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A n Exact Solution for the History-Dependent Material 
and Delaminat ion Behavior of Laminated Plates 

Subjected t o Cylindrical Bending 

Toctd O. \Vill ictll1s" 

I,IIS A lamos Nut·ion.al LubolutOl/j. Lus Alruno:; , IVI.; /U Mf:l:iw, 8'1.';.) .) . USA. 

Tb ('xact solut ion fo r the h istory-dependerit behavior of lami nated plat('~ subj ec t ed to 
cyli n dric::!1 beudin g is p resented . The solution r epresents the extension of Pagano 's solu­
tion l to cousider ar b itrary typ es of const itut ive behav io rs for t be inciividuaJ lamina as wAll 
ao:; arbitral·Y types o f cohesive zones models for delaminat ion behavior. Examp les of the 
possi h lf~ type,.; of m ater ia l b e havior arf~ plasticity, v iscoela<;tici t y, viscoplasticity, and daw­
aging. Examples of possib le CZM s t hat c a ll be conside red a re linear, nonlinear harden ing, 
aJ:i well 1\.-; n onlinear wi t h softening. The esultin g solution is inten ded as a benchmark 
solution for considerin g the p red ic tive capabi li ties of d ifferent plate theories. 

Ini t ial re~u l ts are p resen ted for seveta l t ypes of h is tor y-depen dent material behavior s. 
It b shown that the pla te respo l1s in t h e presence of h ist ory-d ep endf'n t jw h aviors can 
differ dramat ically fr om the elastic respollse . T h ese resu lts h ave strong implications for 
what ,'ollstit u tes a.1l a p p ropria te pla te t h eory for m o d e ling s uch be hav iors . 

Keywoni.s: Lamin ted plates, elasticity, exac t solu t ion, histo l'y-dep elldellt material re­
spo se . Jelanl inat ion, cohesive zone m odel 

I. Introduction 

As CC)lU[J( ISit .(· :011"111'1 lIn'S uecotrlc illCll'ClSilly,ly ('()llllllOli as Il)(,-]or load beMIIl ).', ~I n ll'1 Ill "" ir lJCC:()lll(~S ev(,r 
111< 11 '(' i lll [l ()r ! ;UII. t ,) ,I,·vd()jl ;1.CClHatc predict.ive 11l!lllds f(lr )heir behClvior;;. Sinc!' Slldl .~tll l( · l l lrl'S tIlilst oftl'll 

0I Wli 1t.C ' iLl t.lIP r(').!;il ll('S dOlllinated by both llist.()ry-clc·jlCJlc!ellC lllat.erial rCc j)o)JSl'S a s \\<'1 1 as d ci,llllimitioll 

c!ilW;If!. ' · a l )( 'dicf ivc' pI Hi, c' I lwory llIust be "ble to (:()lI:~id!T i (](':.,(' pl1PIlOnwlla. T Ill' ryp('S " f l!i :-it orv-de]lf~ll(kLlt. 

llli ll n icd s 1)1"lwv illr;; [J()csiblc with a given lamill;ll.cd ,;iTllctllr<' Cilll cover d bm;1(1 r;uI ).', (· \I f j('SP(l llSC dwrctc­

tCl ist.ic:-) d('jH' JI(l illg Oil t h l' types of lamina presc'lIt ill t. he Stwctltr('. Examples ot ]l ():;,~ il)lc' Ill<l[.( ~rial belmviurs 

illdlldc pl a -" Iic il \". \' i:-;('od 'l.s ticity, viscoplasticit.y, ; I u d daIllclg l' / s trHil1 ";OftCllillg U '::'[)(/ lJ ,.;h . Th" p()~s i ble ([<'­

b llti n;11 illl I rt ':i [l ( IIl."" S ('x ll ibit iel similarly uroad rail ).';!' of ]l()~ . .: d) ilit.ic~. 

Ci\', 'll t.iIl' ),!, ( ' [ l(' li L! cha racteristic::; of !Such ialllill; l.1.c'd :-;tI1lctlllC'S, plate thcori{'s ille u tT('ll I ls(~ l to lll(l(ki t.ll<' 

