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Abstract 

A class of finite discrete dynamical systems, called Sequential Dynamical Systems (SDSs), was 
introduced in [BMR99, BR991 as a formal model for analyzing simulation systems. An SDS S is a triple 
(G, F, n), where (i) G(V, E) is an undirected graph with n nodes with each node having a state, (ii) F = 
{fi, fi, . . . , fn), with fi denoting a function associated with node ui E V and (iii) A is a permutation of 
(or total order on) the nodes in V ,  A configuration of an SDS is an n-vector (b l ,  bz, . . . , bn), where bi is 
the value of the state of node vi. A single SDS transition from one configuration to another is obtained 
by updating the states of the nodes by evaluating the function associated with each of them in the order 
given by n. Here, we address the complexity of two basic problems and their generalizations for SDSs. 

Given an SDS S and a configuration C, the PREDECESSOR EXISTENCE (or PRE) problem is to deter- 
mine whether there is a configuration C' such that S has a transition from C' to C. (If C has no predecessor, 
C is known as a garden of Eden configuration.) Our results provide separations between efficiently solv- 
able and computationally intractable instances of the PRE problem. For example, we show that the PRE 
problem can be solved efficiently for SDSs with Boolean state values when the node functions are sym- 
metric and the underlying graph is of bounded treewidth. In contrast, we show that allowing just one 
non-symmetric node function renders the problem NP-complete even when the underlying graph is a tree 
(which has a treewidth of 1). We also show that the PRE problem is efficiently solvable for SDSs whose 
state values are from a field and whose node functions are linear. Some of the polynomial algorithms also 
extend to the case where we want to find an ancestor configuration that precedes a given configuration 
by a logarithmic number of steps. Our results extend some of the earlier results by Sutner [Su95] and 
Green [@87] on the complexity of the PREDECESSOR EXISTENCE problem for 1-dimensional cellular 
automata. 

Given the underlying graph G(V, E), and two configurations C and C' of an SDS S, the PERMUTA- 
TION EXISTENCE (or PME) problem is to determine whether there is a permutation of nodes such that 8 
has a transition from C' to C in one step. We show that the PME problem is NP-complete even when the 
function associated with each node is a simple-threshold function. We also show that a generalized ver- 
sion of the PME (GEN-PME) problem is NP-complete for SDSs where each node function is NOR and the 
underlying graph has a maximum node degree of 3. When each node computes the OR function or when 
each node computes the AND function, we show that the GEN-PME problem is solvable in polynomial 
time. 
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1 Introduction and Motivation 

We study the computational complexity of some basic problems that arise in the context of a new class of 
discrete finite dynamical systems, called Sequential Dynamical Systems (henceforth referred to as SDSs), 
proposed in [BR99, BMR991. A formal definition of such a system is given in Section 2. SDSs are closely 
related to classical Cellular Automata (CA), a widely studied class of dynamical systems in physics and com- 
plex systems. They are also closely related to a recently proposed extension of CA called graph automata 
[NR98]. Decidability issues for dynamical systems in general and CA in particular have been widely studied 
in the literature [W086, Gu891. In contrast, computational complexity questions arising in the study of CA 
and related dynamical systems have received comparatively less attention. 

In simple terms, an SDS S = (G, T,  n) consists of three components. G(V, E) is an undirected graph 
with n nodes with each node having a state. T = {fl, f2, . . . , fn}, with fi denoting a function associated 
with node vi. ?r is a permutation of (or a total order on) the nodes in V. A configuration of an SDS is an 
n-vector ( b l ,  h, . . . , bn), where bi is the value of the state of node vi (1 5 i 5 n). A single SDS transition 
from one configuration to another is obtained by updating the state of each node using the corresponding 
function. These updates are carried out in the order specified by T. 

The research reported here is a part of a program4 to provide a formal basis for the design and analysis of 
large-scale computer simulations, especially for socio-technical systems [BE+Ol]. Examples of such systems 
include various national infrastructures including transportation, power and communication. It is difficult to 
give a precise definition of a computer simulation that is applicable to the various settings where it is used. 
Nevertheless, an important aspect of any computer simulation is the generation of global dynamics by iterated 
composition of local mappings. Thus, we view simulations as comprised of a collection of entities with state 
values, local rules (functions) for state transitions, an interaction graph capturing the local dependency of an 
entity on other neighboring entities and an update sequence or schedule such that the causality in the system 
is modeled by the iterated composition of local functions. The informal description of SDS given above 
can be seen to capture these features. For additional information regarding how SDSs can be used to model 
simulations, we refer the reader to [BB+99, BE-1411. 

Simulation of MobildAdhoc Communication Networks: One motivation to study SDS is derived from 
their applicability in specifying large scale simulation of mobile networks [BM+OO] coined AdhopNET. For 
simplicity of description, the basic framework consists of three ingredients. Transceivers are the agents of 
the simulation and correspond to the nodes in the interaction graph. There is a directed edge from transceiver 
A to transceiver B if and only if transceiver B is within the effective broadcast range of transceiver A (Le., 
B can receive signals from A within a certain acceptable level of signal-to-noise ratio). The local function at 
each node corresponds to the parametric representation of the protocols that we use to represent each agent. 
A number of additional features can be added to this basic model but we omit them for reasons of brevity 
and clarity. In this setting, we can show that two different hand-off protocols can be simulated by essentially 
changing the order of updates. In the base station initiated hand-off, the base station continually monitors the 
strength of the received signal and makes a decision to initiate a hand-off. Here, we first update the mobile 
units and then the base stations. In the receiver oriented hand-off protocols, a receiver initiates a hand-off 
by monitoring the strength of the beacons of the neighboring base stations. In this case the mobile units are 
updated after the base  station^.^ Again, the important point to note is that sequential processing of nodes is 
more realistic and useful for modeling real protocols as opposed to synchronous updates. 

In [BH+Olb, BH+Olc], we studied the complexity of some configuration reachability problems for SDSs. 

4See http : / / tsasa . lanl . gov for additional details on this program. 
'In the real system, there is a sequence of alternating updates but we omit this complication here. 
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Here, we focus on the complexity of two basic problems for SDSs, namely PREDECESSOR EXISTENCE and 
PERMUTATION EXISTENCE, We now discuss these problems informally and defer the formal definitions to 
Section 2.3. Given an SDS S = (G, F, T )  and a configuration C, the PREDECESSOR EXISTENCE problem 
(abbreviated as PRE) is to determine whether the configuration C has a predecessor; that is, whether there is 
a configuration C’ such that S has a transition from C‘ to C in one step. Given a partially specified SDS S 
consisting of the underlying graph G(V, E), the set T of functions associated with the nodes and two con- 
figurations C and C’, the PERMUTATION EXISTENCE problem (abbreviated as PME) is to determine whether 
there is a permutation T of the nodes such that under permutation x, there is a transition from C’ to C in one 
step. The PRE problem is a classical problem studied by the dynamical systems community in the context 
of CA [Su95, Gr871. The PME problem is important in the context of SDSs since two different node permu- 
tations may give rise to totally different behaviors of the underlying dynamical system. An investigation of 
these problems is helpful in obtaining a better understanding of the dynamical systems modeled by SDSs. 
Predecessor existence question is directly related to certain liveness properties of certain network protocols 
[GC86, Pe97J. Our conclusion is that these questions are, in general, computationally intractable. However, 
we identify a number of special classes of SDSs for which the questions can be answered efficiently. Several 
of our results are also applicable to cellular automata (CA) and graph automata (GA). 

The remainder of the paper is organized as follows. In Section 2 we provide the necessary definitions. 
Section 3 summarizes our results and discusses related results from the literature. Sections 4 and 5 present 
our results for PREDECESSOR EXISTENCE and PERMUTATION EXISTENCE problems respectively. 

2 Definitions and Problem Formulations 

2.1 Sequential Dynamical Systems 

A Sequential Dynamical System (SDS) S over a given domain D of state values is a triple (G, F, T), whose 
components are as follows: 

1. G(V, E )  is a finite undirected graph without multi-edges or self loops. G is referred to as the under- 
lying graph of S. We use n to denote [VI and m to denote 181. The nodes of G are numbered using 
the integers 1,2, . . ., n. 

2. For each node i of G, .F specifies a local transition function, denoted by fi. This function maps 
into JD, where Si is the degree of node i. Letting N ( i )  denote the set consisting of node i itself and its 
neighbors, each parameter of fi corresponds to a member of N ( i ) .  Throughout the paper, we assume 
that the local transition function associated with each node can be evaluated in polynomial time. 

3, Finally, T is a permutation of { 1,2,. . . , n} specifying the order in which nodes update their states 
using their local transition functions. Alternatively, T can be envisioned as a total order on the set of 
nodes. 

A codgumtion C of S can be interchangeably regarded as an n-vector (q, c2,. . . , c,,), where each 
c j  E D, 1 2 i 5 n, or as a function C : V -+ D. From the first perspective, c j  is the state value of node i in 
configuration C, and from the second perspective, C ( i )  is the state value of node i in configuration C. 

