
LA-UR-09- f) / 51V 
Approved for public release; 
distribution is unlimited. 

~ 
Los Alamos 
NAT'IONAL LABORATORY 
--- EST.1943 ---

Title: Stretched Hydrogen Molecule from a Constrained-Search 
Density-Functional Perspective 

Author(s): Steven M. Valone, MST-8 
Mel Levy, Department of Chemistry, Duke University 

Intended for: Manuscript to be submitted to Physical Review A 

Los Alamos National Laboratory, an aHirmative actionlequal opportunity employer, is operated by the Los Alamos National Security, LLC 
for the National Nuclear Security Administration of the U.S. Department of Energy under contract DE-AC52-06NA25396. By acceptance 
of this article, the publisher recognizes that the U.S. Government retains a nonexclusive, royalty-free license to publish or reproduce the 
published form of this contribution, or to allow others to do so, for U.S. Government purposes. Los Alamos National Laboratory requests 
that the publisher identify this article as work performed under the auspices of the U.S. Department of Energy. Los Alamos National 
Laboratory strongly supports academic freedom and a researcher's right to publish; as an institution, however, the Laboratory does not 
endorse the viewpoint of a publication or guarantee its technical correctness. 

Form 836 (7/06) 



Stretched H ydroge n Molecu le from a 
Constrained-Search De nsity-Functional Pe rs pec tive 

Stt~"ell ~ L Valone 
.\ fat'·1"Ial~ :)ci~ll~ (!lid Tt"chlloi091/ Dil-i<;iUl'. L(}~' Alamo .• NIl/jona! LabomIO'1/, LOA Alanl"". N .. w MrTl l"fl !(7~,.r; 

~Id L('\'Y 
Dl'l'm1//uTll 0/ ChpT/ll.5t1J/, Dukf Un,,'~ity. 

D",nam . . North CmTllillQ 277(!H 
l'1I(1 

DPpOrfmtmt 1)/ PhI/SICS, 
NlJrth Carolina A '" T :)tatr l.inu~, .• itJl, 

G'"f"f'!'-,OOro, NC 21,11 
(D,.It'd: Mard, 12. 200'J; I.A~Uf\.200~Ur.o:!i) 

CO II"traill<C(I ·SC~If('h rl{', ~~ily functioufll, he .... ry g iV"l'li valuabl., il ll>iglits iuto I h., flmd.'1l1 lf'1l1als o f dCII­
~ily fllHctioual1 h"~lry. It wovi<i(."l< e.. .. "'.r1 {<'Suits (Iud IxllU\.j,; 1111 I I,.. ,,1'01111<1· 111111 ('x.-it{'ti-st at(' .h·u~il ." 
fnll ("tioua l~. Au illl l)() .. tau l ad\'al ll a!;{' of til{' thffif)' i .~ that it giVf'S KllidauCf' ill t1l l'I~'IISIfIJl"IiOll of 
fUII("tio llals. H~re we cngflJl,\' COllstmil1('(! so,.If!.:h lill'llt".,· to {'x"l{)rt~ i~:."'~ 1\."I;()("inh'" with th(' fILL\(". 
t.ioua l bl"lL1~\' ior of ~.<;lr{'/chf'<1 bonds" ill 11I()It'Culltr I WJI"O~LI . A ,:uLlsl n.i ,w<l SC·,.I".-II b performcd 
",Ith famil iar ,,,kilO' bond wal"(' fULLMiOLLS on:lhI<Lr ily I/S('(I to df'S('ri l)O," llioll"ula!" 1..\"(1((111,"11. TIl(' 
cff.'(:tiv(!, OIlC-d0l.·Imn h" ... iltouiall is "OI/ljJlllcd ;lud ("ollL p~r ... d 10 IIII' cur f"('SllolHtt LL~ /lm·OI"II·IR!I'II , 
H al"tre._~Fo,·k ,'ff~'l i\"e h" ... iitOlliilll. Aw\ly~is of I he flllll·r.ioual :<"~t">; I ~ tIL(' llt'Cd 10 '-0111>11"1 11"1 lliff.-r· 
<'li t fUlKl iunals for til .. slim" {iI'lLsi ty illltl 10 ,.lIr,,,, II "olll \wli l iull f11l/ouj( lh('):ofl fUIII·tinln;. A" n r" "II II 
t h{' ,,,ndlttioll ('lL"rs:..v fli lletiunal is ('OIl1pcl8.,1 e.rp/,,·,t/y 'if ('I"" r~)" gup" from t I,,· diR'r· ..... ut filIII'I iVLLUl-;. 

I. INTnODUCTION 

~tr('ld ICtI dWlILi .. a l boud-" nrisc ill almosl 'Illy d}' IJIllII­
l("aliy t)\'o lv iug sysl{'1lI I hlll r('q lli H~ LlHlking 01" hrcnkillg 

110U(\.;. Bt'.ing of " lIch fm llialll t'llUII (h~l\. .. ity fuon ioual t.h, ·· 
ory (DFT ) n"'tllO(is 11 lUI of lIlallY killtL~ !l1\\'(! bef'll llP­
plil ... 1 til till'IW fii tl w liou ... wilh dcdd('·d ly lim ii ed suC(·c ..... ~ 
(11 , 121. TllI"rc IU(' itO .. C"-"OI~~ i'l prilldplr Ihnt OFT 
"J,oulol fail ill 11l~1 of thc~ silllu t iolL';. iIIul~) 11](' limilll' 
liol.l." fin' d('we,1 (I.>; all ~lrtif:u:1 of the :1<"1",,1 nppn~illl1l' 
l ioll." thai 11IIW bf!('11 1ll;l(I.~ to <lut e [13 15]. o..·\"cJuping 
syt;I('"ILI f\ l k illljJ l'O\'ClIll'nl " 1'1 thcsc fUl)r:l j"lIl\J.,; h M I)I"O\'CII 

Ilnrtku l ;.rI.~· diHku lt . 

