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Abstract 

In this work, we develop two mean-field polycrystal plasticity modeL. in which the 

L e are approximated stochastically. Through comprehensive (''PFEM analyses of an 

idealized tantalum polycrystal, we verilY that the LC tend to follow a normal dis­

tribution and surmise that this is due to the crystal interactions. We draw on these 

re~,ults to develop the STM and the stochastic llD-c.onstraints model (SNCM), which 

diffm: in the manll~,r in which the crystal strain rates DC are prescribed. Calibration 

and validation of the models are performed using data from tantalum compression 

experiments. Both models predict the compression textures more accurately than 

the FCM, and the SNCM predicts them more accurately than the STM. The STM 

ill eoctremely computationally efficient, only slightly more expensive than the FCM, 

while the SNCM is three times more computationally expensive than the STM. 
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1 Introduction 

Crystallographic textures, which evolve during forming processes, have large 

effects on the properties of the processed material. As such, the development 

of meaningful models for forming processes must consider texture evolution. 

This is a complicated task becanse texture modeling bridges multiple length 

scales. Indeed, material constitutive laws that ca.lculate the macro-scale stress 

at a material point due to macro-scale deformation are not viable for poly­

crystalline materials whose behavior is attributed to the meso-scale crystal 

response. 

To bridge the macro- and meso-scales, mean-field polycrystal plasticity models 

consider an aggregate of N crystals at each material point x. For each crystal 

c in the material point aggregate the meso-scale model predicts the crystal 

Cauchy stress T' given the crystal velocity gradient U. The meso-scale TC 

are subsequently averaged to obtain the macro-scale Cauchy stress T at this 

material point x. However, in general, the macro-scale velocity gradient L is 

known, not the meso-scale Le. Consequently. a scheme is needed to map the 

macro-scale L to the meso-scale L e , Severalmodcls to this effect appear in the 

literature, the most common being the fully constrained model (FCM), based 

on the hypothesis in Taylor (1938) that the crystal deformations are equal to 

the macroscopic deformation, i.e. LC = L. Although many applications of the 

FCM seem to validate its use (Harren and Asaro, 1989; Kalidindi et aL, 1992), 

it does not maintain eqUilibrium in the aggregate; however it provides an up­

per bound on the work necessary to achieve the macro-scale L (Kocks et aL, 

1998). In contrast, the no-constraints model (NCM) assumes a homogeneous 

stress in the aggregate (Chastel and Dawson, 1994), i.e. TO T, but docs not 

ensure compatibility. Hence, the NCM provides a lower bound on the work 
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(Kocks et al., 1998). Several alternative, less restrictive methods have been 

proposed. The visco-plastic self-consistent model (VPSC) describes each crys­

tal as a viscoplastic inclusion embedded in a homogeneous effective medium 

with the average properties of the other crystals (Lebensohn and Tome, 1993). 

Whereas, the grain-interaction (GIA) model enforces the relationship LC = L 

in an average sense over groups of eight crystals (Crumbach et aI., 2001), thus 

accounting for local crystal interactions. Of course, the inc-reased complexity 

of these models comes at the expense of additional computation. 

In order to develop accurate means of obtaining LC, it is important to un­

derstand how the individual crystals behave when the aggregate is deformed. 

Obtaining this information experimentally is difficult, but an idealization can 

be garnered using the finite clemc.Ilt method to model a specific crystal aggre­

gate. In the crystal plasticity finite element method (CPFEM) each crystal in 

the aggregate is represented by one or more finite clements. The evolution of 

the crystal orientations is then modeled for a given macroscopic deformation 

(Asaro and Needleman, 1985; Becker, 199J; Kalidindi et al., 1991; Beandoin 

et al., 1993; Sarma and Dawson, 1996). Since the crystal interactions are PJ<­

plicitly modeled, the CPFEM can be utilized to map L to U. 

In Engler (2002) and Ma et al. (2004), CPFEM results motivate the appli­

cation of stochastic variations of L to obtain Le. Indeed, Sarma and Dawson 

(1996) found that the components of the crystal strain rates De = 

predicted by the CPF&\([ follow a normal distribution with mean approxi­

mately equal to their aggregate macro-scale counterpart, i.e. i-'D- D. Using 

this information, Engler (2002) presents the stochastic GIA (SGIA) model in 

which the DC obtained from the GIA model are randomly perturbed acr.ording 

to a normal distribution, resulting in more accurate results. Ma et al. (2004) 
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modify the FCM so that the DC are selected from a normal distribution with 

mean equal to D. This model appears to give more accurate texture predic­

tions than the FCM with little increase in computationa.l cost. One weakness 

of these stochastic methods is that they arc based on limited CPFEM results 

that may not illustrate general polycrystal behavior. Another criticism is that 

they are somewhat empirical and not based on micromechanical principles 

(Van Houtte et al., 2005). Tonks et al. (2008) validate the model from Ma 

et al. (2004) using a kinematically determined planar poiycrystal, but further 

validation is needed for three-dimensional (3-D) polycrystals. 

The purpose of this work is to examine the validity of nsing 3-D stochastic 

variations to obtain l' from L and to compare the performance of such meth­

ods to deterministic methods. We begin in Section 2 by extending the CPFEM 

investigation conducted by Sarma and Dawson (J 9(6). We find that the LC 

distribution in an idealized tantalum poiycrystal is approximately normal with 

mean i-'L' = L. We also find that the CPFEM simulations predict that the 

tr(DC
) '" tr(D). In S~'Ction 3, we draw on these findings to formulate two 

stochastic methods, tbe STM, which is based on the method form Ma et al. 

(2004), and the stochastic no-constraints model (SNCM). In these methods 

the L" = D" + ~tr(D) 1+ W in evcry crystal, where W = ~(L - LT) is the 

skew-symmetric component of L and D" DC ttr(DC) I is the deviatoric 

component of DC. The latter are sampled from teusor normal distributions in a 

Monte Carlo fashion. In both methods the crystal tensor normal distributions 

are defined by second-order mean tensors and fourth-6rder covariance tensors 

which describe the statistical first- and second-moments. The methods define 

the covariance tensors similarly, but iu the STM the mcan tensors are equal to 

D' while in the SNCM the mean tensors arc determined by scaling Values of 

DO' calculated using the NCM. Effectively, the SNCM is complementary to the 
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SGIA model (Engler, 2002). Finally, in Section 4 we perform calibration and 

validation of the STM and SNCM using data from compression experiments 

of tantalum specimens. 

2 CPFEM Analyses 

Sarma and Dawson (1996) modeled the plain-strain compression of an ide­

alized copper polycrystal and observed the behavior of DC. The polycrystal 

contained 1000 cubic crystals of equal size, which they represented as single 

elements in a 10 x 10 x 10 !,rrid. Both a random initial texture and a simulated 

compression initial texture were p-Illployed in the simulations. They found that 

the components of the strain rate DC followed a normal distribution with the 

mean equal to the applied strain rate. They also observed that the crystal 

orientation influenced the DC components c'Orresponding to the D nonzero 

macroscopic components. For example, if D12 el (De,,) "I 0, then the 

crystal orientation influenced Dh = e, (D'ez). 

We seek to find if the observations of Sarma and Dawson (1996) are more 

universal. To accomplish this, we use the CPFEM to model the deformation 

of an idealized tantalum polycrystal with 1000 cubic crystals of equal size in a 

10 x 10 x 10 grid. The polycrystal is deformed for 0.001 s with three different 

applied velocity gradients, 
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Fig. 1. Pole figures of the tantalulll plate initial texture calculated from electron 
backscatter diffraction data. 
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and two diffl'.rent initial textures, a random texture and a teo"ture measured 

usiug electron backscatter diffraction from the tantalum plate sample exam­

ined in Bronkhorst ct al. (2001) (see Fig. 1 for pole figures of the texture). For 

each loading and initial texture, we observe the behavior of the L', separated 

into the symmetric DC and skew-symmetric WC components. The analysis is 

conducted using the CPFEM formulation and implemented via an ABAQUS 

UMAT as presented in Bronkhorst et al. (2007). In the analysis, we surround 

the polycrystal with a border of three elements with randomly as.,igned initial 

crystal orientations to reduce boundary effects. The nodal displacements on 

the outer surface of the border elements are prescribed such that the applied 

velocity gradient is maintained throughout the deformation. 
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In Section 2.1, we summarize the CPFEM formulation and tantalum material 

parameters from Bronkhorst et al. (2007). In Section 2.2, we first conduct 

a convergence study on a reduced polycrystal containing eight crystals to 

determine the required mesh resolution. We then analyze the full polycrystal 

to quantify statistics on D' and W'. 

