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ABSTRACT

The geodesic acoustic mode (GAM) is analytically investigated by taking into account the finite-orbit-width (FOW) resonance
effect to the second order and the finite f effect. The general dispersion relation is derived from the gyro-kinetic equations in the
presence of nonzero JA|, the parallel component of the perturbed magnetic vector potential. Transparent and concise expres-
sions for the GAM frequency and Landau damping rate in the presence of the second order FOW effect and finite f effect are first
presented. It is clearly shown that the m = +2 harmonics dominant JA; and the kinetic expression of JA; have the same form as
the fluid one. For the real frequency, the electromagnetic effect introduces a term on the order of q°f, which is comparable to the
second order electrostatic terms, namely, the terms introduced by the second order FOW resonance effect. While for the colli-
sionless damping rate, 6A; does not directly introduce ff—~dependent terms, but affects the damping rate via modifying the real

frequency. Besides, our analytical result shows good agreement with the numerical examinations.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5080271

I. INTRODUCTION

The geodesic acoustic mode (GAM) naturally exists in toka-
mak plasmas."” It plays an important role in moderating the
plasma turbulence and turbulent transport by affecting the
radial electric field.”™ Generally, GAM is treated as a sort of
electrostatic fluctuations with a finite radial wavenumber and
zero poloidal and toroidal wavenumber. As the high frequency
branch of zonal flows, GAM has been extensively studied by
experimental observations (see, for example, Refs. 6-8) and the-
oretical analyses”'” as well as numerical simulation.” For exam-
ple, Storelli et al. reported comprehensive comparisons of GAM
characteristics and dynamics between Tore Supra experiments
and gyrokinetic simulations."

To identify GAM in the experiments or simulations, three
characteristics are often unitized. First, there are toroidal and
poloidal symmetrical structures m=0 and n=0 for the radial
electric field, or namely, the electrostatic potential. Meanwhile,
the perturbed density and pressure has sine structure with
m=1. Finally, a typical frequency of GAM performed in the ideal

magnetohydrodynamic (MHD) model is wf;p =2(1+1)(2
+q~2)v4,;/R?, where R is the major radius of tokamaks, q is the
safety factor, vy; = 1/2T;/m; is the ion thermal velocity and ¢
denotes T,/T; with the ion mass m, electron and ion tempera-
tures T, and T;. The adiabatic index has been assumed to be 5/3.
This dispersion relation is justified in a low-§ plasma, where f is
the ratio of plasma thermal pressure to the magnetic pressure
defined as ypouo/B> Or else, f will modify the GAM fre-
quency.”'* On the other hand, the kinetic theory predicts
o = (7/4 +7)03/R?(1+ O(q~?))."”'° It has been fruitfully illus-
trated that such a discrepancy between the fluid and kinetic
results can be eliminated by taking into account the anisotropic
ion parallel viscosity in the two-fluid equations,” " the 16-
momentum equations,”’ and a reduced two-fluid mode combin-
ing Chew-Goldberger-Low (CGL)-like equations and the effect
of electron dynamics.”

In recent years, the magnetic perturbations associated with
GAM have attracted much attention. Using drift kinetic equa-
tions, Zhou investigated the magnetic perturbations of GAM and
found that a perpendicular magnetic perturbation with poloidal
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wave number m=2 was generated due to the m=2 parallel
return current.”’ Such a poloidal structure of the magnetic
field was also predicted theoretically by Wahlberg in a study
of the global structure of the corresponding eigenmode
within ideal MHD,** and then discussed in detail in Ref. 25.
Wang et al. (hereinafter W2011) numerically evaluated the
structure of magnetic field perturbation of the kinetic GAM
by considering the finite f effect.” They also found that the
lowest order magnetic perturbation of the kinetic GAM was
the second harmonic and the next was the first harmonic.
Experimental observation and numerical simulation con-
firmed the structure of §B,.”° Such magnetic GAM structures
were also directly observed in the JT-60U tokamak device”’
and in the TCV tokamak.”® A comprehensive review of the
magnetic perturbations of GAM in the ideal MHD framework
was presented in an excellent paper.”’ In recent years, theo-
rists found that the electromagnetic effect not only can intro-
duce a second order modification of the GAM dispersion
relation but also is one possible mechanism to excite the
global structure of GAM, which is observed in recent tokamak
experiments.”’ To explain the related numerical simulation,
Zhou and Wang developed a formalism to describe the global
structure of GAM based on the ideal MHD frame.”

