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Abstract

A mathematical formulation is presented for describing the transport of air, water and en-
ergy through porous media. The development follows a continuum mechanics approach.
The theory assumes the existence of various average macroscopic variables which de-
scribe the state of the system. Balance equations for mass and energy are formulated in
terms of these macroscopic variables. The system is supplemented with constitutive equa-
tions relating fluxes to the state variables, and with transport property specifications. Spec-
ification of various mixing rules and thermodynamic relations completes the system of
equations. A numerical simulation scheme, employing the method of lines, is described
for one-dimensional flow. The numerical method is demonstrated on sample problems in-
volving nonisothermal flow of air and water. The implementation is verified by compari-
son with existing numerical solutions.



Acknowledgment

The author thanks R. H. Nilson for many helpful discussions. Reviews of the manuscript
by R. R. Eaton and C. K. Ho are also greatly appreciated.



These Yucca Mountain Project activities are covered under WBS 1.2.5.4.1, Work Agree-
ment WAQ0036.

This work was supported by the United States Department of Energy under contract DE-
AC04-94A1.85000.



This page intentionally left blank.



Table of Contents

1. Introduction........cccesrersrererererenene verersettsenerersasassssasas desretseesb st sssasasssssssssansassersrene O
2. Balance EQUALIONS.........coverrurermeeermressiesssessesessrasanssssssssssssnsseessesensssessssssseessesssssssssoes 10
2.1 Continuity EQUAtIONS........cocvveemcrevereereaeereressesesesessesesessasesesssessssssescssosssssssensasssns 10
2.2 ENEIZY BAlaANCe ....cueueureeieeccceernrinisietossnseensesesesessesssssssssssossssescncssnsesesssssssnssssesns 12
3. Constitutive REIAIONS. ...cccvvvececceuirruerersssrernresnrerersssessesessssssssssencscesssssssnsssssssssssssssens 13
3.1 FIUX REIALONS c.vvreeeceeeeeneeietenensteteteteeeecses s sees s se s oo asasnsssssssssssessssssssssesaes 13
3.2 Mixture Relations and ThermodynamiCs...........ecveeeeeeeeeereersreererersesesessessssssnsas 14
3.3 Capillary PIESSULE .....cccecoerrrrrirrsrersernsesesesesessensssssssssssssenssensssasessssesesssasssnsesssesas 14
3.4 TranSpOTIt PATAMELETS. ....ccuveuerircreemencrcnreresnssssesesssesesesesrssessssssnsesesensessssnesesnsssssenses 15
3.4.1 Moisture retention and relative permeability functions............eeeeeeeverennnnn. 15
3.4.2 Binary diffSion....ccccceeeeninieneeeteseenenesi e esesesessnsssssssssssssensssssasens 15
3.4.3 Effective CONAUCHIVILY...cocerererersrerereieserserererereresesenesssssssenescsscssnssssessssssssns 16
4. NUmETICal TICAMENL ......cecvreeeruererrrrrereresieresresesessesesssssseseseasssssesessesmssesessssssesesssses 16
4.1 CanoniCal FOIM.....uucuciieeiececresenninsensssessnsesnsesesessessasssssnssssmesssescscssssssesssnsassenas 17
4.2 Boundary CONAItIONS ......cccvevereeereerernrererssecee s tsssscssscssssnseecssssssssssassssssasans 17
4.2.1 Dirichlet CONGILIONS «.....cvecrrrrrererererrrreeseeceseineesessesessisesssssessesenseesneesaessessssans 17
4.2.2 FIUX CONGItIONS .cuvuverrerrreeeuenrrererisraraianssrenesesesesesesesssssssssssssscssesesssssessssssssens 18
4.2,3 MIX€d CONAIHONS vovverrersueversessssrmrsnnsssrssssmmssssssmssssensssssnmsssssssssssssasssssessesssnnes 18
S, TESt PrODBIEIMIS ...ttt et e saeee e e esaessesse st e ensessesssnmsesmee e eemeeneas 19
6. CONCIUSIONS.....ocuiviririncncrcscisecnsaecssesessinaesassssssssssesssssesessssssesssssensssasnsssnsessssssessssasaes 23
T RELETENCES .....vervrisircnicsesiecnsenesssasssasssasessssesessasessssssessssssssossesssssnsssnsessmsassssasesessens 25
Appendix: Details of the Capacitance MatTiX.......cccceveeeererererevevereeeeemeeesesesscesssssssessssssaes 27
List of Figures
Figure 1 Temperature profiles due to a 20 W/m? heat flux given by the MOL and
FEHMN. .....uoiiiiiirtieeereeeneeseseecssesesssssnessessesesesssessssniosssssssssssnemnessssssenen 20
Figure 2 Comparison of saturation profiles given by the MOL and FEHMN. ............. 21
Figure 3 Comparison of temperature profiles given by the MOL and FEHMN. ........... 22
Figure 4 Comparison of the steady profiles of air mole fraction given by the MOL and
Udell and Fitch (1985). ...ccovvuvrrrrrrurrrrnsnressersssesssesessnssessssssscsssscsenssessses veeneen23