~rrr l<' 1. lIra l [( '~ I HJll~ I ' T here arc a wide variety of jl()ss ibl , ' tlworics !(lIlging frow simple d;1.ss iull la tlliuat.ioll 
ril l" Jry t.( I dis!l\'t c L(y('r Lileories" t.o multiscalc thcoril''';. i Ii TIl<' va,'it. majorit.y of t.il,'sc ' pi" I C~ I bc'o ries 11,1\"(, h"I'1l 

c!cwl() p,.d wit 111111 ' ((J t l ('ll implici t. ) dliS lIIIIptiollS of lil lC';.l r ICIilt.('ri<1.] behavior alld pC'l [ed b()wl illg . T h () :,c I~h;t t: 

c()llsi(j ('r d e lalll iuar i() (1 I ( '~t rid. at t cll t iou t o a liuear u((Jdd for ddalllillat ioll bdlavic)r witi ( h is (l il ly appnlj)['iatc' 

fllr ill it l;-lt ioll "l id prd illlill il rv growth. It. is o fl.C'll lUlci cill wlld.lter ;) giVl'll typc of cs(;tl jlis l[c,d [ll a te tltcury 
i:-; ('ve l! ' ;'p,']dr ' of p lcciictjIl!'. tile behaviols of laillillar('d strnctures in t.lre Pll 'S(,ltC(' (J f Ilis t.o ry-dcpeudcllt 

IWell'rial aile I r! CI; L1 11 ill ,IJio ll respouscs. 

· ' [hlo(\ ;c.~1 SI.!tl' !l.it'TlI b c" . T heoretical Division. T· 3. ld~ li2lG . Los Alo.(\o, Nt'.! 6754.'). 
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III )"<';,[il\ I) () I Ii b i~ t (j[y-dcpenclent materiel! IWltilViors and dclillllillat.ion iui ti,d, i()ll ;lIId ).!,f<m; rh hehaviors 

arc wlll liJl(-d r pr(IC( 'S~ ('" Tllcrefor(~, in order to achil~v(, predictive capctuilities a g ivr' ll I,li l'()['}' Illl!s t ue able to 

ctc(,IIr; \f,(' h jl lr<iic l' 1 Ltc pointwise fields in order tu ClllTcd.ly IHedic:t t.hesl' Jl()]llillC'clr (' V()l ll ~i(lll ct r\' PJ(lCC'&-;C,!" 

Exar' l \wlldJ lllilrk solnt.ions arc all c""(,lIt.ied ingrcdient. for detefllling w\)cthr'r it i~ i \'(' 11 pl aj,e !' j!('ory he's 

tl w n jl [lf'up ri al l ' pn'dict.ive capabilit.ies, C utTClltly a ll SUdl C'xact s()lutions I,h"t tlw illlt llO( is awan ' ()f ,ll(' for 

d l-ll r i(' ltlClt ni,d IJ('lJelvior and linear delamillat i()Jl ul'lwvior. The current. wurk jlll '::if'llb t. lll' develo pJll ('nt. ()f 
ail " 'met ;,0\lll ilI1l ('ur c:yliudrical bC'lIding of lalilillat.('d plates ill the pn'::ience (If cuui t.ralY irist,oly-c\ r pcncie llt. 
JlJ a t.n ial ;'I11d ddal llill :l.rioIl uchavior. Rcsults arc prc,,",cn t l'cl for a number of difkn'llt In ll li ua t.i()Jl s('h (·u lI's awl 

nti ll,cr ia l IlI 'I t:l viJ)r >', 'fhb iuit.ial work is rest.ric t eci t.o perfect.ly bonded larninat." ,~, T hl'"' ' r('S ldts ~h(IW t h ,lt 
t.he iut.!'<,d lWri()ll ollt ist,ory-depC'llcient material rcspun::;(',.; rc\u ~{\,", the local auel :.>,lu1>a l ll ''' IHI[lS(,S of tllC' plclt,c 

to C(lllt.iIIIWI L\' d lvl'tge from the ela.stic response. Furr.lrcl'lnore, thcse r(' :-< ults "liuw t.l m l II l'll 1\ ' ClllT('nt llSl'(1 
piat(' r1 w()(ies wa,' he illac!pquatc for predicting t.he history-dependent response o f lamilwtcd plates . 

II. General Formulation 

T Ill' i(jll owillC\ c,()l lll ioll is developed llsill)2, ,l clisplct(:{'lllcnt formulatiull for the f!,' J\'('l il ill f!, ('qll ;l! ions,)f 
eLl" l i('i l \, The Sll lllti{Jll is )2,iwlI in t.enlls of p,cncn il Fomicr seric,.; expansiolls for t li" cl iHc l'< 'nt ti dd~, 

CllIlSidel" il SiJll p IY -c; llPPOltcci, illhnite s!. rip, 1,1millat,ed phttc composed of all arbi l.!,;\ IY lllllJllJer of layers 

