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Background: The rate of heat extraction, the evolution of near-surface cast
microstructure, and shell macro-morphology can be controlled
once the proper balance between mold surface area extension
and the degree of imperfect wetting at the instant solidification
starts is determined. Once this control is achieved, it will be
possible to minimize or even eliminate costly post-casting
surface milling or scalping which is currently a major barrier
to the development of new Aluminum casting processes.

1 Executive summary

The current project has investigated the process of surface defect formation in cast aluminum
alloys through extensive numerical studies with the main aim of developing methodologies to
reduce surface defects in castings by designing appropriate mold surface topologies. These tech-
niques can help reduce material, energy and monetary losses during post-scalping operations.
A robust stabilized finite element based alloy solidification simulator was first built and was
extended to model the deformation of solidifying alloys in the presence of non-uniform contact
and non-uniform heat transfer at the metal mold interface. The mold surface topography was
modeled in the form of sinusoidal surfaces and the effect of uneven surface topography on the
solidification process was examined first. After initial verification and validation of the numer-
ical model, full scale parametric analysis was performed to study the effect of various process
parameters on the deformation of an aluminum alloy solidifying on uneven surfaces. Optimal
surface features were identified that helped in reducing some surface defects like growth front
unevenness in cast aluminum alloys. Our analysis, first done on the macro-scale, was then
extended to the micro-scale where effects of surface tension on air-gap formation and solidifi-
cation were examined. Level set methods, previously used for modeling dendritic solidification
of metals and alloys, were used for this purpose.

The current approach has led to a better understanding of the phenomena occurring during
the early stages of aluminum alloy solidification. Numerical studies done in this project form
the basis for any surface modification techniques used in molds to reduce or eliminate surface
defects in cast aluminum alloys. These techniques when implemented in the industry will lead
to material, monetary and energy savings.

2 Project Accomplishments

• Development of a robust alloy solidification simulator for modeling complex alloy solidi-
fication processes.

• Numerical study of aluminum alloy solidification on sinusoidal surfaces.

• Development of a coupled simulator to model the deformation of solidifying aluminum
and aluminum alloys in the presence of air-gap formation and non-uniform heat transfer.

• Full scale parametric analysis to study the effect of uneven surface topography and
various process parameters on early stage solidification of pure aluminum and aluminum-
copper (Al-Cu) alloys.
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• Determination of optimal surface features that help in minimizing some surface defects
in solidifying Al-Cu alloys.

• Numerical study of the effect of surface tension on early stage solidification using Surface

Evolver.

• Development of highly robust level-set methods to model dendritic alloy solidification
and evolution of surfaces in contact.

• Study of surface tension and gas pressure on early stage solidification using level set
methods.

• Development of PETSc based parallel solution techniques.

3 Project Activities

3.1 Introduction

During the early stages of solidification of aluminum alloys, phenomena occurring at the solid-
shell/mold interface have a direct influence on the formation of surface defects such as cracks,
liquation and inverse segregates. This in turn has profound influence on the final macro-
morphology and microstructure of the cast alloy. Removal of surface defects from castings
leads to large material, monetary and energy losses. One of the main motivations of the
current study was to obtain a detailed understanding of the surface-defect formation process
in cast Aluminum alloys and explore the role of tuned mold surface topographies to minimize
or eliminate these defects.

�

Figure 1: A mold surface with periodic ‘groove’ topography to control heat extraction during
directional solidification (courtesy ALCOA Corp.)