This page intentionally left blank.



1. Introduction

There are several approaches leading to the development of a mathematical description of
multiphase flow in porous media. This fact in itself is indicative of a state of flux in the de-
velopment and understanding of multiphase flow in porous media. The basic problem lies
in the fact that a pore scale description is impractical due to the complex geometries of the
interstitial passages through which the fluids must flow. A more practical approach is to
develop a description applicable to the macroscale, and herein lies the source of the prob-
lem. The equations governing multiphase flow on the microscale (Williams, 1985) are
fairly well-established, although by no means fully settled. However, the problem of tak-
ing the microscale continuum equations to the macroscale is a formidable task. The ap-
proaches taken to date involve averaging methods, use of mixture theory, and a
macroscale continuum approach (see Hassanizadeh and Gray, 1990). By the latter we refer
to an approach where certain macroscale quantities are assumed to exist at the outset. In
the present work, we will follow a continuum mechanics approach based on postulates re-
garding relations between microscale and macroscale quantities, although we make use of
findings from all the aforementioned approaches. Balance equations for mass and energy
are supplemented with constitutive equations, transport property specifications, and ther-
modynamic relations to complete the system of equations.

A numerical scheme, based on the so-called Method-of-Lines (MOL, Hyman, 1979) is de-
scribed and implemented for one-dimensional flow. Here, the spatial derivatives are ap-
proximated by finite differences, resulting in a system of ordinary differential equations
describing the temporal variation of variables as nodes. The system is integrated in time
using existing variable-step variable-order solvers for systems of stiff differential equa-
tions.

This work is relevant to the development of mathematical and numerical models to treat
multiphase flow in discretely fractured porous materials. A particular motivation for this
work was to develop a numerical model for estimation of vapor-phase moisture transport
from Yucca Mountain. This flow process may be of importance to the evaluation of Yucca
Mountain as a potential site for a high-level radioactive waste repository. The present
work represents the first step toward this goal, and involves flow in a single porous contin-
uum. The model described here has been extended to treat discretely fractured media. An
enhanced version of the present code was applied to estimate the net annual efflux of
moisture from Yucca Mountain due to barometrically induced fluctuations in atmospheric
pressure (Chapter 22 of Wilson, et al., 1994). It is noted that several codes exist which
were developed to model nonisothermal multiphase flow in porous media (Zyvoloski et
al., 1993; Pruess, 1987), however none appear adequate to model flow in discretely frac-
tured media. Results of the study by Martinez and Nilson, in Chapter 22 of Wilson et al.
indicate that the barometric pumping of moisture could only be modeled with a discrete
fracture theory. The formulation in that work is of the multiple continuum type. Including
the coupled equations describing fracture and matrix into either of the aforementioned
codes appeared to be more involved than the approach ultimately chosen, which is dis-
cussed in Wilson, et al. (1994).



2. Balance Equations

2.1 Continuity Equations

The system under consideration is composed of a porous matrix or skeleton whose inter-
stitial volume is occupied by fluid in motion under various forces. The interstitial volume
or porosity is denoted ¢ and is occupied by both a liquid and gas phase. For definiteness,
we take the fluid components to be air and water, where the former is supposed to exist
only in the gaseous phase and the latter can exist as liquid and vapor; the gas phase is a
mixture of air and water vapor. In the remainder of this work, subscript g refers to gas, v to
water vapor, a to air,  to liquid, and m to moisture (e.g., liquid and vapor). Several balance
equations can be written in terms of the various phases and components. We will develop
each of these as they will be useful in the ensuing discussion, even though we ultimately
base the model on certain combinations of these balance equations.

