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Abstract

The integrity of engineering structures is often compromised by embedded surfaces that

result from incomplete bonding during the manufacturing process, or initiation of damage

from fatigue or impact processes. Examples include delaminations in composite mate-

rials, incomplete weld bonds when joining two components, and internal crack planes

that may form when a structure is damaged. In many cases the areas of the structure in

question may not be easily accessible, thus precluding the direct assessment of structural

integrity. In this paper, we present a gradient-based, partial differential equation (PDE)-

constrained optimization approach for solving the inverse problem of interface detection

in the context of steady-state dynamics. An objective function is defined that represents

the difference between the model predictions of structural response at a set of spatial

locations, and the experimentally measured responses. One of the contributions of our

work is a novel representation of the design variables using a density field that takes

values in the range [0, 1] and raised to an integer exponent that promotes solutions to be

near the extrema of the range. The density field is combined with the penalty method

for enforcing a zero gap condition and realizing partially bonded surfaces. The use of

the penalty method with a density field representation leads to objective functions that

are continuously differentiable with respect to the unknown parameters, enabling the use

of efficient gradient-based optimization algorithms. Numerical examples of delaminated

plates are presented to demonstrate the feasibility of the approach.

Keywords: interface detection, inverse problems, finite element, constrained
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optimization, penalty method, structural dynamics

1. Introduction

The identification or characterization of partially (dis)connected surfaces is of high

relevance in many engineering applications. Surfaces that are designed to operate un-

der fully bonded conditions can end up only partially connected due to imperfections

in manufacturing processes, bond failures, and materials imperfections, among others.

For instance, debonding of laminated composite materials in structural components of

aircrafts can occur due to service load conditions or fabrication anomalies. Another rel-

evant example is the uncertainty in penetration of welds when joining two components.

Partial connection of surfaces that were meant to be fully bonded can lead to failure

in the sense that service goals many not be met (e.g. excessive vibrations) or even the

occurrence of complete structural collapse. Hence, the identification and quantification

of partially bonded surfaces has received considerable attention for many decades in the

field of non-destructive testing (NDT).

There are many NDT techniques that can be used to assess partially connected or

debonded surfaces. However, most of the existing approaches used in practice such as

ultrasound, eddy currents, thermal imaging, etc. are local [1, 2, 3]. That is, they require

close access to the component where the partial connection has occurred. There are

instances where we are interested in delaminations or partial weld penetration in com-

ponents to which we do not have close access. In this circumstance, however, vibration

tests can be performed on the entire component. The dynamic response of the structure

over a frequency range is oftentimes affected by the imperfections in question as demon-

strated in [4, 5]. If this is the case, then one can resort to inverse problem approaches

that use measured global system responses along with numerical models to quantify the

extent of disconnection or debonding of a surface [6, 7]. This process assumes that the

bonded interfaces in question are known, but the subset of the surface that is connected

is unknown. Information about bonded surfaces in a design is usually available and the
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latter assumption is indeed practical. Most of the current work for delamination detec-

tion uses modal frequencies [6]. In contrast, we employ general elastodynamics equations

in the frequency-domain.

Our goal in this work is to devise an efficient inverse problem strategy to identify

partially bonded surfaces from global structural response. The requirements for our

approach are: 1) scalability, we intend to address very complex systems with arbitrary

surface connections, and 2) be amenable to gradient-based optimization algorithms. Our

first requirement stems from the fact that we will use finite element discretizations that

can lead to a very large number of design and state variables. The second requirement is

a consequence of the first one: we want to compute gradients and hessians in an efficient

manner, using matrix-free approaches that are amenable to parallel implementations

[8, 9].

Our examination of the existing literature revealed that most of the work related

to model-based identification of delamination or partially bonded surfaces has focused

almost exclusively on non-gradient based approaches such as evolutionary algorithms and

neural networks. For a detailed review of model-based delamination detection methods,

we refer to [5]. Various approaches have been used to represent delaminations, including

heavyside functions [5] and distributed elastic springs [6]. For example, in [6] the authors

used elastic springs between the connected surfaces and modeled damage or delamination

as changes in stiffness of these springs. This approach to represent disconnected surfaces

can be shown to be similar to the penalty approach used in this paper. However, the

main difference is that they employed genetic algorithms for the optimization, introducing

strong limitations on the complexity and scale of the problems treated.