2.1 CPFEM Formulation 

The historical basis for the CPFEM formulation (Bronkhorst et al., 2007) is 

found in Rice (1971), Hill and Rice (1972), Kocks et al. (1975), Asaro and Rice 

(1977), and Asaro (1983b,a), in which thermally activated slip is assumed to 

be the dominant mechanism for plastic deformation. 

A material point in a crystal c identified by position vector x' in the reference 

configuration is mapped to the location in the deformed configuration at time 

t identified by the position vector X; through the motion f', i.e. xi = f'(x';t). 

We define the deformation gradient as the spatial derivative, i.e. F' = Vf' E 

Lin + where Lin + is the set of tensors with positive determinant so that the 

mapping f' at a given time t is everywhere invertible. 

The material point velocity can be defined with respect to the reference con­

figuration, giving the material velocity, or with respect to the deformed con­

figuration, giving the spatial velocity, i.e. 

fO(xO;t) 

. -f'(x';t) = v'( xi ;t). (2) 

Differentiating this equality with respect to the reference position x' and re­

arranging gives the expression for the spatial crystal velocity gradient 
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LClxr=fC(xC;t) = VVclx~=fC(X";t) = FC F e
-

1 (3) 

The crystal deformation gradient is assumed to be the result of a plastic 

isochoric deformation F~ followed by an elastic deformation F~, i.e. 

F' = F~F~ = R'U'F~ with detF~ = 1 and R' E Rot (4) 

where Rot is the set of all rotations. The plastic deformation F~ is due to 

shearing along slip planes whereas the elastic deformation F~ is due to elastic 

stretching of the crystal lattice U' and a rigid lattice rotation R' which defines 

the crystal orientation. 

We assume the crystal stress results from small elastic strains and thermal 

expansion due to small temperature changes about the initial temperature (Jo. 

As such, the second Piola-Kirchhoff stress with respect to the intermediate 

configuration is calculated from the linear relation 

T'* = C((J') [E~ - A((J' - (Jo)] , (5) 

where ()' is the current crystal temperature, C((}') = Co + M((}') is the tem­

perature dependent fourth-order crystal elasticity tensor with Co the elasticity 

tensor and M = :~ at (J' = 0 K, A = a I is the second-order isotropic crystal 

thermal expansion tensor with a the thermal expansion coefficient, and E~ is 

the Green elastic strain tensor defined as 

E~ '" ~ (F~F~-I). (6) 

The second Piola-Kirchhoff stress T'* is defined in terms of the Cauchy stress 
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Teas 

T<* == (det.F~)F~-lT'F~-T (7) 

We assume cubic crystal symmetry, such that Co and M are each described 

by three paramet.ers. 

The crystal plastic velocity gradient, defined similarly to Eq. (3), results from 

the deformation of the crystallatt.icc along the slip planes as defined by 

L~ = S~ (8) 

where, for each slip syst.em s, is is the system shear rate and S~ bg ® n~ is 

the Schmidt tensor with b& and ng unit vectors in the reference configuration 

along the slip direction and normal to the slip plane, respectively. We employ 

two slip modes, the {nO} slip plane with a (111) slip direction and the {1l2} 

plane with t.he (Ill) dirL'Ction, giving a total of M 24 slip systems in the 

BCC tantalum. 

The slip system shear rate is is defined using a temperature dependent flow 

rule (Bussa and McClintock, 1996) 

.,. [Fo ( (IT'I- TO;7,;)")"]' s "/ ,,/oexp - kOc 1- 1);7,; slgn(T), (9) 

where T' is the slip system resolved shear stress 

1'5 (RCmo ReT) . Tel (10) 
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"ith mfi the symmetric component of the Schmidt tensor S~ and the inner 

product between two tensors A and B defined as A . B = tr(A BT). Note 

that the prime denotes the deviatoric component, i.e. Tel = Te - ~tr(Te)I 

is the deviatoric Cauchy stress. As seen above, slip resistance results from 

the dislocation denSity, represented by the slip system flow stress T8, and the 

constant intrinsic lattice resistance '11. Both of these quantities are defined at 

o K and the temperature sensitivity is represented to first order through the 

current crystal temperature (r and the shear modulus ratio 

£""1+ 
1'0 

(11) 

where C12120 = (e, ®e2) . Cole, ® e2j and M1212 (e®e2)' M[e, ®e2j. The 

model constants are the pre-exponential constant io, the total free energy 

required to overcome the lattice resistance Fo, the Boltzmann constant k, and 

the exponential constants q and p, The brackets (x) indicate the Heavy side 

step function, Le. (x) x for x > 0 and (x) = 0 for x::; O. 

This model accounts for the change in the dislocation density by evolving the 

flow stress 1"(; according to 

f~ = L:h$(j 
~ 

where the total hardening rate h,o takes the form 

h,~= Ir (1 r),),~jhiJ' 

(12) 

(13) 

which accounts for forest and self-hardening, with 'r the latent hardening pa­

rameter and li,!! the Kronecker delta. The self-hardening ratc h!!, resulting from 
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dislocation generation and annihilation, is defined by A~ha.rya and Beaudoin 

(2000) as 

h~ ho (14) 

where ho is a constant, 'Too is the initial flow stress, and the saturation stress 

parameter s~ is a fUllction of temperature and shear rate proposed by Kocks 

(1976), Le. 

,I; = 8,';'0 (15) 

with constants s 80' 1'0, and A. 

The crystal temperature /I' is initially equal to 110 and is assumed to evolve 

through adiabatic heating according to 

0' (16) 

where Tf [0,1 J is the conversion efficiency factor, p is the density, and Cp is 

the specific heat. 

For tantalum, we use the parameter values denoted in Table 1 (Bronkhorst 

et aI., 2007). 
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Table 1 

ClIllo 268.5 GPa Ml111 -0.0245 GPa/K 

C1 !22o 159.9 GPa Mnz2 -0.0118 GPa/K 

Cl212n 87.1 GPa Ml2l2 -0.0149 GPa/K 

1'0 107 sec-I Fo 2.1 x 10-19 

Tl 0.55 GPa TOo 0.05 GPa 

p 0.34 q 1.66 

r 1.4 ho 0.3 GPa 

A 10-18 J s'" 0.125 GPa 

p 16640 kg/m3 Cp 150 J/kg-K 

fl 0.95 eo 298 K 

IX 6.5 J.im/m-K 

2.2 CPFEM Analysis Res'U.lts 

Tn this section we present the resuits of the CPFEM analysis. First, we perform 

a convergence study to determine the number of elements needed to sufficiently 

resolve each crystal and then summarize the statistical behavior of DC and W' 

predicted by the CPFEM. 

To determine the changes in the behavior pR'<.Iicted by the CPFEM due to 

increasing element resolution, we analyze the deformation of a tantalum poly­

crystal containing 8 crystals. The crystals are arranged in a 2 x 2 x 2 grid with 

orientations selected from a random initial texture. We deform the reduced 

polycrystal for 5.0 x 10-4 s with the applied loading LI (ef. Eq. (1)) using 

the CPFEM formulation summarized in section 2.1. Each crystal is resolved 

evenly by increasing numbers of elements to 1, 8, ... ,512, and changes in the 

behavior of LO and the crystal rotation R" are observed. These changes are 
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(b) R C convergence 

Fig. 2. Changes in the L' and R C due to increaBing clement resolution in the CPFEM 
simulations quantified using Eqs. (17) and (18), respectively. The values are calcu­
lated between the element resolution shown in the figure and one resolution finer, 

quantified with the error functions 

errv-" ave (17) 

errR'" = ave (18) 

where the subscripts C and F denote the coarser and finer element resolutions, 

respectively, IILHt)11 = is the nOrm of L~ at time t, and w 

is the angular distance 

w(RF(t),Rc(t)) = cos-! -1) , (19) 

which qUantifies the difference between the rotations RHt) and R&(t) in ra-

dians (L licke et aI., 1986). 