A balance equation for the liquid phase (liquid water) takes the form

a%(plel) +VeF, = —m, , M

where p, is the liquid density, 6, is the volumetric liquid content, F,; is the liquid mass
flux vector, and m,, is the rate of evaporation of liquid. A balance equation for the gas
phase, a mixture of air and water vapor, takes the form

@

v ’

a .
gi(pgeg) +V.Fg =m

where p, is the gas mixture density, 0, is the volumetric gas content, and F, is the gas
mass flux vector. The liquid and gas fuﬁ’y occupy the porosity

9,+9g = ¢. 3)

Since the gas phase is a mixture of air and water vapor, we may wish to consider balance
equations for each of these components. A balance of water vapor is given by

@

v/

d
&(pvﬂg) +V.Fv =m

where p,, denotes the vapor density and F, is the flux of water vapor, respectively. A bal-
ance of air reads

g-t (p,8,) +VeF, =0, | 5)

where the subscript a refers to air.

Because the gas is a mixture (air is treated here as an identifiable component, even though
it is also a compound), each component will undergo interdiffusion whenever a gradient in
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concentration exists (see, for example, Bird, Stewart and Lightfoot, 1960). On average,
the gas mixture as a whole moves with the average mass flux

ngpgqg =F, +F,, ©

where ¢, is the gas flux per unit area of porous medium. However, each component can
also diffuse relative to this average mass flux, and so each can move with a different mass
flux vector. Thus, the net flux of each gas component has a contribution due to diffusion in
addition to the pressure-driven advective part. The latter contribution is presumed to be
given in proportion to the local concentration of the considered component. For example,
the net mass flux of water vapor relative to stationary coordinates, is given by

Fv = pvqg+']v =vagqg-*"]v’ @
where J , denotes the diffusion flux of water vapor in air, and the mass fraction of water
vapor is introduced as

x, - 2.
Pe

Similarly, the net flux of air in the gas phase is given by

t))

F,=Xp4,+],. ©)

Clearly, in order for the sum of air and water vapor mass fluxes to equal the mass flux of
gas as defined in (6),

J,+J1,=0, 10)

where we have used the relation that X, +X <= 1.

The difficulty with utilizing the balance of liquid and gas in a mathematical model is the
appearance of the rate of evaporation of individual components in a particular phase. A
constitutive relation for the rate of evaporation/condensation is required if this form of the
balance equations is to be the basis of a mathematical description. Equations of this form
have been used by Hadley, 1985, and Bixler, 1985, but required the use of an ad hoc rela-
tion for the rate of evaporation of water. The method used by Bixler to obtain numerical
solutions was to set the time constant in the rate expression to be smaller than any other
physical timescale in the problem, thus forcing the water vapor to be nearly in thermody-
namic equilibrium. The drawback of this scheme is that making the timescale for evapora-
tion short forces the timescale for accurate and stable integrations to also be smaller than
all other physical timescales. This artificially introduces additional stiffness into the sys-
tem, since regions with large temperature gradients have much shorter local time-con-
stants than regions with small temperature gradients. The overall numerical scheme may
consequently suffer in performance.

An alternative multicomponent formulation involves forming a cumulative balance equa-
tion for each component which sums the mass of that component in all possible phases.
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This eliminates the sources present in a balance equation for a single constituent in a par-
ticular phase. This form does, however, present other peculiarities related to the formula-
tion of allowable boundary conditions and to sorting out the thermodynamic state of each
component. In the present work, this alternative formulation amounts to forming a balance
equation for matrix water, including liquid and vapor phases, given by summing (1) and

4),
9 (00,+p.0)+VeF =0 (1)
g-t(pl 1 TPy g m - Y
where the net flux of moisture is
Fm = pqu+vagqg+Jv : (12)

To reiterate, starting from the left, the terms on the RHS represent the mass flux of liquid,
the advective mass flux of water vapor and the diffusive flux of water vapor, respectively.
The balance of water (11) together with the balance of air (5) form the necessary continu-
ity equations for the mathematical description.

