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Abstract. 
We present the results of a new plasma equation-of-state (EOS) model currently under devel- 

opment at the Atomic and Optical Theory Group (T-4) in Los Alamos. This model is based on the 
chemical picture of the plasma and uses the free-energy-minimization technique and the occupation- 
probability formalism. The model is constructed as a combination of ideal and non-ideal contribu- 
tions to the total Helmholtz free energy of the plasma including the effects of plasma microfields, 
strong coupling, and the hard-sphere description of the finite sizes of atomic species with bound 
electrons [ 1, 21. These types of models have been recognized as a convenient and computationally 
inexpensive tool for modeling of local-thermal-equilibrium (LIE) plasmas for a broad range of tem- 
peratures and densities [3]. We calculate the thermodynamic characteristics of the plasma (such as 
pressure and internal energy), and populations and occupation probabilities of atomic bound states. 
In addition to a smooth truncation of partition functions necessary for extracting ion populations 
from the system of Saha-type equations, the occupation probabilities can also be used for the merg- 
ing of Rydberg line series into their associated bound-free edges [4]. 

In the low-density, high-temperature regimes the plasma effects are adequately described by 
the Debye-Huckel model and its corresponding contribution to the total Helmholtz free energy of 
the plasma. In strongly-coupled plasmas, however, the Debye-Huckel approximation is no longer 
appropriate. In order to extend the validity of our EOS model to strongly-coupled plasmas while 
maintaining the analytic nature of our model, we adopt fits to the plasma free energy based on 
hypernetted-chain and Monte Carlo simulations [S, 6,7]. Our results for hydrogen are compared to 
other theoretical models. Hydrogen has been selected as a test-case on which improvements in EOS 
physics are benchmarked before analogous upgrades are included for any element in the EOS part 
of the new Los Alamos opacity code ATOMIC. 

INTRODUCTION 

In this paper we describe the equation-of-state model adopted for the new Los Alamos 
low-to-medium-Z opacity code ATOMIC. This EOS model provides LTE ion stage pop- 
ulations calculated with a thermodynamically consistent account of non-ideal plasma 
effects such as continuum lowering. To this end we have followed a free-energy- 
minimization approach [3, 81 in deriving the ion population equations for the thermody- 
namic equilibrium EOS for ATOMIC. The resulting equations can be formulated to re- 
semble modified Saha-type equations with guaranteed thermodynamic consistency since 
all population and thermodynamic quantities are derived from a single expression for the 



total Helmholtz free energy F(V, T ,  { N , } )  for the entire system. The solution of the sys- 
tem of Saha-type equations is the collection of populations {Ns}min which minimizes the 
free energy at a given temperature and mass density. The formal procedure also satisfies 
the stoichiometric constraints for ionization or molecular dissociation, as well as overall 
plasma charge neutrality and mass conservation conditions. 

Inherent in this formalism is the use of the chemical picture in which the plasma 
constituents are viewed as atoms, molecules, ions, and free electrons. Others have 
used a physical picture (91 in which all fundamental charged particles (Le. electrons 
and nuclei) making up the matter under question are treated on an equal many-body 
footing and interactions are treated by adding two-body terms, then three-body terms 
and so on. This description in which complex species (atoms, ions, and molecules) 
arise naturally as clusters of more fundamentall particles is formally exact. However, 
this procedure rapidly leads to very complicated many-body expressions when atoms 
with many electrons are involved. Our choice of the chemical picture is largely due to 
its theoretical transparency and adaptability to the large range of physical conditions 
required in opacity calculations. 

HELMHOLTZ FREE ENERGY CONTRIBUTIONS 

The Helmholtz free energy F is related to the canbnical partition function Z of the system 
by the standard relation, 

F = -kTlnZ. (1) 
The chemical picture is closely related to the assumption of factorizability of the 

partition function, which allows us to write the: total free energy as a sum of several 
contributions [l, lo], 

F = Fi + F2 + F3 +F4 + F’. (2) 
Fl represents the classical ideal (Boltzmann).gas of atoms, ions, and molecules, 

where N, is the number of particles of species s (n,ot including electrons), g, is the nuclear 

spin statistical weight, and A, = d G  i s  the thermal wavelength. 
F2 is the contribution related to the internal structure of species with bound electrons, 

F2 = N, (Esl - kT lnz,) , 
s f e  

where E,* is the ground-state energy and 2, is the effective partition function, 

(4) 



principal quantum number R 

FIGURE 1. Occupation probabilities in atomic hydrogen vs. principal quantum number 

The convergence of partition functions is ensured through the occupation probabilities 
ws, that smoothly truncate the summation (see Fig. 1) by progressively reducing the 
effective statistical weights of excited states; they are given by, 

wsj = < ' Q s ( P s j ) >  (6)  

where is a first-order hard-sphere contribution based on the size of the bound state 
111, which is important in cold neutral systems. Q s ( P )  is the cumulative microfield 
distribution function and PSj is the critical microfield adopted from Ref. [2] to model 
the destruction of bound states by the charged plasma environment. 