Our results show that a further increase in element resolution beyond 73 = 343 

elements per crystal results in only small changes in the predicted L< and RC 

(see Fig. 2). However, the computational cost of simulating the deformation 

of the full tantalum polycrystal (1000 crystals) with 343 elements per crys.­

tal would be prohibitive, Therefore, we model the polycrystal with 43 64 

elements per crystal as a compromise between accuracy and computational ex­

pense, i.e. the idealized tantalum polycrystal is represented with a 40 x 40 x 40 
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grid of cubic elements, 

The statistical behavior of DC and we are observed throughout the deforma­

tion of the tantalum polycrystals described previously. Specifically, we observe 

the shape of the component distributions, the eigenvalues of the DC and we 
COVariance tensors, and the influence of the crystal rotation R C on DC and we. 
We estimate the probability density functions (PDFs) of De and we (fDe and 

tw" respectively) using a histogram obtained from the CPFEM results, From 

the results, it appears that tD' and tw' follow normal distributions with 

means equal to the corresponding applied macroscopic values for all three of 

the applied velocity gradients (cf. Eq. (1)) and both initial textures (see Fig. 3 

for results using the La loading and the experimentally obtained plate initial 

texture). Therefore, L< DC we also follows a normal distribution, Our 

results are consistent with the findings of Sarma and Dawson (1996) for the 

uniaxial compression of copper and Our results from Tonks ct al. (2008) for 

planar polycrystals. We therefore postulate that tD' and tw' follow normal 

distributions for all applied velocity gradients, initial textures, and materials. 

These findings ralse the question: why do tD' and tw' tp,nd to follow normal 

distributions? In CPFEM simulations, the DC and W C experienced by a spe­

cific element depend on the crystal orientation, material parameters, applied 

boundaxy conditions, and interactions between neighboring elements/crystals. 

However, we have found that the shapes of tD' and tw, arc insensitive to 

the initial texture, material (referencing the re.sults from Sarma and Dawson 

(1996) and Tonks et al. (2008)), and macIoscopic deformation (though the 

mean and standard deviation of the distributions are not). Therefore, we sur­

mLqe that the distribution shapes are due primarily to the crystal interactions. 

The DC and we tensor normal distributions are defined by their second-order 
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apl)ro:KiIrLations (bars) of the terminal foe and fwe from the 
crystal for the L3 loading, cf. Eq. (1), and the 
texture. An ideal normal distribution is shown 

and !W, approximately follow normal di.;;trlbutiolll!. 

mean tensors and their fourth-order covariance tensors (Basser and Pajcvic, 

2007). Our CPFEM results have established that the mean tensors f.1.0' D 

and f.1.w' W. Now we Use the CPFEM results to investigate the covariance 

tensors ED, and E w'. We calculate ED, and E w ' from the CPFEM data 

as explained in Appendix A and determine the six eigenvalues <7; of ED, 

and the three eigenvalues "I; of E w ' (Fig. 4 shows the eigenvalues of ED, 

and Ew< calculated from the CPFEM results). The results show that the 

eigenvalues are lmequal and change with time. In addition, they depend on the 

macroscopic deformation L and to a lesser extent on the initial textnre. Since 
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t.he eigenvalues are unequal, ED, is not. isotropic and hence depends on t.he 

referellce frame. The CPFEM results also show that. t.he EOC eigenvalue <7? is 

nearly equal t.o 7,cro, indicating that ED, is rank deficient, wit.h corresponding 

eigenten.or <PI "" The covariance tensor is rank deficient because the DC 

in each crysta.l have approomately the same spherical component tr(DC) "" 
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tr(D), e.g. for the L2 loading and the plate initial texture the aggregate mean 

JL',(D') .- tr(D2 ) -4.1 x 1O-3 11D2 11 and the aggregate standard deviation 

<7',(D<) 1.8 x 10-3 

To learn if this result occurs with a non-deviatoric applied loading, we conduct 

an additional CPFEM simulation of the tantalum polycrystal with the random 

initial texture. The polycrystaJ is deformed for 5.0 x 10-4 s with the applied 

velocity gradient 

475 0 o 

L4 I a 475 0 s 
(20) 

o a -1000 

Note that the spherical component of L must be small so as to not violate the 

small elastic strain assumption. The CPFEM results from the non-deviatoric 

L4 loading are consistent with the results from the other loadings. In particu­

lar, the predicted :ED < eigenvalue.,.i is nearly equal to zero and tr(DC) "" tr(D) 

in each crystal, I.e. the aggregate mean JLlt(Dc) - tr(D4) = -4.7 x 10-' liD. II 
and the aggregate standard deviation <7"(D<) = 2.9 x 1O-3 I1D411. 

We postulate that tr(D') "" tr(D) in each crystal due to the effect of the 

interactions between crystals. Since the elastic strain is small compared to 

the plastic strain, the crystals interact primarily due to plastic strain. The 

plastic strain is isochoric and hence the crystal interactions preserve volume. 

Therefore each crystal experiences the volumetric deformation imposed by the 

applied strain rate D. 
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Sarma and Dawson (1996) found that the crystal rotations R C primarily influ­

en~"Cd the components of DC wrresponding to the nonzero macroscopic com­

ponents of D. We further investigate the influence of RC on both fDe and 

fw< by calculating the number of standard deviations away from the mean, 

Z.T (x- JLx)/<7x, that the components ofD" and WC fall for the 1000 crystals 

in the tantalum polycrystal. We visualize the.se results with figures similar 

to inverse pole figures, e;xcept that the shading represents values of Zx for a 

given rotation rather than the pole concentration (see Fig. 5 for the figures 

calculated at t 4JLs for ZDj" ZDf" and zWf, using the three loadings with 

a random initial texture). Our results indicate no significant influence of RC 

on W' nor on the components of DC for which the corresponding macroscopic 

components ofD are zero. However, the results do indicate significant influence 

of R' on the components of DC corresponding to the nonzero D components 

which is consistent with the findings of Sarma and Dawson (1996). 

3 Stochastic Polycr-ystal Plasticity Methods 

The CPFEM analyses sbow that DC and we tend to follow normal distri­

butions with !J.D< = D and !J.w< = W due to the crystal interactions. They 

also show that the DC in each crystal have approximately the same spherical 

c,omponent tr(DC) "" tr(D). Engler (2002) and Ma et a!. (2004) show that 

varying the DC acc,ording to a normal distribution in a mean-field polycrystal 

plasticity model provides an improved description of the polycrystal behavior. 

We presume that this improvement is be<'.ause varying the IY according to a 

normal distribution statistically mimics the effects of the crystal interactions. 

In this section, we build on the work of Engler (2002) and Mil. et at (2004) 

to develop two methods that approximate the L' with stochastic variation, 
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(a) zq, for L, (b) ZDj, for Lz 

(d) ZDj, for LJ (e) zDj, for Lz 

(g) zWI', for Ll (h) zWf, for Lz 

ZID~'6 
0.2 
-0.2 

~l -0.6 
-1 

(e) ZD" for L3 

(f) ZDj, for L3 

(il ZW[, for L3 

5. Inverse pole figures in which the shading represents values of Zx 

a given rotation rather than the pole concentration. The figures arc 
from the CPFEM results at t 4!J15 for ZD;, , and zWi, using the three loadings 
and the random initial texture. Sec Eq. (1) for definitions of the LJ , L z, and L3 
loadings. 

the stochastic Taylor model (STM) and the stocha.~tic no-constraints model 

(SNCM). 

For both stochastic methods we treat the deviatoric component of the crystal 

strain rate DC in each crystal as a normally distribut.ed random tensor D'" 

while the spherical component is equal to the spherical component of D as 

indicated by the CPFEM results, i.e. 

De Dd + ~tr(D) I. (21) 
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However, we assume we = W, though the CPFEM results show that we 
also follows a normal distribution. This assumption ensures that the PDF 

of the nmdom tensor is objective and hence matcrial frame invariant (see 

Appendix B for an objectivity analysis of LC, DC, and we), and it simplifies 

the stochastic models. Therefore Le is determined from a realization [l'" of the 

random tensor Del, Le. L' = [lei + ~tr(D) 1+ W. The normally distributed 

PDFs foe' for the N crystaLq in the material point aggregate are defined by 

their second-order mean tensors ~OO' and their fourth-order covariance tensors 

:Eod whieh quantify the statistical first- and second-moments. The STM and 

the SN eM differ in their determination of the ~D~ while their treatment of 

:Eo~ is identical. We emphasize that ~DO' and :ED~ are the mean and covariance 

tensors of the random tensor DO' for the specific crystal c while ~D< and :ED_ 

arc the mean and covariance tensors of De over the entire material point 

aggregate. 

The realization [lei for each crystal is generated in a Monte Carlo fashion 

according to the distribution fOd. Then, the single crystal !nodel is applied to 

obtain the crystal Cauchy stress TC and evolve the crystal st.ate variables. Once 

TC is calculated for every crystal in the aggregate, the macroscopic polycrystal 

stress is calculated using a weighted average, Le. 

