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TWO-STREAM CYCLOTRON RADIATIVE INSTABILITIES DUE TO THE MARGINALLY
MIRROR-TRAPPED FRACTION OF FUéION ALPHAS IN TOKAMAKS
V. Arunasalam
Princeton University, Princeton Plasma Physics Laboratory
P.O. Box. 451, Princeton, N.J. 08543.
ABSTRACT
It is shown here that the marginally mirror-trapped fraction of the newly-born fusion

alpha particles in the deuterium-tritium (DT) reaction dominated tokamak plasmas can induce
a two-stream cyclotron radiative instability for the fast Alfven waves propagating near the
harmonics of the alpha particle cyclotron frequency wc¢q. This can explain both the
experimentally observed time behavior and the spatially localized origin of the fusion product

ion cyclotron emission (ICE) in TFTR at frequencies o = Mugq.
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Very recent experimental studies of ion cyclotron emission (ICE) made in the “"supershot
regime" [1, 2] in TFTR when high power tritium néutral heating beams were injected into‘a
reasonably high density and high temperature background deuterium plasma yield the following

observations [3]: (1) ICE at the harmonics of the cyclotron frequency of the fusion product
species (i.e., alpha particles, ® = mMwgq) are observed immediately after the beams are turned
on (i.e.,‘at or near the beam injection time t = 0). (2) The time duration of these fusion
product ICE peaks is 0 < t <1jce = 100 to 250 ms; while fhe fusion product slowing-down time
from plasma ;;enter to edge [2] is 15 = 650 to 130 ms. (3) For times t > 1jce these fusion
product ICE subsides and are now replaced by ICE at the harmonics of the cyclotron frequency of
the injected beam species [i.e., tritons, ® = mogt = (2/3)mocy] and this beam-species
emission persists until the beams are turned off. (4) In all cases the observed fundamental
cyclotron frequency corresponds to the value of the B field evaluated at the outer midplane

plasma edge on the low field side of the torus. The dominant fusion reaction for these TFTR

conditions is the DT reaction, which may be written D + T = 4He(3.6 MeV) + n(14.7 MeV).

It is our aim in this IetterAto show that during the early phase (0 <t < 1g¢) of beam
injection, one can have two-stream cyclotron harmonic fast Alfven wave radiative instabilities
for frequencies ® = magy induced by the small fraction of the newly born fusion alphas that are
marginally mirror-trapped so that their velocities lie in the very near neighborhood of the

trapped-passing boundary in the (v, v“)-plane' (i.e., their velocities maintain the relation

v = v“Ne, where the mirror ratio ¢ = AB/B = /R for tokamaks). These trapped-passing
boundary particles are the ones with the fattest banana orbits, and they make large radial

excursidns sufficient to reach the outer midplane plasma edge where the experimentally

observed ICE seéms to originate. It should be noted that these particles make banana drift

excursions only to the low field side edge near the torus midplane. As we will soon see, this

two-stream cyclotron harmonic radiative instability in the region near the outer midplane
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plasma edge on the low field side of the torus is a consequence of the fact that the growth rate of
these fast Alfven waves of © = mogg due to these tre;pped-passing boundary newly born fusion
alphas (via their inverse cyclotron damping) exceeds the damping rate of these waves by the
background deuterium plasma ions [4] at ® = mogd = moge, (via the conventional cyciotron
damping), and there is no contribution to emission and absorption in this low field side plasmar
edge region from the rest of the newly born well-confined fusion alphas that are not near this
trapped-passing boundary since they do not make any banana drift excursions that are
sufficiently large to reach this region. Further, this is made possible only because the
cyclotron frequencies of alpha particles and deuterium ions are degenerate [4] (i.e., ocd =
wgq). There are indeed two sources of free energy that drive this radiative instability or the
cyclotron harmonic overstability: one coming from the (L, [{)-temperature anisotropy and the

other coming from the fusion alphas directed birth velocity along B (i.e., V|| corresponding to
the alpha particles birth energy E, = 3.6 MeV). For these early times these trapped-passing
"boundary alphas” velocity space distribution function fpq (v, vy} remains narrbw enough
[4] to drive the system unstable. But as time t progresses f,, broadens, first due to
thermalization for 0 < t < 1o, and then due to "slowing down" for 1 <t < 15¢, and eventually
for t > 15 this distribution fy, will totally relax towards the appropriate slowing-down
distribution [5]. Here the thermalization time 1o = 1g¢/2 is also the heat or the energy

exchange time. When f,,, broadens to sufficiently large value, one finds that this radiative

instability is turned off, thus quenching the fusion product ICE in agreement with the
experimental observation, and indeed we will show that the slowing-down distribution is totally
stable for any emission or absorption of the cyclotron harmonic fast Alfven waves, i.e., their
net absorption does exceed their net induced emission.

