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Shocks and finite-time singularities in Hele-Shaw flow

S-Y Lee,! R Teodorescu,? and P Wiegmann *3

fCentre for Mathematical Research, University of Montreal, Montreal, Canada
2Center for Nonlinear Studies and T-4, Los Alamos National Laboratory, Los Alamos, NM 87505, USA
3The James Franck and Enrico Fermi Institutes,
University of Chicago, 5640 S. Ellis Ave, Chicago IL 60637, USA

Hele-Shaw flow at vanishing surface tension is ill-defined. In finite time, the flow develops cusp-
like singularities. We show that the ill-defined problem admits a weak dispersive solution when
singularities give rise to a graph of shock waves propagating in the viscous fluid. The graph of
shocks grows and branches. Velocity and pressure jump across the shock. We formulate a few
simple physical principles which single out the dispersive solution and interpret shocks as lines of
decompressed fluid. We also formulate the dispersive solution in algebro-geometrical terms as an
evolution of Krichever-Boutroux complex curve. We study in details the most generic (2,3) cusp
singularity which gives rise to an elementary branching event. This solution is self-similar and
expressed in terms of elliptic functions.

INTRODUCTION

The zero surface tension limit of Hele-Shaw flows [1] describes a planar interface between two incompressible
and immiscible phases propagating with velocity equal to the density of the harmonic measure of the interface.
It is a famous problem whose importance goes far beyond applications to fluid dynamics. Originally formulated
by Henry Darcy in 1856 [2] in relation with groundflow of water through porous soil, it describes a large class of
two-dimensional growth processes driven by a harmonic field (a.k.a Laplacian Growth) and has led to a number of
important developments in mathematics and mathematical physics ranging from complex analysis to Random Matrix
theory.

A compact formulation of the problem is: let v(¢) be a simple planar curve — boundary of a single connected domain
D, and H(z)|dz| the density of harmonic measure of the curve at a point z. The curve evolves in time ¢ according to
the

Darcy Law :  v,(2) ~ H(2), z€~(t). . (1)

Here vy, is the velocity of the curve - an outward normal vector, and H(z) is the normal gradient of a solution of the
exterior Dirichlet problem with a sink at a distant point of the complementary domain D = C \ D, say, infinity:

H(z) = —0np(2), (2)
Ap=0 onD, p,=0, p,_.~—loglzl. (3)

Laplacian growth models [3, 4] are characterized by intricate finger-like unstable patterns [5] featuring finite-time
singularities [6, 7] in the form of boundary cusp formation.

As such the problem is ill-defined: the Darcy law stops making sense, since velocity and pressure gradient diverge
at a critical point, when a cusp-like singularity occurs.

An important feature of the Laplacian growth is its integrability. In this case, integrability means that if an initial
interface is an algebraic curve of a given order, it will remain so at all times, until a critical point forms. Insights to
integrability appeared in early papers [8] and then were further developed in more recent studies [9-17].

Dynamics near a critical point (i.e., close to the blow-up time) belongs to the class of non-linear problems for which
any perturbation is singular. In this case various regularization schemes typically lead to different results.

This situation is typical in fluid mechanics and, in fact, similar to singularities appearing in compressible Euler
flows. There, a perturbation of Euler equations by a diffusive mechanism (i.e., by viscosity) and by Hamiltonian
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mechanism (i.e., by dispersion) lead to different physics and different flow patterns (the former transforms the Euler
equation to diffusive Burgers-like equation, the latter to a Hamiltonian non-linear equation, like KdV).

A traditional laboratory set-up (called a Hele-Shaw cell after its inventor [1]) consists of two horizontal plates
separated by a narrow gap, initially filled with a viscous liquid (a fluid), where inviscid liquid is pumped in at a
constant rate at the center of the cell, pushing the viscous liquid away. Below we will refer to the viscous liquid as
fluid occupying a domain D and to the inviscid liquid as droplet D. Both liquids are considered to be incompressible.
The droplet boundary initially moves according to the Darcy law [2], where p is the pressure of the incompressible
viscous fluid. A typical pattern is seen in FIG. 1.

