


HIGH PRESSURE ELASTIC PROPERTIES, SOLID-LIQUID PHASE

BOUNDARY AND LIQUID EQUATION OF STATE FROM RELEASE

WAVE MEASUREMENTS IN SHOCK-LOADED COPPER �

D. Hayes, R. S. Hixson, and R. G. McQueen�

Los Alamos National Laboratory, Los Alamos, New Mexico 87545 USA

Abstract. Measured release wave speeds in shock-loaded copper give information on high-pressure elas-

tic properties up to the solid-liquid phase boundary at 2.32�0.05Mbar. For impact pressures above

2.65�0.06Mbar, the shocked state is completely melted copper and those release wave speeds give new

experimental information on the liquid equation of state. The Hugoniot derived from solid and liquid equa-

tions of state developed from these experiments and the measured location of the phase boundary compare

favorably with existing ab initio calculations.

INTRODUCTION AND SUMMARY

Copper is among the most studied materials using

shock-compression techniques. Numerous investiga-

tors have performed experiments on copper applying

shock stresses ranging from a few kilobars to over

nine megabars.����� The resulting Hugoniot mea-

surements give accurate information on the equation

of state at high pressure and temperature. Several re-

searchers also measured sound speed in the shocked

state.����� In this work we report additional mea-

surements (using the overtaking-wave technique�	�

to measure the sound speeds) and have analyzed all

available data to obtain: elastic properties of the solid

at large compression; equation of state of the liquid;

and the location of the solid-liquid phase boundary.

Figure 1 is a summary of all measured Hugoniot

and sound speed data and also includes calculated

bulk sound speeds �� for the solid and liquid, which

are described later.

�This work supported by the US Department of Energy.
�Some of the experiments reported here were performed by

shock-wave pioneer Bob McQueen in the 1980’s. Bob passed

away before his study was completed.

For shocks below 2.32 Mbar, the material remains

in the solid phase. The measured sound speed is

therefore the longitudinal elastic wave velocity ��.

A complete equation of state for the solid allows cal-

culation of the bulk sound speed �� . By assuming

copper is isotropic, �� and �� are sufficient to calcu-

late other elastic properties. Results show the shear

modulus � rises gradually along the Hugoniot and

then drops precipitously as the shocked state nears

the phase boundary. The Hugoniot stress at which the

measured shear modulus vanishes is assumed to in-

dicate the intersection of the Hugoniot and the solid-

liquid phase boundary.

Analysis of sound speed and Hugoniot data above

2.65 Mbar show that Grüneisen’s ratio � of shock-

melted copper is constant (1.55). The equation of

state for liquid copper developed below will as-

sume constant �. Shock pressures between 2.32 and

2.65 Mbar therefore produce partially melted copper.

The location and traverse of the Hugoniot along the

phase boundary are in good agreement with ab initio

calculations of Moriarty.�
�
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FIGURE 1. Summary of shock and sound speed measurements in copper. Hugoniot (circles); Sound speed (triangles). The open symbols

are data reported here for the first time. The three solid triangles which fall well above the solid line were obtained from thin specimens and

on the advice of the experimenter have been dropped from all subsequent analysis. There are several solid triangles which fall well below the

solid line including several which are masked by Hugoniot data. These were obtained forty years ago by the best available method but are

also suspect. They have also been excluded from consideration in this work. All solid lines are calculated. The central portion of this figure is

enlarged in the insert. The lower left hand corner of this insert has coordinates (0.25,0.7); major divisions are 0.05 cm/�s.

Preliminary results on stainless steel-316, which

will be reported later, are qualitatively the same as

those for copper. However more sparse data mean

that uncertainties in quantitative results are larger.

SOLID

The Mie-Grüneisen equation of state which ex-

actly produces a linear shock velocity-particle veloc-

ity Hugoniot, �� � �� � ���, is

� �
���

�
��

��� ����

�
��

��

�
�	� � 	 �

�
� ��
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where �, 
, �, and 	 are density, specific internal

energy, engineering strain and specific volume, re-

spectively. The product �� is commonly assumed

constant and we use the value given by McQueen

et al.�
� Equation (1), along with an assumed con-

stant specific heat at constant volume, is thermody-

namically complete allowing subsequent estimates of

Hugoniot temperature and entropy. The origin of en-

ergy and entropy were selected as zero in the solid at

ambient conditions. All numerical constants used in



TABLE 1.

Solid Equation of State Constants

�� � 
��� (g/cm�)

�� � �����
 (cm/�s)

� � ���
�
�� � 
���� ���	 (g/cm�)


� � �� � �� ���� (cm�/�s�K)�

�� � ���K

� � ��������	 � ������	� ���	� ����		
� ,

and constrained: �� � � � ���, (� in Mbar).