' lil 0,'(' 1"1":0111" I \tCS(' pl"IlblclIlS, "('\" 'ral prOluillt' , ,1 ~I raI l'­
gi(~ ha\"(~ cllII~rgc"' . O lle ('o lls lrains III(' " Iwrgy fnll("' 
t iollill 10 f;;l t il.f~· Ii ~!I of lin.itinp, cases ,md rOlldil iollS 
[12 , WI. A second I.;lkes l'Itinultagf' of HlI' g('ueral nil­
Sl'n 'at ioll tl lill tli(' Hiutr('('·Fo(·k mKi lum l <icn'''i ty a ll­
[lfIIXitlllltio l\'-; ulldt' r I'ud over correillte ('Ie("!rons. TIl(' 
rc. ... uhing funclwlllaL~ fAll inlu the hyhrid OFT ("[I.I "gory 
[5, 10. 17J. A tll.inl stl"lltt'g" sJll its the elf'<·lrolJ-(' lcdro.ll1 
rfljlllL'l.iulI OI)f' rMor inln s hort fi nd IOllg~fIIlt.gt' ('ompo lleu ts 
Ihnl l\I"e 1111)1.1('11'<1 diffcrcllt.l~' [17, 131. Each of !l1l'>:i(' 
s lmlcgies 'l.IItl thf' ir CO l ll biLlatioll~ henefit ;; from I'xact 0 1" 
lIenr!.\· c.'(a(·' limi!.s. h ound", ;IIKI s pecial CI\.'iCl-I. III th .. 
iulercs l (If gainillg furl her sl rltl egi(" ilL"ighls {Hid filld~ 

illg/consln Il"I ing / ,e:l'tlerRting a ll illlp()rlanl Ji lUiliJl~ , ' 11,<;(,. 

w,' ;!.11Jle<11 10 Ihe cnns lr","i llf'(i ';('a rch fQI"I\LL1lalio ll of OFT 
[:1. 19 ) to illws tiK;ltc lilt' ,;IreldlP'" H2 IlI llicf'ul(' in its 
~rollnli slah·. 

Fnr IJ()Ul I< I sl","h!t!. ""l' " ,111 conslruc t It \'l"ui u tioual ('II' 

(I) 

wliere if is tiJC'lmlUilt rmill ll upcrator fOf SOlllt' 1Sy~t {'1II uf 

iUf(·rf'St. S(·tliUA th(' fmwlioulll ,krh 'nl iv,' of E(!"'I Witl l 
1"""1'('1"\ to L' (~I II I. I %"1'0 I"(~'m"{'rs fl it! tilllC-llIl\"lJ('lIdi'1I1 
SdlfiKliug('r {" llutti'lII. Thc ~~oi( ltion witll hlWI':-; t cuel'K" 
j,''o i:; the gl'uuud "llIte rllld it$ ('uer~'y i ~ F.(l E ll't)). AI­
I,·ruali\'d.y. olllllHay l,"'Ii "s~ " iI.,1 \\·I\\'('fllll(" ti(llIs . A SC'1\I"'h 

0\',' 1" all trb,1 W;JWfUI1("l iolls ill Ih" IIl'pro)II'iaf(! Hilh(' t·t 
"pare al~l .del.L~ the gWltll, t :-Il.at.c (·ul'I"gy. TIIII.~. ""C 
may writ(> 1:.""'0 = mil1 ~. Elt,:·I. III \"I. rill i iollill fortI! , .)Ilj ' 
oft(,11 dN..( 'IIll'oS('S e iutu I'i iill('a l' ''''JlubiualiOIl of hasis 
" h'It'S. 11)(· IImllh('r of hAAis :-l lat t:-N is arbitra ry, hln" a:r 
iug Ih(· IIlImh{'\" of h'I..'iL" ~'ah!:o> rmd CXI"'(·ulillP. tllc Ulini· 
miZalill1L I)\"()(~ Ilfodu,'('S 1111 UjljI ('f hOlllllll() Eo. As ~"" 

wt.·ll-ki l(n\·II. lIIul(·rt ak.illg tlt(' Illilli' Ui1.Mioll I'I"(II '('SS wit.h 
WIt\'cllluCt ionJ:: i.i . ;..x("('(-dillgl.v ,liffiei lit fOI" lUo:.l Sysl('UlS uf 

int<'fl'St . OFT met ho(ls lu,,'" bt'("(lUlC Ilf('\"IlI .... , " for Ihi::< 

I"{,I\.-.;ou. 

'l"h(' .'fu trlll (IUlIll li ty iii OFT i" tl,{' jJa r t il"\ t· lLumh('r~ 

de ns ilY 'I( r ). pruducod hy 1I\'c rl~gi ll ::: ()\"{'r Ih(' (spath,l ) 
('O<lffliuat($ of all 1'111 onl' partidc of t I .... ~Iunn· of 1,;. In 
" l i)wliirt 1I0l·1II" li7 ... :IIMJII. fOI" all ,\' p Art ide sysh·l\I . 

(2) 

n is " prolJ."J.hilily. rX' I ~"it.r fUILl .. timl,l.\ l l l(~lry .-;e('ks to 

(':tprt'S.'i tI ... fuudlllll('ll.t III prohle llls o f "If't't r<Jllk .!II rudnrfl 
theory (H l"~lrio: l t'"(l d .. """ of if ) h i t,'rlLlS of,. inSI('ud of l:, 
Th<, k~' [,,;;11(' ill OFT is 10 d<'nll(' lltl' tlwrgy E Ill J for 1111 



IIrbit f(HT d r llsi ly 1/ IIUl I . 'an he .\priwd f!'Olll plly~kfl lJ~' 

ullowrd W!tWflilldiolis 11.'i Jdilll'f l, f<)1' in.,fAllcr-, Ill' l iel, 
[I!l. 

