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SUMMARY

All materials are heterogeneous at various scales of observation. The influence of material
heterogeneity on nonuniform response and microstructure evolution can have profound impact on
continuum thermomechanical response at macroscopic “engineering” scales. In many cases, it is
necessary to treat this behavior as a multiscale process thus integrating the physical understanding
of material behavior at various physical (length and time) scales in order to more accurately
predict the thermomechanical response of materials as their microstructure evolves. The intent of
the dissertation is to provide a formal framework for multiscale hierarchical homogenization to be

used in developing constitutive models.

This research developed a hierarchical multiscale approach for modeling microstructure
evolution. A theoretical framework for the hierarchical homogenization of inelastic response of
heterogeneous materials was developed with a special focus on scale invariance principles needed
to assure physical consistency across scales. Within this multiscale framework, the second
gradient is used as a nonlocal kinematic link between the response of a material point at the
coarse scale and the response of a neighborhood of material points at the fine scale. Kinematic
consistency between two scales results in specific requirements for constraints on the fluctuation
field. A multiscale internal state variable (ISV) constitutive theory is developed that is couched
in the coarse scale intermediate configuration and from which an important new concept in scale

transitions emerges, namely scale invariance of dissipation.

At the fine scale, the material is treated using finite element models of statistical volume elements
of microstructure.  Fine scale boundary conditions are developed that satisfy kinematic
consistency requirements and methods for numerical implementation of such boundary conditions
are developed and evaluated in the context of fine scale response. The coarse scale is treated
using a mixed-field finite element approach. The coarse scale constitutive equations are
implemented in a finite deformation hyperelastic inelastic integration scheme developed for

second gradient constitutive models. An example problem based on an idealized porous

XiX



microstructure is presented to illustrate the approach and highlight its predictive utility. This
example and a few variations are explored to address the boundary-value-problem dependant

nature of length scale parameters employed in nonlocal continuum theories.

Finally, strategies for developing meaningful kinematic ISVs, free energy functions, and the
associated evolution kinetics are presented. These strategies are centered on the goal of

accurately representing the energy stored and dissipated during irreversible processes.
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CHAPTER I

INTRODUCTION

All materials are heterogeneous at various scales of observation. While material heterogeneities
are interesting in and of themselves, it is ultimately through their influence on non-uniform
response and microstructure evolution that they have profound impact on continuum
thermomechanical response at macroscopic “engineering” scales. That many materials can be
treated as homogeneous continua owes to the distinct separation of the scale of the problem under
consideration and the scales at which actual heterogeneities affect physical processes. These
physical processes include various sources of inelastic behavior such as plasticity, nucleation and
growth of damage, and phase transformation, to name a few. Historical approaches to model
such processes that reflect an intimate coupling of physical scales consist of phenomenological
constitutive relations that are developed either empirically or by analytical micromechanics and
subsequently fit to experiment. The primary shortcoming of such approaches are that the
developed models do not necessarily accurately reflect the physical processes occurring at various
scales and, in some aspects, can be characterized as highly nonlinear curve fits to limited sets of
data. In order to more accurately predict the thermomechanical response of materials as their
microstructure evolves, it is necessary to treat this behavior as a multiscale process thus
integrating the physical understanding of material behavior at various physical (length and time)

scales.

Explosive growth in computational power coupled with innovation in numerical modeling has
enabled detailed modeling efforts to explore and quantify the thermomechanical response of
materials across a multitude of physical scales for a variety of inelastic processes. Multiscale
modeling has inspired a new vision of being able to develop constitutive models for use at

physical scales common to engineering problems using detailed information developed from a



hierarchy of models at finer scales. Recent advances have been made in this area with emphasis
on simultaneously linking numerical models of processes occurring at each scale. Such
approaches offer advantages in avoiding constitutive complexity and reducing uncertainty at
engineering scales at the cost of tremendous computational burden when compared to historical

phenomenological engineering-scale models.

An alternative approach is to build constitutive models from successive homogenization of
modeling conducted at other scales in a hierarchical fashion. This approach results in constitutive
models at the largest scales that reflect the complexities of processes at finer scales in some
homogenized sense without the need to conduct simulations at all scales simultaneously.
However, in order to build the heterogeneous response of materials into computational models for
use at engineering scales, for example in finite element simulations of system response, numerical
modeling conducted at each scale must be arranged in a formal hierarchy such that fundamental
guantities of the physical laws governing each scale are preserved across scale transitions. In
fact, recent advances made both in concurrent scale linking and hierarchical transitions in scale
are lacking in their formality and rigor when accounting for physical quantities that enter balance
laws at separate scales. Additionally, heterogeneous response of materials is inherently nonlocal;
this nonlocal nature of multiscale response should be reflected in such a hierarchical

homogenization scheme.

These considerations suggest that a significant contribution towards multiscale modeling of
heterogeneous materials can be made by developing a formal framework for the hierarchical

homogenization of thermomechanical response. The objectives of this dissertation are to:

o Develop a theoretical framework for scale transitions that assures physical consistency

across scales and reflects effects of gradients of deformation
o Implement the theoretical framework in numerical models at separate scales

o Apply the developed framework and numerical implementation to an example problem
and demonstrate the intended approach highlighting important aspects of the theory and

the associated improvements to predictive capabilities.



At the core of this framework is a set of principles that enforces kinematic consistency and scale
invariance of mass, momentum, and energy. Thermodynamics of irreversible processes, in
particular Internal State Variable (ISV) theory, is employed to ensure common representation of
free energy and dissipation at all scales within a hierarchy. A second order Taylor series
kinematic decomposition is employed at the coarse scale resulting in a nonlocal second gradient
continuum description of the coarse scale material response. This aspect of the framework
introduces an implicit material length scale associated with the dominant length scale of material
response. The critical aspect of this framework is the selection of physically meaningful I1SVs

and the associated constitutive description of their irreversible evolution.

While the physical principles and quantitative approach are applicable to more general scale
transitions, for example, atomistic to continuum, theoretical development and numerical
implementation are focused on transitions between scales each amenable to a continuum
description. It is intended that one of the two scales can describe in greater detail the
heterogeneous characteristics of the material response; that scale is referred to as the fine scale.
The example problems presented are limited to relatively simple problems in order to highlight
the approach and conceptual features. Also, while the framework is motivated in the context of
truly multiscale problems, concentration is focused on a single transition in scale. Additional
scales would be introduced by successive nested application of the developed framework.
Attention in the presented examples is typically restricted to two dimensional response, simple

descriptions of heterogeneous features, and simple fine scale constitutive response.

Potential application areas of the developed framework and related computational codes include
model development for the inelastic response of high explosives, development of multiscale ISV
models for the prediction of dynamic fracture and fragmentation of polycrystalline metals,
computational material design of nuclear fuels for optimal performance, and for modeling of
energy dissipation to enhance control algorithms for structural and mechanical systems and
machining processes. These specific application areas are current areas of interest in numerical
modeling at the Los Alamos National Laboratory that pose significant challenges to the existing
methods. They are not a central focus of this dissertation for two reasons. First, it is desired to

develop a framework that provides sufficient generality to be applicable to a range of problems
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rather than an ad hoc problem-specific scheme. Second, the future application areas require such
broad modeling expertise and significant depth that they demand collaborative effort. It is
envisioned that the developed framework is a roadmap for such collaborative multiscale

constitutive model development.

The remainder of this dissertation is organized as follows. Chapter 2 provides a conceptual
overview of the multiscale hierarchy, covers essential physical principles, and discusses recent
and emerging approaches to multiscale modeling of heterogeneous materials from the technical
literature. Using the physical principles established in Chapter 2, a theoretical framework for
scale transitions is developed in Chapter 3. Chapter 4 addresses numerical modeling at the fine
scale with discussion on techniques for constructing models of microstructure response,
development and implementation of boundary conditions applicable to such models, and
computation of important physical quantities of interest in these numerical simulations. The
numerical implementation at the coarse scale is based on a finite element formulation for second
gradient response that adheres to the constitutive requirements developed in Chapter 3. This
implementation, numerical testing and code verification efforts are detailed in Chapter 5. An
example is presented in Chapter 6 in which an extruded channel comprising an idealized porous
microstructure is subjected to loading that emphasizes bands of shear localization. The example
compares solutions using an explicit representation of the microstructure in the coarse scale
problem with solutions obtained from an idealized phenomenological model and those obtained
from the approach developed in this dissertation. Chapter 7 explores strategies to develop coarse
scale internal state variable constitutive relations based on fine scale microstructure simulations.
Finally, the unique contributions of this work are summarized and concluding comments are

made in Chapter 8.

The unique contributions of this dissertation are summarized as follows. This dissertation

uniquely

o develops a formal framework for scale transitions between continuum scales that ensures

physical consistency across scales, including dissipation,



e employs this framework in the context of a complete second gradient kinematic

description,

o develops new theoretical requirements for fine scale boundary conditions on
microstructure simulations and approaches for numerical implementation, including

effects of nonzero second gradient,
o examines the relative effects of various sets of fine-scale boundary conditions,

e establishes the precise nature of antisymmetry of coarse scale Cauchy stress in second-

gradient continua,

e establishes the importance of body forces in computation of coarse scale stresses

especially regarding internal fluctuation constraints,

o develops a fully finite deformation hyperelastic inelastic constitutive integration

algorithm for second gradient inelastic response,

e demonstrates application of the framework and implementation to a multiscale problem

which highlights
0 ISVs that capture effects of fine scale heterogeneous microstructure evolution

0 The effect of non-locality in coarse scale model on eliminating artificial mesh

dependence of strain localization
0 The role of length scale parameters related to specific mechanisms of response

e proposes and demonstrates strategies for computing coarse scale internal state variables
directly from fine scale simulations and constructing numerical models of their evolution

kinetics.



CHAPTER Il

OVERVIEW OF MULTISCALE MODELING CONCEPTS

The objective of this dissertation is to develop a formal framework to which multiscale material
model research and development efforts can adhere in order to ensure physical consistency across
broad ranges of computational and experimental methods. The role of this chapter is to convey a
conceptual view of the hierarchical arrangement of physical scales, establish a prioritized list of
criteria that defines “physical consistency”, and compare the concepts of this framework to
historical and emerging approaches. To achieve this goal, Chapter 2 comprises four sections;
Section 2.1 illustrates the hierarchy of scales and modeling philosophy, Section 2.2 establishes
and justifies the essential tenets of the multiscale framework, Section 2.3 compares this
perspective to that of other emerging approaches, and summarizing comments are made in

Section 2.4.

2.1 A Hierarchical Multiscale Modeling Philosophy

This section begins with a hypothetical example to introduce a general hierarchy of material
scales. While this example is not the particular focus of the dissertation, it serves to illustrate the
type of problems which the framework will address in future application. Figure 1 depicts the
multiscale hierarchy which may be associated with a (a) fragmentation device composed of (b)
composite high-explosive (HE) and a (c) polycrystalline metal. The hierarchy is arranged with
finer scales to the left of coarser scales. Scale 0, at the far right side, is the scale of application or
the coarsest scale at which modeling is conducted to address specific questions. For example, if
the purpose of the modeling effort were to identify the potential fragment size and velocity
distributions under an accident scenario where it is dropped during shipping, then the scale of
application would be the continuum macroscale (a). If, instead, we are interested only in

identifying local temperatures and strain rates which would initiate an HE burn, then the scale of



application would be a microstructural window of the composite explosive material (b). In either
case, we assume there exists a specific purpose for the model under development and designate

the scale at which the model will be directly applied as scale 0.

If understanding of explicit effects of material heterogeneity at a scale finer than scale O is
necessary to satisfactorily model the response of the material at scale 0, then a multiscale
approach is warranted and will consist of at least scale 1 and scale O responses, where scale 1 is
the next finer scale. This philosophy lets the application drive the modeling effort and provides a
natural means for establishing which physical scales of material response need to be considered.
This top-down approach is distinct from a bottom-up approach, in which one would start at the
finest scale under consideration and build upwards until reaching the desired end-point.
Implementation details of these two approaches are not necessarily different; however, the top-
down approach implies that a scale 0 model is continually being updated as additional
information propagates upwards from finer scales as necessary. The bottom-up approach seems

to rely on an arbitrary selection of the finest scale from which to start.

Scale 2: Single Crystal and Scale 1: Polycrystalline Scale 0: Scale of
Grain Boundary Microstructure Application

110] loadmg axis
£

Figure 1. Example of a multiscale hierarchy.



