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AB STRACT 

Waveform tomography results are presented from 800 kHz ult rasound t ransmission scans of a breast phantom, 
and from an in vivo ultrasound breast scan: significant improvements are demonstrated in resolution over time-of­
flight reconstructions. Quant itative reconstructions of both sound-speed and inelastic attenuation are recovered. 
T he data were acquired in t he Computed Ult rasound Risk Evaluation (CURE) system, comprising a 20 cm 
diameter solid-state ultrasound ring array with 256 active, non-beamforming transducers. 

Waveform tomography is capable of resolving variations in acoust ic properties at sub-wavelength scales. T his 
was verified through comparison of the breast phantom reconstructions with x-ray CT results: the final images 
resolve variations in sound speed with a spatial resolution close to 2 mm. 

Waveform tomography overcomes the resolution limit of time-of-flight methods caused by finite frequency 
(diffraction) effects. The method is a combination of time-of-flight tomography, and 2-D acoustic waveform 
inversion of the transmission arrivals in ultrasonic dat a. For selected frequency components of the waveforms, a 
finite-difference simulat ion of the visco-acoust ic wave equation is used to compute synthetic data in the current 
model., and the dat a residuals are formed by subtract ion. T he residuals are used in an iterative, gradient-based 
scheme to update t he sound-speed and attenuation model to produce a reduced misfit to the data. Computational 
efficiency is achieved through the use of t ime-reversal of the data residuals to const ruct the model updates. Lower 
frequencies are used first, to establish the long wavelength components of' t he image, and higher frequencies are 
int roduced later to provide increased resolut ion . 

Keywords: sound-speed, attenuation, waveform tomography, transmission ultrasound, image processing 

1. IN T RODUCTIO N 

During the past decade much at tention has been focused on the use of ultrasound transmission in the early 
detect ion and evaluation of breast cancers. 1

-
5 In contrast to traditional ult rasound methods using reflection 

and backscattering (or B-mode), transmission ultrasound has the potential of yielding accurate, quantitative 
sound speed images and attenuation images. T his is part icularly important as reflection methods are limited 
by t he lack of specular reflectors associated wi th breast tumors.5 A ring transducer such as that used in the 
Computed Ultrasound Risk Evaluation (CURE) system5,6 (described below) allows the possibility of utilizing 
both m dalities: Transmission information is used to reconstruct sound speed and attenuation images, while 
backscat tered waves supplement these with high resolut ion migration methods.7 ,8 

Sound speed and attenuation images are most often extracted from t ransmission ultrasound data using "timc­
of-flight" methods, in which arrival times, amplitudes are extracted, and ray-based inversion methods are used 
to reconstruct the images. T hese methods are robust, and rapid* . In general the reconstructions should be 
performed iterat ively to allow the rays to correctly urve within heterogeneous media, although in practice 
with breast t issue straight rays are often used. 5 Regardless of ray t racing approaches, all image reconstruction 
methods based on fi rst arrival t imes are limited in resolution as a result of the relatively long wavelengths of 
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"' The curreut goal for t ransmission systems is a thr oughput of 25 patients per day. 5 



ultrasound (;:;::: 1 mm), and t he result ing diffractions that appear in the data. The limitations of traveltime 
reconstruction methods are well understood , and the methods of diffraction tomography 9 , 10 have been proposed 
as a solution. J ust as for ray-based met hods, diffraction met hods must correctly respect t he variations of sound 
speed within the media, and hence more sophisticated methods not relying on he assumption of homogeneity 
in the background are required . 

