), (B.26), (B.27a), (B.34), and (B.36).
The single pole proportional to log(z(1 — 2)) in Sa(s, z) cancels against logarithmic terms
in eqs. (B.16b) and (B.27a). The single poles proportional to log(s/4m?) in M(s) and
Sa(s, z) cancel against terms in eqs. (B.7a) and (B.12a), leaving a single pole proportional

cut

to logu"t. The single pole proportional to log((s — 4m?)/4m?) in S(s, z) cancels against

terms in egs. (B.16a), (B.20a), and (B.25), leaving single poles proportional to log u** and

cut and log A°** that are left over from the

log \°“*. The single poles proportional to log u
cancellations of the logarithmic functions of s cancel against additional single poles from
egs. (B.26), (B.27b), (B.34), and (B.36). After these cancellations between the real NLO
corrections and the virtual NLO corrections, the only poles that remain are single IR poles

proportional to D;(z) and single UV poles.

5 Renormalization

The calculation of the fragmentation function is performed in terms of the renormalized
fields ¥, and A,, the renormalized coupling constant g, and the physical mass m of the
heavy quark. Their relations with the corresponding bare quantities involve renormaliza-
tion constants dz, d3, dg, and &,,:

U= (1 + 52)1/2\117“7 Al = (1 + 53)1/2A¢¢ go = M€(1 + 59)91 mo = m(l + (Sm) (51)

The renormalization of the coupling constant is performed in the MS scheme, whereas the
renormalization of the heavy-quark mass is performed in the on-shell mass scheme. In the
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resulting expressions for the renormalization constants d2, 3, d4, and 6,,, it is convenient
to pull out a common factor:

2\ €
GO TR 5
5 = 5 (1 +¢) <m2) 5;. (5.2)

The rescaled renormalization constants d; in the schemes specified above read

&:—ﬁ [1+2+4+610g2], (5.3a)
2 levv  er

03 = <2NC — infTF) LUlv - qu] : (5.3b)

by = _%0 Lév log 4:;:} ) (5.3c)

~m:—% LU1V+§+2log2], (5.3d)

where by = (11N.—4n;Tr)/6 is the coefficient of —a? /7 in the beta function (ud/du)as(p).
In the counterterm for ¢ in eq. (5.3c), we have allowed for the renormalization scale pp of
a; to be different from the scale p introduced through dimensional regularization.

The contributions to the NLO fragmentation function from inserting propagator coun-
terterms and vertex counterterms into the LO cut diagrams are

2\ €
unter %s ™ 2 eikona
D;i@ées)(z) = %F(l + 6) <7’)’L2> /Nd¢AB0rn(S, Z) [CQ + CQ(S) + 2chQ + C k l:| .

(5.4)

The terms with the coefficients C9, C?(s), CQQQ, and Ck°nal are associated with the virtual-
gluon propagator, the virtual-quark propagator, the quark-gluon vertices, and the eikonal-
gluon vertex in the LO cut diagrams, respectively. The expressions for these coefficients in
terms of the rescaled renormalization constants &’s are

C9 = —26, (5.5a)
8m? - =

CIP% = 25, + 209 + 43, (5.5¢)

Ceikonal — 53‘ (55(31)

The counterterm contributions to the NLO fragmentation function can be reduced to

2\ €
(counter) Qs T 7 % 3
DI oan () = 301 +¢) <m2> [ (459 + 265 + 53) Dy (2)
4m?

‘f’25~7n\/]V'd¢-/4Born(S,Z)S_47/712 . (56)

The field renormalization constants o and 3 have single IR poles that must cancel
the single IR poles that remain after adding the real NLO corrections and the virtual NLO
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corrections. The linear combination 283 + d5 in eq. (5.6) has infrared poles proportional
to Cr, nyTr, and N.. The IR pole proportional to Cr in b9 cancels the Cp term in the
IR pole in & in eq. (4.6a). The IR pole proportional to n¢Tr in b3 cancels the IR pole in
eq. (B.39). The IR pole proportional to N, in b5 cancels single IR poles in S; and Sa(s, z)
and single IR poles in egs. (B.20b), (B.26), and (B.27b). This completes the verification
of the cancellation of the IR poles.

The renormalization of the operator defining the fragmentation function introduces an
additional counterterm. Its expression in the MS scheme reads!

2\T 1 4m? Ly
D(opere{tor) _ —%F 1 T 1 / > p D 5.7

g—QQs (Z) o ( + 6) m2 UV + log 'u% Ly gg(y) 1(Z/y)7 ( )
where Py4(y) is the Altarelli-Parisi splitting function:

z +l—z
(1—2)¢ z

We have allowed for the factorization scale pr to be different from the scale p introduced

Pyy(2) = 2N, [ +2(1— z)} + bpo(1 — 2). (5.8)

through dimensional regularization.

The UV poles in the sum of the real NLO corrections in eq. (3.19) and the virtual
NLO corrections in eq. (4.7) must be canceled by the counterterms in egs. (5.4) and (5.7).
The UV poles in the NLO virtual corrections from the coefficients 249, U?(s), and UIQQ in
eqs. (4.4) are canceled by the corresponding counterterms €9, C9(s), and C99Q in eqs. (5.5).
The UV pole from real NLO corrections in eq. (B.7b) is a convolution integral over y. It is
canceled by the contribution to the operator counterterm in eq. (5.7) from the region y < 1.
The contribution to the virtual NLO corrections from the coefficient /%"l in eq. (4.4d) is
canceled by the sum of the eikonal counterterm C¢%°"al in eq. (5.5d) and the contribution
to the operator counterterm in eq. (5.7) from the endpoint y = 1. This completes the
verification of the cancellation of the UV poles.