In d efinin g E{tI!, olle 1110:.1 o ften (lro<'t-,t:d s hy b l'ci'lkillg 

dOWJl if illl,O illdepcm lf' lIl -parl klp kincl ic c nel'gy; t h ree 
pOlI'II' i",1 f'llc rgy COillPOIICIlI -!>. cxlerna l, das;:~iri 'J. ilwl 
ind.'p.'!I. lf'lll-ptlrtidc (or H l'I.r l l'l.'C-i'-od) I'XdIlUlg.': aud h 
dr!lI' lId"lIr-partidr nnrelal ion ('II('r~.r, Hohcuberg !I ud 
Kohli s\ ~\'f'd Ilml F.i'rl nil! hp I'lIrlilionoo ililo I. !llli­
\ 'PIWtI pr.rt Flnl thM is illup!"'Iulelll of Ihe ('()llfiguT1I tioll 
•• f ti l(' II"dd ill I Itt' S,\',>h~l ll ( £01' uli liumbk '>'Ysh 'lIIs)_ iII!!1 
th(" cxtl' I'I 11l1 pntt'litilli n'lIl rihut ion cU, [1'J dmt d,'])('uds 
lillenriy Oll" l1 l, T lml b, 

( I) 

hi Wl'1I. 011(" id.:lltiHI$ jJ ,.I. '(JI;Ildent-I,artiel C' killc tie en­
" I'gy: twO pOlent ial (,lIeq,!,." ('oll,p,ml'llls, clfl.ssieal , a lld 
iwicpl'lI(lr-ut-pln'Iide lor HItTlr('("- Fol'k) exdtange; a lld ;l 

d f' pc nc\I' llt -P,lI'li l"k l'Orrl'la iioll Clle rg,y, fh .1Wf'\'(·r , t ill' tl l'-
1'1'11(11'111..'(' of I Itt, n" p f'lII kut -pll l'li. 'lc l.'Orrela t jnn CUl'l'g,\' 0 11 
" i" uol knowu, Pltysif'ul )"I'asolliug hll .. <;t!d Oil f'xpt::r iellO.;c 
wi l l. "I 'l't /lill llIodel s~'stCIJi:<, mOl>! lIotahly tit£' hO/lloge­
J1('OIL>'; c1(','frnu gas, i:-; tL'-f'(l 10 ('!> IiIU Mi,' lit(' exl'imugl' and 
l'()rrclatioll Cllcl'gil"S, 1l("('I'uliy. diff"l'f'nt R.11Pl'o..xiuliItiuri$ 
fnr I."xd lllilge ('l u:rgil'S 111"'(' h{'I'u mixed ill \'Urinl1~ liyhrill 
gd l('UlI'S [1 7, l~], 

III ('("ll!t l'fl ill~'tI-S('(m'll ill 'lls il), fUll\'liona l Iheory (CS­
OFT) 1:11. to d1'li lil' E III], 0111' t'o ll('(;ts togl'tlJ(~r ;:tl l o f 
th,~ WH\'l'fUltl't io llll tlmt !,I'dun : 10 a cho;.;cu fixt'(\ triul 
1) (1'), We lI('('d to dditl(, Flt"1 ""' (t 'I F lv )j(i'ltI,), where 

t .= i' + 1:~~ IU ld l' lIlltl Ii.,., arl' the kineli<; cucrg)' IIlId 
c[t'drOI I-I,t("('tron r()pu\:' ioll Oi>cra t Ol'~, rf'SIIC"tin:'!I~' , No\\' 
Illc.' lleql.',\' Eju ] f. 'r tlllll 11( 1' ) C«III11' I~"siglled 10 Ihl' \'al l((" 
tha I lll ill iuliz(!I< til(' (,1I\'1',!t" (W,']' that n ,llcl' tioll of WIlV(~ 
flll1ftiollS. 

wlll'rt'l' ---0 II w ("ml.'> Iha l L' nxlue~~ tn '1 [:lJ, T h c dl'Sif('(1 
l'IICI'g,V fllllctiulll.1 F IIIIS llOI yet \)«('11 eons tl'ut,;tNI ill II 
pnlf"1 iel\ l \my from I hi:; CXprl'N'iUIl , Ne\'l'rl hekss. il is 
poss ihll' III eXHwillt' OFT fWIIl Illf' l 'uI~.,Ir i\ill('d-S('.IHf'h for 
IILt"I .. 1 ~rst('II~'i, II~ wcll11S to to ("xpIQrt, 01 her p roperli('S' If 
. hf' fHu(,titllU. 1 1 20 ' 2r~ , H.'f{' we in\'t~ti:;[lt(' I. "st reldw(\" 
112 ULo] """'II[e, onc prototype for tlte p rublem of st rctdlCf:l 
hOlld,; 26 ;~Ol , 

II , CON~"TRAJNED-SEARCH FUNCTIONAL 

As a ll illlls tl'l1tioll of l'IHlStra ill("(l sel,rl;h titf!lJl)', Wf' 
Al\n\\' (til ly 1\\'0 h< ~<; is sln ll'l'; fo r Ihe trin! wavcfHllftin u , 
t' .,., t ' l + At'2' R l~'n;\Llizc th;. t others hm'f' .'o [1s tn(df'd 

2 

flllldioJlal s bllb("f l ')II I:\'cn II II)I'{' ba.sis ~ t atc;; (26, 311, 
T I!!'11 ti lt' l"i('(;lrlll l d (' Il'>ity ( • .ssoda tl'd wirh l" ht'('()IUf'S 