FIG. 1: Experimental Hele-Shaw pattern [18].

FIG. 2: Hele-Shaw flow with suction mechanism. Dashed region is oil, outside is air.

An interesting modern setting consists of a molecular thin layer of viscous liquid positioned on a horizontal wetted
substrate [19] with a free boundary contracting by some suction mechanism. This liquid occupies a domain D and
we assume that a suction applied to a point of the liquid away from its boundary (FIG. 2).[46]. Advantage of this
setting is that the height of the layer may vary (and indeed does vary along the boundary rim [19]), which effectively
makes the two-dimensional flow compressible. Below we assume this setting but will keep the name Hele-Shaw flow.

It seems that the most relevant to experiments in Hele-Shaw cell [18] mechanism of taming singularities is a surface
tension. Then p in (3) along the interface is proportional to its curvature. This perturbation stabilizes growing
patterns (as seen in FIG. 1) but destabilizes their analytical and integrable structure. Also it is not expected that
patterns possess universal features in the situation when surface tension is significant.



* The traditional approach in studies Hele-Shaw flow assumes the following order of limits: the two-dimensional
density of the fluid is set to a constant first, then singular patterns are regularized by surface tension. In this case,
the limit of surface tension going to zero is ill-defined; the solution blows up.

Another kind of perturbation to Laplacian growth is suggested by the model of Diffusion-Limited Aggregation
(DLA) [20] or iterative conformal maps algorithm [21]. There the interface evolves by coalescence (aggregation) of
Brownian walkers supplied at a constant rate from a marked point (imfinity). The probability of aggregation at a
given point is proportional to the harmonic measure of the existent aggregate. In the limit when the area of a particle
tends to zero, the problem of aggregation becomes identical to the Laplacian growth. Aggregation continues beyond
this limit, producing notoriously intriguing fractal patterns, FIG. 3. In this case, the zero-size limit for particles leads
to a singular perturbation problem.

FIG. 3: Typical Diffusion Limited Aggregation pattern.

This model has two distinguished features:

- the growth has a geometrical nature. It is determined only by the harmonic measure of the interface and,
contrary to the regularization by the surface tension, does not depend on the curvature of the interface;

- due to a finite size and irregular shape of particles the limit of aggregation model to the continuos fluid mechanics
effectively leads to a compressible fluid.

The geometrical regularization suggested by the aggregation models is a primary motivation of this paper (and
also preceding papers [9-17]). We will assume that fluids are compressible and then study a singular limit when
compressibility vanishes, setting surface tension to zero in the first place. We will argue that: '

- there is a dispersive (or Hamiltonian) regularization of singularities when the problem remains integrable and
well posed. Integrability allows to keep a full control on the singular solutions; under dispersive regularization
fluids are assume to be compressible;

- formation of a cusp-like singularity is followed by shocks — lines of finite discontinuity of the density, pressure
and velocity, propagating through the fluid;

- shock lines form an evolving branching pattern. Patterns of shocks, although transcendental, is controlled by
the algebraic geometry of the initial, smooth curve.

In a subsequent publication we will describe the connections between weak solutions of the Hele-Shaw problem and
a few related mathematical problems. We will show that:



" . thé lines of discontinuities (shock fronts) correspond to accumulation of zeros of bi-orthogonal polynomials;
- the shock fronts are anti-Stokes lines of isomonodromy problem naturally related to the Whitham averaging of
solutions of Painlevé equations corresponding to the integrable models associated with particular types of cusps.

Shock fronts typically form a branching tree. In this paper we provide a detailed analyses of the shock pattern solution
representing the birth of the first branching event of what will become a complicated degree-two tree. This solution is
self-similar and represents a local structure of branching of a developed tree. A growing tree of shocks resembles DLA
branching patterns. We intend to make a detailed comparison with DLA in the future, although a global structure of
the branching graph (beyond its simple topological structure) is a challenging mathematical problem.

Shock solution of the flow is understood as weak solutions of the Hele-Shaw problem. It is a realization of dispersive
regularization of the problem suggested in earlier papers of the authors [47].