The complete NLO term D;IiLogzg(z) in the fragmentation function for g — QQg is
obtained by adding the real NLO corrections in eq. (3.19), the virtual NLO corrections in
eq. (4.7), and the counterterms in egs. (5.4) and (5.7), and then taking the limit ¢ — 0.
After dividing by the perturbative NRQCD matrix element in eq. (2.6b), we obtain the

NLO fragmentation function Dl(\igﬁo(z) in eq. (2.4) multiplied by 2.

6 Numerical results

Beyond leading order in ay, the fragmentation function D, ,,,(z) depends on a factor-
ization scale urp and on a renormalization scale ugr. If we make those scales explicit, the
expression for the color-octet 1Sy term in the NLO fragmentation function for g — n¢ in
eq. (2.4) is

Dysno(2) = (Os(*50))"@ |a?(ur) DI (2) + al(ugr) DY) o (25 propr) + .| . (6.1)

!There is a typographical error in the analogous expression in eq. (5.8) of ref. [12]: D;I;OQ)?Q (2) should

o
be D;I;C)gé(z/y).
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The scales pup and pgr were introduced through renormalization. The Altarelli-Parisi evo-
lution equation for the fragmentation function can be used to sum up large logarithms of
pr/m to all orders in ag. The solution to the evolution equation is sensitive to the behavior
of the NLO fragmentation function near the upper endpoint z — 1. The fragmentation
function includes terms with endpoint singularities of the form log(1 — z) and log?(1 — z).
It is worthwhile to make those singularities explicit. Our final result for the NLO term in
the fragmentation function has the form

8 bo p2 dy
Dotz o) = o 1 DB (2) 4 oo 1y [ WD)

+ D) (2) + D) (2), (6.2)

sing

where DI(%( ) is the LO fragmentation function in eq. (2.9), DY

finite \#
smooth limit as z — 1, and Dgugg( ) is a function with logarithmic singularities in that limit:

(z) is a function with a

8 )log (1—2)+ 058) log(1 — 2)
m3 '

(6.3)

The coefficients cgg) and 0(8) and the function D( )

finite
numerical values 058) and c;) are estimated by applying linear regression in the region

107°5<1—2<103:

(z) can be calculated numerically. The

¥ = (=0.012 £ 0.002) + (0.00278 £ 0.00001 )7 , (6.4a)
§8) = (—0.0472 £ 0.001) . (6.4b)

The uncertainties are the estimated standard deviations of the parameter estimators, as-
suming that the errors in the regression model are independent and normally distributed.
We found no numerical evidence for a log?(1 — z) contribution proportional to n ¢. In the
numerical analysis presented in this section, we use the central values in the estimates of

(8)

(8) and c( ) in egs. (6.4). Numerical values for the function Dy (z) are calculated by

finite
subtractmg the singular term Déirfg(z) defined by eq. (6.3) from the fragmentation function
Dl(\?]zo(z) with pp = prp = 2m:
p® (=_Lip D 6.5
finite Z)_ﬁ[ O(Z)+nf f(z)} ( : )

The resulting curves are shown in figure 4, both as a function of z with a linear scale (left
panel) and as a function of 1 —z with a logarithmic scale (right panel). By construction, the
curves for Dlgin)lte( ) with ny = 0 and for the contribution to Dé )1te
light-quark flavor approach plateaus when 1 — 2z gets very close to 1.

(z) from one additional

The NLO fragmentation function is compared with the LO fragmentation function
in figure 5 for the case of bottomonium. The LO fragmentation function is proportional
to « (,uR)D( )( ), where Di(% is given in eq. (2.9). The NLO fragmentation function
is proportional to the sum of « (,uR)D( )( ) and « (/J,R)Dl(\?ﬁo(z;uR,MF), where Dl(\?I)JO is

given in eq. (6.2). We set my, = 4.75 GeV and ny = 4, and we use the value as(ur = 2my,) =
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Figure 4. The singular contributions Db(,islzg(z) and the remaining finite contributions Déi)ite(z) to

the NLO fragmentation function. The same curves are shown as a function of z with a linear scale
(left panel) and as a function of 1 — z with a logarithmic scale (right panel). In the labels for the
curves, a subscript 0 indicates the ny = 0 term and a subscript f indicates the term from one
additional light-quark flavor.

0.181 for the strong coupling constant. For the central values of the renormalization and
factorization scales, we choose twice the mass of the heavy quark: pur = ur = 2my. The
LO term ong](%(z) increases monotonically from 0 to 5a2/(96m3) as z increases from 0 to
1. The NLO term ang(\?go(z) increases from —oo as z — 0 to a maximum at z ~ 0.8, and
then decreases to —co as z — 1. For up = pur = 2my, its maximum is 1.1 x 10*3/m2 at
z =0.80. At z = 0.5, the NLO fragmentation function is larger than the LO fragmentation
function by a factor of 2.67. The NLO term is large and negative in the z — 1 region
because of the log2(1 — z) term. To determine the fragmentation function accurately as
a function of z in this region, it would be necessary to sum the leading logarithms of
1 — z to all orders. This is not essential because the logarithmic singularities as z — 1 are
integrable. The NLO term is also large and negative in the z — 0 region. This may arise
from a singular term of the form log z. The large NLO corrections in this region may not
be a problem, because kinematics generally excludes contributions from the small-z region
of the fragmentation function.