We formulate the inverse problem as that of finding a subset of a known surface

between two connected bodies, given a set of measured responses. To this end, we em-

ploy a PDE-constrained optimization framework in which the objective to be minimized

describes the distance between modeled structural response and the experimentally ob-

served one, and the constraints consist of governing equations and parameter bounds. We

show a general formulation in which surface connections are enforced as gap constraints

in the elastodynamics problem. For this purpose, we employ the penalty method, which

turned out to be very important for differentiability of the objective with respect to the
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design parameters.

One of the main contributions of this work is the parameterization of the unknown,

partially connected region using a density-based representation akin to those used in

topology optimization. Specifically, we introduce a density field in the range [0, 1], which

is then raised to an (integer) exponent and multiplies the penalty parameters in the

enforcement of the gap constraints. This representation allows for a continuous relaxation

of the gap constraint from no connection (i.e density equal to zero) to full connection

(i.e. density equation to one) at every point at the interface of the bodies in question.

It is important to mention that one alternative to our approach would be to use a level-

set method to represent connected and disconnected regions [10]. Although the latter

would be a perfectly viable approach, we opted for a density-based representation due

to its ease of implementation and effectiveness shown in topology optimization [11]. A

density-based representation, combined with the use of the penalty method, results in

an objective functional that is continuously differentiable with respect to the densities; a

crucial requirement for the success of the reduced-space optimization approach used in

this work.

The remainder of the paper is organized as follows. We first present the formulation

of the elastodynamics problem consisting of two bodies joined at a common surface. We

present the weak formulation using a penalty approach to enforce the gap constraint.

We then proceed to formulate the inverse problem and introduce a density method with

penalization as the parameterization of the inverse problem. A detailed explanation is

provided of how derivatives are computed in a matrix-free, operator-based optimization

framework. In the numerical section, we demonstrate how the proposed method works

using several examples with synthetic data. Finally, we provide concluding remarks and

future work.

2. Formulation

2.1. Forward Problem Statement

We will consider two bodies denoted as Ω1 and Ω2 as shown in Fig. 1. We will

denote the Neumann boundary as ΓiN and the Dirichlet boundary as ΓiD where i = 1, 2.

The bodies share a common boundary ΓS , with displacements being continuous over the
4



bonded region ΓI ⊆ ΓS and tractions being zero over ΓS0 = ΓS\ΓI . The latter conditions

imply that the bodies are partially connected over the boundary ΓS . We will denote as

u the displacement field defined over both bodies and as ui ≡ u|Ωi
the restriction of u

to the domain Ωi.

⌦1 ⌦2
�S

�1
D �2

D

�2
N�1

N

Figure 1: Sketch of domains with interface.

With these definitions, the strong form of the governing equations is given as

∇ · σi + ρiω2ui = 0 in Ωi (1)

σini = τ i on ΓiN (2)

ui = 0 on ΓiD (3)

u1 − u2 = 0 on ΓI (4)

σini = 0 on ΓS0 (5)

σi = Ci : ε[ui] (6)

ε[ui] =
1
2
(
∇ui + (∇ui)T

)
(7)

where σ represents the stress tensor, ε[u] denotes strains induced by the displacement

field u, C is the elasticity tensor, n is a unit normal vector, τ is a traction vector, and

ρ is mass density, ω is angular frequency. Equation (4) is a zero-gap constraint and will

be the foundation to develop our partially tied interface approach.

Common strategies used to enforce the zero-gap constraint include Lagrange multi-

pliers, penalty approach, and Nitsche’s method. In this work, we selected the penalty

method for simplicity of implementation as a first step in our work. The weak formulation
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of Equations (1)-(7) using the penalty approach reads: find u ∈ V such that

b(u,w) + (αJuK, JwK)ΓI
= `(w) ∀w ∈ Vh (8)

where

b(u,w) :=
∑
i

{(
σi, ε[wi]

)
− ρiω2

(
ui,wi

)}
`(w) :=

∑
i

(
τ i,wi

)
Γi

N

In the above expressions, V := {v : vj ∈ H1(Ω),v = 0 on ΓD}. We have used the

notation (·, ·) to denote inner products over Ωi, (·, ·)ΓI
for inner products over the inter-

face dividing the subdomains, and (·, ·)ΓN
for inner products defined over the Neumann

boundary. Jump terms are denoted as JuK := u1 − u2 on ΓI . Also, we require that

α(x) > 0.