.V , A L',I'n (';I ll ('{Jns ist of a ,,;illglc lamina or of a ;;nbrcgi()ll (If ,1 lalilillcl. The lalil i ita IlL IV IJI' ei t lier Jwrkct.ly 
u{Jlld('ci {Ir haq' displacement jumps across I,he illtcrf,lc(''S dllC to dd;llniuClti())1. 'flit' Lr:l l1c;\'('l>P (,( )(>l<lilla t (' is 

dClluj('d b\ ,l ~ \\ u il(' t hc illjJlallc coordinat.e i,; delloted by :l: I. Given t.he inhuit.(' ~t.lip n: tt II('( ' of Ill(' [lloulcrn 

tllell' is Il l ) d( '[H'I!lkIHe on tIle out-ot'-planc cO(ll'lliuat,l:' :1:2, 

T l!\' fo i!UlI'ill).', ('ullventions arc used t.hr(lllgliulit. till' furlllulatioll, ::;upel'c;n ipts ' (I, ,, dClJut,c til(' layer 

ll1ll11 1WI Wf lC' l , ' I. 1, "N, Bot.h total and illdid " l lHitatioli is used in tlte d{'vd()[Jl ll( 'll j". T Ire lllllllbcr (if 

llw k l'li ll l'S Illltll'l' ,1 ((,lill iwlicatr.s t.he mat,fix () rder (if the term, L a ti n indices have a LlIl )!." (If 1 t o :) wltilc 

Greek i lld i( '~':'i hil \,(, a [,;1lI )!,(' of 1 t o 2, SUllllJlcltion is implied OJ! repcclted Latill a lii I C l e!'\.;: iudic( 's . A prime' 

dClll lr, ( ,,; part in l d lffl'WlJ t,iatioll wit.h r('spect t.o the "llCltoial coordinates, Ul(' or(kl (If a telill ill all l'xpanSioll 

is lklJu \cd Ly (71) a wl SU llllllatioll Oll repeated order illdices i,.; assumed, T h(' j)OLt.lJlll awl top sm btu's of a 

layer 'lXl' dCUdt,'d h\' y~ - l and :1::;, respect.i vcly, 

j ;;I IHkieJllI,\' g!' Llt'r ;il [ono of the geolllct.ricCllly linear, hist,ory-(kpenclent. C()lic;t,i rm ivc' ['eL tI iOll::; for lIla t ('­

ria l l>d w vir, r ;It it p () int. within a givelllarnina i,.; g iVC11 uy 

(21 ) 

where tlte (f'J (I I"" tire SITCS;; (.<",11';0 1' componC'llt,c;, t.lll' ('. )1. 1 cHC t,lte eLlst.ie stilfllC'>'.~ 1.('11 ';(11' l'III II{Jmll' llh whel'(' 

t.1H.' ~n'a\("'t , d" ,l', Il'(' " f a nisotropy is mouoclillic itlJOllt, til(-' :1:3 elxis, the tU arC' t.he .l',('ollll'tri(,Cl lly lilH'rlr ,; tTain 
t ('llS{Jl' (' ( )[llp(lII(,llr .~ , ,Iud t.he Aij arc the ('igenst.re"" COtIljlOlJeUiS. All o[ t.he hi,.;I,()ry-dqH'u ticnt, (' Iket." aw 

illl'( lrp" rdt.('d ill ill(' eigcll"!TC'SS( 'S Aij' 1'l l('s(' lris tory-cl('IWlllkul, cffect.s can Itave ;Ill.\' t) 1)<' (if (~v()ltlt.iOIW.ry 

Pl'l )(,( , " aw l I h ll;; aI 1 1 Yl)('~ of hist.ory-depcndent. r(lllstitllt.ive relations cali be Cd.S\. in 1 llis [''' rill, 

C(I Hsht(,[lt wit It [) rl J,!;;1llO, 1 the displarelllcllt. nl'lel withiu tllt' kif, layer is giVC'll uy 

(/" ( .I', f ) 

w h ere 1',,, J - II To/ L , II = 1,2,:\"., Rod L is t.he wicltlr ()f t.he' ]lIMe 
T 1J(' ClIiT('S jl <) [lll iug :-; t rain held within the [amin,( is 

En = 0 
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Dil~wd OIl tl ll'>'(' f()nrl~ for t.he strains the cigcllstrains an' ('xpa-llderl according to the S;UI[( ' ["r ills , it' 

(2:l ) 

.\ I:, = 11 1:q" )('08 (p( n):1; 1) 

where tilt' USl lill ml0:' uf Fourier analysis apply for cietermining th<' !(lap,llitu('~ -' r' } l n) - SYII IlJldry hol,ls hlr 
t.he Sl' w i II. S t. lf \'i :-i , ;llld ci p;cL1,stress fields, 

Substit u t illg t it!' ;l b()ve hdds illtO the equatiolls of equilibrium and Ilsing t.it<' orth l)g{l ll ;d it_~1 propl,rt ics of 

t he tr if-!, fuw t ill fl"; g i \'('s the following forms for t.he rCjuilibriulll ('quatiolls for eacl! h;llIlJ( )u ic ' ill Illl ' ('xp;lllc;ioll'; 

for (';l el l laY"l 

' ( ' I" ~ C nil ? C-' [' ' UII (t . C" V· I 
Pin; 111 1 .J 11,,) +I:q:\U1(n)-P(n) --l l ll h( I, ,+ L J:l2:l 2(,,) t- P( n) I.- \ I-\~l+ II I ' \! :i ' n) 