Computationally, each step of an SDS (Le., the transition from one configuration to another), involves n 
substeps, where the nodes are processed in the sequential order specified by permutation x. The “processing” 
of a node consists of computing the value of the node’s local transition function and changing its state to the 
computed value. The following pseudocode shows the computations involved in one transition. 
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for i = 1 to n do 

the neighbors of n(i).) Let z denote the value computed. 

end-for 

(i) Node n(i) evaluates f?r(i). (This computation uses the current values of the state of n(i) and those of 

(ii) Node n(i) sets its state sa(i) to 2. 

We let Fs denote the global transition function associated with S. This function can be viewed either 
as a function that maps IDn into D” or as a function that maps DV into Dv. FS represents the transitions 
between configurations, and can therefore be considered as defining the dynamic behavior of SDS S. 

Let Z denote the designated configuration of S at time 0. Starting with Z, the configuration of S after 
t steps (fort 2 0) is denoted by [(S,T,t) .  Note that [(S,Z,O) = Z and [(S,Z,t + 1) = F&(S,Z,t)). 
Consequently, for all t 2 0, [(S, Z, t )  = Fst(z). 

Recall that a configuration C can be viewed as a function that maps V into D. As a slight extension of 
this view, we use C(W) to denote the states of the nodes in W 2 V. C(W) is called a subconfiguration of 
C. 

The phase space PS of an SDS S is a directed graph defined as follows: There is a node in Ps for each 
configuration of S. There is a directed edge from a node representing configuration C to that representing 
configuration C’ if F‘(C) = C’. In such a case, we also say that configuration C is a predecessor of con- 
figuration C‘. Since SDSs are deterministic, each node in its phase space has an outdegree of 1. In general, 
the phase space ’Ps may have an infinite number of nodes. When the domain D of state values is finite, the 
number of nodes in the phase space is ID[”. 

A node in phase space may have multiple predecessors. This means that the time evolution map of an SDS 
is, in general, not invertible but is contractive. The existence of configurations with multiple predecessors 
also implies that certain configurations may have no predecessors. A configuration with no predecessors is 
referred to as a garden of Eden configuration. Such configurations can occur only as initial states and can 
never be generated during the time evolution of an SDS. 

2.2 Variations of the Basic SDS Model 

The above definition of an SDS imposes no restrictions on either the domain IID of state values or the local 
transition functions, except that the ranges of the local transition functions must be subsets of D. SDSs that 
model simulation systems can be obtained by appropriately restricting D and/or the local transition functions. 
We use the notation “(x,y)-SDS” to denote an SDS where ‘x’ specifies the restriction on the domain and ‘y’ 
specifies the restriction on the local transition functions. Some restrictions studied in this paper are discussed 
below. 

References [BMR99, BMROO, MR99, ReOO] studied SDSs with Boolean domains and symmetric Boolean 
local transition functions, (The definition of symmetric Boolean functions is given in Section 2.4.) We denote 
such an SDS by (BOOL, SYM)-SDS. Symmetric functions provide one possible way to model “mean field 
effects” used in statistical physics and studies of other large-scale systems. A similar assumption has been 
made in [BP7’91]. As will be seen in Section 4, symmetry plays an important role in separating efficiently 
solvable and computationally intractable versions of the PME problem for SDSs whose underlying graphs 
have bounded treewidth. 

A restricted class of (BOOL, SYM)-SDSS is obtained by requiring the local transition functions to be 
monotone as well. It can be seen that a Boolean function is symmetric and monotone if and only if it is a 
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k-simple threshold function (defined in Section 2.4) for some integer k 2 0. Therefore, over the Boolean 
domain, the class of SDSs where each node function is symmetric and monotone coincides with the class 
of SDSs where each node function is a k-simple-threshold function for some integer k 2 0. We denote 
this restricted class by (BOOL, ST)-SDS. A class of symmetric but not monotone Boolean functions is that 
of k-tally functions (defined in Section 2.4) for any integer k 2 0. The class of SDSs in which each node 
computes the k-tally function for some nonnegative integer k is denoted by (BOOL, TALLY)-SDS. SDSs 
in which the local transition functions are not necessarily symmetric are also considered in the companion 
papers [BHtOla, BHtOlb, BHtOld]. 

Some of our results are for SDSs over the Boolean domain where the node functions are from an explicitly 
specified set of Boolean functions. For example, when each node function is AND, the corresponding class 
of SDSs is denoted by (BOOL, AND)-SDS. If the set of node functions has cardinality two or more, then 
standard set notation is used as the restriction on the local transition functions in the notation for such SDSs. 
For example, when each node function is from the set {XOR, XNOR}, the corresponding class of SDSs is 
denoted by (BOOL, {XOR, XNOR})-SDS. 

We also consider SDSs over an algebraic field where the node functions are linear combinations of the 
inputs. The class of such SDSs is denoted by (FIELD, LINEAR)-SDS. To specify the node functions more 
precisely, consider each node vi of a (FIELD, LINEAR)-SDS, and recall that N ( i )  = {vi, vil, viz, . . . , viF} 
denotes the neighbors of vi, including vi itself. Each local transition function fi, 1 5 i 5 n, has the 
following form: 

fi(si,8il, .  . .si,> = + aij * sj. (1) 
vjEN(i) 

Here, ai and aij (1 5 i 5 n and 1 j 5 r )  are (scalar) constants, sj is the state value of node vj, and ‘+’ 
(addition) and ‘*’ (scalar multiplication) are the operators of the field. We assume that the field operations 
can be carried out efficiently, Under this assumption, it is well known (see for example [Von93]) that solving 
a set linear equations over the field can be done in polynomial time. We use this fact in Section 4.2. When 
the underlying field is Boolean with XOR denoting addition and AND denoting scalar multiplication, each 
linear local transition function is either XOR or XNOR. 

It is also of interest to consider dynamical system models obtained by modifying some components of 
an SDS. One such model is a Synchronous Dynamical System (SyDS), which is an SDS without the node 
permutation. In a SyDS, during each time step, all the nodes synchronously compute and update their state 
values. Thus, SyDSs are similar to classical CA with the difference that the connectivity between cells 
is specified by an arbitrary graph. The restrictions on domain and local transition functions for SDSs are 
applicable to SyDSs as well. 

2.3 Problems Considered 

In this paper, we study two basic problems and their extensions that arise in the context of SDSs. Some 
of these problems have been studied in the context of CA. We provide formal definitions of the two basic 
problems below. 

1. Given an SDS S = (G(V, E), F, n) and a configuration C, the PREDECESSOR EXISTENCE problem 
(abbreviated as PRE) is to determine whether there is a configuration C’ such that Fs(C’) = C. (Note 
that C has a predecessor if and only if C is not a garden of Eden configuration.) 

2. Given a partially specified SDS S consisting of graph G(V, E), the set F of local transition functions 
associated with the nodes of G, an initial configuration C‘ and a final configuration C, the PERMUTA- 
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TlON EXISTENCE problem (abbreviated as PME) is to determine whether there is a permutation 7r for 
S such that Fs(C’) = C. 

As stated, the PRE problem asks for an immediate predecessor; that is, whether there is a configuration C‘ 
from which a given configuration C can be reached in one transition. It is possible to generalize the problem 
to the case where we are given an integer t 5 1, and the goal is to determine whether there is a configuration 
C’ from which C can be reached in exactly t transitions. We call this the t-PRE problem. 

Given an SDS S= (G(V, E ) ,  F, R ) ,  let W = {vil, . . . , vib} be a subset of nodes in V .  Recall that the 
states of nodes in W is the subconfiguration (bi, , bi, , . . . , 6ik). Using this notation, we can state the SDS 
analogs of some problems considered by Green [Gr87] in the context of infinite CA. These problems can 
be viewed as extensions of the ~ - P R E  problem. 

3. 

4. 

5. 

Given an SDS S = (G(V, E ) ,  T,  R ) ,  a subset of nodes W, a vector B = (bi , ,  b ia , .  . . , bik) that specifies 
state values for the nodes in W and an integer t 2 1, the  SUBCO CONFIGURATION PREDECESSOR 
EXISTENCE problem (abbreviated as ~-SUB-PRE) is to determine whether there are configurations C’ 
and C such that Fst(C’) = C and B is a subconfiguration of C. 

Given an SDS S = (G(V, E ) ,  T,  s), a subset of nodes W, a vector B = (bi ,  , bi,, . . . , bik)  that specifies 
state values for the nodes in W and an integer t 2 1, the  S SUB CONFIGURATION RECURRENCE 
problem (abbreviated as  SUB-RE RECUR) is to determine whether there are configurations C‘ and C such 
that Fst(C’) = C and B is a subconfiguration of both C’ and C; in other words, the question is whether 
the subconfiguration represented by B will occur again after exactly t time steps. 

Given an SDS S = ( G ( V , E ) , T , r ) ,  an integer t 2 1 and a temporal sequence ( b v ( l ) ,  bv(2) ,  . . ., 

problem (abbreviated as t-TEMP-SEQ-PRE) is to determine whether there is a configuration C such that 
bv( t ) )  Oft State Values Of a given node V, the  TEMPORAL SEQUENCE PREDECESSOR EXISTENCE 

F&C)(V) = b&), 1 5 j 5 t .  