The sensitivity of the LO and NLO fragmentation functions to the renormalization
scale up and to the factorization scale pp is also illustrated in figure 5. The bands are
obtained by varying pugr or pur up or down by a factor of 2 around the central value 2my,
(with the other scale held fixed). The left panel of figure 5 shows the NLO band from
varying pp (with pp = 2myp). The NLO band is significantly wider than the LO band in
the central region of z. One might have expected the sensitivity to pupr to be decreased
by adding NLO corrections, but this is not the case simply because the NLO term in the
fragmentation function is larger than the LO term in the central region of z. The right
panel of figure 5 shows the band from varying pup (with pur = 2my). In the central region
of z, the width of the band from varying ur is much narrower than that from varying ug,
partly because the function multiplying log(u%/4m?) in eq. (6.2) vanishes near z ~ 0.75.
The width of the band increases at larger z and near the z — 0 endpoint.
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Figure 5. The color-octet 1Sy contribution to the fragmentation function Dy_,,, (2) at LO and at
NLO. The curves are the LO fragmentation function (dashed line) and the sum of the LO and NLO
terms in the fragmentation function (solid line) for the scale choices ur = pr = 2mp. The bands
are obtained by varying the renormalization scale ugr by a factor of 2 (left panel) and varying the
factorization scale pup by a factor of 2 (right panel).

7 Summary

In this paper, we have presented the calculation of the NLO QCD corrections to the frag-
mentation function for a gluon into a color-octet 'Sy Q@ pair at leading order in v. To
calculate the real NLO correction, we developed a generalization of the FKS subtraction
scheme that can be applied to fragmentation functions. The UV and IR poles in the real
NLO corrections arise from boundaries in the phase space for the final-state partons. We
constructed subtraction terms for the integrand of the real NLO correction that cancel the
singular contributions from each of these boundaries and for which the poles in the sub-
traction integrals can be calculated analytically. Our development of an FKS subtraction
scheme for fragmentation functions paves the way toward the automated calculation of the
NLO fragmentation functions in other NRQCD channels.

We found that the NLO QCD corrections have a dramatic effect on the fragmentation
function. Instead of increasing monotonically with z as at LO, the NLO fragmentation
function has a maximum in the central region of z. For ur = ur = 2m, the NLO frag-
mentation function is larger than the LO fragmentation function by about a factor of
3. As a consequence, the NLO fragmentation function displays strong sensitivity to the
renormalization scale. These results suggest that QCD corrections to the color-octet 'Sy
fragmentation function could have a significant impact on the production of the spin-singlet
quarkonium states 7. and 1, at large transverse momentum.

Acknowledgments

P.A. would like to thank Fabio Maltoni for enlightening discussions. We thank Geoffrey
Bodwin for useful comments. P.A. was funded in part by the F.R.S.-FNRS Fonds de la
Recherche Scientifique (Belgium), and by the Belgian Federal Science Policy Office through
the Interuniversity Attraction Pole P7/37. E.B. was supported in part by the Department
of Energy under grant DE-SC0011726.

—97 —



A Two-parton phase-space measures

The real NLO corrections to the fragmentation function involve integrals over the phase
space for two massless partons whose longitudinal momenta are constrained to add up to
(K — 2p).n. The dimensionally regularized phase-space measure is

dreat (P, 41, 42) = [da1] [dgo] 276 (K.n — (2p + q1 + g2) 1), (A.1)
where the single-particle phase-space measure in D dimensions is

dP1k

O T

(A.2)
Explicit parametrizations of this phase-space measure are required in order to extract the
poles in € in the integrals of the subtraction terms for the real NLO corrections.

In appendix A of ref. [12], two parametrizations of the two-parton phase-space measure
were derived. The parametrization in eq. (A.10) of ref. [12] is used to extract the poles in the
subtraction integral in section B.1. Simple changes of variables are then used to obtain the
parametrizations used to extract the poles in the over-subtraction integral in section B.2
and the first subtraction integral in section B.6. The parametrization in eq. (A.17) of
ref. [12] is used to extract the poles in the over-subtraction integrals in sections B.3 and B.7,
the subtraction integral in section B.8, the second subtraction integral in section B.6, and
the first subtraction integral in section B.5. To extract the poles in the subtraction integral
in section B.4 and the second subtraction integral in section B.5, different parametrizations
of the two-parton phase-space measure are required. These parametrizations are derived
in this appendix.

A.1 Phase-space measure for D(%i%)

The subtraction term D§uj’6j ) in eq. (3.47) is the product of the Born squared amplitude

ABorn (55, 2), where §; is defined in eq. (3.46), and a simple function of two dimensionless
variables:

9 vy

w; — p-(q1 + q22) — P-4 w = @t a)n—gn (A.3)
m (@1 +q2)n

To obtain an expression for the phase-space measure in eq. (A.1) that is differential in w;

and u;, we begin with the expression for the phase-space measure in eq. (A.6) of ref. [12],

which depends on two light-like 4-vectors ky and ko that define polar axes for the parton

momenta ¢; and gs:

272¢[(1 — 2) K.n]t—2¢
(4m)4=3<T(1 —¢)

doreal (D, q1, q2) = py “dpr py Sdp [ui(1 —uj)] " “duj dQoy,  (A4)

where the scalar variables p; are defined by
pj = 2kj.qj/kj.n. (A.5)

The first light-like 4-vector k1 should be a linear combination of p* and n* with coeflicients
that are scalar functions of p and n. The second light-like 4-vector ke should be a linear
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combination of p#, n*, and the first parton momentum q;f with coefficients that are scalar
functions of p, n, and ¢;. The transverse angular measure df)y; is that for the second
parton momentum.

The appropriate choices for the two light-like 4-vectors in this case are

2

R = = ot — T, A6
1 2 D p‘n” (A.6)
The first scalar variable p; can be expressed as
§; —4m?/z

Pi = zK.n (A7)

By using the identity ¢3—; = (¢1+¢2)—g;, the second scalar variable ps_; can be expressed as

w1 - z)uj/z)4m?
Ps=i = zK.n '

After changing variables from p; and p3_; to §; and w;, we obtain our final result for the

(A.8)

two-parton phase-space measure:

o wi,0;
dbreat (p, a1, 02) = dbBorn (35, 2) dOST°) (p, a1, 2), (A.9)

where d¢por is the Born phase-space measure defined in eq. (2.16) and dqﬁéuj 93) is the
parton-emission measure

(u,85) (27[')26 1—=z 2 1-e 1—=z2 - —€
do\“i%) (p, q1,q2) = 39,3 74m w; — . u;j dw; [’u,]‘(l —Uj)] duj d€); .
(A.10)
The range of w; is from (1 — 2)u;/z to co. The range of u; is from 0 to 1.

