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Abstract

We demonstrate development of the Chebyshev Interaction Model for Efficient Sim-

ulation (ChIMES) for molecular systems through application to water under ambient

conditions (298 K, 1 g/cm
3
). These models, which are comprised of linear combina-

tions of Chebyshev polynomials explicitly describing two- and three-body interactions,

are largely fit by force matching to Kohn–Sham Density Functional Theory (DFT).

Protocols for selecting user-specified parameters and inclusion of stress tensor data are

investigated, and structural and dynamical property prediction for resulting models is

benchmarked against DFT. We show that the present ChIMES force fields yield ex-

cellent agreement with DFT without the need for additional terms such as those for

Coulomb interactions. Overall, we show that tractable parameterization and subse-
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quent accuracy of the present models make ChIMES an ideal candidate for extension

of DFT dynamics to larger system sizes and longer time scales.

1 Introduction

Water plays a crucial role in innumerable processes, motivating decades of research into the

phenomena governing its many properties. Nevertheless, a complete and detailed theoretical

picture of even the ambient liquid is lacking.1 Substantial effort has been devoted to the

creation of empirical force fields based on high-level quantum chemical gas-phase cluster cal-

culations.2–4 Indeed, rapid convergence of the n-body expansion for water2–7 suggests force

fields using 2- and 3-body descriptions (or many body descriptions, as through polariza-

tion) can yield accurate results for both small clusters as well as the bulk liquid. Earlier

successes on this front focused on reproducing vibrational-rotation-tunneling (VRT) spec-

troscopic data8–10 and/or use of symmetry-adapted perturbation theory (SAPT).11,12 More

recent works have focused on parameterization of many-body terms directly to CCSD(T)

data of clusters up to the tetramer, yielding accurate prediction of dimer binding ener-

gies,13,14 larger cluster data,5 and the vibrational spectrum of the liquid,15 among numerous

other properties of the bulk phase.16

Molecular dynamics (MD) simulations based on Kohn-Sham Density Functional Theory

(DFT) offer a particularly attractive approach for computation of bulk water, as they can

provide simultaneous information about electronic states and the physical-chemical proper-

ties of multiple phases.17,18 This in in contrast to higher level quantum chemical approaches

(e.g., coupled cluster calculations), which are generally restricted to small clusters or gas-

phase data.19,20 DFT remains one of the most popular and widely used simulation methods

for condensed matter, including the prediction of material properties and bulk chemical re-

activity. This is particularly true for reactive conditions, where the underlying MD potential

needs to accurately account for the breaking and forming of chemical bonds.21–24 Many of
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the issues pertaining to computation of bulk water via DFT25,26 can be resolved through use

of improved hybrid functionals27–33 and Van der Waals dispersion corrections.34–39

Nevertheless, for many problems of interest, such as free energies, transport properties,

or chemistry under extreme conditions, access to time and length scales well beyond those

attainable with DFT is desired (i.e. µm and µs compared to Å and ps, respectively). In these

cases, force-field based extension of DFT-MD has demonstrated promise as an alternative ap-

proach for reaching these target scales.40–44 For example, bond-order methods like ReaxFF45

or the reactive empirical bond order (REBO) model46 and the SAPT based force field of

Schmidt and co-workers12 have proven successful for some applications. However these mod-

els can prove challenging to parameterize due to the sparsity of available fitting data as well

as the difficulty in performing non-linear optimizations for these complex functional forms.

On the other hand, models with greater flexibility that utilize machine learning are being

developed, such as the Gaussian Approximation Potentials (GAP),47 which have already

been used to aid in quantification and correction of many body errors within exchange cor-

relation functionals.48,49 While these machine learning force fields yield a more automated

fitting procedure, we note that the potentials themselves can be exceedingly complex, and

can require large repositories of training data, resulting in slow generation of parameters

sets. Thus, the creation of an MD force field that has sufficient flexibility to capture DFT

level physics while allowing for rapid parameterization remains an open challenge in this

area.

Recently, a new force field comprised of linear combinations of Chebyshev polynomials

explicitly describing two- and three-body interactions (“Chebyshev Interaction Model for

Efficient Simulation” or “ChIMES”)50 was developed, which results in good agreement with

DFT for the structure and dynamics of a metallic molten carbon system. The ChIMES model

is particularly well suited for DFT-MD extension due to its simple yet flexible functional form

that (i) allows complex DFT potential energy surfaces to described with high accuracy, (ii) is

completely linear in fitted coefficients, allowing for rapid parameterization, and (iii) affords
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size scalability and orders-of-magnitude improvements in associated computational cost with

DFT-MD.

In the present work, we investigate use of the ChIMES model and fitting approach for

extension of DFT-MD liquid water simulations at ambient conditions. Liquid water presents

a particularly challenging test case for force field development due to the wide range of ener-

gies that need to be accurately sampled, including short-ranged librational and vibrational

modes as well as long-ranged weak (but extremely significant) interactions due to hydrogen

bonding. We note that there has been significant effort in the literature to determine optimal

exchange-correlation functional and/or dispersion models for aqueous systems.25 However,

the goal of this work is not to produce a universal water force field, but rather to provide a

straightforward framework for determining ChIMES force fields based on DFT or other ab

initio methods of choice. Consequently, we choose to determine our ChIMES model based on

the PBE functional with D2 dispersion corrections, though we note that a similar approach

could be used to determine ChIMES models based on other, more accurate DFT models.

In the following sections, the influence of user-defined model parameters and inclusion of

stress tensor data on ability to reproduce structure, dynamics, density, and pressure of the

reference DFT-MD simulation will be evaluated for water at 298 K and 1 g/cm3. A general

recipe for development of ChIMES models to DFT data for liquid water is provided, and a

force field based on the present reference data is provided.

2 Method and Computational Details

The ChIMES model, given below, is comprised of explicit two- and three-body interaction

terms:

EChIMES =
naX

i

X

j>i

Eij +
naX

i

X

j>i

X

k>j

Eijk, (1)

where na is the total number of atoms in the system and EChIMES, Eij, and Eijk are the total

energy of the system, the energy between a pair of atoms i and j, and the energy between
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a set of three atoms, i, j, and k, respectively. The two-body energy takes on the following

form:

Eij = f ei,ej
p

�
rij
�
+ f ei,ej

s

�
rij
� O2BX

n=1

cei,ejn Tn

⇣
s
ei,ej
ij

⌘
, (2)

where Tn is a Chebyshev polynomial of order O2B = n, which depends on a transformed pair

distance, sei,ejij , defined over [�1,1], with the corresponding polynomial coefficient of c
eiej
n .

Note that the superscripts ei and ej indicate the element type of atoms i and j, and for the

present system, are assigned values of “O” or “H”. We enforce permutational invariance such

that cOH
n ⌘ cHO

n . Further details on the transformation used to convert between rij and sij

will be presented in section 3.1.

The f
ei,ej
p

�
rij
�

function in Equation 2 introduces a penalty to discourage the simulation

from exploring pair distance (rij) values below the minimum distance sampled in the training

trajectory and is defined by

f ei,ej
p

�
rij
�
=

8
>><

>>:

Ap

⇣
r
ei,ej
c,in + dp � rij

⌘3
, if rij < r

ei,ej
c,in + dp

0, otherwise
, (3)

where Ap is the penalty prefactor, rei,ejc,in is the inner cutoff radius for the pair of atoms with

element types ei and ej, and dp is the penalty initiation distance (e.g., a “skin” of 0.02 Å).

The remaining function, f ei,ej
s

�
rij
�
, ensures the potential goes smoothly to zero at the outer

cutoff and is given by

f ei,ej
s

�
rij
�
=

 
1�

rij
r
ei,ej
c,out

!3

, (4)

where r
ei,ej
c,out is the outer cutoff distance for the pair of atoms with elements ei and ej.

The three-body energy, constructed from the 2-body descriptions, is given as the product
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of Chebyshev polynomials for constituent atom pairs:

Eijk = f ei,ej
s

�
rij
�
f ei,ek
s (rik) f

ej ,ek
s

�
rjk
� O3BX

m=0

O3BX

p=0

O3BX

q=0
⇤

c
eij ,eik,ejk
m,p,q Tm

⇣
s
ei,ej
ij

⌘
Tp

�
sei,ekik

�
Tq

⇣
s
ej ,ek
jk

⌘
.

