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Ultrasound pulse-echo imaging using the split-step Fourier propagator 

Lianjie HuangG and Youli Quana,b 

GMail Stop D443, Los Alamos National Laboratory, Los Alamos, NM 87545 
bDepartment of Geophysics, Stanford University, Stanford. CA 94305 

ABSTRACT 

U ltrasonic reflection imaging has the potenti al to produce higher image resolution than transmission tomography, but 
imaging resolution and quality still need to be further improved for early cancer detecti on and diagnosis . We prese nt an 
ultrasound reflec ion image reconstruction method using the sp li t-step Fourier propagator. It is based on re ursive inward 
continuation of ultrasonic wavefi elds in the freque ncy-space and freque ncy-wavenumber domains . The inward contmua­
tion within each extrapolation interval consists of two steps. In the fi rs t step, a phase-shift t nn is applied to the data in 
the frequency -wavenumber domain for propagation in a reference medium. T he second step consists of applying ano ther 
phase-shift term to d ata in the frequency-space domain to approximately c mpensate for ul trasonic scattering effi cts of 
heterogene ities within the breast. We use synthetic ul trasound pulse-echo data recorded aro und a ring for heterog neous, 
computer-generated numerical breast phan toms to s tudy the imaging capability of the method. The phantoms are derived 
from an experimental breast phantom and a sound-speed tomography image of an in-vivo ultrasound breast data collec ted 
usi ng a ring array. The heterogeneous sound-speed models used fo r pulse-echo imaging are obtained using a computation­
ally effic ient, first-arrival -time (time-of-fli ght) transmission tomography method . Our stud ies d monstrate that re Rection 
image reconstruction using (h split-step Fourier propagator wit h heteroge neous sound-speed models significantly im­
proves image quality and resol ution. We also numerically verify the spatial sampling criterion of wa efields for a ring 
transducer array. 

Keywords: Image recons truction, pu lse-echo imaging, ring array, sampling criterion , split-step Fourier, transmission to­
mography, ultrasound breast imaging . 

1. INTRODUCTION 

Even though ulb'asonic imaging is the second most often used imaging modality in medicine, 1 its role is u uall y limited 
to compliment the other maj or imaging modali ties such as x-ray imaging. It is critical to significantl y im prove the image 
quality and resolu tion of ultrasonic imaging in order to make this imaging modality feasible for early breast cancer de­
tection and diagnosis. Current limitations of ultrasonic imaging arise from commonly used linear transducer anays that 
restrict the data acquisition aperture elC" and from the lack of compensation for ultrasonic scattering effects during image 
reconstruction, resulting in low-resolution and noisy images, To allev iate the firs t limitation , several groups have developed 
ring transducer arrays to increase the data acquisition aperture .2- 9 

The recent te hn logical advances in ri ng transducer anays provide an opportun ity to accurately obtain sOllnd-speed 
tomography images of the breas t. 10-13 Such images are no rmally smooth and the image resolution is low. In this paper, we 
p resent an ultras und reflection im age reconstruction method that makes use of smooth sound-speed tomography results 
for wavefield inward continuation to improve image qu al ity and resolution. The wavefield extrapolation is carried out 
using the split-step Fourier p ropagator that ha. been used for modeli ng and imaging in other fields, 14-18 bUL bas not 
yet been stud ied for medical ulb'asound imaging. We study the image reconstruction capability of the spli t-step 1-ourier 
propagator for ultrasound breast imaging using a ring array and computer-generated breast phantoms. The split-step 
Fourier propagator is based on the Fourier transform and phase shift in the frequency-wavenumber and frequen cy-space 
domains. Ther fore , it minimizes the numeric al d ispersion and conseque ntly reduces image arti fac ts. Reflection image 
reconstruction with the split-step Fourier propagator is comp utational ly m uch more efficient than full wave-equation-based 
time-reversal image reconstruc tion, 19 but more accurate than phase-shift image reconstruction.20 We d monstrate that 
ultrasound refl ection image reconstrllcti n using the split-step Fourier propagator with heterogeneous sound-speed models 
signific antly improves image resol ution and quality compared to phase -shift image reconstruction. 
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The sampl ing criter ion of wave fields needed to image objects within a ri ng array has been developed recently.21 We use 
a synthetIc ul trasound pulse-echo dataset recorded by a ring alTay for a computer-generated breast phantom to numerically 
veri fy the sampling criterion. 