Heat transfer at the metal-mold interface, thermal stress development, imperfect contact,
air-gap nucleation, fluid flow and segregation are typical phenomena that occur at the early
stages of solidification. Mold surface unevenness plays an important role during early stages
of solidification and can influence the growth morphology and microstructure of the solid-
shell. Very often in the casting industry, mold surfaces are given an artificial topography to
enhance heat transfer and wettability characteristics. These topographies generally range from
unidirectional grooves to discrete recessions or cavities. A periodic mold surface topography
on the surface of a copper mold block used for immersion studies is shown in Fig. 1 with the
experimental details given in [1]. The surface topography depicted in Fig. 1 is a bi-directional
counterpart of the unidirectional topography modeled in the present work for stationary molds.
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Box I : Governing transport equations for solidification of alloys

∂ρ

∂t
+ ∇ · (ρv) = 0, (x, t) ∈ Ω × [0, tmax], (1)

∂(ρv)

∂t
+ ∇ ·

(
ρvv

fl

)

= −∇p +
p

εl
∇εl −

εlρµl

ρlK(εl)
v +

µl

ρl
∇ ·
[
∇(ρv) + (∇ (ρv))t] ,

ερ0g[βl,T (T − T0) + βl,C(Cl − Cl0)] eg, (x, t) ∈ Ω × [0, tmax], (2)

ρc∗
∂T

∂t
+ ρclv · ∇T = ∇ · [(εlkl + εsks)∇T ]

−ρs ((cl − cs)(T − Te) + hf )
∂εl

∂t
, (x, t) ∈ Ω × [0, tmax], (3)

∂(ρC)

∂t
+ ∇ · (ρvCl) = ∇ · (ρflDl∇Cl) , (x, t) ∈ Ω × [0, tmax], (4)

Initial conditions:

v(x, 0) = 0, T (x, 0) = Ti, C(x, 0) = Ci, ρ(x, 0) = ρl0 ,
ρ(x, 0)

ρl
= 1.0 x ∈ Ω, (5)

The periodic groove topography allows multi-directional heat flow at the mold/shell interface.
The pitch or wavelength must be on the millimeter scale to obtain anticipated benefits. The
main focus of the current work was to explore the role of uneven mold surface topographies
during the solidification of aluminum alloys.

3.2 Mathematical Model for Alloy Solidification Problem

Directional solidification of an Al-Cu alloy on sinusoidal molds of wavelength, λ, and amplitude,
A, as shown in Fig. 2, was first considered. A single domain model based on volume-averaged
governing transport equations is used for modeling solidification of the alloy. The single set of
governing transport equations, valid throughout the domain, are listed in Box I. The mushy-
zone permeability, K, is assumed to be isotropic and is given by the Kozeny-Carman relation
as:

K(εl) =
K0ε

3
l

(1 − εl)2
, (6)

where εl denotes the volume fraction of liquid. The parameter K0 is related to the secondary
dendrite arm spacing, d, as K0 = d2/180. In the two-phase mushy-zone, the total solute
concentration, C, is expressed in terms of the individual phase concentrations as

C = flCl + fsCs, (7)

where Cl is the solute concentration in the liquid phase, while Cs is the solute concentration
in the solid phase. fl and fs denote the corresponding mass fractions. The density in the
mushy-zone is given by

ρ = ρlεl + ρsεs, (8)

where ρs and ρl denote the densities of the solid and liquid phases, respectively, while εs

denotes the solid volume fraction. We assume the conservation of both mass and volume in
our domain. Volume fractions are related to the respective mass fractions as εl = ρfl/ρl and

4



�
�
�
��
�
�
��

�
�
�
��
�
�
��

������	
�� 
�
��

�� ���� ���

�
��
��

�
��
��

�
��
��
�	


��


�


�
�

�����

�����

�
��
��

�� ���� ���

�� ���� ���

�
�
�
��
�
�
��

��

��

Figure 2: Domain and the mesh for the solidification of aluminum alloy.

εs = ρfs/ρs. Closure of the numerical model is achieved through separate thermodynamic
relationships describing the evolution of the liquid mass fraction. These are listed below:

Lever rule : fl = 1 −
1

1 − κp

(
T − Tliq

T − Tm

)

, (9)

Scheil rule : fl =

(
T − Tm

Tliq − Tm

) 1
kp−1

, (10)

The Lever rule was used for examples considered in this section. Air-gap formation and stress
development in the solid and mushy zones were initially not modeled. The heat transfer at
the metal-mold interface was assumed to be uniform here.