The method of analysis used here is the well-established standard technique of the "master
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equation approach" of non-equilibrium quantum statistical mechanics and is based on the
Einstein A and B coefficients and the principle of.detailed balance. In the literature other
authors [6 - 8] have analysed this same problem using the standard techniques of classical
plasma kinetic theory and/or plasma dispersion theory. Coppi et.al. [6], Gorelenkov and Cheng
[7]1 have examined the fast Alfven cyclotron instability (ACI) resulting from the resonant
cyclotron interaction of the marginally trapped fusion alphas with the collective eigenmodes of
the background deuterium tokamak plasma in the large aspect ratio limit. Dendy et.al. [8] have
sfudied the magnetoécoustic cyclotron instability (MCl) resulting from this resonant cyclotron
interaction of the marginally trapped fusion alphas with the modes given by the local dispersion
relation for a uniform plasma with conditions comparable to those in the plasma edge. All these
[6 - 8] analysis are based on kinetic and/or dispersion theory while our analysis here is based
on particle-orbit theory. In general, the barticle-orbit theory is much more of a physical
approach and provides a better insight into the fundamental physical processes involved in a
particular problem.

The velocity distribution function at the time of birth (t = 0) of the fusion alphas can be

well approximated by a monoenergetic ring distribution [8, 4] with a finite vyl such that v| =
V|| = Vo where Mava2/2 = E,. For the "trapped-passing boundary alphas™ which make banana
drift excursions sufficient to reach the outer midplane plasma edge, we will take Ve V| po =
V||ba Where & = ap/Rp, where ap and R are the plasma minor and major radius, respectively.
Since Vg2 = V| pg2 + V|jpa?, We get Viba = Va/ V(1 +¢€) and V|jpg = Ve Vb = VglVe / V(1
+¢€)] = Vo / V(1 + e-1). Further, since Ve v = V||, it seems reasonable to take €T pq(t) =

T”ba(t) for these "boundary alphas". Hence for 0 < t < 15, We can approximate these boundary

alphas parallel velocity space distribution function by a drifting Maxwellian of the form

fipa vy V= Mg/27xT | pe()]1/2  exp{-IMg/2xT ||ba ] [v)] - V|jbal?} (1)




It may be noted that when Tj|pa(t) = 0, fijpa (v, ) = 3(v|) - V|jpa) = fjjalt = 0) as it

should. Thus the drifting Maxweli-Boltzmann distribution is a very natural evolution of an

initially monoenergetic (or equivalently, an initially monovelocity) distribution during the

period of thermalization with the background deuterium plasma, i.e., for times 0 <t < 1. It

may be pointed out that because of the relation Ve v = V||, this parallel velocity distribution of
Eq. (1) suffices to generate the perpendicular velocity distribution, and consequently, the

entire distribution fpo (v, vjp) = fijpg(vy)). This is true only for these trapped-passing

boundary particles whose v; = v”/\le. The velocity distribution function of the background

deuterium plasma ions may be written as

fa(v, v = fLa(ve) fija(vy) = [(Mg/27xT [ g) exp(-Mgv 2 / 2xT g

Mg / 2rxT ) 172 exp(-Mgv2/ 2kT) )l @)