A comment is in order: typically, shock waves in hydrodynamics are associated with phenomena occurring at high
Reynolds numbers, due the inertial term in Euler equations [22, 23]. Here we encounter a new situation when a
discontinuous solution occurs in a viscous flow where the Reynolds number is small and inertia terms are neglected in
the Navier-Stockes equations [18]. From this point of view perhaps a ”crack” rather than a ”shock” is a better name
for a discontinuity of this kind.

It is unlikely that shocks can be seen in a traditional Hele-Shaw cell with a traditional composition of two fluids.
In current experiments [18] the surface tension seem to run the pattern. A more promising setting occurs when a
thin layer of a fluid or a miscible composition of fluids expanding on a flat neutral substrate [19]. Another interesting
setting occurs when air propagates through granular media [24].

The paper consists of three parts: first we review known facts about singularities in the Hele-Shaw flow and
formulate the flow in terms of inverse balayage - in important concept giving insights to the weak solution. Then
we formulate the problem of weak dispersive solution which allows shocks, describe hydrodynamics of shocks and
formulate the flow in terms of evolution of complex curve. Finally we give a detailed analysis of a generic (2,3) -
cusp singularity and describe an elementary branching event. This solution fully illustrate the nature of dispersive
solution.

PRELIMINARIES

Hele-Shaw flow

A thin layer of viscous fluid of the hight b occupies an open domain D with a smooth simply-connected boundary
gamma(t). The fluid is sucked from a point z = co at a constant rate Q.

We assume that the flow is quasi-stationary and neglect the %% term in the in the Navier-Stockes equation in both
liquids p (%—‘t’ +v- Vv) = —Vp+ uV?v, where i = vp is the dynamic viscosity, v the kinematic viscosity, and p the
density of the liquid. In the viscous fluid we also assume that the Reynolds number is small Re = |v|b/p — 0, and
further neglect the inertial term there. We obtain pV2v = Vp. Of course this approximation is consistent if the fluid
is irrotational V x v = 0 as it is seen from the last formula. Assuming a Poisseulle profile for a flow we replace and
V2v by its average —(12/b%)v and neglect (V2 + V2)v we obtain Darcy law

pv = —KVp, (4)

where K = % is called hydraulic conductivity. Incompressibility of the viscous fluid V- v = 0 and (4) imply that

pressure in fluid is a harmonic function at constant density
Ap=0 in D, (5)

where we assume that K and p are constants. We will relax the condition of constant density when defining weak
solutions. The fluid is sucked with a constant rate Q = — fv pv x dl, where + is oriented counter-clockwise. According

to the Darcy law (4), it equals Kﬁy Vp x dl.. Therefore at the drain p — —ﬁk log |z| as z — 0.

If the boundary is smooth, the pressure on the boundary is controlled by the surface tension p = ¢ x curvature. If
the surface tension vanishes, the pressure is constant along the boundary and is Dirichlet harmonic function in the
fluid.



" It.is idstructive to compute the normalized power required suck the fluid N(t) = — ff) pVp - vdzdy . Darcy law
yields that the power is the Dirichlet integral
N = K [ (Vp)dady. (6)
b
The contribution to the integral comes from the boundary of the domain and from the drain
QZ

N(t) — Ny = — 1 t) — -dl 7
(0= M0 = 5o ogr(®) = f ppv-al @

where we subtract a time independent contribution Ny = (Q?/2wK) log R depending on the size of the cell R. Here
r(t) is a conformal radius of the droplet defined as log[r(t)/R] = —(27K/Q)p|r, R — oo (see the next section for
another the definition).

If pressure vanishes at the boundary, which is before the critical point, the contribution of the boundary integral
also vanishes. The total power N — Ny = —(Q?/27K)logr(t) measures the conformal radius of the droplet.

We will see that the pressure no longer vanishes along shocks and contributes to the power. We will see that, as the
systems approaches a cusp singularity and then enters into a shock regime, the power required to produce the flow
will increase with a discontinuous slope, every time when shock front branches.