3.3 Solution Techniques and Numerical Examples

Stabilized finite element techniques are used in discretizing governing transport equations
for alloy solidification. The stabilized solution method for fluid flow incorporates the effect
of advection, viscous, pressure and Darcy terms, while those for heat and solute transport
are based on the SUPG solution method. Details of these techniques and stabilizing terms
involved are given in [2] and [3]. Solidification of an Al-Cu alloy was simulated on uneven
surfaces characterized by sinusoidal curves of different wavelengths and amplitudes. The main
aim here was to study the effect of uneven surface topography on heat transfer, phase change,
fluid flow and macrosegregation in the solidifying alloy. Examples were carried out in both the
horizontal and vertical configurations. Figure 2 shows the problem domain and the boundary
conditions. Further details are given in [4] and are not repeated here. The surfaces from where
heat is removed by convective cooling were modeled as sinusoids and the reference example
for both configurations was solidification in a perfectly rectangular cavity of same dimensions.
Variation of inverse segregation, macrosegregation and fluid flow with surface topography was
studied in all these examples and some important observations were drawn. Figs. 3-4 show the
temperature, liquid volume fraction and liquid solute concentration contours for few amplitude-
wavelength (A-λ) combinations. Figs. 5-6 show the variation of solute (Cu) concentration for
different A-λ combinations. Figs. 7-8 show the temperature, Cu concentration, liquid solute
concentration and liquid volume fraction contours along with velocity vectors for different
A-λ combinations for a Al-Cu alloy solidifying on horizontal uneven surfaces. Details of the
numerical study are given in [4] and are not repeated here.
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t = t1 t = t2 > t1

Figure 3: (a) Isotherms (b) liquid volume fraction (c) liquid concentration lines at t1 = 66 s
and t2 = 121 s for vertical solidification with shrinkage (λ = 10 mm, A = 0.5 mm) in [4].
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Figure 4: (a) Isotherms (b) liquid volume fraction (c) liquid concentration lines at t1 = 66 s
and t2 = 121 s for vertical solidification with shrinkage (λ = 10 mm, A = 1 mm) in [4].
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t = t1 t = t2 > t1

Figure 5: Midplane (x = 0.005 m) solute concentration profiles at t1 = 66 s and t2 = 121 s for
different amplitudes at a fixed wavelength for vertical solidification with shrinkage (λ = 10 mm)
in [4].
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Figure 6: Midplane (x = 0.005 m) solute concentration profiles at t1 = 66 s and t2 = 121 s for
different wavelengths at a fixed amplitude for vertical solidification with shrinkage (A = 0.5
mm) in [4].
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Figure 7: (a) Isotherms (b) solute concentration distribution (c) liquid solute concentration
(d) liquid volume fraction and velocity distribution at time t = 66 s in horizontal solidification
with λ = 10 mm and A = 0.5 mm, [4].
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Figure 8: (a) Isotherms (b) solute concentration distribution (c) liquid solute concentration (d)
liquid volume fraction and velocity distribution at time t = 121 s in horizontal solidification
with λ = 10 mm and A = 0.5 mm, [4].

3.4 Deformation of solidifying alloys

Mold

Solid shell

Air gap 2A

liquid pressure

Crest

Trough

gq
c
q

Tt

Nt

δgap

3λ

ν

Pressure from the top liquid ρp=  gh

Figure 9: Alloy solidification from a mold with sinusoidal topography. The computational
domain for the solid, mushy and liquid regions is only a small portion of the total domain
considered due to emphasis on the early stages of solidification.