Starting from the drift kinetic equations, Bashir et al.
derived the dispersion relation of GAM including the elec-
tromagnetic effect.”” However, only m =1 harmonics of per-
turbations are considered. In the present work, we
investigate the electromagnetic GAM by using gyro-kinetic
equations. The finite-Larmor-radius (FLR) and finite-orbit-
width (FOW) effects are taken into account to the second
order, meaning that m =2 harmonics of d¢ and 0A are both
considered for self-consistency. Transparent and concise
expressions for the GAM frequency and Landau damping
rate are presented. It is worth noting that our analytical
results show that the obtained dependence of GAM fre-
quency on f is in good agreement with Refs. 33 and 34.
Besides, our results show that m =2 harmonic of 04 is larger
than m =1 harmonic by one order and hence dominates the
magnetic vector potential, which confirms that the magnetic
perturbation of GAM has a poloidal wave number m=2.
Compared with previous work on electromagnetic GAM, we
obtain the general dispersion relation but do not use the overly
strict ordering analysis. And then, our work can be extended to
the high p case more easily. On the other hand, we obtain
transparent analytical expressions for the GAM frequency, the
collisionless damping rate, and the dominant 6A . Thus, useful
information can be directly extracted to provide guidance for
simulation and experimental works related to the GAM.

The rest of the paper is organized as follows. Basic equa-
tions and derivations are illustrated in Sec. II. The general dis-
persion relation of GAM is presented. Section III is devoted to
the numerical evaluation of the dispersion relation. In Sec. [V,
simplified analytical expressions for the GAM real frequency and
collisionless damping rate are performed. The electrostatic and
electromagnetic potential perturbations are specifically dis-
cussed and a clear ordering analysis is presented. Finally, a sum-
mary is given in Sec. V.

scitation.org/journal/php

Il. EQUATIONS AND DERIVATION
A. Governing equations

By solving the linearized gyro-kinetic equations, we obtain
the perturbed distribution function of,

5, = 4 0Fo, 56 + 4 OFy, 2 Z (—1)mHimet

OE OE
X ﬂ It > mei(mﬂwl)()’ (1)
Pom+n— —
Wty
in which
(5¢ — U”5AH = Zm&"o. (2)

Here, 0¢ and 6A; =b - JA are the perturbed electrostatic and
parallel vector potentials, respectively. In our work, we consider
a toroidally symmetric magnetic field B = I(y/)V{ + V{ x V),
where (1) and 2=I() are the magnetic flux and poloidal current,
respectively. In addition, a circular cross section is assumed as
usual. We work in the (r, 0, {) coordinate system, where 0 and ¢
are poloidal and toroidal angles, respectively. q, and o,
= v /(qR) are the particle electric charge and transit frequency.
Fo, has a standard Maxwellian form with a temperature T, and
an unperturbed number density no, (= = e, i for species of elec-

trons and ions, respectively). Jo = Jo,(Rrp,) and Jm = T (kT 'i)

are the Bessel functions of zero order and m order, where k,, p,
= Vyy/ ¢, We = qup/M,, and vg, = 2vﬁ + v% /(2w¢R) are the radial
wave number, gyro-radius, gyro-frequency, and magnetic drift
velocity, respectively; R is the major radius.

From the parallel Ampere’s law, we have

ohy =8 30 a [opafde ®

B. Calculation and derivation

In order to obtain the dispersion relation of GAM, we com~
bine the quasi-neutrality condition and the parallel Ampere’s
law. Then, the following symmetries are found:

5Ag =0, (4)
Ay = SA_,, )
5Ay = —8A_,, (6)
oy = —0¢ 4, ™
0y =0 5. (8)

The same symmetries also can be found in Ref. 14. Based on the
above symmetries, the quasi-neutrality condition and the paral-
lel Ampere’s law can be simplified as

1(Codpy — 2iC1d¢h; + 2Cad6hy + 2iC A

Phys. Plasmas 26, 022506 (2019); doi: 10.1063/1.5080271
Published under license by AIP Publishing

—2C30A7) = —2iC},0A,, )
itC10pg + [1+ T(Dy + L)) 06, + itD2d¢h,
—(qRo + TD})3A; — D304 = 0, (10)
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1Ca¢po — 1tD2dp; + [1 + 17 (%)] Schy + 1TD5OA

- % qRo {1 +1Z @)} Ay =0, (1)
and
k21T, , i
7 01 = —i(Cie + 7)o — (R -+ D))og,
—itD33¢, + [(Dir — 152) + ©(D* — I)] 6A
+i(Dy: + 1D5") A, (12)
k,%‘L'Ti % s Tk s Ty Sk
g2 ke = —C3dgo +itD;00, —i(Dy; + <Dy )oAy

— AR+ TZa(£/2))05 + 5 (AR (1-+ <Za(C/2))0hs,
(3)

where 7 = % (= qu“’ is the argument of the plasma dispersion

XM~

function Z,((,) = ﬁ | x{: dx. Hereafter, v, and (; are marked
as v and , respectively. Furthermore, we define { = qQ as usual,
where Q = Qg + 0. Q¢ =2 and y, = IX are the normalized
mode frequency and damping rate, respectively. All the coeffi-
cients like Cy will be displayed in the Appendix unless otherwise
stated. We adopt the adiabatic electron assumption in this paper
for simplicity. For the electromagnetic GAM, we should reserve
the complete form of df.. After some operations, all terms pro-
portional to ¢ in the coefficients can be neglected due to the
adiabatic electron assumption. To obtain the dispersion relation
of the electromagnetic GAM, we introduce

tCoDy — G [1 + 1724 (g):|

1+ 2(Dy + )] [1 17 (%)} o d¢bo.

tCiDy — Cg[l + T(D1 -+ IC)]

1+ (D1 + 1)) {1 +1Z1 (%)} —12D3

dpip = 0p1pddy = it

Opop = 7~25<2’2E5¢0 =1

0.