The penalty method in finite element analysis is well known and has been analyzed in

[12, 13]. One of the drawbacks of the penalty method is that it can lead to ill-conditioned

systems, as the zero-gap condition is satisfied exactly only as this parameter tends to

infinity. Ideally, this parameter should be selected as to minimize the violation of the

zero-gap constraint and the numerical error due to ill-conditioning of the ensuing discrete

system of equations. Practical guidelines for selecting this parameter can be found in

[14].

To obtain finite dimensional approximations to the above weak formulation, we will

use a finite element subspace Vh ⊂ V. Then, the finite dimensional weak formulation

reads find uh ∈ Vh such that

b(uh,wh) + (αhJuhK, JwhK)ΓI
= `(wh) ∀wh ∈ Vh (9)

There are different approaches for treating the last integral in (9). Among these, some

of the most popular are mortar-type approaches [15, 16] and tied constraint techniques

[17]. The formulation presented herein is general and any of these approaches can be used.

Without loss of generality and for the sake of simplicity, we assume that the interface

ΓI is composed of all element faces on a master surface, which we take arbitrarily to be

part of the boundary in Domain Ω1.
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We will use approximations uih = [N i]di in the different subdomains. The vector

di denotes nodal displacements in the domain Ωi, and F i denotes the vector of nodal

forces arising from Equation (2). [N i] is a matrix of global finite element basis functions

restricted to the closure of the given domain. The same expansion applies to the test

functions. Using Voigt notation for tensor quantities and substituting the finite element

expansions for trial and test functions into the finite dimensional weak form, we obtain

[A1] + [Q11] −[Q12]

−[Q21] [A2] + [Q22]

d1

d2

 =

F 1

F 2

 (10)

where

[Ai] := [Ki]− ω2[M i] (11)

[Ki] :=
∫

Ωi

[Bi]T [Di][Bi] dΩ (12)

[M i] :=
∫

Ωi

ρi[N i]T [N i] dΩ (13)

[Qij ] :=
∫

ΓI

αh[N i]T [N j ] ∂Γ (14)

2.2. Inverse Problem Formulation

We assume that we have displacements um(xk) observed over a set of points Ωm :=

{xk : xk ∈ Ω1 ∪ Ω2, sensor location}. The inverse problem is stated as: find Γ∗S0
⊆ ΓS

such that u∗h is close to um(xk) (in a sense soon to be defined) over Ωm and satisfies the

discrete governing equations in (9) for the given Γ∗S0
. Notice that this problem can be

recast as finding the interface that separates the connected and disconnected portions of

the interface ΓS .

At this point, we need to specify a concrete representation for this interface to be

used in an optimization problem. We have at least two choices: employ the level set

method [10] or use a density-based representation similar to what is commonly done in

topology optimization [11]. Due to its effectiveness and simplicity of implementation, we

adopt the latter in this work. To this end, we introduce a density βh(x) ∈ [0, 1], where

x ∈ ΓS . We will use a piecewise constant, face-based density. Let Fm be an index set

containing all the element faces on the master surface. Then, the density is expressed as

βh(x) =
∑
e∈Fm

χe(x)βqe (15)
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where χe and βe ∈ [0, 1] are a characteristic function and a density associated with

element e, respectively, and the exponent q ≥ 1 is used to drive densities to be close to

0 or 1 in the optimization problem.

Using equation (15), we can define a spatially-varying penalty coefficient as

αh(x) = α0βh(x) (16)

where α0 > 0 is a user-defined, constant penalty parameter.

Since the disconnected part of the interface is unknown, we will modify the domain

of integration in (14) to be the entire interface and include the density function as

[Qij(p)] :=
∫

ΓS

βh(x;p)α0[N i]T [N j ] ∂Γ (17)

where we have defined a vector p ∈ Rnp containing all the densities βe. The basic

idea for this choice of representation is that by selecting a density close to zero, we can

effectively deactivate the constraints associated with a given element face. Moreover,

this representation makes the displacements continuously differentiable with respect to

densities (by virtue of the implicit function theorem), allowing us to use gradient-based

optimization methods as discussed in the next section.

The problem in (10) can be represented as an implicit function as

c(d,p) := [T (p)]d− F = 0 (18)

where [T (p)] represents the block matrix in (10), d ∈ Rnd are the nodal displacements

over both domains, and F ∈ Rnd represents the force block vector. Denoting a nodal

vector of observed displacements as dm ∈ Rnm , we can define an objective function as

J(d,p) :=
1
2

(
d− dm

)T
[L]
(
d− dm

)2

+
γ

2
R(p) (19)

where [L] is a symmetric, positive semidefinite observation matrix, R is a regularization

operator, and γ is the regularization parameter. The interface identification problem can

then be cast as the optimization problem

minimize
d,p

J(d,p)

subject to c(d,p) = 0, p1 ≤ p ≤ p2

(20)
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Where p1 and p2 are lower and upper bounds on the parameters, respectively. In

this work, we will focus on reduced space formulations in which the state is taken as

an implicit function of the parameters. This is possible as long as the derivative of the

constraint operator c with respect to d has a continuous inverse. We will use the notation

c′d(p) to denote the derivative of c with respect to d evaluated at p.