Here, the deformation of an Al-Cu alloy solidifying on molds of uneven topography was
analyzed. A hypoelastic, rate-dependent model was used to describe deformation in the so-
lidifying alloy. The mushy-zone was treated as a visco-plastic porous medium saturated with
liquid [5]. The primary unknown in the displacement problem is the deformation vector, u.
Using a small-deformation assumption, the strain measure, ε is expressed as a sum of the
elastic, plastic and thermal contributions as follows:

ε ≡
1

2
(∇u + (∇u)t) = ε

e + ε
p + ε

T , (11)

where ε
e, ε

p and ε
T denote the elastic, plastic and thermal contributions, respectively, and

are calculated through the volume-averaged model in the solid, liquid and mushy regions [6].
A hypoelastic law is used to express the stress-rate, in the whole domain, as:

σ̇ = Le(ε̇e), (12)

where Le ≡ 2µI +(κ− 2
3
µ)I⊗ I, with µ and κ denoting Lame’s constants. The thermal strain

rate is calculated from the rates of change in temperature, T , and solid volume fraction, εs, as
follows:

ε̇
T =

w

3

(

βs,T Ṫ + βshε̇s

)

I, (13)

where βs,T is the coefficient of volumetric thermal expansion, βsh is the coefficient of volumetric
shrinkage calculated from phase densities and w is a function of the solid fraction. There is a
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Table 1: Constitutive law of Aluminum copper alloy [5]

F = ˙̃ε
p

= ε̇0

[
σ̃

σ0
exp(−δεs) · exp

(

−
mQ

RT

)]1/m

ε̇0 σ Q m δ
9 × 10−5s−1 5.5 kPa 154 J/mol 0.4 6.3

critical solid fraction, εcrit
s , below which thermal strain is zero [5]. Therefore, w is expressed as

w =

{
0 for εs<εcrit

s ,
1 for εs ≥ εcrit

s ,
(14)

Non-zero thermal strain is produced in the solid-shell only when εs exceeds εcrit
s , [5]. Below

εcrit
s , the developing mushy-zone has negligible strength and Eq. (14) reduces to

ε̇
T = 0. (15)

As described in [6], this necessitates a constraint on the stress given by

σ
′ = 0 if εs < εcrit

s , (16)

where σ
′ is used here to denote the deviatoric part of the Cauchy stress

σ
′ ≡ σ −

1

3
tr(σ)I. (17)

In the solid region, with ε̇s = 0 and w = 1, Eq. (13) becomes

ε̇
T =

1

3
βs,T Ṫ I. (18)

The evolution of the plastic strain obeys the normality rule

ε̇
p =

3

2

˙̃ε
p

σ̃
σ

′, (19)

where ˙̃ε
p

is the equivalent plastic strain-rate and σ̃ the equivalent stress. The equivalent plastic
strain evolution ˙̃ε

p
is specified through experiments as

˙̃ε
p

= F(σ̃, s, T ) = wF0(σ̃, s, T ), (20)

where F and F0 are scalar functions and w is defined as in Eq. (14) to account for the critical
solid volume fraction. The evolution of the state variable, s (resistance to plastic deformation),
is given by

ṡ = g(σ̃, s, T ) = wg0(σ̃, s, T ), (21)

and is also obtained from experiments. Eqs. (20) and (21) give a general framework of the
constitutive law. The constitutive relationship, obtained from [5] and described in Table 1, is
used in our numerical model. Values of important constants in the constitutive law are also
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given in Table 1. In our current analysis, we assume the deformation process of the solidifying
alloy to be quasistatic and the body to be under equilibrium at all times. The equilibrium
condition of the solidifying body can then be written as

∇ · σ + ρgeg = 0 (22)

where eg denotes the gravity field. Eq. (22) is obtained after simplifying the volume-averaged
momentum conservation equation and neglecting the effect of the liquid-phase pressure on
the solid-phase momentum equation [5]-[7]. In the liquid and mushy-zones with εs < εcrit

s ,
Eq. (22) leads to σ = −ρghI, since σ

′ = 0. With this approach, the initial stress of a particle
when it solidifies is assumed to be the hydrostatic pressure at that location [8]. This initial
stress condition is important for tracking the history of deformation of solid particles once they
solidify.

Modeling of contact tractions (normal tN and tangential tT ) and air-gaps between the
casting and mold surfaces follows the scheme described in [9]. The mold separates the space
into inadmissible (the mold region itself) and admissible (other regions) regions and is pa-
rameterized such that the normal vector ν points into the admissible region. The gap size
(∆gap) of any point in space is defined as the shortest distance from that point to the mold.
Numerically, the contact force and gap size are solved using augmentations, details of which
are given in [6] and not repeated here.