In geophysical imaging, similar physical problems arise, and can be shown to have similar scale characteristics. 
Table 1 shows characteristic scales for t he CURE system, and for a recent geophysical study designed to probe 
the eart h's crust and upper mantleY , 12 In both cases, the key scale characteristic is t he number of wavelengt hs, 
N that acoust ic energy must propagate from source to receiver locat ions (of the order of 100). Scatterers of the 
order of the wavelength , A (i.e., of the order millimeters in the medical ultrasound case) will strongly diffrac t 
energy and obscure t he first arrivals, making t ravelt imes less diagnostic of small scale variations in sound speed 
and attenuation . In geophysical imaging there are no alternative modalities - acoustic energy offers the optimal 
imaging technology t, and geophysical imaging algori thms exist that overcome the limitations of t ime-of-flight , 
ray-based methods. Due to t he st rong varia ions in sound speed for most earth materials, t hese algorithms 
correctly take into account het erogeneity. To some extent geophys ical algorithms also overcome some of the 
d ifficulties of irregular and poorly sampled wavefields. It is therefore appropriate to investigate t he applicability 
of geophysical imaging methods to the medical ultrasound transmission problem. 

Table 1. Comparison of characteristic scales in medical ultrasound, and crustal geophysics . 

I Medical Ultrasound I Crust al Geophysics 

Propagation distance L 250 rom 250 km 
Useful waveform tomography frequencies f 1 MHz 2 Hz 

Approximate sound speed c 1500 m ls 4000 mls 
Approximate wavelength A = elf 1.5mm 2km 

Number of wavelengths in target N)., = LI).. 167 125 
Approximate Fresnel zone size V )" L 20mm 20 km 

The approach used in this paper is a development referred to in geophysics as waveform tomography. 13-16 
T his approach is equivalent to diffraction tomography in a fully heterogeneous background medium. Waveform 
tomography owes its high resolut ion properties to the fact that the data are progressively mat ched to synthetic 
waveform data without recourse to ray-theoret ical limitations. The synthetic data are generated using a highly 
accurate numerical simulation of the full, 2-D acoustic wave equation. 17, 18 All acoustic modes , including diffrac­
tions , guided waves, refiections and oth r scattering effects are automatically taken into account. T he resolving 
power of waveform inversion methods has been characterized by several authors ,19-21 wh demonstrate t hat 
waveform methods are expected to have a spatial resolving kernel of the order of t he wavelength, A, while trav­
eltime methods are expected to be limited by t he size of the Fresnel zone, v>L, where L is the propagation 
distance between source and receiver . Wavelengths and Fresnel zone widths are provided in Table 1.+ 

Waveform tomography of the inelastic attenuation parameter requires correctly modelling and inverting the 
amplitude effects of this parameter, which are strongly frequency dependent . Tarantola22 gave t he general 
formulat ion including both sound speed and attenuation parameters for t he t ime domain, but t his approach 
has not been applied in practice. Frequency domain approaches are more effective ,23,24 and real data examples 
have also been published.14, 25, 26 In the frequency domain, attenuation is parameterized using a comple. -valued 
sound-speed parameter 

. Vr 
V = Vr - '/, 2Q ' (1) 

tSmaller wavelengths are effect ively limited by the intrinsic attenuation of the eart h. 
tT hese scale represents the order of the resolllt. ion limitations; many methods can resolve down to a half, or even a 

quarter of these scales. 



where Vr is the (real-valued) sound speed, and Q is the quality fa ctor, a dimensionless parameter indicating the 
loss in energy per cycle.14, 27 The attenuation is proport ional to t he inverse factor Q-l, and to the frequency. In 
many materials Q is approximately constant with frequency, and that assumption is built into our reconstructions . 

2. R ING TRANSDUCER DATA 

2.1. Transducer system 

Data for t his study were obt ained using the CURE system5 at the Karmanos Cancer Institute, Detroit, MI. The 
current prototype consists of a 20 em diameter solid state ring transducer, with 256 active, non-beamforming 
transducers; data from each transducer location ar ~ available from all 256 elements around t he ring. The breast is 
suspended in a water bath and surrounded by the ring transducers. The transducers have an effective elevation 
beam width of approximately 12 mm, making each scan approximately two-dimensional (2D), and a gantry 
system is used to create a stack of slices at different elevations. T he transducers are driven at relatively low 
ultrasound frequencies, using a I-cycle sinusoid at 1.5 MHz, wit h a source pulse containing frequencies between .5 
and 2.5 MHz. For each dataset we obtained 256 x 256= 65 ,536 waveforms, each containing 286 /-LS of full waveform 
data, sampled at 0.16 p,s (approximately 0.2 Gbytes). The data were then t ranslated from the native binary 
format of the system to the "Segy" format ,28 compatible with geophysical processing systems. 

