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ABSTRACT

The geodesic acoustic mode (GAM) is analytically investigated by taking into account the finite-orbit-width (FOW) resonance
effect to the second order and the finite b effect. The general dispersion relation is derived from the gyro-kinetic equations in the
presence of nonzero dAk, the parallel component of the perturbed magnetic vector potential. Transparent and concise expres-
sions for the GAM frequency and Landau damping rate in the presence of the second order FOW effect and finite b effect are first
presented. It is clearly shown that the m ¼ 62 harmonics dominant dAk and the kinetic expression of dAk have the same form as
the fluid one. For the real frequency, the electromagnetic effect introduces a term on the order of q2b, which is comparable to the
second order electrostatic terms, namely, the terms introduced by the second order FOW resonance effect. While for the colli-
sionless damping rate, dAk does not directly introduce b–dependent terms, but affects the damping rate via modifying the real
frequency. Besides, our analytical result shows good agreement with the numerical examinations.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5080271

I. INTRODUCTION

The geodesic acoustic mode (GAM) naturally exists in toka-
mak plasmas.1,2 It plays an important role in moderating the
plasma turbulence and turbulent transport by affecting the
radial electric field.3–5 Generally, GAM is treated as a sort of
electrostatic fluctuations with a finite radial wavenumber and
zero poloidal and toroidal wavenumber. As the high frequency
branch of zonal flows, GAM has been extensively studied by
experimental observations (see, for example, Refs. 6–8) and the-
oretical analyses9,10 as well as numerical simulation.11 For exam-
ple, Storelli et al. reported comprehensive comparisons of GAM
characteristics and dynamics between Tore Supra experiments
and gyrokinetic simulations.12

To identify GAM in the experiments or simulations, three
characteristics are often unitized. First, there are toroidal and
poloidal symmetrical structures m¼0 and n¼0 for the radial
electric field, or namely, the electrostatic potential. Meanwhile,
the perturbed density and pressure has sine structure with
m¼ 1. Finally, a typical frequency of GAM performed in the ideal

magnetohydrodynamic (MHD) model is x2
MHD ¼ 5

6 ð1þ sÞð2
þq�2Þv2Ti=R2, where R is the major radius of tokamaks, q is the
safety factor, vTi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ti=mi

p
is the ion thermal velocity and s

denotes Te/Ti with the ion mass mi, electron and ion tempera-
tures Te and Ti. The adiabatic index has been assumed to be 5/3.
This dispersion relation is justified in a low-b plasma, where b is
the ratio of plasma thermal pressure to the magnetic pressure
defined as cp0l0/B2. Or else, b will modify the GAM fre-
quency.13,14 On the other hand, the kinetic theory predicts
x2

K ¼ ð7=4þ sÞv2Ti=R2ð1þOðq�2ÞÞ.15,16 It has been fruitfully illus-
trated that such a discrepancy between the fluid and kinetic
results can be eliminated by taking into account the anisotropic
ion parallel viscosity in the two-fluid equations,17–20 the 16-
momentum equations,21 and a reduced two-fluid mode combin-
ing Chew-Goldberger-Low (CGL)-like equations and the effect
of electron dynamics.22

In recent years, the magnetic perturbations associated with
GAM have attracted much attention. Using drift kinetic equa-
tions, Zhou investigated the magnetic perturbations of GAM and
found that a perpendicular magnetic perturbation with poloidal
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wave number m¼ 2 was generated due to the m¼ 2 parallel
return current.23 Such a poloidal structure of the magnetic
field was also predicted theoretically by Wahlberg in a study
of the global structure of the corresponding eigenmode
within ideal MHD,24 and then discussed in detail in Ref. 25.
Wang et al. (hereinafter W2011) numerically evaluated the
structure of magnetic field perturbation of the kinetic GAM
by considering the finite b effect.14 They also found that the
lowest order magnetic perturbation of the kinetic GAM was
the second harmonic and the next was the first harmonic.
Experimental observation and numerical simulation con-
firmed the structure of dBh.

26 Such magnetic GAM structures
were also directly observed in the JT-60U tokamak device27

and in the TCV tokamak.28 A comprehensive review of the
magnetic perturbations of GAM in the ideal MHD framework
was presented in an excellent paper.29 In recent years, theo-
rists found that the electromagnetic effect not only can intro-
duce a second order modification of the GAM dispersion
relation but also is one possible mechanism to excite the
global structure of GAM, which is observed in recent tokamak
experiments.31 To explain the related numerical simulation,
Zhou and Wang developed a formalism to describe the global
structure of GAM based on the ideal MHD frame.32

