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Abstract. We present a resuit on the robust stabilization of a class of nonlinear systems exhibit-
ing parametric uncertainty. We consider feedback linearizable nonlinear systems with a vector of
unknown constant parameters perturbed about a known value. A Taylor series of the system about
the nominal parameter vector coupled with a feedback linearizing control law yields a linear system
plus nonlinear perturbations. Via a structure matching condition, a variable structure control law
is shown to exponentially stabilize the full system. The novelty of the result is that the linearizing
coordinates are completely known since they are defined about the nominal parameter vector, and
fewer restrictions are imposed on the nonlinear perturbations than elsewhere in the literature.
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1. INTRODUCTION

In this paper, we consider the robust control
of nonlinear systems that exhibit parametric un-
certainty via feedback linearization and variable
structure control techniques. The principal diffi-
culty with feedback linearization is that the sys-
tem dynamics must be known exactly for the non-
linearities to be successfully cancelled. Uncer-
tainty in the system will result in residual non-
linear terms which will make the stabilization of
the system more difficult. Uncertainty in nonlin-
ear systems can arise from many sources: para-
metric uncertainty, unmodeled dynamics, compu-
tational errors, implementation details (e.g. sam-
pling), etc. We consider the first of these sources.

In this paper, we follow a Lyapunov based ap-
proach, but we employ a unique parameterization
of the system which allows some variable struc-
ture control techniques to be employed (Utkin,
1977; Young, 1978). Earlier work based on this
approach appears in (Schoenwald and Ozgiiner,
1992; Schoenwald and Ozgﬁner, 1994). One of
the key differences between this work and that
in (Spong and Sira—Ramirez, 1986; Spong and
Vidyasagar, 1989) is that we show exponential sta-
bility is possible instead of just uniform bounded-
ness. We start by expanding the state space equa-
tion of the uncertain system about the nominal

parameter vector. Next, we linearize the nomi-
nal system (which is assumed to be linearizable)
which results in a linear subsystem with higher or-
der nonlinear terms. The linearizing coordinates
are completely known (assuming the original state
is measurable). Furthermore, the upper bound on
the uncertain residual terms is much easier to ob-
tain in this framework since this bound can be ex-
pressed directly in terms of parameter variations.

This is intuitively appealing for sensitivity analy-
sis studies in which one is interested in examining
the stability of a system under specific relative
parameter variations. We also require a matching
condition, but only the nominal system need be
linearizable. An example is presented to illustrate
the control method of this paper.

2. PROBLEM STATEMENT

Consider the single-input, single-output (SISO)
nonlinear model

¢ = f(z,a)+g(z,a)u (1)
= h{z)

where 1t is assumed that f(z,a), and g(z, o) are
C® vector fields defined on a dense submanifold
M C R™. It is also assumed that h(z) is C* on
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M. In addition, z is defined on an open set U/
of R*. The vector « is the unknown parameter
vector. It is assumed that f and. g are smooth
vector fields for every @ € B, C RP where B, is
an admissible set of unknown parameter vectors.
Without loss of generality, we also assume that
f(0,a) = 0 and h(0) = 0. The nominal parameter
vector a, is assumed known and the perturbations
about a, are represented as

a=a,+da. (2)

Furthermore, the vector fields f and g are analytic
in o about a = a,.

Our goal is to find a diffeomorphism ®(z) on M
and nonlinear functions a(z) and b(z) such that
the nominal system is rendered linear in the coor-
dinates z = ®(z). That is,

2 (o) +

9(z,an)a(2)]r=0-1(s) = Az (3)

2D (e, anb@lemary = B (@)

with the nonlinear feedback
u = a(z) + b(z)v . (5)
This results in the linear plant

= Az+ Bv (6)
y = (z

where (A,B,C) are in the Brunovsky canonical
form Brunovsky (1970) (see Isidori (1989) for a
treatment on feedback linearization).

The input v will not only be utilized to stabilize
the nominal linear system (which has all its poles
at the origin), but it will be used to exponentially
stabilize the system once the parametric uncer-
tainty is introduced. In the following sections,
we define the Taylor series expansion about «,
and the control approach to stabilizing the un-
certain system. In this paper, all vector norms
are assumed to be the usual Euclidean norm, and
all matrix norms are consistent with this vector
norm.