Assume that we have d̃ and p̃ such that c(d̃, p̃) = 0. If the operator c′d has a

continuous inverse at this point, then, from the implicit function theorem [18], we

know that there exists a continuously differentiable map f : Rnp → Rnd such that

c(f(p̂), p̂) = 0, ∀p̂ ∈ N (p̃) and d̃ = f(p̃), where N (p̃) denotes an open neighborhood of

p̃. The latter condition amounts to invertibility of the block system [T ] in (10), which is

assumed to be the case from hereon (i.e. the forward problem is well-posed). Indeed, from

(18), we can readily see that c(d,p) is differentiable in both variables. Based on these

arguments, we will denote d(p) as a mapping between parameters and state variables

satisfying c(d(p),p) = 0.

Using this notion of an implicit map, we can then define a reduced objective as

Ĵ(p) := J(d(p),p) (21)

Then, we can re-write our optimization problem in reduced form as

minimize
p

Ĵ(p)

subject to p1 ≤ p ≤ p2

(22)

2.3. Evaluating Derivatives

A key aspect for the successful implementation of gradient-based optimization algo-

rithms is the accurate and efficient computation of derivatives of the objective function

with respect to the parameters. For this purpose, we now derive expressions for the

first derivative of the reduced objective with respect to the parameters. We will show

the derivations in abstract form first and then offer detailed expressions related to the

problem at hand. Adjoint-based formulations to compute sensitivities are well known

and can be found, for instance, in [18]. However, we briefly review the steps involved for

completeness.

For the sake of notational simplicity, we will use d := d(p) and derivatives are assumed

to be evaluated at p when the functional dependence is not explicitly stated. Using
9



the chain rule, the directional derivative of the reduced objective with respect to the

parameter vector and in a given direction h is given as〈
Ĵ ′p,h

〉
=
〈
J ′d,d

′
ph
〉

+
〈
J ′p,h

〉
(23)

=
〈
d′p

TJ ′d + J ′p,h
〉
. (24)

where we have used the definition of the transpose of an operator [19] and 〈S′, r〉 denotes

the Gâteaux directional derivative of a functional S in a direction r. From the above

expression, we can see that the gradient of the reduced objective is

Ĵ ′p = d′p
TJ ′d + J ′p. (25)

Differentiating (18), we get

c′dd
′
p = −c′p. (26)

We define the adjoint state as v := v(p), which solves the problem

c′d
Tv = −J ′d. (27)

Using (27) and (26) in (25), we get

Ĵ ′p = c′p
Tv + J ′p. (28)

Expressions for second derivatives of can be obtained in a similar fashion as shown in

[18].

We now provide explicit expressions for the quantities needed for our problem at

hand. Differentiability of the objective (19) and the constraint (18) with respect to d

and p is straightforward. Then, the derivatives of the (unreduced) objective function are

given as

J ′d = [L]
(
d− dm

)
(29)

J ′p =
γ

2
R′p (30)

The derivative of the constraint equation with respect to a face density βe is

c′Tβe
v = dT [T ′βe

(p)]Tv (31)

=
∑
i

∑
j

(die)
T

∫
ΓSe

qβq−1
e α0[N i

e]
T [N j

e ] ∂Γevje (32)
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where i, j are indexes for the master and slave surfaces and e denotes an element face. The

derivative with respect to the displacements is just the block system, i.e. c′d = [T (p)].

We can see from (28) that, in general, computing the gradient Ĵ ′p at p, requires: 1)

computing d using (18), 2) computing v from (27), and 3) evaluating cTp v and J ′p. In

our implementations, we used an abstract operator approach that can be used to realize

any PDE-constrained optimization problem of the form shown in (22). To this end,

we employed the Rapid Optimization Library (ROL) [8], which offers a matrix-free or

operator-based interface for optimization with PDE constraints such as the one addressed

in this work.

