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An Exact Solution for the History-Dependent Material
and Delamination Behavior of Laminated Plates
Subjected to Cylindrical Bending

Todd O. Williams™

Las Alminos National Laboratory. Los Alamos, New Merico, 87!

<

The exact solution for the history-dependerit behavior of laminated plates subjected to
cylindrical bending is presented. The solution represents the extension of Pagano’s solu-
tion' to consider arbitrary types of constitutive behaviors for the individual lamina as well
as arbitrary types of cohesive zones models for delamination behavior. Examples of the
possible types of material behavior are plasticity, viscoelasticity, viscoplasticity, and damn-
aging. Examples of possible CZMs that can be considered are linear, nonlinear hardening,
as well as nonlinear with softening. The resulting solution is intended as a benchmark
solution for considering the predictive capabilities of different plate theories.

Initial results are presented for several types of history-dependent material behaviors.
It is shown that the plate response in the presence of history-dependent behaviors can
differ dramatically from the elastic response. These results have strong implications for
what constitutes an appropriate plate theory for modeling such behaviors.

Keywords: Laminated plates, elasticity, exact solution, history-dependent material re-
sponse, delamination, cohesive zone model

I. Introduction

As composite strietures become increasingly conunoi as major load bearing structures it becomes ever
wore fwportant to develop acenrate predictive models for iheir behaviors, Since such strietires nust often
operate in the regines dominated by both history-dependent material responses as well as delamination
datwage o predictive plate theory must be able to consider these phenomena. The types of history-dependent.
materials heliwviors possible with a given laminaied siruncture can cover a broad vange of respouse charac-
teristics depending on the types of lamnina present in the structure. Examples of pussible material beliavioes
inclnde plasticity, vigcoclasticity, viscoplasticity, and damage/strain softening responses. The possible de-
Launivation respouses exhibit a similarly broad range of possibilitics.

Given the vencral characteristics of such laminated structures, plate theories are often used to wodel the
strictural responsc. There are a wide variety of possible theories ranging from simple classical Inmination
theory to discrete laver theories? to multiscale theories. ™ 9 The vast majority of these plate theories Lave beew
developed with the (often implicit) assumptions of linear material behavior and perfect bonding. Those that
consider delamination restrict attention to a linear model for delamination behavior whicly is only appropriate
for initiation and preliminary growth. It is often nnclear whether a given type of established plate theory
is even capalile of predicting the behaviors of laminated structnres in the presence of Listory-dependent
walerial and delamination respounses.
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I reality both history-dependent material behaviors and delamination uitiation and growth behaviors
are noulinear processes. Therefore, in order to achieve predictive capabilities a given theory st be able to
accurately predict the pointwise fields in order to correctly predict these nonlinear evolutionary proces

Exact benclunark solutions are an essential ingredient for determing whether a given plate theory has
the appropriate predictive capabilities. Currently all such exact solutions that the authov is aware of are for
clastic material behavior and linear delamination behavior. The current work presents the developiuent of
an exact solution for eylindrical bending of laminated plates in the presence of arbitrary history-depeundent
material awd delamination behavior. Results are presented for a nuinber of different lamination scliemes and
material behaviors. This luitial work is restricted to perfectly bonded lamninates. These results show that
the introduction of history-dependent material responses causes the local and global responses of the plate
to continually diverge from the elastic respouse. Furtherinore, these results show that many current used
plate theories may be inadequate for predicsing the history-dependent response of laminated plates.

SES.

II. General Formulation

[he following solution is developed using a displacewent formulation for the governing equations of
clasticity. The solution is given in terms of general Fourier series expansions for the ditferent fields.

Consider a sinply-supported, infinite strip, laniinated plate composed of an arbitrary niber of layers
V. A laver can consist of a single lamina or of a subregion of a lamina. The lamina may be cither perfectly
botded or have displacement jumps across the interfaces due to delamination. The transverse coordinate is
denoted by i while the inplane coordinate is denoted by ;. Given the infinite strip nature of the problein
there is no dependence on the out-of-planc coordinate .

The following conventions arce used throughout the formmlation.  Supevscripts (4)7 denote the layver
nuber where & 1, N. Both total and indicial notation is used in the developient. The wunber of
underlines nnder a term indicates the matrix order of the term. Latin indices have a range of 1 to 3 while
Greek indices have a range of 1 to 2. Sunumation is implied on repeated Latin aud Greek indices. A prime
denotes partial differentiation with respect to the spatial coordinates. The order of a terin in an expanston
is denoted by (1) and summation on repeated order indices is assied. The bottonn and top surfaces of a
_J . respectively.