Starting from the drift kinetic equations, Bashir et al.
derived the dispersion relation of GAM including the elec-
tromagnetic effect.30 However, only m¼ 1 harmonics of per-
turbations are considered. In the present work, we
investigate the electromagnetic GAM by using gyro-kinetic
equations. The finite-Larmor-radius (FLR) and finite-orbit-
width (FOW) effects are taken into account to the second
order, meaning that m¼ 2 harmonics of d/ and dAk are both
considered for self-consistency. Transparent and concise
expressions for the GAM frequency and Landau damping
rate are presented. It is worth noting that our analytical
results show that the obtained dependence of GAM fre-
quency on b is in good agreement with Refs. 33 and 34.
Besides, our results show that m¼ 2 harmonic of dAk is larger
than m¼ 1 harmonic by one order and hence dominates the
magnetic vector potential, which confirms that the magnetic
perturbation of GAM has a poloidal wave number m¼ 2.
Compared with previous work on electromagnetic GAM, we
obtain the general dispersion relation but do not use the overly
strict ordering analysis. And then, our work can be extended to
the high b case more easily. On the other hand, we obtain
transparent analytical expressions for the GAM frequency, the
collisionless damping rate, and the dominant dAk. Thus, useful
information can be directly extracted to provide guidance for
simulation and experimental works related to the GAM.

The rest of the paper is organized as follows. Basic equa-
tions and derivations are illustrated in Sec. II. The general dis-
persion relation of GAM is presented. Section III is devoted to
the numerical evaluation of the dispersion relation. In Sec. IV,
simplified analytical expressions for the GAM real frequency and
collisionless damping rate are performed. The electrostatic and
electromagnetic potential perturbations are specifically dis-
cussed and a clear ordering analysis is presented. Finally, a sum-
mary is given in Sec.V.

II. EQUATIONS AND DERIVATION
A. Governing equations

By solving the linearized gyro-kinetic equations, we obtain
the perturbed distribution function dfa

dfa ¼ qa
@F0a

@E
d/þ qa

@F0a

@E
J20
X
ð�1Þmþlimþl

� x
xta

JmJl
mþ n� x

xta

dune
iðmþnþlÞh; (1)

in which

d/� vkdAk ¼
X

dune
inh: (2)

Here, d/ and dAk ¼ b � dA are the perturbed electrostatic and
parallel vector potentials, respectively. In our work, we consider
a toroidally symmetric magnetic field B ¼ IðwÞrfþrf�rw,
where w(r) and 2pI(w) are the magnetic flux and poloidal current,
respectively. In addition, a circular cross section is assumed as
usual. We work in the (r, h, f) coordinate system, where h and f
are poloidal and toroidal angles, respectively. qa and xta

¼ vk=ðqRÞ are the particle electric charge and transit frequency.
F0a has a standard Maxwellian form with a temperature Ta and
an unperturbed number density n0a (a ¼ e, i for species of elec-

trons and ions, respectively). J0 ¼ J0a(krqa) and Jm ¼ Jma kr vda
xta

� �
are the Bessel functions of zero order and m order, where kr, qa

¼ vta/xc, xc ¼ qaB/ma, and vda ¼ 2v2k þ v2?=ð2xcRÞ are the radial
wave number, gyro-radius, gyro-frequency, and magnetic drift
velocity, respectively; R is the major radius.

From the parallel Ampere’s law,we have

dAk ¼
l0

k2r

X
qa

ð
vkdfad3v: (3)

B. Calculation and derivation

In order to obtain the dispersion relation of GAM, we com-
bine the quasi-neutrality condition and the parallel Ampere’s
law. Then, the following symmetries are found:

dA0 ¼ 0; (4)

dA1 ¼ dA�1; (5)

dA2 ¼ �dA�2; (6)

d/1 ¼ �d/�1; (7)

d/2 ¼ d/�2: (8)

The same symmetries also can be found in Ref. 14. Based on the
above symmetries, the quasi-neutrality condition and the paral-
lel Ampere’s law can be simplified as

sðC0d/0 � 2iC1d/1 þ 2C2d/2 þ 2iC�1 dA1

�2C�2dA2Þ ¼ �2iC�1edA1; (9)

isC1d/0 þ 1þ sðD1 þ IcÞ½ �d/1 þ isD2d/2

�ðqRxþ sD�1 ÞdA1 � isD�2dA2 ¼ 0; (10)
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sC2d/0 � isD2d/1 þ 1þ sZ1
f
2

� �� �
d/2 þ isD�2dA1

� 1
2
qRx 1þ sZ1

f
2

� �� �
dA2 ¼ 0; (11)

and

k2rsTi

l0e2
dA1 ¼ �iðC�1e þ sC�1 Þd/0 � ðqRxþ sD�1 Þd/1

�isD�2d/2 þ ðD��1e � I��ceÞ þ sðD��1 � I��c Þ
	 


dA1

þiðD��2e þ sD��2 ÞdA2; (12)

k2rsTi

l0e2
dA2 ¼ �sC�2d/0 þ isD�2d/1 � iðD��2e þ sD��2 ÞdA1

� 1
2
qRxð1þ sZ1ðf=2ÞÞd/2 þ

1
4
ðqRxÞ2ð1þ sZ1ðf=2ÞÞdA2;