2.2. Datasets 

Two datasets were used in this study of waveform tomography: T he first is an ultrasound scan of the breast 
phantom shown schematically in Figure 1. This phantom consists of simulated breast tissue approximately 120 
mm in diameter , with a 0.5 mm Polythene "skin", a subcutaneous layer of fat, a facet d parenchyma, and four 
simulated breast masses (two high sound-speed tumors, and two low sound-speed fat masses). Thmor and fat 
anomalies varied in size between 5 mm and 20 mm. The second dat aset is a scan of an in vivo breast from a 
clinical study, exhibiting a large (30 mm diameter) tumor. We developed our workflow parameters using the 
data from the phantom , and t hen applied the identical workflow to the in vivo dataset. 

F = Fat 

/' T = Tumor 

0.5 mm Polythene "Skin" 

Figure 1. Left: Schemat ic design of the breast phantom. Right: x-ray CT scan of the breast phantom. 

2.3. Waveform data 

Figure 2 shows a typical scan from the ring transducer system , depicting data traces for all 256 transducers 
from a single t ransmit (a "common source gather"). Owing to the large variation in arrival times due to the 
ring geometry, the details of the transmission waveforms are somewhat difficult to perceive. In seismology, large 



variat ions in arrival times are dealt with by plotting waveform data in "reduced t ime", t - x/va where x is the 
source-receiver dist ance , and Va is an appropriate , constant sound-speed used to remove much of the geometrical 
variat ion in the arrival t imes§. Figure 3 shows reduced t ime common source gathers for bot h the breast phantom 
data, and the in-vivo breast scan dat a. The t ime scale can be expanded on t hese reduced t ime plots , allowing us 
to clearly observe the transmission waveforms, including the diffractions from t he edge of t he breast phantom. 
On the in vivo data many more diffractions are present , indicating the presence of somewhat stronger sound 
speed heterogeneities in the breast . On these displays small traveltime shifts are are evident. every 32 t. races ; 
this is a manifestation of the mechanical construction of t he ring t ransducer system, in which the transducers 
are mounted on 32 element segments and assembled in 8 pieces. Minor geometric variations from a perfect circle 
t hus occur . 

F igure 2. Ultrasound scan from a single t ransducer in the breast phantom showing the transmission arrivals around 
the circumference of the ring. Note the coherency of the arrivals and the crosstalk signals at early time on the near 
t ransducers. T he Schol te wave arrival is just visible as a linear phase arriving after t he transmission arrivals . The vertical 
axis is time in I-Lsec. 

3. TIME-OF-FLIGHT TOMOGRAPHY 
For the waveform tomography approach to succeed a starting model is required that adequately predicts the 
first arrivals . The crit erion usually given is that the starting model should predict t he first arrivals to within 
a half-cycle29 (0.625 f.1.sec a t 800 kHz). If this condition is not met , waveform tomography will converge to the 
wrong cycle of the waveform in part s of t.he data, an effect we refer to a..'3 a cycle skip. 

In order to generate an appropriate starting model, we manually picked the arrival times for both datasets, 
using waveform displays such as those in Figure 3. The data were picked on the common source gathers , and 
subsequently triple che ked for consistency in common receiver gathers, as well as common offset and common 
angle gathers . Each dataset required abou t 3 full working days to pick; approximately 50,000 t ravel times were 
retained per dataset . T he accuracy of the manual picks was considered to be approximately 0.2 f.1.sec. A number 
of dead channels were observed and eliminated from the traveltimes (and from the subsequent waveform data). 

Time-of-flight inversion of the picked traveltimes was carried out using geophysical tomography software 
developed for cross-borehole surveys .30 A variety of smoothing constraint levels were test ed in order to obtain 
results that predicted the travc1times to a root-mean-square er ror level of 0.1 f.1.sec . Ray tracing is then carried 
out in the resulting sound speed model, and the procedure is repeated. These steps were repeated a total of 
t hree t imes to ensure the non-linearity of the approach was respected. 