Let ng = ng/nj = ng / (ng + Ng) be the total fractional density of the newly born fusion alpha
particles near the plasma center, and let b be the fraction of o that forms the "trapped-passing
boundary particles* for which Ve v; = V|| i.e., the trapped-passing boundary particle's

fractional density is bng. The fractional density of the rest (i.e., excluding these boundary

alphas) of the fusion alphas is (1 - b)ng and these fusion alphas (which are not near the
trapped-passing boundary) aiso have a drifting Maxwell-Boltzmann parallel velocity

distribution function f|jo of the form given by Eq. (1) with a drift velocity V||o = Vg and a
parallel temperature T, and they have a regular Maxwellian perpendictlar velocity

distribution function with a temperature T ,. The fractional density of the background plasma




deuterium ions is then (1 - ng). According to Rome, et.al. [5, 4], for times t > 1gq, the

velocity space distribution function of all these newly born fusion alphas will totally relax to

the slowing-down distribution function of the form *

(Aooa/Veg3) [1 + (WWeg)3'1 forv <V, = (2B, 7/ My)1/2

0 forv>V,, 3)

where Voo = (3Vn/4)1/3 (ZoM /M) 178 vg, Agq = 37 {4 In[1 + Voiveo)3lh Ve = (2¢Te
I Mg)1/2, and Zggs = (=i mZi2 / Zi niZj). The slowing-down time tsg(v) = (3Vx / 2) (MgveS3
! MgAp) = (Mg, / Mg) te, where 1¢ is the usual Spitzer electron collision time [9], and the

dynamical friction parameter Ap = 8x ng e4 Z,2 InA / Mg2. For the TFTR plasma conditions
InA = 17.

We now consider the cyclotron emission from a dressed test charged particle (of charge q
and mass M) in a static confining magnetic field B = Bi, = Bi”. The field particles that are

responsible for "dressing” the bare test particle are the ions and electrons of the background

deuterium plasma. Since we are interested in the emission and absorption of transverse
electromagnetic waves at frequencies o = magq = Mocd < the lower hybrid frequency o H, the

background index of refraction p( = K1/2, where K is the corresponding dielectric coefficient)

appropriate for dressing the bare particle emission and absorption is that corresponding to the
fast Alfven waves [10], and is given by u = K1/2 = ck/o = c/Vp = [1 + (4nngMyc? /
B2)]1/2,, where Vp is the Alfven wave phase velocity and My is the mass of a deuteron. It is '

shown elsewhere [10] that the Einstein (quantum mechanical) spontaneous emission

probability coefficient A(m) for such Trubnikov extraordinary (X} mode cyclotron emission is




A(m) = (412q2/L3Kfi0) [viIm' (M2 8(0 - mag - kjv|)), (4)

where A =kjp =kjvi/eoc =mk v,/ maoacg = mk; v/ kVa, Jm'(A) = Upm-1(R) -
IJm+1{A)}2, 0 is the angle between k and B, and L3 is the plasma volume. Here we have

neglected the effects of the magnetic curvature drifts. Since the & function of Eq. (4) is a
consequence of total energy and parallel momentum conservations, it is relatively easy to show

[6, 10] that taking account of the magnetic curvature drift in this equation will result in the
replacement of §(w - Mog - k”v”) by 8(w - mog - k“v“ - omcd), where omcd = K'Viped =
K)Vmed is the magnetic curvature drift frequency corresponding to the magnetic curvature
drift velocity vmed- That is, all the cyclotron harmonic emission lines are upshifted by the
constant amount equal to omcd. Since omcd = k| (2xT/M) (qB/Mc)'1 (172R) = (kyp)

(p/2R) o¢ << o¢, this constant frequency-upshift due to the magnetic curvature drift effect is

negligibly small. By the principle of detailed balance the rate of increase of photons in the box

of volume L3 is
dN(.kY/dt = [dN(w,k)/dllsem - {(dN(@.k)/dtap - [IN(0.K)/dtiem} | (5)

where the suffixes sem, ab, and iem stand for spontaneous emission, absorption, and induced

emission , respectively, and N(w,k) is the number of photons of frequency ® and wave vector k

in the box of volume L3 under study. One can show [10] that [dN(0 = maeg, K)/dtlsem =
<[L3nA(m)]>, and {[dN(o = mac, k)/dtlgp - [IN(@ = moc, k)/dtljem} = <[L3nA(m)]
[((mhoc/Mv ) ( d/avy) + (‘hk“/M) (@/av|)I> N(o = mac, k) = - 2y(o = mac, k) N(o =

mag, k), where n is the number density of the emitters, the angular brackets < - > refer to the
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statistical average over f(v, v”), and y is the damping rate. Assuming that N{(wo, k) is

sufficiently large so that one can neglect the spontaneous emission, we find from Eq. (5) that the
condition for linear radiative instability or overstability is that the induced emission exceeds

the absorption or equivalently, in the language of classical plasma kinetic theory we require the
net damping rate y=1vd + v < 0. Thatis,

