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ABSTIUCT

The spatial and temporal origin of a point seismic energy source are estimated by minimizing (in the
weighted I&l squares sense) the misfit between observed and predicted arrival times at a set of receiver
stations. A search is conducted for the best source position within a three-dimensional gridded volume of
trial locations. During the searc~ rapid calculation of predicted arrival times is achieved by assuming a
homogeneous and isotropic seismic velocity model. Compressional (P-wave) and shear (S-wave) seismic
wave propagation speeds may be specified a priori, or optimum values are determined directly by the
algorithm. Uncertainty in the final solution is assessed by analyzing contour plots of the arrival time
misfit fiction in the vicinity of the absolute minimum. These plots also yield quantitative estimates of
the resolving power of a given recording geometry.
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1.0 INTRODUCTION

Determining the location and origin time of a seismic energy source from a set of observed arrival times
is a classic inverse problem in seismology. A successfid solution of this problem is complicated by
several fkctors, including:

1)

2)

3)

4)

5)

The velocity distribution governing seismic energy propagation from source to receivers may be
poorly known.
The observed arrival times, as well as the receiver locations, are subject to random and/or systematic
errors.
The geometric distribution of receivers maybe inadequate to resolve source location and origin time
well.
The calculation of predicted arrival times at the receivers maybe computationally demanding, even
when the seismic velociiy distribution is known (or assumed).
The inverse problem is (usually) nonlinear in the source position coordinates.

Many schemes for solving this problem assume a fixed seismic velocity model, and then seek the
particular set of hypocentral parameters (SOUKZposition coorbtes x,, y., Z. ad orig~ time Q tit

minimizes a scalar measure of misfit between observed and predicted arrival times. The conventional
approach entails iteratively updating an initial estimate of the hypocentral parameters until an acceptable
data match is obtained (e.g., Bukm& 1976; Thurber, 1985). More recently, a class of algorithms referred
to as search methoak have been developed (Sambndge and Kenn~ 1986; Prngger and Gendzwill, 1988;
Nelson and Vidale, 1990). These algorithms conduct a search (either systematic, guide&or probabilistic)
over prescribed numerical ranges of the hypocentral parameters in order to locate the optimal set. Search
methods possess some advantages compared with linearized iterative updating techniques. They are more
apt to locate the absolute, rather than a relative, minimum of the misfit fimction. Calculation of arrival
time derivatives is avoide~ and sensitivity to initial estimates of the unknown parameters is much
reduced. However, search methods can be computationally demanding. This is especially so for large
numerical ranges in the unknown hypocentral parameters, and numerous predicted arrival times.

The present algorithm determines a seismic source position by conducting a systematic search through a
three-dimensional rectangular grid of trial source locations. At each candidate locatio~ predicted arrival
times at a set of receivers are calculated. Computational simplicity and speed are maintained by assuming
that source and receivers are situated within a homogeneous and isotropic medium characterized by P-
wave speed a and S-wave speed P. Thus, the propagation time between any source-receiver pair is
simply the intervening distance divided by the appropriate wavespeed. A-rival time misfit defined as an
L norm of weighted residuals (difllerences between observed and predicted arrival times), is calculated
for each trial source location, The particular position that minimizes the misfit is retained as the solution
to the problem. The method accurately locates the global minimum of the misfit fimction provided i) the
volume of parameter space searched encompasses this minim~ and ii) grid search increments are
sufficiently small.

Adopting an L norm (or least squares) misfit measure provides a certain bene~ the inverse problem
becomes linear in the source origin time t, and the wholespace slownesses (reciprocal velocities) S== l/a
and Sfl= l/~. At each candidate source positio~ a simple 3 x 3 system of linear algebraic equations is
solved to obtain the best fitting origin time and medium slownesses. Hence, there is no need to supply the
location algorithm with a velocity estimate. However, a priori bounds on velocities (including restricting
the two velocities to preferred values) are readily incorporated into the inversion scheme.