( fi) 

where I> I fl I ( ... t~sln tl' "\'t'rl ;,1' (81:1 ) hilS het'll lwgllo(;lcd, 
' I'he s lOt l! Ill!us itifJ$ " 11' "12, /Iud /I"n IUf' d cfilled frOlu 
ti lt' rdnliollsllip fl,)( r ) = ( t'J l i'( r ) I ~', ) , wlu-,rt, 11(1') i~ Ihl! 
p<nl it:ie mnlllJf' r Ol)l'mt()r 111 posit ioll 1' , 

For Ihis SIU"y thCSl' 1,IIs is i< t .. tl'S 1!l1\'C two \'I'ry Spl.~ 

dill propf'r ti('lI. OUf' b: t lulI tIll')' hoth 1't'X1t",f' 10 t h., 
SHUll' dells ity, rill -. "2'1 = /" T he ulh.~r is Iha t tht: 
trflUSil.iolL dl' ll~ it.Y "12 is I'S,-;culi lllly ~ero, The fi r;;t as­
s limplion is 1'/11:1)' to illlL'itrul.e fl~)1ll the Ii:.! lIlolecnl(' with 
bltsis SIIII.,s t", = ("';1,(1)4> /1(2) f 6d2)¢R(1))/v1 Hud 

1-'2 = (O/,(1)OI,(2)+4>//(1).;JI1(2))/Y2, when' OL and Oil 
al'" Ihe t>lllll(' o)'\)it ul 6 i 'e lltCTI,d Oil the left (L) nl1J I'ighl 
(R) a l olO!;, respOl'!i\'I'I,r, The hold Hlllnbl'l'S refer t o ;ID 
spn.lill\ coontiniltl'll, Spill \'ariabk-s :<calc Ollt of this i1-
11ls tratiou, T Ill''Sc MI' the fali lulls Hcitier-Lou Joll cova­
Irut I:l lntr And it,.; iouil' stH( I' I:OUlp1IUiou rhal d,, 11' hfill 
10 Ihe hl'gillUillg~ IIC \,\lrlll1'-bourl (VU) a lld tllolerula r-
11l'hil al (tolD) Ihl~'ri \'>S [:12 :1,1], Tht'SC 1).-'lSi. .. $lil ies haw 
11('('11 ..ailed 111)011 to illustra t,r H llh l,al'd 1U1/(lds and o tht.'T 
solid -l; t :lI e C(lllccpts reiaft,1 1.0 charge fllIl'tHatiollS Aud 
sIroll:;:l), \' nrrcllltC\1 1'1('("11'011,." I\.'i well /l.'S ill till' (OI~lruf-
1';011 of d('lL Sil~' f1Ll1elinllals {26, 2;, 291, ~'I dOlllillah-s Cor 
1\1l~' oollll-U:uglh of H2, Im l t ~l dOl'S pl'Ovidc a llllll l 2;) t,,{ 
of Ihr- com'lalio" "Ilt'rg," , IICXl' tilt' cqllililJriullI boud dis­
lall<:t!, if t he ba~h> !C IHIct; 111'(' \'ompooc{1 o f jU1';t ~<.Il'li i tals, 

\V" intpD>{' 110 !Cudl 1'1');ll'ktion hen' on the o rbi tAl. T hese 
hnsi~ stllt(.'S bot h dClIlnIlSl rahl,\' I'ed ll('(' I,ll Ihe :-<ll ll\{! 11<Irli­
d{'d.' nsi ty, The :!(.'('ouu is 1111 app roxillia l illli t hlll is l;OlLl­
m oniy in \Tlkl'('\, b\1I flf (11I1)iol1:> quality (lCUI' (-<Iuilil,rillln , 
Ho\\"('\'('r it dUf'S corrcspond to I he ~stl'etdl{.'(11JoHd" ('8M!S 
tll1l t have fig1lred pL'OLUillcntl,\' ill Ihe de\"t'\upUII'IlI of 1'0/1-
I.'mpOl'llr,\' d l 'll~it.r fuul'liollldJ;, 

In the ",trddld h()\ld lilllit the il , 11(r ;A) _ '1( .- ), for 
rilly A, to within HS l'o lliall of a tol ..... nll('e a>; Olll' e"n06,'::;, 
Fl'oLll Ihl' Fml ilill ity of di'l J>; it,\' fm)(; tiollll is [If), ;~5, ;~6] , 
('Sped lilly I hOSt, t 1t"1 :;;'Iis f,r ill:.\' l'lI~I : ",ble I'! 'pwsenlahility, 
Que h,lS " rC1WlllUbll' " XIlt'(:taiinn thilt the enOl· ... to thr 
fUJl(:t ionab introduccd hy Ihc u»]ll'Oxil1lat io ll 10 III(' IIclI­
~i ty 8rt' s lIlltll ill s..JnIC ,;elL>;!', fictllruiug to our CS-DFT 
.'UI'''1.,)', ...... ' lin ..... ha\'(', fill' l ite two-st rite umdl'l , 

F(1I1 

(7) 

when' F,) """ (""i Fl ~', ) un' Ih(' F -mat r ix ciClIlf'IlI.". ,~II ex­
All lplc o f rp. ) ill showll ill Fip;, L 'n le lII iniIU i7.Hti<)n o uly 
ill\'olw):j A .s iUCI', h,\' aSSuUllltinll , a u,\' lilll';IT ('OlILbiwHio ll 
of t' l Ilull ~':! gil'f's ( III' M Ull' IIclls ity, COI~"«tlle lttly, FIn] 
m ight hI' gnllc u h,\' li udiug t hl' zt'roes of it-N dl'l'i \';o th"f' 



with n":;[)t..'(·t to.\. Th(' well-docullwnted solutions lire 

[ 6F l' ?F + l. 
- '1 2 

(8) 

where D.F = Fn - Fll . Dccause VHdll] is (,OIL'ltUllt for 
H chosen fixed II, it can be added and suhtnwh .. '(l fwm 
the ("olltributions ill D.F. I)(>l"lnittillg us to realize that 
D.F = uH = H22 - H II • wh(' re H i, = (u, ]H lv,). has the 
physicllllncllIlillg of the covnlellt-iouic ell('rgy ,:!;<lp. 