(14)
Then, we rearrange Egs. (10)-(13) as
¢y = 2¢1pdpy + HinvedAr +i2HpuedAs, (15)
Sy = 7200y + iAHav10A1 + HagvidAg, (16)
2 . . .
weshs = 28 (Mo + Mo + Mizdd)ido, (1)

. 2 - .
vi0Ay = fﬂ (Mg 4 AM216¢ 1 + 22Mozdop )by, (18)

where A is short for k,p; and f= 2“‘;3# It is found
that 3¢y ~ O(2)d¢g, oy ~ O(I2)d¢g, 0A1 ~ O(A)ddg, and JA,
~ O(B)dpo. An assumption used here is f < 1 < 1, which is valid
in the realistic tokamak plasma parameter regime. It is worth
noting that 04, is exactly zero both on the order of O(4) and
O(p) [see Egs. (B7) and (17)]. And then, the dominant magnetic
perturbation is the second harmonic dA,. In our expressions, we
clearly show that the electrostatic and the electromagnetic

scitation.org/journal/php

terms are separated and /A, are now functions of J¢yg.
Substituting Egs. (15)-(18) into onio = oneo, viz. Eq. (9), we have

H10¢ + 21072 H20¢150 ¢ + 242H30¢ 50,
+2iA(cH2Hy + HaHyy + Hy)ordA
—2(Hs — H3Hay + t42HaHio)pidAy = 0. (19)

By disregarding the last two terms on the left-hand side of the
equation above, the classical electrostatic GAM is recovered.
Now let us focus on the electromagnetic terms. The two terms
are on the order of O(;2f) and O(f), respectively. Via Taylor
expansion and neglecting all the terms with higher orders, Eq.
(19) is reduced to the previous dispersion relation with an adia-
batic electron assumption.” On the other hand, the previous
formulas of 0A; and ¢y also can be recovered via neglecting
the higher order terms in Egs. (15)-(18). Finally, by defining
VoA = ﬁéAkM)O, Eq. (19) is rewritten as

G+ A*H+pQ=0, (20)
in which
2
c-c o) ) 1)
0 1+ 124 ’

4ecC® o

H= —ﬁ + 2itH20¢1 + 2H3d¢ o, (22)
Q = 2iA(cHoHy + HyHay + Ha)0A,

72(1:15 - H3H22 + T;LZH2H12)5A2. (23)

lll. NUMERICAL RESULTS

In this section, we numerically evaluated the dispersion
relation Eq. (20), and compare our result with the referenced
result with adiabatic electrons in W2011. When the electromag-
netic effect is neglected by setting f = 0, the dispersion relation
of the classical GAM is recovered. The electrostatic case is first
shown in Fig. 1, illustrating the dependence of the normalized
frequency and damping rate on /> for different .

Figure 1 shows that both the real frequency and damping
rate increase with A. With fixed 4, both the real frequency and
damping rate decrease with q. It can be clearly explained by the
analytical theory™ and also can be seen directly from the analyt-
ical expression of the GAM frequency in Sec. IV. Furthermore, to
the leading order, it is well known that the GAM frequency and
Landau damping rate can be approximated as'®

7 146 + 327 + 872
QZE<7+T> 14— == 72 | 24
cT\4 ¢ (4c+7) ¢4
T Qb
e~ P k. 25)
T+Z

Hence, the analytical frequency decreases with q due to the 1/¢
term, and the damping rate decreases with q in the large q regime.

The dependence of the normalized frequency and damping
rate on f for different t in the large q regime (q=3.5) is
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FIG. 1. The normalized GAM frequency and damping rate of GAM versus A2 with
f = 0 and = = 2 for different g. The solid curves are plotted according to Eq. (20)
and the dashed ones are plotted according to Eq. (23) in W2011.

illustrated in Fig. 2. In Fig. 2, the frequency and damping rate
decrease and increase with f, respectively. Besides, the real fre-
quency increases with ¢ for fixed f. It is worth noting that the
damping rate decreases with 7 for fixed f in the large q regime.
While in the small q regime (q=2), the damping rate does not
monotonically decrease with © for fixed f again, as detailedly
shown and further discussed in Figs. 3 and 4. From the analytical
results for large q as below, we find that a -¢?f-dependent term
is introduced by the electromagnetic effect in the approximated
frequency Eq. (24). It explains that the frequency decreases with
f and increases with  for fixed f. According to Eq. (25), the
damping rate turns to increase with f and decrease with ¢ for
fixed p, as displayed in Fig. 2.