(13)

where s ¼ Te
Ti
. fa � qRx

vta
is the argument of the plasma dispersion

function ZnðfaÞ ¼ 1ffiffi
p
p
Ð
xne�x

2

x�fa
dx. Hereafter, vti and fi are marked

as vt and f, respectively. Furthermore, we define f � qX as usual,
where X ¼ XG þ icd. XG ¼ xrR

vti
and cd ¼ cR

vti
are the normalized

mode frequency and damping rate, respectively. All the coeffi-
cients like C0 will be displayed in the Appendix unless otherwise
stated.We adopt the adiabatic electron assumption in this paper
for simplicity. For the electromagnetic GAM, we should reserve
the complete form of dfe. After some operations, all terms pro-
portional to me

mi
in the coefficients can be neglected due to the

adiabatic electron assumption. To obtain the dispersion relation
of the electromagnetic GAM,we introduce

d/1E ¼ kd/̂1Ed/0 ¼ is
sC2D2 � C1 1þ sZ1

f
2

� �� �

1þ sðD1 þ IcÞ½ � 1þ sZ1
f
2

� �� �
� s2D2

2

d/0;

d/2E ¼ k2d/̂2Ed/0 ¼ s
sC1D2 � C2 1þ sðD1 þ IcÞ½ �

1þ sðD1 þ IcÞ½ � 1þ sZ1
f
2

� �� �
� s2D2

2

d/0:

(14)

Then,we rearrange Eqs. (10)–(13) as

d/1 ¼ kd/̂1Ed/0 þH11vtdA1 þ ikH12vtdA2; (15)

d/2 ¼ k2d/̂2Ed/0 þ ikH21vtdA1 þH22vtdA2; (16)

vtdA1 ¼
2b
K
ðkM10 þ kM11d/̂1E þ k2M12d/̂2EÞd/0; (17)

vtdA2 ¼
2b
K
ðM20 þ kM21d/̂1E þ k2M22d/̂2EÞd/0; (18)

where k is short for krqi and b ¼ 2l0niTi
B2 . It is found

that d/1 � OðkÞd/0; d/2 � Oðk2Þd/0; dA1 � OðkbÞd/0, and dA2

� OðbÞd/0. An assumption used here is b	 k	 1, which is valid
in the realistic tokamak plasma parameter regime. It is worth
noting that dA1 is exactly zero both on the order of OðkÞ and
OðbÞ [see Eqs. (B7) and (17)]. And then, the dominant magnetic
perturbation is the second harmonic dA2. In our expressions, we
clearly show that the electrostatic and the electromagnetic

terms are separated and dAk are now functions of d/kE.
Substituting Eqs. (15)–(18) into dni0¼ dne0, viz. Eq. (9), we have

Ĥ1d/0 þ 2isk2Ĥ2d/̂1Ed/0 þ 2k2Ĥ3d/̂2Ed/0

þ2ikðsĤ2H11 þ Ĥ3H21 þ Ĥ4ÞvtdA1

�2ðĤ5 � Ĥ3H22 þ sk2Ĥ2H12ÞvtdA2 ¼ 0: (19)

By disregarding the last two terms on the left-hand side of the
equation above, the classical electrostatic GAM is recovered.
Now let us focus on the electromagnetic terms. The two terms
are on the order of Oðk2bÞ and OðbÞ, respectively. Via Taylor
expansion and neglecting all the terms with higher orders, Eq.
(19) is reduced to the previous dispersion relation with an adia-
batic electron assumption.14 On the other hand, the previous
formulas of dAk and d/k also can be recovered via neglecting
the higher order terms in Eqs. (15)–(18). Finally, by defining
vtdAk � bdÂkd/0, Eq. (19) is rewritten as

Gþ k2Hþ bQ ¼ 0; (20)

in which

G ¼ Cð2Þ0 �
2s Cð1Þ1
h i2
1þ sZ1

; (21)

H ¼ � 4sCð1Þ1 Cð3Þ1

1þ sZ1
þ 2isĤ2d/̂1E þ 2Ĥ3d/̂2E; (22)

Q ¼ 2ikðsĤ2H11 þ Ĥ3H21 þ Ĥ4ÞdÂ1

�2ðĤ5 � Ĥ3H22 þ sk2Ĥ2H12ÞdÂ2: (23)

III. NUMERICAL RESULTS

In this section, we numerically evaluated the dispersion
relation Eq. (20), and compare our result with the referenced
result with adiabatic electrons in W2011. When the electromag-
netic effect is neglected by setting b ¼ 0, the dispersion relation
of the classical GAM is recovered. The electrostatic case is first
shown in Fig. 1, illustrating the dependence of the normalized
frequency and damping rate on k2 for different q.