SulJ:'<ti tllting .\± iuto F('\) , the CS-OFT prohlem re­
d uces to 

(9) 

The eu~~rgi ('S F('\+) = F_ am i F(.\ _) = F+ nrejust the 
extreme pOillt.'; ill Fig. 1 <Ind <Iff' iJentic;"l1 to t.he ci)!;ell\'al­
ucs for thc two-stMe lilleHr variHtional problelll .. Thlls, 

(!O) 

wlwn' F = (F~~ + FJ 1 )/2. T he !'uergy fllnf"tionul ('ontllill.~ 
tlm'f'diff(>rf' nt I'lll'rgif's gl'lll'fllte([ from the .';ame orhital. 
t.hut in turn df't('rmille thc ground-stnle dcnsi ty. 

T iJi.« funct ional form is d ilfil"ult to IIchif'VI' frOlll con­
\'eu tiollill forms of F In] partie-ulin'ly b('('ausf' of thc qllan­
tum illterfcr!!uce tl'fln FI~' It s UllHlysis begins hy ill­
terdlO.uging betwccn VB and l\IO wuvcliUKtion:; (;j..j]. 
Oellot.(' the .'lcradc (g) or bomlillg alld "IIfl.qcmdc (u) or 
allti-bonrlillg .1I IOs as <i>~(-) = (d-'l.(·) + On(-) )/J2 allrl 
6 u(-) = (d>r .. O - On( l .. ))/J2, r0.;p(!<"tiwly. whl!rt, . dc­
notes cithcr o lle of the spatial coordilw tr-s. Now the 
11[0 WI)V('fuII('t ioliS arc silllply l'..:( l. 2 ) = O~(1 )<!.l1'>(2 ) ami 
wu( l. 2) = o,,(1 )(!),,(2 ). T he VB WH\·dUIl('lioll:; lII;I.V he 
exprC$eJ.I as the lilwar ("ombillations of MO wa\"cfull("­
liou~. l"l = (l'g - l\,)/..J2 aud t.':l = (VII + t\,)/J2. re­
spl!<"ti\·l'ly. Expamlillg Fl:l in thl' l\IO wuvl'fwlClious, OlH' 

Ihcn obtai II:; 

(11) 

Again. l'€('nll:;f' I'~x , f fl] is ("Ollf; tant for a dW81'1l fixl:f1 /l, 
it I"Hn be addl:fl m)(1 subtra(·tl'd from the ('outribulious 

ill D.FII.'" pCl"luittillg the idCll ti fi("ation D.FI\" = 6H ... " = 

Hgg - Huu . where Hi, = ( l '; I H I ~J,) for i = g or 11 .. D.HlI>u 
CIllI abo be idelltified as th(' IlCgutivc of the "HOl\fO­
LUMO" gap. W ith thl; appropriat.e sl1bstit.ntion in to 
Eq. (10). ouc ohtaillS 

(12) 

F [n[ ~ F[o[- 1/2) 6F' [o[ + 6Fi,, [o[. (13) 

as formulMf'd iu this miuis("ule ('orller of Hilbert SPH('C, 
d('t('rm iucd hcrc within the f"ollfilleS of all orhilnl­
d('pl'ndf'n t all.~at;;. it. doC!> depelld Oil thr('C '"8u[..,;idiary'· 

3 

func tiollais sl)('ciali7.t..'(1 to the [)l'opert i('s of the h;lsi;; 
Sla\(>;; u~('(1 to ('ollstrud it. Tlwse subsidia ry fuudioll­
;lls ('OHlPI'\(! in n nuullIer nnupmahle 10 how cle("\roll" 
cledrou rcpuisiou ami e\ct"" tnm iJo[)ping ellergies cOlllpet(' 
ill tl lf' Huhbard lHo(leis 1:17, 38. -10), Fl1ftll('rmore, one 
olr.;crves that t il(' s('(:o))(1 term ill E4. (l;~) pr('dudes 0111"' 

from deanly Sf'parati llg kinetic, exdlllngc and correlation 
(·OIl I])Ollell ts. This fell t llre (;onws allOt1l fro m application 
of thf' f'ollslraiut iu Eq. (7). 

Finally. hl~'llllSl' of t.he re>trictt'd lllllllber of ,;tat.(~ in 
the lllOfl(·1. tlH' pre>SClll functional is a n Up[)l'r bOUlld 
to thf' t.\"llf' ftnwtioulli. By ("{lHtiuuily of til(' fuucti()na [, 
the I'rror in tlli,;; fUllctiollll1 from tlH' true flllwtionllllw­
comes slllOller ;L'; dissociu\.iou is approa("h('(1 a'l.\'mptoti­
call.v. \Vhcu approaching dissociation, awl (lssllluiug that 
we HI"(' dme 10 fill optilllize.:! 0, the HOl\fO-LUl\ JO gap 
doses. T hlls 

F. [o[ - , F [6[ ± 1/ 2(6F[oli . (\4) 

Int.l'rfen·n("C from thl' ionic state CCa.;;I!S IIl:i a rl'sult of till' 
(;\.);;nre pron~.';, if lhe ionic J:ontrih l1 ti()ll~ to F [o) and 
ilF[oj cuncd predsdy. If gnu\i(,llt approxilll;ltious arl"' 
viewl~1 from this ]Wf!o;]x,(· t ivc [8. 10 12, 17). it i", II0t d~~IU' 
how well t his sort of IIICChH ll isllI is ;It"(;0I111t.CI I fi,r. In I'OU­
tnu;t. the gnp between the iOIlie- (Iud cov;tlcnl state:'; D.H 
approaches th(' dlClllkul hard ll(,ss. I - A [20 .. . n ). the 
dlffcrence> h('tW(,(~ll the iOl1izatio ll pot.cu tinl I and clc("­
t rOll !l ftinit~' A for the hydrogen atolli. T lwrdnre it n('\"er 
doses. 