Another way of thinking about subconfigurations is to assume that a configuration specifies suitable state val- 
ues for some nodes and “don’t-care” values for other nodes. The corresponding subconfiguration is obtained 
by retaining only the non-don’t-care values. Using this idea, it is possible to formulate a generalized version 
of the PME problem as follows. 

6. Given a partially specified SDS S consisting of graph G(V, E), the set T of local transition func- 
tions associated with the nodes of G, an initial configuration C’ and a final configuration C possibly 
containing don’t-care values, the GENERALIZED PERMUTATION EXISTENCE problem (abbreviated as 
GEN-PME) is to determine whether there is a permutation ?F for S such that F‘(C’) and C agree in all 
the components of C that have non-don’t-care values. (In other words, C succinctly specifies a set of 
configurations, and Fs(C’) may be any one of these configurations.) 

A summary of our results for these problems is provided in Section 3. 

2.4 Other Relevant Definitions 

Several special classes of Boolean functions are considered in this paper. We provide formal definitions of 
these classes below. 

6The actual definitions in [Gr87] are slightly different. Since the main goal of [Gr87] was to prove NP-completeness, the 
problems were formulated with timet equal to the number of nodes in the subconfiguration. 
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Definition 2.1 A symmetric Booleanfunction is one whose value does not depend on the order in which the 
input bits are specified; that is, the function value depends only on how many of its inputs are 1. 

Definition 2.2 The k-simple-threshold (Boo1ean)function has value I ifat least k of the inputs have value 
I ;  otherwise, the value of thefunction is zero. 

Definition 2.3 The k-talb (Boo1ean)function has value I ifexactly IC of the inputs have value 1; otherwise, 
the value of the function is zero. 

It should be noted that both Ic-simple-threshold and k-tally functions are symmetric. The k-simple- 
threshold functions are also monotone. They are a special case of threshold functions [Ko~O]. 

In this paper, NP-completeness results are established using reductions from variants of the Satisfiability 
(SAT) problem. An instance of SAT is specified by a collection X = {21,22, . . . , 2,) of n Boolean variables 
and a collection C = {cl, c2, . . . , h} of rn clauses, where each clause is a set of literals. The question is 
whether there is an assignment of Boolean values to the variables so that each clause is satisfied (Le., contains 
at least one true literal). The bipartite graph BG associated with an instance of SAT has one node for each 
variable and one node for each clause; there is an edge between a variable node and a clause node if the 
variable occurs (positively or negatively) in the clause. Definitions of the various forms of SAT used in the 
paper are given below. Each of these variants is known to be NP-complete [GJ79, DF861. 

Definition 2.4 (a) 3SAT is the restricted version of SAT in which each clause contains exactly three literals. 

(b) 3SAT-2OCCUR is the restricted version of SAT in which each clause contains exactly three literals and 
each literal occurs in at most two clauses. 

(e) MONOTONE 3SAT is the restricted version of SAT in which each clause contains exactly three positive 
(unnegated) literals or exactly three negated literals. 

(d) In PLANAR POSITIVE EXACTLY 1-IN-3 3SAT (abbreviated as PL-PE3SAT), each clause contains 
exuctly three positive literals, the associated bipartite graph is planar; and the question is whether 
there is a truth assignment to the variables such that each clause contains exactly one true literal. 

Finally, we recall the concept of treewidth. 

Definition 2.5 lALS91, BOSS] Let G(V, E )  be a graph. A tree-decomposition of G is a pair ( {X i  I i E 
I } ,  T = ( I ,  F ) ) ,  where {X i  I i E I }  is a family of subsets of V and T = ( I ,  F )  is an undirected tree with 
the following properties: 

1. U i E I X i  = v. 
2. For every edge e = {v, w} E E, there is a subset Xi, i E I ,  with v E Xi and w E Xi. 

3. For all i, j ,  k E I ,  i f j  lies on the path from .i to k in T ,  then X i  n xk C X j .  

The treewidth of a tree-decomposition ( { X i  1 i E I } ,  T )  is maxiEI{ lXil - 1). The treewidth of a graph is 
the minimum over the treewidths of all its tree decompositions. A class of graphs is treewidth bounded if 
there is a constant IC such that the treewidth of every graph in the class is at most k. 



A number of graph classes are known to have bounded treewidth. They include k-outerplanar graphs, 
k-bandwidth bounded graphs (both for constant k), series parallel graphs, Halin graphs, chordal graphs of 
bounded clique size, etc. For many optimization problems that are NP-hard for general graphs, optimal 
solutions can be computed in polynomial time when attention is restricted to the class of treewidth-bounded 
graphs. A considerable amount of work has been done in this area (see [ALS91, Bo881 and the references 
therein). 

3 Summary of Results and Related Work 

3.1 PREDECESSOR EXISTENCE Problem 

Sutner [Su95] and Green [Gr87] considered the PRE problem and its generalizations in the context of CA. 
Their work motivated our study the PRE problem for SDSs. 

We show that the PRE problem is NP-complete for each of the following restricted classes of SDSs: 
(i) (BOOL, ST)-SDSs where each node computes the same k-simple-threshold function for any k 2 2 
(ii) (BOOL, TALLY)-SDSS in which each node computes the same k-tally function for any IC 2 1, (iii) 
(BOOL, {AND, OR})-SDSS and (iv) (BOOL, SYM)-SDSS whose underlying graphs are planar. 

We present polynomial time algorithms for the PRE problem for (BOOL, AND)-SDSS and (BOOL, OR)- 
SDSs with no restrictions on the underlying graph. We also present polynomial time algorithms for the PRE 
problem for (BOOL, SYM)-SDSS whose underlying graphs have bounded treewidth. These algorithms can 
be extended to solve the t-PRE, t-SUB-PRE, &SUB-RECUR and t-TEMP-SEQ-PRE problems in polynomial 
time when when t is polynomial in /SI. In contrast, we show that even if one nonsymmetric local transition 
function is permitted, the PRE problem is NP-complete for SDSs whose domain is Boolean and whose 
underlying graphs are trees. 

In addition, we present a polynomial time algorithm for the PRE problem for (FIELD, LINEAR)-SDSS. 
Further, when the underlying graph is both degree and bandwidth bounded, we show that the PRE problem 
can be solved efficiently with no restrictions on the node functions (other than that the function evaluation 
can be done efficiently). This algorithm can also be extended to solve t-PRE, t-SUB-PRE, t-SUB-RECUR 
and ~-TEMP-SEQ-PRE problems when either (i) t = O(1og n) and the domain of state values is of constant 
size or (ii) when t is a constant and the domain of state values is bounded by a polynomial in ]SI. Many 
of these polynomial time algorithms are obtained by reducing the corresponding problem to a generalized 
satisfiability problem [Sc78] that can be solved in polynomial time. 

Our results extend the earlier work of Sutner [Su95] and Green [Gr87] on the complexity of the PREDE- 
CESSOR EXISTENCE problem for CA. For instance, our polynomial time solvability results for the class of 
SDSs whose underlying graphs are both degree and treewidth bounded, extend Sutner’s result since CA can 
be seen to have bounded treewidth (in fact, they are of bounded bandwidth). Second, the results also show 
that Green’s NP-completeness results are close to being tight since the corresponding problems are efficiently 
solvable when t = O(1og n). Finally, our polynomial time results can be extended to solve a number of other 
variants when instances are restricted to treewidth bounded graphs. Examples other than those mentioned 
above include the problem of finding a predecessor with maximum (or minimum) number of state values 
being 1 (or 0), etc. 

3.2 The PERMUTATION EXISTENCE Problem 

The PME problem is unique to SDSs since state updates in CA are carried out in a synchronous fashion. As 
mentioned in Section 1, the motivation for the PME problem comes from the fact that the behavior of an SDS 
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under two different permutations may be very different. 
We show that the PME problem is NP-complete even for (BOOL, ST)-SDSs. We also show that the GEN- 

PME problem is NP-complete for each of the following restricted classes of SDSs: (i) (BOOL, NoR)-SDSS 
((BooL, NAND)-SDSS) where the maximum node degree in the underlying graph is 3 and (ii) (BOOL, SYM)- 
SDSs whose underlying graphs are planar. We present polynomial time algorithms for the GEN-PME problem 
for (BOOL, OR)-SDSS and (BOOL, AND)-SDSS. We also present polynomial time algorithms for the PME 
problem (without don't care values) for (BOOL, NoR)-SDSS and (BOOL, NAND)-SDSS. These results show 
an interesting contrast between the complexity of GEN-PME and PME problems for (BOOL, NoR)-SDSS and 
(BOOL, NAND)-SDSS. 

3.3 Applications 

Our lower bounds for PREDECESSOR EXIsTENCEproblem restrcited to (BOOL, ST)-SDSduectly imply anal- 
ogous lower bounds for Hopfield networks with sequential update. To our knowledge, such results have not 
been reported earlier. 
Communicating finite State Machines (CFSMs) have been widely studied as models of concurrent pro- 
cesses. As a result, a number of models have been proposed in the literature. Since these models were 
proposed for different applications, they are not always equivalent. We refer the reader to [BZ83, GC86, 
Mi99, Pe97, Ra97, SH+96] for definitions, results, applications and the state of current research in this area. 
The basic setup consists of a collection of finite state machines. These machines communicate with each 
other via explicit channels [BZ83, Pe97, GC86] or via action symbols [Ra97, SH+96]. Our results apply to 
both these variants. To see this, we note the following: 

1. Simple-threshold can be easily represented as finite state machines (FSMs) that essentially emulate 
a counter. The FSM corresponding to each node of an SDS consists of two parts, namely a control 
part and a part simulating the threshold function. (For some models, we can sometimes eliminate the 
control part.) 