T= (22) 

where We is the crystal c volume fraction. 

In Section 3.1 we summarize the single crystal modclused in both stochastic 

methods. We then describe the distribution of DO in Section 3.2. Finally, we 

discuss the details of the STM and SNCM in Sections 3.3 and 3.4. resDcctivelv. 



3.1 Single Crystal Model 

Given the current values of state variables (crystal lattice rotation, slip system 

flow stress, and crystal temperature) and the crystal velocity gradient U, the 

single crystal model determines the crystal Cauchy stress TC and evolves the 

crystal state variables. Note that this model is distinct from that summarized 

in section 2.1 for the CPFEM and used in Bronkhorst et al. (2007), although 

it is similar. 

We derive the single crystal model starting with the kinematics. As in Eq. (4), 

the crystal deformation gradient is assumed to be the result of a plastic de­

formation F~ followed by an elastic deformation F;. Substituting Eq. (4) into 

Eq. (3), we obtain an expression for the crystal velocity gradient, i.e. 

LC= (RcucF~ +WUCF~ + RcucF\) (F~-l (UT1WT) 

= RCRcT + RC(JC(UC)-lRcT +RcucL~uc-1RcT (23) 

We assume the elastic strain is small such that U; = 1+ EC, with IIEcl1 « l. 

After neglecting terms of G(EC2), 

U = RCReT + RCicReT _ RCicEcReT + RCL~ReT + 

RCEcL~ReT _ RCL~EcRa (24) 

The symmetric DC and skew-symmetric WC components of LC are expressed 

from Eq. (24) as 
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DC = Rc"cRcT + RCD~RcT + RCEcW~ReT _ RCW~EcRcT 

WC=RcReT +RcW~ReT +WEcD~RcT _RcD~EcReT_ 

~ R C ("CEC _ EC"C) ReT 
2 

(25) 

(26) 

where D~ and W~ are the symmetric and skew-symmetric components of L~ 

and we neglect terms containing "cEc in Eq. (25), since they are small compared 

to i.e. 

The deformation of the crystal lattice along the slip planes is defined through 

L~ by Eq. (8), with D~ and W~ defined by 

M 

D~=I>ySmo (27) 
5=1 

M 

W~= I:i"Gt; (28) 
8=1 

where q1i is the skew-symmetric component of So and the slip system shear 

rate i" follows from the flow rule in Eq. (9). 

We assume that TC depends on the elastic component of the deformation gra­

dient and on thermal expansion and that the relationship is isotropic. Note 

that this is more elastic symmetry than was assumed in the CPFEM formu­

lation from Section 2.1. By linearizing for small elastic strains and assuming 

no residual stress we obtain 

T C=2/,W) (RcEcRcT - RCAW - eo)ReT ) + 
AW)tr (E C 

- AW - eo)) I 
T C

' = 2/,(eC) RCEc'ReT , 
(29) 
(30) 

where /,(I)C) = /'0 + m~ ec and A(eC
) = AO + m). ec are the temperature depen­

dent Lame parameters. Substituting Eq. (30) into Eq. (10) gives 
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.,S =fs (ee) 

=21-'(~') (R'mo R'T) . (Rcec'ReT) 

= 21-'(~') m~ . ec!. (31) 

As a crystal deforms, the crystal lattice rotates, the dislocation structure 

evolves, and the temperature increases. These changes are accounted for by 

evolving the state variables R', Tt, and ()e, respectively. We obtain an expres­

sion for the evolution of R C by solving Eq. (26) for ftc 

Ii' = WeR' + R' - e'Dc + D'E' + ~(i'l':e -
P P 2 (32) 

An expression for the evolved R' is obtained using the fully implicit time inte­

gration schp.me over the time step Dot of the deviatoric component of F..q. (32) 

as shown in Kok et at. (2001), Le. 

R' exp(W'Dot)R' exp (( _we - E"D' + D'e" + t t-Llf. p t 11 P t 

~(€cle;' - t:i'iCl))Dot), (33) 

where R; = RC(t) and ifi is approximated by a backward Euler method, Le. 

ifi"'" lOr_LIt). The evolution of T~ is accounted for by F..q. (12) and 

the crystal temperature ~', initially equal to lio, evolves according to Eq. (16). 

We use the material constants for tantalum from Table 1 with the addition of 

1-'0 = 70.7 GPa, rnp -0.0106 GPa/K, AD 159.9 GPa, and rnA = -0.0118 

Gpa/K. 

23 

3.2 Distribution of Of' 

In each crystal we describe the behavior of the random tensor D'" with a tensor 

normal distribution. Since Dc.' is a deviatoric symmetric random t.ensor, we can 

map it to the 5-dimensional random vector del by the five random components 

df ~ Vi . Del for i = 1,2, ... ,5, (34) 

where the basis tensors for a deviatoric &yrrlIIletric tensor V, are defined in 

Appendix A. Inversely, the vector de' is mapped to the tensor DCI according 

to 

Del (3,5) 

The first- and second-moments of del arc defined by the mean vector I'-d'" and 

the 5 x 5 covariance matrix ~d"" The first- and second-moments of Del arc 

defined by the second-order mean tensor 1'-0" and the forth-order covariance 

tensor ~D"" The mean tensor 1'-0'" is obtained from I'-d'" aL'Cording to the 

mapping from Eq. (35) and the fourth-order covariance t.ensor ~D'" is defined 

in terms of the covariance matrix ~d" as 

5 5 

~D'" LL(~d")ijVi®Vj. (36) 
1=lj=1 

The relatiollship between a dcviatoric symmetric random tensor and the equiv­

alent 5-dimensional vector is described in Appendix A. 

Since Dct and dd are equivalent, their stat.istical distribntion can be equiva­

lently defined in either the vector or tensor form. As described in Appendix 
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A, the distribution of D'" in each crystal is defined by the mean tensor I'D"', 

the covariance tcrumr Eo~, and the PDF, Le. the probability that D'" will be 

a specific reali,ation [)'J, (Basser and Pajcvic, 2007) 

~[)"'= exp' 1 ( 
10 ( ) 41f2y'21f det ~Od 

where 

5 

det Eo" = II u~ 
i=l 

5 1 
ED}' = I: 2 ;Pi ® ;Pi 

i=l (Jt 

due to the spectral decomposition 

5 

ED" = I: al;Pi ® ;Pi, 
i=l 

1'lY") (37) 

(38) 

(39) 

(40) 

with a} the eigenvalues of EO"' and ;P, the corresponding orthonormal eigen-

tensors. 

We define Del in each crystal by assigning I'D'" and Eo<" The I'D'" are as­

signed in different manners in the STM and the SNCM, as described in the 

following sections. However we assign the EO", equally in the two methods. 

In both methods we define the distributions lo~ in every crystal by the same 

covariance tensor ED". As described in Appendix A, Ed" and hence ElY" is 

comprised of 15 independent components due to its symmetry. However as­

signing 15 cOlTlponents is a daunting task. To investigate if we can reduce 

the nUlTlber of independent components, we observe the behavior of the DC 

covariance eigenva.lues predicted by the CPFEM silTlulations. Specifica.lly, we 
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(a) LJ with the random initial texture (b) Ll with the plate initial texture 

~ 

:f 
~ 

L2 with the random initial texture (d) Lz with the plate initial texture 

~ 

(c) L3 with the random initial texture (f) L3 with the plate initial texture 

Fig. 6. The time average of the differcncp~, A;j lIT! IT] I between the non-"ero 
eigenvalues of DC from the CPFEM results, where the values have been normali"ed 
such that the largest is equal to one. Note that at least one difference is ncar zero 
in "ach case. See Eq. (1) for the definitions of the Lt, L z, and L3 loadings. 

calculate the differences between the five non-Zero eigenvalues of ED' acmrd-

ing to t>.'j(t) = iul(t) - c.g. t>.23(t) iu~(t) - In Fig. 6, we 

show the time averab'e of the eigenvalues differences, where the average dif­

ferences have been nOlmalized such that the largest is equal to one. For each 

loading and initial texture there is at least one difference that is significantly 

smaller than the others, indicating that the corresponding eigenvalues are 

nearly equal. By assuming one repeated eigenvalue, we reduce the number of 

non-zero, distinct eigenvalues to four. Though a repeated eigenvalue does not 

ensure dependenr.e between components, it does suggest that fewer than 15 

components fully define the covariance. 

In order to make the assignment of Eo~ feasible, we assume Eo~ is isotropic. 
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The isotropic covariance tensor of a deviatoric symmetric tensor is defined by 

a single parameter, i.e. 