(5)

Here, the single sum over two-body order given in Equation 2 is replaced with a triple sum

over three-body orders, O3B, for each of the three constituent atom pairs, ij, ik, or jk of

element pair types eij, eik, ejk. Coefficients again have permutational invariance enforced

with respect to atom type, such that for the set of atoms i, j, k of types ei, ej, ek = O,O,H,

cOO,OH,OH
2,1,1 = cOH,OO,HO

1,2,1 = cHO,HO,OO
1,1,2 , etc. The asterisk below the triple sum indicates that

only terms for which two or more of the m, p, q indicies are greater than zero are included,

ensuring that Eijk always corresponds to the energy between three atoms. The expression

for Eijk also contains fs smoothing functions for each constituent pair distance. Note that

outer cutoffs can differ between two-body or three-body equations. Penalty functions are

not included for three-body interactions; instead, all penalties for rij < r
ei,ej
c,in are handled by

the two-body Ap terms.

The instantaneous pressure tensor P including three body interactions is calculated as

follows (see Ref.51):

P ab =
1

V

2

4
naX

i

mivi,avi,b �

naX

i

X

j>i

@Eij

@rij

rij,arij,b
rij

�

naX

i

X

j>i

X

k>j

@Eijk

@rij

rij,arij,b
rij

+
@Eijk

@rik

rik,arik,b
rik

+
@Eijk

@rjk

rjk,arjk,b
rjk

3

5 . (6)

In Eq. 6, a and b are cartesian components that can take the values (x, y, z). rij,a is the

a component of the displacement vector between atom i and atom j. vi is the velocity of

atom i, and mi is the mass of atom i. For calculations with charges, there is an additional

contribution to the pressure due to the Ewald sum, which has been derived by Heyes.52

The ChIMES force field is entirely linear in c
ei,ej
n and c

eij ,eik,ejk
m,p,q coefficients, which allows
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for rapid and automated fitting by force matching to a DFT trajectory. Specifically, we aim

to minimize the following objective function:

RMSE =

vuuut 1

nf (3na + nt)

nfX

i=1

2

4w2
F

naX

j=1

3X

k=1

⇣
FDFT
ijk � FChIMES{c}

ijk

⌘2
+ w2

�

ntX

l=1

⇣
�DFT
il � �ChIMES{c}

il

⌘2
3

5,

(7)

where RMSE and {c} are the root-mean-squared error and model coefficients, respectively.

The number of frames, atoms, and stress tensor components considered in the fit are given

by nf , na, and nt, respectively. Fijk indicates the kth Cartesian component of the force

on atom j in configuration i, while �il indicates the lth system stress tensor component in

configuration i. The superscripts “ChIMES” and “DFT” indicate forces/stresses predicted

from the present force-matched model and the DFT molecular dynamics (DFT-MD) train-

ing trajectory. Model parameters {c} can be obtained through solution of the following

overdetermined matrix equation:

wMc = wXDFT, (8)

where XDFT the vector of FDFT
ijk and �DFT

il values, w is a diagonal matrix of weights, and

the elements of matrix M are given by:

Mab =
@Xa,ChIMES{c}

@cb
. (9)

In the above, a represents a combined index over force and stress tensor components, and b

is the index over permutationally invariant model parameters. For fits that do not include

stress tensor data, we set nt in eq 7 to zero, and wF to unity; otherwise, stress tensor and

force components are assigned weights of w� and unity, respectively. In the present work,

principal component analysis (PCA) based on the singular value decomposition (SVD) of

the force derivative matrix with a regularization variable of 6.667 ⇥ 10�5 is used to solve
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eq 8. For further details of the SVD approach, and how it is used in conjunction with force

matching to generate ChIMES models, the reader is directed to references 50 and 53.

The initial training trajectory was generated from a 24 ps DFT molecular dynamics

(DFT-MD) simulation of 32 water molecules in the NV T ensemble at 298 K and 1.0 g/cm3.

Because the DFT-generated trajectory may not completely sample all possible model interac-

tion space,50 MD trajectories resulting from ChIMES force fields fit in a non-iterative fashion

can sample unphysical configurations. To overcome this issue, training sets can be obtained

in the following self-consistent manner: first, a preliminary force field is fit to a small subset

of the original DFT atomic configurations (we call these frames below), e.g. 50. Dynamics

are then run using the preliminary model, which can lead to poor or unphysical structures,

such as abnormally large concentrations of H3O+ species. A fraction of these “faulty” frames

are then collected and added to the training set, e.g., one out of every five. The final training

trajectory is then constructed from a relatively large number of original DFT frames (250)

and the 20 frames taken from the preliminary model. The DFT-MD simulation cell is small

(i.e. 9.8553 Å3), which can be problematic for force field fitting. Ideally, interaction cutoff

distances should be less than half of the training trajectory box length when force matching,

to prevent multiple interaction distances from being associated with the set of ions due to

periodic boundary conditions. However, this restriction can preclude inclusion of pertinent

longer range data (e.g., third and fourth solvation shells for H2O) for the small simulations

cells typical to DFT-MD. To ensure we do not violate this requirement while still allowing

for relatively large cutoff radii, we include seven additional DFT-computed force frames,

determined from configurations taken from preliminary ChIMES based simulations on a 768

atom system of box length 19.713 Å, allowing for cut off radii of up to 9.857 Å. This leads

to a final training trajectory size of 277 frames.

All DFT simulations are run with VASP54–57 using a planewave cutoff of 1000 eV, the

Perdew-Burke-Ernzerhof generalized gradient approximation functional58,59 (PBE), projector-

augmented wave pseudopotentials60,61 (PAW), and the DFT-D2 method for description of
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dispersion interactions. DFT-MD simulations are initialized from a well-converged NV T

DFT-MD simulation with the same level of theory and at the same conditions. These

simulations are run with a 0.2 fs timestep and a Nose-Hoover thermostat62,63 for constant

volume-temperature (NV T ) simulations, and Langevin dynamics with a Parrinello-Rahman

barostat64,65 for constant pressure-temperature (NpT ).

It is well known that quantum nuclear vibrational effects can have significant impact

on computed bulk water properties,43,44 even under extreme conditions.24 However, for the

purpose of this work, we choose to focus on results from classical ionic equations of motion,

only. We provide parameters for the best-performing model in the Supporting Information.

Unless otherwise stated, results for the ChIMES models are obtained from simulations in

the NV T ensemble at 298 K, across eight statistically independent simulations (i.e. all sim-

ulations use a different initial configuration and seed for velocity generation). All reported

errors are computed as the standard error of the mean across all eight independent trajecto-

ries. For the sake of consistent comparison to DFT, all ChIMES simulations are run for the

same 32 water molecule system size and 25 ps production simulation length as DFT, unless

otherwise stated. Where applicable, ChIMES simulations utilize a global Hoover thermostat

and barostat, and the Ewald sum for charges, and a 0.2 fs timestep. Rather than computing

rij based on the minimum image convention for atoms within the simulation cell, rij values

are taken as the explicit distance between any real atom i, and any real or ghost atom j,

whose parent atom is > i. In this framework, ghost atoms are generated by replicating real

atoms in the ± x, y, and z directions.66

3 Results and Discussion

Aside from the automatically generated c
ei,ej
n and c

eij ,eik,ejk
m,p,q coefficients, the user can specify

a number of other ChIMES model features. For ease of discussion we have divided these

parameters into three categories as follows: the first category, henceforth referred to as
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“set 1” controls fine-tuning aspects of the model and includes r
ei,ej
c,out,2B and r

ei,ej
c,out,3B. This

category also contains an option to generate atomic site charges during the force matching

procedure or to exclude them altogether. Exclusion of atomic charges can be advantageous

from a computational efficiency standpoint, i.e., not requiring computation of expensive

Ewald summations. We note that, when charges are included in the fit, augmentation to eqs 7

through 9 is required. Further details on fitting of atomic charges are described in Koziol et

al.67The final set 1 option is the method used to transform rij to sij. Coordinate transforms

provide a means to transform interatomic distance variables to the [�1,1] interval over which

Chebyshev polynomials are defined. They also allow for fine tuning of model sensitivity to

small changes in interatomic distances through use of different coordinate transformation

functions (e.g., exponentials, etc., discussed below).

The second category, “set 2,” contains O2B and O3B and controls the polynomial or-

der/complexity of the primary functionality of the ChIMES force field. An additional cat-

egory of parameters contains Ap, dp, rOO
c,in, rHH

c,in, and rOH
c,in, all of which are set through a

pre-established procedure.50 These are thus considered fixed with values of 105 kcal/mol/Å3,

0.02 Å, 2.307 Å, 1.141 Å, and 0.894 Å for this work, respectively. The following sub-sections

will present force field sensitivity to set 1 and 2 parameters. Initial models were parameter-

ized without explicitly including stress tensor data in the training set. Subsequent models

explore the influence of explicit stress tensor fitting on our results. Models performance will

be discussed in terms of predicted radial distribution functions (RDF), vibrational power

spectra, pressure, and H-bonding relative to DFT.