-2y = Zjd,a {<IL3nA(M)] [(Mhioc/Mv ) (0/avy) + kM) @/av|l> ) = 0. (6)

Here again the angular bracket <---> of Eq. (6) refer to a statistical average over the species j

charged particle velocity distribution function, and the sum is over the background deuterium

plasma ions and the fusion alphas present in the region of interest. Qur immediate interest now

edge on the low field side of the torus. In this region near the plasma edge, the plasma ion

density nj(r = ap) = ani{r = 0),.and the only fusion alphas that are present in this outer
plasma edge region are these "trapped-passing boundary alphas" and their fractional density in
this edge region is mnge = hjpng/an; = (bng/a). Then in this edge region the fractional
deuterium plasma ion density is [1 - (bng/a)l. Thus, remembering that n « [1 - (bng/a)]
for the emission and absorption by the background deuterium egde plasma ions, n « (brny/a) for
those by the “trapped-passing boundary fusion alphas,” and n = 0 for the rest of the

well-confined fusion alphas that are not near this trapped-passing boundary; and v -1(3/av )

= ev”'1(a/av”) for the boundary alphas, and then making use of Egs. (1) and (2) in Eq. (6),

we obtain the necessary and sufficient condition for the two-stream cyclotron harmonic

radiative instability in this edge region as
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{1 - (ono/a)] [Videdm'(Ade)l? [(moca/T ge) + (@ - Mmoca)/Tj(gell {lkyyl= M (atvy =
Vacphll + {(bno/a) Vibadm'Mba)l? [emace + ® - moca) (1 - Vijba/Vacph)T|ball

Iy fbodvl| = Vacph)) <O, -

where the alpha particle and/or deuterium ion cyclotron phase velocity Vycph = Vdcph = (o -
mwca)/k”; Vide Mde refer to their edge values, and we have used the fact that wcd = o¢g,. In
Eq. (7), the first term in the first curly brackets product {---} {-:} comes from the background
deuterium piasma ions and this term is generally a damping term since usually T 4 = T”d; and
the second term in the second curly brackets product {---} {-~'} comes from the trapped-passing

boundary alphas with Ve v; = (ay/Rp)1/2 v, = vj;, and this term can lead to a growth when
y ap 1+ =1@p/Fp L=V

Vi 2 Vgeph [¥(1 + 1), (8)

since V||pg = Vo/V(1 + &-1). Equation (8) only gives the necessary condition for this edge
radiative instability under study, and the additional condition required to yieid the necessary

and sufficient condition for this radiative instability can be obtained from Eq. (7) and for T, 4¢

= Tjjde = Tde this sufficiency condition may be written

{na/llab) - nall = Videdm'(Ade) / Vibadm'Aba)l? [Tjjba () Tdel Hikjl-Mjglv) =

Vacph)t / {]k”l"‘f”ba(v” = Vacph / €{[Va/Vacph Y1 +e1)]-120 (9)
for ® = Mogge, where V| by = Vo / V(1 + €) and Abg = g / ¥(1 + €). Note, that for marginal
stability, one must take the equality sign of the first inequality of Eq. (9) and, of course, this

equation must yield a corresponding positive definite marginal-stability value for ng. If the
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right hand side of the first inequality comes out to be negative, it simply means that one cannot
have any radiative instability since the fast Alfven waves under study are damped by both the

newly born fusion alphas and the background deuterium plasma ions. Thus the last inequality of

Eq. (9) ensures that the requirements of this equation is a necessary and sufficient condition for

iative -i ility. Is is seen from Eqgs. (8) and (9) that these newly born fusion alphas
not only must have a sufficiently large birth velocity V, or energy E, so as to satisfy Eq. (8)
but also must have a sufficient fractional density ng so as to satisfy Eq. (9) in order to excite
this radiative instability in this edge region of the plasma where the experimentally observed
unstable ICE seems to originate. It should be noted that when kj; —» 0, { |k“|‘1f”d(v” =
Vacph)} =~ {|k|.|l'1f||ba(v“ = Vacph)} — 8(w - mocq). In order to account for the
experimentally observed aimost equal amplitude higher harmonic emission we must have