(2 _.riel) 

(2Gb) 

(2.Gc) 

This S\ :-;(.('fl l , )f g overnillg equatiolls call be CUU Vl'lI ,'cI into it sy ~ t. I'Ill of fir,;t oreler ODE" uc;ing st;tlld~(rd 

t.edHl iqUI> _ n l<' lI'S ltitilig system of govEfuing equatiolls is givell by 

;r -+ fX 1 f = 0 (2{; ) 

1': 11('1'1' X = (I ' li") ' e2l ,,) , 1/\ ( : ), YI (,,), Y 2( 1' ) ' YI(n») 7' wltere -y;(,, ) = U:(t» 1 <:: is a known (()etti cC'llt 1I1,H.rix tlt a l 

is a fi aw t.[( 'll " 1' 1',,, I = II " / L alld thc sti fflle;<s 1-.(,IlSO[ C for a given lamina, and f is d flllll't.i( III ()f Ill(' c i.C';cnticld 
alld iTs g n ltl il' llrs , I tIe stiffncss Lensor C, and PZn ) = [/ 7["/ L. T h" solutiun of thi~--;'y:-;tClll o f 1'/I\' l'r lli ll;C; ('4uM.i()w; 
(1';J ;;"d 11[ 1 t. he ~() l llli"ll fOrll! X = X(S.!"?,) fCSlll lS ill elll ('igcllv,llue flr()bk~Dl wit.h ;\ " ix rll orr in c \tan'u -Ceristic 

eq ll>ltilll l ill r.ll< ('ig l 'IIVcil ups s, USil~iS sl <illdard tcdllliqlles t.lllS sixth oruer equat.iOll cal i 1)(' n~llI( cd to cui)lc­

, h;u annisl i,' eq \lal ion of t.he fOIlll 

Cf; + s£l 1 = 0 (2.7b) 

wlwrl' i IS Ttl(' i( lt-u tity matrix alld s is a. functioll of I- Dcpendillg Oil th(~ prop('lti l''-; u t" illt' U ' Hll Sftll ll[;(tioW; 

lIsl"d t.,-;-ohUliu E q ll, 2.7 alld it_s coefficiellts the cip.:('llvaluc·s, 8, call be compl('x Of ren l 
Based (HI d .l:, s ical c;olutioll tedmiq ues the pa.rticillar sol ution of the' govE'ruiug E'(jl w tic)[[s fm each llanllouic: 

ill ('c\ch laYI' r i" g in'll by 

(2 _ ) 
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wh('I(' \[! is ~ ij(' fllndam8ntal matrix of' the hOllwgcnc(Jus solution and d ( II l. is a c()citic i" ll l Jll a tr ix to be 
=(rr) 

d .1 .l'rr nilll'd [ r' , lIll tile interfacial constraints and the top rwd bottom surface boundary C" )WlltiollS. Nutc that 
L it) is a '."(,(,(,()[, f, (,l'I ll il.ssociitted with the integral effect.s for order n in t.hc expansions rLl l d is no t th l' id entity 
lll i\.t rix. It b Hotr'd that thE' his tory-ckpcndent fl'sponses due t.o mat.eri a l belw.vioI is iw'o rp om t.l:r\ iuto the 
terlll f. It is Ilsc('u l to note tha t. the hmdamE'nta l flwtrix can be expre::;.<;ed in the f()rlll 2:k. \ = II )d - =< " , - (0 =ta l 
whcrc l-J is, I II gCl[('raJ, it fully populated const~lllt matrix and ["3 is a sparsE' matrix t hat is a functioll of 

- In ) = ( a ) 

.!':1, T ile IlIvcrsi oll of t il(' fundam ental matrix is carried (JIlt using; .t£.(-\ - , 11- 1 1'1 - 1 whele H ·- I is dNellJlincd 
- fI ) =(n) -( H~ _( rt) 

llumcrically aw i Ir 1 is de termined analyticcLlly. This functiowd separatiun of ."l!. is llsefI li tor ('v;li ua l illg 
= (n) _(nj 

t ile in teg ral t "J'lns ill E qn, 2.H. 
Ba.'i{'d Oll t.he above soiut.ion forms, the (lisplr'('l~ment. field within a layer is l",ivell by 

(24) 

! ()k t ha t, ~l lllJ l lli lf ion over the harmollic order n i;; ilSSUlllPCI. The COlTcspollciing st ra il l aw l " Crt''''; helds 
wit.bill , ',wit 1;.[\'('1 (:, ifl bn directly determined from £qn. 2.D using the st.rain-displacemell t r(' lictio!ls a w l till' 
('ollsti tut i v(' reli ct i, )ll :'; , 