2. SPLIT-STEP FOURIER PROPAGATOR 

The acoustic-wave equation can be decomposed into two one-way wave equations de 'cribing wave propagation in opposite 
direc li ons . The one-way wave equation in the frequency-space domain is given by 

dU(X,Z :OJ ) . ---::--- = -l 
dZ 

OJ2 d2 
~( 7) + :l 2 U(x,Z;OJ ) = - iQ(x,z ;w )U(x,z:w ), 
~ x,... oX 

(1) 

where (x, z) is the space position, W is the circular frequency, v is the sound speed , U is the acoustic wavefield , and the 
operator Q is defi ned by 

Q(x,z;OJ ) = (2) 

with va is a reference sound speed. Equation (2) can be approximated by 

Q(x,z; OJ ) ~ 
OJ2 d2 

v5(Z) + dX2 + OJ [s(x,z ) - 50(Z)], (3) 

where the slowness s = l/v, and the reference slowness 50 = l/vo. The formal solution of eq uation (1) is 

U (X, z +~;w ) = ex p { -i f QdZ} U(x,Z; OJ ), (4) 

which extrapol ates the acoustic wavefield U from z to Z + & . 

Inward continuation of the wavefield from receiving transducers into the breast using equation (4), together with equa­
ti on (3), can be implemented with the following steps: 

(a) Fourier transform acoustic wavefield U(x, z; OJ ) with respect to x; 

(b) Apply a phase-shift term e- ik: tlz to the wavefiel d in the frequency-wavenumber «(J:)-kx ) domain, where kz = J k5 - k3 

with ko = OJ /vo, and kx is the wavenumber along the x-coordinate; 
(c) Inverse Fourier transform the resulting wavefield inlo the fre uency-space (OJ-x) domain; 
(d) Apply a phase-shift term e-iW(s-so) to approximately compensate fo r ultrasonic scattering effects of heterogeneities . 

The resulting wavefield is the extrapolated acoustic wavefield. The wavefield inward continuation using the above proce­
dure is temled the spli t-step Fourier (SSF) propagator. 

For ultrasound pulse-echo signals, the ultrasound propagation time from a transmitter to a scatterer, and then back to 
the transmitter/receiver, is twice propagation time from the transmitter to the scatter. T herefore, a time sample interval that 
is a half of that in pulse-echo data is used for pulse-echo imaging to focus scattering wavefields back to scatterers . The 
image l (x,z) is obtained at time zero of backpropagated wavefields, and is calculated uSlllg 

I(x, z) = / U (x, z. ; VJ )dOJ. (5) 

One major advantage of the split-step Fourier method is th at it is based n the Fourier transform, and ther fore, the 
numerical dispersion is minimized . When using an assumption of uniform sound-speed fo r image reconstruction (v = va), 
the method leads to the phase-shift image reconstruction scheme.2o 
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F igure 1: (a) Sound speed of a numerical breast phantom derived from an experimental breast phantom that contain two tumors wi th 
high sound-speeds, and two fatty tissues with low sound-speeds. The white solid circle in (a) is the ring array used to re ord synthetic 
pulse-echo data. (b) Refl ectivity with in the phantom in (a) shows where changes of acoustic impedances occur. 
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Figure 2: Computer-generated ultrasound pulse-echo da ta for the numerical breast phantom in Fig. I (a). The cen tral frequency of the 
data is 1 Mhz. The data clearly show scattering from the interfaces of the phantom tissues. 
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(a) Ti me-of- fl ight tomography with two iterations. 
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(b) Time-of- flig ht tomography with ten iterations . 
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Figure 3: Time-or-fl ight sound-speed tomograp hy results used for pul se-echo imaging for the numerical phantom in Fig. 1 (a). The 
sound speed in (a) is a preliminary result obtained with only two iterations, and that in (b) is a more accurate one produced with ten 
iterations of the tomography inversion . 

3. ULTRASOUND PULSE-ECHO IMAGING FOR A NUMERICAL PHANTOM DERlVED FROM 
AN EXPERIMENTAL BREAST PHANTOM 

Two numerical breast phantoms are used to investigate the capability of the spli t- step rOllfier propagator for reflection im­
age r construc ti on. An important advantage of using computer-gen rated phantoms in image-r~constrllction studies is that 
the exact sound-speed model of the phantoms is known, and thus the reflection image reconstructed using the exact sound­
speed provides a gold standard of image quality and resolu tion that could be achieved us ing a given image-reconstruction 
algorithm . Another advantage is that numerical phantoms can be easily altered to simulate different anatom ies and medical 
situations . It is difficult to study combinations of different medical situations of patients lIsing clinical data. 