A.2 Phase-space measure for D®)

After averaging over transverse angles, the subtraction term D™ in eq. (3.45) can be
expressed as the product of the Born squared amplitude Ao (3, 2), where § = (2p + )2
and ¢ is the 4-vector defined in eq. (3.6), and the sum of two functions of dimensionless
variables. In the second function, the two dimensionless variables are

2
o late) 0 pa (A1)

4m? p(q1+q2)

To obtain an expression for the phase-space measure in eq. (A.1) that is differential in A

and v, we begin by expressing the phase-space measure in an iterated form involving the

product of the phase-space measure for () = g1 + ¢o and the differential phase space for the

decay of a particle with 4-momentum @ into particles with 4-momenta ¢; and ¢o:

d(Q?)
27

d¢real(p7 q1, q2) = [dQ] 27T5(Kn - (2]9 + Q)n) dq)[Q? q1, Q2]7 (A12)

where the differential 2-particle phase space is

dP[Q, q1, 2] = (2m)*61(Q — q1 — q2) [dau] [dag). (A.13)
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The product of the phase-space measure for ) and the delta function in eq. (A.12) is
most easily simplified in the rest frame of P. The phase-space measure for @ is

(47.[.)26

1—2¢ 2 n\—e
= m‘Q‘ on(l — COS 9) d cos 97 (A14)

[dQ)]
where 6 is the angle between @ and n in that frame. The energy )y and the magnitude
|Q| of the 3-momentum can be expressed in terms of Lorentz invariants:

s — Q% — 4m?
Q=—"—"" [Q=

4dm

/\1/2(.9, Q2,4m2)
4dm

, (A.15)

where \(a,b,c) = a® + b? + ¢ — 2(ab + bc + ca). After dividing each term by 2p.n, the
constraint provided by the delta function in eq. (A.12) can be expressed as

1 @ Qleost

. Al
z 2m 0 ( 6)

The delta function can be used to integrate over cos 6. It is convenient to change variables
from s = (2p + Q)% to 5 = (2p+ §)%

§=5—Q%/(1-2). (A.17)

The resulting expression for the product of the phase-space measure and the delta
function is

(47r)6z—1+6(1 _ Z)—e
8rI'(1 —e)K.n

[dQ] 276 (K.n — (2p + Q).n) = (5 —4m?/z)"“ds. (A.18)

The differential 2-body phase-space measure d®(Q, q1,g2) is most easily simplified in
the rest frame of Q. It can be reduced to

(47r)26
3272

d®[Q, q1,q2] = (Q2)_6(1 — cos? 0) “dcosfdQ, (A.19)

where 6 is the angle between P and gy in that frame and df); is the transverse angular
measure. The dimensionless variable v defined in eq. (A.11) can be expressed in terms of
cos ) and Lorentz invariants:

1 AV2(5, Q% 4m?)
v—2<1— SO dm? cosf | . (A.20)

The differential phase space then reduces to

(277)26 2\—¢ Al/Q(S)Q274m2) i —€
d®[Q,q1,q2] = 6.2 (@) 0% dm? (v —v)(v—2_)] “dvdQ,. (A.21)

Inserting eqgs. (A.18) and (A.21) into eq. (A.12), we obtain our final result for the
two-parton phase-space measure:

d¢real (]% q1, 6]2) = d¢Born(§7 Z) dQZ)g)\) (pu q1, q2)7 (A22)
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where dgpor is the Born phase-space measure defined in eq. (2.16) and d¢2 is the parton-
emission measure

272 e [(vy —v)(v—v)] ¢
gV _ | Am?) =N Cd dv dQ, . A.23
¢s (P, q1,92) 59,3 (4m*) (0g — v )12 vasl ( )
The variables vy and v_ depend on A and s:
AMZ(14+7+M/(1=2),\1
vy = L1 XEQHTENAZ DAY (A2
2 T+ 2zA/(1—2)

where 7 = (§—4m?)/4m?. The range of \ is from 0 to co. The range of v is from v_ to v,.

B Subtraction integrals

Explicit expressions for the poles € in the integrals of the subtraction terms can be obtained
by carrying out the integration over a (3 — 2¢)-dimensional slice of phase-space. The choice
of this slice depends on the subtraction term under consideration, which is labelled by a
superscript (A) that indicates the variables that vanish in the singular region. The general
decomposition of the phase-space measure reads

Ncsd¢real(pa q1, QQ) = Ncs dd’Born(s(A)v Z(A)) d¢(A) (P, q1, Q2)- (B~1)

The Collins-Soper prefactor Nc¢g is defined in eq. (2.3). The Born phase-space measure

d¢Born, which is differential in s(4)

, is defined in eq. (2.16). The parton-emission measure
dp can be reduced to a differential in two variables multiplied by a transverse angular

measure df) |, whose integral is
/dm = 2717 /I(1 —¢). (B.2)

For each subtraction term (A), the choices of the arguments s and 24 of dpBorn and
the choice of the measure dp(4) are designed to ease the extraction of the poles in e.