As for the small q case, the competition between Qf, and
e 1% may be different. To make a comparison, we plotted Fig. 3.
All the parameters are the same as Fig. 2 except that =2 now.
We note that similar to the large q case, the real frequency
decreases with 8, and there is no noticeable difference between
our results and W2011. However, the damping rates show a
remarkable difference to those in Fig. 2. It is seen that the refer-
enced damping rate still increases with f, whereas our damping
rate decreases with f now. The discrepancy between our damp-
ing rate and W2011 increases with f. We also point out that our
dispersion relation can be reduced to W201l's one with the help
of Taylor expansion when neglecting the higher order terms.
Then, such a remarkable discrepancy can be attributed to the

ARTICLE scitation.org/journal/php

Normalized real frequency
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FIG. 2. The normalized GAM frequency and damping rate versus 8 with 4% = 0.02
and q = 3.5 for different z. The solid curves are plotted according to Eq. (20) and
the dashed ones are plotted according to Eq. (23) in W2011.

higher order effects, which will be discussed, displayed, and
confirmed by Fig. 6. In addition, we find that the damping rate
for ¢=2 is not a monotonic function of t, as shown in detail in
Fig. 4.

Figure 4 is shown to study the dependence of the normal-
ized frequency and damping rate on t for different q. All four
cases show that the mode frequency increases with t. The
damping rate monotonically decreases with z for large g (such as
q=4), which is consistent with Fig. 2. In the small q regime (such
as q=2), the Landau damping rate is no longer a monotonic
function of , as confirmed in Fig. 3. The damping rate increases
with 7 at first until it reaches its maximum value. When < is larger
about 1.3, the damping rate decreases with .

Furthermore, the real and imaginary parts of Q versus the
safety factor q for different f are illustrated in Fig. 5. It can be
seen that the real frequency decreases with q. As for the damp-
ing rate, it is not a monotonic function of q. The negative y4
decreases first as q increases and then increases with q. As q
continues to climb up, the damping rate decreases again as q
increases due to the second order FOW resonant effect.'®
Since the 3rd FOW effect is not considered here, there is only
one fluctuation on the curve, appearing at about q =15 with the
peak at about q = 2. As illustrated in Sec. IV, the electromagnetic
effect does not introduce new terms in the damping rate so that
Fig. 5 is similar to the pure electrostatic case.” It also can be
seen that for given ¢, our damping rate decreases with  when q

Phys. Plasmas 26, 022506 (2019); doi: 10.1063/1.5080271
Published under license by AIP Publishing

26, 022506-4


https://scitation.org/journal/php

Physics of Plasmas ARTICLE

Normalized real frequency
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FIG. 3. The normalized GAM frequency and damping rate versus 8 with 4% = 0.02
and g =2 for different 7. The solid curves are plotted according to Eq. (20) and the
dashed ones are plotted according to Eq. (23) in W2011.

is small, or specifically, 1.7 < q < 2.6. When q is larger than 2.6, the
damping rate increases with f for given q. On the other hand,
the damping rate in W2011 increases with f for arbitrary q. These
features are consistent with Figs. 2 and 3.

To clearly show the discrepancy between our numerical
damping rate and W2011, the q scan of the damping rate for dif-
ferent f is re-plotted in Fig. 6. It is found that the discrepancy
increases with f, as shown in Figs. 3 and 5. To take a further step,
we separate Eq. (20) as basic terms, higher order electrostatic
terms, 0A; related higher order terms, and JA, related higher
order terms. The basic terms constitute the dispersion relation
in W2011. It is found that the higher order electrostatic terms
have little effect on the damping rate. Furthermore, such a dis-
crepancy vanishes when we drop both the higher order electro-
static terms and the 0A; related terms in Eq. (20). It confirms that
such a discrepancy is introduced by the A related terms.

IV. ANALYTICAL RESULTS
A. Perturbed potentials

In this section, we present the analytical expressions of
the frequency and damping rate. The perturbed electrostatic
potential and parallel electromagnetic vector potential are dis-
cussed first. As we know, d¢; ~ O(2)ddg, ddy ~ O(32)ddg, A1
~ O(if)d¢y, and 06Ay ~ O(f)d¢y. By Taylor expansion and
neglecting higher order terms, we rewrite A, and d¢y, as

scitation.org/journal/php

Normalized real frequency

0.1 - N

FIG. 4. The normalized frequency and damping rate of GAM versus © with A
=0.02 and f = 0.02 for different g. The solid curves are plotted according to Eq.
(20) and the dashed ones are plotted according to Eq. (23) in W2011.
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in which
) .
Sy = —ik
Aoy i iz (30)
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FIG. 5. The real and imaginary parts of Q versus g with 42 = 0.02 and = = 1 for
different 5. The solid curves are plotted according to Eq. (20) and the dashed ones
are plotted according to Eq. (23) in W2011.

