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Abstract: Helicon waves have been recently proposed as an off-axis current drive actuator due to their 
expected high current drive efficiency in the mid-radius region in high beta tokamaks. This current drive 
efficiency has mostly been calculated ignoring the effects of the plasma in the scrape-off-layer (SOL) in 
the modeling. The net core current drive efficiency will decrease if helicon power is lost to the SOL. 
Previous efforts to estimate the loss of helicon power in the SOL have used the hot plasma code AORSA. 
The large computational cost of AORSA prevents large parametric scans, so to further the understanding 
of helicon power loss in the SOL, a reduced finite element, full wave plasma model with effective collision 
frequency for collisional and Landau damping has been developed to study the helicon wave power lost to 
the SOL. It will be shown that the reduced finite element model (FEM) can reproduce the magnitude and 
trends of helicon |E| field patterns and power loss in the SOL of the hot plasma AORSA model. The reduced 
FEM provides significant advantages over AORSA in reducing the computational time and memory 
requirements, and in simulating arbitrary tokamak vessel geometry. Parametric scans of antenna parallel 
refractive index, antenna location, minimum SOL density, SOL density gradient, and vacuum vessel 
geometry will be carried out to determine the dependencies of the helicon power lost to the SOL as a 
function of important parameters. The helicon cutoff density is shown to be an important quantity in 
determining helicon power lost to the SOL. Losses due to antenna loading and wave accessibility are also 
observed at different antenna and plasma parameters.
  
1. Introduction

For future steady-state tokamak reactor, numerous previous papers1–10 have demonstrated that external 
current drive is necessary to supplement the plasma generated bootstrap current. While most of these studies 
have focused on using neutral beams, electron cyclotron waves, lower hybrid waves, and fast waves to drive 
current in tokamaks, recent studies have suggested that the helicon wave could be a promising and efficient 
actuator to drive non-inductive current off-axis in the mid-radius region of high beta advanced 
tokamaks11,12. While these simulation results are encouraging, they do not include the effects of the scrape-
off-layer (SOL). AORSA13, a hot plasma, full wave model that is valid to all order of Larmor radius and 
arbitrary cyclotron harmonic, has demonstrated good agreement with previous ray tracing12 when the SOL 
is not included in the model14. When the SOL is included in the AORSA model, helicon power is lost to 
the SOL and reduces the net core current drive efficiency. At low SOL densities, plasma-antenna coupling 
can cause significant helicon power loss to the SOL. At high SOL densities, strong helicon |E| fields, 
possibly a standing wave, form in the SOL, causing increased SOL losses. There is an optimized SOL 
density that minimizes the helicon power losses to the SOL.
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While AORSA can calculate the power loss to the SOL using the full hot plasma dielectric tensor, it is not 
suitable for large, parametric scans because it is too computationally intensive. A reduced computational 
model will be preferred for large parametric scans, especially since the full hot plasma dielectric tensor may 
not be necessary for helicon wave physics in the SOL. While ray tracing models are computationally 
inexpensive, ray tracing is too simplified and cannot calculate the strong |E| fields and standing wave in the 
SOL14. AORSA also currently can solve the helicon wave problem only in a rectangular domain and cannot 
simulate realistic tokamak vessel geometry. Given that possible standing waves can be sensitive to vacuum 
vessel geometry15, realistic geometry could greatly affect the results. 

A reduced 2-D axisymmetric finite element plasma model that can resolve arbitrary tokamak geometry has 
therefore been developed to study helicon power loss to the SOL. The model uses the Stix cold plasma 
dielectric tensor with a modified effective collision frequency16 that approximates the power absorption 
from collisional and Landau damping. No other warm or hot plasma features are modelled. While this 
reduced finite element model (FEM) may appear to be simple, it can reproduce the trends for helicon electric 
field, , and power absorbed in the core and SOL of hot plasma AORSA simulations. The reduced FEM |𝐸|
can furthermore be simulated in a few minutes on a HP Z800 desktop workstation. 

This paper is structured as follows.  Section 2 introduces and describes the reduced FEM. Section 3 validates 
the numerical model. Comparison of the reduced FEM between previous calculations using GENRAY and 
AORSA show good agreement in both trend and magnitude of the  and SOL power absorption for a |𝐸|
DIII-D integrated scenario. The inclusion of the Landau damping term in the effective collision frequency 
is shown to be crucial for this agreement. Section 4 shows the results of the reduced FEM for a range of 
plasma parameters such as SOL density and temperatures. The importance of the fast wave cutoff density 
is highlighted here in understanding SOL losses. Section 5 shows the results of the reduced FEM for a range 
of antenna parameters such as the antenna location and antenna refractive index. Antenna loading and wave 
accessibility effects on the SOL loss are observed here. Section 6 presents the effect of different vacuum 
vessel geometries on the helicon wave physics. A larger volume in the SOL is observed to increase SOL 
losses. Section 7 concludes the paper.

2. Finite element model

Previous publications have used FEM, such as the finite element package COMSOL17,  to solve a vector 
wave equation with a plasma dielectric tensor for ion cyclotron heating18–20 and lower hybrid current drive21–

23 on tokamaks. Solution with finite elements in real space usually limits the plasma dielectric tensor to the 
standard 3x3 Stix cold plasma tensor24. The full hot plasma dielectric tensor is a non-local tensor and cannot 
be solved with standard finite element methods. It usually requires numerically intensive spectral methods 
to solve, although it has proven to be possible to include some hot plasma effects for lower hybrid waves 
in a FEM21. This method, however, still requires Fast Fourier transforms and is computationally intensive. 
It is also unclear how to extend the theoretical treatment to fast waves and helicon waves. Given that the 
computationally intensive hot plasma code AORSA can already model these hot plasma effects through the 
use of a spectral method13, one of the main goals of this FEM is to reduce the computational complexity by 
having a local plasma dielectric tensor in real space while maintaining enough physics to better understand 
the helicon power absorption in the SOL. 

