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11. 

(1) Decline mechanism 

THEORY OF BESERVOIR DECLINE MODELS* 

A geothermal reservoir has essentially three 
capacitances, (1) fluidlrock compressibility, (2) 
free liquid surface mobility and (3) reservoir 
liquid vaporization. In essence, item (3) is 
also a compressibility effect similar to (1). In 
this section, we will very briefly review in a 
semi-quantitative manner, the-relative magnitudes 
of the effects listed above, 

Consider a reservoir consisting of a slab of 
thickness H and of a large horizontal extent. 
porosityfpermeability can be of the fracture or 
intergranular type but is assumed to be suffici- 
ently homogeneous that an average porosity 4 and 
capacitivity s (storage coefficient) can be de- 
fined . 

The 

On these premises, we find that lowering the 
pressure by hp in a vertical column of unit area, 
releases because of compressibility a total liquid 
mass of 

Aqc = PSWP (1) 

where p is the density of the liquid. 
define a specific release per unit area of 

We can then 

Let g be the acceleration of gravity. Lower- 
ing the pressure by Ap corresponds to a lowering 
of the free liquid surface by Apfpg. Hence, for 
the same Ap, the free surface releases a total of 

Aqf = P4APfPg = 4A~f8, (3) 

and then the specific release 

dqf/dp = O f g .  ( 4 )  

Finally, we consider the effect of inter- 
granular vaporization. 
the vapor, L the latent heat of vapor5zation of 
the liquid and T the temperature in kelvins. The 
Clausius-Clapeyron equation for the liquid is then 
approximately 

Let ps  be the density of 

(5) 

where ps is the vapor pressure along the saturation 
line that is denoted by the subscript v. 
assuming saturation conditions, ihe lowering of 
the pressure by Ap lowers T by 

Hence, 

AT = TApfpsL (6) 

and the release of heat per unit volume of the wet 
formation is 

(7) 

*Chapter 11 was written by Gunnar Bodvarsson, 
Geophysics Group, School of Oceanography, Oregon 
State University, Corvallis, Oregon. 

where pr is the density and C is the heat capaci- 
tivity of the wet formation. 
is then 

The release of vapor 

and we can thus define a specific rate per unit 
area of a slab of thickness H 

(9) 
2 dqffdp = prCTHfpsL . 

The ratio of free surface to compressibility 
effect follows from (2) and ( 4 )  

(dqrfdp)f (dqcfdp) = OlgpsH (10) 

Considering porosities in the range 4 = 0.01 
to 0.2, a thickness of H = 103m and taking that 
s = 2 x 10-llPa'l, we find that the ratio given 
in (10) varies from 50 to l o3 .  Thus, at normal 
reservoir conditions the free surface lowering 
releases a much larger amount of reservoir liquid 
mass per unit pressure decline than the compressi- 
bility. 

Along similar lines we obtain the ratio of 
the vaporization to the compressibility effect on 
the basis of (2) and ( 9 )  

(11) 2 dp) 1 (dqcf dp) = P .CT/p SP sL . 
Considering the case of T = 200°C = 473 K and 

using standard values pr = 2500 kgfm3, C = lo3 
Jfkg*K, s = 2 x 
Jfkg, we find a ratio of about 2 x lo3. 
is the main variable in (11) this ratio will 
decrease with increasing temperature. 

ps = 7 kgfm3 and L = 2 x lo6 
Since ps  

Summing up the results of the present section, 
we conclude that in the case of liquid dominated 
reservoirs with common porosities and where no 
vaporization takes place, the free surface effect 
is larger than the compressibility effect by a 
factor of lo2-lo3. In such cases, the reservoir 
response to long-term production will be dominated 
by the free surface effect. 

The situation is more conplex when vaporization 
takes place. Theoretically, this effect can re- 
lease approximately as much fluid vass as the free 
surface effect. However, in most practical cases 
where production is initiated at liquid dominated 
conditions, the vaporization is more or less 
confined to the local volumes around the boreholes 
and the ratio in (11) has then to be reduced by a 
volune factor that may very roughly be of the order 
of 0.1 or less. The free surface effect would also 
then dominate the global reservoir response to 
long term production. 

Vapor dominated reservoirs have, as a matter 
of course, different characteristics. There is no 
near-surface free liquid surface and p s  in equation 
(2)  has then to be replaced by the product $y where 
y is the steam compressibility. Usually, there 
is a vaporization at a deep liquid surface and 
this effect dominates the long term reservoir 
behavior. 
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(2 )  Pressure-flow fields in slightly compressible , 
formations with Darcy type flow , 

(2.1) Diffusion equation. Let p(t,P) be 
the pressure field at time t and at the point P 
in a Darcy type domain B with the stationary 
boundary surface C. Consider a general setting 

operator and the kinematic viscosity of the fluid 
v is also taken to be variable. It is convenient 
to introduce the fluid conductivity operator 
c = k/v and express Darcy's law 

where the permeability k is a linear matrix / I  

-+ where q is the mass flow density. Moreover, let 
p be the fluid density, s the capacitivity or 
storage coefficient of the formation and f be a 
source density. Combining (12) with the equation 
for the conservation of mass, 

(13) 

we obtain the diffusion equation for the pressure 
field 

where n(c) = -3(cV) is the generalized Lap 
operator. Appropriate boundary conditions that 
may be of the Dlrichlet, Neumann, mixed or more 
complex convolution type, have .to be ajoined to 
equation (14). 
pic/isothermal formation results in the simpli- 
cation n(c) - cll = -cV2 where c is a constant. 
Moreover, stationary pressure 
the potential equation 

The case of a homogeneous/isotro- 

(2.11) 
The eigenfun 
with (14) sa 

lI(c>un -, Anun, n.= 1, 2 ,  . . . (16) 

where the constants A,are the eigenvalues and the 
boundary conditions on C are homogeneous of the 
same type as those&sstisfied by p(t,P) in (14) 
and (15. 

response or Green tion G(P,Q, t) which re- 
presents the pressure response of the causal 
system to an instantaneous injection of an unit 
mas6 of fluid at t = O+ at the source.point Q. 
This function satisfies the same boundary 
conditions as the eigenfunctions ,un(R). 
to (14) in the case of a generalasource density 
f(t,P), non-causal initial values and general 
boundary conditions can then be expressed in 
terms of integrals over the Green's function 
(Duff and Naylor, 1966). 

Solutions 

Two fundamental types of expressions for the 
Green's function are available. First, in the 
case of simple layered domains B with a boundary 
C composed of a few plane faces, G(P,Q,t) 

expressed as a sum (or integral) over the fun-, 
damental whole space source function 

exp (-r2pQ/4at )u+ (t) 
and its images. The symbol U+(t) is the causal 
unit step function, a = cfps the diffusivity, and 
rpQ is the distance from Q to P. Whenever appli- 
cable, sums of this type represent the most 
elementary local and/or global expressions for 
G(P,Q,t)* 

Second, the'Green's function can be expanded 
or integral over the eigenfunctions in a series 

of lI(c). If p and s are constants, then 

The series expansion (18) is of a more 
general applicability than solutions of the type 
based on the fundamental source function (17). 

The formal link between the two types (17) 
and (18) is provided by the Poisson summation 
formula (Stakgold, 1967). It is important to 
underline that all solutions of the type (17) 
can be expressed in the form (18). 

rical point of view, the form 
given by (17) is more convenient for the compu- 
tation of relatively short term field responses, 
in particular, in the case of layered half-spaces. 
However,.long-term responses id bounded domains 
are more effectively computed on the basis of 
(18). 
where the convergence improves with time. 

This expression is a sum over exponentials 

A different type of solution of (14) that'is 
of interest in the present context can be obtained 
by operational methods. 

1 value problem with p(0,P) = po(P) 
Bn infinite domain, we can, since 
re independent of t, formally 
ution of the homogeneous form of 

Limiting ourselves t o  

(19) 

where the exponential operator is to be interpreted 

resents an iteration process 
where the convergesce is limited t o  (properly 
defined) small values of t. The practical appli- 
cability is therefore fundamentally different 
from (18): Moreover,.it is of considerable 
interest that rather general situations with re- 

admitted in (19) and (20). 

A number of other analytical and/or numerical 
techniques are available for solving (14). These 
include the path-integral technique of the 
Feynman-Kac type (Simon, 1979), compartmentaliza- 
tion or lumping and, as a matter of course, a 
series of numerical techniques. 

i 
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two-dimensional Laplacian and f is an appropriately 
defined surface source density. To obtain the 
pressure field in the space z>O, the boundary 
values derived from (23) have to be continued into 
the lower half-space on the 
tential theoretical methods he fractional order 
of the Laplacian in (23) is quite unusual, but 
the operator is well defined and poses no mathe- 
matical problems. 

is of standard po- 

Sone solutions of equations (23) of practical 
interest have been obtained by Bodvarsson (1977). 
Confining ourselves first to the simple semi- 
infinite half-space, some important results are 
given below. 

(3.1) The source-free case 
free case where f = 0, the homogeneous equation 
(23) is most easily solved by solving 

(3) Nonstationary boundaries: effects of a free 
liquid surface 

The presence of a free liquid surface in a 
reservoir requires the introduction of a rather 
complex non-stationary surface boundary condition. 
Let E now represent the free liquid surface at 
equilibrium and $2 be the free surface in a per- 
turbed state. 
stant pressure which without loss of generality 
can be taken to vanish. The free surface condition 
(Lamb, 1932) is then expressed 

The boundary R is a surface of con- 

where D/Dt is the material derivative. This is 
an essentially non-linear condition which leads 
to a much more complex problem setting. Losing 
the principle of superposition the construction 
of solutions to the forward problem becomes a 
difficult task. 

Bodvarsson (1977) has shown that when 0 
deviates only little from El(21) can be simpli- 
fied and linearized. 
a rectangular coordinate system with the z-axis 
vertically down such that the (x,y) plane coin- 
cides with C. Moreover, let the amplitude of R 
relative to C be u and the scale of the undulation 
of Q be L. 
(21) can be replaced by the approximation 

For this purpose, we place 

Then provided lu/LI<<l, the condition 

where w = cg/+ is a new parameter, namely, the 
free sinking velocity of the pore liquid under 
gravity (g = acceleration of gravity). Under 
these circumstances, the solution of the forward 
problem is obtained by constructing a solution 
to (14) which satisfies (22) at the free surface 
and appropriate conditions at other sections of 
the reservoir boundary. 

