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Abstract

Electronic structure in atoms and molecules modulates the amplitude and phase of high harmonic

generation (HHG). We report measurements of the high harmonic spectral amplitude and phase

in N2. The phase is measured interferometrically by beating the N2 harmonics with those of an

Ar reference oscillator in a gas mixture. A rapid phase shift of 0.2π is observed in the vicinity

of the HHG spectral minimum, where a shift of π had been presumed [J. Itatani et al., Nature

432, 867 (2004)]. We compare the phase measurements to a simulation of the HHG recombination

step in N2 that is based on a simple interference model. The results of the simulation suggest

that modifications beyond the simple interference model are needed to explain HHG spectra in

molecules.
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High Harmonic Generation (HHG) is used as a light source in the vacuum ultraviolet

(vuv) and soft x-ray regions [1–3] as well as for the generation of attosecond pulses [4, 5].

The amplitude of strong field high harmonics from a molecule has been used to determine

the electronic structure of a molecular orbital [6]. Electronic structure interpretations of the

HHG spectrum are critically dependent on the effects of the high intensity laser field on the

orbital structure and the HHG process.

In the established model of HHG [7–9] a laser-induced potential deforms the atomic or

molecular potential resulting in the tunnel ionization of a free-electron wave packet ψfree

from the highest occupied molecular orbital (HOMO) ψHOMO. After acceleration by the

electric field of the laser the electron wave packet can recombine to the atom or molecule

and releases a photon with an energy given by the kinetic energy gained in the field plus the

ionization potential. The recombination process is described by the dipole matrix element

〈ψfree|ez|ψHOMO〉.
A quantum mechanical calculation of this dipole matrix element for H2 and H+

2 using

the time-dependent Schrodinger equation predicts the HHG amplitude and phase for this

system [10, 11]. Both the amplitude and phase are modulated by interference in the recom-

bination probability. The interference depends upon the transition dipole matrix element

between the continuum state of the returning electron and the bound state of the recombined

electron. The modulation pattern in these calculations resembles a simple two-center wave

interference, where destructive interference leads to a minimum accompanied by a phase

shift of π radians.

Amplitude minima due to destructive interference have been claimed in measurements

of a number of simple diatomic and triatomic systems [12–15]; however there have been few

accompanying studies of the harmonic phase, which is expected to display a rapid shift in

the vicinity of a minimum [15]. A modification of the two center model for N2 based on

the actual electron density of the molecular HOMO has been presented [16]. The model

predicted a minimum in the harmonic spectrum around the 25th harmonic of N2 in the case

that the internuclear axis is parallel to the polarization of the laser pulse driving the HHG.

The phase of harmonics from unaligned N2 was measured, but the measurement did not

cover the whole range of harmonics needed to resolve the N2 phase jump [17]. Phases are

particularly important for the reconstruction of the molecular orbital in the HHG orbital

tomography method. In orbital tomography [6], the recombining electron wave function is
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approximated as a plane wave, thereby neglecting the ionic potential of the ionized molecule.

The molecular dipole formed upon recombination of the plane wave imprints its phase and

amplitude on the emitted harmonic light. This dipole is related to the wave-vector k of

the recombining electron by the free electron dispersion relation. The dipole in k-space and

the molecular orbital in position space are related by a Fourier transformation. For orbital

tomography, one measures the dipole in 2d k-space by rotating the molecules with respect

to the recombining electron. To reconstruct the molecular HOMO in two dimensions an

inverse 2d Fourier transformation is performed, that is not well-defined without phase.

A common criticism of orbital tomography is the use of plane waves. For Ar it is known

that a plane wave treatment results in a correct harmonic phase jump magnitude, however

at the wrong spectral position [18]. The inclusion of the Coulomb potential for H+
2 has

resulted in a reduced harmonic phase jump in comparison to the predicted π phase jump of

a plane wave model [19]. The first realization of tomography in N2 assumed a phase change

of π and modelled the recombining electron as a plane wave in the orbital reconstruction

[6]. This orbital reconstruction also only considered harmonic radiation from the HOMO.

Recent experiments show, that also the HOMO-1 contributes to HHG in N2 [20] and its

influence on the orbital tomography method needs to be clarified.