Although the assumption of a homogeneous and isotropic seismic velocity structure may seem severe, it
is a reasonable approximation in some geologic situations, and is actually employed by some standard
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microseismic event monitoring systems (e.g., McEvilly and Majer, 1982). To the extent that the actual
seismic velocity distribution departs from this simple model, the tierred hypocentral parameters should
be regarded as approximate, and subject to further refinement.

2.0 THEORY

2.1 Arrival Time Misfit

Suppose that a set of n arrival times t?b (i= 1 + n) are recorded due to a seismic wave propagating from
a point source with unknown location (x., y., z.) md orig~ time (tJ- ~ese times maY be a-e Ofp-
wave and S-wave arrivals, or wholly of one me. The arrivals are observed at a set of point receivers
located at positions (xi, yi, Zi) (~ = 1 + n) in three-dimensional space. These positions need not be
distinct in particular, a given receiver may record both a P-wave and an S-wave arrival. The Zffipredicted
arrival time, calculated via any convenient seismic wave propagation theory, is designated tr~. The& the

‘i. h arrival time misfit fimction is defined as theih arrival time residual is the difference tiobs– t!

(squared) L2norm of the weighted residuals:

M = ~ [Wi(Ip–Z:’f)]*, (1)
i=l

where Wiare dimensionless weighting f%ctors. A common situation involves uniform weighting (Wi= wo

for i = 1 + n). Nonuniform weighting maybe employed to reduce the influence of data points with large
residuals.

2.2 Predicted Arrival Time

For a homogeneous and isotropic medium characterized by P-wave slowness S= = Ucz and S-wave
slowness SP= 11~, the iti predicted arrival time is simply

yd = t= + sidi , (2)

where di is the source-receiver distance:

(x, –xi)’ +(y=-yi)’+(z= –zi)* ,

and si is the slowness appropriate for the iti observed arrival:

{

S= if t,o&is due to a P-wave
Si =

Sp if t,obsis due to an S- wave.

(3)

(4)

2.3 Optimum Origin Time and Slowness

The common situation where all of the observed arrival times are associated with a single wave type
(either P or S) is cxmsidered fist. In this case, only one wholespace slowness can be determined.

2
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2.3.1 One Wave Type

Taking ~i=s (either Sa or SP)and substituting equation (2) into equation (1) yields

A@wi(p –t.–Sdi)]’.
j=l

(5)

Clearly, the misfit M is a quadratic fi.mction of the source initiation time t. and wholespace slownesss.
Partial derivatives ofikfwith respect to these two parameters are

aik? (––22w: tp –t.–sdi),
at= i=]

aM (–22 w:di t,
8S = i=,

‘b’ –t. –sdi).

SettingZktltl. = Mdl = Oyieldsthe 2 x 2 linear algebraic system

with solution

(6)

(7)

(8)

(9)

(10)

All summations in equations (8) through (10) have index range i = 1 + n. Expressions (9) and (10)
represent the best fitting (in the weighted least squares sense) source origin time L and wholespace
slownesss, for a given source location (XS, y., 2s).

If the determinantt of the linear system (8) vanishes, then the origin time and slowness are indeterminate.
The determinant

(11)

obviously vanishes in the two cases i) a single observed arrival time (n = 1), and ii) identical source-
receiver distances (di = dO for i = 1 + n). The first case is excluded a pn-on- by the current source location
algorithm. For n >1, the determinant maybe rewritten as

3
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n-l

A=~w; fw:(di –dj)’ .
jn~ j=i+l

The determinantt is a linear a superposition of terms that are strictly non-negative.
can vanish is for each term to individually vanisk implying di = ~ for all i andj.

(12)

Thus, the only way A

If all of the observed arrival times are identical (t~~’= tofor i = 1 + n), then equations (9) and (10) give

the interesting solution t.= tOands = O. The misfit A4reduces to zero. An exact fit to the observed arrival
times is achieved with a source initiation time equal to the common observed arrival time, and a medium
with infinite wavespeed. The source position is immaterial. This solution is, of course, nonphysical.