The presence of a first order derivative with 
respect to time in the free-surface condition (21) 
obviously leads to an additional relaxation 
process analog to the purely diffusive phenomena 
associated with, the first order time derivative 
in the basic equation (14). As we shall conclude 
below, the individual time scales of the two 
phenomena are, however, different. 

For the sake of brevity, we shall limit the 
present discussion to the simplest but practically 
quite relevant case of the semi-infinite liquid 
saturated homogeneous, isotropic and isothermal 
half-space. To consider the pbre free-surface 
related phenomena, we eliminate pressure field 
diffusion by neglecting the compressibility of 
the liquid/rock system. As shown in section (I) 
above, the long term dynamics of liquid reservoirs 
is dominated by the free surface phenomena. 
this setting we can combine the potential equation 
(15) and the surface condition (22) in one single 
equation confined to the E plane (Bodvarsson, 
1978a), which expressed in terms of the fluid 
surface amplitude u(t,x,y) = p/pg takes -the form 

In 

(23) (i/w)atu + II~U t = f/pgc 

f !2 where lI2 = (-axx-ayy) is th square root of the 

-v2p = 0, z 0 (24) 

with the boundary condition (22) combined with a 
given initial condition which takes the form 

p = pgho, t = 0, z = 0 (25) 

where ho(S) is a given initial free-surface ampli- 
tude. 

This solution is obtained immediately by 
observing that a pressure function of the form 

P = P(X,Y,Z + wt) (26) 

satisfies the boundary condition (22) at all times. 
Consequently, introducing the Dirichlet type Green's 
function for the half-space z 2 0 (Duff and Naylor, 
1966, page 276) which gives the pressure p(P) in 
z > 0 for a pressure po(S) on E 

p(p> = (~12~) ~(1/~&,)po(U)d~. z 2 0 

where U = (x',~'), daU = dx'dy' and 

(27) 

r = [(x-x~)~ + (y-y') + z 1 (28) PU 
the solution to the present problem is 

P(P,t> = [pg(z+wt)/2* 

(29) 

where 

The motion of the fluid surface is obtained by 
letting z = 0 in (13) and hence, 

I- 

t > O  
where now 

.(3.ii) Flow fields with sources. To select 
a relevant and important case of flow fields with 
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the following situatlon. 
Let the flutd at t = 0 be in static equilibrium 

t = 0 therefore coincide 
ntrated sink of strength 

the point Q - (O,O,d) whi 
thdrawing fluid mass 
unity. In this case 

where U+(t) is the causal unit step function for 
which U+(O) 0. The boundary condition on Z is 

k2$ - D2C 5 (-1/21~cs)b(~-d) (36) 

and (35) takes the form 

(37) 

which yields the relation 

-kCexp (-kd)-k[Aexp (kd)-Bexp (-kd) I=- (1/2~cs) (43) 

O), (41) and (43) for A, B and C and 
inserting in (38) leads to 

p ~(-€/4*cks)exp[-k(d-z)]-E(s-wk)/(sSwk)] 

exp[-k(z+d)l (44) 

which holds for z>O. Using the identity 

(45) = [ 21 (s+Wk) ] - (l/~) , 
aplace inverted into (P,t) 

space (tables in Duff and Naylor, 1966) and the 

P(P,t) = 

where 

The surface elevation h - p/pg is 
/2*pgc) (l/rsQ)-(l/rsQ, ,)I (50) 

where S = (x,y) and 

It is of a particular interest to note that the 
tfankel-inversion leading t o  the last term in (46) 
follows upon a Laplace-inversion on the basis of 
the Sommerfeld integral - 

exp[-(z+wt+d)k]J,(rk)dk = l/rpQl t, (53) 

(wt+d)]. At tim 
the image source 
pressure field o 

resulting in an initial 

P(P,O+) = -[1/ 

At very large times, is at t>>d/w, when 
the image source has retreated far into the nega- 
tive half space, the third term in (46) becomes 
negligible and the pressure field reaches its 

lue ps given by 

(57) 
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The source-sink situation is illustrated in, 
Figure 1. 

It is appropriate to reiterate that the above 
free surface results have been obtained by neglec- 
ting the rocklliquid compressibility. 

(3.111) Flow in slab with a free surface. 
The results for the half-space set forth in the 
previous section are easily generalized to the 
model of a slab of thickness H and of infinite 
horizontal extent. As given in equation (46) and 
shown in Figure 1, the free surface dynamics 
reduces at any fixed time to a source-sink situa- 
tion. Applying well known results of elementary 
potential theory, we can extend equation (46) to 
the case of the slab by adding an infinite sequence 
of source-sink images that is obtained by reflec- 
ting the source and the two sinks in Fig. 1 at the 
bottom and the equilibrium surface boundaries. 
Appropriate reflection coefficients have to be 
applied in this process. We will refraim from 
'entering into details of the procedure. 
practically most important case is obtained when 
the basement is impermeable and the reflection 
coefficient at the boundary is equal to unity. 
As shown above, the equilibrium surface has also 
a reflection coefficient of unity but on any re- 
flection, we have to observe the splitting of an 
image source into a stationary image and a double 
moving image with an opposite sign. The picture 
is therefore a little more complex than in the 
usual cases involving single images. 

The 

Double source 

FIG. la. Infinite half space of  linearized free surface method. 

(3.i~) Discussion. Equations (18) and (53) 
above show that both compressibility and free 
surface effects lead to decline functions that are 
sums or integrals over exponentials of negative 
time. In essence, therefore, the decline proces- 
ses are governed by very simple functional relation- 
ships, Moreover, the analysis in section (I) indi- 
cates that from the quantitative point of view, 
the free surface effect dominates in all liquid 
reservoirs. 

elaxation time is another 
parameter of major interest. 
is the time tr during which the amplitude of a 
stationary wave of wavelength L decreases to (lle) 
of its initial value. 
exp[-(t/tr) + ikx] where k = (2nIL) is the wave- 
number, into equation (14) gives for compressibility 
the time tr = (l/ak2). 
basis of (23) for the free surface a value 
tr = (llwk). At the same L, the ratio of the free 
surface to compressibility time is (ak/w)= (+k/psg). 
Inserting values of interest for long-term reser- 
voir behavior such as, for example, 4 = 0.1, L = 
6 km, s = 3~1O-l~Pa-l we find values of this ratio 
of about 300. This indicates quite clearly that 
the compressibility phenomena are on a much shorter 
time scale and smaller magnitude than the free 
surface phenomena. Our approach of neglecting 
compressibility in the above analysis is, therefore, 
well justified. 

By definition this 

Inserting a waveform 

Similarly, we find on the 

Double source 

FIG. lb.  Reservoir half space for linearized free surface method 
with bottom layer. 
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( 4 )  Reservoir simulation by lumping 

The fact that the principal decline functions 
for liquid reservoirs are of the negative time 
exponential type suggests the use of lumping as 
a method of reservoir simulation. 
briefly look onto this possibility. 

Below, we will 

Consider a liquid geothermal reservoir that 

We assume that the reservoir pressure 
is producing a constant mass flow q from a number 
of wells. 
is being monitored at a fixed point where a de- 
creasing reference pressure function p(t) is being 
observed. Moreover, it is being assumed that pro- 
duction, started at time t = 0 from equilibrium 
conditions where we can take that the reference 
pressure p(0) = 0. 
bottom-hole pressure of pw(t) that is also taken 
from an appropriate reference point as p(t) and 
therefore h ( 0 )  = 0.' 

The producing holes have a 

The simplest lumped model to simulate this 
system is shown in Fig. 2 below. 

The model consists of a liquid capacitor or 
container (I) with vertical walls having an area A. 
The production q is being extracted from this 
capacitor over a conductor that has a conductance 
c1. This element represents the contact resistance 
of the producing holes. Recharge to the container 
is obtained from a capacitor (11) of an infinite 
area over another conductor that has a conductance 
c2. Reference pressure in the large capacitor 
is taken to constant and equal to zero. The liquid 
level in (I) is measured by the pressure pl(t). 
In accordance with Darcy type flow conditions we 
assume that both conductors are linear and hence 
that the following system equations hold 

where g is the acceleration of gravity and D - d/dt. 
Since we don't observe pw, equation ( 5 8 )  is irrele- 
vant and does not enter into the discussion below. 
The principal parameters of the simulation eystem 
are thus the capacitor area A and the conductance 
c2. Given q(t) and pl(t) for some fixed time 
interval starting at t = 0, we are now interested 
in deriving values of A and c2 such that the model 
simulates the given reservoir in the optimal way 
during at least a part of the production time. A 

FIG. 2. Lumped parameter model of simulated reservoir. 
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convenient way of obtaining these values in the 
following. 

Since we have assumed that q is constant, the 
present decline function pl(t) is characterized by 
a smooth negative time exponential behavior. 
can then expand the known pl(t) into a Taylor 
series in t starting at t = 0 and that is truncated 
at the second order term, 

We 

Inserting this expression in equation (59) 
results in 

On a second order appproximation, we obtain 
from the terms in to and t the parameter relations 

A E -g[q/Dpl(0)l ( 6 3 )  

and 

c2 a -(A/g)D2p1(0)/Dpl(O) = 

(A2/qg2)D2pl(0) . ( 6 4 )  

Since pl(t) is a known function, the derivatives 
at t = 0 are also known and we can thus derive A 
and c2 from ( 6 3 )  and ( 6 4 )  above. 

then solve equation (59) for a given variable input 
q(t) and obtain 

Pl(t) = W A f  expI-gC,(t-r)/Alq(r)dt ( 6 5 )  

On the basis of the known parameters, we can 

0 

as a procedure to predict or extend pl(t) in time. 

An analysis of the above type can be carried 
out on any field decline functions that have been 
obtained with sufficient accuracy to derive the 
derivatives. In most practical cases the mass 
production function will be a variable q(t) and the 
input function pl(t) for the above analysis will 
then have to be obtained by a deconvolution, that 
is by solving an equation 

t 
, 

P f W  p1 (t-r)Dq (T )drs ( 6 6 )  
0 

where pf(t) is the reference pressure that is the 
output to q(t) . There are no problems in solving 
( 6 6 )  * 

To illustrate the above procedure we will 
carry out the lumping of the free surface dynanics 
model leading to equation ( 4 6 ) .  We obtain then the 
time derivatives Dpl(0) and D2p1(0) from equation 
( 4 6 )  and use ( 6 3 )  and ( 6 4 )  to derive the lumped 
system parameters. To sinplfy the procedure, 



a 

we consider only the case q = constant 
Omitting elementary details and irrelevant factors, 
the method, in essence, consists in approximating 
the function 

unity. 

fl(t) = -[l-(Ro/Rl)l (67) 

by the function 

f2(t) = -[ (z+d) 2 2  /R21 [l-exp[-wtR2/Ro(z+d))] 2 2  ,(68) 

where 

Ro = [r 2 +(z+d) 2 3  (69) 

- a. 