Figure 1 shows that both the real frequency and damping
rate increase with k. With fixed k, both the real frequency and
damping rate decrease with q. It can be clearly explained by the
analytical theory35 and also can be seen directly from the analyt-
ical expression of the GAM frequency in Sec. IV. Furthermore, to
the leading order, it is well known that the GAM frequency and
Landau damping rate can be approximated as16

X2
G ’

7
4
þ s

� �
1þ 1

q2
46þ 32sþ 8s2

ð4sþ 7Þ2

" #
; (24)

cd ’ �
ffiffiffi
p
p

2
q5

X6
G

sþ 7
4

e�q
2X2

G : (25)

Hence, the analytical frequency decreases with q due to the 1/q2

term, and the damping rate decreases with q in the large q regime.
The dependence of the normalized frequency and damping

rate on b for different s in the large q regime (q¼ 3.5) is
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illustrated in Fig. 2. In Fig. 2, the frequency and damping rate
decrease and increase with b, respectively. Besides, the real fre-
quency increases with s for fixed b. It is worth noting that the
damping rate decreases with s for fixed b in the large q regime.
While in the small q regime (q¼ 2), the damping rate does not
monotonically decrease with s for fixed b again, as detailedly
shown and further discussed in Figs. 3 and 4. From the analytical
results for large q as below, we find that a –q2b-dependent term
is introduced by the electromagnetic effect in the approximated
frequency Eq. (24). It explains that the frequency decreases with
b and increases with s for fixed b. According to Eq. (25), the
damping rate turns to increase with b and decrease with s for
fixed b, as displayed in Fig. 2.

As for the small q case, the competition between X6
G and

e�q2X
2
G may be different. To make a comparison, we plotted Fig. 3.

All the parameters are the same as Fig. 2 except that q¼ 2 now.
We note that similar to the large q case, the real frequency
decreases with b, and there is no noticeable difference between
our results and W2011. However, the damping rates show a
remarkable difference to those in Fig. 2. It is seen that the refer-
enced damping rate still increases with b, whereas our damping
rate decreases with b now. The discrepancy between our damp-
ing rate and W2011 increases with b. We also point out that our
dispersion relation can be reduced toW2011’s one with the help
of Taylor expansion when neglecting the higher order terms.
Then, such a remarkable discrepancy can be attributed to the

higher order effects, which will be discussed, displayed, and
confirmed by Fig. 6. In addition, we find that the damping rate
for q¼ 2 is not a monotonic function of s, as shown in detail in
Fig. 4.

Figure 4 is shown to study the dependence of the normal-
ized frequency and damping rate on s for different q. All four
cases show that the mode frequency increases with s. The
damping rate monotonically decreases with s for large q (such as
q¼ 4), which is consistent with Fig. 2. In the small q regime (such
as q¼ 2), the Landau damping rate is no longer a monotonic
function of s, as confirmed in Fig. 3. The damping rate increases
with s at first until it reaches its maximum value.When s is larger
about 1.3, the damping rate decreases with s.

Furthermore, the real and imaginary parts of X versus the
safety factor q for different b are illustrated in Fig. 5. It can be
seen that the real frequency decreases with q. As for the damp-
ing rate, it is not a monotonic function of q. The negative cd
decreases first as q increases and then increases with q. As q
continues to climb up, the damping rate decreases again as q
increases due to the second order FOW resonant effect.16,35

Since the 3rd FOW effect is not considered here, there is only
one fluctuation on the curve, appearing at about q¼ 1.5 with the
peak at about q¼ 2. As illustrated in Sec. IV, the electromagnetic
effect does not introduce new terms in the damping rate so that
Fig. 5 is similar to the pure electrostatic case.35 It also can be
seen that for given q, our damping rate decreases with b when q

FIG. 1. The normalized GAM frequency and damping rate of GAM versus k2 with
b ¼ 0 and s ¼ 2 for different q. The solid curves are plotted according to Eq. (20)
and the dashed ones are plotted according to Eq. (23) in W2011.

FIG. 2. The normalized GAM frequency and damping rate versus b with k2 ¼ 0.02
and q¼ 3.5 for different s. The solid curves are plotted according to Eq. (20) and
the dashed ones are plotted according to Eq. (23) in W2011.
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is small, or specifically, 1.7
 q
 2.6.When q is larger than 2.6, the
damping rate increases with b for given q. On the other hand,
the damping rate inW2011 increases with b for arbitrary q. These
features are consistent with Figs. 2 and 3.

To clearly show the discrepancy between our numerical
damping rate and W2011, the q scan of the damping rate for dif-
ferent b is re-plotted in Fig. 6. It is found that the discrepancy
increases with b, as shown in Figs. 3 and 5. To take a further step,
we separate Eq. (20) as basic terms, higher order electrostatic
terms, dA1 related higher order terms, and dA2 related higher
order terms. The basic terms constitute the dispersion relation
in W2011. It is found that the higher order electrostatic terms
have little effect on the damping rate. Furthermore, such a dis-
crepancy vanishes when we drop both the higher order electro-
static terms and the dA1 related terms in Eq. (20). It confirms that
such a discrepancy is introduced by the dA1 related terms.