The equation solved in this paper is shown in equation (1) where  is the helicon wave electric field,  is 𝐸 𝜔
helicon wave angular frequency,  is the plasma dielectric tensor, and  is an externally specified helicon ε 𝒥ext
wave current density. 

∇ × (∇ × 𝐸) ―  
𝜔2

𝑐2 (𝜀 ∙ 𝐸) = ―𝑖𝜔𝜇0𝒥𝑒𝑥𝑡                                                      (1)
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COMSOL is used to solve this equation in 2-D axisymmetric geometry. A triangular mesh with quadratic 
shape functions and a maximum mesh element size of 3 mm are used. Based on previous calculations using 
the dispersion relation25 in the AORSA model, a maximum mesh element size of 3 mm is sufficient to 
resolve the helicon wave, but it is not sufficient to resolve the slow wave. Even in 2-D, the short wavelength 
of the slow wave cannot be resolved in this paper with the current computational resources. In a previous 
reference14, a 1-D AORSA simulation with enough spatial resolution to resolve the slow wave in the SOL 
did not show any slow wave oscillatory behavior, perhaps indicating that the slow wave is not that important 
in this problem.

The electric field and external current density are assumed to be a harmonic mode with fixed toroidal mode 
number, . The external current density is imposed normal to the equilibrium magnetic field. This is shown 𝑛𝜑
in equation (2).  is chosen by the desired parallel refractive index of the helicon antenna, , where 𝑛𝜑 𝑛|| 𝑛|| = 𝑐

.  is the toroidal magnetic field,  is the total magnetic field, and  is the major radius. While 𝑛𝜑𝐵𝜑/𝜔𝐵𝑅 𝐵𝜑 𝐵 𝑅
all the electromagnetic and plasma parameters are a function of only  and  (vertical location), the model 𝑅 𝑧
does solve for all vectors in all three dimensions of , , and  (aximuthal coordinate).𝑅 𝑧 𝜑

𝐸(𝑅, 𝜑, 𝑧) = 𝐸(𝑅,𝑧)𝑒𝑖𝑛𝜑𝜑      and  𝒥𝑒𝑥𝑡(𝑅, 𝜑, 𝑧) = 𝒥𝑒𝑥𝑡(𝑅,𝑧)𝑒𝑖𝑛𝜑𝜑                                              (2)

The model presented here uses the Stix cold plasma tensor, which is shown in equation (3) using the 
standard , , and  definitions for sum, difference, and plasma24. , , and  are a function of helicon 𝑆 𝐷 𝑃 𝑆 𝐷 𝑃
frequency, cyclotron frequency, and plasma frequency.  is a rotation matrix that is used to transform the 𝑅
magnetic field coordinate system of the Stix plasma tensor from a slab plasma to an axisymmetric toroidal 
plasma. Any arbitrary axisymmetric magnetic field vector can therefore be incorporated in this simulation 
through modification of the  matrix. 𝑅

𝜀 = 𝑅 ∙  [ 𝑆 ―𝑖𝐷 0
𝑖𝐷 𝑆 0
0 0 𝑃] ∙  𝑅𝑇                                              (3)

One major difference between this model and the standard Stix cold plasma tensor used in many previous 
publications18–20 is the inclusion of collisional and Landau damping effects by replacing the mass term in 
the plasma and cyclotron frequency of , , and  in  with an effective mass term24. The definition of the 𝑆 𝐷 𝑃 ε
effective mass is given in equation (4) where  is the mass of species , and  is the specified collision 𝑚𝑗 𝑗 𝑣𝑗
frequency of species . 𝑗

𝑚𝑒𝑓𝑓𝑗 =  𝑚𝑗(1 +  𝑖
𝑣𝑗

𝜔)                                                                                                  (4)

The normalized effective electron collision frequency, , is shown in equation (5) as the sum of a 𝜐𝑒/𝜔
collisional damping, the first term of the right-hand side (RHS) of equation (5), and electron Landau 
damping, the second term in the RHS of equation (5). 

𝑣𝑒

𝜔 =  
𝜐
𝜔 ∗ (𝜌 > 1) + 2 𝜋

𝜔3

𝑘3
||𝑗𝑣3

𝑡ℎ𝑗
𝑒

― 𝜔2

𝑘2
||𝑗𝑣2

𝑡ℎ𝑗                                                                  (5)
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 is assumed to be  . The collisional damping is assumed to exist only in the scrape-off-𝜐𝑖/𝜔 𝜈/𝜔 ∗ (𝜌 > 1)
layer in this simulation. This collisional damping is not designed to be a first principles description, but as 
a proxy for any SOL damping physical mechanisms. This allows for a numerical study of the power loss of 
the helicon wave in the SOL.  is the square root of the normalized toroidal flux and is defined to be 1 at 𝜌
the last closed flux surface (LCFS). The SOL losses quoted in this paper are therefore estimates and are 
used to understand trends and not to quantitatively predict SOL losses.