In this example, modeling at scale 1 is necessary in order to identify the dependence of scale 0
deformation and stresses on the growth of intergranular cracks and porosity at scale 1.
Additionally, fluctuations of homogenized parameters from scale 1 contribute to localization
patterns at scale 0. In the polycrystalline metal alloy (c), referential statistical volume elements
(rSVEs, to be defined later) of material are simulated using a finite element model of a
synthesized geometric model of the microstructure. Using existing techniques, one could develop
an rSVE model that possesses grain-size and orientation distributions, porosity distributions, and
other geometric properties consistent with the actual microstructure as determined by
micrographs and orientation imaging microscopy®. Each rSVE simulation might consist of a
single crystal plasticity model for each grain (d) and a cohesive traction-separation behavior
specified on grain boundaries (e). The single crystal plasticity models could be derived from and
fit to (f) a suite of simulations at the atomistic scale (in this case Scale 2) in order to adequately
capture the influence of dislocation structures on particular slip planes. Likewise, the grain-
boundary traction separation potentials could be derived from (g) atomistic simulations of grain

boundary interfaces. A similar sub-hierarchy exists within the rSVE of HE material (c).

The example hierarchy of Figure 1 is generalized into a hierarchy of N scales as depicted in

Figure 2. Every material point, identified by the vector position x_, in the scale 0 continuum

represents the behavior of a neighborhood of material response, *(2!, at scale 1 (finer than scale

0). This neighborhood of material points at scale 1 is defined by the referential statistical volume
element (rSVE), which is not necessarily a referential representative volume element (rRVE) in
the rigorous sense. It is understood that coarse scale behavior is reflected by the responses of a
statistical population of rSVEs rather than a single rSVE. The term referential is used to denote

an undeformed reference configuration. The local constitutive behavior of each material point,

identified by the vector positiony_in the scale 1 coordinate system, within the rSVE domain,

XQﬁ, at scale 1 is defined by a free energy function, mechanical strain, temperature, a set of

L In this dissertation a referential statistical volume element (rSVE) is not necessarily a representative
volume element (RVE) which has specific connotations. This distinction is discussed further in Chapter
.



internal state variables that subsume effects of yet finer scale heterogeneity, and corresponding
evolution equations that are derived as necessary from computational simulations of the rSVE at
scale 2. In general, the transition to a coarser scale, k, is performed by solving the initial
boundary value problem for an rSVE of material points at scale k+1, as shown in Figure 2. In
this process, new internal state variables are introduced to represent the manifestation of
kinematic degrees of freedom associated with evolving microstructure at scale Kk+1.
Simultaneously, those internal state variables (ISVs) associated with the kinematic degrees of
freedom at scale k+2 are released. Therefore, ISVs from scale k+2 and finer are only present at
scales k and higher due to their implicit mapping into the newly introduced ISVs at scale k. In
other words, as the scale of observation increases, the number of degrees of freedom used to
guantify kinematics of the finest scales decreases. Conceptually, this suggests that one cannot
fully ascertain all details of the fine scale response while observing from the coarse scale. The
physical implication will be explained in Chapter 3 where it is shown that, through the hierarchy
of scale transitions, dissipation and local stored energy are smeared from scale to scale.
Practically, the result is that each significant process at each significant scale will require detailed
study to develop appropriate scale-specific constitutive relations. It is inappropriate, in general,
to simply use the volume average of finer scale constitutive relations to model the response of
coarser scales if we insist on certain invariance requirements introduced subsequently, as will be
shown. This assertion represents a distinction of the present work from much of the existing

literature in homogenization of materials with evolving microstructure.

The framework developed in this dissertation is decidedly focused on transitions between scales
of material response that are each amenable to a continuum description; however, the hierarchical
concepts presented in this chapter and the physical principles applied in Chapter 3 could equally
well be applied to linking continuum response at a course scale to atomistic simulations over a
finer scale of observation ( cf. Figure 1, Scale 2 and Zhou and McDowell (2002)). Moreover, we
focus on a sequential hierarchical approach, but the same principles can hold value for concurrent
approaches, in which the solutions of initial boundary value problems for all scales of interest are

generated simultaneously.
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Figure 2. General N-scale hierarchy.

2.2  Essential Tenets of the Multiscale Approach

For each upward transition in scale (k+1 to k) we demand that certain physical principles be
adhered to for a fixed reference volume of observation, €2 . In addition to satisfaction of

classical continuum balance laws at each scale, the issues central to this framework are
maintaining kinematic consistency and invariance of mass, linear and angular momentum, and
energy with respect to the scale at which a given set of mass particles are observed. Furthermore,
we assert that in addition to scale invariance of the total energy, the partition of total energy into
recoverable, stored, and dissipated parts shall also be invariant with respect to the scale at which a
given set of mass particles are observed. Each of these elements of the framework is addressed at
a conceptual level in the ensuing sections to establish their significance. Chapter 3 will use these

principles to develop the theoretical framework for scale transitions.

2.2.1 Kinematic Consistency of Deformation

Deformation of the rSVE at two scales of observation must be kinematically consistent.
Kinematic consistency is realized by requiring that the description of deformation be the same at

each scale with the exception of a fine scale fluctuation field whose mean value vanishes over

10



certain coarse length scales. The general idea is that the smooth long wavelength deformation is
the same at coarse and fine scales, while fine scale heterogeneity is accommodated by
fluctuations over wavelengths that cannot be directly resolved at the coarse scale. This is, of
course, a common tenet of homogenization theories. Fine scale fluctuations in deformation
should have zero projection onto coarse scale kinematic variables; in other words, they should be
orthogonal. Furthermore, the kinematic decomposition of the fine scale deformation must be
uniquely associated with coarse scale kinematic variables. The most natural and direct way to
accommodate this demand is to ensure orthogonality of independent contributions to the fine

scale deformation.

2.2.2 Scale Invariance of Linear Momentum

It is a fundamental requirement of continuum theories at all scales that momentum must be
balanced, giving rise to continuum equations of motion. At any particular scale, computational
methods (e.g., finite element) are often employed to solve the initial boundary value problem in
accordance with a weak form of linear momentum balance. Linear momentum is a fundamental
guantity that should be invariant with respect to the scale of observation. In other words, the
significance of linear momentum to the continuum response at every scale establishes that
maintaining the same notion of momentum for a fixed set of mass particles between two scales of
observation is crucial to physical consistency. In practice, this principle guides the derivation of
coarse scale stress terms that are conjugate to the coarse scale manifestation of the fine scale
deformation and are consistent with the distribution of fine scale stresses and inertia via the

principle of virtual velocities (PVV).

2.2.3 Scale Invariance of Angular Momentum

In standard first order nonpolar continuum theories (at an arbitrary scale), balance of angular
momentum imparts symmetry of the Cauchy stress tensor. In higher order theories, angular
momentum is used to augment equations of motion with a balance involving polar stresses arising
from resistance to material or substructure spin. Scale invariance of angular momentum in this

multiscale framework establishes the lack of symmetry of the coarse scale Cauchy stress tensor
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due to the distribution of finer scale tractions and long range gradients of deformation (cf.
Chapter 3). Within the multiscale framework, there is further implication of anti-symmetry of the

coarse scale Cauchy stress with regard to conservation of energy at the coarse scale.

2.2.4 Scale Invariance of Total Energy

The total energy within an rSVE of material should be invariant with respect to the scale of
observation. In continuum thermomechanics, the two most common contributors to energy at any
given scale are thermal and mechanical. Implementation of the developed framework to
transitions between scales which are both represented by a continuum should assert that the total
thermal and mechanical energy are equivalent at both scales of observation. However, it is
possible that when transitioning to or from a scale that is treated in a discrete manner, for example
molecular dynamics (MD) simulations, mechanical energy of finer scale fluctuations may
translate into thermal energy at a continuum scale (Zhou, 2003). In continuum-to-continuum scale
transitions, the total mechanical energy is consistent between both scales of observation if they
exhibit scale invariance of momentum for all time. Thermal energy equivalence gives rise to a
coarse scale definition of specific heat. Total energy invariance also dictates temperature changes

due to dissipation associated with irreversible processes.

2.2.5 Scale Invariance of Dissipation

A change of total energy of an rSVE can be partitioned into a change of free energy and an
amount that has been dissipated. The change in free energy can be further decomposed into
elastically recoverable and stored free energy. The energy dissipated during an irreversible
process should be invariant with respect to the scale of observation. This principle is difficult to
precisely adhere to in practice and it is possible to predict stresses and deformations at a coarse
scale in a manner consistent with the deformation and distribution of stresses at a finer scale and
fully complicit with all governing laws at both scales (conservation of mass, momentum, and
energy, and non-negative dissipation) without enforcing the same dissipation at both scales. In
fact, this has been largely overlooked in prior literature regarding homogenization of materials

with evolving microstructure. Specifically, the assertion that intrinsic (mechanical) dissipation
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associated with evolving microstructure be scale invariant is rarely, if ever, considered. In a
multiscale modeling strategy it is desirable to pursue scale invariance of the dissipation on

physical grounds.

In addressing behavior of highly heterogeneous media, consideration of stored or dissipated
energy requires that we have been diligent in carrying that dissipation up through finer scales
properly. For example, shear band formation during high strain-rate response of metals is often
accentuated by the rapid generation of heat due to energy dissipated by irreversible deformation
processes. This resulting increase in temperature causes additional softening of the material,
further accentuating the deformation rate in a feedback cycle that causes strong localization at the
coarse scale. The actual rate of dissipation, and not simply the rate of plastic work, establishes
the rate of heat generation. Typically, this effect is modeled by assuming adiabatic conditions
and that the true dissipation is a constant factor multiplied by the plastic work. It has been
explained analytically (Rosakis et al., 2000), shown by experiment (Hodowany et al., 2000), and
demonstrated by direct simulation (Clayton, 2005) that the actual ratio of dissipation to plastic
work is not constant during deformation, and depends on the evolution of finer scale processes

that store energy at various scales of microstructure.

As another example, one might consider modeling of nucleation of damage at a particular scale as
the inability of the material point to further store energy at finer scales, (cf. Lemaitre, 1998, p.
98). This concept can be illustrated by a series of cascading buckets of water; each bucket
represents a particular scale of observation. As one bucket becomes full it spills over into the
next causing a progression of nucleation and growth from the finest to the coarsest scales. This
approach to modeling damage nucleation requires a precise representation of the energy stored

and dissipated at each scale.

2.2.6  Summary of Scale Invariance Principles

We have presented certain scale invariance principles based on a conceptual hierarchy of material
scales. Central to this theme is the physical argument that quantities which are governed by
physical laws at each scale of observation be invariant with respect to scale of observation for a

given set of mass particles. Some quantities may violate this principle (e.g., dissipation) without
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a direct consequence on predicting stresses consistent with momentum balance. Nonetheless,
there are physical grounds for the scale invariance principles. A theoretical framework that
establishes quantitative relationships between two scales of material response based on these
principles is presented in Chapter I1l. Current and emerging multiscale approaches found in

literature are discussed in the next section.

2.3  Comparison with Other Emerging Approaches

The problem of modeling the thermomechanical response of materials undergoing microstructure
evolution is inherently of multiscale nature. From a continuum mechanics perspective, multiscale
modeling approaches fall under three categories: phenomenological continuum models,
hierarchical scale linking, and concurrent scale linking. The most debilitating limitations of
phenomenological models are their lack of direct physical representation of the underlying
microstructure. They are based on insight and experimental observations and are limited in

predictive character.

A majority of efforts in multiscale modeling of microstructure evolution attempt to relate either
(a) a heterogeneous fine scale continuum rSVE to a coarse scale material point or (b) a discrete
atomistic ensemble to a higher scale of continuum description. This research falls decidedly into
category (a); however, the scale bridging methods being explored in category (b) reveal some
general trends that can be applied to the former. Accordingly this section is organized into four
subsections to discuss concurrent (Section 2.3.1) and hierarchical (Section 2.3.2) approaches for
scale linking between continuum models, and concurrent (Section 2.3.3) and hierarchical (Section

2.3.4) approaches for scale linking between atomistic and continuum models.

2.3.1 Concurrent Continuum-to-Continuum Scale Linking Approaches

Concurrent methods achieve a two-way coupling between relevant scales by simultaneously
solving the problem at each scale of resolution and passing information back and forth (cf. Ghosh
et al., 2001; Kouznetsova et al., 2002; Kadowaki and Liu, 2004; Kouznetsova et al., 2004;
Markovic et al., 2004; Rong et al., 2006; Ghosh et al., 2007). Generally, boundary conditions for

a fine scale simulation are extracted from the deformation response of the next coarse scale, and
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the stress-strain behavior of the coarse scale is determined from volume averages of the fine scale
solution. The strengths of concurrent approaches are that they apply for any arbitrary
deformation history, are useful in modeling localization processes, and do not demand complex
coarse scale constitutive descriptions of finer scale processes. The inherent weakness of these
approaches is the computational burden relative to the other methods, which is excessive even by
standards of the foreseeable future. Moreover, the approach is only as accurate as the constitutive
equations used for fine and coarse scale behaviors, as in a hierarchical approach. An additional
limitation is that the concurrent coupled simulation strategy is not easily amenable to modern,
commercially available continuum mechanics codes. A few examples highlighting strengths and

weaknesses of these approaches are discussed in the following.