(kipa) > .1. For the TFTR conditions, this implies that k = k;. Hence, for our estimation
purposes we can assume that k” is sufficiently small so that {|k”|'1f”d(v” = Vacphltt =
Uk bo (V)| = Vecph)} = 8(0 - mocg).

in a similar way for times t > 15 by making use of Egs. (2) and (3) .in Eq. (6), one can

show that the necessary and sufficient condition for this radiative instability (induced in this

slowed-down case by all the alphas) is

Ma/(1 - 1] 2 - Vigdm'(Ad) / 9Vadm'(@ra)I? [fi|d(v)| = Vacph)] Ma/3TAgaMg) Vead

+ 92V 2 + Vaeph?)3/212 1 [vg2 62V42 (@2V 42 + Vgepn?) 1721 20, (10)

where vd2 = (2kT¢/Myg) and the numerical factor g is somewhat less than unity. The integral

over the perpendicular velocity in evaluating the angular bracket < - > of Eq. (6) for the

slowing-down distribution function of Eq. (3) has to be done numerically. Physically, such a
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numerical integration will yield < v, > = gV, with g < 1. It is easily seen that the right hand

side of the first inequality of Eq. (10) is always a negative quantity thus contradicting the
second inequality of this equation. This implies that the absorption always exceeds the induced
emission, and consequently, the cyclotron harmonic fast Alfven waves can never become
unstable for the slowing-down distributions.

~In all the Egs. (7) - (10), we encounter the alpha particle and/or deuterium ion cyclotron

harmonic phase velocity Vacph = Vdcph = (0 - Moce)/k|| = ‘Am/k”. It is therefore physically
instructive to understand the behavior of Vgeph. For ki > 0, Vgeph < 0 for @ < macg, i.e., Ao
< 0, and Vacph > 0 for ® > Mg, i-6., Aw > 0. For k“ <0, Vacph > 0 for © < mogq, i.e., Aw <
0, and Vgeph < 0 for ® > Mg, i-e., Aw > 0. Further, |Vooppl — 0 for kyj # 0 and JAw| — 0,
and [Vgcphl — < for |Aw| # 0, and k| — 0. However, for k|| = 0 and Aw = 0 or when k)| —» 0

and Aw — 0 simultaneously, then Vgcpp is indeterminate within the framework of any
conventional nonrelativistic theories [11]. The most important point to note here for our

purposes is that Vacph can take any value, positive or negative, arbitrarily small or large,
anywhere in the range -« < Vyeoph < . However, one can show that the dominant wave-particle
interaction occurs for this edge radiative instability under study when Vgcph = Vgcph

(2kTge/Mg)1/2, since the ratio [Vgcph/(2xTde/Md) /2] is the usual argument of the familiar

dispersion function for the background deuterium edge plasma [11, 10].

According to Glasstone and Lovberg [12] the rate of production of fusion alphas may be

approximated as ng(r) = 3.7 x 10712 (ngny/T2/3) exp(-20/T1/3) cm™3 sec™, where T is
the ion temperature in keV. It is reasonable to assume that nq4, ny, and T all vary as [t

~(r/ap)2] in any tokamak. Thus we see that the fusion alphas' birth profiles (whose radial

variation is dominated by the exponential factor) is centrally peaked on the axis of the torus
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[2]. According to Stringer [13] and the very recent numerical calculations for JET using
Stringer's theory by Cotirell,et.al. [14], one finds {hat approximately 10% (i.e., b = 0.1) of
the centrally newly born alphas have a narrow range of pitch angles just near the
trapped-passing boundary, and these "boundary alphas" make large radial excursions sufficient

to reach the outer midplane edge where the experimentally observed ICE seems to originate. For
TFTR , the value of a = ni(r = ap)/ mj(r=0) = 1 x 1012 cm3 /5 x 1013 cm-3 - 150 -
0.02, and thus in Egs. (7) and (9), (a/b) = 0.02/0.1 = 0.2; Tq(r = 0) / [Tg(r = ap) = Tgel =
25 keV / 1keV = 25. Also, for TFTR, ¢ = ap/Rp = 80 cm/245 cm = 0.327; the most recent
peak value [1] of ng = 3 x 10-3; by using Tg =~ 9 keV, T = 25 keV, ng = nj = 5 x 1013 cm-3,
B(Rp) ~ 4.45T = 4.45 x 104 G, we get the alfven wave index of refraction [10] p = K1/2 =
28.6, Vp = 1.05 x 10° cm/s, Vo /VA = 1.25, Ao ~ 1.25m for k = k|, vq = 1.54 x 108 cmys,
Ad = 0.15m for k = k;, the edge Ade = 0.15m/5 = 0.03m, Apg = Aa/N(1 + €) = Ag/1.15 =
0.87 Ay = 1.09m > 1 for all m and hence all the harmonics © =~ macy will have approximately
the same growth rate due to these boundary alphas, Ympe = [Videdm'(Ade)/V lbaJm'(Kba)]z
< Yipa = (xde/xba)2 =~ 7.6 x 104 and since Adedm'(Ade) = (Ade/2)™/(m - ), Ympo =
(0.03/2)2(M - 1) Y4, That is, Yymp, decreases rapidly as m increases since the damping