2.2 Energy Balan.ce

The multiphase system is assumed to be in thermal equilibrium. In particular, the thermal
energy state of the fluids and solid in a representative elementary volume (REV) is de-
scribed by a single average temperature, 7. An energy balance takes the form

)
gi'U-i—V.qh =0, 13

where

U= (1-9¢) pshus+elplul+6gpgug 14

is the bulk internal energy composed of the three phases, each defined with respect to the
constant volume specific heats, '

u, = C,(T-Ty)
u, = C,(T-T,) (15)
u, = C, (T-Ty)
and the heat capacity of the gas is
C, = C, X, +C X, . (16)

Also, g, denotes the net heat flux vector, including diffusive and advective transport of
heat, C,,, is the constant volume specific heat of component a., T, is a reference tempera-
ture, and Q is an extraneous heat source.
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3. Constitutive Relations

In order to close the system of equations, one must now propose constitutive equations
which provide relations between the kinematic variables appearing in the balance equa-
tions and the state variables.

3.1 Flux Relations

In describing flow through porous media, one must necessarily pose average quantities
rather than pore-scale continuum values. For example, even though the Darcy fluxes, ¢,
have units of velocity, they represent the local volume flux per unit area of porous medi-
um. As such, they cannot satisfy the no-slip condition on boundaries. The flux relations to
follow take the place of the momentum balance in continuum equations; they are the aver-
age momentum balances under conditions of “creeping flow,” i.e., inertia-free, slow vis-
cous flow.

The advective fluxes are assumed to be adequately described by the extended Darcy law,
in which relative permeabilities are introduced to account for the multiphase motion of
fluids. Thus the mass flux of liquid is

Pk,
Py = Fy= ——= (VP +p;gVz) 17)
!
and the mass flux of gas is
p kk
P, = F, = —gT”"f(VPg+pgsz) , (18)
g

where P is pressure, g is the gravitational acceleration, and . is dynamic viscosity. The in-
trinsic permeability of the medium is k and the relative permeabilities are denoted k,; and
kyg, for liquid and gas, respectively.

The diffusive flux of water vapor in air is given by
J, = —pgDvaVXv . (19)

We note here that this form is only valid for binary mixtures. In a multicomponent system
with more than two components, the diffusion fluxes appear in the so-called Stefan-Max-
well form (see Appendix E of Williams, 1985) which is an implicit system of equations
for the diffusive fluxes in terms of the gradients of mass fraction. '

The total heat flux vector includes conduction and convective contributions,

g, = -AVT+hF, +hF, +hF, @0)
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where A is an effective thermal conductivity (see Section 3.4). The enthalpies are defined
by h, = Cpa (T-T,) ,withae=aorl,and 2, = Ahfg + Cpl (T-T,) , where Ahfg is the
latent heat of water vapor at reference temperature 7.

3.2 Mixture Relations and Thermodynamics

Ideal gas equations of state and mixing rules are used to approximate the thermodynamics
of the system. Thus,

P, =p,RT P, =pR,T (1)

with R, = R/M, where R is the gas constant, 0. = v or a, and M, denotes the molecular
weight. Also

P, = p,+P, Pg =P, +P,. 22)

The vapor pressure is specified according to Kelvin’s equation of vapor pressure lowering
(Edlefsen and Anderson, 1943),

P
_ _ c

PV - va (T) exPL levTJ ’ (23)
where P, denotes the flat-interface saturation vapor pressure, and P, is the capillary pres-

sure. Note that this relation is derived via a microscale argument (Edlefsen and Anderson,

1943), whereas here we assume that the same relation holds on the macroscale, with all
quantities defined as averages over the REV.

Over a wide range of temperatures, a function in the form of a Clapeyron equation ade-
quately describes the flat-interface vapor density as a function of temperature,

Ahe( 1 1 —BJT
Pys = pv,refexP(_RLg(Tref_T )J = Ae ’ 24
v

with A = 7.055x10° kg/m>, and B = 5137.46 K1, and the saturation pressure is determined
from the ideal gas law, P, = p, R T. In this model, we will assume that water always
exists in liquid and vapor phases, otherwise the vapor pressure is independent of tempera-
ture in the superheated regime.