The approximated formulas of dA; and d¢; are consistent with
W2011. To take a further step, we asymptotically expand the
plasma dispersion function Z({) = iv/mexp(—(%) — {11+ (%2
+3;7*/4 4 ---) as usual and neglect all terms of orders higher
than ©(¢~*), and then, we find

1 202
2202 4603
oA = 218 [\/Ee 41 % (qP9? + 87+ 6)

(3 1 iq (?* Tt 27
+1q §+Z‘E —E §+§+E
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FIG. 6. The g scan of normalized damping rate with A2 = 0.02 and t = 1 for differ-
ent /3. Our numerical damping rate (full) and the corresponding reference ones are
plotted as red solid curves and maroon dashed curves according to Egs. (20) and
(23) in W2011, respectively. The blue dotted-dashed curves are plotted according
to Eq. (20) without the higher order electrostatic terms (w/o HES). The black stars
are plotted according to Eq. (20) without both the higher order electrostatic terms
and the oA related higher order terms (w/o HES-+A1).

ﬂ(lg%L(l 2, 1 +§>
a\3278) Tqa®\16° "4 64

. RN ~ (3 1
by = 253G\ 6o + 225p\0 6o + qQuSAL — i [71 0

1 (® 427 1 (572 + 9t
*@( 8 >+E< 1677

oAy = 2

54)07 (35)

vidhs,  (36)

b (5_13 L5 233 @) b, (34) . 1
@ \16 64 32" 64| Oy = 720h2pd¢bo + 5 qQuidA, (37)
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in which
5(}5( 3QZ\/_e e’ +—. + = i —TZ +—T
E = rq T Q® \4q®> 2¢* )’

502
13 102 TR (2 ) 131+12)
S = /me S55 (T +——

_1212 + 3t LZIS +141® + 271
Q 8 [0 16 ’
3
@ QT 5 0o _i(l 2
S¢pop = in/me 4 6 (@ +671+4) AV

L) L(Se s Bay
16 8q 8¢% 32q% )"

. e (1
Let us focus on the dominant terms in 6A; and /15(/)8

vedAy = Zg ( )a%, (38)

750\ = 2041y 5 = 2’—95%, (39)

”‘5‘4(12) _ 1 (1 + 1). (40)
200\ 24 4t

From the equations above, we find that v,0A; is proportional to
p. With fixed f, vdA, increases with 7. On the other hand,
|v:0Ay/ (iéq&%)\ increases with f and decreases with 7 for fixed f.
For large q, v.0A; and )»b‘qb%) can be of the same order, i.e.,
|vt0A2/ (Md)ig)\ ~ 1. These features are consistent with the previ-
ous result [see Fig. 4 in W2011].

According to Egs. (34) and (38) and recalling that JA_,
= —0A, and 0Ap = 0, we can write

o 1 ,q8 ‘

OA| = 2isin (20)0A2 = 15Q° - 3¢ sin (20). (41)
While the ideal MHD model gives™
1 qﬁ

oA =iz Qﬁm =090 sin (20). (42)
The two formulas have an identical form to each other. Only the
difference lies in the frequency, noting that Q~ \/t+7/4
and then o = Qu,/R whereas Quup = 2+ 1/¢*> and ouup
=QummupCs/R with ¢ = /5(1+ 1)/60; being the sound speed in
the MHD framework. Equation (41) indicates that the dominant
magnetic vector has poloidal wave number m = 2. Hence, the
corresponding perturbed magnetic field with m =2 is dominant,
as observed in the experiment”® and theoretical predicted.”

B. Analytical dispersion relation

To obtain a transparent expression of the dispersion rela-
tion, we have to simplify G, H, and Q in Eq. (19) by neglecting all
the higher order terms and expanding Z, as usual. After some
extremely redundant but not technically tricky calculation, the
simplified analytical dispersion relation of GAM is derived as

G+ 2H+ pQ =0, (43)

in which

scitation.org/journal/php

_ L rgate v l_i(l Z)_L < B
szﬁqu +3 A Ttg o 4q2+q2+16q2 ,

_ q'Q eI (202 231 (1 2
1\/_1024 (q°Q° + 8 + 81) l6+QZ 1
TS\ P L)

4 16 ot \8 32 128 128/’

Q_i(12+71+ 49) +i<f+23f2+&+@)
16 32 256 0*\16 64 64 256/
Our electrostatic dispersion relation above is exactly consistent
with previous results.””** The real part of Eq. (43) yields the real

frequency of the electromagnetic GAM to the order of 1/¢?, /2,
and f as

2_§ _;'_g
QZZ(HZ) 146+320+87% ,T 4" Ty
¢ ¢ @ty 4o+ 7
, 749
}~2747+3341+2812_ﬁff 5 6
(87 + 14)? 2 4u+7
873 + 4672 JrlOZ‘chE
—B 21 (44)
(8t +14)

We can see that the electromagnetic effect modifies the GAM
frequency on the order of ¢°; the dominant electromagnetic

PR 1 46+32r+81
7.7 and the electrostatic term z; o can be of

the same order for large q.
By setting © = 1 and 4 = 0, our analytical formula Eq. (44)
can be reduced to

term —p % ¢

2
(@cam)” _ 14 % —0.58 - 0.3% (45)