:Ed"' = O'~ Is (41) 

where Io is the 5 x 5 identity matrix. By substituting Eq. (41) into Eq. (36) 

we obtain 

:Eoct ~S I (42) 

where S is the fourth-ordcr symmetrizer such that SA H A There-

fore :ED", is completely defined by assigning the single parameter With :Ed'" 

defined as in Eq. (41), the eigenvalues of :ED" 0'7 O'~ and the eigentensors 

<Pi = V, due to Eqs. (36) and (40). Wefurthcr simplify the assignment of :ED" 

by assuming a constant relationship between a; and the norm of the applied 

strain rate IIDII. 

In our stochastic models, we also use the deviatoric standard normal random 

symmetric tensor N' which we describe with the 5-dimensional random vector 

n' according to Eq. (34). The random vector n' has the mean vector #Ln' = 0, 

the covariance matrix :En' 15, and the PDF 

fn'(lJl d
) exp (43) 

A realization IJlc' of the random vector n' is transformed into the realization 

4Jd of the random vector d" through the expression 

qjd + iLd'" (44) 
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For the isotropic :En" defined in Eq. (41) O'nI. Of course, 4J<' defines 

the random tensor realization ID" through Eq. (35). 

3.3 Stochastic Taylor Model (STM) 

In the STM, each distribution fD"' is defined by the same mean tensor #Lo" 

D' and covariance tensor :ED'" Since #Loo = D' and :ED'" are known without 

additional computation, the STM generates the realization I)" for each crystal 

with very little expense. However, we note that IDd and hence DC is indepen­

dent of the <:rystal rotation RC, in contrast to the D' behavior predicted by 

the CPFEM (cf. Fig 5). 

We obtain a realization [)" for each crystal from a realization qjC} with the 

mapping from Eq. (35). However, qj" is not generated randomly at each time 

instant t without regard to its hLqtory. Rather, it is calculated from a realiza­

tion IJlc' of the standard normal random vector n' that is generated at time 

t=O, I.e. 

qjd(t) = O'n IJlcJ + d'(t) (45) 

cf. Eqs. (43) and (44), where the vector d'(t) is obtained from D'(t) with the 

mapping from Eq. (34). As seen in Eq. (45), the random perturbation ,," L" 

constant, though d" (t) will change with time as d' (t) varies. 

After obtaining the realization [)d(t), the crystal velocity gradient is deter-

mined according to Le(t) = [)&(t) + Then the single crys-

tal model is used to calculate the Cauchy stress Te( t) and evolve the state 

variables. To evaluate the deviatoric component of the small clastic strain 'f, 
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Eqs. (25), (27), (28), and the identity (AB BA)' = A'B' - B' A' are used 

to obtain the discrctized residual equation 

+ "r:'~t) + 
M 

L7' +€fl~_ 0. (46) 
s=l 

We solve the above for €f' via a Newton-Raphson iteration, where the Jacobian 

is calculated analytically. After solving for ",', "f is calculated from 

e,=€f' + ~tr(€DI 
",,,C' + ~ 

t 3 + 

I 

(47) 

where we USe the relationship tr(",') tr(D t ) which follows from Eqs. (21) 

and (25). With €;, the crystal Cauchy stress is calculated from Eq. (29) and 

the state variables are evolved with Eqs. (12), (16), and (33). Once the TC(t) 

arc calculated for each of the N crystals in the material point aggregate, the 

macroscopic aggregate Cauchy stress T(t) is calculated from Eq. (22). 

As discussed in the previous section, the cOvariance tensor EO& is defined by 

the constant parameter a; (cf Eq. (42)). To determine the effect of O'~ on 

the polycrystal behavior predicted by the STM we conduct STM simulations 

of the tantalum poly crystal from Section 2. We increase the value of O'~ and 

observe the resultant changes in the evolVing texture. The same N random 

standard normal vectors n'" are used in each simulation (cL Eq. (45)) sucJ) 

that any observed differences in the predicted textures are due to increases in 

O'~ and not to random variation in the !D"'. From the results (Fig. 7 shows the 

change of the texture evolution with O'~ for the LJ loading and a random initial 
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t ==9.02c-004 ~ ,1 

(a) a; = 0.0 (FCM) 

(b) 0';' (.0851ID,II)2 

001 

(e) a; = (.17I1D ,liJ2 

(d) O'~ = (.255I1D111)2 

Fig. 7. Compression-axis inverse pole figures of the texture predicted 
by the STM at various times t with increasing for the L j loading 
and the random initial texture, suggesting that increases in O"~ slow the rate of 
texture (JVoJution. The same random standard normal vectors net are used in each 
simulation. 

texture) l we conclude that increases in ,,~ slow the rate of texture evolution 

but do not change the relative nature of the evolving texture. This result is 

similar to the observations from Tonks et aL (2008) for a planar poly crystaL 

Since fo"' follows a normal distribution presumably due to the crystal in­

teractions, we assume that the magnitude of those interactions affects the 

parameter Indeed, the crystals interact due to their misorientation with 

neighboring crystals and the anisotropic nature of their elastic and plastic 
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material response. Therefore, aggregates in which the averag~ misorientation 

between crystals is small will have few interactions and hence a;; will be small. 

Similarly, polycrystals in which the single crystal material response is near 

isotropic will also have few crystal interactions and a small a~ value. 

The value of a~ for a specific material and loading are determined by fitting 

the texture predicted by the STM to that predicted by a CPFEM simulation 

or measured from experiment. The textures can be represented by either the 

ODF or pole fib'llrcs. In Section 4 we determine a~ by fitMng inverse pole 

figures of the predicted textures to those measured from tantalum compression 

experiments. 

!L! Stocha$lic No-Constraints Model (SNCM) 

In the SNCM, every crystal strain rate distribution fo~ is described by the 

same covariance tensor Eo" defined by the constant parameter (cf. Eq. (42)), 

However, each fo'" is defined by a distinct mean tensor J.loe,. We determine 

the J.lo'" by scaling crystal strain rates calculated using the N CM, such that 

the J.lo<' are influenced by the corresponding crystal rotations Re. To this end, 

we first summarize the NCM following Chastel and Dawson (1994) and then 

we describe the SNCM. 

The NCM ensures stress equilibrium in the crystals by assuming a homoge­

neous stress in the aggregate, i.e. TC = T. Hence, the NCM maintains equi­

librium but sacrifices compatibility. Given an appJled velocity gradient L, the 

NCM solves for the deviatoric strain rate in each crystal DC' and the deviatoric 

component of the poly crystal Cauchy stress T'. The total of N + 1 tensors are 

solved at each instant via a Newton-Raphson iteration. The non-linear system 
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of tensor eqnations is defined by the N crystal residual equations (Eq. (46», 

where Eq. (30) is used with Te' = T' to define 

e~'(T') (48) 

such that the residual Eq. (46) is in terms of both the crystal deviatoric strain 

rate DC' and the macroscopic deviatoric stress T' rather than the crystal 

deviatoric elastic strain Ei'. The final equation needed to close the system is 

the polycrystal residual equation 

N 

R.P(DCI
) -D' + LwcD" = 0 (49) 

=1 

which ensures that the weighted average of the DC' equals Df and hence J.lD" 

D'. The .lacobians ~c" ~: 1 and ~'i:~ 0), where c = 1,2, . .. 1 N, are 

calculated analytically, and the system is efficiently solved at each material 

point with a sparse, non-linear solver. 

The deviatoric crystal strain rates D d predicted by the NCM are influenced 

by the corresponding crystal rotations RC but are independent of the D" 

from the other crystals in the aggregate, For this reason, the D" predicted 

by the NCM describe, to a degree, the influence of RC on DC', However, since 

compatibility is not maintained, the Dd predictL'<l by the NCM vary more 

'than those prL'<licted by our CPFEM simulations, 

Unlike the STM, in the SNCM each crystal has a unique value of J.lo" that is 

influenced by the crystal orientation Re. The SNCM J.lOri are defined from the 

NCM via the difference 6D" = Del D', where Dd is determined from 'the 

NCM. Though 6D'" describes the influence, we control the strength of that 
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influence by scaling 6D'J by the parameter 0:" Le. 

I-'oa = D' + 0:,6DeI
• (50) 

where 0 ::; 0:, ::; 1. When 0:, = 0, RC does not influence 1-'0" and the method 

becomes the STM; when 0:, 1, the 1-'00' are equal to the Del calculated by 

the NCM. 