- 1.0 , I  I , , , , , , ,  

0 2 4 6 0 IO 
u /d 

-0.6 

-0.8 

-1.0 I t  

0 2 4 6 8 IO u/d 

1 r/d = 3  

C. 

-10 ! , I , , , , , , , , 
0 2 4 6 8 IO 

u /d 

The results of a numerical evaluation are 
illustrated in Fig. 3. It is evident that the 
lumped approximation holds quite well until the 
factor wt is of the order of a few depths d. 
Quite often w is of the order of m/s and d 
about lo3,. In this case the lumped approxima- 
tion will give good results for a period of a few 
years. 

r/d = 3 

, , , , , d,. , , , I 

J1.0 
0 2 4 6 8 IO u/d 

f 
z/d = IO 
r/d = 9 

-0.8 

- 1 0 1  IO 
2 4 6 8 

u /d 
0 

f -  
-06- z/d = IO 

r/d = IO 

- 0 8 -  

f. 

-I 0 -e1 IO 
0 2 4 6 8 u/d 

FIGS. 3a-3f. Comparisons between lumped parameter approximation and exact solution. 
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111. REVIEW OF METHODS b. Temperature is relatively unimportant in pe- 

Petroleum Reservoirs thermal production. Hightemperaturesstress 
troleum production. 

tubing and cement in the wellbore. 

Geothermal well flow volumes are often 1 to 2 
orders of magnitude greater then petroleum 
volumes. 

Precipitation is much more serious in geother- 
mal wells than in petroleum wells. 

It is critical in geo- 

Production decline methods are probably the 
most commonly used tool of the reservoir engineer 
because production data are always recorded and 
filed whereas temperature and pressure records 

. are far less common. The uses of these methods 
are at least two fold. First, they are used to 
predict future production and second, they can 
provide insight into reservoir mechanisms and 
geology. e. Petroleum i complex mixture with volatile 

components. Geothermal water is essentially 
one species. 

d. 

Production data for fields and individual 
wells are usually plotted on a monthly basis so a 
year's worth of data might be enough to use with 
the standard methods. When fields have been drastically affected by precipitation, changes in 
produced for a number of years, e.g., 10, production 
data are plotted on an annual baeis and fitted. 
In the petroleum industry great care must be taken 
in trying to extrapolate past trends because con- 
ditions can change. For example, the reservoir 
pressure might pass through a bubble point causing 
dissolved gas to outgas thereby drastically chang- 
ing flow conditions. 

Fracture size, quantity and distribution are 

temperature and seismic activity. Geothermal 
reservoirs seen to be much more complex than 
Petrolem reservoirs SO methods taken into geo-' 
thermal work must be examined carefully. We have 
done this with the data and methods available but 
more work must be done as We Produce more geother- 
mal fields over time. 

The best discussion of and 
warning about decline methods is in Brons (1963). ,1. 

Reserve estimates are calculated from predict- Arps's (1945, 1956) work forms the basis for 
ed future production. 
the estimates are bad. 
using production from two wells, each with constant 0 '  reserve estimation that had been done as 
but different vercentarte decline rates. When their 

It the predictions are bad, all the decline curve methods currently in use. 
Brons shows an example - He brought together and codified work on oil 

productions are added Eogether and fitted with a 
hyperbolic eqn (the best fit) we get a very dif- 
ferent reserve estimate from the one obtained by 
looking at each well separately. As always, the 
reservoir analyst must supply a great deal of 
insight. 

Decline methods are not directly appli 
new fields except that if the new field app 
be similar to a previously studied field we might 
make some intelligent guesses about its production 
characteristics. 

Decline methods are used to determine when 
additional wells should be drilled and when wells 
should be worked over. 
wells can decrease in a steady regular manner from 
sand plugging the formation. 
a production vs. time graph. 

Geothermal Reser 

Production in individual 

This can be seen on 

The decline methods developed for analyzing 
oil and gas wells can be used for geothermal wells 
but we must recognize that petroleum and geothermal 
reservoirs are very different from each other. 
These differences can cause production mechanisms 
to be drastically different in the two cases. 
of the more important differences and their conse- 
quences are as follows: 

a. Petroleum reservoirs are us 

Some 

formations. Geothermal re 
fractured igneous or met 
Darcy flow holds in the first case and frac- 
ture flow in the second. 

as 1908. The commonest methods were graphical 
in which production q or cumulative production 
Q was plotted vs. time t. See Fig. 4 from Arps 
(1956). Examinations of production data showed 
that data with constant first differences fit an 
exponential equation while data with constant 
second differences fit a hyperbolic or harmonic 
equation. All three equations can be expressed as 

where a = fractional decline 
some authors use D = fractional decline 

q = production rate of time t 
K = constant 
b = constant 

The solutions to equation (72) are shown in 
Table 1. 

Guerrero (1961) gives a good "cookbook" ap- 
proach to analyzing data using these methods. 
Table 2 for problems worked out by Guerrero. 
Arps's equations were considered to be strictly 
empirical until 1973 when Fetkovich proposed some 
theoretical basis for the exponential equation 
(see below). The hyperbolic equation is still 
considered to be empirical. 

2. Fetkovich 

See 

\ 

Fetkovich (1973) showed that log-log type 
curves can be used to analyze production data in 
an analogous manner to analyzing pressure data. 
He presented log-log plots of dimensionless flow 
rate, qDd = q(t)/qi, vs. dimensionless time, 
tDd = Dit, for OLbzl and Di = 1 (see Fig. 5). 
b = 0 is the exponential solution while b = 1 is 
the harmonic solution. 
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RATE-TIME CURVES 

RATE - CUMULATIVE CURVES 
COORDINATE 

CUMULATIVE IO1 CUYULAflVE I01 

I - CONSTANT PERCENTAGE DECLINE n : 0 0 %  0 3  
no - - -  HYPERBOLIC DECLINE (SHIFTED ON LOG - LOG) 

m0 - - - - - - -HARMONIC DECLINE (SHIFTED ON LOG - LOG) 
HYPERBOLIC DECLINE n = $2 0,: .IO 

HARMONIC DECLINE n : I D.=.X)  

--- 
- - - -. - - - 

0 1956, SPE-AIME 

FIG. 4. Three types of production decline curves on coordinate, semi-log, and log-log graph paper (from Arps, 1956). 

The exponential curve is given by 

qDd = exp(-Dit), Di = 1 (73) 

while the hyperbolic curves are given by 

qDd = (l+bDit) -'Ib for O<b<l. (74) 

Using an overlay technique as shown very clearly 
in Earlougher (1977), (see Fig. 6). production 
data can be plotted over the curves and a decline 
exporrent can be picked. 
are coincident. 

For t~d<0.3 all the curves 

Fetkovich showed that the exponential decline 
has a fundamental base by deriving it as a solution 
to the constant well pressure case. 
for dimensionless flow rate is 

The equation 

qDd = q(t)/qi = exp[-(qi)maxt/N 1 (75) Pi 
This equation can be related to (73) by setting 

Di = (qi)max/Npi (76) 

tDd = (qi),xt (77) then 

Pi 
N 

2 2  We define 
N = n(re - rW)+Cthpi Pi 

5.615B 

Finally we Ret 

141.3 pB[la(L - a ) ]  
r W 

Fetkovich showed that production decline curve 
data could be used to derive values for permeabili- 
ty thickness kh which is usually obtained from 
pressure data. (see Fig. 7a and 7b). Compare kh 
calculations from rate-time data and pressure 
time data. 

3. Slider's Method 

Slider (1968) proposed a simple method of 
curve matching to obtain the hyperbolic exponent 



11 

TABLE 1. CLASSIFICATION OF PRODUCTION DECLINE CURVES 

r DECLINE TYPE 

BASIC 
CHARACTERISTIC 

ATE - CUMULATIVI 

m. HARMONIC 
DECLINE 

~~ 

I. CONSTANT- PERCENTAGE 1 It. HYPERBOLIC 
OECLINE DECLINE 

DECLINE IS CONSTANT 
n = o  

DECLINE IS .PROPORTIONAL 
TO A FRACTIONAL POWER (nl 
OF THE .PRODUCTION RATE 

o < n < l  

DECLINE IS PROPORTIONAL 
TO PRODUCTION R A T E  

n o  I 

D * Oecltne os o fractron of production role 

D, s Inittol decline 

q, I Initial produclmn mte 

q, = Producltm role 0, time t 

Ql 8 Curnulalive otl produclwn at time I 

K L Conslonl 

I t * Ttmr n * Exponent 



ul 

% - 
C 
0 
La 
IT 
Q, 

.- 
E .- 
n 

b and the initial decline rate qi. 
method one needs to construct a set of curves 
of 4/91 vs. log time for various values of ai and 
b using Arps's hyperbolic equation. Production 
data can then be plotted on the curves by using 
a transparent overlay. 
around until the best fit is found thus giving 
b and ai. 
curves, future production rates q and future cumu- 
lative production Q can easily be estimated. This 
method is easy to apply but it reauires a separate 
set of curves for each possible value of b. Later 
methods eliminate this shortcoming. 

4. Gentry's Method 

To use the 

The overlay can be moved 

From equations or from a second set of 

Higgins and Lechtenberg (1970) for exceptions. 
There isa*no mathematical basis for this restriction. 
b = 0 and b = 1 are special cases, the exponential 
and harmonic, respectively, but this does not 
restrict b from being larger than 1. Gentry and 
McCray (1978) investigated decline curve methods 
using semi-log plots of qilq vs. Qfqit, Cartesian 

. plots of 9/41 vs. Q, and semi-log plots of qi/q 
vs. ait. See Figures 9a, 9b, and 9c. Some of 
their conclusions are (Ne = Q) 

1. The dimensionless curves Np/qit vs. qifq 
VS. qilq for a particular fluid- 

permeability system are not affected 
by the absolute permeability or size of 

Gentry (1972) developed curves which are much 
easier to use then Slider's because only one set 
is needed for all values of b between 0 and 1. 
(see Figs. 8a and 8b) We can find b from a plot 
of Qftqi VS. log 4114. 
of qit vs. log qi/q and find ai. 
the factors we need for a reserve analysis. 