Finite-time singularities in Hele-Shaw flow

The dynamics described by the Darcy law (1, 2) is ill-defined. This has been understood from different angles
(5, 8, 25], and can be seen from a simple argument: let w(z) is a conformal univalent map of the fluid domain D onto
the exterior of the unit circle, {w| > 1; then the exterior Dirichlet problem has an immediate solution

9
2nK

In other words, velocity of a point of a boundary is proportional of the density of harmonic measure H(z)|dz| =
|w’(2)||dz| of that point. As a consequence, a sharper (more curved) part of the boundary moves with a higher
velocity than the rest, such that the sharper part is getting even sharper before it becomes singular. This occurs for
a generic initial data, although a number of exceptions are known [26]. We will demonstrate this mechanism on a
simple but representative example below, but first we remind the major feature of the dynamics [8, 25]: let us denote
by

p(e) = 5 logw(a)l, v = selw/(2)], 2 € D, ®

p —k P ks
ty = —— = 9
k pa /Dz dzdy = j{z zdz (9)

the harmonic moments of the fluid, and the area of the area of the plane not occupied of the fluid (domain D) is
mto/p = Q - t. Parameters {t;} are called deformation parameters. It follows from the Darcy law that [8]

£ =0,

From now on we set K = 1,Q = m, but keep p as a parameter to help to control dimensions of formulas. In these
units the area is just equal to 7 x time.
Let us write the inverse (time-dependent) map as

2wy =rw+ Y ww ™, |w >1, (10)
k>1

where the coefficient 7, chosen to be real positive is the conformal radius. According to a standard formula of complex
analysis the coefficients of the inverse map determine the area of the domain D, which we denote by 7t, through

t=1 =" klugl*. (11)
k>0
Let us consider a simple example of a domain D whose shape is given by a hypertrocoid - an algebraic curve with a

three-fold symmetry such that all harmonic moments vanish t, = 0, except for the third one t3:

z(w) = rw+ % (12)
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The ratié between the square of conformal radius 7 and u can be expressed through 3, as u = 3(3/p)r?. Then the
area formula reads t = r? — 18(|t3|/p)%r4.

Clearly, this polynomial in 2 reaches the maximum t. = 72/2 at 7. = p/(6|t3|), and can not increase further. At
this moment the hypertrocoid develops three simultaneous cusp-like singularities FIG. 4.

The mechanism of the evolution toward a critical point is: a critical point of the inverse map 2’(w.) = 0 is located
inside the droplet w. = (2u/r)"/? = (r(t)/r.)}/? < 1 and moves in time towards the boundary. At a critical time the
critical point reaches the boundary, say at w = 1. In the critical regime, when the critical point of the conformal map
is already close to the boundary z(w)/rc|y—es — 3 = z(¢) + iy(4), the boundary locally is approximated by a real
degenerate elliptic curve

X@)= o)~ e) =6, Y(8) =4y~ 26— Se(0)s, (13)
2 , 1/2
Y2 = —4(X — ¢(t)) (X+‘3?> , e(t):—%(l—z):—g (1-%) . (14)

At a critical point t = t. the curves degenerates further to a (2,3) cusp
Y? ~ X3, (15)

1/2
b

Close to the critical point conformal radius depends on time in a singular manner as r/r, — 1 ~ —% (1—t/t.) SO

that the time dependence of power becomes non-analytic: N — N &~ —3 (1 — t/tc)l/ 2,
Once the (2,3) singularity occurs, the shape of the pre-cusp finger is given by the elliptic curve (14). Up to a scaling
of coordinates and time the curve is universal - it does not depend on details of the original domain:

3/4
Y(X,t) = (1 - ti) % ((1%')1/_2> (16)

te

Self-similarity is preerved after the flow passes through the critical point £ > ¢..

This simple analysis has a straightforward generalization for all cases where a finite subset of {tx}x>0 is non-
vanishing. At least for this class of initial conditions described below, a flow leads to cusp-like finite-time singularities.
For purposes of analysis of singularities it is sufficient to consider only this set of domains. Of course, the class of
initial conditions which leads to singularities is much wider. We do not attempt to classify it here. We only mention
that domains with a finite number of non-zero exterior harmonic moments belong to the class of generalized quadrature
domains. For generic properties of generalized quadrature domains, see e.g., [27].