Assuming the electrons are a normal distribution and , the effects of electron Landau damping 𝑘||𝑣𝑡ℎ/𝜔 ≪ 1
on the power absorption can be equated to an effective collision frequency described by the second term in 
the RHS of equation (5). The derivation of the electron Landau damping term is discussed in reference 16, 
and depends on the thermal velocity, , and parallel wave-number, . The parallel wavenumber is set by 𝑣𝑡ℎ 𝑘||
the desired antenna spectrum and assumed equal to  in this paper.𝑛𝜑𝐵𝜑/𝐵𝑅

The modified Stix plasma tensor depends on electron density, electron temperature, and magnetic field. 
Temperature is necessary because of the thermal velocity in the electron Landau damping term. These 
inputs have been taken from experimental DIII-D discharges and modelled integrated scenarios. Standard 
EFIT magnetic equilibrium is used for magnetic field inputs. Density and temperature within the LCFS are 
provided from Thomson scattering for DIII-D discharges or by modeled results for a projected integrated 
scenario. 

The SOL density profile is not provided in these scenarios and is modelled as an exponential decay, shown 
in equation (6) below where  and  are the minimum electron density and the SOL decay length, 𝑛𝑚𝑖𝑛 𝐿
respectively.  and  are variable inputs in this paper and provide convenient parameters to 𝑛𝑚𝑖𝑛 𝐿
understanding the SOL losses as a function of different density profiles. 

𝑛𝑒 = 𝑛𝑚𝑖𝑛 + [(𝑛𝑒(𝜌 = 1) ―  𝑛𝑚𝑖𝑛] ∗  𝑒
―

𝜌 ― 1
𝐿                         (6)

The SOL temperature model is also modelled as an exponential decay. Scans of the SOL temperature, 
however, minimally modifies the reduced finite element solution because the temperature is too low for 
any significant Landau damping. This scan is therefore not shown in this paper.

 is modelled as a normal distribution in both  and z where  and  are the antenna radial and 𝒥ext 𝜌 𝑎𝑛𝑡𝜌 𝑎𝑛𝑡𝑧
vertical location, and  and  are the radial and poloidal decay lengths. Other possible shapes 𝑎𝑛𝑡_𝑤𝜌 𝑎𝑛𝑡_𝑤𝑧
for such as cosine or uniform function were tried for , and while they made some small changes 𝒥ext
quantitatively, it did not change the trends shown in this paper. The antenna current density is designed to 
be curved and follow a flux function radially. It therefore has current in both radial and vertical direction 
that is angled with respect to the flux surface. The magnitude of the external current density is shown in 
equation (7). 

𝒥ext(𝑅,𝑧) =    𝑒
― (𝜌 ― 𝑎𝑛𝑡𝜌

𝑎𝑛𝑡_𝑤𝜌 )
2

∗  𝑒
― (𝑧 ― 𝑎𝑛𝑡𝑧

𝑎𝑛𝑡_𝑤𝑧 )
2

                                                       (7)

This choice is identical to the external current density in AORSA, allowing for comparison between the 
two models14. , and  are variable inputs in this paper  and  are not varied in this 𝑎𝑛𝑡𝜌 𝑎𝑛𝑡𝑧 𝑎𝑛𝑡_𝑤𝜌 𝑎𝑛𝑡_𝑤𝑧
paper and assume to equal 0.045 and 0.1875 in this paper. This was mostly done to match previous 
AORSA simulation results, which for numerical reasons, were sensitive to these input parameters.

The key metric used in this paper, the fractional power loss in the SOL, , is defined in equation (8) as 𝑓𝑆𝑂𝐿
the ratio of the integrated electric power density in the SOL over the total integrated electric power density. 
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J is the plasma current density, E is the helicon electric field and the integral is evaluated over the volume 
of the tokamak geometry.  will be used to determine the effect of SOL on the helicon wave physics, 𝑓𝑆𝑂𝐿
and demonstrate the validity of the reduced FEM.

𝑓𝑆𝑂𝐿 =  
∫(𝐽 ∙ 𝐸) ∗ (𝜌 > 1) 𝑑𝑉   

∫(𝐽 ∙ 𝐸) 𝑑𝑉
                                                            (8)

3. Verification of the finite element model

The reduced FEM is compared with AORSA and GENRAY, which have been previously used to model 
helicon waves12,14.  Core electron density, core electron temperature, and magnetic field inputs to the 
reduced finite element simulation are from a high beta integrated DIII-D scenario 26 with substantial 
electron cyclotron and neutral beam heating, so that the normalized beta is about 5 % and central density 
of 6x1019 m-3.  These profiles are shown in figure 1 for the density profile (red solid line), temperature 
profile (blue dashed line), and Zeff profile (green dotted line). The antenna frequency is 476 MHz and 1 
MW power is assumed at the launch location. These parameters are chosen to compare with previous 
AORSA simulations and are the design point for a helicon antenna on DIII-D14.

Figure 1. Density (red solid line), temperature (blue dashed line), and Zeff (green dot-dashed line) profiles 
as a function of ρ is shown for the high beta integrated DIII-D scenario.

Comparison of the  profile between the reduced FEM, AORSA, and GENRAY is shown in figure 2 for |𝐸|
four different . Figures 2 a), b), c), and d) show the results of the FEM for  = 2x1018 m-3, 3x1018 𝑛𝑚𝑖𝑛 𝑛𝑚𝑖𝑛
m-3, 4x1018 m-3, and 5x1018 m-3.   = 0.08 m, antz = 0.45 m, antρ = 1.3, and  = 4. Figures 2 e), f), g), and 𝐿 𝑛||
h) shows the corresponding results of these four  values for the AORSA model. GENRAY ray 𝑛𝑚𝑖𝑛
tracing27 is also shown by the black line.  = 0.2, 0.4, 0.6, 0.8, and 1 are shown by the gray lines. In figure 𝜌
3, comparison of the power absorption profile between the reduced FEM and AORSA is shown. Figures 3 
a), b), c), and d) show the results of the reduced FEM for  = 2x1018 m-3, 3x1018 m-3, 4x1018 m-3, and 𝑛𝑚𝑖𝑛
5x1018 m-3. Figures 3 e), f), g), and h) shows the corresponding results with these four values of  for 𝑛𝑚𝑖𝑛
the AORSA model.