Imperfect contact between the solid-shell/mold interface significantly affects thermal con-
ditions at that interface. This in turn affects fluid flow, segregation and solid-shell growth
morphology. When air-gaps form between the solid-shell and mold surface, there is a decrease
in heat flux. In our numerical model, we use two different heat flux formulations, described
in [10, 11], to simulate the change in thermal boundary conditions caused by air-gap formation.
These have been previously used in [6] and are expressed as follows:

q =







qg = h0

1+∆gaph0/k0
(Tcast − Tmold),

if ∆gap > 0
qc = 1

(R0+R′pcontact)
(Tcast − Tmold),

if ∆gap = 0

(23)

where ∆gap is the air-gap size, pcontact is the contact pressure between the mold and the solid-
shell, Tcast and Tmold, are temperatures of the solid-shell and mold surfaces at the metal-mold
interface, respectively. The parameters R0, R′, h0 and k0 are empirical coefficients [10, 11].
Actual values of these parameters are given in [6] and [12]. The heat fluxes qg and qc are
schematically shown in Fig. 9.

3.5 Numerical Examples

In our initial numerical studies, the gap nucleation time during the solidification of pure alu-
minum on molds of varying sinusoidal topography was determined under different process
conditions like melt pressure and mold materials. Further details of these examples are given
in [6]. As shown in Figs. 10 (a) and (b), results obtained from our numerical model were
compared with a semi-analytical solution for air-gap nucleation that was derived in [10],[13]
and [14] by using a thermo-hypoelastic perturbation theory neglecting plastic deformation.
Events after the gap nucleation are extremely important for understanding the surface-defect
formation process. After completing the validation studies, solidification of an Al-Cu alloy was

10
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Figure 10: (a) Evolution of Ptr with time at selected λ for pure aluminum (Pl=8000 Pa, R0

= 10−3m2.sec.K/J) (b) Mean shell thickness at gap nucleation time as a function of mold
wavelength for pure aluminum (R0 = 10−3m2.sec.K/J), [6].

simulated in sinusoidal cavities, initially neglecting solute transport, [6]. Figs. 12 and 13 show
results for two different mold topographies at times t = 5 ms and t = 100 ms. Micro sized
air-gaps form at the metal-mold interface as solidification progresses leading to a non-uniform
heat transfer rate into the casting. It is observed that the growth front unevenness decreases
faster when the mold surface wavelength (λ) is 1 mm than when it is 5 mm.

Solidification of an Al-Cu alloy was then simulated in sinusoidal cavities with an amplitude,
A and wavelength, λ after taking into account solute transport, [12]. The numerical model
for alloy solidification was same as that described in Section . The domain and boundary
conditions for the deformation and solidification problem are described in Fig. 9 and Fig. 2,
respectively. We observe the effect of transport phenomena occurring near the metal-mold
interface, on stress development, air-gap formation and growth morphology unevenness in
the solid-shell. More details about the initial and boundary conditions used for different
examples are given in [12]. Figs. 14-16 summarize results obtained for few A−λ combinations
for different process conditions with the emphasis on early stages of solidification. The left-
half corresponds to the time t = 5 ms, while the right-half to t = 100 ms. In all examples
considered here, inverse segregation, primarily induced by shrinkage driven flow, is observed
at the bottom of the cavities (Figs. 14b-16b) leading to a non-uniform solute concentration.
Air-gap nucleation occurs at the troughs and this leads to a local reduction in heat transfer
out of the solidifying shell at these locations. Consequently, remelting occurs at the troughs
and solid forms earlier at the crests than at the troughs as observed in Figs. 14d-16d at t = 100
ms. The process parameters that are varied in these examples are wavelength of sinusoidal
surfaces (λ), melt superheat (∆Tsup), mold material and initial solute (Cu) concentration
(C0) of the alloy. Figs. 17-19 show the transient development of maximum air-gap sizes
and equivalent stresses for different wavelengths, melt superheat, Cu concentrations and mold
materials, respectively. Maximum air-gap sizes were found to decrease with increasing ∆Tsup,
decreasing λ and decreasing C0, while maximum equivalent stresses decreased with decreasing
λ but were relatively unaffected by ∆Tsup and C0. The maximum equivalent stress at the
dendrite roots is shown in Fig. 22(a) for different C0 at t = 100 ms, for a fixed λ, ∆Tsup and
mold material. Clearly, the peak value is observed for a Cu concentration of 1.8 %, which makes
this particular alloy most susceptible to hot-tearing. This observation was previously made
in [7]-[17] and verified in [6], where inverse segregation and solute transport were neglected.