3. MODELING OF THE PARAMETRIC
UNCERTAINTY

We begin by expanding z as a Taylor series In «
about a = a,

z = flz,on)+9(z, an)u
b (Z+320) loman b (7)
o o

da " da?
+ Ol sa |f)

2 2
+ 56(1 (6f+8g )la:anfsa

where it is noted that we have made no assump-
tion regarding the linearity (or nonlinearity) of the
uncertain parameters. We do, however, need the
following assumption.

Assumption I The relative degree of the nominal
system

T f(zyan)'*’g(z!aﬂ)u (8)

= h(z)

is r = n locally about some point 2 = z9.
Assumption 1 implies that the locally diffeomor-
phic state transformation

h(z)
Lf(z,an)h(x) ]

z=®(z,a,) = (9)

L, an)h(””) J

and the standard linearizing feedback

u a(z,an) + bz, an)v

= —L;(x’an)h(x) (10)
Lg(zyan)L}Exl,an)h(x)
1

— v
Lo(a.an) L an) H(®)

+

result in the perturbed system

z = Az+Bv
0%(z, ) Of
+ Oz (8a 6 (z @)
+ a—gb(z an)v) | o= fa (11)
da o x:agf{l(z)
+ O(fl e |I?)
y = C=z

where Lyh(z) = 42 f denotes the Lie derivative of

h(z) along f(z). Wlth the exception of éa (which
can easily be bounded once relative parameter de-
viation is considered), all terms in 11 are known
since they are evaluated about @ = «,. If the
systemn is linear in the uncertainty « then the ex-
pansion 11 will be exact to first order in éa. We
now make the following assumption.

Assumption 2 The parameter vector a appears
linearly in 1.

The above assumption makes the expansion in 7
exact to first order in §a. However, the work of
this paper can easily be extended to higher order
terms in éo as suggested by the expansion in 7 be-




cause all the terms in the expansion are evaluated
about the nominal parameter vector éc, and thus
are known. Thus, the results of this paper can be
applied to any parametric uncertainty that can be
expressed in finite polynomic form.

4. ROBUST STABILIZATION

The first step in the stabilization of the true non-
linear model is to place the poles of the nomi-
nal linear system (A, B,C)) into the left-half plane.
This can be done via linear quadratic regulator
theory or pole placement methods and will not be
further discussed here. Instead, we assume the ex-
istence of a constant 1x n matrix K (which is easy
to find since the pair (4,B) is completely control-
lable) such that A, = A+ BK is stable. Thus, we
let v = Kz + Av which results in the new model

: = A, z+BAv

o® ,0f
t b aa+a a(@, )
!7
+ b T, 0n Kz a=an ba 12
(e K)oy b0 (12)
+ 6<I> 99 b(:n an) | ety Avba

3z 8

where Av 1s an additional control term to stabi-
lize the residual nonlinearities. To be able to con-
trol the above model, we need a matching condi-
tion that guarantees that the uncertain nonlinear
terms lie in the range space of the input. More
formally, we need the following assumption.

Assumption 3 Yz € M, Yo € By, we require that
5% la=a, ba € Spa.n{g(:c, an)} and gé lazon
ba € Span{g(z, an)}.

The above assumption simply states that the un-
certainty in 1 is mapped to a reachable part of
the input space when transformed by the nominal
linearizing coordinates. This assumption is less
restrictive than some in the literature due to the
fact that the Span{g(z, @,)} depends only on the
nominal value of the parameters whereas in some
works (e.g. Spong and Sira-Ramirez (1986)) it
will depend on the uncertainty. Furthermore, the
second part of Assumption 3 can be relaxed by
replacing it with a condition involving Lie brack-
ets as outlined in Akhrif and Blankenship (1988).
It is shown there that this condition involving Lie
brackets is less restrictive than the above. We now
rewrite 12 as

2= Acz+ BAv + 1(z, Av) (13)

where higher order terms in éc have been ignored
and

a“’(gi+ Y ow,an)  (19)

1(z, Av)

g
-+ gb(l’ [0 2 KZ) I aman 6a

e=8-1(2)

8<I> g
—_——} n azorg .
t 55, (z,00) | ate SaAv

Our next assumption concerns the bounds on the
uncertainty term n(z, Av).

Assumption 4 We assume the existence of a func-
tion p(z,t) such that || Av ||< p(z,t) and || p ||<

plz,1).