3.3 Capillary Pressure

Because the transport problem under consideration involves liquid and vapor phases, it is
reasonable to assume that capillary forces may be important. Kelvin’s equation for vapor
pressure lowering introduces the capillary pressure,

1. These parameters are temperature dependent and these values are accurate for T < 70 °C.
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P.=P,—-P =P (0), (25)

which, as indicated, is assumed to be empirically specified as a function of liquid moisture
content. Here again, the capillary pressure as defined is well motivated on the microscale.
Its interpretation on the macroscale is not so easily motivated, and involves postulating the
existence of the relation relative to REV-averaged pressures. The capillary pressure-mois-
ture content relation is commonly assumed to hold for flow in porous media.

3.4 Transport Parameters
34.1 Moisture retention and relative permeability functions

A fundamental specification is the relation between volumetric liquid moisture content
and capillary pressure, commonly referred to as the moisture retention curve. A popular
and somewhat general form for the relation between capillary pressure and liquid moisture
content is described by the so-called van Genuchten equation (van Genuchten, 1978),

6,-6 Bv —A'v
’ ”=(1+p0) (26)

¢ —elr
where 0 Iy is the imeducible or residual moisture content, p.=op c/ p,g and

A, = (B,—1)/B,. Both o, and B, are empirical material-dependent parameters that
typically require laboratory measurement. The corresponding relative permeability to the
liquid is given by (van Genuchten, 1978)

B\ A2 pB" Mk
k, = (1 +pc”) 1-| — . @7)
1+p.’

The relative permeability to the gas is approximated by the relation (Bixler, 1985, Pruess,
1987)

krl+krg =1. 28)

We note that these specific functions are currently included in the numerical model; how-
ever, other forms are also easily incorporated.

3.4.2 Binary diffusion

The diffusion coefficient is pressure and temperature dependent (Vargaftik, 1975; Pruess,
1987),

9 OP T V
= 8p? _reff L _
Dva - .-CDva Pg (Tre) s (29)
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where 7T is tortuosity and D, is the diffusivity in free space at temperature 7, and pres-
sure P,,. The term 6 g/ T modifies the expression for free diffusion to account for the po-
rous skeleton.

3.4.3 Effective condilctivity

The liquid-saturation-dependent effective heat conductivity is specified according to
(Somerton, et al., 1974),

el
[

Given this functional relation with respect to moisture content, A, is the conductivity un-
der dry conditions, and A, is the conductivity under fully saturated conditions. The nu-
merical model to be described next, is programmed with the foregoing transport functions.
Other, different specific functions can also be specified by the user.

A= g+ = Ay =Ag) - (30)

This completes the specification of auxiliary data required to complete the mathematical
model of nonisothermal multiphase flow through a porous medium. The resulting model is
seen to be highly nonlinear and numerical methods are generally required for obtaining
approximate solutions to boundary value problems.

4. Numerical Treatment

The flow equations describing the transport of water, air and energy are comprised of the
water balance (11), the air balance, (5) and the energy balance (13), together with equa-
tions of constitution and transport parameters. In this work, we treat only two-phase flow,
i.e., water vapor and liquid water are always present. Thus, the set of state or primary vari-
ables are chosen to be the capillary pressure, the gas pressure, and temperature. The capil-
lary pressure is associated with the water balance equation, the gas pressure with the air
balance and temperature with the energy equation, see Eqn. 31 below.

The governing equations constitute a coupled set of highly nonlinear partial differential
equations (PDEs). The numerical method applied for solving the coupled system of para-
bolic PDEs is the so-called Method-of-Lines (MOL) (Hyman, 1979). The MOL technique
is a semidiscretization method wherein the spatial derivatives are first approximated by
some appropriate method (in this case, finite differences), resulting in a system of coupled
ordinary differential equations (ODEs) describing the temporal variation of the state vari-
ables at a number of discrete points or nodes. The effective treatment of the highly nonlin-
ear system considered here is made possible by the availability of highly optimized ODE
solvers (Shampine and Watts, 1980). In the present work, the spatial derivatives are ap-
proximated by a centered difference approximation. The resulting system of ODEs is inte-
grated forward in time by the variable-order, variable-step backward-difference code
DEBDF (Shampine and Watts, 1980). The backward-difference formulae result in systems
of nonlinear algebraic equations to be solved for nodal quantities. These equations are
solved as part of the DEBDF package via a Newton-type algorithm.