3.1 Influence of Set 1 Variables

We begin with a study of the influence of set 1 variables, rei,ejc,out,2B, rei,ejc,out,3B, distance trans-

formation method, and whether to include charges, on model performance. During this

portion of the work, set 2 variables O2B and O3B are fixed at values of 12 and 4, respectively,

which has yielded good model performance previously.50 We note also that no stress tensor
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data are included in the fit. The set 1 default options along with investigated alternatives

are provided in Table 1. The two distances evaluated for r
ei,ej
c,out,2B ensure that the two-body

potential is sufficiently ranged to capture either the 3rd or 4th solvation shells of the OO

atom pair, respectively. These values were selected based on the OO atom pair because its

solvation shells persist at longer distances than either the OH or HH pairs. The outer cutoff

for each 3-body interaction is defined by a set of three values, one for each constituent pair.

For example, the interaction between respective atom types ei, ej, and ek = O, H, and H

is constrained by the set of 3-body outer cutoffs: rOH
c,out,3B, rOH

c,out,3B, and rHH
c,out,3B. Each set of

distances listed in Table 1 for rei,ejc,out,3B give the possible {rOO
c,out,3B,rOH

c,out,3B,rHH
c,out,3B} three-body

cutoff distances in Ångstroms, and are set to encompass either the 3rd solvation shell for

each individual pair type, as for {8.0,6.0,5.0}, or for the longest of the three (i.e., OO), as

for {8.0,8.0,8.0}.

Set 1 variables also explore the influence of charges on model performance. When in-

cluded, charges are obtained during the force matching process, and constraints are intro-

duced to ensure that (i) qO + 2qH = 0 and (ii) qO < 0. We note that the resulting charges,

i.e. qO = �0.638, are somewhat smaller than those found in common 3-site water models

(i.e. qO ⇡ �0.8).68,69 The final set 1 option is the method for transforming rij to sij (i.e. the

model symmetry functions), and Table 1 provides the three options explored herein.

Here, pair distances as well as inner and outer cutoffs are first converted to transformed

coordinates through one of three approaches: (i.) direct, where x(rij) = rij, (ii.) inverse,

where x(rij) = 1.0/rij, and (iii.) Morse,5,13,70 where xei,ej(rij) = exp(�rij/�ei,ej). In the

third conversion method, �ei,ej can be considered a characteristic bonding distance and is

set to the location of the first peak in the DFT radial distribution function for the ei, ej

atom pair type. Increasing �ei,ej has the effect of decreasing the rate of decay of interactions

as the outer cutoff is approached, in a Morse-type fashion.70 Upon conversion of rij, r
ei,ej
c,in ,

and r
ei,ej
c,out to xij, x

ei,ej
c,in , and x

ei,ej
c,out values, we compute the transformed pair distance, sei,ejij

through:
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xei,ej
avg = 0.5(x

ei,ej
c,out + x

ei,ej
c,in ) (10)

x
ei,ej
di↵ = 0.5|x

ei,ej
c,out � x

ei,ej
c,min| (11)

s
ei,ej
ij = (xij � xei,ej

avg )/x
ei,ej
di↵ (12)

Figure 1 and Table 2 summarize the performance of the set 1 models relative to our DFT

calculations. We note that each model is named according to the option that differs from the

default set. For example, “Direct Transf.” means that the only difference between this model

and the default is use of a direct transformation, as opposed to the default Morse-type option.

With the exception of the set 1 model that uses a direct transformation (which exhibits

poorest recovery of the DFT diffusion coefficient and yields the O–O and H–H RDFs that

differ most significantly from DFT), all others are in excellent agreement with DFT across

all properties examined. Error bars for ChIMES diffusion constants are 1 standard deviation

values calculated from 8 independent 25 ps trajectories. Since a single trajectory is used for

the DFT diffusion constant, no error bar is reported, but the DFT diffusion constant error is

expected to have similar magnitude to that of the ChIMES simulations. The generally good

set 1 model performance is reflected in small root-mean-squared errors in the force, RMSE,

and reduced RMSE, RMSEr = RMSE/h| FDFT |i, provided in Table 2, which all fall at or

below RMSE = 4.0 kcal/(mol Å) and RMSEr = 0.35. In fact, the present RMSEr values are

found to be less than that found for the ChIMES molten carbon model (i.e. 0.439).50

In order to compare system structure predicted by each set 1 model against DFT, Figure 1

gives model RDFs in relative terms, i.e. as the difference between model and DFT values.

For reference, DFT RDFs for the OO pair predict rmax, g(rmax), rmin, and g(rmin) of 2.75 Å,

3.0, 3.27 Å, and 0.6, respectively, while experiment yields values of 2.8 Å, 2.57, 3.47 Å,

and 0.84, respectively.71 All models exhibit similar results with good reproduction of the

DFT RDF, though a few distinguishing remarks can be made. Deviation between RDFs

predicted by the set 1 models and those from DFT are most noticeable for the OO and OH
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atom pair types, and persist over the longest distances for the OO pair type. Although the

deviations from DFT are small, we find that use of a direct transformation yields the RDFs

that differ most significantly from the DFT result. Decreasing the two-body cutoff appears

to increase the O–O peak height only slightly, while increasing the three-body cutoff leads

to slight improvement relative to the other examined models. For reference, the absolute

RDF for the latter model is drawn along with that from DFT, in Figure 1. Overall, the

largest deviations from DFT in non-bonded structure in set 1 models occur near the 1st OO

peak, 2nd and 3rd HH peaks, and across the first three non-bonding OH peaks, with absolute

differences from DFT RDFs of less than 0.75, 0.5, and 0.25, respectively.

Dynamic properties including the vibrational power spectrum and self-diffusion coeffi-

cients are also provided in Figure 1. Overall, the DFT power spectrum exhibits peaks near

the expected values, with low frequency peaks for O...O...O bending/caging, hydrogen bond

vibrations, and water libration occurring at 71 (50), 215 (200), and 401–1270 (400-1200)

cm�1 for DFT (experiment), respectively,72–75 and H–O–H bending and O–H stretching at

1633 (1595) and 3410–3670 (3657–3756) cm�1, respectively.76 Power spectra for the models

are in good agreement with DFT, yielding only small differences as the set 1 variables are

changed. All models exhibit a shift of roughly 100 cm�1 in the H–O–H bending peak, though

this shift amounts to only a 0.3 kcal/mol energy difference.

We also find that agreement between self-diffusion coefficients, ds predicted by DFT and

the set 1 models are generally good, with all but the model using a direct transformation

yielding similar results. These values should be interpreted with caution, however; experi-

ments predict ds on the order of 2.4 ⇥ 10�9 m2/s,77,78 or roughly 0.24 Å2/ps. Thus, during

the 24 ps DFT trajectory computed herein, molecules have only had time to diffuse roughly

one box length. In contrast, it is typically recommended that ds be computed from trajec-

tories long enough to observe diffusion over several box lengths. Furthermore, system size

effects can be present due to the long-ranged flow fields induced by molecular motion.79

Nevertheless, comparisons in predicted values from DFT and each model can still be useful
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when computed from the same trajectory length and not taken as estimates of experimental

values.