GENRAY, AORSA, and the reduced FEM agree reasonably well for most regions within the LCFS, as 
GENRAY ray approximately overlaps both the  field in the AORSA and reduced FEM. The width of |𝐸|
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the  field beam inside the LCFS is also similar between AORSA and the FEM. Both AORSA and the |𝐸|
reduced FEM show that the core power absorption is predominantly in the mid-radius region (0.3 <  < 𝜌
0.7 in this paper). 
One difference is that the  field of the FEM in the core region (  < 0.7 in this paper) does differ from |𝐸| 𝜌
both GENRAY and AORSA models. The reduced FEM |E| does appear to be slightly above the 
GENRAY ray. This is somewhat surprising given the agreement between GENRAY and AORSA. The 
reason for the discrepancy is unclear, but it appears sufficient to understand the trends in the SOL 
absorption, so it is not explored further here.

Figure 2. a) - d) The  fields from FEM is shown for  = 2x1018 m-3, 3x1018 m-3, 4x1018 m-3, and |𝐸| 𝑛𝑚𝑖𝑛
5x1018 m-3. e) - h) The   fields from AORSA is shown for  = 2x1018 m-3, 3x1018 m-3, 4x1018 m-3, |𝐸| 𝑛𝑚𝑖𝑛

and 5x1018 m-3. GENRAY ray tracing is shown by the black line in a) – h).  = 0.08 m, = 0.01, antz 𝐿 𝜐𝑒/𝜔 
= 0.45 m, antρ = 1.3, frequency = 476 MHz, and  = 4 for this figure.𝑛||
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Figure 3. a) - d) The power absorption profile from FEM is shown for  = 2x1018 m-3, 3x1018 m-3, 𝑛𝑚𝑖𝑛
4x1018 m-3, and 5x1018 m-3. e) - h) The power absorption profile from AORSA is shown for  = 2x1018 𝑛𝑚𝑖𝑛
m-3, 3x1018 m-3, 4x1018 m-3, and 5x1018 m-3.  = 0.08 m, = 0.01, antz = 0.45 m, antρ = 1.3, frequency 𝐿 𝜐𝑒/𝜔 

= 476 MHz, and  = 4 for this figure.𝑛||

For the  fields in the SOL, AORSA and reduced FEM show similar magnitude and trends with |𝐸|
increasing . At small , the  field in the SOL is dominated by the specified antenna current 𝑛𝑚𝑖𝑛 𝑛𝑚𝑖𝑛 |𝐸|
density for both models. As  is increased, AORSA and reduced FEM both show a strong structure in 𝑛𝑚𝑖𝑛
the upper right corner of the simulation. The  field in the structure increases with increasing . The |𝐸| 𝑛𝑚𝑖𝑛
reduced FEM additionally shows significant  structure in the bottom right corner that are absent in the |𝐸|
AORSA solution. One possibility to resolve the differences between the reduced FEM and AORSA is 
that AORSA does require numerical damping at high perpendicular wavenumbers to prevent numerical 
pollution. The reduced FEM does not include numerical damping at high perpendicular wavenumbers. 
This numerical damping may strongly diminish the  in the SOL for structures with a high |𝐸|
perpendicular wavenumber and may explain the appearance of short wavelength  structure in bottom |𝐸|
right corner of the reduced FEM where no such structure is observed in the AORSA simulations. If this is 
the explanation for the differences in the  of the two models in the SOL, the reduced finite element |𝐸|
solution should be more accurate in the SOL. 

The use of the Landau damping term in the effective collision frequency can improve the agreement 
between AORSA and the reduced FEM. Figure 4a) shows  in equation (5) for the DIII-D parameters 𝜐𝑒/𝜔
in this paper. Figure 4b) shows the value of . Figures 4c) and 4d) show the reduced FEM  results 𝑘||𝑣𝑡ℎ/𝜔 |𝐸|
with and without the effective Landau damping for  = 3x1018 m-3 case. A constant = .01 is 𝑛𝑚𝑖𝑛 𝜐𝑒/𝜔 
assumed in the core to reduce numerical noise. The black line shows the GENRAY result. With the effective 
Landau damping term, the helicon  field appear to be similar to the AORSA solution in figure 2. The |𝐸|
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 fields in the SOL with Landau damping are also much smaller and reasonable compared to the  fields |𝐸| |𝐸|
in the SOL without Landau damping. It should be noted that in principle, there is an arbitrary 2-D  𝜐𝑒/𝜔
profile that will likely compare more favorably to the  fields of AORSA. However, it is unclear how this |𝐸|

 profiles changes with different plasma and antenna parameters. The use of this Landau damping term 𝜐𝑒/𝜔
in the collision frequency gives a simple and somewhat physically realistic mechanism for core power 
absorption of the helicon waves. 