§In exploration seismology this is referred to as "linear moveout". 



4. WAVEFORM T OM OGRAPHY 

A comprehensive description of the waveform tomography approach has been given elsewhere;1 5, 16 ,31 in essence 
the method generates an iterative update to the st arting sound-speed model (and, if desired, to the attenuation 
model), by minimizing the misfit between observed data and synthet ic data generated by the method of finite 
differences in each successive model. In order to ext rac t sound-speed information, transmission arrivals are 
strongly weighted during the inversion procedure. The process is carried out in the frequency domain: each 
frequency component of the data is matched by an equivalent frequency domain component of the synthetic 
data. Residuals are computed, and these residuals form the input for a "backpropagation" step in which the 
residuals are re- mitted inward into the target, and orrelated with the propagated source terms. T his creates 
a double-focusing effect, localizing the scatt ering points in a manner analogous to time-reversing mirrors. 32 ,33 

F igure 3. Top: An al ternative display of the data from Figure 2, in which the da ta are plotted as a function of t - x/va' 
where va = 1500 m/ s. Following a 50 j..tsec sh ift , and an expansion of the time scale the waveform details may be discerned. 
The departure from a straight line indicates the presence of material with a sound-speed different from that of water. 
As before, the crosstalk is visible; now t he Scholte wave is easy to d iscern . We can now also . ee diffractions from the 
edges of t he phantom. Bottom: A similar display of t he in-vivo data, in which the breast structures create a complex 
first arrival waveform; diffraction pat terns dominate the arrivals just after t he transmission arrivals. In both plots t he 
traveltime picks are indicated as small crosses on t he waveforms. The vertical axis is t ime in j..tsec. 



Mathematically, this allows us to efficiently construct the descent vector of an objective function . The method 
of conjugate gradients is used to accelerate convergence. 

4.1. Waveform preprocessing 

Before waveform tomography can be carried out , the data need to be reduced to a form suitable for the forward 
and inverse components of the algorithm. T he pre-processing steps involve: 

1. High cut (lowpass) fil tering of data frequencies to a maximum of 800 kHz. This facilitates the processing 
of the lower frequency data components first, and allows a smaller computational grid to be used. At later 
stages this can be relaxed, and the highest data frequency components can in principle be included. A 
minimum phase Butterworth filter was applied with a 72 db / octave roll-off above 700 kHz. 

2. Time windowing to remove any noise prior to the picked arrival times , and energy arriving later than 
35 I1sec subsequent to these arrivals. This removes late backscattered events from the data set , effectively 
forcing the a1gorithm to fit t.he earliest portions of the transmission waveforms. This operation too can be 
relaxed at later stages . 

3. Gather-by-gather amplitude normalization. Each source gather is scaled to contain an overall root -mean­
square amplitude of 1.0, following which t he data are re-sorted into common receiver gathers and nor­
malized once more. This dual normalization step removes most systematic amplitude variations between 
transducers. 

4. Transformation of the data to the frequency domain, as required by the waveform tomography algorithm. 

5. Removal of near transducer pairs from the files . These data points are overly sensitive to crosstalk, and 
the image is overly sensitive to minor timing and location errors in these data. We removed all transducer 
pairs closer than 75 mm to each other. 

4.2. Extraction of frequency domain data 

The waveform tomography algorithm operates on the waveform data one frequency at a t ime. We prepare the 
input data by transforming the filtered , windowed and scaled time domain data into a set of input data fi les, one 
per inversion frequency. Each of the 256 x 256= 65 ,536 transducer pairs thus contributes a single, complex-valued 
data point to each data file. The generation of the frequency domain data is carried out using a standard discret e 
Fourier transformation of the form 

F (w) = Lfkei~k~t. 
k 

(2) 

However, we actually carry out this summation (and subsequent finite difference modeling) using a complex­
valued frequency w given by 

i 
w = 21rf - -, 

T 
(3) 

where f is t he (real valued) frequency and 'T is a time damping parameter used to reduce the weight of later 
arrivals in the data. The imaginary term in the circular frequency is equivalent to pre-multiplying the data by 
a term equal to exp(-t/T). For these examples a value Of T = 200,us was used. 