Structural and dynamic performance of the set 1 models were also evaluated in terms

of H-bonding. Here, we define two water molecules to be H-bonded if the following criteria

are met: (i) rO...O < 3.3 Å, (ii) rO...H < 2.6 Å, and (iii) cos(✓O�H...O) < �0.1, which fall

in the range of commonly used criteria.80–82 Note that the resulting number of hydrogen

bonds per molecule, nH-bond, is highly dependent on choice of H-bonding criteria. Thus, we

simply use nH-bond as a means of consistent structural comparison between DFT and the

present models. We also consider intermittent H-bond lifetimes, ⌧H-bond, which we define as

the average length of time that the above criteria are met, for any H-bonded pair. Table 2

gives nH-bond, and ⌧H-bond for each of the set 1 models as well as DFT. Good agreement in

nH-bond is observed between the models and DFT, with the largest differences found for the

direct and inverse transformation styles (⇡ 50 fs). Nevertheless, we find good agreement

within the range of published ⌧H-bond predictions (i.e. 50–400 fs), which employ a variety of

differing H–bond criteria.83,84

Finally, we compare pressures predicted by the set 1 models with those from DFT. As

will be discussed in Section 3.3, there is no a priori expectation that the force matched

models should yield agreement with the DFT pressures. We find that the set 1 force fields

generally fall within 2 � 10 GPa of the DFT result, with the inverse transformation and

direct transformation models as outliers. None of the models presented in this section is

found to yield good reproduction of the DFT total system pressure, however. Our results for

set 1 parameters suggest that model accuracy is roughly independent of inclusion of atomic

point charges. We note that these findings, i.e., that explicit long-ranged and electrostatics

interactions are unnecessary for calculation of standard MD properties, are consistent with

those of Molinero and Moore, who demonstrated similar results using a modified Stillinger–

Weber potential85 for liquid water. For the remainder of this work, we fix set 1 variables

at the default values of rc,out,2B = 9.855, rc,out,3B = {8.0,6.0,5.0}, no charges, and a “Morse-
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style” transformation, unless otherwise stated, affording a balance between model accuracy

and computational expense.

3.2 Influence of Set 2 Variables

The second category of user-specified variables, set 2, contains O2B and O3B, controlling the

level of complexity with which two- and three-body interactions can be described. Chemical

intuition cannot be leveraged to set the Chebyshev polynomial orders, and thus we look

to a more automated method of paring down the possible parameter space. In this work,

the hold-out cross-validation approach was used,86 which aims to identify the O2B and O3B

yielding the highest accuracy, without statistical over-fitting to the training data. This is

of particular pertinence to ChIMES models, which can contain hundreds of parameters.

In principle, for a fixed training set, force RMSE will decrease as the number of model

parameters increase. Thus, if one aims only to drive RMSE down, the resulting model can

easily become over-fit. In hold-out cross-validation, however, a number of configurations are

withheld from the training data, and used only for computation of a cross-validation error,

RMSExval. In practice, RMSExval should go through a minimum as parameter set size is

increased, indicating the optimal balance between model accuracy and complexity.

To obtain these results, force fields were fit for 63 different combinations of the set 2

variables, where O2B was varied over {4, 6, 8, 10, 12, 16, 20, 24, 28} and O3B over {0, 2,

4, 6, 10, 12, 14}. As with section 3.1, no stress tensor data are included in the fit. We

note that these models were fit to the same training trajectory used for generation of set 2

models. A new set of 50 randomly selected configurations were obtained from the remaining

original DFT trajectory, for which forces from each resulting set 2 model were computed,

yielding a collection of cross-validation RMSE values. This procedure was performed only

once. The results of this test (Figure 2) show that RMSExval do not reach a minimum even

at the highest investigated orders, namely O2B/O3B = 28/14, which is substantially larger

than the order used in previous work on metallic carbon (i.e. O2B/O3B = 12/4).50
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We find that at O3B � 4, RMSExval continues to decrease, although results for different

O2B values have converged at this point. This trend indicates that here O3B begins to

have a greater influence on RMSExval than O2B. From this point to the maximum range of

the plot, the changes in RMSExval (RMSExval,r) are small, decreasing to values of roughly

1.9 kcal/mol/Å (0.15). We then test through MD simulation a number of different set 2

force fields that appear to yield acceptable cross-validation errors, where we consider two-

body orders of 12 and 24 simultaneously with three-body orders of 2, 4, 6, and 10, resulting

in a total of eight combinations. Lower 2-body orders were not considered as they yielded

the highest RMSE for a given 3-body order, and thus were expected to give poor results.

We note that when tested, 2-body only models yielded stable simulations but did a poor

job of recovering the H–O–H angle, often yielding values greater than 120�. Findings from

simulations using set 2 models are summarized in Figure 3 and Table 3. Data for O3B = 2

and 10 are excluded due to observation of water dissociation in the former case (indicative

of an under-fit model) and singularities in the latter (indicative of over-fitting to unphysical

configurations from self-consistently generated configurations).

Focusing first on the relative RDF data in Figure 3, it is clear that O2B/O3B = 12/4

provides the best reproduction of DFT structure. This can be seen more clearly in the full

RDFs, where this model is compared directly with DFT. Increasing O2B generally leads to

an over-structured system while increasing O3B leads to under-structuring, particularly near

the first O–O peak. The tendency for larger orders to yield worse structure is likely driven by

the presence of self-consistent configurations exhibiting large magnitude forces, (i.e., over-

fitting, despite continued decreases in RMSExval) and can be particularly problematic for

three-body terms, with parameter set size increasing rapidly with O3B.

The set 2 power spectra exhibit subtle differences as two- and three-body order are

increased; increasing O3B leads to greater population of high frequency O�H stretching

(⇡ 3600 cm�1), a shift of the H�O�H bending peak of ⇡ 50 cm�1, and a relatively broader

water libration peak (⇡ 600 cm�1). Increasing two-body order mimics these trends, though
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to a much lesser extent. Changes in self-diffusion coefficients are small but observable; values

are found to increase when O3B is increased and decrease with larger O2B, consistent with

structural trends observed in the RDF data. Despite this and the relatively less accurate

RDF data observed at high O3B, H-bond counts and ⌧H-bond values do not appear to be

significantly affected by set 2 settings. Additionally, we find no clear trend in predicted

pressures, given in Table 3. Based on these results, we fix polynomial orders at O2B/O3B =

12/4 for the remainder of this work.

3.3 Targeting Pressure and Density

The models and subsequent results discussed to this point have been the result of fitting

directly to DFT forces. Though reproduction of structure and dynamics has been good,

pressures have been substantially different from the DFT value. This result is somewhat

expected, as even a perfectly force matched potential (i.e. having RMSE = 0) can yield

poor estimates of the DFT pressure, since the energy dependence on system volume is not

constrained.67,87 Furthermore, for any atom i with x-component of the total force, Fi,x =
Patoms

j 6=i Fij,x, a perfect force match only requires FFF
i,x = FDFT

i,x , while the components of

the defining summation (i.e. Fij,x) are free to take on any value (considering only 2-body

interactions). This effect can be compensated for, however, through inclusion of stress tensor

data in fitting procedure.87 Here, we evaluate the trade off between accuracy in previously

discussed properties with reproduction of system pressure/density. To accomplish this, we

include the diagonal components of the stress tensor corresponding to the potential energy

contribution to the pressure, for frames from the original DFT-MD simulation. To account

for the difference between magnitude and number of the stress tensor components and forces

considered in the fit, we evaluate the influence of weighting the stress components versus the

forces on the final results. For this test, we use the set 1 and set 2 options that yielded the best

balance between performance and computational efficiency in previously discussed metrics,

namely r
ei,ej
c,out,2B = 9.855, rei,ejc,out,3B = {8.0,6.0,5.0}, no charges, Morse transformation, O2B =
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12, and O3B = 4. Each frame contains 3N force components, but only 3 stress components, so

we would expect that the weighting factor for stress (w�) should be substantially greater than

1. Our force matching routine reports forces in units of kcal/mol-Å, and stress components

in units of kcal/mol-Å3, so w� has units of Å2.

We begin by focusing on results presented in Table 4. Here, densities are obtained from

simulations in the NpT ensemble, while all other data are extracted from NV T runs. It

is clear that a weight of w� = 1 is insufficient to recover reasonable system pressures, and

indeed, in NpT simulations using this model, the system is found to evaporate. Conversely,

weights of 250, 500 and 1000 yield both density and pressure values in agreement with the

DFT prediction. No significant or systematic changes are observed in nH-bond or ⌧H-bond as

weight is increased, and the relatively unchanging RMSE and RMSEr values are indicative of

DFT force recovery that is minimally altered by inclusion and weighting of stress tensor data.

Figure 4 shows that increased stress tensor weighting has the effect of gradually and subtly

increasing differences between DFT and model RDFs, diffusion coefficients, and leads to a

less pronounced O–H stretching shoulder near 3500 cm�1 in the vibrational power spectrum.

Overall, the model fit with w� = 250, which is provided in the supporting information, yields

the best balance of accuracy across all properties predicted.

Finally, an additional 100 ps ChIMES simulation was run for an 864 molecule (2592)

molecule system, in order to shed light on system size effects. The resulting RDFs, vibrational

power spectrum, and diffusion coefficient are provided in Figure 5 along with those from DFT

and the 32-molecule ChIMES system, while predicted pressures, densities, nHB, and tHB

values are given in Table 5. Statistically, differences between the 864- and the 8 32-molecule

simulations are minimal, though pressures and densities from the 864-molecule system are

found to be slightly smaller in magnitude than those from the 32-molecule system (i.e.