This good agreement between the two models may be somewhat surprising. AORSA solves the same vector 
wave equation shown in equation (1) as the reduced FEM, but  contains the full hot plasma dielectric ε
tensor in AORSA. In the reduced FEM,  is approximated with a cold plasma tensor supplemented with an ε
effective collision frequency for collisional and Landau damping. For the helicon current drive scenarios 
examined in this paper, this approximation for  may be acceptable. Previous GENRAY modeling has ε
shown that using either the cold or hot plasma dispersion relation results in similar ray trajectories12. The 
cold plasma dielectric tensor may therefore be valid for helicon wave propagation at these densities and 
temperatures. The scenario is also designed to strongly damp through electron Landau damping in the mid-
radius region12. Other effects such as transit time magnetic pumping and cyclotron resonant damping can 
be ignored. Inclusion of Landau damping as the only hot plasma effect is sufficient. The effective Landau 
damping term in equation (5) is also valid only when . This is shown in figure 4b) where 𝑘||𝑣𝑡ℎ/𝜔 ≪ 1 𝑘||𝑣𝑡ℎ

 can be much smaller than 1 or as high as 0.8 in the core. For low temperatures in the SOL, this /𝜔
assumption is true. It may be possibly valid in the edge of the plasma (  > 0.7 in this paper), somewhat 𝜌
questionable in the mid-radius region, and likely questionable in the core of the plasma. This assumption 
may explain why the  field in the reduced FEM does not agree in the core plasma with AORSA or |𝐸|
GENRAY. Given that the Landau damping occurs mostly in the mid-radius region and not the core plasma, 
the assumption may be somewhat satisfied in this scenario, and perhaps is another reason for the good 
agreement between the two models within the LCFS.

Figure 4. a)  using equation (5) is shown as a function of R and z. b)  is shown as a function 𝜐𝑒/𝜔 𝑘||𝑣𝑡ℎ/𝜔
of R and z. c) The |E| field pattern using  from equation 5. d) The |E| field pattern using = 0.01, 𝜐𝑒/𝜔 𝜐𝑒/𝜔 

 = 0.08 m,  = 3x1018 m-3, antz = 0.45 m, antρ = 1.3, frequency = 476 MHz, and  = 4 for this figure.𝐿 𝑛𝑚𝑖𝑛 𝑛||

To more quantitatively compare the two models, figure 5 shows  as a function of  for AORSA 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛
(blue squares) and reduced FEM at  = 4 (blue solid line). The trends of  are similar between the 𝑛|| 𝑓𝑆𝑂𝐿
reduced finite element and AORSA model. Both models show high SOL power absorption at low and 
high . At  ≈ 3-4 x 1018 m-3, the SOL power absorption is minimized. For  > 3 x 1018 m-3, the 𝑛𝑚𝑖𝑛 𝑛𝑚𝑖𝑛 𝑛𝑚𝑖𝑛
magnitude of  agrees reasonably well between the two models. For  < 3 x 1018 m-3,  in the 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛 𝑓𝑆𝑂𝐿
reduced FEM is significantly higher than AORSA. While it is unclear why there is such a difference at 
smaller , a 5% change of   for the reduced FEM (red dashed line) gives good agreement between 𝑛𝑚𝑖𝑛 𝑛||
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the two models for a full range of . This is an interesting result, and further exploration is needed. 𝑛𝑚𝑖𝑛
The helicon wave cutoff (right-hand cutoff) density is also shown by the colored dashed vertical lines. 
The cutoff density28,29 depends on  and  , as shown in equation (9):𝑛|| 𝜔

𝑛cutoff (m ―3) = 3.45 × 1014𝐵𝑇( 𝜔

2𝜋 × 106 +
15.2

𝜇 𝐵𝑇)(𝑛2
|| ― 1),                                              (9)

in which we assume the ion charge Z=1 and  is the ion mass in units of proton masses (e.g., for 
deuterium, =2), BT is the local magnetic field in T and .𝜔 ≪  𝜔𝑐𝑒

For this paper that focuses on understanding the trends in the power absorption profile of the helicon 
waves in tokamak plasmas, the agreement between reduced FEM and AORSA is sufficient. One 
significant advantage of the reduced FEM is that each helicon wave simulation can be solved in a few 
minutes on a modern workstation. Each AORSA simulation of helicon waves require approximately 104 
to 105 CPU hours on a large supercomputing cluster as well as significant queue waiting time. Given the 
reduced computational cost and turnaround time for each simulation, large parametric scans of various 
parameters can be achieved. Examples of these parametric scans are shown in sections 4, 5, and 6.

Figure 5. Comparison of reduced FEM (blue solid line) versus AORSA (blue square) for   = 4. 𝑛||
Quantitative agreement is reasonable. It should be noted that the reduced FEM solution is relatively 
sensitive to the value of , and that even better quantitative agreement can be achieved for a small 5% 𝑛||
change in  (  = 3.8 in the red long-dashed line) in the COMSOL model. The helicon wave cutoff 𝑛|| 𝑛||
density is shown in the colored short dashed line.  = 0.08 m, = 0.01, frequency = 476 MHz, antz = 𝐿 𝜐𝑒/𝜔 
0.45 m, and antρ = 1.3 for this figure.

4. Parametric scans of various SOL parameters.

This section shows how the SOL power loss, , varies with various SOL parameters, such as the 𝑓𝑆𝑂𝐿
minimum SOL density, SOL density gradient, and the SOL collision frequency. When not specified, the 
reduced FEM simulations starting from this section also use  = 0.05 m and  = 3. The central magnetic 𝐿 𝑛||
field is 1.5 T. These are more realistic parameters14,30 that could not be chosen due to the computational 
limits of the AORSA simulations in the previous section. 
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Figure 6:  is shown for  = 1x1017, 1x1018, and 5x1018 m-3 as a function of ν  ranging from 0 to 1. 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛 /𝜔
 = 0.05 m, antz = 0.45 m, antρ = 1.3, frequency = 476 MHz, and  = 3 for this figure.𝐿 𝑛||