2, Sequential update of the nodes of an SDS can be simulated by using n distinct (one for each machine) 
action symbols that in effect imply that each FSM is updated in the order determined from the ordering 
used for the given SDS. When dealing with explicit channels, this can be done by initializing all the 
FIFO YO channels and using the control part to make sure that each machine corresponding to a 
threshold function makes a transition only after all its inputs have been received. At that point, the 
transition simply consists of counting how many inputs are 1 and how many of them are 0. After this, 
the machine posts the result of evaluating the function on each of the output channels. 

Given these observations, the remaining details are fairly straightforward. Our results show that the 
NP-hardness of PREDECESSOR EXISTENCEprOblemS for CFSMs holds for extremely simple individual au- 
tomata. Specifically, the automata use a very simple model of concurrency and the underlying graphs are of 
bounded degree. This points out that a bounded amount of concurrency is sufficient to yield computational 
intractability results for problems for CFSMs. 

3.4 Previous Work 

Computational aspects of CA have been studied by a number of researchers; see for example [M090, Mo91, 
CPY89, W086, Gu89, Gr87, Su951. Much of this work addresses decidability of properties for infinite CA. 
Barrett, Mortveit and Reidys IBMR99, BMROO, MR99, Rem, ReOOa] and Laubenbacher and Pareigis [LPOO] 
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investigate the mathematical properties of sequential dynamical systems. The PRE problem was shown to be 
NP-complete for finite CA by Sutner [Su95] and Green [Gr87]. Sutner also showed that PRE problem for 
finite 1-dimensional CA with a fixed neighborhood radius can be solved in polynomial time. As mentioned 
earlier, Green [Gr87] studied generalized versions of the PRE problem for infinite CA. The problems were 
so formulated that his results are also applicable to finite 1-dimensional CA. References [Su95, Gr87J do not 
consider other restrictions on CA that lead to polynomial algorithms for the PRE problem. Our approach 
allows us to identify a number of restricted classes of SDSs for which the PRE problem can be solved 
efficiently. 

4 The PREDECESSOR EXISTENCE Problem 

4.1 NP-Completeness Results 

Theorem 4.1 The PRE problem is NP-complete for the following classes of SDSs: 

1. (BOOL, ST)-SDSs, where each node computes the same k-simple-threshold-function, for each k 2 2. 

2. (BOOL, TALLY)-SDSS, where each node computes the same IC-tallyfunction, for each k 2 1. 

3. (BOOL, {AND, OR})-SDSS. 

4. (BOOL, SYM)-SDSS whose underlying graphs are planar: 

Proof: It is obvious that PRE is in NP. We establish the NP-hardness of PRE for each of the above cases 
through an appropriate reduction from a restricted version of SAT. In each case, we assume that corresponding 
SAT instance has n variables and m clauses. 

Part 1: We use a reduction from 3SAT and construct an SDS S as follows. First, the underlying graph 
G(V, E) has the following vertices and edges. V = & U V2 U &, where & = {al, ~ 2 . ~ .  . ,ah}, Vi = 
{xi, G, yd I for each variable xi} and & = {c j ,  dj I for each clause c j } .  The set E has the following edges. 

1. For each p ,  q, 1 5 p < q 5 k, the edge {up, uq}. (Thus, the k nodes in VI form a clique.) 

2. For each i, 1 5 i 5 n, edges {xi, gi}  and {a, yi}. 

3. For each j, 1 j 5 m, edge {c j ,  d j } ,  and an edge from cj to the nodes for each of the three literals 
occurring in clause cj .  

4. For each p, i, 1 2 p 5 k - 2 and 1 5 i 5 n, the edge {ap, yi}. 

5. For each p and i, 1 5 p 5 IC and 1 5 i 5 n, edges {ap, xi} and {ap, Ti}. 

6. For each p and j, 1 5 p 5 k - 1 and 1 5 j 5 m, edges {ap, dj} and {ap, C j } .  

The permutation 7r is given by 

The required final configuration C has value 1 for each up, 0 for each yd, 0 for each d j ,  1 for each cj, 1 
for each zi, and 1 for each z. 

Suppose that there is a configuration C' such that S can reach C in one transition from C'. Setting the 
initial value of each ap to 1 will ensure that each C(ap)  = 1. Because C(yyi) = 0, at most one of xi and Z has 
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initial value 1. Because C ( d j )  = 0, the initial value of each C j  must be 0. Because C(c j )  = 1, the initial value 
for at least one of the three literals occurring in clause cj must be 1. Because each zi and % is connected 
to all the up’s, each of which has a final value of 1, the required final value of 1 for zi and imposes no 
restriction on initial values. 

Using the above observations, it can be verified that the 3SAT instance has a solution if and only if the 
constructed PRE instance has a solution. 

Part 2: The reduction is again from 3SAT. The underlying graph G(V, E) has the following nodes and 
edges. V = VI U V2 U Vi, where & = {al, a2,.  . . ,ak, b}, fi = {cj I for each clause c j }  and fi = 
{q,K, y ,  y i ~ ,  y ~ ,  . . . , yi,k I for each variable xi}. (Note that V3 has IC + 3 nodes for each variable zi, 
1 5 a 5 n.) The edge set E consists of the following. 

1. For each p, q such that 1 5 p < q 5 k, the edge {ap ,  up}. (Thus, these k nodes form a clique.) 

2. For each p, 1 5 p 5 I C ,  the edge {up,  b}. 

3. Foreachp, j, 1 5 p 5 IC - 1 and 1 5 j 5 m, theedge {ap ,c j } .  

4. For each j, 1 5 j 5 m, the edge {b, c j } ,  and an edge from cj to the nodes for each of the three literals 
occurring in clause c j .  

5. For each i, 1 5 i 5 n, edges {si, zi}  and {z, q}. 

6. For each i and p, 1 5 i 5 n and 1 5 p 5 IC, the edges {xi, ~ i , ~ }  and {n, yilp}. 

7. For each i, p, and q, such that 1 5 i 5 n and 1 5 p < q 5 IC, the edge { ~ i , ~ ,  vi,*}. (Thus, each set of 

8. For each i and p, 1 5 i 5 n and 1 5 p 5 IC - 1, the edge {zi, 

k nodes { y i ~ ,  . . , , yi,k} forms a clique.) 

The permutation 7t is as follows. 

The required final state C has value 1 for each ap, 1 for b, 0 for each cj, 1 for each w , ~ ,  1 for each xi ,  0 for 
each xi, and 0 for each ?E& 

Suppose that there is a configuration C’ such that S can reach C in one step. Setting the initial value of 
each ap to 1 will ensure that each C(a,) = 1. Next, consider node b. Because C(b)  = 1, and the k nodes that 
precede b in 7t are all connected to b and have final values of 1, the initial value of b and all the clause nodes 
is forced to be 0. Next, consider each node Cj. Of the nodes that precede cj in 7t, exactly k are connected to 
ck and have final value 1. Since the initial and the final values of cj are both 0, the initial value of at least 
one of the three literals occurring in clause cj must be 1. Next, consider each node gi,k, with final value 1. 
Because all the IC - 1 nodes yi,1,. . . , yi,k-l that precede yi,k in 7t, have final value 1, and are connected to 
yi,k, at most one of zg and can have an initial value of 1. The purpose of zi is to ensure that xi and g will 
have final value 0. 

Part 3: The reduction is from MONOTONE 3SAT. The constructed graph G(V, E) has V = {z1 ,22 ,  . . ., zn, 
c1, c2, . . ., h, a, b, d} .  The edges in E are as follows. 

1. For each i, 1 5 i 5 n, the edge {a, xi}. 

10 



2. For each i, j ,  1 5 i 5 n, 1 5 j 5 m, the edge {xi, c j }  whenever the literal xi or appears in clause 
C j .  

3. For each j, 1 5 j 5 m, the edge {b, c j }  if c j  has all positive literals. 

4. For each j, 1 5 j 5 m, the edge {d ,  c j }  if cj has all negative literals. 

The node functions are as follows. For a, b, each node si and each clause cj with only positive literals, the 
function is OR; for d and each clause cj with only negative literals, the function is AND. The permutation 
n is (a, b, d, c1, c 2 , .  . . , h, $1, 5 2 , .  . . , sn). The required final configuration C has C(a) = 1, C ( b )  = 0, 
C(d) = 1, C(cj) = 1 if C j  has all positive literals, C ( c j )  = 0 if c j  has all negative literals and C(x:i) = 1, for 
l S i < n .  

We can now argue that the PRE instance has a solution if and only if the instance of MONOTONE 3SAT 
has a solution. The reason is as follows. The initial value C ( b )  = 0 forces the initial value of each clause 
containing only positive literals to be 0. The initial value C(d) = 1 forces the initial value of each clause 
containing only negative literals to be 1, Since each positive literal clause has initial value 0 and final value 
1, at least one of the variables in the clause must have initial value 1. Similarly, since each negative literal 
clause has initial value 1 and final value 0, at least one of the variables in the clause must have initial value 
0. Node a enables each of the variable nodes to have the final value 1. 