Nevertheless, the situation t~bs= tois theoretically possible, even with heterogeneous seismic velocity
distribution.

In au actual field experiment it is highly unlikely that all source-receiver distances or observed arrival
times will be identical. Hence, the above two situations will rarely be encountered by the location
algorithm.

2.3.2 Two Wave Types

In order to treat the case where a combination of compressional and shear arrival times are recorde~ the
misfit function (1) is rewritten as

(13)

where the first n= (1 <n=< n) arrivals are P-waves and the remaining n - n=arrivals are S-waves. Setting

6MIZ?S= dkt/Zka = EM7iikp= Ogives the symmetric 3 x 3 system

i=l

~ d.w: ,
i=n=+1

~ (i.w; ,
i=n=+]][1t=

Os==

Sb
~ d.w: ;

i=n=+l

The solution is:

(14)

(15)



‘a=~{[$w’di)[[k’di’y

t A is given by:where the determinant

A=

(16)

(17)

(18)

The 3 x 3 system (14) exhibits indeterminacies that are similar to those of the 2 x 2 system (8). In
rrninant A vanishes if i) there is only one P-wave arrival and one S-wave arrival (n = 2particular, the dete

and n== 1), and ii) all source-receiver distances are identical (di = do for i = 1 + n). Finally, if tids = tO

for i = 1 + n, then equations (15) through (18) yield the nonphysical solution t.= toands= = Sfl= O.

3.0

3.1

ALGORITHM

Spatial Grid Search

A three-dimensional rectangular grid of trial source locations is established as follows:

Source x-coordinate x= ~ 3 x= - in increments&=

Source y-coordinate y= ~=y= - in increments @.

Source z-coordinate: z. Iti * z= - in increments &ZS

This grid should encompass the actual source position. Note that the grid intervals in the three coordinate
directions need not be equal. Receivers are not restricted to reside within the search grid. If they do, they
need not be located on gridpoints.

At each candidate source locatio~ the set of source-receiver distances di, the optimum
optimum wholespace slownessess= and Sfi, and the arrival time misfit M are determined.

5

origin time t=,
The particular
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source positio~ origin time, and slownesses associated with the minimum misfit value are retained as the

global solution to the problem. If higher spatial resolution is desir~ a subsequent search can be
conducted in the vicinity of this minimum point using finer grid increments. The example presented
below adopts this strategy.

3.2 Constraints

Constrained inversions, where one or more parameters are restricted to known (or assumed) values, are
readily performed. For example, if the seismic energy source resides on the earth’s surfhce, then setting
Zsltin= zSIW= Oreduces the spatial dimension of the search and thus reduces algorithm execution time
dramatically. Also, lower and upper bounds on source origin time and wholespace velocities can be
imposed during the grid search. If a calculated origin time or slowness penetrates a boun~ then the
parameter is reset to the bounding value. Origin time and./or velocities can be constrained to single
preferred values during the search merely by setting the relevant lower and upper bounds equal to each
other.

3.2.1 One Wave Type

In the case where the wholespace velocity v is resh-icted to a single value, the source origin time is
calculated via ..

n

x(W: t;bs– sdi )
*== i=l

n Y

z w;
j=l

(19)

wheres = Uv. If the origin time t.isconstrained to a single value, then slownesss is calculated via

Formulae (19) and (20) are derived by setting the appropriate pmtial derivative of the misfit measure&f
[equation (6) or (7)] equal to zero. If both origin time and slowness are Constrained to a priori values,
then the misfit norm (5)is evaluated directly with the specified values at each trial source location.