Because of the lack of understanding of the physical mechanisms for helicon power loss in the SOL, a SOL 
collision frequency is used as a knob to understand possible SOL losses. Figure 6 shows  as a function 𝑓𝑆𝑂𝐿
of ν  for three different .  can vary widely depending on   As the SOL collision frequency is /𝜔 𝑛𝑚𝑖𝑛 𝑓𝑆𝑂𝐿 /𝜔
increased,  increases accordingly. Given the uncertainty in the value of   or understanding realistic 𝑓𝑆𝑂𝐿 /𝜔
physical mechanisms for SOL loss, it is clear the quantitative value of  is difficult to obtain with such 𝑓𝑆𝑂𝐿
a simple model. However, trends in  with various parameters can still improve physics understanding. 𝑓𝑆𝑂𝐿

 is assumed to be 0.01 here, similar to previous papers14.𝜈/𝜔

One of the important results of this section is the importance of the helicon fast wave cutoff in the reduced 
FEM simulations.  has substantially different behavior when  <  versus when  > . 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛 𝑛𝑐𝑢𝑡𝑜𝑓𝑓 𝑛𝑚𝑖𝑛 𝑛𝑐𝑢𝑡𝑜𝑓𝑓
Figure 7 highlights how  varies with  at three different fixed . , so the cutoff density 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛 𝑛|| 𝑛cutoff ∝  𝑛2

||
occurs at different density values for different .  When  < , the SOL losses are relatively low.  𝑛|| 𝑛𝑚𝑖𝑛 𝑛cutoff
For most of these  values,  is relatively constant, although it does increase for the lowest values of 𝑛𝑚𝑖𝑛 𝑓𝑆𝑂𝐿

 When  > , the SOL losses increase suddenly and substantially. This is similar to what was 𝑛𝑚𝑖𝑛. 𝑛𝑚𝑖𝑛 𝑛cutoff
observed in figures 3 and 5. 

When  > , the SOL losses also seem to have oscillatory behavior. The exact physical mechanism 𝑛𝑚𝑖𝑛 𝑛cutoff
for this is unclear; however, it is not due to the slow wave since these simulations cannot resolve the slow 
wave. It may possible be due to cavity-like modes of the fast wave. Previous publications31,32 have possibly 
indicated that the fast wave could produce standing-wave structure depending on the number of 
wavelengths that fit into the SOL. This is outside the scope of this paper and further investigation will be 
required.

Figure 8 highlights how  varies with  at three different fixed frequencies.  , so the 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛 𝑛𝑐𝑢𝑡𝑜𝑓𝑓 ∝  𝜔
cutoff density occurs at different density values for different frequencies.  A similar trend is observed here 
where for  < ,  is low and constant except for the lowest . For  > , the SOL 𝑛𝑚𝑖𝑛 𝑛cutoff 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛 𝑛𝑚𝑖𝑛 𝑛cutoff
losses increase suddenly and substantially.  should therefore be kept sufficiently low to avoid helicon 𝑛𝑚𝑖𝑛
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power being lost to the SOL. If  is too low, however, SOL losses increase again, likely due to 𝑛𝑚𝑖𝑛
evanescent loading. This is discussed in more detail in section 5.

 
Figure 7:  is shown for  = 2, 3 and 4 as a function of  ranging from 0 to 1x1019 m-3.  = 0.05 m, 𝑓𝑆𝑂𝐿 𝑛|| 𝑛𝑚𝑖𝑛 𝐿
antz = 0.45 m, antρ = 1.3, frequency = 476 MHz and = 0.01 for this figure.𝜐𝑒/𝜔 

Figure 8:  is shown for antenna frequency of 300, 476, and 600 MHz as a function of  ranging 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛
from 0 to 1x1019 m-3.  = 0.05 m, antz = 0.45 m, antρ = 1.3,  = 3, and = 0.01 for this figure.𝐿 𝑛|| 𝜐𝑒/𝜔 

The density gradient, , is also an important parameter in understanding helicon power losses. Figure 9 𝐿
shows how  varies with  for three different . When  is large,   approaches a negligible value 𝑓𝑆𝑂𝐿 𝐿 𝑛𝑚𝑖𝑛 𝐿 𝑓𝑆𝑂𝐿
if  < . If  > ,  is still significant. When  is small,  increases substantially. 𝑛𝑚𝑖𝑛 𝑛𝑐𝑢𝑡𝑜𝑓𝑓 𝑛𝑚𝑖𝑛 𝑛𝑐𝑢𝑡𝑜𝑓𝑓 𝑓𝑆𝑂𝐿 𝐿 𝑓𝑆𝑂𝐿
This is likely due to evanescent loading, as the fast wave is cutoff at low densities. It is worth pointing out 
that the minimum SOL density, , is likely less than the  cutoff density based on experimental 𝑛𝑚𝑖𝑛
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measurements30, so the SOL losses will likely be small for realistic SOL density profiles in experiments. L 
can range from 0.02 to 0.08 in DIII-D30, however, so a wide range of helicon SOL losses may be possible 
depending on the density gradient.

Figure 9:  is shown for  = 1x1017, 1x1018, and 5x1018 m-3 as a function of the density gradient 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛
ranging from 0 to .15 m. Frequency = 476 MHz, antz = 0.45 m, antρ = 1.3,  = 3, and = 0.01 for this 𝑛|| 𝜐𝑒/𝜔 
figure.  is approximately 2.1x1018 m-3.𝑛𝑐𝑢𝑡𝑜𝑓𝑓

5. Parametric scan of various antenna parameters.

This section shows how the SOL losses can depend on various antenna parameters, such as the antenna 
radial location, antenna frequency, and antenna parallel wavelength. Besides being useful in understanding 
the importance of the helicon fast wave cutoff, these parameter scans also indicate possibilities of the effects 
of accessibility12 and evanescent layer on antenna loading33 and helicon SOL losses, which are shown in 
equations (10) and (11). 

