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-+During the last 20 years there has been a tremendous increase in computational capabilities. It seems to -
accelerate every year. We now construct models with millions of degrees of freedom. Sandia National
Laboratories recently computed modes and transient response for a 4,000,000 degree of freedom model.
We are also seeing an increase in the cost of testing as the unit price of test items increases and manpower
costs escalate. We are reminded of one of Augustine’s Laws 1,“Simple systems are not feasible because
they require infinite testing.” Or conversely, extremely complex systems require no testing. In his
discussion he uses data from actual systems to show how increasing complexity of systems appears to
require less testing. A hundred dollar item required several thousand development tests, where a ten million
dollar item required a few tens of development tests. Of course, this results from the large increase in test
costs caused in large part by the large cost of the test hardware that comes with increasing complexity. The
complex system (read costly) is coupled with the perceived need to reduce “nonessential” costs. At Sandia
National Laboratories we are also faced with the prospect that some of the tests we ran in the past are not
even feasible to run today. It is perhaps fitting that Norm Augustine was the CEO of our current managing
companyz.

These developments have lead to an increasing desire to substitute analysis for test. This is not new, but has
been going on for centuries. When Newton developed his laws, the ability to predict forces on moving
objects was extremely useful. The development of elasticity helped a great deal in translating the forces
into stresses. However, we in the testing business like to throw rocks at the concept of replacing test with
analysis. We see many problems.

First is the problem of complexity. As systems become more complex, emergent behavior becomes
apparent. The particle physicists know a great deal about the structure of the elementary particles. But they
are hard pressed to use this information to deduce the details of the structure of an atomic nucleus. In the
same way nuclear physicists have developed a very good understanding of the nucleus and the atom
through extensive experimentation. But physicists have not replaced chemists that require an understanding
of the complex interaction of many atoms. A different set of experiments and models are needed to develop
the chemical properties. The chemists are very successfid, but have not replaced the metallurgist in
developing the properties of metals, or the polymer scientists for developing the properties of plastics. In
assembling the plastics and metals into complex structures, the behavior of the structures is not completely
predicted from the properties of the materials in the construction. Many difficulties exist in the translation
of material properties into a model of a complex system. Interfaces and joints are one of these problems.
We do not have a generally accepted and predictable way to model the interface or joint between two parts.
We know this is very important, because if for no other reason, most of the darnping in assembled
structures comes fkom the joints. This can be illustrated very easily by building a small plate and then
building a small identically sized plate, which is two plates bolted together. The damping properties of the
two specimens are dramatically different.

We need different models for different levels of complexity. However, the models for the higher levels of
complexity must be consistent and not contradict the models at the lower level of complexity.

Issac Asimov once said, “I believe that scientific knowledge has tlactal properties; that no matter how
much we learn, whatever is left, however small if may seem, is just as infinitely complex as the whole was
to start with. That, I think, is the secret of the universe.” This is true for modeling physical systems as well.

To be useful, models must be experimentally validated. We must know the parameter space over which the
model yields useful results. The cost of generating validated models is not insignificant. The tradeoff
between the cost of analysis and test must be constantly reevaluated. Even at a given point in time, the
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For Hertzian contacts, the ratio k./k. depends on the
Poisson Ratio of the material [20], end is about 2/3 for
most materials. We use the value ka/kfi = 2/7 since this
m-the period of normal and shear contact oscihtions
equal to each other in the damped linear springs ease
[22]. The collisional dynemies are not very sensitive to
the precise value of this ratio. The equations of motion
for the translational and rotational degrees of ikedom
were integrated with either a third-order Cear predktor-
corrector or velocity-lkrlet scheme with a time step&=
1X10-4. Care was taken to assure that we reached steady
state. Typically it was necessary to run between 5 – 20 x
10G& to reach steady state, particularly when starting
from a non-flowing state. All coarse grained quantities
have been averaged both temporally (typically 2 – 8 x
IO%) and spatially over slices of constant z.