The fi rst numerical breast phantom, shown in Fig. 1 Ca), contains four phantom brea t masses . It is derived from an 
experimental breast phantom at Kannanos Cancer Institute . It consists of a subcutaneous layer of fat, a faceted parenchyma, 
and two tumors with higher sound speeds and two fatty masses with lower sound speeds compared to the sUlTolinding tissue. 
The larger tumor is more irregular than the other anomalies . The surfaces of all phantom breast masses in Fig . l ea) are 
rough, resulting in a significant amount of ultrasound scattering. An enlarged displ ay of reflectivity (normal reOection 
coefficient) within the phantom is given in Fig. l(b). The maximum value of reftectivity is 0.015. It would be ideal if 
reflection images would look like the reflectivity. 

We use a finite-difference time-domain "'cherne for the acoustic-wave equation in heterogeneous media to gen rate 
ultrasound pulse- eho data for the numerical breast phantom in Fig. l ea) . We assume that the densities of the phantom 
tissues are propo11ionaI to their sound speeds during the finite-difference calculation. T he data are recorded at 4096 
transducers that are equally distributed around the ring shown as the white solid circle in Fig. l (a). The central frequency 
of the data is 1 MHz. The ring array has a di ameter of 20 cm . Each transducer receives scattering signals emitted from 
itself The synthetic pulse-e ho data in Fig. 2 clearly show ultrasonic scatteri ng from the interfaces of four anomalies , in 
addition to other scattering signals . 

Image reconstructi on with the split-step Fourier propagator requ ires a heterogeneous sound- peed model. We obtain 
the heterogeneous sound-speed models of the numerical breast phanto m using a time-of-fligh t transmission tomography 
method,1 3 in wh ich translrJ ss ion ultrasound data are used in 'tead of pu lse-echo data. This tomography method is ompu­
tationally efficient, paJ1icuiarly when nly usin g a few iterations in tomography inversion to produce a reasonably accurate 
sound-sp ed image. Two time-of-flight tran mission tomography re ults for the phan tom in Fig. 1 (a) are shown in Figs. 3(a) 
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(a) Phase-shift reconstruction wi th a un ifonTI sound-speed. (b) SSF reconstruction with a sound-speed model in 
Fig. 3(a). 
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(c) SSF reconstruction with a sound-speed model in (d) SSF reconstruction with the phantom sound-sp ed in 
Fig. 3(b). Fig. I (a). 

F igure 4 : Comparison of ultrasou nd pulse-echo imaging using the split-step Fourier propagator with di fferent sound-speed models. 
Image reconstructions with heterogeneous sound-speed models in (b)-(d) significantly improve image quality and resolution compared 
with that obtained using a uniform sound-speed in (a). 

and (b). wh re the sound speed in (a) is a preliminary result obtained with onl y two iterations, and that in (b) is a m ore 
accurate one with ten iterations . It takes less than 20 seconds on a desktop computer to obtain the preliminary result in 
Fig . 3(a), 

We onduc{ ul trasound pul e-echo imaging with the spl it-step Fourier propag ator us ing the synthetic pulse-echo data 
in Fig . 2 . In the image reconstruc tions, four different sound-speed models are used : a uniform one obtained using the 
average slowness of the numerical breast phan tom (Fig. 1a), two time-of-fl ight sound-speed tomography results, as shown 
in Figs. 3 (a) and (b), and the original (correct) sound-speed model of the phantom shown in F ig. l (a). F igure 4 sh ws 
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(a) Image differences b .tween Fig . 4(b) and Fig. 4(d). 
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Figure 5 : Di fferences r images between those obtained using sound-speed tomography results and that yielded using the original 
(correct) phantom ~ound speed. The differences in (b) are smaller than those in (a). The image differences are plotted using the same 
scale as that in Fig. 4(d). 

a comparison of the reconstTIlcted reflection images. As depicted in Fig. 4(a), the phase-shift image reconstruction using 
a uniform sound-speed model produced a blurred image with significant artifacts . When even only using a preliminary 
tomography result (Fig. 3a) for SSF image reconstruction (Fig. 4b), the image resolution is significantly improved , and the 
image contains fewer artifacts than the phase-shift image reconstruction (Fig. 4a). As demonstrated in Figs. 4 (b) and (c), 
imaging quality is further improved using the more accurate sound-speed tomography result shown in Fig. 3(b), and is the 
best when using the original sound-speed of the phantom (Fig. la) for image reconstruc tion (Fig . 4d) . Figure 4(d) contains 
fewer image artifacts than Figs. 4(a)-(c), but no exact sou nd-speed model will be available in practice. Nevertheless, the 
images in Figs. 4(b)-(d) are similar to the reflectivity depicted in Fig. l (b). 