With this b we go to a plot 
This gives us all 

the reservoir. The behavior of these 
plots is determined by (1) the characteri- 
stics of the contained fluid, (2) the 
relative permeability characteristics 
of the reservoir rock, (3) the reservoir 
drive mechanism, ( 4 )  reservoir heterogen- 
eity, and (5) manual manipulation of 
oduc tion. 

5. Gentry and McCray 2 .  Reservoir heterogeneity tends to increase 

O<pll in the solution of Arps's equations. 

the magnitude of b as the degree of 
heterogeneity is increased. It is also 
apparent that b for a heterogeneous system 

Reservoir analysts have usually assumed that 
See 

i 
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(a) Choose a type Curve. ~ (b) Overlay with tracing paper. 

. ,  . .  
(d) Label axes. (c) Trace, major grid lines. 
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Irh .) q(t) 141.3(Lnr /r, - 
9&j (Pi - P 3  1000 BOPM 141.3(Ln 50 - . 5 )  .) 

30.4 D/M (.OS41 (7259) 

FIG. 7a. Typecurve matching r calculating Kh using decline curve data (after Fctkovich, 1973). 

1oz 
Y- 

PD VS t FOR A VERTICALLY- 
DL 3 n 

I FRACTURED WELL (ANALYTICAL SOLN.) 
.- 
p. - 

n 
n 

.- 

I to Time, t (hrs) 60 ’ 
0 1973, SPE-AIME 

0.00634 kt kh 47.5 ml-ft (kh) (IOOPSI) 
t~~ PD* 0.36 

l41.4(145) (0 .47 )  (1.37) 0uCtL2 

FIG. 7b. Typecurve matching example for calculating Kh from pressure buildup (after Fetkovich, 1973). 
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FIG. Sa. Decline curve analysis chart 
to  time (after Gentry, 1972). 

0 1972, SPE-AIME 

relating production rate 

0 1978 APE-AIME 

FIG. 9a. Q/(qit) vs qi/q (after Gentry & McCray, 1978). 

. .  

. .  . .  
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FIG. 9b. Plots of cumulative production vs q/qi for four fluid-penneability systems (after Gentry & McCray, 1978). 0 1978, SPE-AIME 

FIG. 9c. Dimensionless ait curve histories for four fluid-permeability systems (after Gentry & McCray, 1978). 
0 1978, SPE-AIME 
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3. 

4. 

5. 

6. 

7. 

8. 

will increase to a maximum value and then 
as the ratio qi/q becomes large, b will 
decrease and approach its homogeneous 
value. 

Reservoir heterogeneity can and does 
cause b values to be greater than 1.0. 

Manual manipulation of production can and 
does cause b values to be greater than 
1.0. 

The dimensionless plots for heterogeneous 
systems of 1 and 3 md, 3 and 9 md, and 
5 and 15 md all plotted the same curve. 
This indicates that heterogeneous systems 
in the ratio of 1:3 will plot congruous 
dim$nsionless curves. 

It appears that the relative-permeability 
characteristics of the reservoir have 
the greater effect on the decline 
exponent b, while the fluid characteristics 
have a greater influence on the constants 
ai and qi. 

may better define certain decline curves 
than do the Arps equations. 

The plotting of production data on the 
N /(qit) vs. qi/q curve can be a helpful 
dfagnostic tool for evaluating the 
production history of a well or lease." 

6. Other Type Curves 

Fetkovich developed log-log type 
dimensionless production vs. dimensionless time, 
QD vs. tD, but other variables can be used. We 
tried plots of dimensionless cumulative production 
vs. dimensionless time and dimensionless production 
vs. dimensionless cumulative production, 43) vs. 
%. 
equation and the hyperbolic equation for several 
values of b. See Figs. 10a and lob. We had the 
same data scatter problem with these type curves 
as we did with Fetkovich's. A few data sets 
ted very nicely on a particular curve, but in0 
sets plotted very ambiguously. 

The plots were made by using the exponential 

The natural gas industry has long used de- 
cline curves in which pressure divided by gas 
deviation factor, p/z, is plbtted against cumu- 
lative production, Q (Katz, 1959). The straight 
line can be extrapolated to the economic limit 
of producing pressure quite easily. Brigham and 
Morrow (1974) have proposed adapting this method 
to steam fields. In plotting computer generated 
data they found that curve shape was strongly 
influence by porosity. Also, the presence of 
a boiling interface is critical. "If the wells are 
completed in the vapor zone it would be natural to 
graph p/z vs. production, as though this were a gas 
reservoir, and use an extrapolation of the best 
straight line as a predictive method to calculate 

I *-* io 0' io 

Dimensionless time 

b 

I Ib-1 10-1 10 IO 

Dimensionless cumulative production, QD 

FIGS. loa-b. Log-log type-curve. 

reserves. The efficien of this technique will 
be strongly dependent on the porpsity if the actual 
reservoir contains boiling liquid ." (see Fig. 11.) 

Pruess et al. (1979a, 1979b) have used the 

othermal reservoirs. They conclude that 
simulator SHAFT78 to'test the use of p/z vs. Q plots 

the standard technique of estimating reserves 
by extrapolating a plot of plz vs. cumulative 
production is not applicable to two-phase geothermal 
reservoirs." and ". . . in many cases pressure will 
be a linear function of cumulative production, with 
the slope allowing an estimate of reservoir volume. 
Reserve assessment requires knowledge of average 
porosity and vapor saturation, which cannot be 
obtained from pressure decline curves." 

Brigham (1979) applied p/z techniques to a 
study of depletion in the Gabbro zone at Larderel- 
16, but he stated that the linearity of p/z with 
cumulative production doesn't hold for the entire 
life of a reservoir with a boiling interface. He 
claims that linearity is a good approximation for 
the first one-third to one-half of the reservoir's 
life. 
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"0 0.2 0.4 0.6 0.8 1.0 
FRACTION PRODUCED 

@ 1974, SPE-AIME 
FIG. 11. Pressure depletion vs recovery, falling liquid level (from 
Brigham & Morrow, 1974). 

8 .  Influence Functions 

Unsteady state isothermal flow of slightly 
compressible liquid through a porous medium can 
be described using the diffusivity equation 

ia rkap 
- (  rar par 

The equation can be solved using a Green's function 
approach to derive a "response", "resistance", 
"memory", or "influence" function. 
(1969) in describing water movement in aquifers 
defined two influence functions: 1) P(t) = the 
'Irate case" influence function which is defined 
as the pressure drop at the reservoir boundary 
(a function of time) corresponding to a unit rate 
(e.g. 1 cu. ft./day) of water influx." For a 
constant flow rate q we get po-p(t) = qP(t), the 
constant terminal rate case equation. 
= the ''pressure case'' influence functions since 
a constant pressure pb is specified at the outer 
boundary. The constant terminal pressure equation 

Katz and Coats 

2) Q(t) 

is q(t) = (Po-Pb)Q(t) 

P(t) and Q(t) can be calculated either for 
idealized models or from field data. Let F(t) = 
Q(t) or P(t). For an idealized F(t) we must 
specify "1) model geometry, 2) exterior boundary 
conditions (e.g. infinite, closed or constant 
pressure), and 3) model parameters." The speci- 
'fication of reservoir parameters and geometry is 
particularly difficult in geothermal reservoirs 
so the calculation of F(t) from field data is 
more attractive and easier than trying to devise 
a thoroughly specified model. The advantages of 
the field method are "1) none of the above choices 
are required, and 2) an influence function which 
reflects unknown (and practically speaking, 
indeterminate) aquifer properties, as reflected 
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by actual field performance, is determined. 
Disadvantages are 1) the resemblance of the backed 
out F(t) to the true function is proportional to 
the accuracy of field data, and 2) the influence 
function is obtained only up to the time of last 
available field data; extrapolation is required 
for purposes of predicting future water movement." 

Coats et al. (1964) recommended the use of 
field influence functions for oil fields with 
adjacent aquifers. The method is directly applica- 
ble to geothermal fields. 
F can easily be generated as a function of pressure 
p and flowrate q using the following equations: 

The influence function 

Integral form 

(82) 
Discrete form 

i 
v 

Bodvarsson (1980, personal communication) has 
shown how the influence function problem can be 
formulated in a slightly different manner. The 
function F defined by Coats is a unit step response 
function. Instead of the unit step response, we 
can use the impulse response h, where h = dF/dt. 
The equation to be solved is then 

Integral form Ap = q(T)h(t-T)dr r 
i 

qjhi-j+l 
Discrete form Po-pi I 

\ j=l 

The first derivative of the curve from the F formu- 
lation should be identical to the curve derived from 
the h formulation. 
(Jargon and van Poolen, 1965) and Hutchinson and 
Sikora, 1959) but we recommend against it. An F can 
be calculated which fits the data well, but which 
has no physical meaning. 

F can be calculated by hand 

Katz and Coats cite an example in Katz et al. 
(1963) in which an influence function is calculat- 
ed by direct methods which exactly reproduces past 
performance but which cannot be extrapolated. The 
smoothness constraints below assure a physically 
meaningful solution and they can be arrived at 
both intuitively and analytically. 
and Coats "if water is injected into an aquifer 
at a constant rate through some fixed inner aquifer 
boundary (surface), then intuitively the pressure 
change at that boundary must always be positive. 
In addition, the pressure should always increase 
and the rate of increase should continually 
decrease with time." 
the constraints is given in Coats et al. 

From Katz 

The analytical proof for 
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Linear programming methods such as the pack- 
age MPOS should be used with-the smoothness 
constraints on F or h: 

F > O , t > O  

dh 
- - <  0 dt - 

d2h P- d2F c 0 s 2  0 

If the data are not "smooth and regular enough" 
the use of simple hand calculations can lead to 
the results shown in Fig, 12. The F function 
will reproduce the pressure very well, but the 
function cannot be exttapolated and is physically 
meaningless. 
program is shown on the same figure for comparison. 

Hutchinson and Sikora and Coats et al. discuss 

The F calculated by the linear 

the effects of field geometry on the behavior of 
the pressure drop and the influence function. 
As production time increases, the rate of pressure 
change decreases. If the  reservoir^ outcrops, both 
the pressure drop and the influence function 
become constant. This is an effect we will look 
for in geothermal areas which we know have fluid 
recharge. If the reservoir is infinite-acting 
or bounded the influence function and the pressure 
drop will increase monotonically for all time 
greater than 0 .  