Due to their small mass the electrons begin to display quantum degeneracy effects 
at much lower densities than the ions. Therefore the ideal electron gas free energy 
contribution is not included in Fl but instead it is treated separately in F3 as an ideal 
Fermi gas, 

where the ideal electron chemical potential p 3 kTq is given by the implicit equation, 



andI,(q) = r-'(v+ l )Jctv(exp(t-q)+ I)-'& is thenon-relativistic Fermi integral. 
Under low-coupling (Le. high-temperature, low-density) conditions the Coulomb in- 

teraction term F4 can be modeled by the well-known Debye-Huckel expression or its 
modification [lo]. In order to cover a wide range of plasma conditions including the 
strongly-coupled regime we adopt the analytic fits from Refs. [S, 6,  71. These fits take 
into account Monte Carlo and hypernetted-chain simulations and reproduce the proper 
limits (Le. Debye-Huckel at low and Thomas-Fermi at high coupling, respectively). The 
excess Coulomb free energy is treated within the linear screening theory in which the 
ion-electron interaction is weak compared to the kinetic energy of the electrons. Then 
F4 can be broken into three contributions [5], 

F4 = Fee + F;i -t (9) 
The ion-ion (ii) part is calculated from a one-component plasma model via an inter- 
polation between Monte Carlo results for Ti > 1 and the Debye-Hiickel limit and Abe 
correction for low-coupling conditions. The exchange-correlation (ee) contribution in 
the electron fluid comes from fits to hypernetted-chain and Monte Carlo simulations 
of electron one-component plasma from Ref. [7].  The electron screening (ie) contribu- 
tion is extracted as a difference between two hypernetted-chain simulations: one for the 
screened and the other for the Coulomb potential. 

At very low temperatures the system remains neutral across the full density range 
and therefore microfields Q ( P )  (see Eqs. 5 and 6 )  cannot provide the desired effect of 
removing atomic bound states at high density. In order to address this problem Refs. 
[ l ,  IO] introduced a pressure ionization term Fs for neutral plasma species. Theirs was 
second-order in packing fraction and was based on the expansion of the low-density free 
energy of a system of hard spheres with an additional adjustable parameter. Since we 
are interested in modeling this effect at arbitrary densities, we find it more plausible 
to adopt the all-order free energy expression of Mansoori et al. [ll], which is the 
multi-component generalization of the Carnahm-Starling formula 1121. Here we use 
ground-state diameters only, since at low temperatures excited states harbor negligible 
populations. 

As was pointed out by Hummer and Mihalas [ 13, maintaining the thermodynamic 
consistency of a free-energy model with non-ideal contributions results in additional 
terms in the total free energy. If a non-ideal effect contributes the free energy f ,  then it 
implies an occupation probability wsi in the effective partition functions, 

and a self-consistency term in the free energy, 

where Nsi is the population of the ground or excited state j in the species s. Therefore 
in principle non-ideal effects enter the model in three places. In our model the plasma 
non-ideality is accounted for in terms F2, F4, and Fs. In F, the occupation probabilities 



(Eq. 6) were constructed in such a way that the corresponding non-ideal free energy 
contribution f is linear in populations Nsj  and hence it will be canceled by its associated 
self-consistency term from Eq. 1 1. Furthermore, the Coulomb and pressure-ionization 
terms (F4 and F5) only depend on total species populations Ns C j N S j ;  therefore the 
associated occupation probabilities (Eq. 10) will factor out of the partition functions zs 
in F2 (Eq. 4) and cancel with the accompanying self-consistency term (Eq. 11). Thus the 
surviving non-ideal terms f = F4 + F5, together with occupation probabilities wsj in F2, 
provide a full and consistent account of all non-ideal effects included in our model. 

FREE-ENERGY MINIMIZATION 

The minimization procedure consists of finding the particular set of populations {Ns}min 
that minimizes the expression for F (V, T ,  { N , } )  while holding volume and temperature 
constant. This is equivalent of finding the state of maximum entropy and describes the 
system at thermodynamic equilibrium. 