3.2.2Two Wave Types

If the source activation time t.isconstrained to an a priori value, then the two medium slownesses are
calculated via

~w;di(t;bs -t=)

(21~b)

6
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These formulae are obtained by setting Z&f/~a = i5WZ&P= O where&f is the misfit measure (13). If
slowness Sflis constraine~ then t.and S=are determined by solving the 2 x 2 system:

(22)

obtained via Zi’W&S= ~1~= = O. Similarly, if slownesss~ is constraine~ then t.and SPare determined
from the 2 x 2 system:

I
n

zW; ~w:di
i=l i=n=+l

~w;di fw:d:
i=na+1 i=na+l

w;’,

1

> (23)

obtained via dki76is= dWZ3p= O. If both slownesses are constraine~ then origin time is calculated by:

where si is given by equation (4).

4.0 EXAMPLE

The example involves a set of P-wave traveltimes generated by an explosion source with a !aown
location. Figure 1 illustrates the distribution of 16 receivers (indicated by triangles) projected onto
horizontal (xy) and vertical (xz) planes. The source position is depicted on each section with a circle.
Observed arrival times (referenced to a presumed sowce origin time of 0.0 ms) are also displaye~ these
range from 58.3 ms to 226.2 ms, and are estimated to have picking errors of about MO ms. Four difTerent
inversions of these data presented below utilize uniform weighting of arrival times.

4.1 Unconstrained Search

In the first inversio~ an initial estimate of the source location is determined with the relatively coarse
spatial grid interval of 10 m. Very wide (and hence ineffectual) bounds on origin time and P-wave speed
are imposed during this search. Subsequent reduction of the grid interval to 2 m yields the more refined
solution

x$= 195702 ~ y,= 252174 m 2s = 270w t’=-24.03m, a= 2291.5mls.



The rms arrival time misfit is 13.02 ms, and the residuals (plotted in the bottom panel of figure 1) range
from -22.87 ms to +23.28 ms and have zero mean. Squares plotted on the horizontal and vertical sections
of figure 1 indicate the estimated source position. Although the epicentral coordinates are reasonably
correct (-5 1 m from the known location), the source depth is seriously overestimated (172 m too deep).

4.2 Constrained Velocity

In the second inversio~ wholespace P-wave speed is constrained to equal a = 2875 rnls. This particular
value is inferred by fitting a straight line to a plot of arrival time vs. source-receiver distance. A grid
search using a 2 m spatial interval returns the solution

x.= 195714 m y.= 252156 w Z.= 138 Q t==+24.54m,

with an rms arrival time misfit of 13.88 ms. Squares plotted on the horizontal and vertical sections of
figure 2 give the estimated source position. Compared with the first inversioq this solution exhibits a
slight degradation in epicentral accuracy (to -58 m) but a greatly improved depth estimate (40 m below
the correct depth). Arrival time residuals (plotted in the bottom panel of figure 2) range from -25.62 ms
to +24.10 ms and have zero mean.

4.3Constrained Origin Time

Curiously, the estimated source origin times for the fist two inversions have approximately the same
magnitude, but opposite sign. The third inversion entails comtmining the origin time to t. = 0.00 ms,
since arrival times at the receivers are measured with respect to the known instant of source detomtion.
A grid search on a 2 m interval gives the solution

x.= 195706 ~ y.= 252170 ~ zs=214q a= 2492.6 mls,

and is plotted in figure 3. Therms arrival time misfit is 13.12 ms, with minimum and maximum residuals
of –23 .95 ms and +22.43 ms, respectively, and mean equal to –O.1 ms. Solution accuracy is intermediate
between the first two inversions; epicentral error is -53 m and depth error is 116 m.

4.4 Constrained Velocity and Origin Time

Finally, constmhing both the wholespace velocity (to 2875 mh) and source origin time (to 0.00 ms)
yields the solution

x,= 195730 @ y,=252118~ Z== 248 ~

withanrmsarrivaltimemisfitof 15.47m. Minimum and maximum residuals are -26.31 ms and +35.15
ms, and the mean residual equals +1.2 ms. Figure 4 depicts this solutioq which appears inilerior to the
previous three inversions. Epicentral error is -81 m and depth error is 150 m.