The harmonic phase can be measured with the RABBITT techinique which relies on

measurements of electron emission in the presence of the high harmonic and the generating

infrared laser fields [15, 17, 21]. Alternatively, one can determine the relative phase between

two species in an interference experiment [22, 23]. As in [23], we use a rare gas to obtain

information about the phase of molecular HHG. To match the intrinsic phase due to the

electron propagation, the ionization potentials IP of the molecule and the rare gas are

matched. The IP of Ar (15.8 eV) closely matches that of N2 (15.6 eV).

The Ar high harmonic spectrum has a pronounced phase feature in the energy range

accessible in our experiments, which is due to a Cooper minimum [24]. The Cooper minimum

in Ar is usually observed in photoionization spectra [25]. It is also visible in high harmonic

spectra [6, 26–29], but it has rarely recieved comment in the past [30]. Recent measurements

have led to further discussion of the Cooper minimum in the HHG spectrum [31, 32]. We

show that the Cooper minimum in the HHG spectrum is accompanied by a π phase jump.

This was predicted by the general theory [18, 24, 33], but has never been measured in

photoionization or HHG studies. This illustrates how vuv photoionization is the inverse
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FIG. 1: (Color online) High Harmonic Generation setup. The laser beam is split into time delayed

pump-and probe pulses in a pulse front beam splitter. The two beams are recombined on a

molecular jet from a supersonic expansion in vacuum. One pulse aligns the sample, and the other

one creates high harmonics on the aligned sample. The high harmonics are dispersed in a vuv

spectrometer and detected on an MCP-phosphor screen assembly.

process of the recombination step in HHG.

We measure the relative phase between Ar and N2 and use this information to learn about

the Ar and N2 phase features. A significant finding is that there is a rapid phase change in

the vicinity of the spectral minimum for N2, but this change is not π radians as predicted

by a ”two-center interference” model. We perform simulations taking the aligned ensemble

and full electron orbital into account, and compare to our experimental results.

A diagram of our experimental setup is given in Fig. 1. A chirped-pulse amplifier laser

system provides a 1 kHz train of 30 fs pulses centered at 800 nm with approximately 600 µJ

per pulse. The laser beam is separated into two parts using a split mirror. Both beams

are then focused by a spherical mirror (R = 0.8 m) into a supersonically cooled gas jet

inside the HHG chamber. One beam passes through a delay arm and aligns the N2 via

impulsive excitation of a rotational molecular wave packet (aligning laser intensity in the
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1013 W/cm2 range) [34]. The other beam (intensity IG ≈ 2.3x1014 W/cm2) generates HHG

on the aligned ensemble. The rotational wave packet evolves following excitation resulting

in maximal field-free alignment after at the quantum half-revival (4.2 ps). The alignment

results in an enhancement of the HHG signal throughout the entire spectrum. The alignment

pulse does not have any influence on the HHG spectra of Ar, and was blocked during the

Ar measurements.

We perform a quantum mechanical simulation of the N2 rotational wavepacket as a func-

tion of time after the alignment pulse. From the 〈cos4 θ〉 of these alignment distributions, we

reconstruct the time dependent harmonic signal [35]. We optimize the N2 rotational tem-

perature in the simulation to match the temporal characteristics of the experimental HHG

signal and find a best fit at 60 K. For these conditions the simulations deliver a 〈cos4 θ〉
value of 0.25 (〈cos2 θ〉 of 0.39) at the alignment maximum.

Optimal phase matching enhances the conversion of the 800 nm radiation to high har-

monics when the jet position is about 2 mm beyond the focus [36, 37]. The harmonics and

800 nm radiation are incident on a 100 nm Al filter. This blocks all radiation below 20 eV

photon energy from entering the spectrometer chamber immediately beyond the filter. An

aperture is used to pass only the portion of the harmonics which travel close to the beam

propagation axis. These harmonics are thought to be produced by the short electron recom-

bination trajectories in the atom or molecule, which are more closely phase matched in the

forward direction. The long trajectories tend to diverge from the axis of the beam because

of phase matching considerations [38, 39]. The spectrometer disperses the light by means of

a variable line-spaced flat-field toroidal grating . The dispersed image is then captured by

a vuv detector and image intensifier consisting of a bare microchannel plate followed by a

phosphor screen, which is viewed by a CCD camera. The spectrum is calibrated by tightly

focusing the femtosecond laser pulses into Ar, Kr, Ne, and N2 gas targets and recording the

plasma emission with the spectrometer [40].