Hutchinson and Sikora show how to extrapolate 
calculated influence functions. If a definite 
straight line has developed from the field data 

LlOUlD INFLUENCE FUNCTION -- CERRC PRIETO TOTAL F1EI.D -- 1972-1978 

(F;tncss mcosure p = 100058) 

FIG. 12. Liquid influence function - Cerro Prieto total field. 

it may be extrapolated and the field assumed to 
be bounded. If no definite straight line has 
developed, the last 3 or 4 values of F should be 
examined. If the average AF for these times gives 
a good match to past performance the curve may be 
extrapolated using the slope of the average F. 
The extreme extrapolation assumes an infinite 
aquifer. In this case . 

All these extrapolations are included in our MPOS 
program. 

9. Linearized Free Surface-Green's Function 

One of the main vitures of the influence 
function method is described above is that it can 
be used to predict reservoir behavior without 
specifying a physical model for the reservoir. 
Long-time behavior of the influence function can 
tell something about the boundaries. 
reservoir has a free liquid surface and is assumed 
to be a porous half-space, Fig. la, a simple, 
distributed parameter model can be posited. 
Bodvarsson (1977) linearized the free surface 
condition and derived the following equations for 
pressure 

If the 

p(P,t) = (+ + - 1 2 )  - - r (84) 
PQ rPQt PQ't 

p = pressure, meters of head 

, q - flow rate, kg/s (constant) 
= ((x-x') 2 +(y-y')2+(z-d) 2 4  ) 

2 2 2 4  
rpQ 
rpQl= ((x-x') +(Y-Y') +(z+d) 1 
rPQlt= ((~-x')~+(y-y') 2 +(z+wt+d) 2 4  1 

Bodvarsson (1978) also showed that the impulse 
response of a linearized free surface can be 
expressed as 

G(t,S,Q) - <j(wt+d) (x2+y2+ 

(~t+d)~)-~/~U+(t) (85) 

where 
d - depth from free surface to sink 
G = Green's function 

S = (x,y) a point on the free surface 

4 = porosity, fraction 
3 p = density, kg/m 

w = kg/(v$) = sinking velocity, mls 
2 

v = kinematic viscosity, m /S 

g = 9 .8  m/s 

k - permeability, m 
2 

2 
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U+(t) = unit impulse function 

r = (x2+y2)', radial distance from sink. 

He obtained the following expression for drawdown 
in meters for P at a distance r from the sink 
(wellbore) 

See Chpt. I1 for the derivation of these equations. 
The impulse response,h,is the drawdown in meters 
at the point,P,caused by the instantaneous with- 
drawal of one unit fluid mass at point Q. At a 
continuous withdrawal the total drawdown at P 
would be a summation over all fluid sinks. The 
equation is 

N 

nil 
htotal(P) = L Gn(t-T)qn(T)dT (87) 

This equation for drawdown can be compared direct- 
ly with the h function formulation of the in- 
fluence function as described above. 

If the reservoir has a relatively impermea- 
ble zone below the producing zone the half space 
assumption can be modified. 
term or terms as necessary can be added to the 
equation for G. See Fig. fb. With one image 
term the expression is 

An image source 

More terms can be added as necessary. 

The distributed model described above can be 
approximated by a lumped parameter model as 
described more fully in Chpt. 11. 
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IV. DATA PROCESSING 

Data Sets Conservation, Div. of Oil and Gas. The data 

The last large data set is from The Geysers, 
California, courtesy of the California Dept. of 

include production injection and pressure data 
The most complete set is from Wairakei, from 27 wells from March 1971 through December 

New Zealand by Pritchett et al. (1978) published 1979. Additional pressure data are from Lipman, 
by Systems, Science and Software for Lawrence Strobel, and Gulati (1977). See Fig. 13c for map. 
Berkeley Laboratory. Individual well monthly 
heat and mass flow 
through 1976 for 1 ells. Furthermore, a fair Sestini (1970). Thesparsedata for other fields 
amount of pressure and temperature data are pre- 
sented. 

es are given Prom 1953 The Larderello data were taken from 

were from various sources. See Fig. 13d for map. 

Graphical Treatment of Data 
The authors presented a substantial amount 

of data on the geology and subsidence problems 
at Wairakei. 
received from Malcolm Grant, DSIR, a set of anno- 
tated individual well production graphs which 
indicated when wells were shut in and which see 
lines the wells were connected to. See Fig. 13 
for map. Arps (1945, 1956) pointed out that the 

The first step in the analysis was graphing 
In addition to this report we all fhe available production data on Cartesian 

paper using SPSS. 
eliminate from further consideration wells with 
severely irregular production such as Bore 11. 

These graphs allowed us to 

onential equation would graph as a straight 
The data set for Cerro Prieto by Bermejo -- et al. (1979) published by Lawrence Berkeley ata for several wells at Wairakei but found 

Laboratory included graphical production histories that production decline was insufficient to make 
of most of the wells from 1973 to 1978. These the semilog plots look very different from the 
graphs were digitized'for analysis. The producti Cartesian plots. The log-log plots, however, were 
was broken down into liquid and vapor production. significantly different from the Cartesian plots 
In addition, we received data from Marcel0 Lippman, so most of the data were plotted on log-log plots. 
LBL, which showed individual well total mass 
flow rates. The two data sets were treated separa- 
tely and then compared. A theoretical pressure ta scatter rendered the method useless. We 
drawdown curve was taken from Sanchez and de la 
Palma (1979). See Fig. 13b for map. r almost all our wells was fairly short, 

ne on semilog paper. We tried plotting the 

tried matching the log-log plots against 
tkovich's type curves. 

re also hindered by the fact that dimensionless 

For the most part the 

3 
0 
0 
0 

FIG. 13a. Bore locations in main bore field (from Pritchett et ai., 1978). 
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FIG. 13b. Location of wells in the Cerro Prieto Field. 
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about 1.0. The exponential and hyperbolic curves 
only start diverging at about tDd = 0.2, so with 
rough data we would like the last point to have 
tDd = 2.0, at least. We could not reproduce 
the fits reported by Rivera-R. (1977, 1978) using 
Cerro Prieto data. None of the data from liquid- 
dominated fields fit very well, but this is 
probably much more a function of data scatter than 
of the efficacy of the methods. See below for 
a discussion of data scatter. The only fair fits 
were for several wells from Larderello. Success- 
ful use of type curves with rough data may require 
a great deal of insight on the part of the analyst. 

We tried two other kinds-of type curves, Figs. 
10a and lob, with no more success than with 
Fetkovich's curves. Scatter and small dimension- 
less time caused problems again. 

Gentry and McCray (1978) proposed the use of 
several different graphs, Figs. 9a, 9b, and 9c, 
for decline curve analysis. 
with the plots involving ai because the data 
scatter gave ai a very large uncertainty. 
plotted N /qi t vs. qi/q for several wells and got 
very pecufiar results which were of no use. 
the data are far more problematical than the models. 

We had difficulty 

We 

Again, 

We tried plotting p/z vs. Q for The Geysers 
data using pressure from Cobb Mountain #I well 
and yearly total production data from Finn (1975) 
and from the California Dept. of Oil and Gas (see 
Figs. 14a and b). Brigham (1979) analyzed some 
Larderello data using p/z vs. Q, but as mentioned 
above he cautions against expecting linearity 
after one-third to one-half of the fluid has 
been produced (see Figs. 15a and 15b for plots 
of the data). 
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FIG. 13c. The Geysers, Californ California Dept. of Conservation, Division of Oil 8c Gas, 1978). 
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Statistical Treatbent of Data 

Most of the data sets had so much scatter 
that statistical treatment was the only reasonable 
approach. 
the Social Sciences) to reduce the data. See 
Appendix for discussion of SPSS and for the 
programs we used, 
computer centers and it requires a minimum of 
data handling. 

We used SPSS (Statistical Package for 

SPSS is available at many 

The program requir$s initial estimates of qi and 
a, and it returns qit), t9e predicted value of q, 
and best estimates a and qi for the fractional 
decline and the initial flow rate. A fit to the 
linear equation 

q(t) = qi + kt 

is also generated. 
generated is R2 defined as 

The primary statistic 

R2 regression sum of squares = 
SSTO total sum of squares We used SPSSPLOT to generate Cartesian plots 

of the q vs. t data for all-the wells, 

of the wells had drastic rate changes in their 
histories so only selected parts of their histories 
were analyzed. 

equation n 

From the 
SSE residual- sum of squares 
SSTO total sum of squares 

plots we chose wells to analyze further. Some I-- = I -  

regression subroutine to analyze the exponential 

n 
SSTO = C 

i=l 
We used a non-linear least squares (qi-i)2 where 9 = Eqi - 

n 
2 SSR * E (q-ti) 

i=l -at q(t) - qie 
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Cumulative production, (Q lo9 Ibs) 

FIG. 14a. The 
(pressure from 
ceedings 1977, 

Geysers p/z vs cumulative production, total field 
Cobb Mt, No, 1 and Curry 85, ENEL Pro- 
Strobel et al; production data from Finn, 1975), 

* -  

I 
0 

0 40 ea Ix) 160 

Cumulative production, Q (10' Ibr) 

FIG. 14b. The Geysers p/z vs cumulative production, 20-30 
wells. (pressure data from ENEL Proceedings 1977; production 
data from California Division of Oil & Gas, 1971-1979 data on 
20-30 selected wells). 
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40> 

0 1979, SPE-AIME 
FIG. 15a. Gabbro Zone pressure-production history match, 
lag time=36 months (from Brigham, 1979). 

IO 

0 

0 1979, SPE-AIME 

FIG. 15b. p/z vs Q-Larderello data (from Brigham & Ncri, 
1979). 

SSE a SSTO - SSR 
2 Values of R g r e a t e r  than 0.65 i n d i c a t e  a good f i t  

which can be  extrapolated with some confidence. 
The value 0.65 is  a r b i t r a r y ,  bu t  is  general ly  
considered t o  be a good f i t  f o r  r a w  data .  

For t h e  inf luence funct ion method, w e  develop- 
ed a f i t n e s s  measure, p ,  which is  t h e  average 
f r a c t i o n a l  devia t ion  of computed pressure d i f f e r -  
ences, A>, from observed pressure d i f fe rence ,  Ap = 
pi-p( t ) .  
t r u e  value is between 90.91 and 111.11 becauseAp= 

For example, i f  p = 0.1 and tfp = 100, the 

A-Pf ( 1 3 ) .  
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Discussion of Data Scatter 

Field data often have a great deal of scatter 

The scatter can be of two general types, 
in them which can cause difficulties in analyzing 
them. 
reservoir related and operations related. Reser- 
voir related scatter can be caused by 

1) rainfall 
2) recharge 
3) earthquakes 
4) subsidence. 