AC' ll[('uti()l lcd itbCJve, the unknown COllstalll vectors for ecv:h harmonic in each bycr CL l'l ' d d.< TlllilWd frOlll 

the inlf'r faci al l'( ll lSI ta ints and the top and bott.om ,;mface bound<uy condit.ions. III p;ut ic ilillr , l.l J(' illt.erfcLcial 
(,Ollst mints \lsed to determine t.hese COllSti'll1ts take t.ll(' forms 

k=l, .. ,N~l (2.10;,) 

k = l, .. , N - l (2.10b) 

wiwl'i ' I I), ) (rr '\ ,/1 , I) is cL some arbitrary cohesive zonc lllodel (CZi'vI) which cirprllcls Oil t.ite interfacial stn 'ss 

"I (\U~ ).', I Y( ' 11 II.\' IT l :~ 1 :Uld SOllle general set of illternal "(:;'lte variables for tllf' CZ]\I which is dl'll() k d by p lk) 

T he bOlnl([;u \ ' ('oI Hi itions ;It the top surface takc one of the forms 

(2.11 (\ ) 

or i ) DC' , f = cr , .. \(o)(t ) (2.11b) 

w11(' r, , /LIII(') (I) ,\lId a fJ, l( ' , (t ) are the specified b()undary conditioll. Similar rela ti lHls h()ld [or tit<' bUllllclary 
1 , l t I ... 11 ) ". 

('ond it ioI L'> :I t t Ill' bottom of the plate. 
Sllbsr.il ut i ll~ t i1l~ (Oxpres;; ions for the stre.os ,md clisplacelllcllt helds intu til(' the ill tclfaciai COllstraillb . 

£<[11. 2. 10 , iwd tit!' lop/bot.tom surface boundary cllll<iitions, Eqn. 2.11, give'S a hnill SV'; (.('1lI of ('(I II'll.ioIlS of 
til<' [()!'It l 

(2.12) 

to 1)(' "oi ved lllr I il(' unknown global vector of unkllowns D which is COlllpused ()f til<' illdividl1al ullknowll 

v(·('t() r~ di~> T he glo bal coefficient matrix: t:,. is ,1 kll()\\'ll function of t.iw harmonics, t ile Ili a.! ('l ied propcrties 

for tlw diffc!("lIt I'Ly(' rs , and the geometric properties of trw layers. Thr c;lob;-,i f()rci ll ~~ w ctor E. is " funct.ioll 
of f hl' C Z\. b } Lt tI l(' d iffcrellt illterfaces alld tIH' ccpplicd boundary conclitiulls at the top aw l b ot.t olll surfACE'S 
(Jf t il(' pliit,· <->" well c1 S thl' geometric and stiffncC\s properties of t.he differellt lAY<'IS. 
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III, Result::; 

SOIll(' prdiI ll ill,lrv results for a bilamillate of aspect relt.io of 10 composed of CL p b s !.inl Uy d e['llrIllillr.'; 

etiumilllllll (AL ) t.op laycr and all elastic grapliit<' lcpoxy (Gri E p) bOttOlIl layer arc jln'8ell lcci. T he [i b (,l~ ill 

tlw Gr/ Fp LI)'('l' arc miellted alollg the 1:1 axis. T he alull1illll1ll properties ilrt' g iVC'll by ,I Y(lllll to'> 11l(JdulllS 
of E = 72. 1 C P a , a Pu isson's j':ltio of 1J = 0.:\:3, ;L yield strc.ss of a Y = 2~o.(j7 GP1t, ;clld il It;U dl'llillp, slopt: 

of H = 2:;, 42:-; CPlt. T he GriE p layer ha.s effectivc propf;r t i(~ givell by E I , = 2,),0 G P ee. £ 22 = Eu = 1.0 
G P Cl , V Z; j = )/ 1; \ == l/12 = 0.25, G 2J = 0.2 e pe1., alld G 1;] = G I 2 = 0.5 CPa. 