In order to obtain comparable amplitude data from different gases, we set the MCP

voltage to a fixed value and vary the camera acquisition time to adapt to the HHG signal

level. For the relative phase measurements of Ar and N2 we first measure a signal that

is proportional to the time integrated intensities of the pure gases (IAr and IN2) for each

harmonic at a fixed gas density. The dependence of HHG on gas density is used to make

sure that we are operating in the sub-critical phase matching regime for HHG. We confirm
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the expected quadratic dependence of the HHG signal with gas density over an order of

magnitude in backing pressure. To assure detector linearity for large signal levels we use

a Peltier cooled vuv CCD camera. Any separation of the gas mixture due to the mass

difference between the two species is negligible and thus has no effect on the ratio of Ar and

N2 [41]. The harmonic intensity generated in a gas mixture at fixed number density with a

fraction rAr of Ar and rN2 of N2 is given by:

Imix(ρ) = N2

∣∣∣∣rAr

√
IAr (ρ) + rN2

√
IN2 (ρ)eiφ

∣∣∣∣
2

(1)

where N is the number of overall atoms and Imix is the HHG intensity from the mixture.

By determining the relative signal strengths of the mixture, Ar, and N2 from our measure-

ment at the same density ρ, we can deduce the relative phase φ between Ar and N2 for every

harmonic.

HHG spectra of N2 at the revival and Ar are shown in Fig. 2a corrected for the spec-

trometer efficiency (by grating manufacturer [42]) and that of the MCP detector [43]. The

intensity of the high harmonic generating pulse IG was calibrated from the spectral cutoff.

The N2 spectrum exhibits a shallow minimum at harmonic 25. In Ar this minimum is ab-

sent, but there is a pronounced minimum around harmonic 33. We did not find any phase

matching dependence of this minimum by scanning the position of the Ar gas jet in the laser

focus. We attribute the Ar spectral dip to a Cooper minimum [24]. A π phase jump of the

recombination matrix element is expected at the amplitude minimum [18, 24].

With that in mind, we turn to the measurements of the relative phase between harmonics

generated in Ar and aligned N2. The measured harmonic spectra for Ar (dashed,dark grey

line), aligned N2 (solid,light grey line), and a 1:1 mixture of Ar and aligned N2 (dotted, black

line) in Fig. 2a were evaluated according to Eq. 1, with rAr = rN2 = 0.5. An expression for

the cosine of the relative phase φ is found by evaluating the right hand side of Eq. 1. The

values for cos φ measured in the experiment are given in Fig. 2b. The values of cos φ greater

than one can be explained by the increased vuv transmission of Ar around the Cooper

minimum. In the gas mixture the transmission window of Ar around the spectral amplitude

minimum will result in greater transmission of the N2 harmonics. We modify Eq. 1 to

include transmission functions for Ar and N2, and find that values of cos φ greater than one

are possible. However, the exact magnitude of this effect is difficult to model since we do not
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FIG. 2: a) HHG spectra for Ar, aligned N2 and a 1:1 mixture of Ar and aligned N2. b) cos φ

values of the relative phase between the Ar and N2 harmonics deduced via Eq. 1 with a fitted

black solid line. Values of cosφ larger than 1 indicate a systematic effect in the measurement,

probably related to the sharp Ar transmission increase around the Cooper minimum. c) Values for

the relative phase φ with a solid black line fitted and the anticipated phases φAr for Ar (dashed

grey line) and φN2 for aligned N2 (dotted black line). The amplitudes of the phase jumps are given

by the parameters β and γ for N2 and Ar, respectively.
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have precise knowledge of the gas density profile present in the experiment. We determine

the relative phase φ between the Ar and N2 harmonics from the cos φ data in Fig. 2b and

plot them in Fig. 2c. Due to the sign ambiguity of the inverse cosine, the relative phase

is plotted both positive and negative after it approaches zero at harmonic 33. The phase

ambiguity will be discussed further below.

In the phase decomposition, we assume that the attochirp [21] is the same for Ar and

aligned N2, due to similar ionization potentials. In the spirit of the strong field approximation

(SFA), we thereby also neglect the exact form of the ionic potential in the propagation of

the electron. This allows us to attribute features in the relative phase measurement to the

phase jumps in Ar and N2.