Production related scatter can be caused by 

1) changes in production schedules 
2) bad well completions 
3) workovers 
4) poor calibration techniques 
5 )  poor data gathering techniques 

Little can be done to prevent reservoir related 
scatter, but operations related scatter can 
always be reduced. 
chance of scatter are discussed in the Standard 
Operating Procedure section. 
be analyzed with the following techniques: 

Methods for reducing the 

Scattered data can 

1) averaging the data 
2) least squares fitting 
3) 
4) using insight and experience. 

subtracting our known effects and trends 

We tried averaging data from several Wairakei 
and Cerro Prieto wells to see whether we could use 
Guerrero's method for Arps's equations. 
not get reasonable values for the decline 
exponent. See Fig. 16 for a graph of six month 
average production vs. time for Bore 18. 

We could 

0 1  -. 
40 96 144 I S 2  240 zea 

Month 

FIG. 16. Six month average production, Bore 18, Wairakei, 
New Zealand. 

The easiest known effects to take into 
account are periodic shut downs. 
production graphs from Wairakei showed that many 
of the wells were shut in for periods of about 1 
month every 1-2 years. The monthly production 
during these shut-in months is obviously much 
lower than the preceding and following month's 
production. If the other data are on a smooth 
trend, the low values can effectively be ignored 
in fitting an equation to the trend line. Since 
these points represent production, however, they 
should be included in any calculation involving 
the cumulative production, Q. 

The annotated 
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V. RESULTS 

Arps's Equations 

We te s t ed  Arps's exponent ia l  equation (73) on 
a l l  ind iv idua l  w e l l  da t a ,  t o t a l  f i e l d  da t a  and on 
severa l  groups of w e l l s .  The r e s u l t s  are 
summarized t n  Table 3 with$omplete r e s u l t s  i n  t h e  
Appendix. 
f r a c t i o n a l  dec1i:e 
duct ion from Waira 
P r i e to  ranges'from 0.003 f o r  Wairakei t o  0.0115 f o r  
The Geysers. 'This converts  t o  year ly  dec l ines  of 
3.6% and 13.8%. respec t ive ly .  
wells ranges from 0.0004 f o r  a w e l l  a t  Otake t o  
0.9712 f o r  a w e l l  a t  Larderel lo .  
w e l l s  and groups at  Lardere l lo  had R . ' s  g r e a t e r  
than 0.87, ind ica t ing  a 'very good f i t  t o  t he  , 
e uat ion.  

Geysers d id  not  f i t  as well"8s- the -we l l s  from 
Larderel lo  and Matsukawa, so we cannot draw 
d e f i n i t e  conclusions about vapor-dominated f i e l d s  

D is  the  ayerage ca lcu la ted  monthly. 
based on t o t a l  f i e l d  pro- 
The Geysers, and Cerro 

R2 f o r  ind iv idua l  

E i  h t  of t h e  t e n  d 
Also, a l l  t h r e e  wells a t  Matsukawa had 

R s 's grea te r  than 0.76. The w e l l s  from The 

and the  exponent ia l  equation. 1 ,  

Cerro P r i e t o  and Wairakei are both l iqu id-  
dominated f i e l d s ,  and t h e i r  da t a  d id  no t  f i t  t h e  
exponent ia l  equat ion q u i t e  as w e l l  as the  vapor- 
dominated f i e l d s .  
equat ion f i t  a t  l e a s t  s eve ra l  of t he  w e l l ' s  d a t a  
q u i t e w e l l .  SeeFigures  17a-g f o r a  f i t o f  t h e  ex- 
ponent ia l  equat ion t o  t o t a l  Wairakei production 
and t o  seve ra l  i n d i  

However, f o r  a l l  t h e  f i e l d s  the  

8 .  

W e  only. t e s t ed  a 'few wells using t h e  hyper- 
b o l i c  equation and got R2's grea te r  than 0.989 i n  
a l l  cases, This ind ica t e s  t h a t  t h e  equation is 
e i t h e r  near ly  per  t or , t h a t  i t  is a very poor 
model and w i l l  f$ i r t u a l l y  any da ta  set. We 
hold the  latter ,v . .Because the  equation has  
no physical:basis, we recommend aga ins t  using it. 
However, i f  a p a r t i c u l a r  da t a  set f i t s  a hyper- 
boMc type curve w e l l  over a long s t r e t c h  of 
dimensionless time, the  curve can ,be  used t o  
ex t rapola te  production. 

Type-Curve Methods 
! 

None of the  da t a  sets f i t  any of the  type 
curves w e l l .  
of b can be picked w i t h  confidence. 
Lardere l lo  da t a  f i t  Fetkovich's exponent ia l  curve 

The s c a t t e r  is so high tha t  no va lue  
Some of the  

n develop cons tan t  pro- 
€ the  curve. See Figure 

18a. 
p lo t t ed  on the  same curve. 
reasonably chosen. 

Figure 18b shows typ ica l  Cerro P r i e t o  da ta  
No value of b ca' 

Coats' Inf luence Function Method 

Coats' method can be used with any but  t he  
most b i z a r r e  da t a  because t h e  d e r i v a t i v e  con- 
s t r a i n t s  imposed on the  so lu t ion  method guarantee 
t h a t  e i t h e r  a meaningful so lu t ion  o r  no so lu t ion  i o  
generated. The f i t n e s s  measu re , t e l l s  how usefu l  

EXPONENTIAL EQUATION 

# o f  Wells a t  

to ta l  prod. 

Japan 
i iqu id  
Vapor 

Japan 
4 0.)528-10.7043 t i  ' 1  
4 0.0004-0. '198 1 

Liquid 
Vapor 

4 
4 

0.)528-10.7043 t i  1 
0.0004-0. '198 1 - 1  
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G. 17a. Wairakei total production, 
xponential fit 1964-1976. 
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FIG. 17b. Pozo 15,  Cerro Prieto,Mexico. 
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FIG. 17c. Pozo 25, Cerro Prieto, M 
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FIG. 17e. Bore 66 ,  Wairakei, New Zealand. 
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FIG. 17f. Bore 18, Wairakei, New Zealand. 
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Exponential curve 

of pressure  de- 
t h e  case f o r  

t o t a l  production from'each region was coming from 
a v i r t u a l  w e l l  i n  t h e  "centey" of t h e  region. 
production depth for each v i r t u a l  w g l l  was  t h e  
production weighted average center  of open zone for 
t h e  wells i n  t h e  region. A cent ro id  w a s  chosen f o r  

The 

ca lcu la ted  as 

curve obtained is shown i n  Figure 21 as Curve #2 

C--. -DIT* .- -- -. )swKslDuMtD- 
*.----e NswESNFlMlE- 

INFLUEtlCE FUNCTION - TFAM-E 22 - 
(Fitness measure p =.038239) 

FIG. 18a. Larderello 82 (Nella S a x ,  R o w  Nr. 82) fit to 
Fetkovich type-curve. IC. 1 ence function-Travale 22. 
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INFLUENCE FUNCTION -- WAIRAKEI TOTAL FIELO -- 1955-1962 

(Fitness measure p 1.336597) 

FIG. 20. Influence function-Wairakei total field 1955-1962. 
< II i '  r i 

a plausible  fit. This method is d i f f i c u l t  t o  use 
because t h e  necessary geologic and production d a t a  
are usua l ly  lacking o r  sparse  a t  best .  

,c 
, I  

\ I  

Year 

FIG. 21. Linearized free surface fits to Wairakei data. 
Curve I, 0-0: observed pressure drawdown 
Curve 2, A-A: LFS fit, 1 term 
Curve 3,0-@ LFS fit, 2 terms 

TABLE 4. CHECK OF EXTRAPOLABILITY OF COATS' METHOD USING WAIRAKEI DATA 

Year 

1963 

1965 

1970 

1976 

- 

(Values of t h e  inf luence funct ion are from Fig. 20) 
& I  

Cumulative Producing 
Prod., Q T i m e ,  t ,  yrs .  

726276 8 

10283401 10 

1644585 15  

2295755 21 

L ill? E Fbound E -  pobs 

-0023 209 542 .002334 212 -539 543 

.0027 278 473 .002917 300 451 491 

.0035 384 367 .004376 480 271 427 

.0042 459 292 .006126 620 81 405 
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VI. STANDARD OPERATING PROCEDURE FOR DATA GATHER- 
" ING AND ANALYSIS 

Data Gathering 

The most important step for 
data is the proper collection of it. 
be as complete and clear 
data" can be eliminated 

The data must 
s Possible so that "bad 
a possible cause of 

results in the analysis. Some 

ing schedules and stick 

8 

and temperature bombs. 
Keep an ydated calibration log for eac 
instrument. 
Use clear standard forms for recor 
data. 

3) 

4) 

A data cbart' fur routine measurements -shottld in 
clude at least the following hformation 

1) Well name and location 
2) Date and time 
3) Pressure-well head, tubing, bottom hole, 

4) Temperature 
5 )  Flow rate 

meter run, etc. ga 

8 )  Vel: status 
9 )  Type of tes 

interferenc 
10) Zone being 
11) fnstrument 

Data Analysis 

The data can 

Least Squares Fits to Arps's Equations 

Production data (q vs. t) should be fit to 
Arps's exponential equation using a non-linear 
least squares program. The program should calcu- 
late R2 to indicate goodness of fit. 
high value of R2, e.g., greater than 0.65,  allows 
extrapolation with some degree of confidence. 

A reasonably 

We recommend against using the computer to fit 
data to Arps's hyperbolic equation for the reasons 
described in Chapter V. However, if the data fall 
very well on a particular type curve then one may 
reasonably predict future production using that 
curve. 