(03)”

where f = VZ and 0 = \/Z“Ig v = ,/ZTl and V, are the thermal
velocity and Alfven velocity, respectlve]y By assuming q >> 1, ¢*f8
< V2, and w? > k2, c?, the analytical expression of GAM fre-

quency in Refs. 33 and 34 can be approximated as

(wEKY )2 11 1, ,
( z\gl\g)z %1+2—q2_§ﬁs_zﬁsqv (46)

where f; = o5 . and o =28 ¢g = \/1p/p = \/2)Ti/m; is the
sound velocity. The GAM frequency in our work and in Refs. 33
and 34 is normalized by the thermal velocity and sound velocity,
respectively. We should also note that f and f; are defined by vy
and c;, respectively. We can see that the forms of Egs. (45) and
(46) are very similar except the coefficients due to the difference
between the gyro-kinetic theory and MHD frame. Then, we can
conclude that the dependence of our analytical GAM frequency
on f is in good agreement with Refs. 33 and 34.
The Landau damping rate of GAM is

e |1+ Lot 801 5.1 Pt (47)
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6
where 7. =— VTEqS f’—ée*‘izﬁé. Different from the frequency
above, the electromagnetic effect does not directly introduce f-
dependent terms into the damping rate. It is believed that the

electromagnetic effect does not provide second order resonant
terms. Mathematically, fe~i°% is introduced by the term

Z, (5) However, Z, (§> related terms are exactly canceled by

each other in Cj — {qRwC) and Dy — qRwD}, which constitute
the electromagnetic terms in the dispersion relation. The
Landau damping rate is different from the electrostatic one due
to the fact that the real frequency is modified by finite f while y4
is sensitive to Qg. The above analytical formulas can be used
to explain our numerical results. It also should be noted
that the third order FOW effect is not considered here.
According to the previous study,” the 3rd order FOW introduced
aterm « i*e %% in the damping rate.

Figure 7 illustrates the mode frequency and damping rate
versus f# with 2 = 0.05, t = 1, and q=4. The analytical results
agree well with the numerical solutions. We note that the finite
FOW effect almost can be neglected since 4 = 0.05. Now, we can
focus on the finite f effect on the mode frequency and damping
rate. We also plot the q scan of the frequency and damping rate
in Fig. 8. For the real frequency, the analytical result agrees well
with the numerical solution. While for the damping rate, good
agreement is found between the analytical and numerical

Normalized real frequency

numerical

172 — = —reference
- == analytical

0.005 0.01 0.015 0.02

X107 Normalized damping rate

-,

numerical
— - —reference
- = analytical

0 0.005 0.01 0.015 0.02

B

FIG. 7. The normalized frequency and damping rate of GAM as functions of 8 with
A =0.05, t = 1and g=4. The red solid line, blue dashed line, and black dotted-
dashed line are numerical results, reference results and analytical results,
respectively.

ARTICLE scitation.org/journal/php

Normalized real frequency
25

numerical
24 - — —reference
— .~ analytical

numerical
= = —reference
‘‘‘‘‘ analytical

FIG. 8. The normalized frequency and damping rate of GAM as functions of q with
72 =001, 7 =1, and § = 0.01. The red solid line, blue dashed line, and black
dotted-dashed line are numerical results, reference results, and analytical results,
respectively.

results except for small g, or more precisely, for q < 2.5. As dis-
cussed in Ref. 35, such a discrepancy in the small q regime is
introduced by the asymptotic expansion of the plasma disper-
sion function Z({), which requires { > 1, namely, qg>>1, recalling

that { is about q+/7/4 + t.
V. SUMMARY AND DISCUSSION

Using gyro-kinetic equations in the presence of perturbed
parallel magnetic vector potential, we theoretically investigated
the geodesic acoustic mode (GAM) by taking into account 2nd
order FOW and finite f effects. The general dispersion relation is
analytically derived with the assumption of f < 1 <« 1and adia-
batic electrons. The dispersion relation is numerically evaluated
and displayed in Figs. 1-6 to show the dependence of the real
frequency and damping rate on 4, f, 7, and q, respectively.
Transparent and concise expressions for the real frequency and
damping rate are analytically obtained. Good agreement is found
between analytical results and the exact numerical solution of
Eq. (20), as displayed in Figs. 7 and 8.