Liquid Equation of State Constants

�� � 
��� (g/cm�)

� � ����

� � 
� (solid)

�� � ����K

Along � � ��, �� � ��

����� ������
�����
�� � 
�������� (Mbar)�

Phase Boundary at Zero Pressure

����� � ����K

��	
��
� � ������ ���� (cm�/�s�)

�Note: �� is expressed per gram and not per mole.
�For a constant ���� equation of state the general expression

for the isothermal bulk modulus must be of the form �� �
�� ��� �������� �� ��� ���� to insure existence of a unique

Helmholtz potential.

this study are in Table 1.

Bulk sound speed on the Hugoniot derives from

constant entropy differentiation of Eq. (1), evaluated

on the Hugoniot.
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Elastic properties are expected to be functions of

both temperature and density. However, data are only

available along a single path, the Hugoniot. Pois-

son’s ratio � for each shock datum, calculated from

� � ����� � ��������
�

� � ���� � (3)

is plotted against Hugoniot pressure, a convenient pa-

rameter. (See Fig. 2.) A pair of straight line seg-

ments fit to these data and Eq. (2) for the bulk sound

speed are used in all subsequent calculations of elas-

tic properties.
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FIGURE 2. Experimental Poisson’s ratio plotted against Hugo-

niot Pressure is fit with straight-line segments. Experiments with

shock pressure exceeding 2.32 Mbar lead to non-physical values of

Poisson’s ratio greater than 0.5. These are assumed to be mixed-

phase or liquid and thus the analysis does not apply. They have

been included in the figure as open symbols. They have been in-

cluded for information only and are not part of the data set for the

solid.
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FIGURE 3. Measured Shear Modulus along the Hugoniot.

Poisson’s ratio is seen to rise with shock pressure

from its zero-pressure value of 0.356 approaching the

value for a liquid of 0.5 at 2.32 Mbar. Interpretation

of this behavior is clearer in Fig. 3, which shows

the shear modulus rising from its ambient value of

441 kbar to over 1189 kbar and dropping precipi-

tously as the shock strength approaches the value at

melt. The point at which the shear modulus vanishes

is assumed incipient melt.



Point "X" in the inset box of Fig. 1 re-displays

the vanishing shear modulus as a coincidence of the

longitudinal sound speed with the bulk sound speed.

The agreement of this pressure with calculated incip-

ient melt�
� shown in figure 6 leads us to conclude

that onset of melt is sufficient to cause loss of the

ability of copper to support shear stress.

LIQUID

Grüneisen’s ratio for shocked liquid copper is cal-

culated from the Hugoniot energy jump condition

which has been expressed

��	�
�	

�

�

�
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��
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�
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�
	
� �

���

� (4)

Measurement of the shock state ��� 	� ��, sound

speed (
�
�������
) and the slope of the Hugo-

niot allow calculation of the Grüneisen ratio for each

shocked copper datum in the liquid state. For the

slope of the Hugoniot we use the calculated lin-

ear shock-velocity, particle-velocity of McQueen et

al.��
� Figure 4 shows that for shock pressure above

2.65 Mbar, the measured values lie in the narrow

band � � ���� � ����, which is the estimated pre-

cision. Overall accuracy is estimated at 10% owing

to the sensitivity of the calculations to the slope of

the Hugoniot. Further experimentation which better

defines the slope of the Hugoniot can be used to im-

prove the accuracy of these measured Grüneisen ra-

tios.

The complete equation of state for liquid copper is

constructed by assuming Grüneisen’s ratio and con-

stant volume specific heat are each constant� and the

ambient temperature isothermal bulk modulus is a

cubic polynomial in strain. A generalized regres-

sion finds the best values for polynomial coefficients

�The only use of the liquid linear fit is to evaluate �	
�	� �� in

Eq. (4). The �’s determined in this way are seen to be constant. All

subsequent calculations are made with a constant ���� equation

of state which has the reference isotherm given in Table 1.
�This is known to be an approximation. We ignore, for instance,

the electronic specific heat, which will make our temperature cal-

culation slightly high.
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FIGURE 4. Measured Grüneisen’s ratio for Liquid Copper on the

Hugoniot. The open circles are assumed not totally melted. The

exit of the Hugoniot from the mixed phase region is denoted "X".

The open symbols are included for information only and are not

part of the data set for liquid copper.

which make the complete equation of state simulta-

neously fit the following available data: the Hugoniot

data, sound speeds in the shocked state, zero pressure

density and coefficient of expansion, sound speed

and its temperature derivative in zero pressure liquid

copper. All data are fit to within experimental er-

ror which is typically better than 2%. The Hugoniot

and sound speed for liquid copper calculated with

the resulting complete equation of state are shown in

Fig. 1. Zero pressure sound speed measurements���

along with the calculated values are given in Fig. 5.