The "'LOA +U" ll10del is perhaps th(' ('IOS('_~I analog 
[:19) to E\(. (13). III the prt..'l;tmt colltext, I:::!.F pL\~'s til(' 
role of til(' Hllhhfml U. Illdl'{.'(1 till' present :;tl1d~' could 
hI' viewed lIS [Ieing rciHtPd to t.he I!ltlit(' OFT lH()(h'is 
of L"lpe~.-Sa lld\l\"al nurl Pas to r HO]. aud sper-ifi<":;,lly to 
the side IIl)t(' ill Iheir Refercn("c 22. T h('n'1I I;luke of 
knlliolls i.~ Ire>at.~d within It H llbhard lllodel frmllC\\'ork, 
but thc Optiull llll orbital ... for It gi W~ll gap parallu'ln U 
ami hopping iut.egral f ami for a given oue>-panicle c\(,IL'iit.\" 
matrix, Hn ' dc tenlli llf'll by a COIl:;tmilwd fwa rd l process 
[:~l, !3t..'(·allSf: D.F awl 6FI'." (lepel1d 0 11 It . they nfe (\l'tCI'­
minf'(1 )wlf-('ollsistl'llt Iy wit h ot her f'llcrgil'S ill t Ill: mode\. 
ill ("out rast 10 tllll (..'Otlstalll vah u!"S of U t.\·pical of llIMt 
Hubbm-d llIod(>ls. Mcchall is tkally. thl! diiferput gllp cu('r­
git-s ;1Te engaged in l UI ('s,')(..'ntial competit ion to (\Nerlllitw 
tbe optimum dl'lls ity and f'nerg)·. 

One IllI'.\" Hlso ("1t\('l1lat!' til!: Elller-L;'gwlIgc 1'(llIatiol1 
for thl' gronnd SlHtf' of this ~y~tl' lll . \\ihidl is F_ ill Ihis 
:;pedali7.cd UL."\(·, with respe>('\ to vl1r illtiollS in 0, the or .. 
bit.HI t hat dcterlllines the electron d('llSit.v, Illc-iudillg a 
("ollstraint through Lagmllg(' 1llult iplier (_ tbat 0 is UOl"­

lllillizcd . ti ll' dfect i\·., oUl'-elf'l·t rou hallliitouiall is 

, 8F [,, ) 
U".<' 0 + 86 ' (15) 
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FIG. 1: The shifted and scaled energy F "(A ) = (F(A) - F_)/(F, - F_) as a fUllction of the ionicity or state mixing parameter 
A. F+ and F_ are the eigenvalues from Eq . (9). The starred values of Fll and F22 are defined in an analogous way: F(l 
corresponds to P"(O), while F22 corresponds to F*(oo). The curve labeled as "stretched" corresponds t.o a va lue of A+ = 0.5. 
It is for illustration purposes only and does not correspond to liu'ral value~ frOIll the model wavefunction and molecule. The 
assignment of roots b based on the (lssulnptions that 6F > 0 and FI2 < o. 

where 

of[n] 
or/; 

(16) 

The second equality mmes from the identity t = Fll + 
6.F /2, followed by additional alg( ~braic manipulations. 
The Euler-Lagrange equation in terms of the universal 
functional and its components is nonlocal through the 
appearance· of functionals for the gaps, ill addition to 
the more familiar noulocal exchange and correlation con­
tributions within each suhsidiary functional. Neverthe­
less, size con'iistency is <\chieved via cancellat.ion and the 
structure of the Fll functional to be disctllised later. 

The functional derivatives fit /150 and ol::!.F N¢ arc rel­
at.ively familiar, although the gap energy is sOlllcwhat 
rare in density fUllctional theory at the present time. 
Since l::!.H is a nonzero gap in this sytelll , Eq. (15) may be 
expanded in powers of 6.Fgu/ l::!.F. A:>YlllptoticHlIy t.hen 

which is correct. and analogous to Eq. (14). The ap­
proach of the Euler-Lagrange equa tion to this functional 

form at dissociatioll is controlled by the rate of closure of 
the HOMO-L tlIO gap. If instead one relies on t.he first 
part of Eq. (15), a careful can(;ellation of cont.rihutions 
between P and 6.F is required . Any residual contamina­
tion from ineomplete callc-ellat.ion will lead t.o a residual 
error in t.he gTound-:;tate energy. 

III. EXCHANGE-CORRELATION 
FUNCTIONAL 

To further a.nalyze the functional, we focus on the 
exchange-correlation energy and functional. For this 
purpOSE', note t.hat, expressed in t.enns of the MO 
wavefunctions, t = (Fgg + Fuu)/2. From this form, 
it is clear t.hat F gg can be identified as the swn of 
Hartree-Fock kinetic THF [n] (tb1;ll; I - 1/2l::!.1 tPgg) 
and electron-electron repulsion energy funct.iouals. 
The Hartrec-Fock electron-electron repulsion en­
ergy consists of the classkal coulomb energy J[n] = 
1/2J dr 1dr2n(rdn(r2)/lrl - 1"21 and exact. exchange 

functional K[n j = --'l/2Jdrldr2h~g)(rhr2W/lrl 
r ·21, where ,.)'~g)(rl , r2) 
N f dr; . .. dr~ ~'g(r2' r;, . . . ,r'N )t!'g (rl , r; , ... , r'N)· 
Note too that F = Fgg - !:::.Fgu/2 . 