�0.03 GPa and 1.01 g/cm3 compared to �0.137 GPa and 1.031 g/cm3 for the 864- and 32-

molecule simulations, respectively). Nevertheless, predictions from the 864 molecule system

are still in good agreement with DFT.
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4 Conclusions

We have presented an overall methodology for using ChIMES interaction models to accu-

rately replicate DFT-MD simulations of condensed matter, applied to water at 298 K and

1 g/cm3. We have shown that, overall, the models are minimally sensitive to the user

selected parameters presented here, and that use of force RMSE as a metric in hold-out

cross-validation can be misleading. In fact, moving to large polynomial orders is shown to

be potentially problematic when a self-consistent scheme is used for creation of the training

trajectory, due to over-fitting. A possible reason for this is that the cross-validation was

performed using possibly highly correlated frames from a short, DFT-MD simulation at a

single thermodynamic state, while longer ChIMES MD trajectories can easily move outside

of this fitting space of configurations. We show that model pressures resulting from fits

made exclusively to forces are often poor with respect to DFT, but that weighted inclusion

of stress tensor data can provide accurate estimates of pressure and density with no signif-

icant trade off in model accuracy. Our final model provides excellent agreement with DFT

in all properties examined, indicating that a relatively simple, explicit two-plus-three body

description of interatomic interactions is sufficient to capture the structure and dynamics in

a complex H-bonding liquid such as water. Furthermore, the present force field drastically

reduces the computational effort required to run “quantum accurate” simulations. Specifi-

cally, our ChIMES models exhibit linear scaling with system size, and we find computational

efficiencies of 0.021 (CPU hrs)/(ps molecule), compared to 43.2 (CPU hrs)/(ps molecule) for

DFT. Thus, our ChIMES water model and fitting approach is ideal for extending DFT to

time and length scales conducive to prediction of properties such as surface tension, diffusion,

and viscosity, and is the subject of future work.
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Table 1: List of set 1 options and defaults.

Option/Parameter Values Tested Default
r
ei,ej
c,out,2B 8 or 9.855 9.855

r
ei,ej
c,out,3B

a {8.0,6.0,5.0} or {8.0,8.0,8.0} {8.0,6.0,5.0}
Charges fit/exclude exclude

Transformationb direct, inverse, Morse Morse
a Bracketed values correspond to cutoff distances for {OO,OH,HH} atom pairs

within a given triplet, respectively, and are given in Å.
b For conversion between rij and s

ei,ej
ij .
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Table 2: Pressure, number of H-bonds, H-bond lifetimes, force RMSE, and force RMSEr

predicted by DFT and Set 1 modelsa

p hnH-bondi h⌧H-bondi RMSE RMSEr

[GPa] [ps] [kcal/(mol Å)]
DFT �0.1 2.93 0.35 – –

Default 7.624 2.913 0.341 3.94 0.31
Direct Transf. �3.804 2.983 0.392 3.13 0.24
Inverse Transf. 14.332 2.932 0.401 3.86 0.30
Fit Charges 5.591 2.932 0.371 3.68 0.29
r
ei,ej
c,out,2B = 8.0 2.442 2.963 0.372 3.93 0.31
r
ei,ej
c,out,3B = 8.0 7.399 2.942 0.371 3.68 0.29

a Subscripted values provide uncertainties in the final digit.
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Table 3: Pressure, number of H-bonds, H-bond lifetimes, force RMSE, and force RMSEr

predicted by DFT and Set 2 modelsa

O2B O3B p hnH-bondi h⌧H-bondi RMSE RMSEr

[GPa] [ps] [kcal/(mol Å)]
DFT �0.1 2.93 0.35 – –

12 4 7.643 2.932 0.352 3.94 0.31
12 6 4.872 2.933 0.321 3.17 0.25
24 4 2.872 2.963 0.394 3.82 0.30
24 6 3.852 2.922 0.341 3.09 0.24

a Subscripted values provide uncertainties in the final digit.
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Table 4: Pressure, density, number of H-bonds, H-bond lifetimes, force RMSE, and force
RMSEr predicted by DFT and models fit with stressesa

p ⇢ hnH-bondi h⌧H-bondi RMSE RMSEr

[GPa] g/cm3 [ps] [kcal/(mol Å)]
DFT �0.1 1.01 2.93 0.35 – –

Force-only fitb 7.624 � 2.913 0.343 3.94 0.31
Force+�, w� = 1 6.813 � 2.963 0.381 3.93 0.31
Force+�, w� = 250 �0.132 1.0295 2.962 0.372 4.17 0.32
Force+�, w� = 500 �0.141 1.0529 2.992 0.382 3.95 0.31
Force+�, w� = 1000 �0.112 0.0445 2.953 0.361 4.04 0.31
a Subscripted values provide uncertainties in the final digit.
b Table entries for “Force-only fit” differ from Table 3 because they were obtained from a

different set of independent simulations.
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Table 5: Pressure, density, number of H-bonds, and H-bond lifetimes from DFT and the
best performing ChIMES modela,b

p ⇢ hnH-bondi h⌧H-bondi
[GPa] g/cm3 [ps]

DFT �0.1 1.01 2.93 0.35
32 Molecules �0.137 1.031 2.967 0.375
864 Molecules 0.03 1.01 2.97 0.39
a Subscripted values provide uncertainties (standard deviation) in the final digits.
b ChIMES results are presented for 864- and 32-molecule systems.
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Figure 1: Predicted properties for water by DFT and set 1 ChIMES models. Top: DFT radial
distribution functions and deviation of set 1 ChIMES models from DFT (deviations shifted
for clarity). Bottom left: Power spectra (shifted for clarity). Bottom right: Self-diffusion
coefficients.
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SI.1 Recovery of DFT Energetics 
 
Recovery of DFT energetics can be probed through comparison of cluster and bulk energetics. 
As with stress tensor inclusion (as it pertains to pressure prediction), there is no a priori 
expectation that the present ChIMES models should yield good approximations for system 
energetics, since no energies have been included in the training data. Nevertheless, we have 
computed cohesive energies for DFT-optimized dimer, trimer, hexamer, and a bulk phase (“32-
mer”) configuration using the following expression: 
 

∆"coh,N =
[*(,-)/,0]

* = 	 ∆,0* ,        
 
where N is the number of monomers (water molecules) in the cluster, EN is the energy of the N-
mer cluster, and E1 is the energy of the monomer. Cluster geometries were taken as the DFT-
optimized structures for both ChIMES and DFT calculations. We note that (1) the hexamer 
configuration corresponds to a triangular prism and (2) ChIMES energetics for ChIMES-
optimized structures do not vary significantly from optimized energies obtained from DFT. The 
results, summarized in Table S2 indicate reasonable agreement between DFT and ChIMES for 
the dimer and 32-mer, but that trimer and hexamer values differ significantly.  
 
Table S1: Energetics of a dimer, trimer, and hexamer cluster and the bulk liquid phase 32-mer, 
as computed from DFT and the best performing model from the present work. Values are 
reported in kcal/mol. 
 

 ∆Ecoh,2 ∆Ecoh,3 ∆Ecoh,6 ∆Ecoh,32 
DFT 2.7 6.1 9.0 10.7 

ChIMES 2.2 1.9 5.0 9.9 
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SI.2 ChIMES Parameters 
 
 
Table S1: ChIMES parameters for the force field fit using wσ = 250. 
 