T It(·· la m ilwt,c is s ubj ect ed to it llormal mOllotollic IO<1u illg with e1. sillglP sinc l1 Hrlllouil' witlt cl rua~nitllde 
of 10 1 [P,L, A ll rcslll t.s for this exa mple are prese!ltcd <Lt, [,he peak loading t;Lat:c. T hc ,u t;l!vsi,.; b c<llTil,d Ollt, 

usi llg XI i Imrlll ()lll ('S for the respOllses of each laYI;rs. The inelas t ic respollse duc to p las h ci t" is ('a lcuIM,pd 

on iL ll ll's lt ill 1 Iii' allll!linum laYlor of 101 poinls ill the ;r I direction and 30 point.s ill , be l' ~ direct ion. All 
iter,)t l v<> ['[ '''1)< )11'';(' schel!ll' is lIsed to ensure COllvcrf';ellC'(; of the plastic Iield and t.iJus t il(' loc, .! e1.lld globctJ 

['('SI'0 11S(,:-: . Thc' iU'la tivl' process was carried Ollt tilt! il all ClTor tolerance of 10-<$ for the ditferC'llt:(' in tht' 

dft'rt ivt' plc)sl it "t r;.l in,.; between iteratt's at every ]Joillt in t.he fllesh was acllinvlJd. Thn del ;til s of t.lle pl clst. icity 

illlpi c' llwlll ,"r iol! an ' g ivCll by \>ViJliams and Pillder,,:] 

T ltl' ['(-'s ld l'; ;t rl' presellteo ill terms of the following, llolldillwnsiollalizatiulls 

. • (0 ~. ) - E/Uj(O,:l. :l ) '( LI'I",) _ 100Et u,( LI 2, )' ,) 
" I ,Xl - l S~ ((:, -,.1...) - f C'l 

q1 I </1 ),-' 

IJ'I J (O, X;:) 

qlS~ 

' (LI2 ... ) - o2ALI2, J ;l) '(LI? ' ' _ (}\\ ( [ 12, J j) an ,.1. 1 - c , ) ()3:) _,.1 .J) - L') 
1/1 '-'- (11· .. r 

a l2.(L I '2 , ( d 
{fl iP 

(4.2:l) 

where III = W.O f\IP;l. awl t,he plate hns all aspect rMin of :3 = 10. The YOUllf';'S mor\llh ]s IIS(:ri ttl llormalizc 
til(; rl's lti tfl is E, = 1.0 CPa .. The difft~rellccs in the [idels arc given by thc cli Hcrellu' 1Wt W('('1l t il<' pL\,.;tic and 

d ;l.'; t,ic firlds d ivi ti f'd by tlw elastic held. 

TI I(' <i is tr il J\ltiollS through the thickucs,'i of t.he" platl; for thc inplane displ,lceflll ' llt il j a wl tL lllSV(T.-;t' 

d i.'i p lcLc('lllCl.lt 11 [ ,liT p rcsc n tcu in Figures 1 Flild 2, reslwctivl'ly. The greate"l. difh'["(;ncc lw tw(;cn th (' t;j'l..-;tic 

alld pl ;'l.s t ic reSjJ(Jihe'S for 'IIi OCClIfS at. the top of the plat(' awJ ex hibits CL 19.5:" ;' diff(TCllCl' h <' tWC'f'll tlJ(' I'icl..'itic 

and p la:-; \ ic pld w:-i . The effect of plast.icit.y Oll this clispiacc:lIlCllt cOIllponent is to CCUlS(, t he di :-;p lrtCI;llJ('IlL vclllll; 
aW el,\, fr()lll til(' llliclpiallf' to increasing ly diverge f['llltl tlw ela::;t.ic responsl;. T llUs the ll laxi llll lll l divprg cnc,'''; 

ocelll' at t.1l(' r.l t jJ awl both surfaces. It is worth notill!!, that the: variation ill tltis COllljlOllCllt oft.ill; dis pl;-lcenwllt. 

hdd CclU 110t lw ;{e!c-qll;l,tely represented by ,\. sing le kineJlleLtic repreflclltat.i()ll. The lll:<xilllllfll di fr" ll'llce in 

({: OU'l lr,; cll l '[ = O.ltiJ and is 14.3:3';{, The OV('l'illl trends in the clist.ributioll of t.lti.'i h" i, l H.1< ' :-; illlilar for 

Dot h tltl' ('\;'1::; 1. 1(' <tlltl ph .stic responses alld thus the primary cffcr:t. of plasticity is t.() shift. this dis pL-l(,ClllCllt. 
COlll[l()III'lJ t, t,l ) a lJ iglH'l' value. 

The di s l r ihlltiolls through the thicknC'ss of tlw stresses a; I ' (J ~ " and 0"7.1 (ITI' givell ill F i i~ ll r('s :I-G, rc­

s[wd iv\'ly. 1'1 [(; rt'spOllse of aTI in the presence of pla,'iticity shows "Ollll-: rather stroll!!, d('\ i'l t. i ()ll~ fro lll t.he 
d ,,:-;I.ic bcllav i() r. I II p art icltlar, t.here are several abrupt challges ill the slopes of t.l1is s l[\'ss CllllIjJlJl1f' ll l ill the 

p hl:iLic/l lly dd() rtui llO A i letyt'r. These kinks correspond to the presence of edges of thc' pL I,.; t ic d r fol'lllatio[J 
ZOI\(':-;. :\111;:;t o f r i lC' pl as t ic deformation is at. this point O('l:lIlTillg ill the top part of t.he h~y{ 'l ,1H lj()u i;h SOllle 