£ 5 Uy . Gy s« 5
G5 on s io

FIG. 4: Symmetric hypertrochoid (12) evolving under Darcy law (left) reaches the (2,3)-cusp singularities (right) when all three
critical points (red dots) hit the boundary at the same time. The shaded contour lines are the equi-pressure lines. The dashed
lines are the stream lines. The red dashed lines are branch cuts -a skeleton.
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FIG. 5: Deformed hypertrochoid z(w) = 7w + 42 + —L + = —7 with A, =7 — 4r° — 874 4 1675, where one critical point
gives rise to (2,3) singularity while two other critical pomts remain in the domain D. Closed lines inside the critical boundary

show the pre-critical evolution.

The first classification of singularities

The fact that for rather general initial data, the boundary evolves to a cusp-like singularity has been noticed
already in the earlier papers [25, 28] where the model of Laplacian growth has been originally formulated. Further
developments are due to Refrs. [5, 29] and [3, 7, 30, 31] and [32]. For the most generic initial condition a cusp (2,3)
occurs. Higher-order cusps and corner-like singularities require special initial conditions.

In Ref. [32] it was shown that only cusps (2,2 + 1) : y? ~ z%*1 can occur in simply connected generalized
quadrature domains. Moreover, in [33] it was shown that in the critical regime a finger developing these cusps is
described by a real degenerate hyperelliptic curve

!
P o _ et H (17)

=1

where the double roots d; (double points) all located in the fluid domain and a single critical point is located outside
of the fluid (another critical point — required by the Riemann-Hurwitz theorem — is found far away from the critical
region, and it plays no role in the analysis). The condition that no critical points are found in the fluid, necessarily
means that the exterior critical points coincide, giving double points, such that the complex curve is degenerate. A
cusp of type (2,2l + 1) occurs when a branch point - a real root of e; merges with { double points found outside the
droplet.

For a reference we give here explicit formulas for the generic hyperelliptic curve (17) following the Hele-Shaw
evolution [33]. The curve depends on { deformation parameters {tary+1}, & = 1,...,0 (not to be confused with the
harmonic moments t;) and it is uniformized by the formulas

. - _ k
X=¢*—e(t), Y =500+ Ditonn }2_3 (2512"2;_)’1!).! (el gan~2k-1, (18)
th+ ZIH %X"hkﬁ-l =0. (19)

Here ¢; is the time before the cusp singularity, t; ~ t, — ¢, and we set to;43 = 4/(2] + 3).

For a discussion of more complicated algebraic cusp singularities of the type (p, ¢), X? ~ Y9, see Ref.[32].

In Ref. [30] it has been argued that dynamics can be continued through a cusp of the type (2,4k + 1) for the price
of an appearance of an unstable point when a boundary touches itself. Another stable solution was found in [17])
when the fluid undergoes a genus transition: it becomes multiply connected.

However in the case of the most generic cusp (2,3) and its descendants (2,4k — 1),k > 0, no smooth solutions are
possible. This situation is the subject of this paper.



Algebro-geometry formulation
Schwarz function

We briefly review some elements of the algebro-geometric description of the Hele-Shaw flow. It is based on the
notion of the Schwarz function and differentials related to the Schwarz function. As we have said, to study local
behavior of an isolated cusp, it is sufficient to consider domains with a finite set of non-zero harmonic moments (9).

The Schwarz function of a simple planar closed curve (a boundary of the fluid) v is an analytic function in a strip
surrounded the « such that on the boundary

S(z) =pz, z€~. (20)

It is represented by the Laurent series with respect to a drain at infinity and an arbitrary point, say z = 0 inside the
droplet

S(z) = §4+(2) + 5-(2), (21)

The positive part is an analytic continuation through the boundaryof the electric field produced by a uniformly
charged fluid domain outside of the fluid Sy |.cp = £ [ dzi_dcu, ¢ = x +1y. It encodes information about the moments
of exterior ([34]). We assume it to be a polynomial

Si(z) =D ke (22)

k>0

The negative part S_(z) is an analytic continuation of the electric field produced by a uniformly charged domain D
to the fluid domain as S_|, 5 = 2, dzi_dg. As we have said, the coefficients ¢y, and, therefore, the positive part of
the Schwarz function do not evolve. They can be read from initial data of the flow.