Part 4: The reduction is from PL-PE3SAT. We create the following SDS S. For each variable xi E X, S 
has one node (denoted by xi), 1 5 i 5 n. For each clause cj E C, S has two nodes (denoted by cj and c$), 
1 5 j 5 m. There is an edge between cj and c$ for each j ,  1 5 j 5 m. Further, if the clause cj contains 
positive literals Zjl ,  xj2 and Sj3, then there are edges between C j  and ZjV for T = 1,2,3. This completes the 
specification for the undirected graph of S. Note that underlying graph of the resulting SDS is planar since it 
is obtained from the (planar) bipartite graph corresponding to the PL-PE3SAT instance by simply attaching 
a node 4 of degree 1 to each clause node cj (1 5 j 5 m). 

The symmetric Boolean functions associated with nodes are as follows. For each node xi (1 5 i 5 n) and 
c$ (1 5 j 5 m), the associated Boolean function is the logical OR function. For the node C j  (1 5 j 5 m), 

the associated Boolean function takes on the value 1 if exactly one of the inputs is 1; otherwise, the function 
value is 0. 

The permutation T for S is (dl ,4, . . . , dm, c1 , c2, . . . , h, ~ 1 , 2 2 ,  . . . , xn). The required final configura- 
tion C has value 0 for each node c$ (1 5 j 5 m) and 1 for all other nodes. 

We now show that there is a configuration C' such that S can reach the configuration C in one transition 
from C' if and only if the PL-PE3SAT instance is satisfiable. 

Suppose there is a satisfying truth assignment to the PL-PE3SAT instance. We construct the following 
configuration C': For each of the nodes cj and c$ (1 5 j 5 m), the initial state is set to 0. For each node xi 
(1 5 i 5 n), the initial state is set to the truth value given by the satisfying assignment to the PL-PE3SAT 
instance. Using the permutation n, it is straightforward to verify that starting from C', S reaches C in one 
step. 

Now, suppose there is a configuration C' such that S can reach the configuration C in one step. We claim 
that C' must set the state of each node C j  and c$ (1 5 j 5 m) to 0. To see this, suppose C' initializes some 
node cj (or 4) to 1. Since c$ appears before cj  in the permutation, when c$ executes, its value would become 
1. This is a contradiction since C specifies the value of c$ to be 0. The claim follows. 

In view of the claim, when a node cj executes, its initial value is 0. Therefore, exactly one of the nodes 
corresponding to the variables in clause cj  must be set to 1 by C' so that the final value of Cj becomes 1. 
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In other words, the values assigned by C’ to the states of the nodes X I ,  x2, . . ., xn must form a satisfying 
assignment to the PL-PE3SAT. This completes the proof of Part 4 and also that of the theorem. 

4.2 Polynomial Time Results 

We now present polynomial algorithms for the PRE problem for restricted classes of SDSs. As will be seen, 
whenever the answer to a problem is “yes”, our algorithms can also generate a feasible solution with the 
desired property. 

4.2.1 Results for (FIELD, LINEAR)-SDSS 

Theorem 4.2 Let S be a (FIELD, LINEAR)-SDSS with n nodes such that for each i, 1 5 i 5 n, the scalar 
constant ai$ used in the expression for the local transition function fi (Equation ( 1 ) )  is nonzem. For such 
a (FIELD, LINEAR)-SDSS the answer to the PRE problem is always “yes”. Moreovel; for a given .final 
conjguration C ,  there is a unique predecessor con$guration C’, which can be found in time linear in the size 
of the underlying graph. 

Proof: Let C = ( b l ,  bz,  . . . , bn) denote the required final configuration. To solve the PRE problem for S, we 
associate a variable xi with each node vi of S and construct a system of linear equations over the algebraic 
field corresponding to S. This construction is done in such a way that any solution to the system of linear 
equations provides a solution to the PRE problem for S. When the condition aii # 0 is satisfied for each i, 
we show that the resulting system of equations has a unique solution. 

To construct the system of linear equations, consider the node vi. Let N ( i )  denote the set of neighbors 
of vi. In N ( i ) ,  let vil, viz, . . ., vir denote the nodes that precede vi in the permutation and let vjl, vja, . . ., 
vjp denote the nodes that follow vi in the permutation. Using Equation (1). the linear equation for vi, where 
the arithmetic operations are carried out over the field corresponding to S, is the following: 

T V 

There is one such equation for each node vi. It can be verified that any solution to the above system of 
equations over the field corresponding to S is a solution to the PRE problem. 

The above construction produces n equations in n unknowns. Suppose that we envision the nodes being 
enumerated in reverse order of K. Then the n equations are in triangular form, and such a system of equations 
has a unique solution. 

When node vi is being considered, for all nodes vj with j < i (Le,, ~ ( q )  >  vi)), the unique value 
C’(vj) has already been determined. Therefore, in the equation for determining the new value of vi, the only 
unknown is C ’ ( U i ) .  This is because the other values in the equation are from C for neighboring nodes before 
vi in K ,  the already computed values from C‘ for neighboring nodes after vi in K,  and C(vi) itself. Since the 
entry aii is not zero, this equation has a unique solution. 

EAR)-S~DSS the linear equation approach can be used to obtain an efficient algorithm to determine whether 
the PRE problem has a solution. This is shown in the next theorem. 

For (FIELD, LINEAR)-SDSS that do not satisfy the condition mentioned in Theorem 4.2 and for (FIELD, LIN- 

Theorem 4 3  The PREDECESSOR EXISTENCE problem for (FIELD, LINEAR)-SDSS and (FIELD, LINEAR)- 
SyDSs can be solved in polynoniial time. 
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Proof: First consider a (FIELD, LINEAR)-SDS. Using the steps mentioned in the proof of Theorem 4.2, we 
construct a system of equations. When one or more of the aii entries are zero, the resulting system may not 
have a solution or may have multiple solutions. Since the feasibility of any system of linear equations over a 
field can be determined in polynomial time [Von93], it follows that the PRE problem for linear SDSs can be 
solved in polynomial time. 

For (FIELD, LINEAR)-SYDS, since the nodes update their states synchronously, the form of linear equa- 
tions is slightly different from the one given in Equation 2. Using "(i) to denote the set consisting of node 
vi and its neighbors, the equation for node vi in the case of a (FIELD, LINEAR)-SYDS is as follows. 

u, EN' ( i )  

Again, the feasibility of the set of linear equations can be determined in polynomial time. 

As mentioned earlier, when the state values are Boolean, XOR and XNOR are the linear functions over 
the field IF2 under addition modulo 2. Thus, by Theorem 4.2, for any (BOOL, {XOR, XNOR})-SDS, the PRE 
problem has a unique solution which can be found efficiently. 

4.2.2 (BOOL, SYM)-SDSS with Bounded 'Ikeewidth 

Theorem 4.4 Let S be a (BOOL, SYM)-SDS whose underlying graph has bounded treewidth. The PRE 
problem for S can be solved in polynomial time. 

Proof: Let IC be the treewidth of the underlying graph G(V, E). It is well known that a tree decomposition 
({Xi I i E I}, T = (I, F)) of G can be constructed in time that is a polynomial in the size of G. Moreover, 
this can be done so that T is a binary tree; that is, each node of T has at most two children [Bo88]. 

For a given node i of the tree decomposition, we refer to the SDS nodes in Xi as explicit nodes of i. If a 
given explicit node of i is also an explicit node of the parent of 4, we refer to this node as an inherited node 
of i; and if it does not occur in the parent of i, we refer to it as an originating node of i. We refer to the set 
of all explicit nodes occurring in the subtree of T rooted at i that are not explicit nodes of i as hidden nodes 
of i. (Thus, the hidden nodes of i are the union of the originating and hidden nodes of the children of i.) 

Given the underlying graph G(V, E) of S, the permutation T of Sand two disjoint subsets Y and 2 of 
V, we define the set N( Y, 2) as follows. 

N(Y,  2) is the set of nodes w G such that for each node y E Y, {w, y} E E, y precedes 20 in T,  

and there is no node x E 2 such that {w,  x }  E E and x precedes w in T.  

Intuitively, N(Y ,  2) is the set of nodes w of G, not in Y, such that in a transition of S, the old value of w is 
an input parameter to the computation of the new value of every node in Y, but is not an input parameter to 
the computation of the new value of any of the nodes in 2. 

Let C be the configuration specified in the given instance of the PRE problem for S. Consider a given 
node i of the tree decomposition. Suppose cy is a given assignment of state values to the explicit nodes of i 
and p is a given assignment of state values to the hidden nodes of i. We say that the combined assignment 
a U p is viable for i if for every hidden node w of a, the evaluation of the local transition function fur gives 
the value C(w), using the value p(w) for w, the value a U p(u) for every neighbor u of w that follows w 
in T ,  and the value C(u) for every neighbor u of w that precedes w in T. (Note that the definition of a tree 
decomposition ensures that every neighbor of hidden node w is either an explicit node 
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We say that the combined assignment a U ,L3 is strongly viable for i if the above condition holds for 
every node w that is either a hidden node or an originating node of i. (The definition of a tree decomposition 
ensures that every neighbor of an originating node of i is either an explicit node or a hidden node of i.) 