B.1 Subtraction term proportional to 6(¢)

(99)

In the subtraction term in T’ that is proportional to 6(%), the function D) is given in

15
egs. (3.37), where the tensor Vﬂ(gj) is given in eq. (3.38). To extract the poles in the integral
of the subtraction term, we use the decomposition of the phase-space measure in eqgs. (3.7)
and (3.8) of ref. [12]. The factor N(p,q;) is Ncsy]72+2e, where y; is the momentum fraction
defined in eq. (3.15). The factor dépom(p,q;) can be expressed in terms of the measure
defined in eq. (2.16) as (1/y;)déBorm(sj, 2/y;), where s; = (2p+¢;)?. In the decomposition
of the phase-space measure in eq. (B.1), the Born phase-space measure is d¢porm (s, 2/Y;)
and the parton-emission measure is

. 1 e .. —2te —e
do') (p, q1, q2) = W(S — i /y;)"Cds y7 21 — ;)" dy; d9Q, . (B.3)
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The extraction of the poles follows the same approach as in section 3.3 of ref. [12].
The only difference is that the phase-space boundary s > s;/y; is replaced by the cut
s > (sj/y;) /¢, The tensor Vjﬁf ) can be averaged over transverse angles using results in
section 3.3 of ref. [12]. The angular average of D(%) is

<D(§j)(1’, q, QZ)>Q = 4dTasp

1

2N, Y; 11—y,
2e < |: J + J +y](1 _yj):| yjzABorn(SjaZ/yj)-
1 -y Yj
(B.4)
The integral over s gives a UV pole. Up to terms of relative order €3, it can be expressed as

[ sy =@ (24 yj)e - <L12<<wt>—7:) é|.
B.5

s Ccut

The integral over y; gives an IR pole. After renaming the differential variable in dépom as
s; — s, the subtraction integral is the same for j = 1 and j = 2. Their sum is

™

2 2\ €
ZNcs/d¢rea1D<<j>9<<j> = S T(1+¢) (Z’;) e+ 19 +10¢:)] . B6)
j=1

The functions IT(LC) are

2NC cu 1 cu
I{9(z) = — Di(2) = €Diog(2,1/C%) + 5€2Dyy 2 (2,1/C) | (B.7a)
EUVEIR 2
(©) 1 ! dy (real) cut
‘[1 (Z) = euv ?ng (y) [Dl(z/y) - 6Dlog(z/ya ]-/C )] ) (B7b)
Ld log(1 — 1
1§(2) = 2Nc< - / = [ (gl( y)> + ( +y(l—y) - 2) log(1 — y)} Di(z/y)
z Y -y + Y
2
- [ty = 5| ), (B.7¢)
where Pg(;eal) (y) is the real-gluon contribution to the Altarelli-Parisi splitting function
for g — g¢:
l—y
Plreab () — 2N, { y_ 4 +y(l— ] . B.§
09 (Y) ot y(1—y) (B.8)

The function Dy is defined in eq. (2.19). The functions Djoe and D)2 are defined by

cu cu S

Diog(z, A) = / N Aporn(s, 2) log (4725 (B.9a)
cuty __ 2 cut S

Dyog2 (2, A) = / Nd¢Apom(s, 2) log (A —4m2), (B.9b)

where the measure Nd¢Apom(s,z) is given in eq. (2.18). Note that Dj,e(z, A°™) depends
on A through the term log(A) D (z).
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B.2 Over-subtraction term proportional to 6()@(%s)

In the over-subtraction term proportional to #()@(%) in Tf?jg), the function D(4) s
given in eq. (3.39). To extract the poles in the integral of the over-subtraction term, we
use the decomposition of the phase-space measure in eq. (B.1) with the Born phase-space
measure dgporm(s;/yj, z), where s; = (2p + ¢;)* and y; is defined in eq. (3.15), and with
the parton-emission measure

s 1—2z)t _ _ _
de“") (p, q1, q2) = El(%)g_gg(s = 55/y;) " ds u; (1 — uj) " “duy 2y, (B.10)
where u; is defined in eq. (3.21). This parton-emission measure can be derived from dep(Si)
in eq. (B.3) by changing variables from y; to u; = (1 —y;)/(1 — 2).

The integral over s gives a UV pole. The integral over u; gives an IR pole. After
renaming the differential variable in d¢porm as s;/y; — 5, the over-subtraction integral is

the same for j = 1 and j = 2. Their sum is

2 2\ €
3 Nes / debrea D)9 p(s) = g‘—sr(l +e) <7;‘;2> [154")(,2) + 189 (z) +I§4’")(z)} .
j=1

™

(B.11)
The functions IT(LC’U) are

u 2NC cu cu 1 cu cu
() = = 2N D1() = Dl a4 JE D™ () (B2
(Gyu) 2N, cut / ~cut
I (z) = Tlog(l - z) [Dl(z) — €Dyog(z,u™/¢ )] ) (B.12b)
2
Iéc’u)(z) = 2N, {—; log?(1 — 2) + Lig(u™") — Lig(¢™) + 7:3] D (). (B-12¢)

The function D; is defined in eq. (2.19), and the functions D)o, and D)., are defined in
egs. (B.9).

B.3 Over-subtraction term proportional to (%)%

In the over-subtraction term proportional to #(%)9() in TQ(%Q ), the function D9 is given
in eq. (3.49a). To extract the poles in the integral of the subtraction term, we use the
decomposition of the phase-space measure in egs. (3.26) and (3.27) of ref. [12]. The factor
NBorn(p, ¢) coincides with Ncg. The factor dgpom(p, ) can be expressed in terms of the
measure defined in eq. (2.16) as d¢pom(3, 2), where § = (2p 4+ ¢)?. In the decomposition
of the phase-space measure in eq. (B.1), the Born phase-space measure is d¢porn (5, z) and
the parton-emission measure is

(4m2>176
where \ is defined in eq. (3.20) and u; is defined in eq. (3.21). The cut variable ¢ defined
in eq. (3.31a) can be expressed as

dp 9 (p, g, g2) = AN uy (1 — uy) " duy dSy, (B.13)

5— 2A/(1 = 2)
2A/(1 = 2) + (8 — 4m?) /4m?2’

(B.14)
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The cut § < 6°“* can therefore be expressed as a cut on A that depends on § and is
proportional to 5" /(1 — §eut).