The populations { N,} must satisfy several conditions: stoichiometric constraints, 
overall charge neutrality of the plasma, and total mass conservation. For ionization- 
recombination reactions Ai+ + A(’+’)+ + e- the free-energy minimization requires, 

This can be equivalently written in terms of the chemical potentials as p i  = pi+] +pe. 
If there are N ion stages involved then there will be N - 1 coupled ion population 
equations of this form. The system of equations is then closed by the conservation 
equations, 

,#e 

where z, is the charge of species s in units of elementary charge e.  (These equations 
can also be modified to describe molecular dissociation.) Given our adopted free-energy 
model, Eq. 12 becomes, 

in which xi f Ei+] , ]  - Eil is the unperturbed ionization potential and p is the ideal 
electron chemical potential given by Eq. 8. Q. 15 formally resembles the traditional 
Saha equation with the additional term which is given by, 



This term $i enters the modified Saha Eq. 15 subtracted from the unperturbed ion- 
ization potential xi and thus could in principle be interpreted as the contribution due to 
"continuum lowering." In fact, other models [13] treat non-ideal plasma effects solely 
by reducing the ionization potential in the Saha equation without regard to thermody- 
namic consistency. We emphasize that our model is not a "continuum-lowering" model 
in this sense. Since $,. (like everything else in our model) is derived from the Helmholtz 
free energy, it models non-ideal plasma effects in a thermodynamically consistent way 
by incorporating corrections to species' chemical potentials arising from interactions in 
the plasma. In addition, in our model bound states are removed not only by an effective 
change of ionization potentials but also by reduction of their effective statistical weights 
by the occupation probabilities in the partition functions (Eqs. 5 and 6).  

An alternative method of minimizing F is to simply scan the free energy surface 
for a global minimum. In either method care must be taken to avoid a possible local 
minimum of the free energy which will not represent the {Ns}min corresponding to true 
thermodynamic equilibrium. 

While the free-energy-surface scan is the simplest way of finding {Ns},nin, its com- 
putational cost scales very poorly with the number of species in the model. Some im- 
provement can be obtained by using a successive refinement procedure in which the 
free-energy surface is scanned several times on a progressively finer mesh. Yet another 
approach would be to use a genetic algorithm search technique [14] in which the fit- 
ness function (to be maximized) is chosen as the negative of the free energy. Genetic 
algorithms work very well and fast in complex and mu1 tidimensional parameter spaces, 
they are rather immune against getting stuck in local minima, and they do not require 
user-supplied derivatives of the fitness function. We have successfully tested a particu- 
lar implementation of a genetic algorithm [15] in the simple case of hydrogen plasma 
as a proof of principle. In general cases one could use a combination of techniques: a 
genetic algorithm to quickly locate the general vicinity of the free-energy minimuin (in 
which the free energy surface is more likely to have a "regular" behavior) and then use a 
deterministic method such as Eqs. 13,14,15 to refine the solution {Ns}min to the desired 
accuracy. 

Once the free energy has been minimized, all further thermodynamic quantities can 
also then be obtained from the expression for the free energy using the set of populations 
{Ns}min and standard thermodynamic formulae. For example, pressure P and internal 
energy E are given by, 



We can then go on to obtain all other thermodynamic quantities (such as compressibil- 
ities, specific heats, etc.) in a similar manner. Since these are all derivable ultimately 
from the free energy F and the set {Ns}min, thermodynamic consistency (fulfillment of 
the Maxwell relations) is ensured. Additionally, since our approximation for the free en- 
ergy is analytic, we can calculate these thermodynamic quantities analytically and avoid 
the risk of sometimes inaccurate numerical differentiation. 

Finally, for line spectrum calculations, excited state populations N s j  can be extracted 
from the total populations per ion stage {Ns}min via a modified Boltzmann relation [l], 

Occupation probabilities wsj can also be used to model the smooth merging of a Rydberg 
line series with its corresponding bound-free edge [4, 161. 

RESULTS 

As a first step we applied our model to hydrogen plasma in which we test the interplay 
of all the various free-energy contributions. We include ionized (H+), atomic (H), 
negative ion (H-), neutral molecular (H,), and ionized molecular (H i )  hydrogen in our 
model. The description of electronic, vibrational, and rotational states of the H, and H l  
molecules is adopted from Refs. [17, 181. 

In Fig. 2 we compare our results for the pressure with’ path-integral Monte Carlo 
(PIMC) calculations [19] and in Fig. 3 with quantum molecular dynamics (QMD) [20]. 
A very good agreement between our chemical model and the two ab initio calculations 
is shown in both cases. This level of agreement was not possible with an earlier version 
of our model which implemented the Coulomb (F4) and hard-sphere pressure-ionization 
(F’) terms according to [lo]. In this older model that used a z-modified Debye-Huckel 
(DH) formula for F4 and a second-order expression for F, the calculated pressures were 
too high by up to an order of magnitude vs. PIMC and QMD. In the strongly-coupled 
regime the absolute values of the DH free energy are too large, while in its z-modified 
version they are too low. Our adopted fits for F4 [5, 6, 71 follow the DH results at low- 
coupling and then go between the DH and z-modified DH values, as expected. 