16



4.1 Canonical Form

In this model, we treat only one-dimensional transport. Approximating the spatial diver-
gences by central differences, the system of discrete ODEs describing the temporal varia-
tion of primary variables at node points takes the form

Cy 0 Cyrf |P. - Foivi/2=Fmic1| [o
Coy Cp Cpr P, = X1/2-% 1/ Foivirn=Fai_12| 7|0 ©1)
Cry Crp Cr ;| 7|, Div12=Ihi-12] Ll

for a mesh of nodes with node points at x;. At each mesh point the 3x3 matrix can be
solved for the time derivatives of each state variable. The net moisture flux appearing in
this equation is defined by F,, = F,+ F . Each flux is also expressed as a central differ-
ence (on a staggered mesh), for example

pkk,, P 1P
Fl,i+1/2 = . _v 82)
R Jivi2 Xis1—%

where P, = P — P, is the liquid pressure. The definition of each entry in the capacitance
matrix can be determined by considering the differential equation from which it was de-
rived. The capacitance matrix is defined as,

o]
¢, 0 cq |
Coy Cp Cpr a—?,— [(P19,+pv9g) (P8, U] (33)
Cle CTP CT ag

| o7 |

The Appendix records more detailed entries in the matrix.
4.2 Boundary Conditions

Both Dirichlet and specified flux boundary conditions can be imposed on the discrete
equations. Several combinations of Dirichlet and flux conditions are also allowable. The
several types are discussed in the following. For a mesh of length L, the nodes are num-
bered 1 to N, and boundary fluxes are denoted with subscripts 1 and N.

4.2.1 Dirichlet conditions

The time variations at boundary nodes of all three degrees-of-freedom (DOF) are simply
specified directly into the system of ODEs. For node 1,

17



PC, 1 a Pc (t)
. _0 , 34
P 61 ot P p (1) (34)
with a simiilar equation for the Nth node, if Dirichlet conditions are specified at x=L.

4.2.2 Flux conditions -

By performing a material or energy balance on the half-cell adjacent to the boundary, flux-
es of the conserved quantities can be imposed,

C\lf 0 CwT Pc 2 Fm,l_Fm,3/2 0
Cry Cp Crr| || = 5=5| Fat~Fasr2 +2fo| - (35)
Cry Crp Cr 11T Ap,1 9,372 1

where the 1-subscripted fluxes are specified (or set to zero for no-flux conditions). Note
that these fluxes can be general functions of time. A similar equation applies at the Nth
node if the fluxes are specified at x=L.

Note that in specifying any of these fluxes, there are several physical fluxes which are su-

perposed in these definitions. For example, one may want to specify the injection of cold
water at a mass flux rate F;,, at temperature T, together with an additional heat flux im-
posed at the same boundary. The mass flow rate of water is specified as F, | = F;, . The
net heat flux is specified by superposing the enthalpy of the injected ﬂu1d w1th the con-
ducted heat flux, g,,,4, by specifying dn1 = Deond +C ,( cotd—10) Fin

4.2.3 Mixed conditions

In many applications one may want to specify mixed boundary conditions, i.e., certain
combinations of fluxes and primary variables. One may want to specify a temperature and
impervious flow conditions on the fluids, for example. Assuming the conditions are speci-
fied at x=0, the specified temperature function is imposed as Ty = dT (x=0) /dt in (31).
This identity replaces the last equation in the matrix. Setting values of F,, 1-and F
(equal zero for impervious conditions) and moving the terms involving dTI/dt to the RHS
produces a 2x2 matrix to be solved for the time derivatives of capillary and gas pressure,

Cy O [P _ |CyT 2 |F

i " A (36)
Coy Cp|,|P CprT|, 74 F,

1

This prbcedure generalizes for any combination with one Dirichlet DOF and two flux
DOFs.
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When two Dirichlet DOF are specified, these are substituted directly into the matrix (31),
thereby replacing those equations with the identities specifying the time derivatives. The
equation involving the flux DOF can then be solved for the time derivative of its corre-
sponding state variable. For example, if the capillary pressure (or liquid saturation) and

temperature are specified, then the ODE for the gas pressure is

2_r, @7

where all quantities refer to node 1 (x=0), in this case. A similar equation applies if the
boundary conditions are applied at x=L.