Neither the N2 nor the Ar HHG phase has been determined in our spectral range. How-

ever, the N2 and Ar amplitude modulations appear in different regions of the HHG spectrum,

as seen in the HHG amplitude spectra in Fig. 2a. The relative phase is dominated by two

spectrally separate phase jumps centered near harmonics 25 and 33 (see Fig. 2c). We at-

tribute the phase shift at harmonic 25 to a phase jump in the N2 harmonics since it is

centered at the same position as the amplitude minimum in the N2 spectrum. We attribute

the phase jump at harmonic 33 to the Cooper minimum in the Ar HHG amplitude spectrum.

In order to disentangle the N2 and Ar phases from the relative phase we assume the phase

jumps to be localized around the respective amplitude minima and flat elsewhere. This is

reasonable judging from the widths of the spectral amplitude minima and their spectral

separation. Guided by the π phase jump of the Cooper minimum we assume φAr to jump to

negative phases above the 33th harmonic thereby rejecting the phases given by open circles

in Fig. 2c.

We use a nonlinear least squares fitting function to extract the N2 and Ar phases from

our measurement. The N2 and Ar phase jumps are modeled by hyperbolic tangents. The

difference between the two hyperbolic tangent functions is fit to our measurement. The

position, width, and magnitude of the N2 and Ar phase jumps are used as fitting parameters.

We define the width of the phase jump by the energies where the phase reaches 0.7 of the

asymptotic value on each side of the phase jump. Based on the observation of spectrally

separate phase jumps, we constrain the width of the Ar phase jump to the width of the

Ar amplitude minimum (estimated to be 16 eV). The fit is given as the black solid line in

Fig. 2c and provides a consistent explanation of the relative phase φ based on the phase
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jumps of Ar and N2. The individual N2 and Ar contributions to the phase are given by the

black dotted and the gray dashed lines, respectively. The fit gives an N2 phase jump of 0.2π

centered near harmonic 23 which spans about 4 eV. The phase jump of Ar has an amplitude

of π centered at harmonic 33. The width of the fitted N2 phase jump closely matches the

width of the N2 amplitude minimum. Also, the spectral positions of the N2 and Ar phase

jumps closely match the positions of the amplitude minima. The fit to the relative phase

for the lowest harmonics (harmonics 13 and 15) and the highest harmonics (harmonics 39

through 43) deviates from the experimental data. It is possible that unmatched attochirps

lead to such a behavior.

Fully quantum mechanical calculations of HHG from H2 and H+
2 molecules predict phase

jumps of slightly less than π [10]. A calculation of the phase in unaligned N2 has been

reported in [17], however, to our knowledge no calculation of the high harmonic phase in

aligned N2 has been performed that can be compared to our results.

We compare our experimental phase results for N2 to a semi-classical simulation per-

formed within the framework of the SFA, which neglects the potential of the molecular ion

during the electron propagation. We concentrate on electron recombination events that re-

sult in phase matched radiation with small divergence angles, the so called short trajectories

[36, 37]. We integrate the electron phase along each trajectory and construct a plane wave

representation of the recombining electron for a laser pulse intensity of IG = 2.7x1014 W/cm2.

This electron wave is superimposed with the N2 HOMO resulting in a time dependent dipole

described by the dipole matrix element 〈ΨHOMO|ez|Ψfree(t)〉 [16]. The dipole matrix ele-

ment is only calculated in the window of one single laser cycle. The HOMO orbital used in

the simulation is calculated with the STO-3G basis in the Gaussian software package [44].

The alignment of the internuclear axis with respect to the recombining electron wave k-

vector influences the recombining dipole. The ionization and recombination dependence on

the alignment distribution have opposite effects on the spectral position of the phase jump.

Recombination causes the HHG minimum to shift to higher harmonics for large angles α

between the internuclear axis and the recombining electron k-vector because the HOMO

lobes appear closer together in the direction of the recombining electron. A broad alignment

distribution contains many molecules standing at large angles α with respect to the recom-

bining electron k-vector, moving the HHG minimum and phase jump to higher harmonic

energies in the recombination step. However, molecules at large α ionize less resulting in a
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smaller contribution to HHG from these molecules, pushing the HHG minimum and phase

jump to lower harmonic energies [45, 46]. Therefore ionization effects are included explicitly

in the calculation. We integrate the dipole matrix elements for different α according to the

calculated angular distribution at the half revival [47]. The ionization is modeled by weight-

ing the dipole matrix elements with the corresponding MO-ADK ionization probability [45].