The second-order expression for the hard-sphere term F, from [lo] was seen to 
provide a pressure-ionization effect that removes bound species too rapidly at densities 
that are too low. This results from the definition of the packing fraction used in [lo] 
that is larger than the usual expression by the factor of 8. In this previous model an 
additional adjustable parameter was used in F, to further increase the pressure-ionization 
effect. Our current model already produced a fair agreement with the pressure data from 
PIMC and QMD without any additional ad hoc parameters; the degree of agreement was 
further improved by allowing the original hard-sphere radii used for H (5.3 x cm, 
i.e. the Bohr radius) and H, (9.0 x cm) to be reduced by (at this point) an ad hoc 
factor. For the comparison with PIMC (Fig. 2) this factor is 0.6 and for QMD (Fig. 3) 
it is 0.5. This is consistent with the finding [21] that effective hard-sphere radii can be 
used to represent the softness of the repulsive parts of interparticle potentials. 
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FIGURE 2. Comparison of CHEMEOS and path-integral Monte Carlo pressures 
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FIGURE 3. Comparison of CHEMEOS and quantum molecular dynamics pressures 



The comparison of internal energies (Eq. 17) with PIMC in the 10-3-10-'g/cm3 
density range shows excellent agreement for the four highest temperatures as well 
as for the lowest temperature (5000 K). In the high-temperature cases the plasma is 
nearly completely ionized, whereas at 5000 K the system is nearly 100% molecular 
hydrogen. Certain disagreement exists at 7812, 10000, and 15625 K, where the system 
is still neutral but is partially dissociated. Similar disagreements between CHEMEOS 
and PIMC also appear in the estimates of H and H, populations. This suggests the 
need for an improved treatment of neutral-neutral interactions in our model, possibly 
by going beyond the simple hard-sphere description. This could be accomplished by the 
use of actual interparticle potentials that model the soft-core repulsion and even a weak 
van-der-Waals attraction. Such features should improve the accuracy of the H, + 2H 
dissociation-recombination equilibrium and hence internal energy comparisons with ab 
initio calculations. These enhancements could also possibly address the problems caused 
by the relative flatness and possible "roughness" of the free-energy landscape around 
its global minimum. We have seen indications in our current model that this indeed is 
an issue, because of which the populations can change discontinuously with a minute 
change of input conditions (temperature or density) or a small change in the physics 
of the model (such as the choice of effective hard-sphere diameters). These problems 
may also be artifacts of the above mentioned inadequate neutral-neutral treatment, and 
therefore could be addressed by the same improvements. 

Another aspect of our model that requires further attention is the observed "plateau" 
in the degree of ionization as the densities approach conditions in which no atoms 
can exist by simple geometric arguments. The responsibility for the appearance of this 
behavior can be traced to the degeneracy of the free electrons (term F3, Eq. 7) which 
discourages further pressure ionization, while the destruction of bound states by plasma 
microfields (term F,, Eqs. 4 and 6) is not sufficiently competitive in our present model. 
The microfields we are currently using do not account for the reduction of electron 
screening due to degeneracy. The use of microfields that take this effect into account 
would lead to larger microfield values experienced by species with bound electrons. 
This would cause a stronger destruction of bound states, which should result in a smooth 
transition from the partially to the fully pressure-ionized plasma state. 

CONCLUSIONS AND FUTURE WORK 

We presented first results of a new equation-of-state model CHEMEOS currently un- 
der development at the Los Alamos National Laboratory. The model is based on the 
chemical-picture approach combined with an occupation-probability formalism. The 
choice of this technique was motivated by the ultimate purpose of this model, which 
is its incorporation into a new Los Alamos opacity code ATOMIC. Chemical models 
have long been recognized as a convenient and computationally efficient means for EOS 
calculations. As a first test, we applied our model to the "simplest" case of hydrogen, in 
which the number of species is limited and independent calculations using other theories 
are available. Such comparisons with path-integral Monte Carlo and quantum molecu- 
lar dynamics calculations are particularly important in high-density regimes where the 



basic assumptions behind the chemical picture break down. Preliminary comparisons of 
calculated pressures are encouraging, especially in the light of substantial disagreements 
of PlMC and QMD with the previous version of the CHEMEOS model. These discrep- 
ancies have now been addressed by a more accurate treatment of the Coulomb and hard- 
sphere pressure-ionization contributions to the :fee energy. Further possible improve- 
ments include a more rigorous description of the softness of the repulsive part of in- 
terparticle potentials and more accurate microfield distributions with reduced screening 
due to electron degneracy. Ultimately we also plan to cross-check our hydrogen results 
with experimental and astrophysical data, and then implement the model for treatment 
of any low-to-medium Z treatment within ATOMIC. 
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