The "bridging multiscale method" has been applied to concurrently link fine and coarse
continuum scales (Kadowaki and Liu, 2004). The total deformation field is decomposed into
coarse and higher order fine scales and multiscale balance laws for higher order stresses are
developed via the principle of virtual velocities, resulting in a multiscaled finite element solution.
This work focuses primarily on the numerical implementation of multiscaled kinematics;
however, the explicit nature of the heterogeneity of the underlying material (e.g., topology of
phases, size and shape distributions) is not addressed, and therefore the approach may be of

limited utility in representing real microstructures, for example.

Concurrent approaches that do incorporate material heterogeneities are built around the concept
of a nested analysis of a heterogeneous rRVE acting as the constitutive model for a coarse scale
material point. For example, Markovic et al. (2004) use a Lagrange multiplier-coupled two-scale
finite element procedure to address the effects of mesoscale heterogeneity on macroscopic
response. During solution of the global macroscale problem, each coarse scale finite element
serves as the kinematic frame for an associated mesoscale rRVE solution. Information is only
passed between a macroscale finite element and its associated microscale simulation leading to an

efficient parallel implementation.

This nested finite element concept is also applied by Kouznetsova et al. (2002; 2004) who

additionally introduce higher order kinematics through a Taylor series expansion of the fine scale
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deformation field. Their approach results in a second order computational homogenization of the
direct mesoscale rSVE simulation with the coarse scale gradient of the deformation gradient
augmenting the kinematic description and its conjugate stress derived by equating the virtual
internal stress power between the two scales. The work of Kouznetsoza et al. represents the first
attempt to apply multiscale homogenization concepts to second gradient continua, a term given to
continuum theories for which second order stress terms conjugate to the long range (coarse scale)

gradient of the deformation gradient contribute to the balance of momentum.

Second gradient continuum theories have evolved as a special and restricted case of
micromorphic theories (Toupin, 1963; Mindlin, 1964; Germain, 1973; Fleck and Hutchinson,
1993, 1997; Eringen, 1999; Chambon et al., 2001; Chambon et al., 2004) which were generalized
from the couple stress theory of the Cosserats (Cosserat and Cosserat, 1909). A micromorphic
theory permits additional kinematic degrees of freedom at a material point which represent the
motion of material points over a shorter range than the usual deformation field itself. For
example, micropolar theories permit the material to spin locally, independent of the long range
deformation. On the other hand, micromorphic theories permit both short range spin and stretch.
A second gradient continua is one for which the second order kinematic term is constrained to be
the long range gradient of the deformation gradient and, as shown in Chapter 11, arises as a result
of an assumed second order Taylor series expansion of the deformation of a fine scale rSVE in
the vicinity of a coarse scale material point. Fleck and Hutchinson (1993, 1997) have pioneered
work in strain gradient plasticity that employs couple stresses as higher order stresses, a theory in
which the “flow” (as opposed to “deformation™) based variation can be tied into the coarse scale
constitutive portion of the framework presented in Chapter 3. Chambon et al. (2001; 2004)
presented some theoretical concepts based on the notion of a second gradient continuum, but did
not seek to establish the constitutive equations from finer scale response of an rSVE. Larrson and
Diebels (2007) presented a homogenization procedure aligned with the task of identifying coarse
scale response from fine scale computations; however their framework is based only on that
component of the second gradient that contributes to micropolar (or curvature) deformation and
their work does not yet address the construction of constitutive models from the homogenized

rSVE response. Kaczmarczyk, et al. (2008) provided a similar scale transition framework
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employed in the concurrent approach, however, on account of their solution scheme the
framework is restricted to linear elastic problems. One advantage of a second gradient kinematic
theory is that the link between the coarse and fine scale response is nonlocal. For both concurrent
and hierarchical approaches, the incorporation of higher order deformation gradients into the
coarse scale solution is known to provide a regularizing effect on the numerical solution,

eliminating artificial mesh dependence, for example.

Recently, adaptive multiscale approaches have been used to introduce enhanced resolution in
regions of strong damage localization, cf. (Ghosh et al., 2001; Rong et al., 2006; Ghosh et al.,
2007). Rong et al. (2006) employed an adaptive mesh refinement technique to simulate the
progressive localization of mesoscopic damage to catastrophic failure. Artificial heterogeneity is
introduced to the mesoscale by assigning the local failure criteria parameters from a Weibull
distribution. Because no spatial correlation is taken into consideration, the heterogeneity likely
has an artificial length scale related to the initial mesh density. Their results demonstrate the
importance of stress redistribution in the evolution and clustering of material damage, a deviation
from mean-field theories. However, this implementation is not truly multiscale; a distinction

between the scale of physics and size of element is important, yet often overlooked.

On the other hand, Ghosh et al., (2001; 2007) devised a multiscale adaptive approach that “zooms
in” as necessary to resolve finer details of physics at lower scales. Specifically, this approach
conducts simulations at the macroscale with each material point behaving in accordance with a
continuum damage mechanics constitutive model. Higher order gradients are computed to
identify regions of damage localization. Where the higher order gradient fields satisfy predefined
criteria, the model zooms in by replacing the scale? O constitutive model with a direct scale 1
simulation of an assumed representative volume element (RVE). As the localization process
continues, the assumption of periodicity breaks down and the affected scale O region is replaced
by a direct scale 1 simulation of representative microstructure. This is perhaps the most complete
and realistic treatment of continuum scale transitions in a concurrent fashion. However, the

internal state variables of the continuum damage mechanics model at the coarse scale are

% The scale labels of Ghosh, et al. (2001, 2007) are replaced by ours for consistency.
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discarded as the procedure zooms in. That is, the current ISV values at the coarse scale are not
used to initialize the periodic cell nor representative microstructure fine scale solutions. Because
there is no association of ISVs between scales, difficulties of linking the Kkinetics of
microstructure evolution at the various scales are obviated. However, the reverse problem of
zooming back out cannot be addressed without identifying a relationship between the coarse scale
ISVs and the kinematics of the fine scale microstructure rearrangement process and formulating
kinetic relations that govern their evolution. Accordingly, the influence of localization on

structural scale behavior is not addressed.

A completely separate approach to concurrent multiscale modeling is the approach of embedding
fine scale or short wavelength response functions within the coarse scale solution algorithm by
separating the weak form of momentum balance into coarse scale and fine scale parts (Garikipati
and Hughes, 2000). This approach offers an enriched kinematic description that is useful, for
example, in capturing strain localization at the coarse scale, but does not address the complexities
presented at various scales due to heterogeneous microstructure evolution. The variational
multiscale method of Garikipati and Hughes (2000) has been extended by Hughes and Sangalli
(2007) who employ Green’s functions to enrich the kinematic description, however, this approach
is more accurately described as a multi-resolution or embedded, enhanced resolution modeling
approach rather than multiscale modeling as multiple scales of physical constitutive behavior is

not considered.

2.3.2 Hierarchical Continuum-to-Continuum Scale Linking Approaches

Hierarchical approaches overcome the computational burden of concurrent methods by
attempting to capture the effective details of the subscale processes via direct numerical
simulation of a material RVE or embedding analytical idealizations into formal volume averages.
The primary disadvantage is the difficulty of carrying out simulations beyond the point of strong
fine scale localization within the RVE, because such processes invalidate the assumption that an
RVE is representative. Traditional hierarchical homogenization conducts averaging over a
representative neighborhood of material response at one scale to determine the constitutive

behavior at a higher scale (Carrere et al., 2004; Hao et al., 2004; McVeigh et al., 2007). This is
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typically achieved by conducting direct numerical simulation of a material RVE or by embedding
analytical idealizations into formal volume averages. This approach is distinct from strictly
phenomenological models in the order and formality of the averaging scheme. Furthermore,
some representation of finer scale structure (e.g., microstructure, mesostructure) is directly
incorporated, such that effects of variation in microstructure, whether over time or space, can be
addressed. The most common weaknesses of these approaches are (1) the kinematic framework
for the homogenization process is not rich enough, (2) the kinetic equations of defect evolution
are not always defined in a manner that preserves scale invariance of the fundamental quantities
of mass, momentum, energy, and dissipation, and (3) the homogenization process inadvertently
removes long range fluctuations important in the coarse scale response of the problem, e.g.,

coarse scale variations in microstructural material properties.

For example, Carrere et al. (2004) used finite element analysis of a unit cell of metal matrix
composite as the basis of a multiscaled investigation of the influence of matrix texture and
matrix/fiber debonding on scale O stress-strain behavior. This is a fairly typical example. A
single crystal plasticity model was used to represent the material response at a grain level. A
modified version of Kroner's localization rule was used to "map" a given mesoscopic stress to the
grain scale in order to account for peak local stresses. This polycrystal homogenization scheme
results in a constitutive model employed in the mesoscale unit cell simulation. The macrostresses
were computed from the unit cell simulation in terms of respective volume averages. While this
approach certainly spans a few scales simultaneously without an unwieldy set of degrees of
freedom, the transition to macroscale is incomplete. In order to predict macroscale behavior, a
constitutive model with appropriate kinematical and Kkinetic descriptions of the underlying
processes should be developed. On account of their homogenization process, Carrere et al.
(2004) neglected many details of the heterogeneity that affect the consistency of energy

dissipation between scales.

Decohesion of an otherwise homogeneous matrix from an embedded inclusion is often considered
to be one mechanism for nucleation of porosity. Growth models have been developed and
modified to provide a porosity dependent yield function. Void growth and eventual coalescence

are typically modeled as a function of stress triaxiality. McVeigh et al. (2007) used direct
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mesoscale simulations to identify competing mechanisms (i.e., void sheeting) and propose a
phenomenological extension to Gurson’s flow potential that enhances the coalescence behavior
particularly under pure shear loading (does not result in additional porosity increase). Their
hierarchical multiscale approach to simulate the effects of two distinct scales of inclusions
consisted of: (1) assessing the kinetics of the underlying mechanisms from direct numerical
simulation, (2) fitting the modified Gurson flow surface to the simulated response of a unit cell of
small inclusions, and (3) using this fit to represent the matrix in another unit cell simulation
conducted at a higher scale to address debonding of larger inclusions. In a similar manner, Hao et
al. (2004) made the final transition to the macroscale by identifying key mechanisms and
developing a plastic potential function used in the simulation of laboratory scale fracture test
specimen. One weakness of this approach is that it does not insist on scale invariance of

momentum, energy, and dissipation.

Motivated by the importance of distributions of damage at the mesoscale to the evolution of
damage, Voyiadjis et al. (2001) have constructed a multiscaled constitutive framework that
incorporates mesoscale and macroscale gradients of internal state variables. Macroscale gradients
have been used with increasing frequency for non-local modeling of inelastic and damage
response, especially to eliminate unrealistic mesh dependency during localization. Mesoscale
gradients, on the other hand, are powerful in capturing the effects of specific distributions of
damage and microstructure heterogeneities on the kinetics of damage evolution (Lacy et al.,
1999). The constitutive development follows the theory of internal state variables by postulating
the free energy potential as a function of a set of plastic and damage internal state variables, as
well as their respective macro- and meso- gradients and these gradients' interactions. However,
the sheer number of internal state variables that are retained to build the multiscale model results
in a cumbersome framework. A possible simplification might be to use mesoscale gradients of
damage ISVs and material heterogeneities and macro gradients of inelastic strain. The
framework proposed by Voyiadjis et al. (2001) does not directly address scale invariance of

momentum, energy storage and dissipation.

Rather than using higher-order homogenization to pass information up scales, Kwon (2004)

passed information to lower scales to zoom in on fine details, for example at a crack tip. The
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boundary conditions for each lower scale were derived from the next higher scale simulation. At
each scale a stochastic analysis of the response was performed by randomly assigning local
properties from distributions. An extension of this idea is to pass information between scales (in

both directions) in a probabilistic manner.

