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for scalar field theories, where the mechanical analogy is often used, the potential
motion form for fermion field theories is useful for determining the existence of
solitons in a given theory and showing whether there are special solutions which
can be any size and have constant energy and number densities. Because of the
resemblance to what is called the saturation of the interiors of heavy nuclei, we

call the special solutions saturating.

Consider for the moment just one scalar field ¢ and one fermion field P,

Wirite the Lagrangian as
L= .h.v + h@ A:

where Ly contains those terms that involve only ¢,

Ly=3(0.9)" - U(4), (2)

and Ly contains the rest, including interactions between ¢-and :

Ly=4(id-—m($))y+ .. (3)

The Thomas-Fermi approximation consists of neglecting terms involving spatial
derivatives of ¢ in the square of the Dirac equation that follows from (3), based
on the assumption that ¢ is slowly varying. Then the fermion states are those
of free particles with a dispersion relation which depends on on ¢(%). Derivative
interactions in eqn. (3) contribute at the same order as terms that are being

neglected, and therefore have no effect within the approximation.

We can write the conservation of energy-momentum in this theory as

W(Ty +T)")=0, (4)
with
L
. ™ — P d— "L 5
T M )

and the energy-momentum tensor for the fermions. given by the perfect fluid df

the Thomas-Fermi approximation,
Hw.\ ={(Ey + Py) U U — Pyg"” . (6)

In the rest frame of the fluid the velocity four-vector U# = §§. Since we are

neglecting the dependence of Py on derivatives of ¢, eqn. (4) becomes

L, dLg P, v . -
i} - - = — b0l Ey+Py) . 7
?A “3(0.9) 09 _ 09 o(Botty) )
‘For static fermion densities, this gives
0Ly 0Ly 0Py
I Pt AW S S 8
“506.8) 96 09 ®)

The right hand side describes the effect of the fermion fluid on the scalar field

equation of motion.

For the Lagrangian (2), static, spherically-symmetric solutions in three

space dimensions satisfy

2 )
1" !

- = —— (P, -U 9
where the prime denotes differentiation with respect to the radial coordinate
r. This equation has the form of potential motion for a particle at position ¢
and time r moving in the potential V = Py — U, with a friction term whose

coefficient is inversely proportional to time.

This form of potential motion can be generalized to more complicated the-
ories. For a theory with n scalars and any number of fermions, Q.w rolls as a
particle in an n-dimensional space moving in a potential Py — U @.Y where P,
is the sum of all the Fermi pressures. In theories with vector fields, the trans-
verse component will satisfy the same rolling equation, but the potential has

the opposite sign, V = U ~ Py, so that the rolling does not apply to theories
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