General Parameters 
O2B 12   
O3B 4   
rOOc,in 2.305 Å  
rHHc,in 1.112 Å  
rOHc,in 0.855 Å  
rc,out,2B 9.855 Å  
rOOc,out,3B 8.0 Å  
rHHc,out,3B 5.0 Å  
rOHc,out,3B 6.0 Å  
3OO 2.71 Å  
3HH	 1.60 Å  
3OH	 0.98 Å  
Ap 1.00E+05 kcal/mol/Å3  
dp 0.02 Å  

2-Body Chebyshev Parameters [kcal/mol]: 
OO OH 

c1 -53.556624854198326 c1   4.173614018826990 

c2  44.297635592188556 c2  -7.803766465800297 

c3 -29.321010528215798 c3   2.653279811669656 

c4  31.449035378427439 c4  -2.793116544820138 

c5 -19.492795470521102 c5   0.364959533909675 

c6  13.326839292940912 c6  -0.190595118373098 

c7  -8.651987644355664 c7   1.676668871098473 

c8   5.716286445525976 c8  -0.103555555512541 

c9  -3.244630992719898 c9   0.611176778064359 

c10   1.678571853864352 c10  -0.220796929061834 

c11  -0.519903347315774 c11   0.058664887821561 

c12   0.068307729898380 c12  -0.037841615220619 
HH   

c1 -27.039551873246658   

c2 -14.453162352021685   

c3  11.798274652347185   

c4   8.714330796153265   

c5   1.481874345534033   

c6   1.103524251956285   

c7  -1.663120048830600   

c8   1.589405679728485   

c9  -0.648480236506799   
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c10   0.511945702811294   

c11  -0.183756615984015   

c12   0.196754507612453   
 

3-Body Chebyshev Parameters, Including Permutations [kcal/mol]: 
OOO (OO,OO,OO); 112 Total, 30 Unique 

Index Powerij Powerik Powerjk Unique Index Permutation Group Parameter 
0 0 1 1 0 0 237.716582598930000 
1 0 1 2 1 1 -313.663613601959000 
2 0 1 3 2 2 -0.874129432555566 
3 0 1 4 3 3 8.573833611008790 
4 0 2 1 1 1 -313.663613601959000 
5 0 2 2 5 4 219.135749389389000 
6 0 2 3 6 5 -48.916639808850200 
7 0 2 4 7 6 47.485305436362500 
8 0 3 1 2 2 -0.874129432555566 
9 0 3 2 6 5 -48.916639808850200 
10 0 3 3 10 7 -59.522511859901900 
11 0 3 4 11 8 20.914961024944900 
12 0 4 1 3 3 8.573833611008790 
13 0 4 2 7 6 47.485305436362500 
14 0 4 3 11 8 20.914961024944900 
15 0 4 4 15 9 47.046110820529900 
16 1 0 1 0 0 237.716582598930000 
17 1 0 2 1 1 -313.663613601959000 
18 1 0 3 2 2 -0.874129432555566 
19 1 0 4 3 3 8.573833611008790 
20 1 1 0 0 0 237.716582598930000 
21 1 1 1 21 10 191.579122880409000 
22 1 1 2 22 11 190.945658443719000 
23 1 1 3 23 12 315.797993818739000 
24 1 1 4 24 13 -26.523325933888200 
25 1 2 0 1 1 -313.663613601959000 
26 1 2 1 22 11 190.945658443719000 
27 1 2 2 27 14 -222.429024650708000 
28 1 2 3 28 15 -83.696733313968000 
29 1 2 4 29 16 -45.598205237344400 
30 1 3 0 2 2 -0.874129432555566 
31 1 3 1 23 12 315.797993818739000 
32 1 3 2 28 15 -83.696733313968000 
33 1 3 3 33 17 250.486277751437000 
34 1 3 4 34 18 -84.839644220901500 
35 1 4 0 3 3 8.573833611008790 
36 1 4 1 24 13 -26.523325933888200 
37 1 4 2 29 16 -45.598205237344400 
38 1 4 3 34 18 -84.839644220901500 
39 1 4 4 39 19 -49.409061380898600 
40 2 0 1 1 1 -313.663613601959000 
41 2 0 2 5 4 219.135749389389000 
42 2 0 3 6 5 -48.916639808850200 
43 2 0 4 7 6 47.485305436362500 
44 2 1 0 1 1 -313.663613601959000 
45 2 1 1 22 11 190.945658443719000 
46 2 1 2 27 14 -222.429024650708000 
47 2 1 3 28 15 -83.696733313968000 
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48 2 1 4 29 16 -45.598205237344400 
49 2 2 0 5 4 219.135749389389000 
50 2 2 1 27 14 -222.429024650708000 
51 2 2 2 51 20 86.547152862242600 
52 2 2 3 52 21 21.763600413002300 
53 2 2 4 53 22 127.801995283474000 
54 2 3 0 6 5 -48.916639808850200 
55 2 3 1 28 15 -83.696733313968000 
56 2 3 2 52 21 21.763600413002300 
57 2 3 3 57 23 -150.742435002735000 
58 2 3 4 58 24 17.976891971302600 
59 2 4 0 7 6 47.485305436362500 
60 2 4 1 29 16 -45.598205237344400 
61 2 4 2 53 22 127.801995283474000 
62 2 4 3 58 24 17.976891971302600 
63 2 4 4 63 25 74.796823929198800 
64 3 0 1 2 2 -0.874129432555566 
65 3 0 2 6 5 -48.916639808850200 
66 3 0 3 10 7 -59.522511859901900 
67 3 0 4 11 8 20.914961024944900 
68 3 1 0 2 2 -0.874129432555566 
69 3 1 1 23 12 315.797993818739000 
70 3 1 2 28 15 -83.696733313968000 
71 3 1 3 33 17 250.486277751437000 
72 3 1 4 34 18 -84.839644220901500 
73 3 2 0 6 5 -48.916639808850200 
74 3 2 1 28 15 -83.696733313968000 
75 3 2 2 52 21 21.763600413002300 
76 3 2 3 57 23 -150.742435002735000 
77 3 2 4 58 24 17.976891971302600 
78 3 3 0 10 7 -59.522511859901900 
79 3 3 1 33 17 250.486277751437000 
80 3 3 2 57 23 -150.742435002735000 
81 3 3 3 81 26 191.213152245777000 
82 3 3 4 82 27 -68.126425456213200 
83 3 4 0 11 8 20.914961024944900 
84 3 4 1 34 18 -84.839644220901500 
85 3 4 2 58 24 17.976891971302600 
86 3 4 3 82 27 -68.126425456213200 
87 3 4 4 87 28 -8.743511659259360 
88 4 0 1 3 3 8.573833611008790 
89 4 0 2 7 6 47.485305436362500 
90 4 0 3 11 8 20.914961024944900 
91 4 0 4 15 9 47.046110820529900 
92 4 1 0 3 3 8.573833611008790 
93 4 1 1 24 13 -26.523325933888200 
94 4 1 2 29 16 -45.598205237344400 
95 4 1 3 34 18 -84.839644220901500 
96 4 1 4 39 19 -49.409061380898600 
97 4 2 0 7 6 47.485305436362500 
98 4 2 1 29 16 -45.598205237344400 
99 4 2 2 53 22 127.801995283474000 
100 4 2 3 58 24 17.976891971302600 
101 4 2 4 63 25 74.796823929198800 
102 4 3 0 11 8 20.914961024944900 
103 4 3 1 34 18 -84.839644220901500 
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104 4 3 2 58 24 17.976891971302600 
105 4 3 3 82 27 -68.126425456213200 
106 4 3 4 87 28 -8.743511659259360 
107 4 4 0 15 9 47.046110820529900 
108 4 4 1 39 19 -49.409061380898600 
109 4 4 2 63 25 74.796823929198800 
110 4 4 3 87 28 -8.743511659259360 
111 4 4 4 111 29 30.778899919129800 

 
 
 

3-Body Chebyshev Parameters, Including Permutations [kcal/mol]: 
OOH (OO,OH,OH); 122 Total, 66 Unique 