A sufficiently general forin of the geomctrically linear, history-dependent constitutive relations for mate-
rial beliavior at o point within a given lamina is given by

layer are denoted by

122 :(‘,‘ ‘_.‘rz./+)\,,'j (21)

J

where the o, are the stress tensor componetts, the €7 4 are the dastic stiffness tensor components where
the preatest degree of anisotropy is mouoclinic about the 2y axis, the e, are the geowetrically linear strain
ensor components, and the A;; are the cigenstress components. All of the history-dependent. ctfects are
incorporated in the eigenstresses Ay These histovy-dependent. effects can have any type of evolutionary
process and thus all types of history-dependent. constitutive relations can be cast i this form.

Cousistent with Pagano,! the displacement ticld within the &' layer is given by

oy A0 1 Ua.(ny (23, 1) cOS (P(,z‘,d'l) . wy (2, ) = Us () (w3, t) sin (pg, ) (2.2}

2,

whore po,y o/ Lo = 1,23, and L is the width of the plate,
The corresponding strain field within the laniina is

ei = —pamUimsin (pry) . e22=0 ,

(2.3)
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Basced on these formgs for the strains the eigenstraing are expanded according to the sawe forus, Le

Al 1Ly Sin ('[’(u)l‘l) . Az = 7221811 (P(n.)-’l'l) . Az = N30 801 / n)&1)

/\gjl, = jas(n)Cos (‘p(,,)ﬂll) , /\13 = ’]l-‘»w'/'o"' (p(,,)il,'l) , /\12 = T2 S LB ‘1'1)

where the uznal rules of Fourier analysis apply for detenmining the magnitues v, . Symmetry holds for
the strain, stress, and eicenstress fields.

Substituting the above fields to the equations of equilibrinm and using the orthosonality propertics of
the trig functions gives the following forras for the equilibrivm equations for eaclh harmonic i the expansions
for each layver

3 ' T 1" 2 7 \ 1 7" . ' o vt
P inlUiay + CuaialUyny — Pl Criialag + CiazslUs,, + Py (Crias + Craia) Uy gy

(2.5a)
TPy 1111,',;,6, 0
Iin Yty + C’Q;}[jL"{l(,”) = [J?n)c'u]z(zigi,q Cz:&z:cUil\,,‘ Fgay (Croaa + Caupa) Ui
(2.5L)
00 M2tny + gy =0
(Chram C:}:}Jl) (/ a) T Py (Crzos+ Ca312) Ué(,,) “1’(2,,36'1251:;(. (my + Cagaal :/,I )
(2.5¢)

~Day N3y + Ty =0

This svstent of governing cquations can be converted into a system of first ovder ODEs using standard
techiniques. The resulting system of goveruing equations is given by

X'+¢X+f=0 (2.6)
where X = (U 8 U Yigay Yory, ¥ )T where Y, = U! > is a known cocflicent matrix that
Wil L = | L2 Uy Y 1 n)y 22000 T3(n) 10T¢ Xy = i(n): IR & (RILLEN A BT X Clia
is a functiou of p nor /L and the stiffuess tensor C for a given lamina, and f is a fuuction of the cigentield

and its pradients, the stiffuess tensor C, and pg.y = na /L. The solution of this systenn of soverilng cguations
(based on the solntion forimn X = xe*2) results in an cigenvalue problem with a sixih order characteristic
equation in the cigenvalues s. Using standard sechiniques this sixth order equation can be reduced to cubic
characteristic equation of the form

¥ Aayr-b=10 (2.7a)

whicli can be solved analytically. The associated equations for determining the eigenvectors are of the form

(c+sf)x =0 (2.7b)

where [ js the identity matrix and s is a function of v. Depending on the properties ol the trausforuations
nsed to obtain Eqii 2.7 and its coefficients the cigenvalues, s, can be complex or real.