With these identifications in hand, Eq. (13) lllay be 



rcJormul (l It.'fIIl.s 

F!III -.-: (Ful"J + F"u["J)/2 - 1 /2/t:.,Fl [f/ ]'~ .o.F't .. ['d 
:- 'Jilt· In] "1"" .JIll] 1 I<{IIJ 

1/ 2 (.0. FIl" [,, ] • / r,,-'-p'-c'C"I'-" 1-,-,,- ,,";,,-'-'-1 i) . 
( IS) 

Slll("f' tl lf' li \"~ 1 tllfl'(' t(, I'UIR r('pcr::-;Cllt 1IIH"trC('-Fo(:h ('onlri­
b llliOlL<;. I he (:urrdat iou clIerg.'" is 

1/ 2 (.0. F ... " [II ] + J .o.F2[II]-t . .o.F;i,,[n ]) 

(1 !I) 

11 ('Olli llins diffl: l"! : nl:l~ in kluNit- , (':;:dl<l.llgc, awl ("uncla­
t.ioLll'lIcrgics IIlllon)!, t h(! s tllll'S p crl illl".llt 10 tIli;,; systcuJ. 
Sped lknlly it l~ i\ flllll"tiolla l of tWq ditfc]"(,llt. ruergy ;!;aps 
rclatr'r\ to the sam,. densil.,'. 

At dissol' ial iuJL , 6FII / l16 b thl" snr\"h' iug fUllctiullIIL 
To furt her 1\l 1U 1~·1. 1' t he Eul l.!r- LII~ra ll g(' C(tuat iOIl , o ll r dc~ 

sin ' i,; 10 nllilcn-e how Ihc imlle tt>nlls Olf I hI' flI 0 W;tW­

fUlicl ions li rc ('lI llct>lh ... 1. The 2- lILtltr ix for t llf' ('m'III"1l! 
s I111( ·. in t fOrIIl'; o f I III' fl10 fll l lt"tiollS, Ill.' }' he expressed IL"; 

'l'~ 1 1( 1.2) _ D~d( 1.2) 1 1/ 2(D1u1U . 2 ) D~r;)( 1.2) 

1/2 D!r;>{l . 2 )D~U l ( 2 , l »). (20) 

SUpcn;cripi ~( 1 )" <iclLl lies the ('OwUcnl Sl a t.· (t'I' 1!'tIllS. 
1l('( IIICI'<\ lIIalrkf'S df'uotl":'Cl by Ii "D" indit-:t.Ie Ih111 I hf')' 
o rigiua l(' fmlLl s illg ll"-lil'tl'nnill.Rllt wH" cfllllt"t i('lls, T ile 
~s(' :<1,, 1('11. Hrl' whM would " P\l";II' 8$ Ihe ground-slat!. 
wil h ;;-pi .. rC'b"t riCl ed St!.t('S i ll iI Hl1rlrl'('-Foc:k t'aku latioll , 
T hc rCll llt iudt'c ("nm pl'iSC:i; IIJ/' f'ur rdllt ioll 2-uwlrix , Onl' 
('an o l):<I'rl'C IlI'rr: 1.011' (';~rcfl\lI,\" th l' iOIl](" Icrms in t. hl' Mg" 
lind Mil" Il t"'I f':-i UL IL'!I callcel I'ad l othcr ill on lrr to Pr(o. 
"I'1lI (li ~-;tf!jl .l ioll to lUI 1l1L1)ILy'<; it'nl st&l.c. This :<i tuatiOIJ 
is t lll~ C'Oll11Il'rp M t 10 th(" Ollt> t.h ill a ri.<;t',s ill t he callcl·l­
laliot! of ~1'lf-illt crl\(' t iOIl ("ontrihlltio lL':; L.·tWtlCll d ilss knl 
ami t:xchnuIW plL rt s of the HlHtr<'f' -Fo("k 2-IJIl-It. ri'.:, 

TIll" .. 1,,("1 l'OIl -el l.'('1 roll r"pilbillll ('m'rg.v V~ r for r he ('O"a­
I"nl litnl c nud ils Yl-ir im L<; rUlLtri lmtio lLs lIIay be l'Xprl'SlilJII 
fWIll Ihe 2 ' l)lalr ix "lI{1 ils ' ·Ol)lpOI WlItS. For Illl,\' 2-ul>llrix 
'2, ill the w w(lin 1I0 rlll illizilti.IIl, 

(21) 

Ead l ('QlIlriiJnliOIl fro m u ,. (20) h1L<'; t hi. .. fO I"lLl . TIJ('S{' 

willi", ia lw lNi ,LO: "21, ,,~~ ) , a lit! ,,~ .. ), rCl:'I)('f 'Iil"Cl.\'. He­

.:nll li lt) thM v..~I!:. _ Ji"] + h -[n], ;:ill{,(, the r >lllon i(:nl 

Hart.rr ... -Foc'k Ipnll (Irb/;inal ,'S frnlll D¥-', a,<; it nULst, T I ... 
fI ' llIaini l'li\ I('n ll:l d efinn \~ I'l] , t h t: f' lectron-ek'Cl TO n n 'pl ll­
~ion (;orcl.'iat ioll cllf' r~'. Suh:;titu t iuJ!; into Eq. (21) 1 ~lo(ls 

10 

\'~ [IIJ - .J I" ] ..... K [" l 

t 1/ 2 (Vr~"' [llJ - \r~~A) I'I] - 1 /2 \ ~~[t" ·.[ 1I ] ). (2'2) 

A)(aiu thl' \;L'lt h :rlll 1/ 2 ( \,;,!,U)l"] _ \ ~d [1I 1 1/ 2 \f/~~ u ) I"]) 
rl'prCl:i!' UI 11 ... • ('orrdal ioll PIIng,\" frOl Il 11,1' 1'I('('lroll-
1'\('('11"011 rCI)lI l"io n tlt tl~';Orilltioll. '1'1](":)1.' l~outrihHtiollS 
g.) tn 7.('m Ut'('n llS<' of l'1l 1l(:f, lIa lio lL':; a lllo ll,l1. chi: "arimlfi 
cOlllpollenl s , D,v conlmst. in I('Tl Il':; of I hl' vn ul"hi l als, 
v.,~ gOf'S 10 r.cm .11 rliSl';odaiion h.!{ 'aIiSC t ill;' vn orbit ,ll" 
(In IInl ()\'f'rJa p . 