At each time instant t and material point, the deviatoric crystal strain rates 

Do(t), c = 1,2, ... , N, arc calculated using the NCM with a coupled solution 

of the N crystal residual equations (ef. Eq. (46)) and the polycrystal residual 

Eq. (49). The Dd(t) are then used to calculate the 6D"(t) D"(t) - D'(t) 

and I-'o,,(t) via Eq. (50). A realization !DeI(t) is subsequently determined from 

a realization dd(t) with the mapping from Eq. (35), where 

~(t) = O"n"" + I-'d",(t) (51) 

cf. Eqs. (43) and (44). In the above, I-'d,,(t) is calculated from I-'o,,(t) with the 

mapping from Eq. (34) and "eI is generated at time t = O. Finally, we calculate 

TC(t) from U(t) IDeI(t) + itr(D(t))I WIt) and evolve the crystal estate 

variables in the same manner as in the STM. Once the TC(t) are determined 

for the N crystals in the aggregate, T(t) is calculated with Eq. (22). 

Summarizing, in the SNCM the distribution /0" for each crystal is defined 

by Eq. (37) with Ito"' calculated according to Eq. (50) and ED" defined by 

0"; according to Eq. (42), While the distribution mean I'D"' varies from D' in 

each crystal, the weighted avera/?,-e satisfies = D'. Therefore the 

realizations ny' generated by the SNCM for every crystal in the aggregate tend 

to satisfY wClDeI = D', since the realizations are sampled from symmetric 
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The !D'" generated using the SNCM are influenced by O"~ through Eo" and 0:, 

through the ItO"" In the previous section we concluded that increases in 0";' 

slow the rate of texture evolution but do not change the relative nature of the 

evolving texture. In order to understand the effect of 0:, on the predicted tex­

tures, we systematically alter its value while holding O"~ c.onstant and observe 

the resultant changes in the final texture. Again, we use the same random 

standard normal vectors Il'1Cf in each simulation (cf. Eq. (51)). From the anal­

ysis (see Fig. 8 for examples of the final texture predicted by the SNCM for 

various combinations of loading and initial texture with increasing values of 

0:,), it appears that increas~'S in 0:, change the nature of the evolving texture, 

e.g. for the Ll loading (ri. Fig. 8(a)), the strength of the (001) region in the 

inverse pole figure increases with increasing 0:, while the strength of the (ill) 

region decreases. 

The values of a; and 0:, are detennined by fitting textures predicted by the 

SNCM to those predicted by the CPFEM or measured from experiment. In 

section 4 we determine values of O"~ and 0:, hy fitting inverse pole figures of the 

predicted textures to those measured from tantalum compression experiments. 

Since the realizations [J" generated with the SNCM are influenced by the 

corresponding rotations RC, they are more consistent with the findings of our 

CPFEM analysis then the [J'" generated using the STM, However the cost of 

first calculating values of DCf with the NCM makes the overall computational 

cost of the SNCM three times more expensive than the STM. 
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(a) Com pression-axis inverse pole figures of the final texture from 
the Ll loading and the random initial texture, O'~ = (0.181ID111]2· 

of the final texture from the 
random initial texture! O'~ = 

figures of the final texture from 
and the plate initial texture, <l'~ = 

(0.17I1D 311J 2. 

Fig. 8. Final textures as predicted by the SNCM for increasing values of as with 
various combinations of applied velocity gradient and initial texture, suggesting that 
increases in as change the evolving texture. The same random standard normal 
vectors mel are used in earh simulation. 

4 Model Calibration and Validation 

In this section we calibrate the STM and SNCM by det.ermining values of tr.~ 

and ll. by fitting predicted textures to those measured from tant.alum com­

pression experiments. We then validate the models by predicting the textures 

from different tantalum compression specimens and comparing to the mea-

sured textures. 
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Fig. 9. A {100} pole figure and a emnprcssion-axis 
tantalum bar initial texture, e.alculated from a set of 1000 
extracted from x-ray diffraction data. 

We employ the upset-forging, i.e. uniaxial compression, experiments from 

Bingert et aL (1997). In the experimental investigation, cylindrical samples 

with a diameter of 2.5 L'IIl were compressed at Quasi-static strain rates to true 

axial strains ranging from t -0.5 to -2.0. Samples were taken from two 

tant.alum sources. Three samples were taken from a powder metallurgy (P 1M) 

blank which exhibits a random initial texture. Two samples were taken from 

as-rolled bar stock with a preferred texture,l where the longitudinal axis co­

incides with the sample axial direction (see Fig. 9 for a {IOO} pole figure and 

a compression-axis inverse pole figure of the measured a.<i-rolled bar texture). 

The three P 1M samples were compressed to f -0.5, -1.0, and -2.0, respec­

tively, and the two as-rolled bar samples were compressed to t = -1.0 and 

-2.0. The five samples were loaded on an MTS load frame at room tempera­

ture between metal plates lubricated with MoS2 grease. The deformed samples 

were sectioned at various positions, followed by a tantalum-specific metallo­

graphic preparation (Kelly et aI., 1996). The section textures were measured 

with x-ray dilfraction and pole figures were calculated. In spite of periodic 

relubrication, surface friction affected the stress state near the surface and 

center axis of the samples (see Fig. 10). Therefore, we compare the predicted 

1 Note that the as-rolled bar texture is not the same as the plate texture (Fig. 1) 
used in the previous sections. 
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Fig. 10. Schematic of the tantalum upset-forgings. The simulations are compared 
to the texture mcru;lIred in the region laheled Al on the figure. 

textures to textures measured from the region in the mid-plane of tbe sample 

near tbe outer radius (labeled as Al in Fig. 10), where the friction effect is 

minimi7.ed. 

The 1000 initial orientations used for the simulations were discretized from the 

measured initial tcxtures using the method outlined by Koch et a1. (1990). 

To simplify the analysis, we assume a uniform quasi-static uniaxial compres­

sion loading, such that one material point aggregate with N 1000 crystals 

describes the behavior throughout the region of interest. 

We hegin in section 4.1 by determining the value of ~ for the STM and 

the values of CT~ and as for the SNCM by fitting inverse pole figures of the 

predicted P 1M forging textures to inverse pole ligures of the measured P 1M 

texture",. We then use those parameter values to estimate the textures of the 

as-rolled bar forgings in Section 4.2. 

In both Sections we also estimate the texture in the forgings using the FCM 

and VPSC to provide benchmarks for the STM and SNCM. The VPSC sim­

ulations are conducted with the grain co-rotation scheme in which randomly 

selected pairs of grains arc forced to co-rotate; it has been shown to improve 

the texture predictions (Li et aI., 2005) .. 
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4-1 Calibration 

During the P 1M forging, the experimental data indicates that a nearly equally 

weighted duplex (001) I (111) texture that is parallel to the compression axis 

quickly forms (Fig. ll(a)). The (001) and (Ill) regions in the inverse pole 

ligure sharpen from 8 multiples of a random distribution (m.r.d.) at e -0.5 

to nearly 16 m.r.d. at , = -2.0. 

We lirst predict the P 1M forging textures using tbe S'IM and determine the 

value for By comparing the strengths of the (001) and (111) regions in 

inverse pole ligures of the measured and predicted textures, we lind that 

the value CT~ (0.16IiDII)2 provides the most "accurate" fit. With CT~ 

(0.161IDII)2, the STM predicts the development of the (111) region similar 

to what was seen in the experiment (Fig. 11(b»). However, it significantly 

under-predicts the development of the (001) region, predicting a strength of 2 

m.r.d, at < = -0.5 and 4 m.r.d. at" -2.0. 

For the SNCM, we determine the values CT~ (0.16I1DII)2 and G" 0.2 by 

fitting the predicted P 1M forging textures to the measured textures. Using the 

litted CT~ = (0.16I1DII)2 and G., 0.2 values, the SNCM accurately predicts 

the development of the (111) region (Fig. l1(c»), as did the STM. In addition, 

the SNCM predicts the strength of the (001) region more accurately than the 

S'IM, Le. the predicted (001) region sharpens from 4 m.r.d. at, -0.5 to 

nearly 8 m.r.d. at € -2.0. 