Bascd on classical solution techniques the particnlar solution of the governing equatiorns for each harmonic
in cacl layer is given by

)

b
y 2 o = . ’ 5 9
Xiny = \T—I{,,}Q(u) ’ :‘E(”)/, ; v ,\fm)d‘S == .21,,) <dl”. "-[Iu)> (2.5)
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where ¥ 5 the findamental niatrix of the homogencous solution and ) is a coefficicut matrix to be
determined from the interfacial constraints and the top and bottom surface boundary conditions. Note that
Lo,y 18 a vector ferm associated with the integral effects for order n in the expansions and is not the identity
matrix. It is noted that the history-dependent responses due to material behavior is incorporated into the
term f. It is nseful to note that the fundamental matrix can be expressed in the form ¥, = H 3

AT —{Hi=In)

where H - is, 1o general, a fully populated constant matrix and 8 is a sparse matrix that is a ftunction of
N =n

o : ; o . 5 o 1 —1 A - . .
2. The inversion of the fundamental matrix is carried out using ¥ N | Cwhere 77" is determined
={n) f ) =11 ) )

i

numerically and 57" is determined analyticalty. This functional separation of ¥ is useful for evaluating
=(n) Ty

the integral terms in Equ. 2.8.
Based on the above solution forms, the displacement field within a layer is given by

ul) = (Vinyas (dim); = Limy)) €08 (D)
(2.9)

'tL:‘l)" ’ (\I’(n)gj ((//””. -1, J)> sin ([1(,,>.7,';3)

Note thiat sunuation over the harmonic order n is assumed. The corresponding strain and stress fields
within each laver can be directly determined from Eqn. 2.9 using the strain-displacement relations aud the
constitiutive relations.

As mentioted above, the unknown constant vectors for cach harmonic in cach layer are determnined from
the interfacial coustraints and the top and bottomn surface boundary conditions. Tn particilar, the interfacial
constraints used to determine these coustants take the forins

oy (3808) = ol (#7,0) =0 k=1,.,m -1 (2.100)

~ulf), (.q-f;if):j'i”(oj,g'\;/”.,f) k=1,.N—1 (2.10D)

‘

swhere [ (o0 1, 1) is a some arbitrary cohesive zone model (CZM) which depends on the interfacial strc

state given by o 1" and some general set of internal state variables for the CZM which is denoted by gt
[he bonndary conditions at the top surface take one of the forms

N (N) no :
U q)) (l':; :t> = U;( (t) (2.11a)

or ‘
05:13\8,.) ("*"":i\ ‘f> = Oy (&) (2.11b)

where o' A

(1) and 020 . (t) are the specificd boundary condition. Similar relations hold for the boundary
at the bottom of the plate.

Substituting the expressions for the stress and displacemcut ficlds into the the interfacial constraints,
Equ. 2.10, and the top/bottom surface boundary couditions, Equn. 2.11, gives a final svstein of equations of
the form

conditions

D~ AF (2.12)

to be solved for the unknown global vector of unknowns D which is composed of the individual unknown
VeCtors 5/:f .- The global coeflicient matrix A is a kuown function of the harmonics, the waterial propertics
for the dilferent layers, and the geometric propertics of the layers. The alobal forcing vector £ 1s a function
of the CZMs at the different interfaces and the applicd houndary conditions at the top and bottom surfaces

of the plate az well as the geometric and stiffiess properties of the different layers.
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III. Results

Some preliminary results for a bilaminate of aspect ratio of 10 composed of a plastically deforming
aluminum (AL) top layer and an elastic graphite/cpoxy (Gr/Ep) bottomn layer are presented. The fibers in
the Gr/Ep layer arc oriented along the 2, axis. The alumimun properties are given by a Young's modulus
of B = 72.14 GI’a, a Poisson’s ratio of v = 0.33, a vield stress of 0¥ = 286.67 GPa, and a hardening slope
of H = 23428 GPa. The Gr/Ep layer has effective propertics given by 5, = 25.0 GPa, fryp = Eyy = 1.0
GPa, voy = vy = v = 0.25, Gy = 0.2 GPa, and 3 = G, = 0.5 GPa.

Ihe laminate is subjected to a normal monotonic loading with a single sine harmounic with a magnitude
of 10 MDPa. All results for this example are preseniod at the peak loading state. The analysis is carried out
using 20 haruonics for the responses of each layers. The inelastic response duc to plasticity is calculated
on a uesh in the aluminum layer of 101 points in the 2 direction and 50 points i the vy direction. An
iterative respouse scheme is used to ensure couvergence of the plastic feld and thus the local and global
respouses.  The iterative process was carried out unlil an error tolerance of 107 for the difference in the
offective plastic strains between iterates at every point in the mesh was achicved. The details of the plasticity
ituplementation are given by Williams and Pindera.”