5. Test Problems

Several two-phase flow problems were simulated with the present MOL code in order to
verify the numerical implementation. The first example problem involves the injection of
heat into a one-dimensional horizontal column of porous material 2 m in length (L). The
void volume is filled with air and water (liquid and vapor). The end (x=L) of the column
opposite the heat injection is maintained at initial conditions, 7=70°C, P,=1 atm (.10133
MPa), and §; = 0,/¢ = 0.5. A heat flux of 20 W/m? is applied at x=0; this boundary is
also closed to flow of air and water. This value of heat flux is low enough that heat trans-
port is mostly by conduction. The 2 m column was discretized into 100 evenly spaced
cells.

The material properties specified for this problem are the same as in the steady heat pipe
problems posed by Udell and Fitch (1985), to be discussed in the following. The capillary
pressure-saturation relation is given by

P.=o %(1.417 (1-5)-2.12(1-y¥) ?+1.263 (I1-9) 3) (38)
and the relative permeabilities are defined by

ky=(1-5°  k,=5, (39)

r

where ¢ (=0.05878 N/m?) denotes surface tension and

40)

The material has 40% porosity (¢) and 1 Darcy permeability (k=10"12 m?). In addition,

the effective thermal conductivity was specified as

5
A=A+ A/%’ Ay —hy) @D
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Figure 1  Temperature profiles due to a 20 W/m? heat flux
" given by the MOL (solid lines, no binary diffusion;
solid lines with square symbols, diffusion included),

and FEHMN (circles).

with A,,=0.582 W/m-K and A, =1.13 W/m-K.

Figure 1 shows the evolution of temperature in the column over a 30 day simulation peri-
od. Also shown are the results of the simulation of the problem using the finite element
multiphase code FEHMN developed by Zyvoloski et al., (1993). A two-dimensional 100-
element mesh was specified for discretizing the computation region (1x2 m), resulting in
202 node points at which the solution is calculated. The multiphase formulation in
FEHMN does not include binary diffusion in the gas phase, and so the simulation with the
MOL code was performed with and without diffusion, as indicated in the figure. When dif-
fusion was included, the binary diffusion model outlined in Section 3 was applied with
7 = 2. The solutions without diffusion using FEHMN and the MOL compare well. The
figure also illustrates the non-negligible influence of binary diffusion in the gas phase for a
problem driven by even a moderate heat flux. The hotter temperatures increase the vapor
pressure and so provide a concentration gradient which drives diffusion of water vapor to
the cold end of the column. There is a corresponding decrease of liquid water content (i.e.,
drying) near the heat source (not shown).

The second test problem is similar to the one just described, except that it involves a high-

er rate of heat injection. This problem involves computing the steady heat pipe problem
discussed by Udell and Fitch (1985). For purposes of comparison, the transient evolution
to the steady solution was simulated and results compared with FEHMN. This problem
exercises features of evaporation/condensation and vapor and liquid flows in the code. The
material properties are the same as described in the preceding example. Once again, a 2 m
horizontal column filled with water and air is considered, and the same discretizations as
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Figure 2 Comparison of saturation profiles given by the MOL
(solid lines) and FEHMN (solid lines with open
circles). The solid circles are the steady solution of
Udell and Fitch (1985).

discussed above were used. Also, the same initial conditions were specified (T=70°C,
P =1 atm, and S;=0.5), but the boundary conditions differ. To initiate the transport, the left
end (x=0) is abruptly saturated with liquid (s, = 0,/¢ = 1), while the temperature and
pressure are maintained at 70 °C and 0.10133 MPa, respectively. A 100 W/m? heat flux is
applied at x=L, which is also closed to flow of air and water. This heat flux is of sufficient
intensity to dry out the material in the steady solution of Udell and Fitch (1985).

Figures 2 and 3 show the transient evolution of liquid saturation and temperature as given
by the MOL and FEHMN codes for up to 50 days of simulation, by which time a steady
solution is attained. The MOL simulation includes binary diffusion of water vapor in air,
and likely accounts for the discrepancy with the solution given by FEHMN, which ne-
glects this mechanism. Figures 2 and 3 show the FEHMN solution to develop a kink in the
solution profiles, due to the neglect of diffusion. (A simulation with the MOL for a very
small diffusion coefficient displayed a similar result.) The corresponding steady solution
given by FEHMN (50 days) displays a liquid-saturated region adjacent to the saturated
boundary. Otherwise, the comparison between numerical solutions for saturation is good
in the region between the kink and the heat source.