McVeigh et al. (2006) used additional subvolume averages of the rate of deformation to develop
an N-scale hierarchical constitutive model with the goal of maintaining the identity (and
contribution) of all scales of interest at the highest scale. The relationship between the
multiscaled stress and deformation terms were provided by a generalized constitutive law which
utilizes the same set of 1SVs and form of evolution equations at each scale. Parameters of the
evolution equations at each scale were identified by a hierarchy of direct simulations of
representative unit cells. One criticism of this approach is that it implicitly assumes the kinetics
of microstructure evolution have the same form at each scale. This is not generally true. For
example, the material behavior at one scale may be dominated by the nucleation and
accumulation of dislocations within the lattice, at the next scale perhaps the grain boundary
separation is highly dependent upon lattice misorientation, at the next scale distributions of
porosity affect the local stress field and influence the grain boundary separation process, and at
the highest scale nucleation and growth of macroscopic cracks and voids is dependent in a non-
intuitive manner on each of the underlying scales. This behavior would not be amenable by
recourse to the same definition of ISVs and form of evolution kinetics at each scale.
Additionally, the generalized N-scale form of this framework seems to suffer from the potential
of “double-dipping” when accounting for internal stress power and dissipation. This emphasizes
the importance of building a multiscaled framework with a formal relation between the
kinematics at all scales of interest and ensuring that the kinematic terms are independent with
respect to dissipation. Recently, variations on this approach have been introduced by Liu and
McVeigh {, 2008 #159} to apply it in a hierarchical fashion; however, details pertaining to the
multiscale constitutive description have not been addressed and are in conflict with strong
assertions made in this thesis in Chapter 3. In particular, their approach seems to reflect the idea

that the same constitutive behavior governs the response at all scales.
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2.3.3 Concurrent Atomistic-to-Continuum Scale Linking Approaches

In this and the next section, scale linking between atomistic and continuum models is only briefly
touched on. These approaches are not central to the thrust of this dissertation and are included
only to set this work in context with other multiscale modeling approaches and illustrate the
general concept of atomistic to continuum model linking. Accordingly, these sections are not an

intensive review, rather a narrow sampling, of recent work.

Liu et al. (2004) concluded that the computational demands of atomistic simulation render it
incapable of independently treating many application problems even within the nanoscale, thus
motivating multiscaled approaches. The general idea is to treat localized inhomogeneities that
influence damage mechanisms with atomistic simulations (e.g., highly refined region near a crack
tip) while transitioning to a continuum description for computation of long-range deformation
behavior. For example, Wagner and Liu (2003) developed the bridging scale method to
concurrently link finite element and atomistic simulations. In this approach, the deformation field
is decomposed into orthogonal coarse and fine scale components. The coarse scale is ascribed to
a finite element and applied over the entire problem domain, while the fine scale is associated
with the molecular dynamics solution and is only used in locations where local features must be
resolved. Using this technique, Park et al. (2004) computed the coarse-scale continuum
temperature field from the energy associated with higher-order atomistic velocities. The MD-
finite element bridging scale has also been applied to simulate the quasistatic buckling of
nanotubes and dynamic fracture of a center cracked plate (Liu et al., 2006). While the concurrent
bridging between atomistic and finite element simulations has restricted utility in addressing
problems for which initialization and localization of damage is distributed throughout a large
domain, this work reinforces the ideas of partitioning and augmenting the kinematical description

of the problem. These ideas are reflected in Chapter 3.1.

2.3.4 Hierarchical Atomistic-to-Continuum Scale Linking Approaches

In contrast to the concurrent bridging scale technique, a hierarchical paradigm for bringing
information from atomistic scales to bear on the problem at continuum scales is discussed at this

point. The general idea is to use results from quantum mechanics or molecular dynamics
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simulations to develop coarser scaled potentials from which constitutive relations are derived.
For example, MD simulations of interfacial separation have been used to construct cohesive

traction-separation laws for use at higher scales (Hao et al., 2004; Braides et al., 2006).

Molecular dynamics simulations of the deformation and eventual separation of an aluminum-
silicon interface have been conducted by Gall et al. (2000b). A similar simulation of the
interfacial separation of a copper grain boundary was conducted by Spearot et al. (2004) . Results
from these works lead one to question the general applicability of postulated local action in
modeling interfacial separation at such scales. Spearot et al. (2004) addressed this by introducing
the idea of a general N-gradient internal state variable cohesive model, which would be derived
and fit from a suite of MD simulations for the interface under consideration and then applied to
modeling at the mesoscale. A common weakness of many atomistic approaches is that a
representative set of higher scale defect features (e.g. dislocations, precipitates, nanoporosity) are
typically not introduced. These features will heavily influence the nonlocality of the interfacial
response (Braides et al., 2006). This importance of the nonlocal nature of heterogeneous material
response conveys to continuum scales as well, motivating a nonlocal framework for the fine to

coarse scale linking in this dissertation.

Hao et al. (2004) used a hierarchical approach to incorporate the influence of two distinct scales
of inclusions on the macroscopic fracture behavior of a laboratory specimen. Quantum
mechanical solutions were used to develop constitutive models for the iron matrix and cohesive
debonding potentials between matrix and two distinct sizes of inclusions. The short-range
decohesive forces across the interface in atomistic models were rescaled to be applicable to
continuum models. The result was a cohesive potential function fit to quantum mechanics
simulations. Their scaling parameter is likely related to the above mentioned nonlocal zone of

influence for interfacial separation.

As stated, this dissertation focuses on the transition between material scales that are each
amenable to a continuum description. However, the atomistic to continuum scale transitions
illustrate some of the important features of scale transitions, in particular, the necessity of

formally addressing the kinematic relationships between two scales and the importance of
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nonlocality of microstructure evolution. The hierarchical development of interface cohesive
potentials represents a particular area where continuum multiscaled approaches can reach down

into finer scales for supplementary information, for example, cf. Figure 1.

2.4  Salient Points from Recent Literature

24.1 Summary

Concurrent multiscale modeling approaches often benefit from the simplicity of handling
complex microstructure by virtue of direct mesoscale simulations. Many of these techniques are
well suited for parallel computation; however, the computational burden can be excessive for
problems where material heterogeneity is important over a large fraction of the macroscale
domain. This technique is most efficient for simulations where the multiscaled nature of the
problem is important in only a select area of the overall problem domain (e.g., a single crack tip).
Clearly, a viable application for concurrent approches is the analysis of material failure at isolated

“hot spots”.

An advantage of hierarchical constitutive models is they can be directly incorporated at the
material point level in a conventional finite element analysis code. Although perhaps less robust
than concurrent approaches in their domain of applicability, hierarchical approaches render a
framework readily amenable to solving engineering problems in commercial codes. Unique
contributions made by this research to improve upon hierarchical modeling techniques are the

development of:
(1) a formal framework based on principles discussed in Section 2.2,

(2) computational methods to compute coarse scale quantities identified in Section 2.2

from direct simulations of fine scale response,

(3) methods for identifying suitable non-local coarse scale constitutive relations from fine

scale response, and

(4) methods for embedding fine scale heterogeneity into coarse scale response for

evolution of microstructure.

24



2.4.2 Localization and Limitations on Hierarchical Frameworks

Hierarchical scale transition approaches are limited in representation of localization of inelastic
deformation (e.g., plasticity, damage); they are more appropriate for incipient localization, rather
than post-bifurcation behavior. This owes to two features. First, it is required that the fine scale
fluctuations do not have a correlation length on the order of the size of the volume element for
which they are subjected to coarse-graining. Second, higher order moments of fluctuation would
be required to rectify the kinematic complexity of post-localization behavior. One strategy would
be to conduct a fine scale-resolved high degree-of-freedom simulation in regions where
localization is indicated by incipient localization criteria embedded within a domain treated using
various scales of the hierarchical formulation (like an “onion” being peeled back in layers). This
requires restart of the solution from zero time. Another approach is to employ a fully concurrent
multiscale modeling strategy at all points in which localization could occur, but this is quite
costly. Yet another approach is to use a concurrent multiscale modeling strategy in which regions
undergoing localization are successively refined and subjected to fine scale simulations. It may be
possible to conceive of a hybrid approach in which hierarchical models at various scales are
employed selectively in a concurrent scheme similar to that of Ghosh et al. (2001; 2007) by
imposing boundary conditions from a coarse scale solution subject to the requirement that the
domain receiving enhanced resolution is large enough to ensure that stress and displacement

redistribution due to localization has not yet substantially occurred.

Additionally, the hierarchical homogenization approach explicitly introduces length scales related
to the adopted rSVE size as well as implicit length scales related to correlation lengths of
dominant microstructure heterogeneity that are smaller than adopted finite rSVE domains. This
emphasizes the importance of proper selection of the finite domain size to study at each scale
transition. In some cases the finite domain size will be smaller than that necessary for a
statistically representative volume element (rRVE) such that stochastic analysis methods must be

used based on a family of rSVE simulations.
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CHAPTER Il

HIERARCHICAL MULTISCALE FRAMEWORK

In this chapter the essential components of the hierarchical approach are laid out. The hierarchy
of scales is that presented in Chapter 2; however, here we focus on a single coarse to fine scale
transition. Section 3.1 develops the kinematics required for transition from fine to coarse scale.
The principle of virtual velocities is applied in Section 3.2 to derive proper coarse scale stresses
and identify relationships required for satisfaction of scale invariance of momentum. In Section
3.3, governing thermodynamic principles are used to develop an internal state variable theory

based on the kinematics of Section 3.1 and stresses of Section 3.2.

3.1 Multiscale Kinematics

Figure 3 depicts the relationship between a material point at scale k and its associated
neighborhood of material points at scale k+1. The details of this transition can be replicated at
any scale transition, so it is without a loss of generality that scale k and k+1 are hereafter referred
to as coarse and fine scales, respectively. For k = 0, the coarse scale is the engineering scale
(scale of application, cf. Section 2.1) and in these cases a particular point in the coarse scale
corresponds to a material point in the continuum body rather than the coarse scale volume
element. No distinction need be made regarding the nature of a referential volume element at this
point. Therefore, the use of rSVE should be interpreted as a volume element of material in its
reference configuration, i.e., prior to deformation, which in some cases may be demonstrated to
serve as an rRVE or designed as a unit cell in cases of periodic microstructure. These distinctions

are clarified in Chapter 4.
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Figure 3. lllustration of a scale transition between fine and coarse scales.

At scale k each material point in the referential volume element, ©*, is labeled by its reference

coordinates, x_ . Associated with each material point, x _, is a referential volume element of

material at the next finer scale (k+1). This volume element is labeled *Qf*!, identifying it as the
fine scale volume of material in the original (o) undeformed configuration associated with the
coarse scale material point x . As the continuum body at scale 0 undergoes deformation, the

rSVE of material at each finer scale will deform in a manner that is not generally kinematically
compatible. That is, the volume elements at k+1 cannot be stitched together to form a deformed
volume element at scale k. This fact will prove consequential to momentum balance between two

consecutive scales.
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3.1.1 Taylor Series Decomposition
Within the current configuration of scale k+1, the deformed coordinates of each material point,
y, in the reference configuration, are given by the fine scale mapping y(xo,yo). A general

polynomial equation expressing this fine scale deformation is

Y(%0.¥, ) = Ag(x,) + A (x,) -y, + Ay(x,):y, ®Yy, + (3.1)

where each coefficient in the polynominal A, is an order i+1 tensor that is assumed constant over
an rSVE but allowed to vary with respect to coarse scale position x_ . At the coarse scale, the

deformed position of a material point, x_, is given by the mapping x(xo). Accordingly, the

0!

coarse scale deformation gradient is defined as F(x,)=xV,6 = X The gradient of the

xO

9%*x
= —2 , a
ox:

deformation gradient, i.e., second gradient, is defined as G(x,)=FV, = (xV,)

<

third-order tensor symmetric in the last two indices. Truncating Eq. (3.1) to quadratic terms and
setting A, =0, A, =F,and A, = %G and adding a truncation term h(yo)which includes all

higher order fluctuations, results in a second order Taylor series expansion of the fine scale

deformation field, i.e.,

y(xo,yo):F(xo).yo+%G(xo):yo®yo+ h(yo) (3.2)
finescale coarse scale expansion finescale

fluctuation

The Taylor series expansion is taken about the origin of the fine scale rSVE (y, = 0), which is
assumed to be located at the geometric center of the fine scale rSVE and coincident with the
coarse scale material point, x_, for convenience. A second order Taylor series is employed here;
however, in principle any order of Taylor series can be used to kinematically link the deformation
between two scales. Inclusion of the second gradient gives rise to a second gradient continua and
naturally accommodates a nonlocal coarse scale description of the irreversible fine scale

deformation. Omitting the second gradient results in an otherwise local description of the coarse

scale constitutive behavior within a classical Cauchy continuum framework. Higher order
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theories can be developed by including additional terms in Eq. (3.1); however, it will prove
difficult to adhere to the requirement of kinematic orthogonality for higher than quadratic
polynomials. To capture higher-order effects it would be more fruitful to pursue other basis
decompositions such as Fourier, wavelets, or empirical orthogonal functions derived by principal

component analysis, for example. In either case, all of the fine scale fluctuations are included in
h<y0 )

The coarse scale kinematic description is essentially that of Germain’s second gradient continua
(Germain, 1973). The distinction between the more general case of micromorphic continua and
second gradient continua is that, for the micromorphic case, coefficients in Eq. (3.1) are related
but not identical to the coarse scale gradients of deformation. Note that in the second gradient
approach to kinematics, micromorphic internal state variables can be introduced at a given scale

to represent the many-body response of finer scales, if necessary.