With maximum equivalent stress and growth front unevenness as the criteria an optimal
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Figure 11: (a) Temperature, flow and air-gap at time 100 ms for λ = 5 mm with superheat
30◦C (the air-gap is magnified 20 times for easy visibility. (b) Evolution of the air-gap at the
trough for different alloys (λ = 5mm with 30◦C superheat). The small bump around time 10
ms is due to remelting, [6].
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Figure 12: Temperature and flow velocity at time 5 ms: (a) λ = 1mm with superheat 30◦C,
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Figure 13: Equivalent stress and flow velocity at time 100 ms: (a) λ = 1mm with superheat
30◦C, (b) λ = 5mm without superheat, (c) λ = 5mm with superheat 30◦C, [6].
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Figure 14: (a) Temperature in K (b) solute concentration (c) equivalent stress in MPa (d)
liquid mass fraction and velocity vectors at (i) t = 5 ms (|v|max = 0.355 m/s) and (ii) t = 100
ms (|vmax| = 0.095 m/s) for λ = 5 mm, C0 = 5%Cu and no superheat (A = 0.232 mm, mold
material- copper).
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Figure 15: (a) Temperature in K (b) solute concentration (c) equivalent stress in MPa (d)
liquid mass fraction and velocity vectors at (i) t = 5 ms (|v|max = 0.342 m/s) and (ii) t = 100
ms (|v|max = 0.090 m/s) for λ = 3 mm, C0 = 5%Cu and no superheat (A = 0.232 mm, mold
material- copper).
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Figure 16: (a) Temperature in K (b) solute concentration (c) equivalent stress in MPa (d)
liquid mass fraction and velocity vectors at (i) t = 5 ms (|v|max = 0.382 m/s) and (ii) t = 100
ms (|v|max = 0.096 m/s) for λ = 5 mm, C0 = 5% Cu and 30oC superheat (A = 0.232 mm,
mold material - copper).
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Figure 17: (a) Variation of the maximum air-gap size as a function of time for different
wavelengths (b) Variation of the maximum equivalent stress as a function of time for different
wavelengths (Cu concentration = 5 %, melt superheat = 0oC, mold material - Cu).
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Figure 18: (a) Variation of the maximum air-gap size as a function of time for different melt
superheats (b) Variation of the maximum equivalent stress as a function of time for different
melt superheat values (λ = 5 mm, Cu concentration = 5 %, mold material - Cu).
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Figure 19: (a) Variation of the maximum air-gap size at trough as a function of time for different
solute (Cu) concentrations (b) Variation of the maximum equivalent stress as a function of
time for different solute (Cu) concentrations (λ = 5 mm, melt superheat = 0oC, mold material
- Cu).
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Figure 20: (a) Variation of the maximum air-gap size as a function of time for different mold
materials (b) Variation of the maximum equivalent stress as a function of time for different
mold materials (λ = 5 mm, Cu concentration = 5 %, melt superheat = 0oC).
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Figure 21: (a) Maximum equivalent stress at roots of the dendrites for the Al-Cu system (λ = 5
mm with 30◦C superheat, at time 100 ms). (b) Maximum equivalent stress in the solidifying
body and front unevenness at an early solidification time (100 ms) (Solute transport neglected
here).
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wavelength range of slightly less than 5 mm was obtained that minimized both these quantities
as shown in Figs. 21(b) and 22(b). The effect of inverse segregation was to increase the growth
front unevenness of the solid shell and maximum air-gap sizes.
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Figure 22: Maximum equivalent stress in the solidifying alloy and front unevenness at t = 100
ms (melt superheat = 0oC, Cu concentration = 5 %). From [6], the position difference of
εl = 0.7 corresponding to the crest and the trough is used here as a measure of front unevenness
(in the presence of inverse segregation).