IV. ANALYTICAL RESULTS
A. Perturbed potentials

In this section, we present the analytical expressions of
the frequency and damping rate. The perturbed electrostatic
potential and parallel electromagnetic vector potential are dis-
cussed first. As we know, d/1 � OðkÞd/0; d/2 � Oðk2Þd/0; dA1

� OðkbÞd/0, and dA2 � OðbÞd/0. By Taylor expansion and
neglecting higher order terms,we rewrite dAk and d/k as

vtdA1 ¼ 2b �ikĈ 01 þ ikĈ 02
sC0ð1Þ1

1þ sZ1

" #
d/0; (26)

vtdA2 ¼ �
2b
vt

C�02 �
1
2

fvtC02

� �
� sCð1Þ01

1þ sZ1
D�02 �

1
2

fvtD02

� �" #
d/0;

(27)

d/1 ¼ kd/̂
ð1Þ
1E d/0 þ k3d/̂

ð3Þ
1E d/0 þ fvtdA1 þ is

D�02 �
1
2

fvtD02
1þ sZ1

kdA2;

(28)

d/2 ¼ k2d/̂2Ed/0 þ
1
2

fvtdA2; (29)

in which

kd/̂
ð1Þ
1E ¼ �ik

sC0ð1Þ1

1þ sZ1
; (30)

k3d/̂
ð3Þ
1E ¼ �ik

3 sC0ð3Þ1

1þ sZ1
� sD0c
1þ sZ1

k3d/̂
ð1Þ
1E �

isD02
1þ sZ1

k3d/̂2E; (31)

kd/̂1E ¼ kd/̂
ð1Þ
1E þ k3d/̂

ð3Þ
1E ; (32)

k2d/̂2E ¼ �k2
sC02

1þ sZ1
f
2

� �þ isD02

1þ sZ1
f
2

� � k2d/̂
ð1Þ
1E : (33)

FIG. 3. The normalized GAM frequency and damping rate versus b with k2 ¼ 0.02
and q¼ 2 for different s. The solid curves are plotted according to Eq. (20) and the
dashed ones are plotted according to Eq. (23) in W2011.

FIG. 4. The normalized frequency and damping rate of GAM versus s with k2

¼ 0.02 and b ¼ 0.02 for different q. The solid curves are plotted according to Eq.
(20) and the dashed ones are plotted according to Eq. (23) in W2011.
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The approximated formulas of dAk and d/k are consistent with
W2011. To take a further step, we asymptotically expand the
plasma dispersion function ZðfÞ ¼ i

ffiffiffi
p
p

expð�f2Þ � f�1ð1þ f�2=2
þ3f�4=4þ � � �Þ as usual and neglect all terms of orders higher
thanOðf�4Þ, and then,we find

vtdA1 ¼ 2kb �
ffiffiffi
p
p

e
�
1
4
q2X2 q6X3

512
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d/0; (34)

vtdA2 ¼ 2b
q
X

7
32
þ s
8

� �
þ 1
qX3

1
16

s2þ 1
4

sþ 23
64

� �" #
d/0; (35)

d/1 ¼ kd/̂
ð1Þ
1E d/0 þ k3d/̂

ð3Þ
1E d/0 þ qXvtdA1 � i

1
4
qs

�

þ 1
X2

s2 þ 2s
8q

 !
þ 1

X4

5s2 þ 9s
16q3

 !#
vtkdA2; (36)

d/2 ¼ k2d/̂2Ed/0 þ
1
2
qXvtdA2; (37)

FIG. 6. The q scan of normalized damping rate with k2 ¼ 0.02 and s ¼ 1 for differ-
ent b. Our numerical damping rate (full) and the corresponding reference ones are
plotted as red solid curves and maroon dashed curves according to Eqs. (20) and
(23) in W2011, respectively. The blue dotted-dashed curves are plotted according
to Eq. (20) without the higher order electrostatic terms (w/o HES). The black stars
are plotted according to Eq. (20) without both the higher order electrostatic terms
and the dA1 related higher order terms (w/o HESþA1).

FIG. 5. The real and imaginary parts of X versus q with k2 ¼ 0.02 and s ¼ 1 for
different b. The solid curves are plotted according to Eq. (20) and the dashed ones
are plotted according to Eq. (23) in W2011.
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in which

d/̂
ð1Þ
1E ¼

1
2

sq3X2 ffiffiffi
p
p

e�q
2X2 þ i

2X
sþ i

X3

s2

4q2
þ s
2q2

 !
;

d/̂
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1E ¼

ffiffiffi
p
p

e� 1
4q

2X2 sq5X2

256
q2X2 þ 13sþ 12

2

� �

� i
X
2s2 þ 3s

8
þ i

X3

2s3 þ 14s2 þ 27s
16

;

d/2E ¼ i
ffiffiffi
p
p

e�
1
4q

2X2 q3Xs
64
ðq2X2 þ 6sþ 4Þ � 1

X2

1
4

s2
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þ 7
16

s

�
� 1

X4

5
8q2

s3 þ 23
8q2

s2 þ 161
32q2

s

� �
:

Let us focus on the dominant terms in dA2 and kd/̂
ð1Þ
1E

vtdA2 ¼
qb
4X

sþ 7
4

� �
d/0; (38)

kd/ð1Þ1E ¼ kd/̂
ð1Þ
1E d/0 ¼

isk
2X

d/0; (39)���� vtdA2

kd/ð1Þ1E

���� ¼ qb
2k

1þ 7
4s

� �
: (40)

From the equations above, we find that vtdA2 is proportional to
b. With fixed b, vtdA2 increases with s. On the other hand,

jvtdA2=ðkd/ð1Þ1E Þj increases with b and decreases with s for fixed b.