The integrals over A and over u; give IR poles. The over-subtraction integrals are the
same for j = 1 and j = 2. Their sum is

2 e
ui,8) plu;) p(8) _ s Uy (u,0) (u,0) (u,8)
JEZI NCS/d(Z)realD( 3,0) g(us) g6) — —27TF(1 +e€) (m2> [IZ (2) + " (2) + I (2)] ]

(B.15)
The functions I,(lu’(s) are
u,0 NC cut, cu cu 1 cut, cu cu
Ié )(z) = % [Dl(z) — €Djpg (2,6 /(1= 5M)) + 562D{0g2 (z,0u /(1 -4 t))} ,
(B.16a)
19y = N pog 172 [Dl(z) — €D}, (=, 6°Mu /(1 — 5“‘3))} (B.16b)
! €IR z o ’
u 1 1—2 . 2
19() = N, [2 tog? L% Lig(ce) - H Di(2). (B.16¢)

The function D; is defined in eq. (2.19). The functions D{Og and D{Ogg are defined by

— 4m?

Dipy(z, A°) = / Nd¢Apo(s, 2) log <AC“tS4m;n> : (B.17a)
— 4m?2

D2 (z, A™) = /Ndd>ABorn(s,z) log? <Acms4m;n> : (B.17Db)

where the measure NdoAporm (s, z), which is differential in s, is given in eq. (2.18). Note
that Dj,(z, A°") depends on A°"* through the term log(A") D1 (z).

B.4 Subtraction term proportional to 6(%3)g(%)

In the subtraction term proportional to (%9 for TQ(fjg), the function D®i:%) is given
in eq. (3.47). To extract the poles in the integral of the subtraction term, we use the
decomposition of the phase-space measure in eq. (B.1), with Born phase-space measure
d¢Born(5j,2), where §; is defined in eq. (3.46), and with the parton-emission measure
d¢(i%) derived in section A.1 and given in eq. (A.10). This parton emission measure is
differential in the variables w; and wu; given in eqgs. (A.3) as well as in the transverse angles.
The cut variable 0; defined in egs. (3.31b) and eq. (3.31c) can be expressed as

wj — (1 —2)u;/z
(wj — (1 = 2)uj/z) + (8; — 4m?)/4m?’

0 = (B.18)
The cut §; < 6" can therefore be expressed as a cut on w; — (1 — z)u;/z that depends on
§; and is proportional to 6" /(1 — §°Ut).

The integrals over w; and u; give a double infrared pole. After relabelling the differ-
ential variable in d¢pom by 5; — s, we obtain the same subtraction integral for j = 1 and
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j = 2. Their sum is

2 2\ €
j 593 Uj j Xs T u, ! U, ! U, !
> Nes [ déneaD®5)0060) — S2r(149 (j) 5 @)+ 1 (@) + 15 ()]

2
(B.19)

The functions Lsu’a) are

u,6)’ N u u u u

{0 (2)=%" [21)1( ) — €Dl (2,60 /(1—6°)) 4 = eQD;Og (2,6 /(1—6° t))], (B.20a)

IR

) N 1—z)u™mt cu cu

1Y (2) = - [Dl( )+elog(Z)Dlog( 07/ (1-6 t))}, (B.20b)

ws) 1 1— cut 1— cut 2 ,

5 (Z)ZNC[(—Qlog2 (=2 zz)u —2108;7( ZZ)U —ﬂé> Di(2)+F ™) (Z)} (B.20c)

The function D is defined in eq. (2.19), the functions Dj
egs. (B.17), and the function Fwd) g given by

_ cut __ Scut
Fwo) /quSABom(s z)| — Lig (1 Au (1 = o)
zocuty

+ 2log<1 Yl Ul e (W)) } . (B.21)

and D{Ogg are defined in

zocuty
where r = (s — 4m?) /4m?.

B.5 Subtraction term proportional to 8
(99)

In the subtraction term proportional to #®) in 157", the function DW is given in eq. (3.45),
and it is multiplied by the weight function S()‘.) in eq. (3.43). The function D™ is pro-
eluon 11 €d. (2.23) and the tensor P,Slg,g) in
q. (3.10). The sum over j of the subtraction terms can be simplified by using the identity

in eq. (3.44):

portlonal to the contraction of the Born tensor A"/

(58 + S55) W™ = DWW, (B.22)

The tensor PF(ug,g ) in eq. (3.10) can be averaged over the transverse angles using results in
section 3.5 of ref. [12]. The angular average of D™ is

<D(>‘)(p, ql,q2)>Q — Ao (v“) + v )Agom(s 2). (B.23)

1

The functions Vlo‘) and VZ(/\) are

) Ne [ur  up

=——|—4+—=+4+2 B.24

Vi T <u2 + " + u1U2> (B.24a)
o N, 1—wv v

v = < — _U>, (B.24b)

where v is defined in eq. (A.11). To extract the poles in the integrals of the subtraction
terms, the Vl(’\) and Vz(/\) terms are integrated using the same Born phase-space measure
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dpBorm (8, z) but different parton-emission measures. The Vl()‘) term is integrated using the
parton-emission measure dqﬁg)‘) = dp("1%) defined in eq. (B.13). The VQ()‘) term is integrated
using the parton-emission measure dgf)g) derived in section A.1l and given in eq. (A.23).
For the Vlo‘) term, the integrals over A and u both give IR poles. For the VQ(A) term,
the integrals over A and v give a double IR pole. The complete subtraction integral is

Ncs /dcf)real <S§j\1) + 592)) DMy

- %F(l +e€) (Z’;f)e (V}A)Dﬂz) + {Ié’\)(z) —|—Il(A)(z) i I[g/\)(Z)D _ (B.25)