We employ homogeneous coordinates between the reference configurations of both scales such

0 0

that — = o The fine scale deformation gradient and its gradient are defined by
XO yO
- Oy - e Oy : :
f(y,)=vyV, = Pt and fV, =(yV, )V, = Py respectively, so that according to Eq. (3.2),
Yo Y,
we have
f(xo,yo):F(xO)—i—G(xo)-yO —|—h?O (3.3)

The three distinct terms on the right side of Eq. (3.3) are labeled f, =F, f, =G-y_, and

f, =hV

0"

3.1.2 Orthogonality of Kinematic Decomposition

Kinematic consistency is realized by requiring that the description of deformation be the same at
each scale with the exception of a fluctuation field whose mean value vanishes over certain length
scales. The general idea is that the smooth long wavelength deformation is the same at coarse

and fine scales, while fine scale heterogeneity is accommodated by fluctuations over wavelengths
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that cannot be directly resolved at the coarse scale. Fine scale fluctuations in deformation should
have zero projection onto coarse scale kinematic variables. Furthermore, the Kkinematic
decomposition of the fine scale deformation must be uniquely associated with coarse scale
kinematic variables. The most direct way to accommodate this demand is to ensure orthogonality
of independent contributions to the fine-scale deformation. Orthogonality of the separate
contributions of each coarse scale field variable to fine scale deformation is enforced by requiring
the integral of the scalar product of infinitesimal and differential vectors from two contributing

fields vanish over the domain of the rSVE. To do this we start with an arbitrary infinitesimal

differential vector in the reference configuration, i.e., dy, . This vector is mapped into the current

configuration by the compatible fine scale deformation gradient according to dy = f-dy_. The

mapping is decomposed consistent with (3.3) such that

dy =f,-dy_ + £, - dy, + f; - dy, (3.4)
Finally, orthogonality is asserted between each of the vectors on the RHS of (3.4) according to
dy, - dy, d2, = 0for i = j, which is equivalent to dy, @ dy, : [ £-£, d, = 0fori = j,

o

and, due to the arbitrary selection of dy_ , results in

J £ tde, =ofori= (3.5)
The coarse scale deformation gradient and the second gradient are constant within the fine scale
rSVE such that f, L f, « fo y,dQ, = 0, a condition satisfied by locating the origin of the fine

scale at the geometric center of the rSVE a priori for convenience. Orthogonality between the
coarse scale deformation gradient and the fluctuation field is not satisfied trivially, and requires

that

fiLfy, = [ 19,40, =0 (3.6)

The volume average of the fine scale deformation gradient is obtained by integrating Eq. (3.3)

over the referential volume element, i.e.,
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(£(x,03,)), = F(x,) + o= [, w900, (3.7)

Thus, satisfaction of Eq. (3.6) demands that the volume average of the fine scale deformation
gradient be equivalent to the coarse scale deformation gradient. This relationship is a
fundamental kinematic assertion of classical first order homogenization principles (cf. Hill, 1972)
and has also been employed by Kouznetsova et al. (2002; 2004) for development of a concurrent
second order homogenization. However, in the present multiscale framework it is not an a priori
assertion, rather a byproduct of the requirement for kinematic consistency via orthogonal
decomposition. Finally, requiring the contribution of the coarse scale second gradient to the fine

scale deformation field be orthogonal to the fluctuation field, i.e.,

f, Lf, = [ WV, @y, d, =0 (3.8)

requires that the first spatial moment of the gradient of the fluctuation field be zero.
Orthogonality conditions (3.6) and (3.8) form the minimal essential requirements of boundary

conditions on fine scale rSVE simulations to ensure kinematic consistency with the coarse scale.

3.1.3 The Second Gradient

Kinematic significance of the second gradient is explored here before introducing the
intermediate configuration and accompanying decompositions of relevant kinematic quantities.

Indicial notation is used on occasion for clarity. The second gradient presented above,

8FL] aZIi

Gy = , is @ mixed-variant third order tensor that is symmetric in J and K

oz - ozl ozl
indices; this is the same kinematic tensor as that introduced by Mindlin (1964) and Germain
(1973) in their second gradient theories, adopted by Fleck and Hutchinson (1993, 1997) for strain
gradient plasticity, and used by Kouznetsova, et al. (2004), in a concurrent multiscale approach.
Note that the notation employed here differs in the ordering of indices from some of these prior

works.

The deformation modes of the material rSVE that correspond to particular components of the

second gradient tensor, G, are characterized in Table 1, with a few specific examples illustrated
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in Figure 4. In these examples, we associate a cubic lattice of coarse scale material points in the
reference configuration with a grid of the same material points in the current configuration after
undergoing deformation defined purely by the coarse scale gradient of the deformation gradient.
This grid is for illustration only and does not reflect underlying microstructural lattice curvature,
nor does it reflect contributions from a fine scale fluctuation field. No summation is implied over
repeated indices in Table 1 and unique indices are never equal. There are four distinct categories
of deformation: extensional, trapezoidal, curvature, and twist, named according to their affect on
an otherwise undeformed cubic rSVE. Both extensional and trapezoidal components contribute
to dilatational gradients. In Figure 4, the coarse scale deformation gradient, F, is equal to the
identity tensor and all components of G are zero except the labeled nonzero component. Note
that extensional and curvature modes are consistent with the displacement requirements of

periodicity; however, the trapezoidal and twist modes exhibit aperiodic deformation.

Table 1. Characterization of deformation modes associated with the second gradient.

Mode of Deformation Nonzero Components of G
Extensional Giii: G111 Gy Gass
Trapezoidal Gigiy : G121 = Guz

Curvature Gijj: G122 Gour Gz
Twist/Torsion Gi: Gizz = Gizp
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Undeformed Twist: Gjog

) 4

Xz
J_ X
Xy

Extensional: Gy Curvature: Gyao Trapezoidal: Gya1 =Gy

Figure 4. Examples of rSVE deformation associated with nonzero components of G.

Various kinematic measures commonly used in strain gradient plasticity are directly related to the

second gradient. The fine scale displacement field is expressed as

11()(0,y0):y—y0 = (F—I)'y0 +%G:yo®yO —i—h(yo)

(3.9
= a(x,., ) +h(y,)
where u represents the coarse scale displacement field , h is the fluctuation field, and I is the

second order identity tensor. The second gradient of the deformation field is clearly equivalent to

2—1
the second gradient of the coarse scale displacement field, i.e., G’} = % thus providing a

[¢] a:UO

bridge to the kinematic quantities defined in strain gradient plasticity. For example, the coarse

scale “small” strain field is computed from the coarse scale displacement field as

S %(u o, )and the gradient of “small” strain is the left symmetrized part of the second-

. Ogy . L
gradient, 8_” = %(uZ & T ﬂm) = %(Gi].k + Gﬁk), which is no longer symmetric in the last two
zg gl )

indices, in general. Consistent with conventional continuum descriptions, we can define the

linearized coarse scale material rotation vector as ¢, = le, ,u, . The spatial gradient of this

33



. ) a0, . .
vector is the material curvature tensor, y,; = 8_1 directly related to the second-gradient by
€T.
J

o . . . .
Xy = 5 €miGrmj» Where ¢, is the third order permutation tensor. This curvature tensor can be

phenomenologically related to the population of geometrically necessary dislocations (GND)

(Fleck and Hutchinson, 1997). In Fleck and Hutchinson’s deformation version of couple stress

theory, the overall effective strain is defined as ¢ = \153 + l2X§ , where the effective small strain

N , . L , .
is e, = ,/3¢,¢; , the effective curvature is x, = «/gxinij , and [ is a material length scale.

In the multiscale framework presented here, the phenomena that accommodate geometric
curvature must depend on the particular scale of reference and physical mechanisms for
microstructure evolution, and therefore may or may not involve GNDs. For example, GNDs may
account for geometric curvature of the lattice at, say, scale four, but the presence of curvature at
scale two might be predominantly accommodated by non-uniform redistribution of porosity and
microcracks. At scale zero, curvature is generally associated with macroscopic bending and is
accommodated by non-uniform axial inelastic strain, generally implying scale zero gradients in

the evolution of kinematic variables at all lower scales.

There is further connection with gradients of finite strain and rotation that requires mapping the

second gradient by the deformation gradient in a manner that is reminiscent of computing the

Cauchy right deformation tensor from the deformation gradient itself, ie. C,, = Ftg_ F",

where g, ~ are the coefficients of the metric tensor in the current configuration. A covariant

coefficient reference configuration measure of second order strain is

Uik = F19,,Glx = é(CJK,I + CIK,J - CIJ,K ) (3.10)

such that the gradient of the coarse scale finite Green-Lagrange strain tensor, £,, = 2(C;; — 6;,)

. . . . oF
is expressed in manner analogous to that of small strain, that is, 7 =

K
oz

1 ) * * - *
E(Ff’}gmnGZK + FA’;'gmnGTLJK) = %(FUK +T J]K) , the left-symmetrized part of I .
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Note that I'"" is not a proper pull back of the second gradient into the reference configuration;

however, through this transformation I'" resides entirely within the reference configuration. A
proper pull-back of the second-gradient into the reference configuration yields the mixed-variant

wryness tensor of Eringen (1999) which has been used in the second gradient context by
Chambon et al. (2001; 2004), i.e., I', = Ffm1 G" - Eringen also defines an alternative second

order wryness tensor that would be expressed in the context of second gradient continua as

-1 q _ 1 * i ini i i
Ty = senvFin9,Govy = senmT vy - Finally, the curvature tensor of finite deformation, X, is

computed via polar decomposition of the deformation gradient (Larsson and Diebels, 2007), i.e.,

le:RT-a—R.

F=R-U and X = -3 Note that material curvature discussed in this section is

ox,

not the same as lattice curvature, in general, as the latter is typically associated with curvature of

the inelastic portion of the deformation occurring at finer scales.

Smyshlyaev and Fleck (1996) decomposed the second gradient into four parts in a manner

analogous to the dilatational-deviatoric split of first order stress and strain tensors, i.e.,
Gy =Gl +G0l+G2 + Gl

igk ij ijk

Gl = 1G85 + Gy + o)

ijk ppi ppj ppk~ij
H
G = Gy — G
S _ 1 / l /
Gijk -3 (Gijk + iji + Gkn;j) (3. 11)

ijk ppi- gk ppj ppk~ij

GO = G5, — 1(GS 8, + G565, + G5 6,

D2 _ 1(_ r_ ’ I
Gijk - 6( eijpekmnGnmp eiktpej'mnGnmp + QGijk Gjik iji )
D3 _ o~ DL ~D2
Gijk = Gz’jk Gijk Gijk
1 / / I A A
- g(eijpekrmnanmp + eikpejmnGnmp + 2Gijk G]7k iji )

+%(G/ 6, + G/ O Jer;p 0 )

ppi- gk ppj k1

where a proper accounting of the variance of indices has been omitted here for simplicity of
notation. The resulting four third-order tensors, G/, G/, G[?, and G} represent the gradient of

dilatational deformation, gradient of symmetric deviatoric deformation, symmetric curvature, and

anti-symmetric curvature, respectively.
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Within this multiscale framework, the second gradient is used as a nonlocal kinematic link
between the response of a material point at the coarse scale and the response of a neighborhood of
material points at the fine scale. The second gradient discussed here is the same kinematic tensor
as that introduced by Mindlin (1964) and Germain (1973) in the second gradient theory, adapted
by Fleck and Hutchinson (1997) for strain-gradient plasticity, and used by Kouznetsova, et al.
(2002; 2004), for a concurrent multiscale approach. This section illustrates the nature of the

second gradient and draws relevant ties to other kinematic quantities.

3.1.4 Compatibility

Generally, the deformed fine scale rSVEs associated with two adjacent coarse scale material
points are incompatible (cf. Sections 3.1.3 and 3.1.5). On the other hand, the deformation within
a single fine scale rSVE is compatible under the condition that the fourth order Riemannian

curvature tensor vanishes for all possible deformation fields (Blume, 1989), i.e.,

_ -1 _
Rz‘jkl - Fijl.,l.: - Fijk,l + Cpq (ijkrilq - ijquils') =0 (3-12)

where the second order strain, T", introduced in the previous section, is defined subsequently by
Eg. (3.33). From (3.12), one can recognize the role of the second order strain as Christoffel
symbols of the first kind on the current configuration, much like the right Cauchy deformation
tensor acts as a metric on that configuration. The only requirement resulting from Eqg. (3.12) is
that the second-order strain, and consequently, the second gradient, must be symmetric in the last

two indices, i.e.,

i = Ty = Gy = Gy (3.13)

Intuitively, this condition arises from the lack of uniqueness associated with a fine scale

deformation field if the coarse scale second gradient were not symmetric.