3. Numerical Results

In this section, we present results on two examples with synthetic (i.e. numerically

generated) data. Both examples involve two partially connected plates where we wish

to determine the debonded part of the interface. In the first example, the disconnected

part is a square region located at the center of the surface connecting the plates. In the

second example, the debonded area consists of two disconnected regions in the shape of

an ellipse and a circle.

Figure 2 shows the two bonded plates each with dimensions 1 in × 1 in × 0.1 in. A

pressure of 1 ksi was applied at the top surface and the excitation frequency was 3000

Hz. The plates were taken to have a Young’s Modulus E = 30, 000 ksi and a Poisson’s

Ratio ν = 0.3. The plates had no prescribed Dirichlet boundary conditions.

The data was generated on one finite element mesh and interpolated onto a separate

mesh of differing mesh density. That is, the synthetic data was intentionally contam-

inated with interpolation error to test the robustness of the method to noise in the

measured data. The displacements on the top surface only were used as data or the

inversion. For generating the synthetic data, the tied interface condition was enforced

using Lagrange multipliers, while the inversion was carried out using the penalty method.

The optimization strategy used (from ROL) was a line search algorithm with L-BFGS

used to approximate the inverse of the hessian. The step length was selected using a cubic

interpolation approach. The optimization iterations were terminated when: 1) either the

norm of the gradient or the step length was lower than a tolerance δ = 10−6, or 2) the
11



Figure 2: Bonded Plate Geometry and Loading

maximum number of iterations was exceeded.

3.1. Example 1: Square debonded region

In this example, the debonded region consisted of a square area located at the center

of the interface as shown in the first plot of Figure 3. The synthetic data was generated

on a coarse finite element mesh, and the inverse problem was solved on a refined mesh

composed of hexagonal eight-node finite elements. The initial guess for this problem

was taken as a uniform density of 0.1, q = 3, α0 = 1010, and the maximum number of

iterations allowed was 500. No regularization was used in this example.

The second plot in Figure 3 shows the reconstructed solution. The debonded area is

represented in white (density near zero). We can see that the reconstructed debonded

area is close to the target one (overlaid in the figure). The color scale for the recon-

struction shown in the third plot of Figure 3 was thresholded as the maximize contrast

between low and high recovered solution densities. The maximum density recovered

for this example was on the order of 1. It can be seen that the general shape of the

debonded region is close to the target solution, with deviations within one element of the

true delamination boundary. The initial objective function value for this example was

0.3 and dropped to a value near 10−4 after 500 iterations. The optimization iterations

terminated because the maximum number of iterations was exceeded.

It is important to notice that an accurate solution was obtained despite the algorithm

not reaching optimality before the maximum number of iterations was exhausted. The
12



Target debonded region Reconstructed density field (βh)

Density

Detected debonded region

(Thresholded plot)

Density

Figure 3: Target and reconstructed solution for Example 1.

good quality of the solution found is commensurate with the fact that the objective

function dropped by three orders of magnitude during the optimization iterations. In

our experience with these problems, the surface data used for reconstruction was adequate

to obtain good solutions provided that this data was adequately approximated at the end

of the optimization runs.

3.2. Example 2: Disconnected debonded regions

In this example, the debonded region consisted of two disconnected circular and

ellipsoidal areas as shown in Figures 4 and 5. Synthetic data was generated on a refined
13



Figure 4: Geometry of disconnected debonded regions consisting of an ellipsoid and

a circle.

mesh, accurately representing the geometry of the delaminations. The inverse problem

was solved on a coarse mesh, where the true delaminations did not align with finite

element edges. This emulates what would happen in practice, as we would not expect

the delaminations to be exactly representable with the finite element mesh. The initial

guess for this problem was taken as a uniform density of 0.2, q = 10, α0 = 1012, and

the maximum number of iterations allowed was 200. No regularization was used in this

example. The initial objective function value was O(10−3) and dropped to O(10−7) after

95 iteration at which point the algorithm stopped due to the norm of the gradient going

below the stopping tolerance.

Figure 5 shows the target debonded areas, the reconstructed density field, and a

threshold plot of the density field. We can see that the reconstructed debonded areas

are close to the target ones although the shape is pixelated, as expected. Recall that

the mesh used for reconstruction did not contain any geometric information about the

circular and elliptical debonded regions. The color scale for the bottom plot in Figure

5 was thresholded as the maximize contrast between low and high recovered solution

densities. The maximum density recovered for this example was on the order of 0.5. No

density was close to the upper bound of 1. However, the densities in the delaminated

areas were much smaller (i.e. with most values being of the order 10−2), rendering these

areas practically disconnected as the effective penalty coefficient is βqeα0 with α0 = 1012

14



and q = 10.