In all four inversions, the spatial grid comprised 101 x 101 x 151 = 1,540,351 points, and the search
required about 3 seconds of execution time (including all inputioutput) on a standard (but currently
outdated) serial computer.



5.0 UNCERTAINTY and RESOLUTION

5.1 Field P-Wave dataset

The uncertainty and/or non-uniqueness of a solution are quantified by depicting the arrival time misfit as
) near the minimum point. Contour plots ofa function of the four hypocentml pmeters (x~,y~, z~, t~

misfit as a fimction of two selected parameters are simple to construct. Since there are four inversion
parameters, there are six distinct parameter pairs that can form the independent variables of a contour
plot. Figures 5 and 6 illustrate the quantity

(25)

contoured in 5 ms intervals above these six %yperpkmes” through 4D model space. The origin of each
plot (indicated by+) refers to the parameter set recovered in the first inversion described above (i.e., grid
search with unconstrained slowness and origin time). Hence, rrns arrival time misfit equals 13.02 ms at
this point. ,

In all cases, as the hypocentral parameters deviate from the best fitting solutio~ the rms misfit E increases
monotonically. With regard to variations in source position coordinates, the misfit exhibits a iiirly broad
and “bowl-shaped” character in the vicinity of the minimum (figure 5). When the source ongin time tsis
variti the minimum is narrow and elongate (figure 6). Errors in the picked arrival times and the assumed
velocity model imply that all parameter pairs contained within a selected contour (say, the 20 ms contour)
should be considered acceptable solutions to this locationlorigin time problem. In particular, source depth
z~and origin time t=are not well-resolved. The depth may vary through a broad range of values near the
minimum point, with very little effect on the overall arrival time mis@ z~the origin time undergoes a
simultaneous, but correlate~ change.

Similar plots quantif@g source location uncertainty (in space, but not in time) are presented by Buland
(1976), Sambridge and Kennett (1986), and Prugger and Gendzwill (1988).

5.2 Synthetic P-Wave and S-Wave Datasets

The resolving power of the recording geometry in the above field data example can be examined by
generating synthetic arrival time datasets using the lmown source and receiver coordinates. Hence, a set
of 16 noise-free P-wave arrival times are calculated with hypocentral parameters and compressional
wavespeed given by

x,= 195656 w y==252152 ~ zs=98n t==0.0m, a= 2291.5 rids.

The P-wave speed is the best-fitting value obtained in the first inversion described above. Since the
synthetic arrival times are not contamhate d with picking errors, the grid search inversion algorithm
recovers the above parameters exactly.

Figures 7 and 8 display therms arrival time misfit (25) contoured above the six hyperplanes through 4D
model space. The origin of each plot (+ symbol) refers to the known spatial and tempoml coordinates of
the source. Hence, rms misfit E equals 0.0 ms at +. These plots represent “the best that can be achieved”
with the given recording geometry and inversion algoritlq because all arrival times are computed from a
model that agrees precisely with the algorithmic assumption (i.e., homogeneous and isotropic
wholespace). In particular, the fi~es imply that source epicentral coordinates (x., yJ and origin time t.
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can be localized reasonably well, provided rms picking error does not exceed about 5 ms. However,
source depth ZScannot be resolved adequately at the same error level. Reduced depth resolution is a
common feature of seismic source location algorithms, when all receiver stations are distributed on or
near the earth’s surfhce. Plot scales and contour intervals (5 ms) in figures 7 and 8 are identical to those
used for figures 5 and 6 in order to facilitate comparisons.

Finally, in order to illustrate the benefits of including shear wave arrivals in the inversion scheme, a
combined set of P-wave and S-wave arrival times are calculated using the known source and receiver
locations. Each receiver station is assumed to record both a P-wave and an S-wave; hence, there are 32
noise-free synthetic arrival times. The shear wavespeed is taken to be P = 1145.75 mk (one half of the P-
wave speed).