As a comparison, the referenced result with the adiabatic
electron assumption in W2011 is plotted. It is worth noting that
our general dispersion relation can be reduced to W2011 by
Taylor expansion and neglecting the higher order terms. There
is negligible discrepancy between our numerical frequency and
W2011. While for damping rate, our numerical results are quali-
tatively different from W2011 in the small q regime. Further
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analysis shows that the discrepancy can be attributed to the 1 3,5\ @21
higher order electromagnetic effect. Co= Eﬂ“ (l -8 ) +Tg ( Zot 22+ Z“)
By disregarding the higher order terms and asymptot- i 74 3 a2 (3 _
ically expanding Z,({) as usual, we first obtain the analyti- e ( Zs+ 2 +4Zo> ra {4_1[20 —2Z)
cal expressions of electrostatic potentials d¢, and 3 1
electromagnetic vector potentials 0A,. For electrostatic +2[2, 232]+ [Z4—2Z4) + [367226]+7[287228}}7
potentials, our results show that 8¢, ~ O(2%)6¢, for k=0, 2 2
1, 2,..., which is consistent with previous work.” For the (A1)
electromagnetic potentials, dAy is exactly zero. The first ¢ ¢ (3 B
harmonic 6A; and the second harmonic A, are of the C = 4 ~ {E[ZO—ZZO]
order of O(4f)d¢y and O(B)d¢,, respectively. One can find 16¢
that the dominant magnetic perturbation is the second 13[2, — 22,] + 3[24 — 224] + 226 _226]}
harmonic JA,, leading to the expression of JA| [see Eq.
(41)], which has the same form with the previous one q’3
derived from the ideal MHD model. As a result, the parallel T4 (20 + 22), (A2)
vector potential A, and the corresponding perturbed
magnetic field dB are of the order fd¢o with poloidal wave
number m=2 to the leading order, as theoretically pre-
dicted by Refs. 14, 23, 24, and 40 and numerically simu-
lated and experimentally detected by Refs. 26-28. In
addition, the analytical results show that the dominant qz 22
electromagnetic potential A, can be able to compare with C = a
o¢, for large q, as numerically demonstrated in W2011. L,
The analytical expressions of the GAM frequency and G X 2 { (21— 21 + (25 — 23] + [25 — 25]}7 (AS)

(Zo+222) —

3

G q)»(
2

Ut

q3/"L3 B B
Z1+223) — 162 { 22, - 22 +3[223 — 2Z3]

_ - 23
+3[225 — 2Z5] +2[22; - 227]} - qT(Zl +23),  (A3)

{1 (20— Zol + (25— Z5) + (24 - zu} (Ad)

Landau damping rate are presented in Egs. (44) and (47), ve 4
respectively. The analytical results can qualitatively explain S 2 _ _ _
and agree well with the numerical solutions. The real fre- 2 4L { (22— 2o +[24 — 24 + [26 - 261}7 (A6)
quency is modified by the electromagnetic effect on the ¢
order of q*f. Besides, the dependence of our analytical GAM D =1+(Z, (1 _ 122) —2C,, (A7)
frequency on f shows good agreement with the result in 2
Refs. 33 and 34 except some coefficients. Meanwhile, the D; _ (1,1; ) ,C
electromagnetic effect does not introduce an additional res- PR 2 v’
onant mechanism in the second order, leading to the analyt- D;* 1 O
ical damping rate (47) the same as the electrostatic one. The ={Z; (1 - iﬂ ) -2=2
damping rate depends on the finite f via the real frequency
Qg. The analytical expressions of the perturbed potentials, Dy =&
mode frequency, and damping rate are useful to understand 4«
recent GAM-related simulation and experimental Dy a4 (21— 21) +2(25 — Z3)], (A1)
works,”® "% v 4 '

Dy _ g
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where 7y, =% and Z, = Zn(> For the adiabatic electron,
D;
T

1 2922

we have Dy =1, 18 =

17_1:v G — 120202, D — 2
APPENDIX A: QUANTITIES IN THE MOMENT OF . A A o :
PERTURBED DISTRIBUTION FUNCTIONS — A = rqﬂg, & =5q* 7
Here, we introduce the coefficients in the moment of 2F 8)r SiinP(’zmty’ we marl(<1> cogff:;ients li;@ Co 352 Co
perturbed distribution functions used in the procedure of =4Cy +4Cy, Ci=2C = C +2°C7, G = 7Cy, De = 27D,
derivation. For ion D, = /D), Cy = J*Cy, D = 2*D}/, and D} = 2Dy, in which
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1 2)2
2y =52+ ng (2 Zo+ 22+ 24) (A16)
294
44 3 q- (1 3
A4C0):—E}.4 27 ( Z4+Zz+4ZO
A ~ 3 _
(2(3 |:7( 0— 220) +§(ZZ — 232)

3 = - 1 -
+5(24 = 224)+(26 — 226) +5(Z5 — 228)]7 (A17)
m _ %
/1C1 4 (2o +229), (A18)

3,3 , i
2B = 1 [f( Zo—220) +3(22 — 22,)

1607 12

_ - 73

+3(25 - 224) + 226 — 2Z¢)] - Lo (21 + Z2),  (M19)
D, = f%czoaz —2Cy + 1, (A20)

D; = —%vtCZMZ - 2C;. (A21)