Index Powerij Powerik Powerjk Unique Index Permutation Group Parameter 
0 0 1 1 0 0 286.975700424166000 
1 0 1 2 1 1 -174.267615096684000 
2 0 1 3 2 2 149.018632222275000 
3 0 1 4 3 3 -298.737862309251000 
4 0 2 1 1 1 -174.267615096684000 
5 0 2 2 5 4 201.848269873465000 
6 0 2 3 6 5 -271.335541570700000 
7 0 2 4 7 6 -276.823040852839000 
8 0 3 1 2 2 149.018632222275000 
9 0 3 2 6 5 -271.335541570700000 
10 0 3 3 10 7 -148.379151028331000 
11 0 3 4 11 8 -30.741475273353600 
12 0 4 1 3 3 -298.737862309251000 
13 0 4 2 7 6 -276.823040852839000 
14 0 4 3 11 8 -30.741475273353600 
15 0 4 4 15 9 -14.612967388479200 
16 1 0 1 16 10 640.861251883523000 
17 1 0 2 17 11 369.184192009478000 
18 1 0 3 18 12 191.355459882175000 
19 1 0 4 19 13 -0.766459606723557 
20 1 1 0 16 10 640.861251883523000 
21 1 1 1 21 14 409.746573902573000 
22 1 1 2 22 15 929.979507647438000 
23 1 1 3 23 16 -151.099612740721000 
24 1 1 4 24 17 510.379894286473000 
25 1 2 0 17 11 369.184192009478000 
26 1 2 1 22 15 929.979507647438000 
27 1 2 2 27 18 -325.008854669282000 
28 1 2 3 28 19 316.178237156054000 
29 1 2 4 29 20 409.038435505821000 
30 1 3 0 18 12 191.355459882175000 
31 1 3 1 23 16 -151.099612740721000 
32 1 3 2 28 19 316.178237156054000 
33 1 3 3 33 21 107.621048379619000 
34 1 3 4 34 22 16.264494226156300 
35 1 4 0 19 13 -0.766459606723557 
36 1 4 1 24 17 510.379894286473000 
37 1 4 2 29 20 409.038435505821000 
38 1 4 3 34 22 16.264494226156300 
39 1 4 4 39 23 -28.156039426200000 
40 2 0 1 40 24 -690.813071351448000 
41 2 0 2 41 25 -298.616431413929000 
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42 2 0 3 42 26 -21.104613717131700 
43 2 0 4 43 27 34.179456807409800 
44 2 1 0 40 24 -690.813071351448000 
45 2 1 1 45 28 -341.043119342008000 
46 2 1 2 46 29 -534.597423339869000 
47 2 1 3 47 30 458.891227340327000 
48 2 1 4 48 31 -233.633436157154000 
49 2 2 0 41 25 -298.616431413929000 
50 2 2 1 46 29 -534.597423339869000 
51 2 2 2 51 32 790.632592220596000 
52 2 2 3 52 33 170.868322147142000 
53 2 2 4 53 34 -142.423974216805000 
54 2 3 0 42 26 -21.104613717131700 
55 2 3 1 47 30 458.891227340327000 
56 2 3 2 52 33 170.868322147142000 
57 2 3 3 57 35 212.399487423657000 
58 2 3 4 58 36 65.301183936964200 
59 2 4 0 43 27 34.179456807409800 
60 2 4 1 48 31 -233.633436157154000 
61 2 4 2 53 34 -142.423974216805000 
62 2 4 3 58 36 65.301183936964200 
63 2 4 4 63 37 54.334387504226900 
64 3 0 1 64 38 245.915533621174000 
65 3 0 2 65 39 22.923568351937300 
66 3 0 3 66 40 -93.586134532375400 
67 3 0 4 67 41 -42.066582570123500 
68 3 1 0 64 38 245.915533621174000 
69 3 1 1 69 42 155.731783341866000 
70 3 1 2 70 43 -119.435948131491000 
71 3 1 3 71 44 -385.462562253112000 
72 3 1 4 72 45 42.657148421645900 
73 3 2 0 65 39 22.923568351937300 
74 3 2 1 70 43 -119.435948131491000 
75 3 2 2 75 46 -606.230401577012000 
76 3 2 3 76 47 -234.088924186284000 
77 3 2 4 77 48 38.887603792948400 
78 3 3 0 66 40 -93.586134532375400 
79 3 3 1 71 44 -385.462562253112000 
80 3 3 2 76 47 -234.088924186284000 
81 3 3 3 81 49 -175.049551105495000 
82 3 3 4 82 50 -33.676032404025300 
83 3 4 0 67 41 -42.066582570123500 
84 3 4 1 72 45 42.657148421645900 
85 3 4 2 77 48 38.887603792948400 
86 3 4 3 82 50 -33.676032404025300 
87 3 4 4 87 51 -22.065820015366600 
88 4 0 1 88 52 -23.662692154686400 
89 4 0 2 89 53 32.783510978942400 
90 4 0 3 90 54 36.863933352634600 
91 4 0 4 91 55 16.783279910108500 
92 4 1 0 88 52 -23.662692154686400 
93 4 1 1 93 56 2.827896493126300 
94 4 1 2 94 57 107.956222446355000 
95 4 1 3 95 58 107.863609518833000 
96 4 1 4 96 59 -11.443306694072500 
97 4 2 0 89 53 32.783510978942400 
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98 4 2 1 94 57 107.956222446355000 
99 4 2 2 99 60 166.743207516880000 
100 4 2 3 100 61 59.187736345695400 
101 4 2 4 101 62 -11.821181537691700 
102 4 3 0 90 54 36.863933352634600 
103 4 3 1 95 58 107.863609518833000 
104 4 3 2 100 61 59.187736345695400 
105 4 3 3 105 63 31.221462299476000 
106 4 3 4 106 64 -2.370487514998810 
107 4 4 0 91 55 16.783279910108500 
108 4 4 1 96 59 -11.443306694072500 
109 4 4 2 101 62 -11.821181537691700 
110 4 4 3 106 64 -2.370487514998810 
111 4 4 4 111 65 3.164852309474600 

 
 
 

3-Body Chebyshev Parameters, Including Permutations [kcal/mol]: 
OHH (OH,OH,HH); 122 Total, 66 Unique 

Index Powerij Powerik Powerjk Unique Index Permutation Group Parameter 
0 0 1 1 0 0 119.492732963623000 
1 0 1 2 1 1 -215.399767723979000 
2 0 1 3 2 2 169.837361457906000 
3 0 1 4 3 3 -61.925307900977500 
4 0 2 1 4 4 -63.108933889341600 
5 0 2 2 5 5 -54.849696559346700 
6 0 2 3 6 6 -2.664633505603670 
7 0 2 4 7 7 -4.821858274175690 
8 0 3 1 8 8 -29.133143479232100 
9 0 3 2 9 9 39.037337780785200 

10 0 3 3 10 10 -11.738565104335800 
11 0 3 4 11 11 22.172879880172900 
12 0 4 1 12 12 -49.732185105617800 
13 0 4 2 13 13 25.662102578059800 
14 0 4 3 14 14 -31.370814244667700 
15 0 4 4 15 15 -5.003981591224400 
16 1 0 1 0 0 119.492732963623000 
17 1 0 2 1 1 -215.399767723979000 
18 1 0 3 2 2 169.837361457906000 
19 1 0 4 3 3 -61.925307900977500 
20 1 1 0 20 16 721.343125309839000 
21 1 1 1 21 17 -622.607405419358000 
22 1 1 2 22 18 415.053813146037000 
23 1 1 3 23 19 -0.352055462444894 
24 1 1 4 24 20 40.218973006573000 
25 1 2 0 25 21 -321.504113974516000 
26 1 2 1 26 22 444.953243808011000 
27 1 2 2 27 23 -353.477160840358000 
28 1 2 3 28 24 153.862910023574000 
29 1 2 4 29 25 -67.221577952371400 
30 1 3 0 30 26 201.113321142942000 
31 1 3 1 31 27 -177.359059666658000 
32 1 3 2 32 28 235.164959629732000 
33 1 3 3 33 29 -93.278459851090600 
34 1 3 4 34 30 56.558389781921300 
35 1 4 0 35 31 59.942550079124900 
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36 1 4 1 36 32 -130.243704551521000 
37 1 4 2 37 33 78.007910164924800 
38 1 4 3 38 34 -40.971453786832900 
39 1 4 4 39 35 4.947619811832780 
40 2 0 1 4 4 -63.108933889341600 
41 2 0 2 5 5 -54.849696559346700 
42 2 0 3 6 6 -2.664633505603670 
43 2 0 4 7 7 -4.821858274175690 
44 2 1 0 25 21 -321.504113974516000 
45 2 1 1 26 22 444.953243808011000 
46 2 1 2 27 23 -353.477160840358000 
47 2 1 3 28 24 153.862910023574000 
48 2 1 4 29 25 -67.221577952371400 
49 2 2 0 49 36 155.120909355922000 
50 2 2 1 50 37 -368.033822340540000 
51 2 2 2 51 38 121.573187694828000 
52 2 2 3 52 39 -87.811782250138700 
53 2 2 4 53 40 44.034121033203600 
54 2 3 0 54 41 123.679909711560000 
55 2 3 1 55 42 -244.460577412325000 
56 2 3 2 56 43 180.328351710934000 
57 2 3 3 57 44 -87.764810716679500 
58 2 3 4 58 45 29.785253209110400 
59 2 4 0 59 46 50.647947948068600 
60 2 4 1 60 47 -142.739592019703000 
61 2 4 2 61 48 69.368135754890200 
62 2 4 3 62 49 -54.319390905190900 
63 2 4 4 63 50 4.987088522685130 
64 3 0 1 8 8 -29.133143479232100 
65 3 0 2 9 9 39.037337780785200 
66 3 0 3 10 10 -11.738565104335800 
67 3 0 4 11 11 22.172879880172900 
68 3 1 0 30 26 201.113321142942000 
69 3 1 1 31 27 -177.359059666658000 
70 3 1 2 32 28 235.164959629732000 
71 3 1 3 33 29 -93.278459851090600 
72 3 1 4 34 30 56.558389781921300 
73 3 2 0 54 41 123.679909711560000 
74 3 2 1 55 42 -244.460577412325000 
75 3 2 2 56 43 180.328351710934000 
76 3 2 3 57 44 -87.764810716679500 
77 3 2 4 58 45 29.785253209110400 
78 3 3 0 78 51 149.043802357482000 
79 3 3 1 79 52 -164.034296015170000 
80 3 3 2 80 53 159.821879765036000 
81 3 3 3 81 54 -54.145934134072400 
82 3 3 4 82 55 24.959307029096500 
83 3 4 0 83 56 45.368093715887000 
84 3 4 1 84 57 -85.174748206110700 
85 3 4 2 85 58 39.405356366184800 
86 3 4 3 86 59 -12.326333714453000 
87 3 4 4 87 60 -0.551076759761869 
88 4 0 1 12 12 -49.732185105617800 
89 4 0 2 13 13 25.662102578059800 
90 4 0 3 14 14 -31.370814244667700 
91 4 0 4 15 15 -5.003981591224400 
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92 4 1 0 35 31 59.942550079124900 
93 4 1 1 36 32 -130.243704551521000 
94 4 1 2 37 33 78.007910164924800 
95 4 1 3 38 34 -40.971453786832900 
96 4 1 4 39 35 4.947619811832780 
97 4 2 0 59 46 50.647947948068600 
98 4 2 1 60 47 -142.739592019703000 
99 4 2 2 61 48 69.368135754890200 
100 4 2 3 62 49 -54.319390905190900 
101 4 2 4 63 50 4.987088522685130 
102 4 3 0 83 56 45.368093715887000 
103 4 3 1 84 57 -85.174748206110700 
104 4 3 2 85 58 39.405356366184800 
105 4 3 3 86 59 -12.326333714453000 
106 4 3 4 87 60 -0.551076759761869 
107 4 4 0 107 61 -36.944292472418800 
108 4 4 1 108 62 54.303902189989300 
109 4 4 2 109 63 -57.082901134318800 
110 4 4 3 110 64 16.956341710156400 
111 4 4 4 111 65 -17.917641191221600 