There are two different steady state MOL solutions shown in Figures 2 and 3. The steady
solution, designated “constant property,” was obtained by specifying constant kinematic
viscosities in the Darcy relations for flux. The remaining solution curves shown in Figures
2 and 3 for the MOL were computed with variable, temperature-dependent properties as
set forth in Section 3. The constant kinematic viscosity specification was made by Udell
and Fitch, and was a necessary modification to the MOL code to obtain the steady state
“constant property” solution shown. The consequence of this approximation is that the
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Figure 3  Comparison of temperature profiles given by the MOL
(solid lines) and FEHMN (solid lines with open circles).

The solid circles are the steady solution of Udell and Fitch
(1985).

dynamic viscosities are assumed constant, but perhaps more important is that the gas den-
sity is also assumed constant. In contrast, the variable-property MOL simulation indicates
about a 30% variation in gas density across the 2 m length, showing that assuming con-
stant kinematic viscosity is not a good approximation in this case. Nevertheless, by speci-
fying constant kinematic viscosity, the constant property steady solution obtained with the
MOL compares very well with that of Udell and Fitch, including the mole fraction of air
as shown in Figure 4. It is noted that, for a two-meter column, neither the FEHMN nor the
MOL (variable property) steady solutions (50 days) indicate dry-out of the porous materi-
al, as is predicted by Udell and Fitch, and the constant property MOL solutions. Thus, the
constant property specification reduces the length of the dry-out zone under present condi-
tions. '

Two other test problems computed with the two-phase, two-component MOL code can be
mentioned here. As noted in the introduction, one motivation for the development of the
present code was to model barometrically induced flows in fractured systems. A modified
version of the code was developed to enable explicit modeling of fractures and matrix and
is discussed in Chapter 22 of Wilson ez al. (1994). Two benchmark problems are present-
ed, including one which tests the method of coupling the fracture and matrix used in the
barometric pumping problem. This test problem considers diffusive transport in a fracture/
matrix system driven by an oscillating potential. Results for the net transport of conserved
quantity compared very well with an analytic solution given by Nilson et al. (1991).
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Figure 4  Comparison of the steady profiles of air mole fraction
given by the MOL (solid line) and Udell and Fitch

(1985) (solid circles).

6. Conclusions

We have presented a formulation describing nonisothermal multiphase transport of air,
water and energy through porous media. The resulting system of highly nonlinear equa-
tions is simulated numerically by a method-of-lines procedure using finite-difference ap-
proximations for spatial gradients. The resulting code was applied to two nonisothermal
two-phase flow problems. The implementation was partially verified by comparing the
MOL solutions with existing numerical solutions.

The solutions generated with the MOL compared well with the steady solutions of Udell
and Fitch (1985) which model a porous heat pipe problem. The MOL solutions also com-
pared well with solutions generated with the finite element code FEHMN (Zyvoloski, et
al., 1993). This version of the code FEHMN (version fehm.7.0J) does not include binary
diffusion in the gas phase. The MOL solutions, generated without and with diffusion,
compared well with FEHMN for the former case, and illustrated the influence of binary

diffusion in the latter case.
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APPENDIX

Details of the Capacitance Matrix

We record here the explicit definitions of the entries in the capacitance matrix C.

d6, dap,
Cy = (Pl—Pv)a—Pc+egg;c “2)
00 ap
Cyr = (P1=P,) 57 +68,57 #3)
op 0P, 09,
CPW = ganaPc_paaPc (44)
%
Cp = RT (45)
a
0p,0P, p,
Cpr = ié?;a‘f?) “e

0X, 06, apg

CTW = pgeg (C,,=C,,) (T-T,) a_PC+ (quz“Pg”g) 'a?c‘*"sesa_zg @7)

: X, apg
CTP = (pgeg) (va—Cva) (T— TO)EF +u86887 (48)

g g

oX, ap,
Cr= U+pgeg (C,,-C,) (T—To)ﬁ+ugeg—a—T 49)

The internal energies are defined by

Uy = Uyt U, = X,C,,+X,C, ) (T- T, (50)
u = C(T-Tp) . (51)

The remaining derivatives in the foregoing are obtained by operating on the appropriate
relations defined in the body of the report, resulting in:

B, P Ip, pv(l_ PCJ P, 0P,

= . + —_—
oP,  pRT oT T P_oT

(52)
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