𝑛||𝑐𝑟𝑖𝑡 =  [1 ― ( 𝜔2

𝜔𝑐𝑒𝜔𝑐𝑖)] ―1/2

                                                                       (10)

𝑅𝐿 ∝  𝑒 ― 2𝜔𝑛||𝑥𝑐𝑢𝑡𝑜𝑓𝑓/𝑐                                                                                        (11)

where  is the critical  for helicon wave accessibility,  is the antenna loading and  is the 𝑛||𝑐𝑟𝑖𝑡 𝑛|| 𝑅𝐿 𝑥𝑐𝑢𝑡𝑜𝑓𝑓
distance from the antenna to the helicon fast wave cutoff layer. A value of  near the accessibility limit 𝑛||
implies that more power is deposited to the edge and possibly the SOL. For an antenna frequency at 476 
MHz,  = 2.1. It will be shown that a decreased antenna loading appears correlated to a higher helicon 𝑛||𝑐𝑟𝑖𝑡
SOL loss. To estimate , the cutoff density is needed. The dependence of the cutoff density on various 𝑥𝑐𝑢𝑡𝑜𝑓𝑓
parameters is shown in equation (9). A higher cutoff density implies a thicker evanescent zone, and a lower 
antenna loading.  
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Figure 10:  is shown for  = 1x1017, 1x1018, and 5x1018 m-3 as a function of the radial location in 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛
toroidal flux coordinates. Frequency = 476 MHz,  = 0.05 m, antz = 0.45 m,  = 3, and = 0.01 for 𝐿 𝑛|| 𝜐𝑒/𝜔 
this figure.

Figure 10 shows  as a function of antenna radial location for three different . For the highest , 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛 𝑛𝑚𝑖𝑛
as shown in figure 2, there are strong  field structures, which causes much higher  relative to lower |𝐸| 𝑓𝑆𝑂𝐿

. The trend with antenna location appears to be on average increasing with antenna radial distance from 𝑛𝑚𝑖𝑛
the LCFS.  For  such that a cutoff layer exists,  is very low, except for the antenna locations at 𝑛𝑚𝑖𝑛 𝑓𝑆𝑂𝐿
larger radius where it strongly increases. This is consistent with increasing   for increasing antenna 𝑥𝑐𝑢𝑡𝑜𝑓𝑓
radial location as the cutoff density is at the same location and the antenna radial distance moves radially 
outwards. At the antenna locations furthest out radially,  is also largest for the smallest , consistent 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛
with antenna loading.

Figure 11:  is shown for  = 1x1017, 1x1018, and 5x1018 m-3 as a function of the antenna frequency 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛
ranging from 300 to 600 MHz.  = 0.05 m, antz = 0.45 m, antρ = 1.3,  = 3, and = 0.01 for this figure.𝐿 𝑛|| 𝜐𝑒/𝜔 
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Figure 11 shows  as a function of antenna frequency for three different . For all three , there 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛 𝑛𝑚𝑖𝑛
is on average an increasing trend of  with increasing antenna frequency. This may possibly be correlated 𝑓𝑆𝑂𝐿
with antenna loading; the cutoff density is proportional to the frequency, so at higher frequency, the distance 
to cutoff increases and therefore the loading decreases. The SOL loss increases accordingly. For the highest 

= 5x1018 m-3,  shows periodic behavior that is consistent with the strong  field structures shown 𝑛𝑚𝑖𝑛 𝑓𝑆𝑂𝐿 |𝐸|
in figure 2. For  = 1x1017 or 1x1018 m-3,  is much lower and shows no periodic behavior with 𝑛𝑚𝑖𝑛 𝑓𝑆𝑂𝐿
frequency. For the 476 MHz frequency used on DIII-D,  appears to be only a few percent.𝑓𝑆𝑂𝐿

Figure 12:  is shown for  = 1x1017, 1x1018, and 5x1018 m-3 as a function of  from 2 to 4.  = 0.05 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛 𝑛|| 𝐿
m, antz = 0.45 m, antρ = 1.3, frequency = 476 MHz and = 0.01 for this figure.𝜐𝑒/𝜔 

Figure 12 shows  as a function of  for three different . For = 5x1018 m-3, there are again 𝑓𝑆𝑂𝐿 𝑛|| 𝑛𝑚𝑖𝑛 𝑛𝑚𝑖𝑛
strong  field structures, which causes much higher  relative to lower . For  = 1x1017 or  |𝐸| 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛 𝑛𝑚𝑖𝑛
1x1018 m-3,  is relatively low ranging from approximately 20% for  = 2 to approximately 5% for  𝑓𝑆𝑂𝐿 𝑛|| 𝑛||
= 4.  increases at both low and high . For high , this is correlated with antenna loading, as antenna 𝑓𝑆𝑂𝐿 𝑛|| 𝑛||
loading decreases for increasing . For low , this is possibly due to helicon wave accessibility, as  is 𝑛|| 𝑛|| 𝑛||
approaching  = 2.1. The helicon wave starts to be damped strongly in the edge and SOL, leading to a 𝑛||𝑐𝑟𝑖𝑡
significantly higher .This SOL loss supports then design choice of  = 3 for the DIII-D helicon 𝑓𝑆𝑂𝐿 𝑛||
antenna12.

6. Finite element model in different tokamak vacuum vessel geometry

The simulations in section 4 and 5 assume a rectangular vacuum vessel boundary. The goal of this section 
is to understand how the helicon SOL losses are affected by poloidal variations in the vacuum vessel 
geometry. 2-D axisymmetric geometry does not allow toroidal variations in the geometry, so this paper 
cannot address private limiters, antenna limiters, or a grounded antenna box. The results of the model 
could therefore be very different with more realistic antenna geometry, but this is outside the scope of this 
paper.