ULTS FOR FITS TO.EXPONENTIAL EQUATION 

Calculated 
Field Fractional 
Well I Start Oate End Date ~ecline,~xl~~ 
Wairakei - Total Production 12 

18 1-56 12-76 
20 4-59 12-76 
22 12-59 12-76 
24 12-66 
24 12-76 
26A 12-76 
26B 12-76 
27 8-58 12-76 
28 1-64 12-76 

3-57 12-76 
7 -64 12-76 
1-59 12-66 

ekmining the data 

this provides on1 7-62 12-76 
12-63 4-66 analysis should b 12-62 12-76 

enough, log-log typ and Gentry's and 1-63 12-76 
12-60 5-62 McCray's curves can to fit current data and 1-66 12-76 

to extrapolate ,tb fu havior. If the field is 9-63 12-76 
1-64 12-76 
8-64 12-76 
1-64 12-76 

5.29 
2.05 
1.74 
4.90 
3.69 
7.02 
17.48 
5.04 
5.10 
4.86 
1.34 
7.87 
0.47 
11.22 
3.05 
9.81 
6.01 
2.84 
1.03 
4.67 
1.94 
1.77 
5.97 
2.50 
5.72 
6.81 
3.99 
3.40 
2.54 
0.45 
2.87 
3.00 

0.75 
0.32 
0.79 
0.60 
0.46 
0.52 
0.68 
0.20 
0.19 
0.72 
0.53 
0.43 
0.80 
0.40 
0.78 
0.74 
0.14 
0.40 
0.01 
0.80 
0.52 
0.86 
0.69 
0.45 
0.06 
0.61 
0.38 
0.20 
0.90 
0.27 
0.59 
0.72, 
0.59 
0.33 
0.38 
0.01 
0.51 
0.78 
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COMPLETE RESULTS FOR FITS TO EXPONENTIAL EQUATION 
(Continued) 

Calculated 
Fractional 

Field Hel l  # Start  Oate End Date ~ec l ine ,0x10~ R' 
Cerro Pr ieto - Liquid Production 

5 
8 
9 

11 

30 
31 
34 
35 

3-73 
6-73 
3-73 
3-73 
8-76 
8-74 
2-75 
8-73 
9-74 

12-73 
8-73 
8-76 

12-73 
8-73 
7-73 
3-74 

Cerro Pr ieto - Total Production 

5 
8 
9 

11 
14 
15 
19 
20 
21 
25 
26 
27 
29 
30 
31 
34 
35 
39 
42 

7-78 
7-78 

12-77 
7-78 
8-78 
8-78 
7-78 
7-78 
7-78 
7-78 
7-78 
7-78 
7-78 
7-78 
9-75 
7-78 

1-73 12-79 
1-73 12-79 
1-73 12-79 
1-73 12-79 
1-73 12-79 
1-73 12-79 
1-73 12-79 
1-73 12-79 
1-73 12-79 
1-73 12-79 
1-73 12-79 
1-73 12-79 
1-73 12-79 
1-73 
1-73 
1-73 
1-73 
1-73 
1-73 

12-79 
12-79 
12-79 
12-79 
12-79 
12-79 

11 -79 
11 -79 
11-79 
11 -79 
11 -79 
2-78 

11-79 
11 -79 
11 -79 
11 -79 
11 -79 
11-79 
12-74 
11 -76 
11 -79 
11 -79 
11 -79 
11 -79 
11 -79 
11-79 
11 -79 
11-79 
11 -79 
11-79 
9-77 

11 -79 
11 -79 
11 -79 
11 -79 
11 -79 

4.72 
14.36 
10.26 
24.22 
-4.65 
14.55 

-13.79 
24.71 

-15.02 
16.08 

-20.87 
-2.06 ' 

7.80 
4.08 

22.67 
6.82 

0.55 
0.64 
0.13 
0.73 
0.09 
0.59 
0.54 
0.79 
0.62 
0.36 
0.76 
0.01 
0.47 
0.58 
0.84 
0.84 

25.31 0.83 
4.60 0.19 
9.52 0.58 - 8.36 0.31 
2.76 0.04 
7.55 0.22 
6.93 0.68 
5.84 0.67 

27.20 0.58 
8.07 0.94 

33.26 0.63 
7.18 0.32 

Calculated 
Field Fractional 
Well # Start  Oate End Date ~ e c l  i n e , ~ x 1 ~ 3  

Geysers - Total Production 

ox-2 3-74 
OX-3 11 -72 
OX-4 8-72 
OX-5 8-71 
ox-10 8-71 
ox-10 3-74 

SUFBK3 8-71 
GDC-32A 12-72 
GOC-53 3-72 
GOC-66 4-73 
GOC-77 5-72 
GOC-85 5-72 
GDC-85 5-73 
GDC-85 2-75 
GDC-86 5-73 
GOC-88 3-72 
HAPYJKl 11-71 
HAPYJK2 11-71 
HAPYJK7 11-71 
HAPYJKE 11-71 
HAPYJK9 11 -72 
os-1 6-73 
os-2 9-72 
OS-3 
OS-3 
OS-4 
OS-5 
05-6 
OS-7 
os-8 

9-72 
6-75 

11-72 
7-74 
8-72 

11-72 
8-72 

7.98 
8.10 

10.86 
1.16 
5.00 
9.80 

11.59 
9.94 

19.01 
9.56 
9.85 
7.17 

37.98 
24.34 
7.69 

11.76 
16.10 
13.17 
2.45 

10.13 
6.18 
9.66 
6.03 

13.70 
25.36 
11.64 
23.99 
9.58 

11.58 
10.80 

R2 

0.44 
0.54 
0.69 
0.01 
0.16 
0.35 
0.49 
0.54 
0.32 
0.54 
0.31 
0.38 
0.82 
0.89 
0.42 
0.61 
0.61 
0.60 
0.15 
0.48 
0.22 
0.59 
0.23 
0.46 
0.89 
0.54 
0.63 
0.59 
0.69 
0.81 

Geysers Total Field 

11 -72 11-79 11.51 0.81 

-- 10.84 0.85 -- 

Influence Functions 

If adequate production and pressure data are 
available, they should be analyzed using Coats's 
influence function method and a computer program 
with the constraints described in Chapter 111. 
Data preparation is straightforeward and data hand- 
ling is minimal. The first half of a data set can 
be modeled and extrapolated in several different 
ways. Comparing the extrapolation with the second 
half of the data can give insight to the placement 
of reservoir boundaries such as faults or outcrops. 

Bodvarsson's linearized free surface method 
should be tried if the reservoir has a free liquid 
surface, and if enough data are available to 
estimate a sinking velocity. 
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APPENDIX n 

Statistical Package for the Social Sciences SPSS i 
Objective function I(ui + vi) - minimum where 

u. and v. are slack variables, b. is the observed 
1 1 - 1  SPSS is a set of programs developed for 

general statistical analysis. We have used the . pressure change *Ps and qi-fxf is the 
two subprograms PLOT (Tuccy, 1977) and NON-LINEAR 
(Robinson, 1977) quite extensively. The listings the calculation which looks like the following for 
for our SPSS main programs which used these sub- 
programs are given below. 
data. SPSS4 w i l l  do a nonlinear least squares fit X1 X2 X3 X4 u l  u2 u3 u4 vl  v2 v3 v4 b 

using the exponential equation. B(1)  and B(]) Objective function . 1 1 1 1 1 1 1 1 
are initial guesses for initial production, qo, and 

names are self-explanatory. A complete description 
of SPSS is given in Nie, 1975. 

Multiple Purpose Optimization System MPOS 

pressure change. 

n - 4. MPOS geneiates a tableau for 

SPSS2 will plot a set of 

monthly fractional decline, D. The other program -1 

1 .  

1 -1 b4 

- > o  
- . o  
- . o  

Values for u and v are given in the output so 
that the fitness meisures, p ,  can be calculated 
directly as 

MPOS is a linear programming package designed 
to solve a wide variety of linear programming 
problems. Coats' influence method can be fomu- 
lated as a linear programming problem as follows. 

i 
1 

;,qi-j4 + ut - vi = b (1) 1 = 1.2. . . n  

x j  = F j  - Fj-1 n 
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COMPUTER LISTINGS AND EXAMPL 

SPSS PROGRAMS 

spss2 ===5= 

$ 3  2 
PP GES f Z E  NOEJFCT 
R’JN NAME PLOT ONLY -0 PO20 5 
VARIASLE L I S T  MONTH53 M A S S  
INPUT FOPMAT F I X E D  t$SX9f -3 ,0s27Y.F7 .0 )  
N OF CASFS UNKNOWN 
REA0 INPUT DATA 

----- 
e---- 

PLOT PLOfS=HASS ( 0 * 3204 W I T  H M O N T H 5 3  (Q 97 rrrLE=pozo 5 t  
T I1 LF X=M O N 1  H I  
T I T L E V = P A S S t  

XDf v= 12/ 
V O f t l = R /  
SYY90LS- -? I  

Sf z E = i  0 e 5 9 8 0 

OPTIONS 1rlO 
FlRfSH 

COMPUTE 
QEAD INPUT 
*REJECT IF 
NO NL I NE A R 
*o DEL 
D E R I V A l  I V E  

PARAMElEQS 

RE t R E  ss I ON 
P L O l  

OP T IOQS 
ff NTSH 

NO€ 3FC C 
NOQLINEAR R E G R E S S f ’ l N  -- QOQE 108 

15 9 
PYA SS=MASS 

UES M A S S ( 0 )  
( Y E A 4  LT 1 9 6 4 ) M A S S = O  
( Y E I F  E Q  196& AND AYONTH L T  8)YASS=U 
WNfHQ=HONTH53-  140 

ST flONTH53rAYONHH.YEAS+WASS 
T F I X E 0  (9X9F5e O+SX.ZF5.01F2012) 

13 0 )  
ES=HA 
(io0013 
P ( 8 ( 2  
*HONf 
5,299 
92.55 
ES=HA 

ORE 1 

MASS/ 
5 . 8 .  

i%% f: 
M o w i  

U I T  
1 3  
000  
9( 1 

MON 
I WT 
DO 0 

Q f  
I T H  MONTH53 
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ST 
1 

UE s 
fNG 
O A f a  
I V E  

OPTIONS 
FINISH 

1 

QDQI 
iNS=POQII 
LE=BORE 
LEY=BORE 
E = l S r l B f  
v=20/ 
v = 1 2 /  
BO L S=-9 / 

O *  
20 

2 
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I A N  FOR A- IN1 

IT 

1.S) WITH K C Y  
f 
0 PFOD RAT10 

TTAL -BORE 21) 
* F20.09 

I (Or10000000000 

VS GUH P R O Q I  

----- ----_ SPSSCUM ===== 
N O E J E C l  
CUNULATIVE VS CUWENT P R O O U C T I O N ~  ROP 

8 E E S I Z E  
RUN NAME 
YllRIABLE L I S T  XTMIYPRQ 
INPUT F O R V A T  F ~ X E D ~ I 4 X ~ F S o D t l O X ~ F 2 0 ~ 2 ~  
N OF CASES UNKNOWN co NP u TE XCM=ACCUN(YPRD) 