The results are presented in tenns of the following nondinensionalizations

i Eyui(0, a3) 100F ua (/2. :
17 (0, z3) = L us(L/2,03) = 71;(7—
g1hS3 g1hS1
; o (L/2, x ) oo (L /2, a ) oas(L/2, 15
siu(L/2s) = LRI g2, ) = PELIBIN o (19, 2y =TI 20)
QoS- @157 (5%
a13(0, z3) 30, 23) X . a(L/2,23)
s (0, 4 ———  14(0, 2" —= 1 L N e = TR 423
,.( (/1‘5‘)_ JJ( 3) (1152 1 AV ) (11.(3_)' ( ))
L €y 2
S = i = x
h 3 h : L
where ¢, = 10.0 MPPa and the plate has an aspect ratio of 5 = 10. The Young's modulns used to normalize

the results is £, = 1.0 GPa. The differences in the ficlds are given by the difference between the plastic and
elastic fields divided by the elastic field.

The distributions through the thickness of the plate for the inplane displacement o) and transverse
displacement «; are presented in Figures 1 and 2, respectively. The greatest difference between the elastic
and plastic responses for «] occurs at the top of the plate and exhibits a 19.55' difference between the clastic
and plastic plates. The effect of plasticity on this displacement conponent is to cause the displacenient value
away (rom the widplane to increasingly diverge from the elastic response. Thus the maxdmum divergences
occur at the top and both surfaces. It is worth noting that the variation in this component of the displacement
field can not be adequately represented by a single kinematic represeutation. The waximum difference in
wy occurs at a7y = 0.163 and is 14.33%. The overall trends in the distribution of this field are similar for
both the elastic and plastic responses and thus the primary effect of plasticity is to shift this displacernent
coiportent Lo a higher value.

The distributions through the thickness of the stresses o, of,, and o, arc given in Figures 3-5, re-
spectively. The response of of| in the presence of plasticity shows soute rather strong deviations [rom the
clastic behavior. 1n particular, there are several abrupt changes iu the slopes of this stress compoueut in the
plastically deforming Al layer. These kinks correspond to the presence of edges of the plastic deformation
zones. Most of the plastic deformation is at this point occurring in thie top part of the taver although some
plasticity is also starting to occur at the interface between the layers. The largest deviation between the
elastic aud plastic responses occurs at the top of the lauinate and is 11.79%. The overall impact of the
plasticity is to increase the stress state in the tower 3/4 of the Al layer while decreasing it in the top of this
layer. The overall effect in the Gr/Ep layer is to decrease the maguitude of the stresses. One implication
of this is that if loading were to continue then the Al layer wonld be required to accept increasing amouits

&
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Figure 1. Distribution of »] through the thickness of the plate for both elastic and plastic responses.
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Figure 2. Distribution of «§ through the thickness of the plate for both elastic and plastic responses.
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of the loading and thus would exhibit increasing amouuts of plastic deformations. Counsideration of the o34
response, Fig. 4 shows that the effect of plasticity is to increase the maguitude of the stress ar any given
location throush the thickness of the plate except for the top and bottomn surfaces where the values must
correspond dne to the imposed boundary conditions. The maximum deviation between the clastic and plastic
responses for o, oceurs just slightly above the midplane aud has a magnitude of 17%. The increase in o, at
the interface between the two layers has iniplications for delamination initiation and growtli; in particular,
the increase would make delamination initiation more likely. Consideration of the o, through the thickness
of the plate shows that plasticity has a less siguificant impact on this ficld than tor the previous siresses.
[he peak value of the stress, which occurs in the Al layer, decreases by 1.94%. The overall effect in the
Gr/Ep layer is Lo inerease the magnitude of the stress slightly.

IV. Conclusions

An exact solution for the history-dependent response of a laminate tn cylindrical bending bas been
presented. The solution is sutliciently general that any tyvpe of history-dependent inaterial response within the
geolnetrically linear respouse regime can be considerad. Additionally, the solution accounts for delamination
behaviors through the nse of arbitary CZMs. Tt is intended that the solution be used as a henchuark
solution for considering the suitability of different plate theories for application to structures undergoing
history-dependent deformations.

It has been showi, using the exaniple of a plastically deforming bilaminate, that plasticity can significantly
cffeet the pointwise field variations within the laminate.
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Figure 4. Distribution of o, through the thickness of the plate for both elastic and plastic responses.
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Figure 5. Distribution of o}, through the thickness of the plate for both elastic and plastic responses
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