The constant VY‘) is

2
) _ & Acuty—er |1 ? _T ﬁ 2 B.2
Vl EI2R( ) + 6€IR+ 3 + 18 €IR | - ( . 6)
The functions LS)‘) are
I()‘) _ & ED - D/ )\cut o 2D/ 1 )\CUt B2
2 (Z) -2 9 1(2) € log(Z’ 1/ ) € log? (Z7 / ) ) ( . 73)
IR
NC cu cu
V) = (1= Tog X [Dl(z) — €D, (2,1/A t)}, (B.27b)
(N _ 1 2 ycut cut _ 22 \)
Iy (2) = Ne 5 log® A log A" + 2 3 Di(z) + F*YW(2)|. (B.27¢)

The function D; is defined in eq. (2.19), the functions D]

og and D{Og2 are defined in
eqs. (B.9), and the function FO) is

>\Cut

dA 1 1—w_ A
FV(z) = /ngzb.ABom(s,z)/O Y [1 “ou log o + log 7~2] , (B.28)

where r = (s — 4m?)/4m? and v_ is

1 (1 214401 = 2),), 1))

r+2zA/(1-2z) (B-29)

Its limiting behavior as A — 0 is v_ — \/r2.

B.6 Subtraction terms proportional to (%)

In the subtraction term proportional to (%) in T: 1(%9 ), the function Dguj ) is given in eq. (3.36)
Y";J ) in eq. (3.34). In the subtraction term pro-
portional to #(43) in Tz(i-g ), the function Dguj ) is given in eq. (3.42) and it is multiplied by

and it is multiplied by the weight function S

the weight function Séz.j ) in eq. (3.41). If the weight functions Syfjj ) and Sg}j ) were set to 1,

the integrals of the D§uj ) and Dguj ) subtraction terms would be equal. This will be shown
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below by considering appropriate choices for s and d¢™ for each subtraction term. It
is therefore convenient to consider these two subtraction terms together.

To extract the poles in the integral of the Dguj ) subtraction term given in eq. (3.36), we
use the decomposition of the phase-space measure in eq. (B.1) with the Born phase-space
measure dgporm(s;/yj, z), where s; = (2p + ¢;)? and y; is defined in eq. (3.15), and with
the parton-emission measure

4 2\1—¢
m) SN u (1 — ug)Cduy S, (B.30)

Aoy (p, a1, 42) = 1(2m)F 2

where u; is defined in eq. (3.21) and \; is defined in eq. (3.35). The parton-emission measure
dqbguj) in eq. (B.30) can be derived from d¢(%%) in eq. (B.10) by changing variables from s
to Aj. To extract the poles in the integral of the Déuj ) subtraction term given in eq. (3.42),
we use the decomposition of the phase-space measure in section B.3 with the Born phase-
space measure d¢pom(8,2) and with the parton-emission measure d(bguj ) = dp(i9) in
eq. (B.13).

The integral of the subtraction term Sg}j )Déuj ) over the Born phase space and over
the variable A\ is

u; u; - N AT
/ dporn(3,2) A" dA Y DY) = dmery / Ao (5,2) =0

Aporn(3,2)557. (B.31)
The integral of the subtraction term S’ﬁljj )Dguj ) over the Born phase space and over the
variable A\; can be expressed in a similar form by renaming integration variables s;/y; — §
and A\; — A:

e (u5) y(uj) _ % - NeA™9dA N
/d(bBorn(Sj/yj; Z) >‘j d/\j Sl,j] Dl V= 471'045/1, /d¢Bom(S,Z) W\ABOI‘H(S7 Z)Sl’j] .
(B.32)

The integrands in egs. (B.31) and (B.32) differ only in the factors ngjj ) and Sﬁ-j ). But

Sﬁ-j) in eq. (3.34), with the substitutions s;/y; — § and A\; — A, and S;;-j) in eq. (3.41)
are weight functions that add up to 1. The sum of the integrals in egs. (B.31) and (B.32)
therefore factors into a Born phase-space integral and an integral over A. With dimensional
regularization, the integral over A is 0, but it can be expressed as the difference between
a UV pole and an IR pole. The integral over u; gives an IR pole. The sum of the two
subtraction integrals is the same for j = 1 and j = 2. The sum over j of the subtraction

integrals is

2 2\ €
u; u; u; u; w; Qs U w
ZNcs/d%eal(p, q1,q2) (51]?)13% ) Séj)Dé J)) 6("s) = 5, L (1+e) <ﬂ'j2> VD (2),
J=1

(B.33)

where the constant V) is

V) = 2N, (ut) ™ (1 - 1) [1 — (Lig(ucut) - 7;2) e} : (B.34)

€IR €uv €IR

This constant vanishes if eyy = €IR.
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B.7 Over-subtraction term proportional to 6 @(%s)

In the over-subtraction term proportional to #MNgi) in TQ(f]jg), the function D4 s
given in eq. (3.49b). To extract the poles in the integral of the over-subtraction term,
we use the same decomposition of the phase-space measure as in section B.3, with the
Born phase-space measure d¢porm (8, 2) and the parton-emission measure dqﬁ(’\’“j) = dqﬁ(“ﬂ"a)
in eq. (B.13).

The integrals over A and over u; give IR poles. The over-subtraction integral is the
same for j = 1 and j = 2. Their sum is

2\ €
(Mup) gV () _ Ys - (Au)
Zj:Ncs/d(Z)malD P9\ O\ = 27TF(1 +€) (m2> 1% D (z), (B.35)
where the constant YO is
N, 2
YA = € (yeutyeuty —am [1 + (—Lig(ucm) - ”) e%R} . (B.36)
€iR 6

B.8 Subtraction term involving light quarks

In the subtraction term 709 in eq. (3.50), which is proportional to 6N the function
DU i given in eqs. (3.51). It is proportional to the contraction of the Born tensor
Agﬁlon in eq. (2.23) and the tensor P,S,%‘D in eq. (3.12). To extract the poles in the integral
of the subtraction term, we use the same decomposition of the phase-space measure as
in section B.3, with the Born phase-space measure d¢pom (S, 2) and the parton-emission
measure d¢(19 = dp(¥1:9) defined in eq. (B.13).