The VPSC model prodicts that the (Ill) region of the P 1M forging inverse 

pole figure sharpens from nearly 4 m.r.d. at " = -0.5 to nearly 16 m.r.d. at 

-2.0 and that the (001) region sharpens from nearly 4 m.r.d. at " = -0.5 

to nearly 8 m.r.d. at ( = -2.0 (Fig. ll(d)). Therefore the STM predicts 
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-0.5 € = -1.0 €= -2.0 

(a) Experiment 

(b) STM, 0';; = (O.161IDII)2 

lil'l'* Idl o~"'''· ,d 
(e) SNCM, 0';; = (O.161IDII)2 and a, = 0.2 

(d) VPSC with corotation 

(e)FCM 

Compression-axis inverse pole figures of the texture from the P 1M up­
set-forging at three levels of strain from experiment and 
mean-field puJycrystai plasticity methods. The O'~ and u' 
SNCM are determined by comparing the predicted and measured textures. 

39 

the texture development in the P /M forgings loos accurately than the VPSC 

while the SNCM predicts textures similar to those predicted by the VPSC. 

The FCM drastically over-predicts the development of the {Ill} region, with 

the predicted (111) region sharpening from 8 m.Ld. at € -0.5 to over 32 

m.Ld. at f = -2.0, while it under-predicts the development of the tOOl) region 

{Fig. 11(e)). 

4.2 Validation 

We evaluate the accuracy with which the STM and SNCM predict the as-rolled 

bar forging textures by comparing the strengths of the (OOl) and (llI) regions 

of the inverse pole figures. We also compare the symmetry of the textures as 

shown in a {100} pole figure. 

The experimental data indicate that a (OOl)/{lll) duplex texture forms in 

the as-rolled bar forging, as it does in the P /M forging. The (l1I) region of 

the inverse pole figure sharpens from over 4 m.Ld. at € -1.0 to over 8 m.r.d. 

at € = -2.0, while the (DOl) region weakens from nearly 8 m.Ld. at € - LO 

to 5.7 rn.r.d. at € = -2.0 (Fig. l2(a»). Also, the developing texture is not 

axisymmetric, as exhibited by the {100} pole figure. 

All the modeling methods over-predict the strength of the (111) region at ( 

-1.0 in the as-rolled bar forging and under-predict the strength of the (001) 

region. They also all predict arl axisymmetric texture. The STM predicts the 

strength of the (111) region at € -2.0 as over 8 m<r.d., consistent with the 

experiment (Fig. l2(b)). Similar to the P/M forging, the STM under-predicts 

the strength of the (OOl) region, Le. it predicts strength of 2.8 m.r.d. The 

SNCM predicts the strength of the (111) region as over 8 m.Ld. at € ~ -2.0 
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5.7 

• 
U 
1 

I.' 
.1 

lUO 

-LO -2.0 

(a) Experiment 

(b) STM, ,,~ (0.161IDII)" 

101 

(e) SNCM,,,~ (O.16IiDII? and ex, = 0.2 

111 

161 

(d) VPSC with corotation 

(e) FCM 

Fig. 12. CO'llpression-axis inverse pole figures and {IOO} pole figures of the texture 
from the lIS-rulled bar upset-forging at two levels of strain from experiment and 
predicted using various mean-field polycrystal plasticity methods. 
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and the strength of the (001) region as 5.7 m.r.d., thus accurately predicting 

the experimental texture (Fig. 12(c». At € -2.0 the VPSC predicts the 

stren6>th of the (111) region as over 8 m.Ld. and the strength of the (001) 

region as 8 m.Ld. (Fig. 12(d». As with the P/M forgings, the VPSC predicts 

the development of the texture in the as-rolled bar forgings more accurately 

than the STM, but it predicts the development slightly less accutfttely than 

the SNCM. The FCM predicts a much stronger (Ill) region at E ~ -2.0 than 

that indiCAted hy the experiment, though it accurately predicts the strength 

of the (DOl) region (Fig. 12(0». 

Though the STM predicts the texture development in the upset-forgings less 

accurately than hoth the SNCM and the VPSC, it is most noteworthy for its 

computation"l efficiency. The FCM is the most efficient model, re(Juiring N 

solutions of the crystal residual Eq. (46) at each time instant to c"lculate the 

macro-scale aggregate stress T, but it significantly over-predicts the tp.xture 

development in the upset-forgings. The STM is nearly as efficient as the FCM, 

where the increase in cost is attributed to the modest Monte Carlo genera­

tion of the [lei, and it predicts the textures much more accurately than the 

FCM. While the VPSC predk'ts the texture development in the upset-forgings 

1Il0re accurately than the STM, it is also more expensive because it requires 

multiple solutions of N crystftl residual equations to identify the properties of 

the average homogeneous medium (Lebensohn and Tome, 1993). The SNCM 

is three times more expensive than the STM since it requires an NCM solu­

tion, i.e. a solution of N+I coupled nonlinear Eqs. (46) and (49). However, it 

predkts upset-forging textures similar to those predicted hy the VPSC and 

is more efficient when the VPSC requires more than three iterations, which 

is often the case. Due to its accuracy and efficiency, the STM is a valuable 

method for approximating LC, though the SNCM 01' VPSC can be employed 
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when more accuracy is necessary. 

5 Conclusions 

We have developed two stochastic methods for obtaining L" from L and shown 

the accuracy with whicn they model the texture development in tantalum 

upset-forgings. Our CPFEM analysis of an idealized tantalum polycrystal 

showed that D' and W' approximately follow normal distributions with means 

equal to their macroscopic counterparts. It also showed that for each crystal 

tr(D') "" tr(D) and that R C influences the components of D' corresponding 

to the nonzero D components. The STM and SNCM build on these findings 

by treating each deviatoric crystal strain rate D" as a normally distributed 

random tensor D". A realization ID" of each random tensor is generated in a 

Monte Carlo fashion such that U = 10" + ~tr(D)I + W. The distributions 

of D" for every crystal are defined by second-order mean tensors 11.0'" and 

fourth-order covariance tensors I:o~ which describe the statistical first- and 

second-moments. For both methods, I:o<> is defined by the constant parameter 

(T~ (d. Eq. (42)) in every crystaL However, in the STM f.io<' = D' ill every 

crystal while in the SNCM the f.io" are determined from deviatoric crystal 

strain rates calculated using the N eM that have been scaled by the parame­

ter a,. Thc IDe! determined from the STM are independent of the R C
, whereas 

the R C do influcnce tbe lOCI in the SNCM. 

Calibration and validation of the STM and SNCM were performed using data 

from compression experiments of tantalum specimens. The STM was shuwn 

to be more accurate than the FCM though somewhat less accurate than the 

VPSC. The results also showed that the SNCM is more accurate than the 
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STM and approximately equal in accuracy to the VPSC. The STM is ex­

tremely computationally efficient, only slightly more expensive than the FCM, 

while theSNCM is three times more computationally expensive than the STM. 
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Appendix A: Random Tensors 

Herein, we give representations for symmetric, skew-symmetric, and deviatoric 

symmctric random tensors. We also provide the tensor normal distribution of 

a dcviatoric symmetric random tensor. Our description of random symmetric 

tensors is similar to that found in Basser and Pajevic (2007). 

Symmetric Random Tensors 

We consider a random sYlJIlJletric tensor X. The symmetric X is comprised 

of the random e.omponents Xij = ei . Xej with Xij = Xji. We map the tensor 

X to the 6-dimensional random vector x. defined in 'l¥ by the six random 

components 

Xi = Ei . X for i = 1,2, ... ,6, (52) 

where 
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E J el ®e, 
1 

E. = v'2(e2 ® eS + eS ® ez) 

E, e2®e2 
1 

Es= l2(el®e3+es®e)) (53) 

E3 e3 ® e, 
1 

Eo = v'2(e, 0 e2 + e, 0 e,) 

are the orthonormal hasis tensors for a symmetric tensor (Pedersen, 1995). 

Inversely, the vector x is mapped to the symmetric tensor X according to 

X E,. (54) 

The first- and second-statistical moments of the random vector x are defined 

hy the mean vector and the 6 x 6 covariance matrix, Le. 

1 !vi 

Ilx="M L "m 
m=l 

1 M 
E.= M L("'" - Ilx) ® (l<,n Ilx) 

m=l 

(55) 

(56) 

where we sum over the M realizations "m. The first- and second-moments of 

the random tensor X arc defined hy the second-order mean tensor and fourth-

order covariance tensor, which are defined in terms of Il. and :Ex according 

to 

• 
Ilx = L ?Ix, E, (57) 

1=1 
6 6 

EX=LL 0Ej . (58) 
i=lj=l 

By the spectral decomposition theorem we have 
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5 

:Ex = L (1; T, 0 Ti (59) 
i=l 

where (11 are the eigenvalues of Ex and T, are the corresponding orthonormal 

eigentensors. 