4.3. Source signat ure extraction 

Before each pass of waveform tomography source signatures for all 256 transmitter elements are estimated from 
the data. Given the input data d( w) , and a starting sound-speed model , an initial set of synthetic data , u( w) 
may be calculated by forward modelling. This allows us to extract an estimate of the source signature using16 

(u, d) 
.s(w) = -( -)' u,U 

(4) 



Figure 4 . Source time signatures estimated for all 256 transducer elements in the ring transducer. T he data have been 
previously filtered t.o a maximum frequency of 1 MHz. Transducer 254 was not function ing during this test . 

where 0 defines the inner product over all data points (equivalent to correlat ion in the t ime domain ). The resul t , 
s(w) is the complex-valued source function at the frequency, w, following which the time-domain signatures may 
be found by Fourier synthesis. This operation may be applied to the data a single source gather at a time 
(yielding a source estimate for each gather separately), or to the entire dat aset simultaneously (yielding only a 
single, best fit estimate of the source signature). Because of the travelt ime steps observed in Figure 3 (associated 
wi th the 32-element transducer segments ), it was decided to extract a separate source signature for ach of the 
256 transducer elements. T he result of this calculation is shown in Figure 4; a small amount of variation is 
indeed evident between each 32-element segment. 

4.4.800 kHz Waveform tomograp hy 

Following waveform pre-processing, and time-of-flight tomography to establish a starting model, waveform to­
mography was applied to both datascts. The iterat ive procedure began with the 400 kHz data components ; and 
proceeded through to 800 kHz in steps of 20 kHz. Three frequencies were used simultaneously per iteration, 
and five iterations of the conjugate gradient scheme were carried out before proceeding to the next group of 
t hree frequencies . A wavenumber-space fil ter was applied to each model update to rest rict solut ions to longer 
wavelengths (of the order of 2>' or larger, for each im aging frequency). Finally, a second pass was run through 
the data frequencies with a far less restrictive wavenumber fi lter (passing wavelengths as small as AI 4). 

The sound speed waveform tomography results from the breast phantom are shown in Figur 6, t gether 
with the time-of-fl ight tomographic reconstruction used as a start ing model on the same color scale, and a 
representative sound-speed profile through t he phantom. Both reconstructions are slightly marred by the low 
sound-speed area at approximately 7 o'clock caused by t he failure of a group of 8 transducers in this region . The 
reconstructions also show a faint correlation with t he segmented structure of the ring t ransducer. 

While the time-of-flight reconstruction yields a robust image of the phantom, some of the structures are 
poorly resolved: the polythene skin of the phantom is not evident, the faceted structure is only faintly apparent, 
and the interior anomalies are also rather fain t. In contrast, the waveform tomography result contains high 
resol ution structure that does not appear on the time-of-flight reconstruction, including a good image of the 
polythene skin (the nearly circular structure), the faceted nature of the subcutaneous fat interface , and each of 
the four anomalies. Unfortunately, the waveform tomography reconstruction also displays several artifacts (high 
and low sound-speed streaks), possibly associated with the traveltime discrepancies every 32-elements observed 
previously. 
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F igure 5. Sound speed images for the breast phantom. Left : T ime-of-flight curved ray tomography. Right : Waveform 
tomography. T he sound-speed graph shows a comparison of the sound speed from the t ime-of-flight reconst ruction (t hin 
line), and from t he waveform tomography (thick line), taken along a line parallel to the vertical in both figures passing 
through the center of the large t umor anomaly. 

The equivalent time-of-flight and waveform tomography reconstructions of the in vivo dataset are shown 
in Figure 6. Both reconstruction methods clearly show the enhanced sound speed of the tumor, however the 
waveform tomography image shows an improved localization of this st ructure. The waveform tomography re­
construction a1so is successful at providing a clear definition of t he outer skin of t he breast (not present in 
the time-of-flight reconstruction). Within the breast t issue there are additional sound-speed variations on the 
waveform tomography that resemble fibrous bands. Attenuation reconstructions for both datasets are shown in 
Figure 7. T hese images appear to respond directly to the high at tenuation of the skin layer in both cases. On 
he in vivo attenuation image there is a region of high apparent at tenuation that corresponds spatially to t he 

location of the tumor . 