It follows that the time derivative of the Schwarz function is holomorphic in the fluid. On the boundary, it is equal
to twice the velocity on the boundary (this follows from (20)). Together, it means that the velocity of the fluid and
the time derivative of the Schwarz function are related by: 2v = 0,5(z), where v = v, — iv,. In complex notation

(from here on we set tg = t) the Darcy law reads:

20(z,t) = 8,5(z,1), (23)
8,8(z,t) = 2i8,¢(2, t), (24)

where
#(z,t) = ¥(2,1) + ip(z,1) (25)

is the potential of the flow, whose imaginary part is the usual scalar pressure p, and the real part is the stream function
1. In the fluid they are harmonic conjugated functions, the potential is analytic function.

Another way to formulate Darcy law is to say that the form dw = Sdz + 2i¢dt is closed.

Close to a cusp, it is convenient to describe the boundary in Cartesian coordinates ¥ = 2(z — 5(z)) and X =
#(z+ S(z)), and treat Y as a function of X. In these coordinates (and up to an exact form), dw = —2i(YdX — ¢dt)
and the Darcy law (23) reads:

8Y (2,t) = —0x (X, t). (26)

Furthermore, it is convenient to choose the cusp as an origin and to redefine the time ¢ — t; ~ t — ¢, and deformation
parameters relative to the cusp. Then, in the case of the cusp (2,2/ + 1) the hyperelliptic curve (17) is represented
by the Laurent series with respect to the local parameter at infinity X'/2

Y(X) = Yo(X)+Y_(X), (27)
Yi(X)= i;lo(% + Dtop 1 X*71/2, (28)

where Y_ consists of negative powers in X172, Darcy law then states that the positive part is conserved:
Y4 (X)=0. (29)

Eqs. (17) are solution of the Darcy law written in the form (26) under assumption (27). The parameter ¢ in (17)
(treated as a function of X') is a complex potential of the flow at the point z = X +7Y.



Skeleton and inverse balayage

If the number of non-zero harmonic moments is finite, the Schwarz function (21) has only a finite-order multiple
pole at infinity and the only singularities inside the droplet are moving branch points. Moving branch points of the
Schwarz function are critical points of the inverse conformal map z(w) that we follow. They encode the entire flow.
This situation, although not being the most general, occurs in the critical regime, next to a cusp-singularity.

In this case, there is a unique special way to draw branch cuts. They can be drawn as a (possibly multi-component)
curved graph ¥ (t) such that the jump of the differential —id©2 = —iSdz, being canonically (counterclockwise) oriented
along the curve through every branch cut, will be real and positive

— idisc S(z,t)dz = 20{)(z,t)[dz| > 0, 2z € Ti(t). (30)

Here the differential is taken along the cut and |dz| is an element of an arclength along a cut. The canonical orientation
(important for all signs in formulas below) is depicted in FIG.6.

discQ = f. S(2) dz pr

-

disc S = S(up) — S(down) = ip(V

-

% _ :|disc§)«”
at =158

FIG. 6: Schematic graph of shocks (thick lines), fluid (air) domain (shaded region). In the figure, we show the three possible
stages of evolution: i) when the branch point is inside the air domain, ii) when the air domain forms a cusp, and iii) when the
shock develops after the cusp. We show the canonical orientation of the contour (dashed line I') to define the discontinuity of,
say, S and 2. See the formula inside the figure. We also show the unit vectors d¢ and 7 which are respectively parallel and
perpendicular to the shock. Lastly, we show the normal velocity of the shock by the thick arrows and the flow of “anti-oil” (that
goes in opposite direction of oil) around the shock by thin arrows. The arrows schematically show that “the sum of vorticity
from the shock and from the surrounding” is zero. Though not in the figure, we also mention that the normal velocity is to the
side of lower pressure.