MIXED PHASE

The measured entrance of the Hugoniot into the

mixed phase region is taken as the pressure at which

Poisson’s ratio first equals 0.5. Error is taken from

graphical uncertainty in this intersection. This point

is 2.32�0.05Mbar. The measured exit of the Hugo-

niot from the mixed-phase region is the point de-

noted “X” in Fig. 4. Error was estimated in the same

way. The exit is 2.65�0.06Mbar. These agree well

with the ab initio calculations of Moriarty.�
� (See

Fig. 6.) The Hugoniot of the solid from our com-

plete equation of state agrees well also. However
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FIGURE 5. Measured sound speed in liquid copper at zero pres-

sure. The solid curve is calculated from our complete equation of

state.
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FIGURE 6. Measured entrance and exit of the Hugoniot from

the mixed phase of copper compared with Moriarty (solid) and

compared with this work (dashed and data).

there is small disagreement between our calculation

and Moriarty’s for the Hugoniot of the liquid. Our

method does a poor job of estimating the location of

the phase boundary and we have not included it in

the figure.

DISCUSSION

Determination of the location of the copper solid-

liquid phase boundary solely from shock speed mea-

surements is difficult.���� The density of the liq-

uid phase is smaller than that of the solid so that

increased compression at higher Hugoniot pressures

requires that the Hugoniot “traverse” the mixed-

phase region over a large pressure range. Fur-

thermore, unlike most solid-solid transformations,

melting produces no two-wave structure and the

shock/particle velocity Hugoniot curve displays only

a very small change in slope. Thus the problem re-

duces to finding the intersection of two nearly par-

allel, slightly curved lines that inherently produces

large uncertainties. In this work we have attempted

to locate the phase boundary experimentally using a

different approach. Because of simultaneous shock

and sound speed measurements in the shocked state

it is possible to find the entrance of the Hugoniot

into the mixed phase region where the shear modu-

lus vanishes. Similarly, the exit of the Hugoniot from

the mixed phase region is supposed at the pressure

above which the Grüneisen ratio is constant. These

entrance and exit points agree well with existing ab

initio calculations validating the assumptions.

One distinctive feature of the copper sound veloc-

ity data gives insight into the shock-induced melting

process. Several bcc metals have been studied us-

ing the release overtake method and those data show

a large drop in sound speed with small increases in

pressure (over about 40 kbar) which was interpreted

to indicate the onset of melting. This change in sound

velocity was consistent with transition from solid to

liquid, i.e. longitudinal to bulk sound speed.����

These studies acknowledged the possibility the drop

in sound speed may not exactly coincide with at

phase boundary. It is clear from Fig. 7 that no rapid

drop in sound speed with pressure is observed in cop-

per, an fcc metal. Instead, a 500 kbar wide plateau is

observed. The analysis presented here gives a pos-

sible explanation for this behavior. Copper shows

a gradual decrease in shear modulus as the phase

boundary is approached. This drop is more gradual

than that observed in bcc metals studied to date.

Other explanations may exist for our data on the
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FIGURE 7. Longitudinal Sound Speed Along the Hugoniot.

solid.� Chemical segregation and higher defect con-

centration adjacent to grains can result in substantial

local free energy changes.������� Strain-induced

premelting along grain boundaries with profuse dis-

locations has been documented in copper bicrystals

at temperatures as low as 70 percent of the melt

temperature. Shocks also interact with these hetero-

geneities, pores or inclusions that can lead to dif-

ferential heating immediately behind the shock. It

is possible that the gradual drop in the shear modu-

lus reflects the influence of non-equilibrium melting.

Future soft recovery experiments will quench lower

melting-point metals, such as Pb, Bi, and Sn to inves-

tigate this phenomenon. Recovery of partially melted

copper is problematic.

It did not escape the authors’ attention that Pois-

son’s ratio does not smoothly traverse the region 0–

2.32 Mbar. (See Fig. 2) There is a distinct kink in the

data at about 1.85 Mbar that we fit with two straight-

line segments. We have no explanation for this be-

havior and do not know if it relates to the area of

focus of this work.

CONCLUSIONS

Simultaneous measurement of Hugoniot state and

sound speed offers new information on elastic prop-

�We are indebted to G.T. Gray III for the following observations.

erties at high pressure for solid copper and leads to

formulation of a complete equation of state for liquid

copper. Copper is observed to lose its shear modulus

upon incipient melt. Grüneisen’s ratio for the liquid

is observed constant. The measured intersection of

the Hugoniot with the phase boundary agrees well

with published calculations.
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