For large q, vtdA2 and kd/ð1Þ1E can be of the same order, i.e.,

jvtdA2=ðkd/ð1Þ1E Þj � 1. These features are consistent with the previ-
ous result [see Fig. 4 inW2011].

According to Eqs. (34) and (38) and recalling that dA–2

¼�dA2 and dA0¼ 0,we canwrite

dAk ¼ 2i sin ð2hÞdA2 ¼ i
1
2

X2 qb
xR

d/0 sin ð2hÞ: (41)

While the ideal MHDmodel gives36

dAk ¼ i
1
2

X2
MHD

qb
xMHDR

d/0 sin ð2hÞ: (42)

The two formulas have an identical form to each other. Only the
difference lies in the frequency, noting that X ’

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sþ 7=4

p
and then x ¼ Xvt/R whereas XMHD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 1=q2

p
and xMHD

¼XMHDcs/R with cs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ð1þ sÞ=6

p
vt being the sound speed in

the MHD framework. Equation (41) indicates that the dominant
magnetic vector has poloidal wave number m¼ 2. Hence, the
corresponding perturbed magnetic field withm¼ 2 is dominant,
as observed in the experiment28 and theoretical predicted.24

B. Analytical dispersion relation

To obtain a transparent expression of the dispersion rela-
tion, we have to simplify G, H, and Q in Eq. (19) by neglecting all
the higher order terms and expanding Zn as usual. After some
extremely redundant but not technically tricky calculation, the
simplified analytical dispersion relation of GAM is derived as

Gþ k2Hþ bQ ¼ 0; (43)

in which

G ¼ i
2
ffiffiffi
p
p

q5X3e�q
2X2 þ 1
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;
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ffiffiffi
p
p q7X3
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4
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;

Q ¼ q2

X2

s2
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þ 7s
32
þ 49
256

� �
þ 1

X4

s3

16
þ 23s2

64
þ 51s

64
þ 161
256

� �
:

Our electrostatic dispersion relation above is exactly consistent
with previous results.37,38 The real part of Eq. (43) yields the real
frequency of the electromagnetic GAM to the order of 1/q2, k2,
and b as

X2
G ¼ sþ 7

4

� �
1þ 1

q2
46þ 32sþ 8s2

ð4sþ 7Þ2
� k2

s2 � 3
4

sþ 31
8

4sþ 7

2
64

þk2
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ð8sþ 14Þ2
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q2

2

s2 þ 7
2

sþ 49
16

4sþ 7

�b
8s3 þ 46s2 þ 102sþ 161

2
ð8sþ 14Þ2

3
75: (44)

We can see that the electromagnetic effect modifies the GAM
frequency on the order of q2b; the dominant electromagnetic

term�b q2

2
s2þ7

2sþ49
16

4sþ7 and the electrostatic term 1
q2

46þ32sþ8s2

ð4sþ7Þ2 can be of

the same order for large q.
By setting s ¼ 1 and k ¼ 0, our analytical formula Eq. (44)

can be reduced to

ðxGAMÞ2

ðx0
GÞ

2 � 1þ 0:7
q2
� 0:5b� 0:3bq2; (45)

where b ¼ v2ti
V2
A
and x0

G ¼
ffiffiffi
11
4

q
vti
R . vti ¼

ffiffiffiffiffi
2Ti
mi

q
and VA are the thermal

velocity and Alfv�en velocity, respectively. By assuming q� 1; q2�b
	

ffiffiffi
2
p

, and x2 � k2m;nc
2
s , the analytical expression of GAM fre-

quency in Refs. 33 and 34 can be approximated as

ðxFKY
GAMÞ

2

ðxWJD
G Þ2

� 1þ 1
2q2
� 1
8

bs �
1
4

bsq
2; (46)

where bs ¼
c2s
V2
A
and xWJD

G ¼
ffiffiffi
2
p

cs
R0
. cs ¼

ffiffiffiffiffiffiffiffiffiffi
cp=q

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2cTi=mi

p
is the

sound velocity. The GAM frequency in our work and in Refs. 33
and 34 is normalized by the thermal velocity and sound velocity,
respectively.We should also note that b and bs are defined by vti
and cs, respectively. We can see that the forms of Eqs. (45) and
(46) are very similar except the coefficients due to the difference
between the gyro-kinetic theory and MHD frame. Then, we can
conclude that the dependence of our analytical GAM frequency
on b is in good agreement with Refs. 33 and 34.

The Landau damping rate of GAM is

cd ¼ cc 1þ q2k2

512
e
3
4q

2X2
Gð8sþ 8þ q2X2

GÞ
� �

; (47)
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where cc ¼ �
ffiffi
p
p

2 q5 X6
G

sþ7
4
e�q2X

2
G . Different from the frequency

above, the electromagnetic effect does not directly introduce b-
dependent terms into the damping rate. It is believed that the
electromagnetic effect does not provide second order resonant

terms. Mathematically, be�
1
4q

2X2
G is introduced by the term

Zn
f
2

� �
. However, Zn

f
2

� �
related terms are exactly canceled by

each other in C�02 � 1
2 qRxC02 and D�02 � 1

2 qRxD02, which constitute
the electromagnetic terms in the dispersion relation. The
Landau damping rate is different from the electrostatic one due
to the fact that the real frequency is modified by finite b while cd
is sensitive to XG. The above analytical formulas can be used
to explain our numerical results. It also should be noted
that the third order FOW effect is not considered here.
According to the previous study,35 the 3rd order FOW introduced

a term/ k4e�
1
9q

2X2
G in the damping rate.