The weighted dipole matrix elements are then coherently superimposed [14, 48].

We Fourier transform the superimposed dipole matrix elements and multiply the absolute

value by ω4 to find the HHG spectral intensity [49]. We observe a minimum and an associated

phase jump in the N2 HHG spectrum. The shape and position of the minimum and phase

jump in the Fourier domain are very sensitive to the shape of the temporal window in

which the dipole was calculated [50, 51]. Therefore, we perform the phase calculation in

the time domain and find the phase of the HHG radiation by calculating the phase of the

time dependent dipole acceleration. We attribute recombination times to energies using the

classical trajectory approach [7]. To improve the visibility of the phase jump, we subtract

the attochirp of the recombining electron wave from the time dependent dipole phase. This

attochirp is calculated by performing the same HHG simulation for a Gaussian shaped

ground state wavefunction which has the same IP.

The simulated relative phase between the HHG from the N2 HOMO and the reference

atom is given in Fig. 3. A hyperbolic tangent fit to the simulated curve gives a jump of

approximately 0.7π that covers a spectral range spanning 10 eV (6 harmonics) centered near

45 eV (harmonic 29). In comparison, the experimental relative phase measurement gives a

phase jump of 0.2π and a width of 3 harmonics (4 eV) centered near harmonic 23.

Concerning the position of the phase jump, it is well known that the SFA delivers a

spectral position that differs from the experimental value [18]. The SFA is also predicted

to influence the amplitude of the phase jump. A recent simulation of the HHG in H+
2

approximates the effect of the molecular potential by representing the ionized electron as a

two-center coulomb continuum wavefunction [19]. The results of the simulation predict a

phase jump of 0.6π compared to the π phase jump predicted when modeling the electron as

a plane wave. This might help explain why the simulated N2 phase jump is large compared

to the measured phase jump.

In addition, HHG contributions from more deeply bound orbitals can influence the mag-

nitude and position of the phase jump in N2. It was recently suggested that features in
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FIG. 3: Simulated relative phase between N2 and a reference atom giving a phase jump of 0.73π

centered at near harmonic 29.

the HHG spectrum due to the electronic structure of the HOMO may be obscured due to

multiorbital contributions [52]. It has also been observed in N2 that orbitals lying energet-

ically below the HOMO, in particular the HOMO-1, also contribute to HHG in molecules

[20]. Recent theoretical and experimental studies of the HHG polarization provide addi-

tional support for multiorbital effects [52–54]. The experimental phase determined for N2

may have both HOMO and HOMO-1 contributions. Near the amplitude minimum in the

HOMO dipole of N2, even a small signal of the HOMO-1 orbital could dominate the spec-

trum. There is also the possibility that orbitals energetically lower than the HOMO-1 may

contribute to the overall HHG signal [55].

To further explore the effects of alignment on the phase jump we simulate the phase

for an isotropic alignment distribution (〈cos2 θ〉 of 1/3), the distribution reached in the

experiment with 〈cos2 θ〉 of 0.39, and the perfect alignment with 〈cos2 θ〉 of 1. The magnitude

of the phase jump is very similar in the three cases. What changes notably is the harmonic

energy around which the phase jump is centered. The HHG phase jump from the isotropic

11



distribution is shifted to higher energies by 3 harmonics (4.5 eV), while the phase jump from

perfectly aligned molecules is shifted to lower energies by approximately 10 harmonics (15

eV) compared to the phase jump with the experimental alignment distribution.

In summary, we have measured the spectral phase shift in the N2 HHG spectrum associ-

ated with the spectral minimum near harmonic 25 of the 800 nm fundamental field. We have

also measured a phase shift in atomic Ar associated with the Cooper minimum at harmonic

33. We measure a phase jump in N2 of 0.2π and a phase jump of π in Ar. The spectral

position of each phase jump coincides with the position of a minimum in the HHG amplitude

spectrum. While the phase jump in Ar is consistent with theoretical predictions, the size of

the phase jump measured in N2 is smaller than predicted by a simulation conducted within

the confines of the strong field approximation. This suggests that other mechanisms such as

the molecular potential and multielectron effects may contribute to the HHG spectral phase

near the amplitude minimum in N2, and require a more complete theoretical model of HHG.

The magnitude and width of the phase jumps in the harmonic spectrum contain critical

information about electronic structure in these quantum systems. We plan to investigate

these further.
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