5. DISCUSSION AND CONCLUSIONS 

Waveform tomography appears to have great potent ial a..s a method for high-resolution, quantit a t ive reconstruc­
tion of sound-spepd and attenuation images in breast tissue. Cert ain difficult ies in this prototype study have 
prevented us from obtaining artifact-free reconstructions . Specifically, the 32 segment pat tern on the images is 
apparently due to some yet-to-be resolved problem with eit her the transducer geometry, t he waveforms them­
selves , or the traveltim picking. T his problem is not serious enough to prevent useful results, but it does lead to 
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F igure 6. Sound speed images for the in-vivo data. Left: Time-of-flight curved ray tomography. Rjght: Waveform 
tomography. The sound-speed graph shows a comparison of the sound speed from the t ime-of-Bight recollstruction (thin 
line), and from the waveform tomography (thick line), taken along a line parallel to the vertical in both figures passing 
through the center of th tumor. 

artifacts in the waveform tomography that obscure some of the crit ical features of t he breast phantom, making 
it diffi ul t to see much improvement in the resolution of the smallest anomaly (the small fatty region). The 
problem does not seem to be as severe in the in vivo waveform tomography reconstruct ion. 

T he reconstructions of the breast phantom are helpfu l in evaluat ing the accuracy, resolution and reliability of 
waveform tomography: Waveform tomography does enhance the sound speed cont rast of the largest anomalies 
in the phantom, both the high sound-speed tumor and the low sound-speed fatty region, and it also defi nes 
the edges of these more clearly. FUrthermore , waveform tomography result resolves the poly then skin of the 
phantom extremely well, showing a nearly circular structure with a sharp increase in sound speed associated with 
t he skin itself. There is also a decrease in sound speed just inside t he skin that corresponds in detail with the 
geometry of the subcutaneous fat layer. T hese 0 servations are further illustrated by the zoomed-in comparison 
shown in Figure 8, on which it is apparent that a resolut ion of the order of 2 mm was achieved. 

These observations from t he brea.'it phantom allow us to view the reconstruction from the in-vivo data with 
some optimism. As with the phantom, the skin is clearly evident on the reconstruction. T he internal structure 
appears better resolved, although it is difficult to know if the structure is totally artifact-free . I t was noted 
during the reconstruct ions that the interior of the tumor structure itself did not change as the reconstruction 
proceeded , suggesting perhaps t hat little acoustic energy actually penetrated the tumor. The attenuat ion images 
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F igure 7 . Attenuation images for the breast breast phantom (left), and the in-vivo dataset (right). Both images are 
presented in terms of I/Q, where Q is the dimensionless quali ty factor. 

of the dimensionless Q factor from both datasets show lit t le st ructure, other than at the interface between the 
skin and the subcutaneous fat layer. T here is however a region of higher attenuation present in the interior of 
the in vivo example that corresponds to the spatial 1 cation of the tumor. 
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F igure 8. Det ailed compar 'soll of sound speed images from waveform tomography (left) and x~ray CT (right) in the 
breast phant om , 

The potent ial for fut ure applications of geophysical waveform tomography to medical ultrasound data seems 
assured. The reconstructions are accurate and well resolved down to sub-wavelengt h scales . At the same t ime, 
the waveform tomography approach appears less robust and more sensitive to calibration problems in geometry, 
t iming and waveform amplitudes. It is ant icipated that fut.ure research will lead to solutions to these problems, 
either wit h improved error-correction withjn the methodology, or with improved calibration of the transducer 



systems , or both . T his would lead t he way forward to higher frequency reconstructions, wit h corresponding 
improvements in resolut ion approaching the sub-millimeter range. T he method is limited in ~peed due to the 
requirement for manual t raveltime picking of the waveforms, and due to the computational time required for 
the reconstructions. However , th is is a prototype study and appropriate software engineering is likely to yield 
significant improvements on bot h of these requirements. 
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