The simplest test of the poloidal variation of the vacuum vessel geometry is to modify the location of each 
of the four walls of the rectangular boundary separately while leaving the location of the other three walls 
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the same. This is shown in figure 13 for  = 5 x 1018 m-3 where  is calculated by shifting the left 𝑛𝑚𝑖𝑛 𝑓𝑆𝑂𝐿
wall (blue dot-dashed line), bottom wall (black solid line), right wall (red short-dashed line) and top wall 
(green long-dashed line) by up to 0.2 m while the other three walls are fixed. When only the left or ±
bottom wall position is varied,  varies only a few percent. The change in  when the location of 𝑓𝑆𝑂𝐿 𝑓𝑆𝑂𝐿
the left (high-field-side) wall is modified is particularly small. When the right or top wall is varied, 
however,  can change significantly, on the order of 20%. This is likely because the electric fields  𝑓𝑆𝑂𝐿 |𝐸|
in the SOL, as shown in figures 2 c) and d), are high near the top and right wall where the antenna is 
located. The helicon  field near the bottom wall and particularly the left wall is much lower.  |𝐸|

Figure 13:  is calculated by shifting the each of the four walls of rectangular boundary by up to 0.2 𝑓𝑆𝑂𝐿 ±
m while leaving the other three walls the same. Variations in the left wall (blue dot-dashed line), bottom 
wall (black solid line), right wall (red short-dashed line) and top wall (green long-dashed line) is shown.  𝐿
= 0.05 m, antz = 0.45 m, antρ = 1.3,  = 5 x 1018 m-3, frequency = 476 MHz and = 0.01 for this 𝑛𝑚𝑖𝑛 𝜐𝑒/𝜔 
figure.

One of the greatest advantages of using a finite element code is that permits the study of complicated 
geometry. In figure 14, the helicon  field is calculated for different vacuum vessel geometries at  = |𝐸| 𝑛𝑚𝑖𝑛
5 x 1018 m-3. Figure 14a) is the rectangular boundary that has been used in section 4 and 5 of this paper, 
figure 14b) is the vacuum vessel geometry for DIII-D from approximately 1997 to 2009, figure 14c) is the 
vacuum vessel geometry for DIII-D from approximately 2010-2014, and figure 14d) is the vacuum vessel 
geometry for DIII-D currently.  It can be observed that the vacuum vessel geometry can qualitatively change 
the SOL  field patterns.|𝐸|
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Figure 14:  image plots of simulation at different vacuum vessel geometries at  = 0.05 m, antz = 0.45 |𝐸| 𝐿
m, antρ = 1.3,  = 5 x 1018 m-3, frequency = 476 MHz and = 0.01 for this figure.𝑛𝑚𝑖𝑛 𝜐𝑒/𝜔 

A more quantitative calculation of   is shown for a range of  at these four different vacuum vessel 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛
geometries in figure 15. In all four cases,  increases substantially when  is greater than the helicon 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛
wave cutoff density.  can vary significantly depending on the vacuum vessel geometry. This is 𝑓𝑆𝑂𝐿
especially noticeable when  is greater than the helicon wave cutoff density, although some differences 𝑛𝑚𝑖𝑛
do occur even when  is less than the helicon wave cutoff density. The losses for the rectangular 𝑛𝑚𝑖𝑛
boundary are larger for the rectangular boundary when  > . This is again likely because of the 𝑛𝑚𝑖𝑛 𝑛𝑐𝑢𝑡𝑜𝑓𝑓
increased area in the SOL with high . When  < , the losses are small in the few percent range |𝐸| 𝑛𝑚𝑖𝑛 𝑛𝑐𝑢𝑡𝑜𝑓𝑓
for this collision frequency.

Figure 15.   is shown for a range of  at these four different vacuum vessel geometries for  = 0.05 𝑓𝑆𝑂𝐿 𝑛𝑚𝑖𝑛 𝐿
m, antz = 0.45 m, antρ = 1.3, frequency = 476 MHz,  = 3, and = 0.01 for this figure.𝑛|| 𝜐𝑒/𝜔 

While not shown, a coarse scan of the dependence of  with antenna and plasma parameters in the 𝑓𝑆𝑂𝐿
realistic geometry indicate similar trends to those observed in section 4 and 5. 

7. Discussion and Conclusions
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A reduced finite element model that can reproduce the trends of a full wave hot-plasma AORSA 
simulation has been developed to more extensively study helicon wave power losses in the SOL as a 
function of various important parameters. Through this computational study, the importance of different 
physical mechanisms (antenna loading, wave accessibility, SOL wave structures) has been assessed as 
loss mechanisms in the simulation. The computational study also identified important parameters, such as 
the minimum density being larger or smaller than the helicon fast wave cutoff density, distance from the 
cutoff layer to the antenna, as well as the parallel wavenumber accessibility criterion. Other factors such 
as vacuum vessel geometry was also considered and seem to be important only when there are significant 
SOL wave structures. 

The computational study highlights potential optimization scenarios for future experiments. There is an 
optimal minimum SOL density to reduce helicon losses. If the minimum SOL density is too high, large-
amplitude wave structures form in the SOL. If the minimum SOL density is too low, antenna loading can 
be an issue. Reducing SOL loss mechanisms ( ) will be desirable. is currently a proxy for realistic 𝜈/𝜔 𝜈/𝜔 
SOL loss mechanisms, and a more realistic physical mechanism for SOL loss is needed for further 
optimization.
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