3.6 Effects of surface tension on early stage solidification

Modeling and simulation on the scale of surface roughness is important to understand the
underlying physics of the complex phenomena at very early stages of chill casting including
rapid cooling, solidification, and thermal distortion. Surface tension effects become important
on these length scales. When molten aluminum contacts a chilled mold surface, the mold
surface chemistry determines the contact condition between mold and molten metal. This
contact condition plays an important role in the consequent solidification stages.

θ

Figure 23: Contact between molten aluminum and mold surface.

When molten metal starts contact with mold surface under a certain liquid pressure P ,
typically an initial gap is formed as shown in Fig. 23. The software Surface Evolver was used
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to calculate the state with minimum energy. This state with minimum energy was then deemed
as the initial condition for the solidification process. The energy considered includes surface
energy(free liquid surface and contact surface), prescribed pressure energy and gravitational
potential energy. The surface energy is given by

Esurface =

∫

∂Ω

σdS, (24)

where σ is the surface energy per unit area. σ may take different values for different part of the
liquid surface. For free liquid surface, σ takes the value of surface tension T . While at the part
contact with mold surface, σ takes the value of T cos θc, where θc is the contact angle between
liquid and mold surface. In the numerical implementation of surface evolver, this energy is
calculated on every facet of the liquid body for the 3D model. In a two dimension model, the
tension resides on edges instead of facets. The energy contribution from a liquid body with a
prescribed pressure P is given by

Epressure =

∫

Ω

PdV = P

∫

Ω

1dV (25)

For a free liquid surface, the mean curvature is determined by the value of pressure. In surface

Evolver, there is no volume element. Integration over the body needs to be convert to surface
integral according to Divergence Theorem. In our calculation, we use

Epressure = P

∫

Ω

1dV = P

∫

∂Ω

z~k · ndS (26)

With ρ as the density of the liquid, the gravitational energy contributed to the total energy is
given by,

Egravity =

∫

Ω

GρzdV (27)

Using divergence theorem, the volume integral is converted to a surface integral.

Egravity =

∫

∂Ω

Gρ
z2

2
~k · ndS (28)

In the numerical implementation, this integral is done over each facet that bounds the liquid
body.

The effects of surface tension, liquid pressure, gravity and mold topography are studied on
the initial contact between molten metal and molds with a grooved surface.

Effects of surface tension: Fig. 24 shows the effect of varying mold wall surface tension,
σwall, on the initial contact between the liquid and the mold. Near the melting temperature,
the surface tension of molten aluminum is about σliquid = 93×10−3J/m2. In practice, a coating
is often applied at the mold surface to change the contact surface energy, so that better contact
condition is achieved. In these cases, the amplitude H = 10µm, angle θ = 15o(Meaning of H
and θ is shown in Figure 23) and the liquid pressure is chosen to be P = 1.0 × 104Pa.

Effects of liquid pressure: Fig. 25 shows the effect of verying liquid pressure for the
same geometry (amplitude H = 10µm, angle θ = 15o) and with σliquid = 1.0σwall. The
contact surface area between the liquid and the mold increases with increase in liquid pressure.
Therefore, a large liquid pressure is preferable to improve heat transfer at the very early stages
of solidification. Strictly, the pressure is not constant near the mold surface.
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(a)σwall = 1.0σliquid (b) σwall = 0.8σliquid

(c)σwall = 0.6σliquid (d) σwall = 0.4σliquid

Figure 24: Effect of surface tension on the initial molten metal-mold wall contact.

(a)P = 0.5 × 104Pa (b) P = 1.0 × 104Pa

(c)P = 2.0 × 104Pa (d) P = 4.0 × 104Pa

Figure 25: Effect of liquid pressure on the initial molten metal-mold wall contact.