The tensor Pﬁ?fj) in eq. (3.12) can be averaged over the transverse angles using results

in section 3.5 of ref. [12]. The angular average of D1 is

_ nfTp uy (1 —up) <
<D(qq)(P7 611,(12)>Ql = dmap’ 27];2/\ [1 - Qﬁ ABorn (5, 2)- (B.37)

The integral over A gives an IR pole. The final result for the subtraction integral is
2 €
Nos / drea DIVGY) = ZE0(1+ ) <7””2) V) D, (2), (B.38)
7r m

where the constant V(49 is

_ 2n T,
plaa) — _M()\CH‘:)—EIR [1 + gEIR} ) (B.39)

3€IR

C Helicity amplitudes with MadGraph

We use MADGRAPH5 [18] to generate the amplitude associated with the sum of cut dia-
grams with an S-wave color-octet heavy-quark pair and two light partons in the final state.
The squared amplitudes generated by MADGRAPH5 are expressed in the helicity basis, and
they are summed over the sets of helicities that give non-zero contributions. Such a com-
putation in terms of helicity amplitudes is particularly well suited for numerical purposes.
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The MADGRAPH5 generator is primarily aimed at generating matrix elements and
events for scattering or decay processes. The input is a UFO model [21] that encodes
all the Feynman rules associated with the process. The Feynman rules associated with
fragmentation processes can be translated into a UFO model, so the MADGRAPHS can
also be used to generate the matrix elements associated with fragmentation cut diagrams.
A convenient precedure is to append the following additional (fictitious) particles and
interactions to the UFO model associated with the Standard Model:

Particles: the new states have the following properties:

e the state eik is a zero-mass, scalar, color-octet state;
e the state source is a zero-mass, vector, color-singlet state;

e the state co is a duplicate of a heavy-quark pair state (either charm or bottom)
that is projected onto a color-octet state.

Interactions: the new interactions specify the Lorentz structure of the coupling of the
gluon field with the source and/or the eikonal lines. Two vertices must be defined:

e the source-eik-g vertex,

e the eik-g-eik vextex.

The additional Feynman rules for fragmentation functions include a delta function for the
cut through the eikonal line. That delta function is included in the phase-space measure,
so it does not appear in the UFO model.

The relabelling of the heavy-quark+antiquark state co simply acts as a trigger to
force the heavy quark and antiquark in the final state into a color-octet configuration, a
projection that is applied by means of an ad-hoc modification of the color treatment in
MADGRAPHS. Given that we are only interested in a final-state heavy-quark pair projected
onto a scalar state in this work, we also add a filter to remove diagrams where a single
gluon is attached to the co fermion line.

With the above UFO model at hand, MADGRAPH5 can be used to generate (i) the
diagrams associated with a fragmentation process and (ii) a Fortran code for the numerical
evaluation of the amplitude associated with the cut diagrams. The left-hand side of the
cut of each generated diagram for gluon fragmentation with two gluons crossing the cut in
addition to the 'Sy QQg state is displayed in figure 6.

The projection of the heavy-quark pair onto a spin-singlet state has not yet been
applied. Moreover, with the above extension of the UFO model for SM processes, MAD-
GRAPHb) has treated the eik and source states as if they were regular particles. This calls
for several modifications in the default Fortran code generated by MADGRAPHb:

e The projection onto a spin-singlet state can be easily achieved by combining ampli-
tudes with different heavy-quark helicities in the appropriate configurations.

e MADGRAPHS automatically decomposes the calculation of helicity amplitudes into
generic building blocks, and writes the routines associated with these blocks using
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Figure 6. Diagrams generated by MADGRAPH5 for the process g — QQg(*So) + g + g. Only half
the Feynman diagrams are shown. The other half are obtained by reversing the directions of the
arrows on the quark lines. There are no diagrams with ghosts in the final state since the amplitudes
are calculated with physical helicity states.
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a module called ALOHA [22]. In the two routines associated with the two vertices
involving the eikonal line, MADGRAPHS5 identifies the four-vector n* associated with
the eikonal line with the momentum flowing along the eikonal line. Thus the two
routines must be modified so that the four-vector n* is properly set to the (fixed)
eikonal four-vector.

e A cut diagram with Lorentz index p at the operator on the left side of the cut and
Lorentz index v at the operator on the right side of the cut must be contracted with
—guv- Instead, MADGRAPH5 contracts each index with the polarization vector €,(\)
[or €(\)] built upon the helicity state A of the source. Summing over the helicity
states of the source will not yield the correct result in general, unless we define the
momentum K associated with the source with some care. For a fixed value of K.n,
we define light-like four-vectors K and K_ whose spacial components are equal and
opposite and such that K,.n = K.n and K" is proportional to the eikonal four-
vector n*. The tensor that is used by MADGRAPHS to contract indices pu and v at
the sources on both sides of the cut can be decomposed as follows:

K'KY + K'KY
2K, . K_

>N (N) = —g™ +

A

(C.1)

However by gauge invariance, any amplitude associated with the sum of cut diagrams
with Lorentz index p and v at the sources on both sides of the cut vanishes if it is
contracted with either the eikonal four-vector n, or the eikonal four-vector n,. Since
K" is porportional to n*, the second term in eq. (C.1) will not contribute after
contraction of the Lorentz indices.

After implementing the above modifications, the code generated by MADGRAPH5 can
be used to evaluate the matrix element of processes involving gluon fragmentation into
an S-wave color-octet heavy-quark pair plus other light partons. Gauge invariance and
Lorentz invariance have been checked numerically. We also checked that the above proce-
dure adapted to the case of fragmentation into a color-singlet heavy-quark pair reproduces
numerically the squared amplitudes calculated analytically in ref. [12].
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