 
 
 

3-Body Chebyshev Parameters, Including Permutations [kcal/mol]: 
HHH (HH,HH,HH); 112 Total, 30 Unique 

Index Powerij Powerik Powerjk Unique Index Permutation Group Parameter 
0 0 1 1 0 0 -80.612106183507200 
1 0 1 2 1 1 -428.609493574308000 
2 0 1 3 2 2 -19.563222782271600 
3 0 1 4 3 3 -82.960696966176900 
4 0 2 1 1 1 -428.609493574308000 
5 0 2 2 5 4 690.604257169796000 
6 0 2 3 6 5 -257.883073399881000 
7 0 2 4 7 6 212.135415271761000 
8 0 3 1 2 2 -19.563222782271600 
9 0 3 2 6 5 -257.883073399881000 
10 0 3 3 10 7 -2.103730654646610 
11 0 3 4 11 8 -36.171215540754100 
12 0 4 1 3 3 -82.960696966176900 
13 0 4 2 7 6 212.135415271761000 
14 0 4 3 11 8 -36.171215540754100 
15 0 4 4 15 9 79.484261000472100 
16 1 0 1 0 0 -80.612106183507200 
17 1 0 2 1 1 -428.609493574308000 
18 1 0 3 2 2 -19.563222782271600 
19 1 0 4 3 3 -82.960696966176900 
20 1 1 0 0 0 -80.612106183507200 
21 1 1 1 21 10 789.589405490285000 
22 1 1 2 22 11 962.243697560307000 
23 1 1 3 23 12 367.786180166210000 
24 1 1 4 24 13 145.114738763803000 
25 1 2 0 1 1 -428.609493574308000 
26 1 2 1 22 11 962.243697560307000 
27 1 2 2 27 14 -1698.214291508250000 
28 1 2 3 28 15 366.943442623653000 
29 1 2 4 29 16 -375.906574121873000 
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30 1 3 0 2 2 -19.563222782271600 
31 1 3 1 23 12 367.786180166210000 
32 1 3 2 28 15 366.943442623653000 
33 1 3 3 33 17 181.901903030550000 
34 1 3 4 34 18 1.432835372708520 
35 1 4 0 3 3 -82.960696966176900 
36 1 4 1 24 13 145.114738763803000 
37 1 4 2 29 16 -375.906574121873000 
38 1 4 3 34 18 1.432835372708520 
39 1 4 4 39 19 -99.856035847534700 
40 2 0 1 1 1 -428.609493574308000 
41 2 0 2 5 4 690.604257169796000 
42 2 0 3 6 5 -257.883073399881000 
43 2 0 4 7 6 212.135415271761000 
44 2 1 0 1 1 -428.609493574308000 
45 2 1 1 22 11 962.243697560307000 
46 2 1 2 27 14 -1698.214291508250000 
47 2 1 3 28 15 366.943442623653000 
48 2 1 4 29 16 -375.906574121873000 
49 2 2 0 5 4 690.604257169796000 
50 2 2 1 27 14 -1698.214291508250000 
51 2 2 2 51 20 1937.659732384900000 
52 2 2 3 52 21 -708.795590061394000 
53 2 2 4 53 22 501.731243658287000 
54 2 3 0 6 5 -257.883073399881000 
55 2 3 1 28 15 366.943442623653000 
56 2 3 2 52 21 -708.795590061394000 
57 2 3 3 57 23 107.166434006960000 
58 2 3 4 58 24 -134.404207177783000 
59 2 4 0 7 6 212.135415271761000 
60 2 4 1 29 16 -375.906574121873000 
61 2 4 2 53 22 501.731243658287000 
62 2 4 3 58 24 -134.404207177783000 
63 2 4 4 63 25 146.685443188315000 
64 3 0 1 2 2 -19.563222782271600 
65 3 0 2 6 5 -257.883073399881000 
66 3 0 3 10 7 -2.103730654646610 
67 3 0 4 11 8 -36.171215540754100 
68 3 1 0 2 2 -19.563222782271600 
69 3 1 1 23 12 367.786180166210000 
70 3 1 2 28 15 366.943442623653000 
71 3 1 3 33 17 181.901903030550000 
72 3 1 4 34 18 1.432835372708520 
73 3 2 0 6 5 -257.883073399881000 
74 3 2 1 28 15 366.943442623653000 
75 3 2 2 52 21 -708.795590061394000 
76 3 2 3 57 23 107.166434006960000 
77 3 2 4 58 24 -134.404207177783000 
78 3 3 0 10 7 -2.103730654646610 
79 3 3 1 33 17 181.901903030550000 
80 3 3 2 57 23 107.166434006960000 
81 3 3 3 81 26 113.748424180544000 
82 3 3 4 82 27 -37.603841984124600 
83 3 4 0 11 8 -36.171215540754100 
84 3 4 1 34 18 1.432835372708520 
85 3 4 2 58 24 -134.404207177783000 
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86 3 4 3 82 27 -37.603841984124600 
87 3 4 4 87 28 -24.341736153164800 
88 4 0 1 3 3 -82.960696966176900 
89 4 0 2 7 6 212.135415271761000 
90 4 0 3 11 8 -36.171215540754100 
91 4 0 4 15 9 79.484261000472100 
92 4 1 0 3 3 -82.960696966176900 
93 4 1 1 24 13 145.114738763803000 
94 4 1 2 29 16 -375.906574121873000 
95 4 1 3 34 18 1.432835372708520 
96 4 1 4 39 19 -99.856035847534700 
97 4 2 0 7 6 212.135415271761000 
98 4 2 1 29 16 -375.906574121873000 
99 4 2 2 53 22 501.731243658287000 
100 4 2 3 58 24 -134.404207177783000 
101 4 2 4 63 25 146.685443188315000 
102 4 3 0 11 8 -36.171215540754100 
103 4 3 1 34 18 1.432835372708520 
104 4 3 2 58 24 -134.404207177783000 
105 4 3 3 82 27 -37.603841984124600 
106 4 3 4 87 28 -24.341736153164800 
107 4 4 0 15 9 79.484261000472100 
108 4 4 1 39 19 -99.856035847534700 
109 4 4 2 63 25 146.685443188315000 
110 4 4 3 87 28 -24.341736153164800 
111 4 4 4 111 29 26.971459943445600 

 
 