Figures 9 and 10 illustrate the contoured rms arrival time misfi~ plotted at the same scales and contour
interval as in figures 7 and 8. The contours close more tightly about the orig~ indicating that
simultaneous inversion of combined P-wave and S-wave arrivals yields a superior hypocentral solution.
This agrees with previous observations by Bukmd (1976) and Rabinowitz and Steinberg (1990).
However, some of the improvement in the present case may be due to the increased number of arrival
times (32 vs. 16).

6.0 CONCLUSION

The spatial and temporal origin of a seismic energy source are estimated with a fitst grid search technique.
This approach has greater likelihood of finding the global rninirnum of the arrival time misiit fimction
compared with conventional linearized iterative methods. Assumption of a homogeneous and isotropic
seismic velocity model allows for extremely rapid computation of predicted arrival times, but probably
limits application of the method to certain geologic environments and/or recording geometries.

Contour plots of the arrival time misfit fimction in the vicinhy of the global minimum are extremely
usefi.d for i) quantizing the uncertainty of an estimated hypocenter solutioq and ii) analyzing the
resolving power of a given recording configuration. In particular, simultaneous inversion of both P-wave
and S-wave arrival times appears to yield a superior solutio~ in the sense of being more precisely
localized in space and time.

Future research with this algorithm may involve i) investigating the utility of nonuniform residual
weighting schemes, ii) incorporating linear and/or layered velocity models into the calculation of
predicted arrival times, and iii) applying it toward rational design of microseismic monitoring networks.
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8.0 FIGURES

Figure 1: Inversion results for an unconstrained grid search. The upper two panels illustrate the
geometric distribution of 16 receivers (triangles) and the known source (circle) projected onto horizontal
(w) and vertical (XZ)planes, respectively. The estimated source location is indicated by squares on each
panel. The bottom two panels depict the observed P-wave arrival times and residuals, respectively.

Figure 2: Inversion results for a grid search with constrained P-wave speed. Panels display similar
information as figure 1.

Figure 3: Inversion results for a grid search with constrained origin time. Panels display similar
information as figure 1.

Figure 4: Inversion results for a grid search with constrained P-wave speed and origin time. Panels
display similar information as figure 1.

Figure 5: Contour plots of the rms arrival time misfit on three orthogonal spatial planes passing through
the source position estimated in the first example (i.e., unconstrained grid search of figure 1). The origin
of each plot (+ symbol) refers to the derived source location (x., y., z.) where the rms arriv~ time misfit
equals 13.02 ms. Contour interval equals 5 ms.

Figure 6: Contour plots of the rms arrival time misfit on three %yperpkmes” passing through the
hypocenter parameter solution of the first example (i.e., unconstrained grid search). Origin of each plot
(+ symbol) refers to the clerived hypocentral solution (x$,y., z., t=)where therms arrival time misfit equals
13.02 ms. Contour interval equals 5 ms.

Figure 7: Contour plots of the rms arrival time misfit on three orthogonal spatial planes passing through
the known source position (+ symbol). 16 synthetic noise-free P-wave arrivals are inverted. Contour
interval equals 5 ms.

Figure 8: Contour plots of therms arrival time misfit on three hyperplanes passing through the lmown
hypocenter (+ symbol). 16 synthetic noise-free P-wave arrivals are inverted. Contour interval equals 5
m.

Figure 9: Contour plots of the rms arrival time misfit on three orthogonal spatial planes passing through
the known source position (+ symbol). 32 synthetic noise-free arrival times (16 P-waves and 16 S-waves)
are inverted. Contour interval equals 5 ms.

Figure 10: Contour plots of therms arrival time misfit on three hyperplanes passing through the known
hypocenter (+ symbol). 32 synthetic noise-free arrival times (16 P-waves and 16 S-waves) are inverted.
Contour interval equals 5 ms.
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