To compare image differences more clearly, Fig. 5 show th image differences between Fig. 4(b) and Fig. 4(d), and 
those betwee n Fig. 4(c) and Fig. 4(d). We can see that the image differences decrease with increasing accuracy of sound­
speed tomography results, or the image quality and resolution improve wi th increasing accuracy of the sound-speed models 
used for image reconstruction . 

4. ULTRASOUND PULSE-ECHO ThtIAGING FOR A NUMERICAL PHANTOM DERIVED FROM 
AN IN· VIVO SOUND-SPEED TOMOGRAPHY IlVIAGE 

Another numerical breast phantom we used to test the capability of the spli t-step Fourier propagator for image recon­
struction is delived from sound-speed tomography image of an in-vivo ultrasound breast dataset, collected using Karmanos 
Cancer Institute's ring transducer array.9 We obtain the sound-speed image from the data using a time-of-flight transmission 
tomography mcthod .13 We then derive a numerical breast phantom from the sound-speed tomography image by removing 
the tomography artifacts. The phantom is depicted in Fig. 6(a). The low sound-speed regions in the phantom represent 
fatty tissues and the high sound-speed region is a breast cancer. Fig . 6(b) is an enlarged display of reflectivity (normal 
reflection coeffic ient) w ithi n the phantom, showing the gold standard of reflection image reconstruction. The maximum 
value of the reflectivity is 0.0001639, that is two orders of magnitude smaller than that of the phantom in Fig. l ea) . 

We lise again a finite -difference time-domain acoustic-wave equation scheme to compute ultrasound pulse-echo data 
for the numerical breast phantom in Fig . 6(a) . We assume that the densities of the phantom tissu s are proportional to their 
sound speeds during the finite-difference modeling. Figurc 7 is the synthetic data recorded at 4096 transducers equally 
di stribuled around the ring shown as the white solid circle in Fig. 6(a). The central frequency of the data is 1 MHz and the 
ring array has a diameter of 20 cm. 
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f igure 6: (a) Sound speed o f a numerical breast phantom derived from a sound-speed tomography result of an in-vivo ultrasound breas l 
daLa. T he phantom contains heterogeneous breast ti ssues and a breast cancer wi th a higher sou nd speed than its surr lInding tissues. T he 
whit solid ci rcle in (a) is the ring array used to record synthetic pulse-echo data. (b) Reflectivity within the phantom in (d) shows where 

changes o f acoustic impedances O\:CUf. 

Figures 8(.1) and (b) are , respectively, results from two and ten iterations of the time-of-flight transmission tomography 
inversion for the numerical breas t phantom in Fig. 6(a).13 Figure 8(b) is a more accurate sound-speed model than Fig . 8(a). 
We use these sound-speed models to reconstruct reflection images using th spli t- step Fourier propagator and the synthetic 
pulse-echo data in Fig. 7. For compari on, we also can y out ultrasound pulse-echo imaging using the phase- hift method 
with a uniform sound-sp ed model, and split-step Fourier image reconstruction with the correct phantom sound-speed. The 
reconstructed images are shown in Fig. 9, demonstrating once again that image quali ty and resolution are greatl y enhanced 
by using a reasonably accurate sou nd-speed models for image reconstruction. The images in Fig. 9(b)-(d) match very well 
with the reflectivity of the phantom as shown in Fig. 6(b). 

Figure 10(a) shows the image differences between Fi g. 9(b) and Fig. 9(d), and Fig. lOeb) depict the differences 
between Fig . 9(c) and Fig. 9(d). Figure 10 shows that the image differences decrease with increasing accuracy of sound­
speed tomography results used for image reconstruction . Practically, image reconstruction using a sound-speed tomography 
result with fi ve to ten iterations of the tomography inversion can produce high-quality and high-resolution reflec tion images. 