For a given node i of the tree decomposition, and a given assignment p to the states of the hidden nodes 
of a, define a function hfi : 2x* --+ N from the nonempty subsets of X i  to the set N of natural numbers as 
follows. For a subset Y of X i ,  

hp(Y)  is the number of hidden nodes w of i such that w E N ( Y ,  X i  - Y )  and p(w) = 1. 

For a given node i of the tree decomposition, and a given assignment a to the states of the explicit nodes 
of i, define the set Ha to be the set of functions h from 2 x i  -+ N such that there exists an assignment p to 
the states of the hidden nodes of i such that a U p is viable for i and h is hp. 

Since for any given /3 and Y, the maximum possible value of hg(Y) is the number of hidden nodes of i, 
and lXil 5 k (where k is the treewidth), an upper bound on IchaZI is n2k. 
Note: The function hp could have been defined as a function whose domain is the nonempty subsets of Xi.  
However, including the empty set 8 in the domain of hs makes the final decision at the root node of the tree 
decomposition easier to describe. 

We solve the PRE problem for S by using bottom-up dynamic programming on the decomposition tree. 
For each node i of T, we compute a table with an entry for each assignment cy to the states of the explicit 
nodes of i. The value of the entry for each such assignment o is the set Ha. We refer to this table as Ji. Since 
the treewidth k is a constant, the size of the table for each node of the decomposition tree is a polynomial in 
n, the number of nodes of the underlying graph G(V, E). 

For a leaf node i of the decomposition tree, every entry Ha in the table consists of the single function 
h that maps every subset X i  into zero. Thus, the table for each leaf node of the decomposition tree can be 
computed in polynomial time. 

For a non leaf node i of the tree decomposition, the table for i can be computed in polynomial time from 
the tables of its children. To facilitate this computation, we utilize the following concepts and notation. 

For a given node i of the tree decomposition, let denote the set of inherited nodes of i. (Thus, E 
Xi.) 

For a given node i of the tree decomposition, and a given assignment to the states of the originating 
nodes and the hidden nodes of i, define a function $j : 2'i -+ N from the nonempty subsets of to the 
set N of natural numbers, as follows. For a subset Y of 3, 

h 

hp(Y) is the number of nodes w such that w is an originating or a hidden nude of i, w E 

N(Y, Xi - Y )  and P(w) = 1. 

For a given node i of the tree decomposition, and a given assignment II, to the states of the inherited nodes 
of i, define i?* to be the set of functions h 2gi -+ N such that there exists an assignment a to the states of 
the originating and hidden nodes of i such that II, U 8 is strongly viable for i and h is z p  

For each node i of the tree decomposition, we define as a table with an entry for each assignment II, to 
the states of the inherited nodes of i. The value of the entry for each such assignment is the set E+. 

For each node i of the tree decomposition, given table Ji, the table 2 can be constructed in polynomial 
time. For each assignment a to Xi  and function h in Ha, consider the assignment cy to be the union of an 
assignment 1(, to the states of the inherited nodes of a, and an assignment 7 to the states of the originating 
nodes of i. In polynomial time, we can determine whether the combination of $, 7 and h corresponds to a 
combined assignment that is strongly viable for i. If so, we combine 7 and h to obtain a function that we 
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union into the $ entry for $J. By considering each such pair (a, h) in Ji, we can construct $ in polynomial 
time. 

Consider a non leaf node i of the tree decomposition. Suppose that i has only one child, say the tree 
decomposition node i‘. Given the table $t for i’, the table Ji can be constructed in polynomial time, as 
follows. Consider an assignment a to the states of the explicit nodes of i. Let $J denote the projection of the 
assignment a on to z, the inherited nodes of i‘. Then the entry for cy in the table Ji for i is the set & in 
the entry for $J in the table for $1 for i’, .. with the modification that every function h : ZRtf + N in the set 
@,J is extended to be a function g : 2xi -+ N by setting g(Y) = 0 for every subset Y of Xi that contains 
at least one member of X i  - Xi!. 

Now suppose that non leaf node i of the tree decomposition has two children, say nodes i‘ and i” of the 
tree decomposition. The tables $1 and $11 for tree nodes i‘ and i” are combined to produce table Ji for i as 
follows. Consider an assignment Q to the states of the explicit nodes of i. Let $‘ and $J” denote the projection 
of assignment a onto the inherited nodes of i‘ and i” respectively. Let every function h‘ in fiqt for node i‘ be 
extended to a function g‘ : 22i -+ N, and every function h“ in i ? ~  for node i” be extended to a function 
g” : 2’i + N; both extensions are done as described above. Define the function g‘ + g” : Z X i  -+ N 
as follows: (9‘ + g”)(Y) = g’(Y) + g”(Y). Thus, the entry for a in table Ji for i is the set of all functions 
(9‘ + g” ) that can be constructed in the above manner from some h‘ in &,t from $t and h” in &I from $VI, 

Let r be the root node of the tree decomposition. The root node has no inherited nodes, so 2,. = 8. 
Consequently, table $. for the root node T consists of the single entry: (8, &). Set & is nonempty if and 
only if there exists an assignment to the states of all the nodes of SDS S that is strongly viable for r ,  that is, 

A 

if and only if configuration C has a predecessor. 

4.2.3 Easiness results for general graphs 

An approach similar to that used in the proof of Theorems 4.2 and 4.3 can be used to obtain polynomial 
algorithms for the PRE problem for other restricted classes of SDSs characterized by specific (Boolean) local 
transition functions. The idea is to efficiently reduce the PRE problem for such SDSs to a polynomial time 
solvable version of the Satisfiability (SAT) problem for Boolean formulas. We now outline this reduction. 

Let S denote the given linear SDS and let C = (b l ,  b, . . . , bn) denote the required final configuration, 
with bi E {0,1). To solve the PRE problem for S, we associate a Boolean variable zi with each node 
vi of S and construct a set 7 = {TI ,  T2,. , . , Tn} of terms, with term Ti corresponding to node vi of S. 
To construct term Ti, consider the node vi with local transition function fi. Let N ( i )  denote the set of 
neighbors of vi. In N ( i ) ,  let vil, vi2, . . ., vi, denote the nodes that precede vj in the permutation and let 
vjl, vi2, . . ., vjp denote the nodes that follow vi in the permutation. We first construct the formula Fi = 
fj(Zi) bi l ,  biz ,  . . . ) bi,, q1 , q2, . . . , zip). If bi = 1, the term Ti is Fi itself; if bi = 0, the term Ti is E. The 
resulting instance of SAT is the conjunction of the terms in 7. It can be verified that the PRE problem for S 
has a solution if and only if the resulting SAT instance has a solution. 

We begin with some preliminary definitions. Following Schaefer [Sc78] we say that a logical relation R 
is weakly positive if R(zl ,z2 ,  . . .) is logically equivalent to some CNF formula having at most one negated 
variable in each conjunct. A logical relation R is weakly negative’ if R ( z l , ~ ,  . . .) is logically equivalent 
to some CNF formula having at most one unnegated variable in each conjunct. A logical relation R is 
affine if R(z1,52, . . .) is logically equivalent to some system of linear equations over the two-element field 
IF2 = (0,l). 

’Such clauses are also referred to as HORN clauses. 
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Theorem 4.5 [Sc78] Let S be a finite set of finite arity Boolean relations such that one of the following 
condition holds: ( i )  Every relation in S is weakly positive ( i i )  Every relation in S is weakly negative (iii) 
Every relation in S is afine. Then SAT(S) can be solved in polynomial time. The result holds even when we 
are allowed to have constants as a part of the formula. 

Theorem 4.6 When t is polynomial in ISl, the t-PRE, ~-SUB-PRE, the    SUB- RECUR and the t-TEMP-SEQ- 
PRE problems can be solved eficiently for any of the following classes of SDSs or SyDSs: (BOOL, OR)- 
SDSS,(BOOL, NoR)-SDSS, (BOOL, AND)-SDSS, (BOOL, NAND)-SDSS, (BOOL, X O R ) - S D S S U ~ ~  (BOOL, XNOR)- 
SDSs. 

Proof sketch: Consider any one of the problems for (BOOL, OR)-SDSS. We show that the transition of a 
single node v in one time unit can be represented by a weakly-negative formula A,(t, t + 1). Let [TI denote 
{0,1,. . . ,poly(n)}. Then all the above problems can be simply encoded as F = / \VEV,tE[T~ A,(t, t + 1). 
Some of the variables in the formula might be predetermined depending on the particular problem. Using that 
fact that P is weakly-negative formula combined with the result in Theorem 4.6 yields the claimed result. 
The results for (BOOL, AND)-SDSsyield weakly-positive formula while the problems for (BOOL, XOR)- 

SDSsyield affine formulas. thus results in Theorem 4.6 can be applied directly to complete the proof of the 
theorem. thus in the rest of the proof, we show how to represent a one step transition for (BOOL, OR)-SDSsas 
a weakly-negative formula. 