Figure 7 illustrates the mode frequency and damping rate
versus b with k ¼ 0.05, s ¼ 1, and q¼ 4. The analytical results
agree well with the numerical solutions. We note that the finite
FOWeffect almost can be neglected since k ¼ 0.05. Now,we can
focus on the finite b effect on the mode frequency and damping
rate. We also plot the q scan of the frequency and damping rate
in Fig. 8. For the real frequency, the analytical result agrees well
with the numerical solution. While for the damping rate, good
agreement is found between the analytical and numerical

results except for small q, or more precisely, for q< 2.5. As dis-
cussed in Ref. 35, such a discrepancy in the small q regime is
introduced by the asymptotic expansion of the plasma disper-
sion function ZðfÞ, which requires f� 1, namely, q� 1, recalling
that f is about q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7=4þ s

p
.

V. SUMMARY AND DISCUSSION

Using gyro-kinetic equations in the presence of perturbed
parallel magnetic vector potential, we theoretically investigated
the geodesic acoustic mode (GAM) by taking into account 2nd
order FOWand finite b effects. The general dispersion relation is
analytically derived with the assumption of b	 k	 1 and adia-
batic electrons. The dispersion relation is numerically evaluated
and displayed in Figs. 1–6 to show the dependence of the real
frequency and damping rate on k, b, s, and q, respectively.
Transparent and concise expressions for the real frequency and
damping rate are analytically obtained. Good agreement is found
between analytical results and the exact numerical solution of
Eq. (20), as displayed in Figs. 7 and 8.

As a comparison, the referenced result with the adiabatic
electron assumption in W2011 is plotted. It is worth noting that
our general dispersion relation can be reduced to W2011 by
Taylor expansion and neglecting the higher order terms. There
is negligible discrepancy between our numerical frequency and
W2011. While for damping rate, our numerical results are quali-
tatively different from W2011 in the small q regime. Further

FIG. 7. The normalized frequency and damping rate of GAM as functions of b with
k ¼ 0.05, s ¼ 1 and q¼ 4. The red solid line, blue dashed line, and black dotted-
dashed line are numerical results, reference results and analytical results,
respectively.

FIG. 8. The normalized frequency and damping rate of GAM as functions of q with
k2 ¼ 0.01, s ¼ 1, and b ¼ 0.01. The red solid line, blue dashed line, and black
dotted-dashed line are numerical results, reference results, and analytical results,
respectively.
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analysis shows that the discrepancy can be attributed to the
higher order electromagnetic effect.

By disregarding the higher order terms and asymptot-
ically expanding ZnðfÞ as usual, we first obtain the analyti-
cal expressions of electrostatic potentials d/k and
electromagnetic vector potentials dAk. For electrostatic
potentials, our results show that d/k � OðkkÞd/0 for k¼0,
1, 2,…, which is consistent with previous work.39 For the
electromagnetic potentials, dA0 is exactly zero. The first
harmonic dA1 and the second harmonic dA2 are of the
order of OðkbÞd/0 and OðbÞd/0, respectively. One can find
that the dominant magnetic perturbation is the second
harmonic dA2, leading to the expression of dAk [see Eq.
(41)], which has the same form with the previous one
derived from the ideal MHD model. As a result, the parallel
vector potential dAk and the corresponding perturbed
magnetic field dB are of the order bd/0 with poloidal wave
number m¼ 2 to the leading order, as theoretically pre-
dicted by Refs. 14, 23, 24, and 40 and numerically simu-
lated and experimentally detected by Refs. 26–28. In
addition, the analytical results show that the dominant
electromagnetic potential dA2 can be able to compare with
d/1 for large q, as numerically demonstrated in W2011.

The analytical expressions of the GAM frequency and
Landau damping rate are presented in Eqs. (44) and (47),
respectively. The analytical results can qualitatively explain
and agree well with the numerical solutions. The real fre-
quency is modified by the electromagnetic effect on the
order of q2b. Besides, the dependence of our analytical GAM
frequency on b shows good agreement with the result in
Refs. 33 and 34 except some coefficients. Meanwhile, the
electromagnetic effect does not introduce an additional res-
onant mechanism in the second order, leading to the analyt-
ical damping rate (47) the same as the electrostatic one. The
damping rate depends on the finite b via the real frequency
XG. The analytical expressions of the perturbed potentials,
mode frequency, and damping rate are useful to understand
recent GAM-related simulation and experimental
works.26–28

ACKNOWLEDGMENTS

This work was supported by the China National
Magnetic Confinement Fusion Energy Research Project
under Grant No. 2015GB120005, the National Natural
Science Foundation of China under Grant No. 11675175, the
Young Elite Scientists Sponsorship Program by CAST under
Grant No. 2017QNRC001, and the Innovative Program of
Development Foundation of Hefei Center for Physical
Science and Technology under Grant No. 2018CXFX009.