APPENDIX B: DETAILS OF THE DERIVATION
OF THE ELECTROMAGNETIC GAM

By substituting Egs. (15)-(18) into dnip = dneo [EQ. (9)], we
have

Hi6¢g + 2it/H20¢, + 2H38¢ + 2i2H40:0A; — 2H50:0A2 = 0,
(BY)
where
27C2
22F 1
H - B2
1= CO l+ ’L'Z] ) ( )
N CiD,
13 o 1c
AH27—1+TZ17 (B3)
27 ‘L'C1D2
Hs =Cy — B4
AHz =G, 11z, (B4)
3R " 1 CD*
/L3th4 = C1 — CUtC] — Eqil)t — r‘tzcl, (BS)
2.1 * TClDE
Hs =C, — ) B
#uts = G 1412 (B6)

To obtain a more clear dispersion relation of the electromag-
netic GAM, we should rearrange the form of d¢, and JAy.
Combining with the quasi-neutrality condition, we can rear-
range the perturbed parallel vector potential [Egs. (12) and
(13)] as

R A R C
S = ? (-uc;aqbo — Chdy + CluedA + iTSUtaAZ), (B7)
t

) ) b
ohy = 2P (7D25¢0+UD/25¢1 Dy, —i—4 - ut5A1+D5ot5A2)
(B8)

where

scitation.org/journal/php

. 1
PuCy=C — Gy — 54/ (B9)
220Cy = D — (oD, (B10)
,wt(:g = D} — (uDy, (B11)
v?Cyq = D — (uDy, (B12)
J?Cs = Dyt /1 + Dy — (uDj, (B13)
. 1
)uZUtD] = C2 - Eévtcb (B14)
R 1
Dy = D2 - EC/UEDL (815)
A 1
J?Dy = Dy /T + D5 — 5D, (B16)
and
R R CyuC
0 C) = 0, Cy — ——20=3 (B17)
1+ 131( )
. . Dy
0 Ch = 0,Cy — _DpuCs (B18)
=]
. Dy/v,C
12C) = 120y — 208 (B19)
1+ 131( )
2CL = 1?Cs "cu =0, (B20)
as well as
A ~ TCiUtDZ
veDy = vD1 — 112, (B21)
A ‘cD’CvtDz
wDy = -7 2 (B22)
N tD,u D>
1Dy = ——22 B2
s 1+12° ( 3)
12Ty, T
on o TA Dy'vD»
v;Dy = v;Dy iz, (B24)
prr DY oDy
viDs =~ = (B25)

In order to gain the final expressions of dA; and d¢y, we also
introduce

tCoDy — G |:1 + 12 (%):|

S = Adipddpy = it .
1+ (D + L) {1 r1Z (%)} D2

5¢O7

(B26)
S = b sgoty = v CRTIDLELL
1+ (D + )] {1 +12 (g)} — 2D}
(B27)

By substituting d¢kr into the expressions of d¢, and JA,, we
arrive at
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. 2 X N N
0A = Ki {AMm + AM1égg + 12M125¢2E}5¢07
Ut

2B
Ay =
0 2 KUt

Oy = 10 10dg + HnvedAy + iAHpu:0As,
dpy = 123¢o5 g + 1A Ha10e0A1 + HaovrdAs,

{Mzo + IMp1dpyg + }'ZMZZ(S(}ZE}(M)O:

where
a=1-2p{~C)Hy +C} }.
d=1- 2/3{—/1215’21‘112 — DiHy, + 15’5},
. C
ib= —125{—AC’ZH12 + 75}
R R D,
ic = _izlg{;LD’an — AD3Hg; — 7“}
K= ad + bc,
My = —ldéi + ’L?Di
My = —dC) + biD},
MlZ = 1bDf‘37
MZO = *C)Lci — aD,7
My = 'LCC,Z + 1(1).]5/2,
Mg, = —aDJ,
and
o (Loe + D)1 + ©21(L/2)]
[+ t(Dy + Lo)][1 + 121({/2)] — 2D}
B ‘CZDZD’Z‘
1+ o(Dy + L)][L + ©21({/2)] — <2D3’
Dy [1 + 121({/2)]
vHpp = 2D2
[L+2(D1 + Lo)][1 + 1241({/2)] — w2D3
1 { /
B 50 {H— T2 (z)]TDz
1+ o(Dy + L)][L + ©21(¢/2)] — 2D}’
D), [Cvt +1D; ]
veHop = P 272
(14 7(Dy + L)][1 + t21(¢/2)] — 2D}
B Dy 1+ 7(Dy + 1))
[+ o(Dy + L)][L + 121(/2)] — v2D3’
1
; lull+2Zi(E/2)[+ (D + L))
MR T Dy + ][+ 121(C/2)] — D2

IZDZDZ
1+ t(Dy + L)][L + 121(/2)] — w2D3°

(B28)

(B29)

(B30)
(B31)

(B32)

(B33)
(B34)

(B35)
(B36)
(B37)

(B38)
(B39)
(B40)
(B41)
(B42)

(B43)

(B44)

(B45)

(B46)

By substituting the final expression of d¢y and 64, into Eq. (B1),
we obtain the general dispersion relation of the electromag-

netic GAM as Eq. (20).
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