Consider a given node wio and its associated variable xio. Suppose the local transition function fi as- 
sociated with wio is OR. Let the neighbors of wio be wil , . . . wi, with the associated variables xil,. . . xi,. 
We will use xjj 0 5 j 5 k as a variable to denote the state of node vij at time t. Without loss of generality 
assume that the nodes wi, , . , . wi, are updated before wio and ZU~,+~, . . . wi, be updated after wio. Then the 
predecessor existence question can be equivalently expressed as a conjunction of Horn (weakly negative) 
clauses as follows: 

which is equivalent to 

The first implication is rewritten as 
- w1 E xio t+l v Xf, v Xf,,, v - - * v xf, v x y  v * ' v x y .  

The second implication is easily simplified using DeMorgan's law as 

Both W1 and W2 are Horn (weakly negative) formulas Note that some of the dj 's are constants since their 
values have been pre-determined. 

The proof for NOR is similar, If the bit bi corresponding to vi in the final configuration C is 1, then the 
term corresponding to vi is the OR of a collection of variables; the resulting term contains no negated literals. 
If the bit bi corresponding to vi in the final configuration C is 0, then the term for vi is the NOR of a collection 
of variables. By DeMorgan's law, the NOR of a collection of variables is equivalent to the conjunction of 
their negations; in this case, each conjunct contains exactly one negated literal. Thus, by definition, each 
resulting term corresponds to a weakly positive Boolean relation. The reduction for SyDSs can be done in 
an analogous manner. 
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4.2.4 Treewidth Bounded and Degree Bounded Graphs 

In this section, we give polynomial algorithms for the predecessor existence problems when the underlying 
graph of the SDS is of bounded treewidth. To discuss this result, we need a definition and a result from the 
literature. 

Given an undirected graph G(V, E), the square of G, denoted by G2(V, E2), is an undirected graph in 
which there is an edge between nodes u and 21 if and only if there is a path consisting of at most two edges 
between the same pair of nodes in G. The following result from the literature (see for example [KMROl]) 
about the treewidth square graphs is used in obtaining some of the polynomial time algorithms in this paper. 

Proposition 4.1 Let G be a graph with maximum node degree A and treewidth I C .  The treewidth of G2 is at 
most A(k + 1)  - 1. m 

Corollary 4.1 Let G be a graph whose maximum node degree and treewidth are both constants. The 
treewidth of G2 is also a constant. 

Definition 4.1 [HM+94] Let X = (21, 22, . . . , xn} be a set of Boolean variables and let 7= {TI, T2, . . . , Tm} 
be a collection of terms, where each term is a Booleanfunction of a subset of the variables in X .  The in- 
teraction graph for 7 has one node for each variable in X ;  there is an edge between two nodes ifthe two 

corresponding variables appear together in some term of 7. 

Theorem 4.7 [HM+94] Let X = {XI, 22, . . . , xn} be a set of Boolean variables and let ‘T= {Ti, T2, . . . , Tm} 
be a colZection of terms, where each term is a Boolean function of a subset of the variables in X .  Ifthe in- 
teraction graph of 7 has bounded treewidth, then the SATproblem for 7 can be solved in polynomial time. 

Theorem 4.8 Let S be an SDS where each local transition function is Boolean and the underlying graph 
has bounded treewidth and bounded degree. The PRE problem for S can be solved in polynomial time. 

Proof: Given SDS S and the required final configuration C, we construct the set of terms as described earlier. 
The key observation about this construction is the following. The interaction graph of the resulting set of 
terms is a subgraph of the underlying graph of the SDS. Since the latter has bounded treewidth by assumption, 
the former has bounded treewidth as well. By Theorem 4.7, the SAT problem for the resulting set of terms 
can be solved in polynomial time. Thus, the PRE problem for SDS S can also be solved in polynomial time. 

We now briefly mention a number of extensions of the above result. 

1. We first note that the result of Theorem 4.8 also extends to SyDSs (finite CA). This follows by a straight- 
forward modification of the construction of the set of linear equations or the set of terms described above. 
The result for finite CA was previously obtained by Sutner [Su95] who also showed that the PRE problem 
for finite 1-dimensional CA with a fixed neighborhood radius T can be solved in polynomial time. The latter 
result also follows from the extension of Theorem 4.8 to SyDSs since 1-dimensional CA with neighborhood 
radius T give rise to graphs of treewidth at most 27- + 1. 

2. A second extension concerns the counting problem associated with the PRE problem. Here, the goal is 
to determine the number of predecessors of a given configuration. When the interaction graph of a set of 
Boolean terms is treewidth bounded, it is known that the number of satisfying assignments for the terms can 
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also be found in polynomial time [SH96]. It follows that for SDSs whose underlying graphs are treewidth 
bounded, the number of predecessors of a given configuration can be determined in polynomial time. A 
simple consequence is that for such SDSs, the problem of determining whether a conjguration has a unique 
predecessor can also be solved in polynomial time. 

3. The ~ - P R E  problem for SDSs whose underlying graphs are treewidth bounded can be solved in polynomial 
time when t = O(logn), where n is the number of nodes. This result holds with no restrictions on the local 
transition functions except that they can be computed efficiently. To see this, note that when we reduce the t- 
PRE problem for a treewidth bounded SDS to SAT, the treewidth of the resulting interaction graph is O(t . w), 
where w is the treewidth of the underlying graph of the SDS. The algorithm for SAT when the interaction 
graph has treewidth q runs in time n10Io(q) [HM+94], where n is the number of variables and 101 is the size 
of the domain of state values. Since q = O(t - w) and w is fixed, we obtain polynomial algorithms for the 
~ - P R E  problem for treewidth bounded graphs under the following two scenarios: (i) when t = O(1og n) and 
101 is a constant or (ii) when t is a constant and 101 is bounded by a polynomial in [SI. 

4. Finally note that combining the ideas used to prove Theorem 4.6 and the above ideas for treewidth 
bounded graphs, we can obtain polynomial time algorithms for the t-SUB-FRE,  SUB-RE RECUR and $-TEMP- 
SEQ-PRE problems when either (i) t = O(log n) and 101 is a constant or (ii) when t is a constant and ID[ is 
bounded by a polynomial in IS[. 

5 The PERMUTATION EXISTENCE Problem 

This section addresses the complexity of the PME problem. We first show that the problem is NP-complete 
even when each local transition function is a simple-threshold function. We then show that a more general 
version of the PME problem is NP-complete for SDSs whose underlying graphs are planar. Finally, we 
present polynomial time algorithms for the PME problem for SDSs where each local transition function is 
OR or AND. 

5.1 NP-Completeness Results 

Theorem 5.1 The PME problem is NP-completefor (BOOL, ST)-SDSs. 

Proof sketch: The membership of PME in NP is obvious. So, we focus on proving the NP-hardness through 
a reduction from 3SAT. 

Let X = { x1,52, . . . , x,} denote the variables and C = { c1, c2, . . . , h} denote the clauses in the given 
instance of 3SAT. For each variable xi, the underlying graph of the SDS has five nodes, denoted by xr, 
1 5 r 5 5. For each clause cj ,  the underlying graph of the SDS has one node, denoted by cj. The edges in 
the graph are as follows. 

1. For each i, 1 5 i 5 n, add the four edges {xi, x f } ,  {xg, x f } ,  {x:, sf} and { x i ,  4 6  x i } .  

2. For each i and j, (1 5 i 5 n and 1 5 j 5 m), if variable xi appears positively in clause cj ,  then add 
the two edges {zi, c j }  and {x:, c j } ;  if variable xi appears negatively in clause cj ,  then add the two 
edges {x:, C j }  and {x!, cj} .  

The threshold functions associated with nodes are as follows. For each i (1 5 i 5 n), the local transition 
function associated with nodes xt and x: is the q-simple-threshold function, where q is one more than the 
degree of the node; in other words, for every input, the value of this threshold function is zero. The local 
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transition function associated with nodes x: and xt is the 0-simple-threshold function; in other words, for 
every input, the value of this threshold function is 1. The node xf has five inputs; the the local transition 
function associated with nodes xf is the 3-simple-threshold function. Each clause node cj (1 5 j 5 m) has 
seven inputs; the local transition function associated with nodes Cj is the 4-simple-threshold function. 

The initial configuration C‘ sets each of the nodes xi, x:, xf (1 5 i 5 n) to 1 and the other nodes to 0. 
The final configuration C requires each of the nodes xz, x:, xi5 (1 5 i 5 n) to have the value 0 and the other 
nodes to have the value 1. 

For each i, the point of xf is that, in order to change it to 0, xi must be made 0 before x: is made 1 or 
xi must be made 0 before xf is made 1. Stated differently, if xi and xf are ever simultaneously 1, x; and x j  
are never simultaneously 1, and vice versa. The first case is associated with making the variable xi true and 
the second with making xi false. 

Suppose a satisfying assignment sets xi to true. Then updates can be made in the following order: change 
2: to 0, xf to 0, xs to 1, change clause variables, change 3% to 1 and change $2 to 0. Because xi and x: are 
both 1 when clauses are changed, a contribution of 2 is made by xi toward the threshold of 4 for the clause. 
With contributions of at least 1 from the other literals, the clause variable is changed to 1. A similar update 
order can be obtained when the satisfying assignment sets Si to false. 