This fact is equivalent with the following analytical continuation of the negative part of the Schwarz function to
the domain D:

(1)
) = Ty (€) N
s-)=% [, F=gled (3)

with |dz| the arclength measure. In other words the negative part of the Schwarz function is the electric field produced

by a single layer of charges a,&l) distributed along a graph 2. An important theorem on generalized quadrature domains

[35] tells that this is possible and unique. The curved and generally multiply connected graph {4}, confined in the
domain D, is called skeleton or mother-body [35]. Line densities of the skeleton depend on time only through time

dependence of the branch points. If a branch point e(t) is simple (which we assume), the line density a,(cl) (z,t) vanishes
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at the bianch point by a semicircle law as
oM (z,t) ~ ]z = e(t)] (32)

In the case of the hypertrocoid, the graph consists of three curved lines connected the branch points. They
are drawn on the Fig. 5. In the case of symmetric hypertrocoid the special branch are three straight lines
(FIG.4)connecting the branch points e(t) = 3r, (r(t)/ro)*’® x (1,e%%27/3) with the line densities at the branch points
4(2/3) 27 (1 = 72 Jr2) (1o /7)? 3|2 — e(t)] + (4/3)(re/7)*/3| 2| /rc\/]z — e(t)]] (where z is measured from the corre-
sponding local position of a cusp).

The major property of a generalized quadrature domains (actually serving as its definition) [27] is: area averaging of
an integrable analytic function f(z) over any domain B is reduced to counting of singularities of the Schwarz function

2 (5 f(2)pdady = 5= §,5 f(2)S(2)dz = 5 §,5 fd2. This follows from the representation (31) above:
1 _ L _ (1)
@ty =g d s@se=F [ eMsae (33)

If the domain B does not contain moving singularities or the drain, then the average stays constant in Hele-Shaw
flow. Conversely, if the domain B contains moving singularities, or a drain, the average depends on time. The inverse
of the procedure we just described is known as balayage [35]. A Newton potential created by uniformly distributed
mass through the droplet measured outside of the droplet, in D, will be the same as the Newton potential created by
the (non-uniform) line densities (V).

The balayage procedure allows the following insightful interpretation of Hele-Shaw flow. The "skeleton” — moving
branch cuts — may be considered as time-dependent sources of the viscous fluid. In this interpretation there is no
smooth droplet of air, only time-dependent line sources. An extended fluid occupies all the plane except the sources
and moves with velocity v = (1/2p)8;S. The pressure of the extended fluid than is defined by pv = —Vp . The original
boundary then can be restored (if necessary) as a real oval of the complex curve - a planar curve where S(z) = pz,
or (equivalently) a zero-level set of the pressure p = 0. Darcy Law (23,24) then applies both inside and outside the
droplet.

In this interpretation the entire flow is encoded by the motion of the skeleton, or rather by the motion of end points
of the skeleton. Moreover, velocity and pressure and stream function generally have finite discontinuities across the
skeleton. Also, the pressure may not be constant along the sides of the skeleton, while velocity is not normal to the
skeleton.

A singularity occurs when a growing skeleton hits the boundary of the fluid.

In the next section where we formulate a weak solution of the Hele-Shaw flow we will derive equations for moving
shock graph. Same equations are applied for a moving skeleton.

WEAK SOLUTIONS OF HELE-SHAW PROBLEM

As we have discussed, once the flow reaches a (2,3)-cusp singularity, it can not be continued any longer. The Darcy
law written in a differential form looses it sense at the cusp - harmonic measure there diverges.
This situation is typical for differential equations ([36-39]) of the form of conservation laws of hyperbolic type:

These equations are ill-posed. There Cauchy problem with smooth initial data, leads to singularities developing in finite
time (such as shocks, vortices, etc.). Darcy equation written in the form (24) is of this type, with u = S, f = —2i¢.

The origin of this phenomenon is that conservation equations of the hyperbolic type are an approximation of a well-
defined problem. Deforming these equations by adding terms with higher gradients, controlled by a small parameter
h, will prevent formation of singularities. If a smooth solution of a deformed equation u|; leads to a space-time
discontinuous function u|x_,q as a deformation removed, it is called a weak solution. A discontinuity (a shock) travels
with the velocity given by the Rankine-Hugoniot condition [23]

_disc f

V =
discu’

(35)

a weak form of the differential equation (34).