5. NUMERICAL VERIFICATION OF THE SAMPLING CRITERION OF WAVEFIELDS FOR A 
RlNGARRAY 

The sampling criterion of wavefields needed to image objects within a ring anay has recently been developed21 and is 
given by 

Je R 
~< -

2ro' 
(6) 

where ~ is the tran ducer . palial interval , A i the wavelength, R is the radius of the ring alTay, and ro is radius of the object 
to be imaged . 

In our image reconstruction studies using the numerical breast phanto m in Fig. 6(a) al d the pulse-echo data in .... ig. 7, 
A ::::::; 1.5 mm , R = 100 nun , "0 ;::;:; 60 mm. Therefore, the transducer interval must satisfy ~ < 1.25 mm according [0 

equation (6). 

We conduct the split-step Fourier image reconstruction using 2048, 1024,512, and 256 transducers recording ultra­
ound pulse-echO data as shown in Fig. 7, and the reflection image reconstnlction result are shown in Fig. 11. The 
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Figure 7 : Computer-generated ultrasound pulse-echo data for the numerical breast phantom in Fig . 6(a). The central frequency of the 
data is I Mhz. The data show ultrasonic scattering from the heterogeneous phantom tissues. 
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(a) Time-of- night tomography with two iterations. 
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(b ) Time-of-fli ght lomography wi tl len iterations . 
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Fig ure 8: Ti me-of- fl ight sound-speed tomography results used for pul se-echo imaging for the numerical phanlom in Fig . 6(a) . The 
preliminary result in (a) is generated with two iterat.ions, and the result in (b) is a more accurate one yielded with ten iterations of the 
tomography invers ion. 
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(a) Phase-shift reconstruction with a uniform sound-speed. (b) SSF reconstruction wi th a sound-speed model in Fig. 8(a). 
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(c) SSF reconstruction wilh a sound-speed model in Fig. 8(b) Cd) SSF reconstruction wi th the phantom sound-speed in 
Fig. 6(a). 

Figure 9: Comparison of ultrasound pulse-echo imaging using the split-step ~ourier propagator wi th different sound-speed models. 
tmage reconstructions with heterogeneous sound-speed models in (b)-Cd) significantly improve image quality and resolution compared 
with that obtained using a uniform sound-speed in (a). 

corresponding transducer intervals are 0 .3 \ mm, 0.61 mm, 1.23 mm, and 2.45 mm, respectively. The sound-speed tomog­
raphy model depicted in Fig. 8(b) is used for the image reconstruction. The transducer in tervaJ s for Figs . 11 (a)-(c) ~ati s fy 

the sampling criterion of wavefiel ds for the ring anay, but that for Figs . II(d) does not, leading to significant image artifacts 
inside and outside the phantom area. Even though Fig. I I(c) contains some image art ifacts outside the phanlom region, the 
image within the phantom has sign ificantl y fewer artifacts than that in Fig. 11 (d). 
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(a) Image di ffere nces between Fig. 9(b) and Fig . (d). (b) Image di fferences between Fig. 9(c) and Fig. 9(d). 

Figure 10: Differences of images between those obtained usi ng sound-speed tomography results and that produced using the original 
(correct) phantom sound-speed. The differences in (b) is small er than that in (a). The image d ifferences are plotted llsing the same , cale 
as that in Fig. 9(d) . 

6. CONCLUSIONS 

We have studied an ultrasound pulse-echo imaging meth d using the split-step Fourier propagator. The method uses 
heterogeneous sound-speed models obtained from time-of-flight transmission tomography for image reconstruction to 
approximately compensate for ultrasonic scatteri ng effects . We have investigated the capability of the method for reflection 
image reconstruction using two different numerical brea t phantoms and synthetic pulse-echo data recorded by a ring auay. 
We have demonstrated that image reconsu'uction with the split-step Fourier propagator and a heterogeneous sound-speed 
model significantly improves image resolution and quality, even when using only a preliminary estimate of the sound 
speed. We have also numerically verified the spatial sampling criterion of wavefields for a ring alTay. 

Wavefoun tomography has the potential to produce higher-resolution sound-speed images than time-of-flight trans­
mission tomography.22 We will study to use sound-speed models obtained using waveform tomography for ultrasound 
reflection image reconstruction to flJrther improve image quality and resolution . In addition, we will tudy the capability 
of the ultrasound reflection image reconstruction with the spl it-step Fourier propagator for more realistic and complex 
numerical breast phantoms and apply the method to in-vivo uJ trasound breast data collected using a ring array. 
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