The fact that densities did not move close to 1 in the bonded areas is not surpris-

ing and may be attributed to the premature termination of the optimization algorithm

(i.e. the objective was O(10−7 at the end of 95 terations). Even if the algorithm was

terminated prematurely, the (thresholded) recovered solution was still accurate in terms

of correctly delineating the debonded regions.

We can also observe in Figure 5 that the reconstructed solution was oscillatory.

Nonetheless, the debonded areas can be clearly identified as the average values of the

effective penalty parameter over these regions is much smaller than the average value of

this parameter over the rest of the surface. It is possible to obtain smoother fields, while

preserving the sharp edges by using total variation regularization. We did not incorpo-

rate this feature in the current implementation, but plan to do so in the near future.
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Target debonded regions Reconstructed density field (βh)

Density

Detected debonded regions

(Thresholded plot)

Density

Figure 5: Target and reconstructed solution for Example 2.

4. Discussion

The optimization problem addressed in this work is in general non-convex. Hence, the

algorithms can guarantee convergence only to local minima. To circumvent this issue,

we restarted the algorithm using a new initial guess whenever the objective function

was not reduced by at least three orders of magnitude. We found that the algorithm

usually satisfied this criterion when the initial density was in the order of 10−1 − 10−2

(i.e. compliant interface).

Another important behavior we noticed during the optimization runs was that for
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uniform initial guess, β, the norm of the gradient at the first iteration was O(qα−1
0 βq−1).

In fact, the latter could be shown formally through sensitivity analysis of the displace-

ments with respect to the penalty parameter and densities. This result is important to

understand the behavior of the problem at the beginning of the iterations when a uniform

initial density is used. That is, for large penalty coefficients (e.g. O(1010)) and an initial

density close to one, the gradient would become O(10−10), which can terminate the opti-

mization algorithm prematurely. To avoid this premature termination, the exponent has

to vary in tandem with the initial density (i.e. higher exponents used with densities close

to 1). In our numerical examples, we opted for using lower initial βh with an exponent

in the range 3−10 since using larger exponents oftentimes led to premature convergence

to local minima.

We observed in numerous examples that a decrease of about three to four orders

of magnitude in the objective indicated that good solutions were found. Of course, this

observation hinges on the fact that the amount of data used for the inversion was adequate

to obtain solutions close to the target one. Furthermore, this decrease in objective was

usually accompanied by a commensurate decrease in the norm of the gradient and/or

the step length. The latter indicates that the algorithm had made good progress towards

a solution. However, decreasing the objective well below this point, even if the true

solution was in the space of admissible solutions, many times required a large number

of iterations. Hence, from a practical perspective, stopping the algorithm using a looser

tolerance is advisable. Yet, knowing this tolerance a priori for a given problem is not

trivial. Numerical experiments should be carried out with simulated data to get a sense

for this tolerance before carrying out inversions with real data. Of course, the fact that

data imperfection and noise are important for selecting regularization parameters and/or

stopping optimization algorithms in inverse problems must be taken into account as well.

There are some evident improvements to our work that we intend to pursue in the

near future. We noticed that our iterative Helmholtz solvers failed to converged when the

penalty parameter increased beyond certain values (e.g. 1015 in our numerical examples)

as expected. To address this issue, we intend to use Nistche’s method for enforcing the

zero gap constraint, which is known to circumvent the conditioning issue that arises in

the penalty method. Another area of immediate improvement would be the use Total
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Variation (TV) regularization to penalize oscillating solutions. Finally, the non-convexity

issue associated with the current objective function can be ameliorated by using an error

in constitutive equations formulation such as those used by our group for materials

identification [20, 21, 22].

5. Conclusions

In this paper, we presented a PDE-constrained optimization method for solving the

inverse problem of identifying partially connected surfaces. The formulation minimizes

an objective function that measures the difference between the model’s prediction of

structural displacements and the experimentally measured displacements, in a steady-

state (Helmholtz) vibration scenario. The optimization variables were defined as element

face variables that range from zero to one, the former indicating no contact and the lat-

ter indicating contact. Numerical examples were presented on a plate with multiple

delaminations, demonstrating the ability of the method to extract surface bonding in-

formation from given measured vibration data on a set of discrete points. Since these

measured points could be anywhere on the structure, the method provides an advantage

over traditional NDT techniques that require that the sensors have close proximity to

the structural interfaces in question.
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