APPENDIX A: QUANTITIES IN THE MOMENT OF
PERTURBED DISTRIBUTION FUNCTIONS

Here, we introduce the coefficients in the moment of
perturbed distribution functions used in the procedure of
derivation. For ion
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where ya ¼ vk
vta

and �Zn ¼ Zn
f
2

� �
. For the adiabatic electron,

we have D1e ¼ 1; C�1e
vt
¼ � 1

2 sqk; D�1e
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For simplicity, we mark coefficients like C0 as C0

¼ k2Cð2Þ0 þ k4Cð4Þ0 ; C1 ¼ kC01 ¼ kCð1Þ1 þ k3Cð3Þ1 ; C2 ¼ k2C02; Dc ¼ k2D0c;
D2 ¼ kD02; C

�
2 ¼ k2C�02 ; D

�
c ¼ k2D�0c , and D�2 ¼ kD�02 , in which
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APPENDIX B: DETAILS OF THE DERIVATION
OF THE ELECTROMAGNETIC GAM

By substituting Eqs. (15)–(18) into dni0 ¼ dne0 [Eq. (9)], we
have

Ĥ1d/0 þ 2iskĤ2d/1 þ 2Ĥ3d/2 þ 2ikĤ4vtdA1 � 2Ĥ5vtdA2 ¼ 0;
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To obtain a more clear dispersion relation of the electromag-
netic GAM, we should rearrange the form of d/k and dAk.
Combining with the quasi-neutrality condition, we can rear-
range the perturbed parallel vector potential [Eqs. (12) and
(13)] as
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0
4 ¼ v2t Ĉ4 �
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In order to gain the final expressions of dAk and d/k, we also
introduce
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By substituting d/kE into the expressions of d/k and dAk, we
arrive at
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dA1 ¼
2b
Kvt

kM10 þ kM11d/̂1E þ k2M12d/̂2E

n o
d/0; (B28)

dA2 ¼
2b
Kvt

M20 þ kM21d/̂1E þ k2M22d/̂2E

n o
d/0; (B29)

d/1 ¼ kd/̂1Ed/0 þH11vtdA1 þ ikH12vtdA2; (B30)

d/2 ¼ k2d/̂2Ed/0 þ ikH21vtdA1 þH22vtdA2; (B31)

where

a ¼ 1� 2b �Ĉ 02H11 þ Ĉ04
n o

; (B32)

d ¼ 1� 2b �k2D̂ 02H12 � D̂ 03H22 þ D̂ 05
n o

; (B33)

ib ¼ �i2b �kĈ 02H12 þ
Ĉ05
k

� 

; (B34)

ic ¼ �i2b kD̂ 02H11 � kD̂ 03H21 �
D̂ 04
k

� 

; (B35)

K ¼ adþ bc; (B36)

M10 ¼ �idĈ01 þ i
b
k
D̂ 01; (B37)

M11 ¼ �dĈ 02 þ bkD̂ 02; (B38)

M12 ¼ ibD̂ 03; (B39)

M20 ¼ �ckĈ01 � aD̂ 01; (B40)

M21 ¼ icĈ02 þ iakD̂ 02; (B41)

M22 ¼ �aD̂ 03; (B42)

and

vtH11 ¼
ðfvt þ sD�1 Þ 1þ sZ1ðf=2Þ½ �

1þ sðD1 þ IcÞ½ � 1þ sZ1ðf=2Þ½ � � s2D2
2

� s2D2D�2
1þ sðD1 þ IcÞ½ � 1þ sZ1ðf=2Þ½ � � s2D2

2
; (B43)

vtH12 ¼
sD�02 1þ sZ1ðf=2Þ½ �

1þ sðD1 þ IcÞ½ � 1þ sZ1ðf=2Þ½ � � s2D2
2

�

1
2

fvt 1þ sZ1
f
2

� �� �
sD02

1þ sðD1 þ IcÞ½ � 1þ sZ1ðf=2Þ½ � � s2D2
2
; (B44)

vtH21 ¼
sD02 fvt þ sD�1

	 

1þ sðD1 þ IcÞ½ � 1þ sZ1ðf=2Þ½ � � s2D2

2

� sD�02 1þ sðD1 þ IcÞ½ �
1þ sðD1 þ IcÞ½ � 1þ sZ1ðf=2Þ½ � � s2D2

2
; (B45)

vtH22 ¼
1
2

fvt 1þ sZ1ðf=2Þ½ � 1þ sðD1 þ IcÞ½ �

1þ sðD1 þ IcÞ½ � 1þ sZ1ðf=2Þ½ � � s2D2
2

� s2D2D�2
1þ sðD1 þ IcÞ½ � 1þ sZ1ðf=2Þ½ � � s2D2

2
: (B46)

By substituting the final expression of d/k and dAk into Eq. (B1),
we obtain the general dispersion relation of the electromag-
netic GAM as Eq. (20).
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