3.1.5 Boundary Conditions

Upon specification of F, and G for the rSVE, the coarse scale or homogenized displacement field
is entirely known. Therefore, specification of fine scale displacement boundary conditions is

accomplished by specification of constraints on the fluctuation field, h. Numerical
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implementation and consequences of each of these sets of boundary conditions are discussed in
Chapter 4; here attention is focused on developing fluctuation constraints that ensure kinematic
consistency between scales. Specifically, in what follows, constraints on the fine scale
fluctuations are obtained through a detailed examination of the zero and first order moments of

the gradient of the fluctuation field given in Egs. (3.6) and (3.8).

Expressions for fluctuation constraints are enhanced by introducing tangential surface (surfacial)

coordinates and assuming a right prismatic rSVE, for example, the cube shown in Figure 5. On

the rSVE boundary, i.e. Yy, eI'¥ , the tangential surface coordinates, », , are obtained by

removal of the normal component of the position coordinate, i.e., n, =y, -(I—-n, ® n ), where

n_ is the unit outward normal vector.

Scale k+1 rSVE:X,QIZH

Figure 5. Diagram of surfacial coordinates on opposing rSVE boundary surfaces.

Following Kouznetsova et al. (2004), we apply the generalized divergence theorem to the left

hand side of Eq (3.6) to develop boundary constraints, i.e.,

ﬁzz WV dQ, = frgh ®n,dl, =0 (3.14)

Unlike in their homogenization scheme, however, we include the requirement from Eq. (3.8).
Application of the chain rule and generalized divergence theorem to Eg. (3.8) equates the
requirement for vanishing first spatial moment of the fluctuation gradient to Eq. (3.15) which
requires the boundary integral of the spatial moment be balanced by the mean of the fluctuation

field over the rSVE , i.e.,
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frgh ®n, @y, dl, =1 fggtho (3.15)

The rSVE unit outward normal vector n_in the integrand effectively decomposes Eq. (3.15) into

constraints on opposite pairs of boundary faces, i.e., (I'},I;). Substitution of surfacial
coordinates allows further decomposition into normal and tangential constraint equations, i.e.,

LTSVE _
e [ frsmhdl“o + frg‘(_)hdl“o] = fﬂgtho (3.16)

fr:m h@n,dl, = fr:(_) h@n, dl, (3.17)

where L ;. is the length of the rSVE sides for a cube. We impose that both sides of Eq. (3.16)

independently vanish as a stronger requirement in order to restrain rigid body deformation. It is
convenient at this point to separately impose that each term on the left hand side of Equation
(3.16) vanish and that both sides of Equation (3.17) be set to zero, although strictly speaking this

requirement arises due to scale invariance of momentum, and is explained further in Section 3.2.

fﬂxthO =0 (3.18)
S mir, =0 (319)

Finally, requirements imposed upon fine scale rSVE boundary conditions consist of Egs. (3.14),
(3.17), (3.18), and (3.19). Specific sets of boundary conditions that satisfy these requirements are

now discussed.

The most direct, albeit trivial, case satisfying Egs. (3.14), and (3.17)-(3.19) is a constraint on the

kinematic motion of every fine scale material point, i.e.,

h(y(})zOVy0 SN (3.20)
thus removing the fluctuation field entirely, so that the coarse and fine scale descriptions of the
kinematic response are identical. Note that implementation of such a constraint would require

application of body forces throughout the fine scale rSVE. While such a constraint is

unnecessarily restrictive to satisfy Eqgs. (3.14), and (3.17)-(3.19), it introduces the notion of
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internal fluctuation constraints. An alternative case is obtained by specifying that the fluctuation
field must disappear on the boundaries, I'* , of the rSVE, resulting in a second-order

generalization of the uniform Dirichlet boundary conditions often assumed for solution of first-

order micromechanical homogenization problems, and given as
h(y,)=0Vy, €T (3.21)

For the second-gradient multiscale framework, Eq. (3.21) does not satisfy Eq. (3.18) which must
be independently imposed as an additional internal fluctuation constraint for non-zero
components of G. Constraint equation (3.18) also implies the presence of body forces applied to
the interior of the rSVE; however, it is a weaker condition than constraining the fluctuation at
every material point. Egs. (3.21) and (3.18) form a complete set of fluctuation constraints for
kinematic consistency between the coarse and fine scales referred to here as second gradient

direct boundary conditions.

A further, less restrictive set of boundary conditions satisfying this relationship is facilitated by

introducing a particular rSVE for analysis, cf. Figure 5. For every pair of opposing boundary
surfaces (I"/,T; ) with collinear unit outward surface normals (n/ = —n_ ), generalized periodic

boundary conditions are prescribed by
h*(n) = h’(n) (3.22)

Upon integration of Eq. (3.22) in Eq. (3.14) it is directly verified that these generalized periodic
boundary conditions satisfy the latter. For G = 0, Eq. (3.22) are the classical periodic boundary
conditions, cf. van der Sluis et al. (2000), Kouznetsova et al. (2004), and the top case of Figure 6.
Also note that Eq. (3.22) directly satisfies the requirement of Eq. (3.17). For non-zero
components of the second gradient, Eq. (3.22) will not generally maintain periodic compatibility
of the deformed rSVE, for example, cf. bottom of Figure 6. Furthermore, boundary conditions of
Eqg. (3.22) are not sufficient to satisfy Egs. (3.18)-(3.19). Therefore, Egs. (3.18), (3.19) and (3.22)
form the necessary constraint equations for generalized periodic boundary conditions in the case

of nonzero second gradient.

39



Mesarovich and Padbidri (2005) proposed a set of minimal boundary conditions for a fine scale
rSVE in the sense that they provided the least possible constraint on the system in order to
achieve a desired coarse scale homogenized strain. In this spirit, constraint Eqgs. (3.14), and
(3.17)-(3.19) are grouped together to form the minimal boundary conditions for a second gradient
continua. In the absence of a second gradient, only Eq. (3.14) is required and it can be shown that
this is equivalent to the boundary conditions presented by Mesarovic and Padbidri under

conditions of small coarse scale deformation.

2D rSVE:
Reference x __k+1 Current  x~k+1
Configuration 32 Configuration Q
h (M)
+
- h (M)
First order
deformation
h ()

—

Second order
deformation

Figure 6. lllustration of fine scale generalized periodic boundary conditions under first order
(top) and second order (bottom) coarse scale modes of deformation.

Requirements of Egs. (3.14), and (3.17)-(3.19) ensure orthogonality of the kinematic terms that
define the fine scale deformation gradient. Some of the results from these requirements have
been introduced for other purposes in recent second gradient computational work (Kouznetsova et
al., 2002; Kouznetsova et al., 2004; Larsson and Diebels, 2007) and are consistent with the
numerical procedures outlined in Chapter 4. For example, Kouznetsova et al. (2002) require that
the mean fluctuation vanish along each surface of the rSVE (cf. Eq. (3.19)) because, otherwise,

their generalized periodic boundary conditions would only directly involve two distinct
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components of a 2D second gradient. However, the present work is the first time the complete set
of requirements for boundary conditions has been developed from certain kinematic principles.
Here these conditions are developed in order to ensure kinematic orthogonality, which is
important to scale invariance of momentum via the principle of virtual velocities in the next

section.

3.1.6 Intermediate Configuration

This section describes the kinematic terms employed in scale transitions within the multiscale
hierarchical approach. It is therefore preferable to restrict attention to the kinematics of
multiscaled deformation and postpone particular details of requisite forces that cause deformation
until Section 3.2. However, it is necessary that a vague notion of such stresses be introduced for
the purpose of enabling further decomposition of kinematic terms. At the very minimum it is

required to acknowledge that internal and external forces give rise to material stresses which lead

to the deformation at the coarse scale, x(x_), and the fine scale, y(y,).

Initially (prior to application of any external loads), the spatial location of every material point in

the rSVE is coincident with its material coordinates, y(y,) = y,. Generally, and especially under
external forces, the current spatial position of material points within the deformed rSVE, y(y,),

will differ from that in the reference state, y_, and this deformed configuration is labeled the

current configuration. If at some particular time after any irreversible deformation has occurred
all forces external to the rSVE are removed, the rSVE would be in a different configuration than
either the reference configuration or that current configuration which preceded the removal of
external forces. Thus, for each current configuration there exists an accompanying intermediate
configuration associated with removal of external forces. The intermediate configuration is often
referred to as stress-free configuration; this description is consistent with that adopted here based
on the definitions of coarse scale stress in the next section. It must be noted, however, that there
are nonzero ‘residual’ fine scale stress fields associated with a stress free coarse scale after

irreversible microstructure evolution (cf. Clayton and McDowell, 2003).
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A variety of inconsistencies confer the intermediate configuration the status of being fictitious.
First, there is a time scale issue associated with the removal of tractions. Clearly, for rate-
dependent processes within the rSVE, the rate at which tractions are removed is critical. One can
assert that tractions are removed instantaneously, in which case the next issue is for how long the
tractions are removed before the intermediate configuration had been reached. If it is asserted
that the intermediate configuration is that reached in the steady state, then there can be no
intermediate configuration if the inelastic deformation processes do not consider such a steady
state (consider the Maxwell viscoelastic model for example). On the other hand, if the
intermediate configuration is taken as that configuration resulting immediately after instantaneous
removal of the boundary traction, then strictly speaking, due to inertia one would find the
intermediate configuration is always coincident with the current configuration. As a compromise,
we define the intermediate configuration to be that configuration resulting from the instantaneous
removal of boundary tractions after the rSVE has inertially self-equilibrated in the absence of any
additional rate-dependent microstructural evolution; we are at liberty to make this assertion. This
description will be made more precise in the next two sections. For now we proceed by

postulating the existence of an intermediate configuration.

The intermediate configuration is of high utility as it represents the kinematical consequences of
microstructure evolution most directly. The free energy function introduced subsequently is most
aptly written in this configuration because irreversible evolution is present, while conveniently,
long range reversible deformation has been recovered. Moreover, for certain processes involving
underlying material substructure, it has a strong physical basis (e.g., crystal plasticity.) In order
to realize such conveniences, the kinematic terms must be mapped into the intermediate
configuration correctly. In order to develop the required push-forward and pull-back operations
in the proper context of differential geometry, equations in this section will often be presented in
indicial notation with capital indices indicating the reference configuration, lower case indices
representing the current configuration, and lower case indices with an over-tilde representing the
intermediate configuration. Also, raised indices are used for contravariant components while

lowered indices are used for covariant components.
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The spatial locations of fine scale material points in the intermediate configuration are denoted ¥ .

The kinematic deformation field of the intermediate configuration is decomposed within an rSVE

consistent with Eq. (3.2), i.e.,

y=F".y, +%Gm Ly, ®y, + fl(y()) (3.23)

where the subscript in is used to indicate inelastic components and a tilde appears above y and h

because the single covariant component for these vectors resides entirely within the intermediate

configuration. In contrast, F"and G™do not receive this special demarcation, as their
contravariant component lies in the intermediate configuration whilst their covariant components

are in the reference configuration.
The total coarse scale deformation gradient is then multiplicatively decomposed according to

FZ:J — er:I; mFI;J (324)

Note that the superscripts e and in for elastic and inelastic components, respectively, are moved to
the left side of the main tensoral symbol as necessary to make room for indices on the right side.
This notation convention is used for clarity where appropriate. The multiplicative decomposition
of (3.24) is illustrated by Figure 7. For the purposes of discussion, a multiplicative
decomposition of the fine scale deformation gradient is also introduced (as in Clayton and

McDowell, 2003), i.e.,
f=fe.fn (3.25)

We note in passing that more complex multiplicative decompositions could be introduced at this
point to represent the accommodational contributions of damage, thermal expansion, phase
transformation and other phenomena, as necessary. Equation (3.25) is not expressed in indicial
notation because the inner most indices would reside in none of the configurations presented thus
far, but rather in a fine scale intermediate configuration. This motivates an important discussion.

From Eq. (3.7) and constraints on the rSVE in Eq. (3.14) it is possible to write

F=F F"=_ | {0 (3.26)
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Figure 7. Configurations associated with multiplicative decomposition of deformation gradient.