11

" In most cases, simple physical principles allow one to construct a weak solution without actually specifying the
regularizing deformation. The best known example is the Maxwell rule determining the position of shock front [22],
or more generally, the Lax-Oleynik entropy condition for the so called wiscous solution of equations with hyperbolic
conservation laws [36-39].

Here we assume the same strategy. We will be looking for weak solutions of the Hele-Shaw problem when the Darcy
law is applied everywhere in the fluid except a moving, growing and branching graph I'(t) C D of shocks or cracks
where hydrodynamic variables pressure and velocity suffer a discontinuity - a weak form of singularity.

We will show that very simple and natural physical principles guide us to an unique weak solution. which we will
call a dispersive solution. The inverse balayage discussed in the previous section gives necessary insights.

From a physical point of view, the shocks are narow extended channels with a deficit of fluid. They communicate
with the bulk of the fluid supplying/removing fluid to/from the bulk. In the case of (2,4k — 1) cusp singularities,
which we consider here, shocks are connected to the boundary. Obviously this may happen if the condition that the
density of the fluid is a constant must be relaxed. A difference between shocks and a regular boundary is that pressure
and velocity of the fluid both have steep gradients (controlled by the parameter ) through a shock. Also the pressure
does not stay constant along the shock line.

Weak form of Darcy law: the Rankine-Hugoniot condition and admissibility

Since velocity of the fluid jumps through the shock, so does the Schwarz function (defined by 2pv = 3,5).

Thus the Schwarz function, being analytic everywhere in the fluid (under assumption that the Sy is a polynomial
as is in (22)), has branch cuts inside the domain D, now, after a critical time has been passed, also has branch cuts
in the fluid domain D. We write

S_(z) = = /D’;dfdy Z/ 7, |d| zeD. (36)

Since Darcy law (24) is valid everywhere in the fluid and in particular also on the both sides of the shock front, a
general Rankine-Hugoniot formula [23] (35) determines the front moves with the velocity V| normal to the front and
there is a flow of mass along the shock with velocity V| as it is shown on FIG. 7. They read:

disc 2i¢ disc 2i¢
i Fe disc S’ + m disc S (572

The Rankine-Hugoniot condition and the differential form of the Darcy equation (24) are the weak form of the Darcy
law. We will comment on specific of their derivation in the case of Darcy’s law and the meaning of V| later.
The following physical principles then uniquely determine positions of shocks and define a dispersive solution:

1. zero vorticitiy and Boutrouz-Krichever condition We demand that the circulation of the fluid around the shock
is compensated by the transport of mass by the shock (as is in FIG. 7), such that the net vorticity of the flow is
null. In the next section we will show that zero vorticity condition yields $:Re § S(z)dz = 0 for all closed cycles
in the fluid. Condition that the line densities are real

a,(cl) =real, zel, (38)

satisfies this requirement, and furthermore leads to a stronger Boutrouz-Krichever condition

RefS(z)dz =0, all fluid cycles. (39)

2. admissibility condition Furthermore, we demand that the line densmes are positive, like before the critical time,
as discussed in the inverse balayage section.

cr,(cl) > 0. (40)
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FIG. 7: Vorticity cancellation by normal velocity and mass conservation by parallel velocity. The dashed arrows are the
direction of the ambient air (with velocity &« Vp) and the thick arrows are the velocity of the compressed air.

This condition means that shocks represent fluid deficit. As a result, the shock moves toward the direction of higher

pressure as is in FIG. 7.
The zero vorticity and admissibility conditions bring Rankine-Hugoniot condition to the form

oMWV, =discp, (41)
oWV = ~discy (42)

Summing up, the condition that the line densities are real and positive uniquely define the weak solution: a graph
of shocks given by the condition

I(t): —idisc S(z,t)dz = 2011 (2, t)|dz| = real positive. (43)

Dynamics of shocks is determined motion of branch points, which in its own turn is determined by the Darcy Law.The
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