plastic' i t v is <l is" "t arting to occur at the interface Iwt.w(;en t.he laYI"]'s . The larges t dcvi; lti ()ll bet 1V!'1'!l the 

el a<i r ic iLtId pl 'lSti C responses occurs at the top of tlIp lalllinat.e and is 1l.7U%. The m '('m ll illl j);tct of t.lte 
p las t icitv i,.; t(1 ill!Tea,SI ' the s t res::; :stclte in t.he lowcr :'114 of the Allaycr while d('('[(';)sillr.'; it. ill th l' ~<lp of this 

layer . Th(' (J\('Llll d f(x:t ill the GriEp layer is t.o decrl'cl :-' C' d18 magllitude of the st.!l'sses . Ollt' impli ca t ion 
of this is tlt; ll if lo;u ling wcre to contiuue then t.he Al 1;-1yer would be [(xJllired to ;v '('('pt jlleT(",";lll?, ili llOllllt.S 
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of the loadi HI!, a nd thus would exhi bit iIlcre~lo; i n['; clTnOUllts of pla.stic deforma tiolls. C Oll OiiclcLttioll of the (7:; :1 

resp Ul l";' " F ig . .t , shows that the effect of plasticity is to increa.<;e the mClg11itucle uf t he ~l l l'SS el l ,'t tl.\' giv en 
luu l riull i,hl'<ll ls."; ll t he t.hick w 'ss of the plate' except, for the top and bottom smfacec; w h"f(' rl te values llllLst 

currcspo lld d1l<' to r ite impused boundary conditions, The maxinlUlll deviatioll b C1We'CIl the d cL-i t ic awl plastic 
resp()ll s(',~ fm (T ~ : I OCClll'S just slight.ly above thi' midplalle cwcl has a magllitude of ITX" T Ill' ill('l'('cl...'-;(' in 0':i 1 M, 

the in t.' r ta ct' lH't. Wl't'li the two layers has inlplicat.ions fOl delalllinat.ion illit.ia.tioll cU ld [,;ww t lt: ill pMf.icul'H, 
the ine!,( ': l:-i(' w()uld lll;tk<~ delaminat.ion initiatioll lIlore likely, COllsideration of the a 1:\ t.l m High t 1.1(' "hicknC':.;~ 

uf t. he ph 1.(' sh()ws t h ;.l t plastici t.y Ita,,; a less siglli ficant impact on this fidel t,lteln fi JI' t l.w prcvi (jn;; :;l.rl'SSl ':; 

T tl(' IH'ak v>1.11 11' uf I. he stres:;, which occurs in the Al layer, clec['ci\,c;CS by 1.04'/;'" The OVl'l .. dl crfect. in the 
Gr iEp layer i" t () illcn 'cl~ " the lllagnitude of the strC'ss slightly. 

IV, Conclusions 

All ('x;(.d ,,()l u ti oll for lite history-dependent [,l 's puuse of a lalllillatr in cylindriud IWlJ(lillg belS bccn 
prl,')('lltf'd , Ttlf' sol utiuJl is sufIiciently genercll t.hat. cLll) tY]ll' of histury-dcpeuclent. lIlat.n ial Il 'SPOI)"l' withill t he 
,;eOlllf'u icrd lv li ul'ar respollSl' regime can be cuusiclelnl. Addit.iona.lly, the sulution Cll'COUll t s fur delcl.mination 
t)(' ltavio[s tlll l) llgli tire llse of arbi ta ry CZMs, It is intended that. the solutioll lJe IN"cl ;\:.; a IWlldmwrk 
solu t iull fOJ cOllsidering 1 hc suitabilit.y of differellt plelt.e tll('()ril~ for applica.tion t() ,st.lllcT:1lI1'S llIldcrguing 
history-dqwllcif' 1I1 c1d orma1 ions. 

II Ita~ G"('II SIWWll, Ilsillg the example of a plastically dcfunnillg bibminatc, t.ll ;lt plcl::;l icity call Sig ilificcUltly 

effcct the ]Joint,w isc fidel variations within the laminittC'. 