Shuilal'l,\'. fUl'l Ill' kiw' I ie f' lIprg,\'. 

1(1' (1.1' ) D~)( l.l ') 

+ 1 /2 (D~"' (I , l')-D:r;)( 1,1 ')). (2J) 

'1'11<' otf- tlill{l.llua l COIllI'OIU' lll frn m ,;1\ rigO]"(] IL"b' vall­
isIH:8. T IJI' um;nrrdi.t.('d l'olllrihu tiollS , 'UIII{' frolll Ille firs t 
Itl l"lli . Ti,liS, 11U' norrdlllioll kiu(".lk ('Il~ rI(Y 'J ~ CO Ul i' frOlll 

Ihc differl'll\"(' of DI") mill D;I) . A \o';iliu (">111('",I\<1tioll ill 
n::l!1 li l'od ill onh:/' I II achi ('ve 11 11 It, '('UJ"[lt l' H!SIIIt., 

IV, CONCLUSIONS 

III Sl lImlinry, l iLr \lr"""ul ,:; Iudy 1111 Illf' !<Irddl('(\ 11:.1 
l\Iull'('ule wlthiu Ihe fra lll(;work of ('O'l,.,"t l·"illf'd Sf'mTiJ 
OF'T pn l\' illC'!1 ill" ighls illl" liLt' I'uuplill~ of I"tJlltri hu­
t lolLs from .liff,' H·nl {"ollfigl ln lt.innal "'''Yl'fllUn io IL''' T I,c 
('Ollpli llg i~ il1tn:)( llL('!~1 through thp t'(lllstrniul fmlll thfO 
I"(JLlfi~ lI r;ltiolial \\"!tvCfUllctiolis having t he !llu ue d nu!, it)'. 
T IlI 'SC 6t1lH 'S \\"('re d ''5i~II('(1 fmlLl ,"u lcue.' h on d thcory 10 
ru:hiew Sj1.(' ('OI"';SlclU'.\' a.nd ('orren dissodatiw lilll it...;. 
Qu:mIUUl illt t>rkrf'nro t>tf''f' ts within this co upl ing. (,\'(, 11 
nl';lI" dlSl'(lCia ltoll . pia .... !'! a {:culml role, Ht,rc, i t is ('x­
pr~1 (1.'1:\ HO:\ 10-LUJ.,IO gill' , and ('OIlSlir ll t('S a sui ... 
s idilll")' fnul"t ioL\ll1. Anol l lc.r gal' rCllrc:;clllill~ ioui zal io ll 
aud d l'cll'ull III Ou-h ull'n t pr()('es,'i(';l flppellfs as a St'fou<i 
s ll llI-i i.linry flllw!iOllal . Il ltt'rferl'ul'(" fl'o lll thf' iOllie ("IUI\­
PlllIC1LIS of I he ! rilt l WlL.Wfllllc tioll Ilrc dimillll!(~d hy do­
surc of Ihe HOt. IO-LUl\ IO ga.p . '1'111' ('orrt~ l ati()n ('ncl'g.\" 
is ft pXj)lid l fUlle t ional of t hese I.wo gaps . III 1,01111. IIII~ 

J'l'f;nh~ (,,, " ~titnt (; 111 1 ! ~",\, Illptoti(, flllr I"orrect fOfm of Ill{' 
(othilfil-cil ']ll'ud. 'lll ) dl'ns it,\' ruu\"I iollnl o f Ih.: s irddll'd 
H" 1ll0IC(·lLlI'. 

Tht: uIiY luptoticllUy-corn"'1 for m of tlll' nni\'I'ts /t1 1\1'11-

s ity fuw ,ItOlJlI I is shown III dt 'pl'ud o n t heSf' thref' :; nb .. 
s idill l",I' flllll'ti(>IIII I.. . TIll' fur ulll lat ion o f IIJ(' 1II011f'1 in 
1f'1'1lI" of i -I)fl r t icl(' df'IL~ il )' ma lri('U; depclI.11i IIn l o llly 011 
t'X{lCt (· ... III"(: lIl1t ioll of St' lf-inlprDt'l iun I'Olll rihUliollS, 11111 
a L'>O, lI'ILK' Oll~, A I>f'("outi Iy pt> of cflm:I'II a.l ioli i\l\'(II\"('\:I 
('() rn'( '( 1'1000011Tf' of tlLf' HOl\ I O-LU~IO g;lp. 1'hi3 aJl~\l rsis 

SIlAAI$ ts Thllt 1111 u~h'au('f'(1 fU llctilJw.llIl ighl 1It'N1 lu nt­
d 'l'sl ... Ul' a \';lri~tiIlJl i\1 CIlIl1 I)('ti l inn lInLong tlm,', ' or J\lon' 
tlifJrrf':IIt flll Jl"linU<t ls for Ihl! $Il I1lC clfflron dI' IL'<i ty. T h" 
II,I'UI'm l strall'gic SI'IL'>(' o f l iL(' I\IIMIc! points towanl find­
ilLg al klts t twn MfII(.~ wil hill ti ll" !;ullS(' t of W,I\'('(UIlt't iOlls 
1l('I'dt:t 1 for II {'I)ilstnll1 l1'd S!'IIf( 'h whOS(o ;lI"hitrar," ("om ili­
Ilillioll llrj' Ul'l\t l.\" 1\11' S;l1I1I' in dt'llsily, aurlltllowi llg IhOl'(' 
i;tnles In I·OI l1pt>I .' It) product' " g colu \(1 :; tltll', 
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