Skew-Symmetric Ra.ndom Tensors 

We consider a random skew-symmetric tensor Y. The skew-symmetric Y is 

comprised of the random components Yij = e,· Yej with Y'j - Yji. We map 

the random tensor Y to the 3-dimensional random vector y defined in 1II3 by 

the three random components 

Yi=G,·Yfori 1,2,3, (60) 

where 

G)= 1 o ea e, 0 e,,) 

Gz= ®e3 e,0el) (61) 

G, 0e2-e,®ed 

are the basis tensors for a skew-symmetric tensor. Inversely, the vector y is 

mapped to the skew-symmetric tensor Y according to 

Y G,. (62) 

The first- and second-statistic.al moments of the random vector y are defined 
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by the mean vector and the 3 x 3 covariance matrix, i.e. 

1 M 

/-Ly=M' E Ym 
m=l 

1 M 
~y = M E (Ym - /-Ly) ® (Ym - /-Ly) 

m=l 

(63) 

(64) 

where we sum over the M realizations Ym' The first- and second-moments of 

the random tensor Yare defined by the second-order mean tensor and fourth­

order covariance tensor, which are defined in terms of /-Ly and ~y according 

to 

3 

~=E~~ (65) 
i=1 

3 3 

~=EEE~~®~. (66) 
i=lj=l 

The covariance tensor ~y has three non-zero eigenvalues ,: with correspond-

ing eigentensors n;. 

Dev'iatoric Symmetric Random Tensors 

We consider a random deviatoric symmetric tensor Z'. The tensor Z' is com-

prised of the random components Z:j = e; . Z' ej with Z:j = Zii and tr(Z') = O. 

We map the tensor Z' to the 5-dimensional random vector z' defined in af' by 

the five random components 

z~ = Vi . Z' for i = 1,2, ... ,5, (67) 

where 
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1 
VI = y'2(el ® el - e2 ® e2) 

1 f2 
V 2 = - y'6(el ® el + e2 ® e2) + V;3 e3 ® e3 

1 
V3= y'2(e20e3+e3®e2) (68) 

1 
V 4= y'2(el ®e3 +e3 ®ed 

1 
Vs= y'2(el®e2+e2®ed 

are the basis tensors for a deviatoric symmetric tensor. Inversely, the vector 

z' is mapped to the tensor Z' according to 

s 
Z' = EZ;V;. (69) 

i=l 

From the mapping in Eq. (67) we can express the five components of z' in 

terms of the Z' components, i.e. 

1 1 
Zl = y'2Zll - y'2Z22 

1 1 f2 
Z2 = - y'6Zll - y'6Z22 + V;3Z33 

Z3 = y'2 Z23 = v'2 Z32 (70) 

Z4 = v'2 Zl3 = v'2 Z31 

Zs = v'2 Zl2 = v'2 Z21' 

The first- and second-statistical moments of the random vector z' are defined 

by the mean vector and the 5 x 5 covariance matrix, i.e. 
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1 M 
/1,' = - I: z;" 

Mm=l 
(71) 

1:., -k (z;" - /1z') ® (.;" 110') (72) 

where we sum over the M realizations z~" The first- and second-moments of 

the random tensor Z' are defined by the second-order mean tensor and fourth­

order covariance tensor, which ure defined in terms of 110' and E., according 

to 

5 

/1z' = I: /I." V, 
i=l 

5 5 

1:z'=I:I: ®Vj , 
i=lj=l 

(73) 

(74) 

Inversely, we determine the components of the covariance matrix 1:" from the 

covarianc.e tensor 1:z' with the expression 

Ez'ij = Vi' 1:dVj] , (75) 

The covariance matrix 1:" is comprised of 25 components, However it follows 

from Eq, (72) that 1:" possesst'S major symmetry, i.e, since (z;" /1,' ).(z;" -

/1")j = (..:" /1,' )y(~, /1,,), then (1:z' )ij (1:" )j,.2 The "'YlIlmetries of 1:" 

reduce the number of independent components to 15, 

If we assume that Z' follows a tensor normal distribution, we can define the 

probability density function (PDF) of both ;t and Z', The random vector z' 

follows a multinormal distribution defined by the mean vector 110' and the 

covarianc.e matrix 1:", The PDF of z', i.e, the probability that z' will be a 

2 The two minor symmetries of 1:z' can also be used to obtain t1!is major symmetry 
resnIt, 
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specific realization z', is given by 

f,'(z') = (-~(l 110')' -/1,,)), (76) 

The tensor normal distribution of the random tensor Z' is defined by the mean 

tensor /1z' and the covariance tensor 1:z', with the PDF, i.e, the. probability 

that Z' will equal a specific reali'l.ation l', obtained from (Basser and Pajcvic, 

2007) 

!z,(l') = exp (-~(l' -/1z') (77) 

The values of the determinant and inverse of Z' are detenninL"<i with a spectral 

decomposition of the covariance tensor !:z', Since Z' is symmetric and devi­

atoric, by the spectral decomposition theorem we have (Basser and Pajevic, 

2007) 

1:z' = 4ii 0 4i, (78) 

where ul are the eigenvalues of 1:z' and 4i, are the corresponding orthonormal 

eigentensors, From Eq, (78), we obtain 

det 1:z, (79) 

-I 1 
1:2' 4ii ® 4ii , (80) 

This result is consistent with the singular multinormal distribution defined in 

SriVllstava and von Rosen (2002), 
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Appendix B: Objectivity Analysis 

Objectivity, often referred to as material invariance, requires that descriptions 

of physical phenomena remain unchanged under rigid body motion. For exam­

ple, if we consider a rigid rotation Q, the rotated Cauchy stress T' is defined 

in terms of the unrotated Cauchy stress T as T' = QTQT. For our stochastic 

polycrystal models, we require that our second-order random tensor be objec­

tive, and therefore that its probability density function (PDF) not change due 

to rigid motion. 

Here, we investigate the objectivity of the crystal velocity gradient L' = 

F' F,-l and its symmetric D' and skew-symmetric W' components (Malvern, 

1969). We begin by defining the rotated crystal deformation gradient 

F" = QF'. (81) 

We develop an expression for the rotated crystal velocity gradient L" in terms 

of L' and the rotation Q according to 

LC* = Fc• FC*-l 

= (QF' + QF') F'-IQT 

= QQT + QF'F'-l QT 

=QQT +QL'QT. (82) 

From this result we conclude that L' is not objective, due to the QQT term. 

If we look at the symmetric D" = HL" + L"T) and skew-symmetric W" = 

~ (L" - L"T) components we find 
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D"=QD'QT 

W" = QQT + QW'QT, 

(83) 

(84) 

where it can be shown that QQT is skew-symmetric by taking the time deriva­

tive of QQT = I, i.e. 

d(QQT) dI 
-d-t -=(jf 

QQT +QQT =0 
QQT=_QQT 

Therefore D' is objective while W' is not. 

(85) 

Since L' and W' are not objective, their first- and second-statistical moments, 

i.e. their second-order mean tensors and fourth-order covariance tensors, are 

not objective either. Therefore, if we were to assume that L' and W' followed 

tensor normal distributions, their PDFs would not be objective. However, 

since D' is objective, its mean and covariance tensors are also objective. If we 

define the normally distributed random crystal strain rate tensor D', its mean 

tensor in the rotated frame 1'0°' is defined as in Eq. (83). The D' covariance 

tensor in the rotated frame is defined as 

~oo. = ~ t ([):;: -1'0°') ® ([)~~ - 1'0°') 
m=l 

= ~ t (Q([):;' - 1'0° )QT) ® (Q([):;' - 1'0° )QT) 
1n=1 

1 M 
= M L (Q[[)~n - 1'00

]) ® (Q[[):;' - 1'00
]) 

1n=1 

= Q (~ .El([):;' - 1'00
) ® ([):;, - 1'00

)) QT 

=Q~ooQT, 
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where the orthogonal fourth-order tensor Q Q ~ Q with the fourth-order 

tensor product (AIZlB)(C] = ACBT, and we use the identity Q[A)® Q[B] = 
Q(A ® B) QT Finally, the DC PDF in the rotated frame is 

1 
fo<' (lDC") exp - /4r) 

J3211"5 det Eo<' 
-ILO<'J) 

';3211"5 det(QEO<QT) 

exp ( -~ (Q[I)" /LD"])' (QEolQT) [Q[ID'-

1 ( 1 C ) 
J321f5 det En" exp - 2" (10 - /LO") . /Lo' J 

fo,(ID C
), (87) 

since the determinant is objective and Q is orthogonal. Hence. the DC PDF 

is objective. 
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