Using the above observations, it can be verified that the resulting PME instance has a solution if and only 
if the 3SAT instance has a solution. rn 

Recall that in the generalized version of the PME (GEN-PME) problem, the final configuration may con- 
tain don’t care values. Our next theorem shows that the GEN-PME problem is NP-complete even for simple 
SDSs. 

Theorem 5.2 The GENERALIZED PERMUTATION EXISTENCE problem is NP-complete for each of the fol- 
lowing classes of SDSs. 

1. (BOOL, NoR)-SDSS ((BooL, NAND)-SDSS) whose underlying graphs have a maximum node degree 
of 3. 

2. (BOOL, SYM)-SDSS whose underlying graphs are planul: 

Proof: The GEN-PME problem is obviously in NP. We establish NP-hardness through reductions from 
restricted versions of SAT. 
Part 1: The reduction is from 3SAT-2OccuR. The underlying graph of the SDS has one node for each 
literal and one node for each clause. There is an edge between each clause and the three literals in that 
clause. There is also an edge between the two literals corresponding to a variable. Since each literal occurs 
in at most two clauses and each clause has only three literals, the degree of each node in the resulting graph 
is at most 3. 

For each clause node, the initial and final state values are 0. For each literal node, the initial state value 
is 0 and the final state value is don’t care. 

We now argue that the GEN-PME problem has a solution if and only if the given instance of 3SAT- 
20CCUR has a solution. Suppose there is a satisfying assignment. We choose the final value 1 for all true 
literals and the final value 0 for all false literals. The permutation is obtained by first having all the true 
literals (in an arbitrary order) followed by the other nodes (also in an arbitrary order). It can be verified that 
the nodes reach the specified final values. For the converse, suppose there is a permutation that makes each 
clause node have the final value 0. Since there is an edge between the two literals corresponding to a variable, 
and each node function is NOR, at most one of the two literals can have a final value of 1. Since each clause 
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node goes from 0 to 0, at the time the clause node is evaluated, at least one of the literals in the clause must 
have the value 1. In other words, each clause can be satisfied. 

Part 2: The proof is along the same lines as that of Part 1 using a dual argument. 

Part 3: We use a reduction from the PL-PE3SAT problem. Given an instance of PL-PE3SAT with variable 
set X and clause set C, we create the following partial SDS S. For each variable xi E X, S has two nodes 
(denoted by zi and zi), 1 1. i 5 n. For each clause cj E C, S has one node (denoted by cj), 1 1. j 5 m. 
There is an edge between xi and z{ for each i, 1 5 i 1. n. Further, If the clause cj contains positive literals 
zjl, X j 2  and X j 3 ,  then there is an edge between xjv and cj for T = 1,2,3.  This completes the specification 
for the undirected graph of S. Note that underlying graph of the resulting SDS is planar since it is obtained 
from the (planar) bipartite graph corresponding to the PL-PE3SAT instance by simply attaching a node zi 
of degree 1 to each variable node zi (1 5 i 5 n). 

The Boolean functions associated with each node are as follows. For each node zj and zi (1 5 i _< n), 

the associated Boolean function is the NOR function. For the node cj (1 5 j 5 m), the associated Boolean 
function takes on the value 1 if exactly one of the inputs is 1; otherwise, the function value is 0. 

The initial configuration C’ assigns the value 0 to each node. The final configuration C requires each node 
cj (1 _< j 5 m) to have the value 1; the values for every other node is “don’t care”. 

This completes the specification of of the partial SDS S. We now show that there is a permutation 7c such 
that S can reach one of the final configurations specified by C in one transition if and only if the PL-PE3SAT 
instance is satisfiable. 

Suppose there is a satisfying truth assignment to the PL-PE3SAT instance. We construct the following 
permutation 7c for S. The first 2n entries of 7c specify the order for the nodes xi and xi (1 5 i 5 n). If the 
satisfying truth assignment sets xi to 1, then 7c puts xi ahead of xi; otherwise, T puts xi ahead of xi. The last 
m entries of 7c are c1, c2, . . ., h. It can be verified that when the SDS executes one step in the order specified 
by T,  the final value of xi is identical to the value given by the satisfying assignment. As a consequence, 
when the nodes corresponding to the clauses execute, each of them has a final value of 1. This is in the set of 
allowable final configurations specified by C. Thus, 7c is a valid solution to the constructed generalized PME 
instance. 

Now, suppose there is a permutation T for S such that S, starting from C’, reaches one of the final 
configurations specified by C in one step. We carry out this step of S using 7c and claim that the final values 
assigned to the X I ,  22, . . ., z, give an exactly 1-in-3 satisfying assignment to the PL-PE3SAT instance. To 
see this, assume that some clause cj  is not satisfied in an exactly 141-3 fashion. Let zjl, X j z  and xjcjg denote 
the three variables appearing in cj. Since the final value of node Cj is 1, when node cj was executed, exactly 
one of xj1, sj2 and xj3 was 1. Without loss of generality, suppose xjl was 1 and the other two nodes were 0 
when C j  executed. Now, in the final state if zjz is also 1, then x j 2  must have executed after cj. However, node 
cj with value 1 is one of the inputs to zj2. So, if zjz executes after cj ,  then zj2 would be set to 0, contradicting 
our assumption that the final value of zjz. Therefore, each clause of the PL-PE3SAT is satisfied in an exactly 

B 1-in-3 fashion. This completes the proof of the theorem. 

5.2 Polynomial Algorithms 

We now present polynomial time algorithms for the PME problem for restricted classes of SDSs. These are 
SDSs in which each local transition function is the OR function (OR-SDSs) and each local transition function 
is the AND function (AND-SDSs). Our algorithms actually solve the generalized version of PME where the 
final configuration may have some don’t care values. 
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Theorem 5.3 The generalized PME problem can be solved in polynomial time for (BOOL, OR)-SDSS and 
(BOOL, AND)-SDSS. 

Proof sketch: We present the proof for (BOOL, OK)-SDSS. A proof for (BOOL, AND)-SDSS can be obtained 
by a dual argument. 

Consider a (BOOL, OR)-SDS S. If there is any node that goes from 1 in the initial configuration to 0 in 
the final configuration, stop and output NO. Similarly, if there is any node that goes from 0 to 0 and has a 
neighbor whose initial value is 1, stop and output NO. Change the final state to 1 for every node that goes 
from 1 to don’t care. Define a node to be a stable4 if its initial and final values are both 0. Define a node to 
be a stable-1 if its initial and final values are both 1. Define a given node to be a viable-1 node if its initial 
value is 0, its final value is either 1 or don’t care, and there exists a path of zero or more viable-1 nodes 
connecting the given node to a stable-1 node. (Computationally, this can be computed by starting from the 
stable-1 nodes, and identifying viable-1 nodes as a node whose initial value is 0, final value is either 1 or 
don’t care, and is adjacent to either a stable-1 node or a node that has been determined to be a viable-1 node.) 

If there is any node whose initial value is 0, final value is 1, and is not a viable-1 node, then stop and 
output NO, otherwise, output YES. 

If the algorithm outputs “yes”, the permutation can be determined as follows. First, the don’t cares are 
resolved. All nodes whose initial value is 0, final value is don’t care, and are a viable-1, have their final value 
changed to 1. All nodes whose initial value is 0, final value is don’t care, and are not a viable-1, have their 
final value changed to 0. 

The permutation first has all the nodes with final value 0. Then it has all the stable-1 nodes. Then it has 
the viable-1 nodes, in the order of their minimum distance from the set of stable-1 nodes, where distance is 

The following result shows that for (BOOL, NoR)-SDSS and (BOOL, NAND)-SDSS, the PME problem 
(without don’t care values) can be solved in polynomial time, This result brings out the contrast in the 
complexity of GEN-PME and PME problems for (BOOL, NoR)-SDSS and (BOOL, NAND)-SDSS. 

determined using the subgraph of nodes whose final value is 1. 

Theorem 5.4 The PME problem for (BOOL, NoR)-SDSS and (BOOL, NAND)-SDSS can be solved in linear 
time. 

Proof: We will give the proof for (BOOL, NoR)-SDSS. The proof for (BOOL, NAND)-SDSS is similar. 
If there is any node that goes from 1 to 1, stop and output “no”. If there are two adjacent nodes that both 

go from 0 to 1, stop and output %o”. (Whichever node goes first in the permutation, the other node must 
have the final value of 0.) If there is any node v that go from 0 to 0, and all of the neighbors of 2) also go from 
0 to 0, then stop and output “no”. 

Otherwise, stop and output “yes”. The permutation can be constructed as follows. (The permutation is 
described by specifying disjoint groups of nodes. Within each group, nodes can be ordered arbitrarily.) 

The first group of nodes in the permutation are those that go from 0 to 0, and have at least one neighbor 
that goes from 1 to 0. (The initial value of the neighbor justifies the transitions.) The next group of nodes 
are those that go from 1 to 0. The next group of nodes are those that go from 0 to 1. (At this point in the 
algorithm, the neighbors of these nodes all have value 0.) The final group consists of nodes that go from 0 to 
0, and which have not yet been placed in the permutation. (Each such node has a neighbor that went from 0 
to 1, justifying its transition.) 
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