Effects of gravity: We studied a case of a droplet of molten aluminum in contact with a V
shaped mold, as shown in Fig. 26, to study the effects of gravity. In this case, σwall = 1.0σliquid,
volume of droplet V = 100mm3, V-shape height H = 1.1mm and V-shape angle θ = 45o.
Presence of gravity changes the initial shape of the droplet (a sphere) and increases its contact
surface area with the mold surface. This improves heat transfer at early stages of solidification.

Effects of mold topography: Fig. 27 shows the effect of mold surface topography on
the initial contact condition between molten aluminum and mold surface. In all these cases,
the amplitude was H = 10µm, mold surface tension σwall = 1.0σliquid and liquid pressure
P = 104Pa.

3.7 Solidification on a substrate

Taking the state with minimum energy as the initial condition for solidification, we computed
solidification on a substrate for different surface tensions due to coating as shown in Fig. 28.
As observed previously, the solid growth occurs from the crest. This method is valid for sand
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(a) Top view (b)Bottom view

Figure 26: Effect of gravity on the initial molten metal-mold wall contact.

(a)θ = 15o (b) θ = 25o

(c)θ = 45o

Figure 27: Effect of mold topography on the initial contact between the molten metal-mold
wall contact.

casting, where gas escapes. However for metal mold casting, the gas is often trapped. Temper-
ature change leads to gas pressure change. Numerically capture this phenomena requires the
ability to handle multi-phase motion. We use the multi-phase level set method as the math-
ematical tool [15]-[16]. In this method, the phase boundary for each phase is not explicitly
tracked with a mesh as in Surface Evolver. Phase boundary position is implied in the signed
distance function.

φα(x, t) =







+d(x, t) x /∈ Ωα

0 x ∈ Γα

−d(x, t) x ∈ Ωα

Assuming liquid is at its equilibrium shape with minimum energy at each time step, the
system energy can be written in the following form:

E =

∫

Ω

∑

α

δ(φα)γα

︸ ︷︷ ︸

surface energy

+ H(φl)
(
∆P + ρlglh

)

︸ ︷︷ ︸

pressure&gravity potential energy

dx

Using the gradient projection method, the energy minimization problem can be restated as:

∂φl

∂t
=

[

γlκl −
(
∆P + ρlhgl

)
− λ

(
∑

β

H(φβ) − 1

)]

,
∂φg

∂t
=

[

γgκg − λ

(
∑

β

H(φβ) − 1

)]

19



Figure 28: Effect of surface tension on early stage solidification.

with

λ =

−

(

∑

β

H(φβ) − 1

)

∑

α

∫

Ω

δ(φl)
[
−γlκl +

(
∆P + ρlhgl

)]
+ δ(φg) (−γgκg) dx

∑

α

∫

Ω

δ(φα)

(

∑

β

H(φβ) − 1

)2

dx

.

Fig. 29 shows the adaptive computational domain used for this problem. Simulation results
show that initially the gas pressure increased due to increase in temperature, which pushed
the liquid back. Gas escaped when the liquid was above the crest. The gas pressure then
decreased due to decrease in temperature. Liquid contacted the mold again. Solidification
started accompanied with liquid surface shape change due to surface tension until the bottom
side of liquid became fully solidified.

3.8 Conclusions

The current project has successfully developed finite element based numerical techniques to
model aluminum alloy solidification on uneven surfaces in the presence of non-uniform heat
transfer and imperfect contact at the metal-mold interface. Through a full scale parametric
analysis using this techniques, optimal surface topographies that helped in reducing some sur-
face defects during early stage solidification of aluminum alloys were identified. The analysis,
initially done on a macro scale, was extended to a micro scale to incorporate effects of sur-
face tension. Level set methods, developed for modeling dendritic alloy solidification, were
extended to model the effect of surface tension on early stage alloy solidification on a micro
length scale.

20



Mold
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Figure 29: Substrate solidification in the presence of surface tension and gas pressure.
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