The function p(z,t) is written explicitly as a func-
tion of time because it depends on the state z.
From Assumption 4 and the triangle inequality,
we obtain

pat) = (1= 55 5mb(ean) |_spe
Rl sa i 11 22
+ ga-a(a:,an) (15)
+ gb(x ) KN szer
"8 e ||

It is important to note in 15 that everything on

the right hand side is known & priori except for
S?xpﬂ dev || which is easily determined once one de-

cides on a relative parameter deviation to con-
sider. That is, we have expressed the uncer-
tainty directly in terms of the parameter devia-
tions which is physically more meaningful than if
the parametric uncertainty were embedded within
a complicated expression. For instance, if one
wishes to determine the effects of 15% gg%ative un-
certainty for a scalar nonzero « then o] éa ||=
0.15a,,. Our next assumption concerns the mea-
surability of the state.

Assumption 5 The state z (hence z) is available
by direct measurement or via an observer.

The key idea is that since the transformed state
z is defined about the nominal parameters «,,, it
will be measurable if z is measurable. The expo-
nential stability proven in this paper is local due
to the term in brackets in 15 possibly becoming
unbounded. This determines the set S of admissi-
ble initial conditions. From 15, the term in brack-
ets must be bounded away from zero for all time
to avoid a singularity. Since exponential stability
will be proven in Theorem 1, we only require this
inequality to hold at time ¢ = 5. Under the condi-
tions of the theorems, the inequality will then hold
for all time. This is an advantage over (Spong and
Sira-Ramirez, 1986; Spong and Vidyasagar, 1989)
which can only claim uniform boundedness.




Assumption 6 The inequality
0% dg

— ==b(z, o)

sup
57 B alléall<l (16)

a=on

r=d-1(z)

must hold at the initial conditions 2° = ®(z°) and
t= ta.

Additional assumptions made on the structure of
p(z,t) in (Spong and Sira~-Ramirez, 1986; Spong
and Vidyasagar, 1989) are not needed here which
leads to a simpler control law to implement. The
set of admissible initial conditions S is then de-
fined as

S = {eRr"|
oP dg
=z, an ) 1
9z da (2, n) I (1
|| o ||< 1} .

The theorem that follows gives us the control law
for Av and the stability result for the full system.

Theorem 1 Under Assumptions 1-6, the equilib-
rium z = 0 of the system 13 is exponentially stable
with respect to initial conditions lying in S (de-
fined in 17) if Awv satisfies the variable structure
contro} law

A _’éig@ 2 PB20 (18)
T e TpR<o

Bl
where || B ||= 1 for the SISO case, and P is the
unique symmetric positive definite solution to the
Lyapunov equation

PA+ATP+Q=0 (19)

with @) a given symmetric positive definite matrix.

Proof: We first note that all terms in the absgge
control law are completely known except for « ||
da || which was discussed earlier. Further, the
second part of Assumption 4 (|| Av ||< p(z,1)) is
satisfied by the above choice of control law. The
proof follows some of the steps in the proof of The-
orem 1 in Leitmann (1981), but we show exponen-
tial stability due to the different assumptions in
this paper.

We start with the Lyapunov function for the nom-
inal linearized system, V(z) = z7 Pz. We proceed
by showing that V'(2) is also a Lyapunov function
for the system 13 with respect to the set S in 17.
Differentiating along solutions of 13 and utilizing
19, we obtain

V = 2:TPA.z+2:TPBAv
+ 27 Py(z, Av) (20)

—27Qz +2:TPBAv + 227 Pn(z, Av)
= —2TQz 4 2:T PB(Av + ij(z, Av))

Il

where the last line is obtained from Assumption 3
(matching condition). This condition implies the
existence of a function 7j(z, Av) such that

7(z, Av) = Bij(z, Av) . (21)
A bound is obtained on 7 as follows.