Acknowl egdcment s 

This wurk \V;l S c;lITied unt undcr the allspice''; of the j ' n tioJla l N uclc;U' S('cmity Adlll illis(,rat i()11 () f t hc­
U .S. Dl']Jarr. ll wIlt of E ncrgy CLt, Los Al a mos Nat ion"l La bomt.ury under Conr.ntct No. D£-AC ') 2-06 .'~ 2;,:l9(j 
,1.'-; well ;lS t.h(' J (Ji ni DOE cwd Department of Defl.m~c (D uD) i\Iunitiuns T edHlulo[,;y Devcll )[ll lll' ll t, P ruf', nLf ll 

References 

lp agarw,l\. "E :·:act Solutions for Composite Laminate~ in Cylindrica l Be nri ing ," 1. Comp . }\fai., Vol. 3. 1;,(;9 , p. 39 
'"' Reckh', LN, ·' /l fechan ics of Laminated Compo~ite Pla te, and Shells: Theory and An al ,' s i< ' eRe reo" ~ B OC,L Raton, 

USA 
·jWi ll i;,t l11s , T O. " " d Pind e r , 1\1. -J. "An Analy t ica l Mod <=! for t he Inelastic A.xial Shear R ' p on' t' o f Unid ircct i0 1<,,1 .. le t al 

~lat ri:" Con l p( ,.'l{ p~ , " h I. J. Pla, t., Vol. 13, No.3, J'197. pp. 21) 1- 28 

"Wilh "" , T . 0., " A Ge ner",lized lvlultilength Sca le Nonlinear Composite P ia. !." Theory with Dei,ulIi n,LLion '" Int, J. SOll <1" 
't,.." a , Vo l. :Hi , 19;19, p p . 301 5-3050, 

r' \ Villinm,; , r , 0 ., " j\ C e neralized, l\ J Ll ltileng t h Sca le n ;lmework for Thermo-Diffusionally- />. Iech anica ll y Co upled , Non li llea r, 
L' LlTlina ted P laLr' T heories wi th D e laminations ," In t . 1. Sohd, St.,-.. ,d ., Vol. .. 2, 2005, pp. 1 .. 65- ) -190 . 

,1 \ Villi anb, l' 0 " " A New T heoretical Framework for the For rn ulJ.tion of Genera l, Nonlinear, r-l u ll i Scale t'1<' lf T heor ie, ", 
Vol. ~ 5 , :\0, ,) , 200o, pp. 2534-2560. 

R of II 

American In, t il11 t e o f .'l.eronJ.utics and Astrona.utics 



0.5 
! ! ! 

IJ4 _ ......................................... . 

112 _ ........... ..... . . ........... -

0.1 ...... -

o 

"=il jrjj 

: ···········1 ··············· ... , ..........•••••••••••............••• ,. ••• _ ..... _ ..... _ ..... <-..... _ .. __ ~_"_""'--, : 
_ ......... 1./ ' ......................................... . 
I~/ 

.... -

-0.'1 ............ -

-02 

-0. 3 

--- Elastic Response 1·-

-e-- Plasti c Response 

i i 

-C14 

-0.5 
-0.5 -0.25 o 0.25 0.5 0.75 

Ci ... 
11 

Figl ll"I-' :L Distribution of (T~ 1 through the t.hickness of the plate for both plas t ic and pl b:::it ic r ps po n s P:i . 

9 of 11 

America.n In~t i t ute of Ae ro na ut. ic, and A"t. rol1 a utics 



05 

0.4 

0.3 

0· ... . L 

D.-I 

.. 1"" 
::< 0 

-0 .·1 

-0.2 

-0.3 

-04 

-0.5 

0 

--Elastic Response 
~ Plastic Response 

. .. ........... I.j/d ..... . 
/ t' /lJ 

...... /.:/L ....... . ._/'/' . 

/1~ . ................... ··:.>7~·ff7f:···· 

................•...................... >/<~~" ..... : ......................... . 
: / / 

··························T7:§:~~ , 
/' / 

/fJ' ················;1:<.r················ .......................................... . ..... : ............................... ... : ............ . 

... ..... ~ft( ........... : .................................................. . 

0.0 02 0.004 0.006 0.008 0. 01 

Figun~ '1. Dis tribution of O"~:; through the thickness o f the plate fo)" b o th e last ic and p las ti c n~spo n~~s_ 

10 of 11 

American Ins til ute of Aeronautic:; a nd Astronau tics 



0.5 

0.4 

0.3 

O! 

0.'1 

+, 0 :::-::r-.. 

-0'1 

-0 2 

0':' - • __ 1 

-0 .4 

-0 5 
0 

~<, 
.....••••••••••••••••.••••••••••..............••••••........................•...............•••••• jl 

~ ······A -····················· ························ 

........ /?:.~~'.~- ..... ..... . ........... . 
/~/:n : 

. '.''''-;/.:' 
A4ff 

~~J························!'----_-_-e~~_~_:_:_~_;:_~_~_~~:_' ~_J ~_~_I ~_:--,' 
0.1 0.2 0.3 

Cl' ... 
13 

0.4 0.5 0.6 

Fi e:;tll" -' 5 . Distribution of (T~] through the thickness of the plate for both e l&.Stic and plastic r ~sp o llsc.s . 

11 of 11 

American Inotit u t e of Aeronaut.ics and A,l lonautico 