However, because the fine and coarse scale intermediate configurations differ, the fine scale
inelastic deformation gradient generally cannot be integrated to obtain the coarse scale inelastic
deformation gradient and likewise for the elastic component of deformation, since the resulting

incompatibility of each is not rectified on the coarse scale, i.e.,

P e L[ g0
AL 3.27

P L[ fed0 (3:27)
o Jor

One can, however, relate the inelastic coarse scale deformation gradient to the volume average of

the fine scale (total) deformation gradient, f = f’yy , in the intermediate configuration, i.e.,
F" =L [ fdQ (3.28)
o Jax

This assumes that the intermediate configuration is a compatible configuration (cf. Clayton and

McDowell, 2003), a condition that is locally obeyed, i.e., within the domain of the rSVE.
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Further recognize that the fine scale deformation gradient in the intermediate configuration can
also be multiplicatively decomposed, i.e., f = f°.f™", where the tilde configuration is that

corresponding to F™in Figure 7; it is these components of deformation that motivate the
incorporation of additional internal kinematic variables and serve as the discriminating factor for
the partitioning of inelastic work of coarse scale deformation into dissipation and elastic energy

stored within the fine scale field.
The Green-Lagrange strain, E, is defined from the right Cauchy deformation tensor, C, as

k ,
Cry = Fr9u,F"

B, = %(CI.I — ;)

(3.29)

where the metric tensor, ¢, , has been included to keep indices proper; because Cartesian

coordinates are used exclusively in this work, it is simply equal to the identity tensor. It is clear
from the indices of (3.29), that the Green-Lagrange strain completely resides within the reference

configuration. Almansi’s strain results from the push-forward of Green-Lagrange strain into the

current configuration, e = ¢.(E) = %(I —b~!), where b = F- FT is the finger tensor. The Green-

Lagrange strain referred to the intermediate configuration is obtained by the inelastic push-

forward of the Green-Lagrange strain, E = ¢"(E) or the elastic pull-back of Almansi’s strain

into the intermediate configuration, E = ¢, (e) . By the former method
E=F'" -E-F' (3.30)
which is decomposed into elastic and inelastic parts by substitution of (3.24) and then (3.29), i.e.,

E=F'.(F .F-1)-F!

m

= LE'F, -+ 11— F,"F,) (331)

9 mn Tin

E + E

e mn

The total coarse scale second gradient is expanded using the chain rule and the multiplicative

decomposition of the total coarse scale deformation gradient in Eq. (3.24), i.e.,
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This is pulled back to the reference configuration according to

, . o°¢ Fz7 . . o in Fz;z,
I _imppm m I
Mg = F —— "R 4 "p —— (3.33)

and finally pushed forward into the intermediate configuration, resulting in an additive
decomposition into elastic and inelastic parts yielding a mixed-variant second-order strain

referred to the intermediate configuration, i.e.,

LOET Ry

FZ = (%F] - WLF: ‘,. _|_ WLF:"‘: Z’Ile ‘~

gk -m (])V -k ¥ 8.%'(])\[ -k (334)
= @1“"_]7; + "”Ffﬁ

The latter term in Eq. (3.34) is recognized as the inelastic push-forward of the inelastic second-
gradient introduced in Eq. (3.23), i.e. T'™ = ¢"(G™). Note the distinction between the total

second gradient within the intermediate configuration and the inelastic portion of the second
gradient. Our definition of a mixed variant intermediate configuration second-order strain
presents a particular convenience in its additive decomposition into elastic and entirely inelastic

parts.

The covariant second-order strain, I'", is decomposed into elastic and inelastic parts by
substitution of the decomposition of the second gradient Eq. (3.32), and the multiplicative

decomposition of the deformation gradient into the definition of second order strain Eq. (3.10),

ie.,
F* — 1 o°F". inri | epr S dmE™
LK 19gr Dk o Y/ e P
0 eF':ﬁ o 7”F77

= F(I g —_—
d9qr
amf

A (3.35)

K
O,
ok

= FUK + FI.]K
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where C% = Fr g “Fis the elastic Cauchy deformation tensor acting as the metric on the

intermediate configuration, that is the elastic pull-back of the metric on the current configuration.

Finally, T is pushed forward into the intermediate configuration as

dF" o,
T Jo -1 P 1p s 1
Ft~ =‘Flg —="F L: +C°. in P?MLF L“.
yk aqr A@Q:g -k mi ?Qj{f -J -k
2y =,
= Ui + L' (3.36)
= O T + oo T
mi - gk mi -7k

One is free to assign the labels elastic and inelastic (or plastic) to the separate terms in the

additive decompositions of (3.35) and (3.36), for example, I'* = I and I = I'"; however,
the role of the elastic Cauchy deformation tensor as a metric in each of these terms implies that a
purely elastic change in deformation will result in a change in the so-called inelastic portion of
the decomposition. In Section 3.3 the utility of (3.34) will be demonstrated as it enables the

separation of purely non-dissipative processes from generally irreversible processes, i.e., there are

no terms associated with a purely reversible deformation contributing to I . The complete push
forward of T to the current configuration results in a similar coupling of elastic and inelastic
measures of deformation. This issue reinforces the special advantages afforded by adopting an
intermediate configuration, e.g., the free-energy function (introduced in Section 3.3.3) is most

aptly written in this configuration.

3.1.7 Time Rates of Kinematic Variables

The principle of virtual velocities and thermodynamic principles of the subsequent sections
require time derivatives of kinematic quantities. The proper time derivative of a quantity that is
defined with respect to an evolving (e.g. intermediate) configuration is the Lie derivative. The

Lie derivative is the push forward of the material time derivative of the pull-back of the particular

tensor into a fixed reference configuration, i.e., L (T) = ¢. (%J‘(T)).

For the Green-Lagrange strain referred to the intermediate configuration, the Lie derivative is
simply the inelastic push forward of the rate of Green-Lagrange strain in the reference

configuration, i.e.,
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L(E)=¢"(E)=D
(W= ®=n- (3.37)

Substitution of the multiplicative decomposition of F Eq. (3.24) into the above gives

]'j _ %(FS,T CFe 4+ Fe,T . Fe + Fin,—T . Fm . Fe,T CFe 4+ Fe,T .Fe . Fm . Fin,-l) (338)
The inelastic push forward of the time derivative of the deformation gradient gives the velocity
gradient referred to the intermediate configuration, i.e.,

i _ in F — Fe;l . Fe + Fm . Fin.fl
& (F) ) (3.39)
— Ir + Im

From Eqgs. (3.38) and (3.39) one finds that

D=1L(c I +I7 ¢)+L(c D"+ T . )

(3.40)

D¢ + Dm

so that D (and its elastic and inelastic parts) are obtained from the symmetric part of L (and its

elastic and inelastic parts) where the symmetrization is assisted by the elastic Cauchy right
deformation tensor, C°, acting as a metric on the intermediate configuration. Application of the
chain rule to the elastic part of Eq. (3.31) reveals that D¢ = E°: however, D" = E™.

The Lie derivative of the second-order strain, IT', can be decomposed into elastic and inelastic

parts as

L,(T)

L, (B) + 1, (F7)

— };’" (]:"6 ) + d)i" (]:-\m ) (341)

where the inelastic rates, I'""and L, (fi” ) are zero for any purely elastic deformation. The Lie

derivative of T (defined in the reference configuration) is simply its time rate, which is also

additively decomposed as

4 (3.42)

but T is nonzero, in general, under arbitrary elastic deformation processes.
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3.1.8 Summary of Section

The kinematic relationships developed in this section will be used in the following two sections to
develop the required scale invariance principles of momentum, energy, and dissipation. These
guantities are directly computed from finite simulations of rSVEs in Chapter 4 and used to
develop the constitutive framework in Chapter 5. In summary, this section has laid out the

kinematics involved with each scale transition. Cases where the second-gradient is absent from

the coarse scale expansion, G = G,, = 0, result in a first-order homogenization with the addition

of the fluctuation field. For cases where a higher order Taylor series is pursued, considerable
additional work will be needed to develop the third gradient and associated terms. It is expected
that efforts to this end would be better directed at using other kinematic enrichment schemes, e.g.,

mesoscale gradients or wavelets.

3.2 Principle of Virtual Velocities

In this section the principle of virtual velocities (PVV) is used to preserve linear and angular

momentum in the transition between fine and coarse scales.

3.2.1 Linear Momentum
At the fine scale of observation, for a classical Cauchy continuum, the strong form of the linear
balance of momentum expressed with respect to the reference configuration is

T pipb= p(% (3.43)

Where pis the fine-scale nominal stress (transpose of the first Piola-Kirchhoff stress), bis a fine-

scale body force, vis the fine scale velocity, and p, is the mass per unit volume in the reference
configuration. Note that due to conservation of mass, pdQ2 = p_ dQ,, the relationship between

body forces pbdQ = p b dQ = b =b . Consider cases where (3.43) is true for each location

within the fine scale rSVE, i.e. the fine scale can be described as a classical continuum. To
develop the weak-form of momentum balance, a weighting function (év) is multiplied by (3.43)

and integrated over an arbitrary domain in the reference configuration, i.e.,
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fév-[@o -p+p0bfp0% Q, =0 (3.44)
Q,

Owing to the product rule of differentiation,
@O-(év-pT):p:@v@O)T —|—6v~(§0~p) (3.45)

which upon substitution into (3.44) gives

dv

LoV (6vp") =i (6v9,) de, = [ pov- o, — [ pdv-b,d2,  (3.46)

Employing the divergence theorem to convert the first term in the LHS of (3.46) to an integral

over the bounding surface, T, with outward surface unit normal vector n_gives
v T — T ) — )
fﬂo v, - <6v P )dQU = ffl, (p n, ) ovdl’, = ffl, t, - ovdl, (3.47)

where t_ is a surface traction defined in the reference configuration and according to Cauchy’s

law t, = n_-p. Finally, the weakened form of (3.43) is obtained by substitution of (3.47) into

(3.46):
fro t, - ovdl + fq p b 6vdQ, = fQUp : (6v?0 )T o, + fQ P OV - %dQO (3.48)

If 6vis prescribed as any kinematically admissible velocity field, equation (3.48) is the Principle

of Virtual Velocities (PVV) applicable at any scale for a Cauchy continuum over any arbitrary

domain © in the reference configuration bounded by the surface T’ .

Application of (3.48) to the rSVE provides a relationship between the local balance of momentum

at the coarse scale and weak momentum balance at the fine scale, i.e.,

OP.

int

(x,)+ 6P

kin

(x,) = éP!

ext

(x,) + 61—7(,1;, (x,) (3.49)

where terms comprising coarse scale internal, kinetic, and external virtual power, respectively,

are defined as

1 .
oPulx) = o fyp ot (3.50)
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1 av
6P, (x )= — bv - —dQ) 3.51
Lm( 0) Qg o Po dt o ( )

1 1
6P, (x,) = @fr t, - 6vdl, + aj‘q p,b - 6vdQ, (3.52)

The connection between coarse and fine scales is completed by substitution of any kinematically
admissible fine scale velocity field into Egs. (3.50)-(3.52). The set of kinematically admissible

fine scale velocity fields consistent with rSVE boundary conditions is

5v:5F-y0+§5G:yo®yo+5h (3.53)
6f = 6F + 6G -y, + bV, '
subject to requirements in Egs. (3.14), and (3.17)-(3.19).