rate of the higher harmonics by the background deuterium plasma ions decreases rapidly as m

increases for Ade << 1. As we pointed out earlier, Vocph = Vdcph can take almost any value.
However, the dominant wave-particle interactions occur in the edge plasma when Vacph =
Vdcph = (2kTge/Mg)1/2. Then the necessary condition for the edge radiative instability of Eq.

(8) becomes that Vg 2 V(1 + e 1) (2T 4e/Mg)1/2 = 2(2xT4e/My)1/2 which is certainly
true for the newly born fusion alphas in TFTR (see reference [4]). This may explain why the

ICE harmonics at © = magy = Mogd are observed immediately after the beams are turned on.




13
Since half the edge population is carbon [4], then the second condition of Eq. (9) for sufficiency

to induce this radiative instability become mng = (0.015)2(m-1) x 0.23 x 10-3
[xT{ba()/xTdel / {(1/2) [Eq/xTgell/2 - 1} = (0.015)2(m-1) x 0.46 x 10-3
[xT||ba(t)V/xTgel [kTde/Eql!/2 = (0.015)2(M-1) x 2.8 x10°2 [xT||pe (1)/Eg)- ‘Initially,
at t = 0, the fusion alphas are born monoenergetic and hence T“ba(t = 0) = 0 {and indeed up to
times t such that [xT”ba(t) /Eq) < 0.11} this condition is satisfied for all the harmonics m.
But when [KT”ba(t) /Eq] > 0.11, this condition cannot be satisfied for m = 1, but is again

satisfied for m > 2. From [4] we find that [KT”ba(t)/Ea] = 0.11 when t = 90 ms. We should

point out that strictly speaking the observed alpha particle ICE seems to originate at 4 to 5 cm
beyond the limitter in the scrape-off layer.. In the scrape-off layer both the density and

temperature are e-folding rapidly down to lower values, and hence the actual values of the edge

nde and Tge could be much lower than the values used here. This will raise the actual value of
[xT“ba(t)/Ea} at which the instability is quenched, and thus will raise the theoretically
expected value of tjce accordingly. The aipha particle slowing-down time from plasma center to
edge [2] 15 = 6SQ to 130 ms. Thus, theoretically‘we expect this radiative instability, and

consequently, the associated alpha particle ICE to be quenched for times t > 1go ~ 130 to 650
ms, since these trapped-passing boundary alpha particles making their fattest banana orbits
spend part of their time near the plasma center and another part near the plasma edge.

In conclusion, we find that both the experimentally observed time behavior and the
spatially localized origin of the fusion alpha particle ICE in TFTR are reasonably consistent
with the theoretical predictions based on‘ two-stream cyclotron radiative instabilities induced
in the region near the outer midplane plasma edge by the marginally mirror trapped fraction of

the newly born fusion alphas. Since theoretically the slowing-down distribution is radiatively

stable, one expects the unstable ICE in the time interval 0 < t < 1g5¢, the fusion aiphas
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slowing-down time, and this is roughly consistent with the observed tjce. Eventhough we have
not done any nonlinear calculation of the saturated level of emission, since for these alphas k p

> 1 for all harmonics, it is apparent that their linear growth rates will be roughly the same for
all the harmonics. If the nonlinear saturated levels are proportional to their linear growth
rates (which according to Coppi,et.al. [15, 6}, is true theoretically if the dominant nonlinear
saturation mechanism is the nonlinear mode coupling), then the experimentally observed equal
amplitude harmonic ICE is consistent with the theoretical expectations.
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