I l1=ll B =l 7 Il B 1< p(.2) (22)
since 7 is a scalar (SISO). From this we get

p(z,1) Az, 1)

“TBIS"STB] (23)
which leads to
—27Qz 4+ 2:TPB(Av
< +8y, ZTPB >0 (24)

=) -2TQz-2|.TPB|(Av
-421), STPB <0
With the choice of control law in 18, we have
V<-2TQ:r= V< -2min(@Q | 2 ||> . (25)

Since () is positive definite, all of its eigenvalues
are positive. Thus, with reference to standard sta-
bility texts (e.g. Miller and Michel (1982), pp.
210-211), the equilibrium z = 0 of 13 is exponen-
tially stable subject to initial conditions lying in
the set S in 17. This completes the proof. a

The control law above has a variable structure
to it which as is shown in the proof above en-
ables exponential stability to be proven. It should
be noted that the control law in 18 is easier to
implement than the control laws in (Leitmann,
1981; Spong and Sira~Ramirez, 1986; Spong and
Vidyasagar, 1989). This is because the bound
p(z,t) is simpler to compute, since it can de-
pend nonlinearly on z instead of forcing one to
find constants that make it a linear function of z
as in (Leitmann, 1981; Spong and Sira-Ramirez,
1986; Spong and Vidyasagar, 1989). Uniform
boundedness of all solutions of 13 can be shown
utilizing the same Lyapunov function. This might
be useful in the event of more than one equilib-
rium point contained in the set S. A linear high
gain control law is also possible to design. That is,
there exists a large enough constant ¥ > 0 such
that Av = —yBT Pz will make solutions of 13
uniformly ultimately bounded with respect to a
different set S. The details of this approach are
to be found in (Barmish ef al., 1983; Thorp and
Barmish, 1981). Assumption 5 can be relaxed
{(i.e. measurement noise) with only minor mod-
ifications by implementing some of the theory in




(Barmish et al., 1983; Leitmann, 1981). Finally,
the multi-input multi-output (MIMO) case re-
quires some additional matrix manipulations, but
the above result can still be extended to MIMO
systems.

Ezample 1 We analyze the following second-order
system

(2] - [a2]

+ [g]u v=a (26)

which exhibits linear parametric uncertainty and
has the origin as its equilibrium point. The nomi-
nal value of & is @, = 1. The matching condition
(Assumption 3) is also satisfied. We now consider
the relative degree of the system

Lsh = 0
LyLih = —a#0.

From above we see that for « = o, = 1, r =
n = 2 as required in Assumption 1. This holds
for a dense submanifold M = R? and the ball
By ={a € R|a#0}.

Continuing, we find that the linearizing coordi-
nates and linearizing feedback in the nominal pa-
rameter is

1 = N
zg = —&2
u = -—zoe Tl vy,

The Taylor series expansion of 26 about a = 1 in
the new coordinates yields

2'1 = 22
22 = v+ (—ze o) (a-1) (27)
¥y = 2

which is in the form of 11. To determine the con-
trol law, we compute the bound p(z,f). Substi-
tuting the above information and & = 1 into 15,
the bound '

o(z,t) = [1—S&p|a—1|]‘1 (28)

[z9e " + 21 429 | - s&pla—1|

is obtained. In producing this bound, the gain
vector K = [—1— 1] was chosen to place the poles
of the nominal linearized plant in the open left-

half plane. Since || B ||= 1, the control law is
Ay — | ~P(z1), (05214 22)2>0
Av= { p(z,8), (0521 + 22) < 0 (29)

resulting in exponential stability of the origin.
This was computed from 18 utilizing P in 19 with
Q) being the identity matrix.

Finally, the set of allowable initial conditions S,
was calculated utilizing Assumption 6 and 28. It

can be seen that S = R? provided that o | o —
1|< 1V € B,. That is, the equilibrium £ = 0 of
26 is globally exponentially stable with the control
law 29 for nearly 100% relative uncertainty in o
(e, 0<a<2).

5. CONCLUSIONS

We have shown that linearization and stabiliza-
tion of nonlinear systems exhibiting parametric
uncertainty is possible via a variable structure ap-
proach if certain assumptions (principally a struc-
ture matching condition) are satisfied. The prin-
cipal advantages of the approach in this paper are
that exponential stability instead of just uniform
boundedness can be achieved and a control law
that is easier to compute. In addition, the lin-
earizing coordinates are known because they are
defined about the nominal parameters; and sys-
tems without full relative degree can also be ex-
ponentially stabilized in this framework. Further,
the bounds are expressed directly in terms of para-
metric uncertainty which makes them simple to
compute once maximum parameter deviations are
decided upon. The method avoids the feedback
linearizability assumption of the whole family of
uncertain plants as well as the convergence is-
sues of an adaptive controller. The approach also
works well with the ideas of sensitivity theory due
to fact that the uncertainty is expressed directly
in terms of the parameter deviations.
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