After substitution of (3.53) into virtual power terms, the internal stress power within the rSVE

associated with the material point x_ is

6P, (x,) = — [ pd0, 6+ [ T oy, ¢ 86
oo o 7 , (3.54)
— N\ T
oo Ja? 8(bV,)TdQ,
the external power due to tractions is
1 . 1 o
6PL (x,) = — [ t, @y, dl, : oF + — [ t @y, @y, dl, 6G
QX Fo QQX Fn
; o , (3.55)
+§frz t, - shdl,
the external power attributed to the distribution of fine scale body forces
b 1 : 1 C o
oP) (x,) = — o p.b®y, dQ, :6F + — o p,bRY, ®y, dQ :6G
o 7% 2l 7 (3.56)

1 .
+§f9i p.b- 6hdQ,
[¢]

and finally the internal power due to distributions of microinertia
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6Pkm (xo) lx o Pl yOdQO : 6F
@ (3.57)

+ ARy, @y, dQ, 160G + if p,a- 6thO
207 o Q o

where a = % is the actual fine scale acceleration field. For independent and arbitrary virtual
guantities 6F , 6G , and &h, the combination of (3.54)-(3.57) and (3.49) provide the relationships

pll IR AL +—f pb @y, 9,

_ 1
QX

(3.58)
T
p on + QX fgz poa ® YOon

1 1
QQXIFX t, ®Y, ®Y, dF+E g PoP ®Y, ® ¥, d,
o o (3.59)
1
=—fXPT ® ¥ dldt+ = | P2 ®Y, ®Y,dfl,
QxJe 200 V%

1 (3.60)

p 6(hV) s, +— X (5th
QX f

Under equilibrium, a = 0, and in the absence of body forces, b = 0, a second gradient extension
of the Hill-Mandel condition is (cf. Fleck and Hutchinson, 1997; Kouznetsova et al., 2002;

Larsson and Diebels, 2007)
8P, (x,) = P: 6F + Qi6G (3.61)

which states that for any kinematically admissible set of virtual velocities consistent with
prescribed boundary conditions, the actual coarse scale stresses are work conjugates to the
corresponding virtual velocities that give an equivalent virtual power at coarse and fine scales of
representation. Thus, from equation (3.61), (3.54), and (3.58)-(3.59), in the absence of fine scale

inertia and body forces, one can readily identify the proper definition of coarse scale stresses, i.e.,

P — ix Yo ®t,dl, = LX de
19 @ (3.62)

20"

1
Q fr‘ o Yy, ®y,dl, §symR[fQ§p ®y0d§20]

o
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Note that the top equation in (3.62) provides a relationship between surface tractions on the
boundary of an rSVE (or any body) and the volume-averaged nominal stress as developed by Hill
(1972) under equilibrium conditions and in the absence of external body forces. The bottom
equation in (3.62) is a direct analog for second order stresses. Because the second gradient is
symmetric in the last two indices, it is only that part of the volume integral in the right side of the
bottom equation in (3.62) symmetric in the second and third indices that contributes to the second

order stress. Note, that (3.60) and (3.61) require that

1 h _1 S T _
o Joibo ~Ohdl', = o o P 6(hV,)"dQ, =0 (3.63)

Condition (3.63) is a manifestation of the Hill-Mandel condition, namely, that no work is done by
tractions external to the rSVE on the fluctuation field. Conceptual implications of this
requirement are noteworthy. It is a consequence of balance of momentum within the fine scale
rSVE that the boundary integral of work done by tractions on velocity fluctuations is equal to the
volume integral of work done by local stresses on the fluctuation gradients. The internal
fluctuation power requirement arises due to balance of momentum between scales, i.e., scale
invariance of momentum, because the transition from fine to coarse scale relinquishes the precise
identification of the fine scale degrees of freedom. Conceptually, this requirement asserts that a
particular fine scale rSVE associated with a coarse scale material point may exchange momentum
with another fine scale rSVE associated with a neighboring coarse scale material point, only
through the coarse scale kinematic variables, V, ¥ ,and G. This conceptual perspective of the
momentum balance within and in between scales is an important aspect of this section. This
condition can be proven to be satisfied by the direct, periodic, and minimal boundary conditions

introduced in Section 3.1.5.

For dynamic cases and in the presence of externally applied body forces (such as those implied by
constraint (3.16)) the definition of coarse scale stresses must be extended. The central issue is

whether to maintain that the coarse scale nominal stress is the volume average of the fine scale
nominal stress, i.e., P’ =L o P2, = L fo y, ®t,dl —Lfﬂx Py, ®adQ, , or to enforce

x o T ox -
(938 (938 (038

that the coarse scale nominal stress must be conjugate to the time rate of deformation gradient

53



consistent with (3.61). The former method, P’ implies that any net microinertia is interpreted as
an external body force augmenting the local coarse scale momentum equation. This perspective
is physically inconsistent for two reasons. First, in laboratory experiments (as discussed in Hill,
1972) one cannot directly measure either the volume average stress or the net microinertia. Thus,
if the coarse scale stress is defined as the nominal stress, then the constitutive relations so
developed could not be fit to or meaningfully compared against experimental data. The second
reason to avoid the former definition of stress is that the resulting ‘augmenting body force’ cannot
be arbitrarily applied (as typically expected for external loads). Rather it will depend upon the
coarse scale material response coupled with the fine scale microstructural features which give rise
to the heterogeneous inertia distribution. Wang and Sun (2002) used this approach to study the
effect of net microinertia on the growth of a single isolated void embedded in a plastic matrix. In
their case the “augmenting body force’ could be directly identified by means of micromechanical
analysis, however, this approach is not advocated here due to its lack of generality. The basis of
the Cauchy definition of stress is a traction vector acting over a (real or fictitious) surface with a
particular orientation. This basis reinforces the idea of using tractions applied on the external
boundary of the rSVE to define the coarse scale nominal stress. More importantly, the only
definition of nominal stress, P, and second order stress, Q, consistent with the balance of

momentum at the fine scale and across scales as expressed by (3.49), (3.54)-(3.57) are

1 1
P=— [y @tdl, +—[ py, @bdQ,
Q;( s Qz)c o

. . (3.64)
= Jpao+ &fng pY, ® ad®,
]
and
1 1
Q= St @y, @y, dr, + 20 s PoPo © Yo © Vol
o o (3.65)
= ——Sym,, [f pT ® yOdQO] + — pAa®y, ®y, d,
o 2 20 7

respectively. The dynamic Hill-Mandel condition extends to
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1 : 1 :
Q_g;fr;t ¢, - 6hdr, +§sz p.b-hdQ, = -

1 . STENT 1 : _

o mpﬁ@V)ﬁ%+5;£¢ﬁ~&ﬁ%—0
which permits a net internal fluctuation power that is exactly balanced by an opposing net inertial
fluctuation. In this dynamic case one can further offer the interpretation that this restriction
implies that microfluctuation waves cannot propagate throughout the coarse scale field
independent of the coarse scale variables, i.e., the fluctuation field cannot transport momentum

out of the rSVE. It can be shown that (3.66) is satisfied under the same conditions as (3.63).

First we consider the body forces introduced by a constraint equation that would be used to
enforce Eq. (3.18). As will be shown in Chapter 4, such a constraint equation will be developed
by recourse to gauss quadrature to integrate over the domain of the rSVE according to

N(;l N/‘,p
Z Z wz'p NI

el=1ip=1

Ly =0 (3.67)

where el is the element, Ng is the total number of elements comprising the rSVE, ip is the Gauss
quadrature (integration) point, Nj, is the number of integration points in element el, w;, is the
Gauss weight for the ip integration point, N, is the shape function corresponding to node |

evaluated at the integration point, li,]. is the j™ component of the nodal fluctuation at I. and

summation over all nodes associated with element el is implied. Since all terms in Eq. (3.67) can

be computed prior to conducting fine scale simulations, it can be rewritten as

Ay =0 (3.68)

where A, are a set of nodal coefficients reflecting node I’s contribution to Gauss integration of a
constant over the entire rSVE domain and summation over all nodes in the domain is implied.
Such a constraint equation introduces an internal force to the solution of the form

4

@—%@ (3.69)

where A, is the coefficient corresponding to the nodal DOF removed from the solution and fy; is

the j™ component of the force introduced to eliminate that DOF. From Eq. (3.69) it is clear that
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the force introduced at each nodal DOF in the constraint Eq. (3.68) is in direct proportion to that
nodes coefficient. Since the nodal coefficient reflects the integration of a constant over the
associated elements, the internal forces generated by constraint Eq. (3.18) reflect a constant body

force field so that we may write

1

. 1 .
b-shdQ, = pb-— [ shdQ, =0 (3.70)

Q§p°

where the middle part of the equation is obtained because the body force field is constant and the

RHS (zero) is due to the constraint Eq. (3.18).

Tractions can be handled in a similar manner. First consider the direct boundary conditions. In

this case the fluctuation field must vanish everywhere on the boundary, so

frx t, - shdl', = o trivially, regardless of the distribution of surface tractions. For the periodic

and minimal boundary conditions we decompose the surface tractions according to

b, = Ot, + 't + 2t o ety (3.71)

where N_ is the number of constraint equations (in addition to the 0™ constraint equation

discussed subsequently) introduced to satisfy fluctuation constraints on the boundary. Of course,

the mere definition of the fluctuation field implies a constraint equation to enforce
h=u—(F-I)y, —G:(y,®y,) (3.72)
However, Eq. (3.72) merely redefines a single new fluctuation DOF by eliminating the single
corresponding displacement DOF. There is not a force introduced to the rSVE directly on
account of Eq. (3.72) so “t, = 0. Note that this result was implicitly used in the body force

discussion above. Periodicity constraints involving nodes on opposing boundaries where the
boundary with a positive unit surface normal is labeled (+) and the boundary with a negative unit

surface normal is labeled (-) can be written

Y — B =0 (3.73)
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Using the same arguments as in (3.69), Eq. (3.73) introduces equal and opposite constraint forces

implying a contribution to surface tractions of
' (n,) = =4 () 374)

where superscript ‘1’ is in reference to the periodicity constraint. Eq. (3.19) will be implemented
via separate constraint equations for each boundary. By the same arguments used in developing
Egs. (3.67)-(3.69) and the ensuing conclusion it is straightforward to recognize that Eq. (3.19)

will introduce boundary tractions constant along each boundary, i.e.,

27 A
zto (yo) _ t, constauntVy;)4 eI
0Vy, & Iy
34 (y ) _ 3f0, constantVy, € I‘g
o 0Vy, ¢ I (3.75)
1 ( ) 4fo, constantVy, € Fg '
o\Jo) = 0vy, ¢T¢
5t ( ) 5?{), constantVy € FOD
y =
oRTe 0vy, ¢ I'?

for a 2D rSVE (cf. Figure 29 in Chapter 4) and the results can be easily extended to 3D. Now,

J.t, -#hdr, canbe written as

[, - shar, +
r;

27 " 37 .
frf t, - ohdl' + frf t - ohdl', +

47 " 5T . .
frg t, - ohdl', +fr}3 t - 6hdl', =

(3.76)
.t - ohadr, +
2 : 3T .
tofrf shdl, + tofrf shdl', +
47T - 57 . . 1 ' .
i frg shdl', + °F, frg shdl, = frg t, - Shdl,

where advantage was taken of the constant components of traction (2-5) by moving them outside

their respective integrals. Finally, Egs. (3.73) and (3.74) permit
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[¢]

_ fr<+> (16 + 1)) sh ar, (3.77)
(¢

It ohdl = [ W) . en™ 1) . §RO)
St - shdr, = [0SR dr, + fr(ﬂ ¢ - 6h(7) dr,

so that, collectively, Egs. (3.76) and (3.77) establish that frx t, - 6hdl', = 0. Eq. (3.75) pertains

to the minimal constraints also. In the case of minimal constraints, the periodic constraints are
omitted, however a new set of constraints will be employed to enforce the independent vanishing
moment of fluctuation along each boundary. The arguments made in developing Egs. (3.67)-
(3.69) are extended to the implementation of constraint Eq. (3.17). By inspection (and previous
arguments) this case will result in a linearly varying traction introduced along each boundary.
The tractions due to constraint Eq. (3.17) along a single boundary (labeled ‘A’) of the rSVE can

be written as

LA = 1AE 4 LATO-n (3.78)

o

Along this boundary,

..+, - éhar,

[, - ohar,
I o
AT ‘ AT :

M- [ shdr, + M [ sh @ ndr,

(3.79)

According to Eg. (3.19), fFAéhdFO:U. If we also require that

fFA 6h ® ndl', = 0independently for each boundary (this is stronger than Eq. (3.17) demands)

then Eq. (3.79) becomes

..t - ohdr, =0 (3.80)
Repeating these steps for each boundary we find that frx t, - 6hdl', = 0 is true for minimal
conditions if frz 6h ® ndr, = 0is enforced for each boundary independently.

Attention is now returned to the presence of body forces in the coarse scale stress expression. For

comparison to the aforementioned work of Wang and Sun (2002) see Molinari and Mercier

58



(2001) who use a Cauchy stress implementation of Eq. (3.64) in the absence of body forces to
assess the constraining effect of microinertia on dynamic void growth in plastic matrix material.
Neither of these two approaches is in total agreement with what is presented here, for reasons

discussed below.

Clayton and McDowell (2004) show that under cases of equilibrium the nominal stress defined
from boundary tractions as in the left equality of the top equation in (3.62) accurately captures
the effect of external tractions acting on internal surfaces, for example cohesive tractions acting
on newly opened cracks, while a direct volume average of stress does not. Clayton (2005)
extends this concept to dynamic cases for analysis of polycrystalline tungsten rSVES in a manner
that is precisely consistent with (3.64) in the absence of body forces. Specifically, he shows

1 1 1
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where the summation is over all newly opening crack surfaces T'"¥) within the rSVE, and it is

implied that the tractions are internal in the sense that they arise due to the local response of the
material rather than by some external means, e.g., fluid pressure. As will be explained
subsequently, the approach specified in Clayton (2005, 2006) is not consistent with that
developed in this section in the presence of externally applied body forces (cf. Clayton, 2006, Eq.
10). The distinction bears no consequence on that particular work, as body forces were not
introduced during those computations; however, body forces are implied by the kinematic
constraints (3.18) introduced in this work and must be addressed. Unfortunately, inclusion of fine
scale body forces “muddies the water” to some extent and requires careful analysis to maintain
physical consistency. What follows is conceptually consistent with the recognition that the body
forces are applied externally, as are external tractions, and are not a microstructure response, s