READ INPUT DCLrA 

WRITE CASES t l O K * F 3 o O  g 5 X 9 F t 0 . 0 q 5 X + F Z O r D )  
XC 19 Y P RD 9 X C  H 

Pt  or PLOTS=YPRD ( 0  9 BD0000000) WffH XCH( 0 9 1 0  
l ITLE=BORE 2 4 /  
T I  t LE X=CU#UL A r l  WE PRO DUC T I  ON! 
TITLEY=CURRENT PRODUCTION/ 
SIZE=lU. 598.0/ 
X D I V = I O /  
V D I V = R I  
SY!lROLS=-I/ 
PLOTS=XCM(O 100000000000I WITH XTY(OI 
T I T  LE=BORE $%I 
T I f L E X = T I N E  I N  MONTHS/ 
TICLEY=CUHUCATTWE PPODUCT'I ON/ 
XOTV=12/ 
YOT V = l  O /  
SY MBOLS=-II  

FI FISH 

PL or 

E 24 

o o o o o o o o n o w  

288) t 

---.- -_--- SPSSAVG ===== 
11 t 
PAGESIZE 
RUN NAHE 
VdRIABLE LIST HONTH53rANONTH YEAR MASS 
INPUT FORMAT F S K € o ( 9 X , F 5 , U , ~ X , 2 F ~ .  09F20.2) 
N OF CASES UNKNOWN 
YKSSING VALUES HASS(O9 
I F  
IF 
READ I N P U T  DAW 

NOEJECT 
1 OUTPUT SEHI-ARNUAL AQERASES 8OSE 7 2  

(aHONTH LE 69 H A F I E A S = l  
(AMONTH GE r )  HAFYE4Rc2 

AGGREGATE GQOUPVARS=YE A R  9HAF'PEARI 
VARLaRLES=HONTH53. q A S S I  

ODTIONS 3 
Sl ATISTICS 3 
f I  NISH 

4GG ST ATS=YEA N I  
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ESTIRATING FIELD INFLUEWCE FUNCTIONS ’--. PROGRAK USEAGE 1- 

. I  

ar progronning tech 
Drews (JPT, Dec.,1964), is -’used to deternine the aquifer influemco’ 
functions fron field data. Several progranr have been written to teke 
raw data and convert it into a tableau used bys’the )I.P,O.S linear 
programing package, then and refornat it. The 

The input data nust follou the following arrangenentr 

Card NO. Infornation 

1 Header Card 
2 Input Fornat.  Fields are integer-real-real for 

3 W = nunber o f  data cards to follow 
4 First Data Card (contains data f o r  tint, pressure, 

N+4 Cast Data Card 

tine-pressure-volune 

and volune) 

repeat for nore data sets 

2. GENERATING THE INFLUENCE FUNCTION 
I 

The procedure to do this is sinply: 

GET, INFUNC. or GET, IWFUNC/UN=8#OQ5C. 
INFUNC,IN. 

file containing the input data a5 described above. 

The results will be found in file OUT and are arranged as follows: 

d fitness value RHO 
1 )  header card 
2)  card containing nunber o f  data points 

3 )  N data cards in the fornat (ISt5X,4F1 

4) E-0-F mark 
5 )  repetition o f  1 )  to 3 )  for each data set 

hese results should be saved for future plotting. There is also a 
naned RESULTS generated which contains output fron the li .P.0.S. 

i in (15,5X,F17.0) field 

tine, F, delta-F, P, Q. 

package uhich should be sent to the line printer yi$b sarriagg ggn$fgbr 
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3. PLOTTING THE IWFLUEWCE FUWCTIOW 

To plot the influence functions generated above, it is necessary to 
The necessary libraries and object decks uill use the IWFPLOT progran. 

have been gotten by INFUNC. hll that is necessary is to enter 

IWFPLOT,OU 

where OUT is the file generated in step 2 )  above. The yrogran should be 
run fron a graphics terninal. Output can be sent to the GERBER plotter 
or plotted on a 4662 plotter. The progran will pronpt the user for the 
necessary information. 

#larch 13, 
1980 
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ABGEN 
PRD6RhH TA66EN4 1)iFUTr OUtPUf, TAPS5 sINPJTT TAPES= O U T  F d f )  

b 
DIHENSION P 13QU) ,  Q 4 3 0 0 ) r  StJFF(d) 9 F O R H I ( d )  
F & Y k i - ; m G p s i i  - rmv-;-z./, i/ i n  x / ,  J / I H  u/ 

!A A U/ lHU/ r  EQ/IHO/r DASH/lH-/ 

f 141s PGOGRAH READS IN PRESSURE ANI) PROOUCTIOY f A t A  A Y  C 
C CREAfES INPUT FOR USE I N  LINEAR PAOGRAHHING POUTINE H * P * 3 * S *  

E URITE SECOND ORDER CONSTRAINT5 
L 



c 



52 
61NFPL 0 

C 

PROGRA M INFPLOT ( OUT ,EXTRAP VI h FUi ,  OU TP UT 9 TAP E 1 C = 3 9 T A  P€5 =I N FU TI 
TaPEI=UUT ,TAPEt=EXTf?AP,T APEbtOU 1PUT) 

E 
C 

TI t lE  AN0 VALUE OF THE F W C T I Q N  A 5  GENERPTfO d l  P*CGRAH <LF9* AsE hEAC 
AND PLGTTEO GN TEKTRONIX 4662 PLOTTER 

U4E 
.- 

kQJIFER 

FOOf(8 )  

f /  

, GERaER+ 

OS FOR E 

EXTRA?O 

f 

KT R9 P3 

LATION 

LAT I O N #  

WHICH f , S A i G J  

- I REAO (8~101\ HOR 
1 B  -. .. . - t 

CALL TEKPAUS 
t a t  -f ORNATt8nMt c 
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c 

C . . . - .. - 

F 42 

-1:j 
52 

--e--- - 

? 

U 

,. 

T I  NCk 

-7 

, 

!& . . -.-. . 

10 rEXLA 

a 2 )  
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E END 
99 CALL PLOTENC 
999 STOP SEND INFPLOff 

END 
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Example Calculations Using 

INFUNC 

r
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t
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I T h C .  
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I T t4O . 
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I 7  hoe 
ITWO. 
ITNO. 
111.;. 
ITNO. 
;Tho. 
ITN3.  

I r  ti9 . 

te 
9 

ic 
!? 
# 
13 

15 
1E 
74. 
17 
58 
58 
19 

5 9  
4 0  
s: 
4 2  

73 
t t  
-9 
5 5  
37 
72 
54 
73 
I C  
73 

44 
71 
7 2  

t 5  
53 
73 
37 
06 
r7 
C F  

? A  

e € 
75 
64 
66 
t C  
71 
7 6  

b€ 
F €  
7c 
31 

If 

E 

!I 
tO 

L e  

$I 

;; 
5 0  

5: 

2; 
11 

tt 
26 
25 
71 
i7 
2 0  

72 
L? 
33 
58 
3 7  

33  

* Y  

JLk- 
Vdk- 
J P C  - 
V&?- 
VL= - 
J t i  - 
J L k  - 
JBt - 
JAB - 
VP?- 
!A& - 
J r  -. - 
I -  

L -  

58 

64 
it4 
105 
66 

iC6 
ic7 
66 

I C  e 
109 
70 
12 0 
1:: 
22 
122 
95 
74 
5 8 '  
94 

79 
73 
93 

58 
e 5  
60 
67 
73 
91 
59 
71 
72 
JC 
e6 
70  
23 
1 3  
67 
75 

14 
66 
75 
7 3  
58 
71 
65 
'3 
t 6  
39 
37 
55  
75 
81 
66 
82 
69 
25 
71 
65 
88 
66 

TS 

1; 
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71 
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T J  
T b  
TC 
IJ 
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T: 

R! 

TO 

T u  
T O  
T O  
T O  

TO 

TG 
T b  
T J  
TJ 
Tc, 
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TO 
TC 
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Td 
T O  
T J  
T O  
Tu 
T C  
T i  
T U  
T i  
T3 
TO 
TO 
T i  
1; 
7 4  
Tr .  
Tu 
T d  
Tb  
1; 
TU 

T u  
T L  
TC 
TU 

T J  
Tu 

T: 

1: 
I O  +: 
T.3 
TO 
T O  
TO 

30U NO 
aOJNO 
30JNO 
30UNO 

~ O U N L  
BO J NO 
BOUNC 
BOUNO 
BOUN3 
3OUND 
3OLhJ 
30 LN 6 
dJUhC 
33UNO 
NUNC 

a 3 J h 3  
3OUND 
30UN C 

dOJN0 
30UNG 
aObNC ao 1hO 
3OdNJ 
30Uti9 
3U JN t 
8OUNC 
3OUNO 
30UNO 
aOUNO 
a3uNO 
39 J h l  
3dUhO 
30 UN J 
3OJttC 
3OUhD 
3DONO 
aOUN c 
3 UNJ 

d J N O  95 i lN 9 
oJiJN2 
3JJNO 
?J bh C 

33JVS 
3OJND 
9 U N E  
3GUh J 
IDJND 
?OUNC 
IOUND 
3OUhC 
3JJNQ 
?JON d 
3uVNq 
O W N L  
BOUNO 
30Uk0 
30 UAO 
30 bh J 
3r)JkJ 

39 Uk p 

Booy% 
a a u 3  

&kD 
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SUtlUAllY 3 F  SESULTS 
v i  k 

NO 
1 
2 
3 

5 
6 
7 
e 

11 
12 
18 

2 
2 
ir 

f t  

: 8  
19 
4.1 
22 
23 
2 *  
25 
2 0  
2: 
23 

3;  
3 2  
33 
3cr 
35 
30 
37 
3 6  
39 
k C  

(.3 
Y *  
k 5  
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:4 

t ! + t  

U5ZYG q E v I t E O  
IhFLU€tdCL F u N c T I C ~  - 0 19 

SURHAeY OF RESULTS 

V&R Ubi? eon,sihtus A C T I J I T Y  OPP~f tTun I t  r 

8 : 88 18851 

-b:!Q88iit0 ;f= if2 

NO hAHE NO LEVEL 3 -0ST  b7 V 9  -- 
19 vi1 
5 0  Vi2 
5 1  V 1 3  

5 4  V I 6  
55  u17 

L 3  G .  o o o o o o o  -2 .O 0 0 0000 
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0 . o o o o o c o  
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-- B 2 7 27569 -- a 1: 3114233 
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0.0000 
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$9 kt 
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26 1.0 

3 1  Ld 
32 Ltl 
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12 Ld 
1 3  L 9  
14 L e  

35 L a  

s 3 
18 kt 

i: k: 
i 7  LP 

.on 3.L 

VAF. VAR 
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93 - - G R i I F  
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96  - -ALT IF  
97 --AP.TiF 
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9 9  - - i Q f I F  
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Linearized Free Surface Programs 
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