The main eharacterietics of all the granular flows are:
(i) The exietence of an “angie of repose” d,, such that
granular flows can not be sustained for d < d., (ii) a
steady-state fiow with a packing fktion independent of
depth for O, <$< 6~~, and (iii) fix 0> $~~, devel-
opment of a shear thinning layer at the bottom of the
pile ‘ihat results in lift-off and unstable acederation of
the entire pile. For very thin pike, less than aboat 20
layers, the value of IL depends on the depth of the pile in
agreement with experiment [15]. Hsxe we consider only
deep piles where the value of 4 is independent of depth,
end focus our attention omregion (ii). As seen in Fig. 1,
the packing fraction @ remains constant es a function of
depth, aWaYfrom the free surface ad thebottom wall.
Its vahe is shown as a function of 8 in Fig- 2. Results in
2D fm systems of size 5000and 20000 demonstrate that
the thiekneaaesof the boundary layers at the bottom and
top are independcut of the height of the pile. The data
suggest a tilt dependence for & of the form

where WD= = 0.81(1) and #tj’& = 0-60(1). In 2D, upon
lowering the tilt angle below 0,, we observe a compaction
to a polycrystaliine triangukr lattice with ALI s 0.9.
This causes considerable hysteresis in 2D simulations as
6 is subsequently imxeased beyond Or: Ii& the system
to begin flowing, one must exceed the maximum angle of
stability in order for the non-flowing state to fail. Initial
failure aIways occurs at the bottom of the pile, followed
by movement of a dilation front towards the top of the
pile. Once the system has reached steady state, @ can
be reduced and the system will continue to Iiow provided
that @ >8,. On the other hand, in 3D there is no jump
in @ as the pile comes to a stop- Consequently, there is
no detectable hysteresis in auy of the 3D simulations and
the state of the pile seems ta be uniquely determined by
the tilt angle.

Based on rme with varying depth and width, we ex-

pect the relationship between stress arid strain rate in
the constant packing fraction region to be a property of
the bulk. ‘The, this geometry allows us to study rd~
tionships betwwm the stress tensor and the strein rate at
a given packing fraction. At a given tilt angle, two eoti-
ponents of the stress tensor are fuced by force babancq at
steady-state, the layer at depth z must carry the weight
of aIl the spheres above it:

J

w
u==(z)= mg cosO C@(z) = ?ngpC@ fq~p - z), (lo)

as (x) = a:~(z) tsnzfl) (11)

where p is the mnnber density of sphczws, Aa&d to the
packing fractions shown in Fig. 2 through ~~ = wp@/4

and (&w = 7rp@/6. The second equality in Eq.(10) ap
plies only to the region of constant densi~ ~ marks
the position of an tiective surface that the region of con-
stant packing &action sees. U%=cannot be determined
bm these considerations. Under conditions where the
grains behave roughly Ike a flui& one might expect alI
normal stresses, i.e-, diagonal terms in the stress tensor,
to be equal to each other. We observe that although
aza a a.., there are small but systematic deviations
that vary rapidly in the dilatant surface layer but be-
come independent of depth in the region with constant
packing fraction. As a measure of this enisotropy, F%. 2
shows the tilt dependence of the normal stress auomaly
in the bulk, (cJZ*—O.=)/uZ=. The origin of these devi-
ations is not clear; they remain too 6mell e9 d + (+ to
be attributed to an active Rankine state [3], fix which
(a== – ff..)/az= = 2{tan#.)2 N 0.2. FktkrmOre, in au
3D runs,an is smaller than the other normal stresses by
10- 15%, suggesting that consolidation and compaction
Pormal to the shear plane ia poorer. This is consistent
with auisotropy abserved in the static ~body correk
tion hmction [9].

Another question of particular interest is the relation-
ship between the stress and strain rate tensors. Apert
fkom a diagonal hydrostatic pressure term, this relation- ,
ship is linear for viscous fluids and quadratic fm granular
systems in the Bagnold grain-inertia regime. The latter
result is quite general, as it is required by dimensional
analysis In a granuku system, when contact fbr- be
come large compared to the weight of individual particles
but not iarge enough to significantly distort the apkres
(1a u/s. < ~/~), the only relevant time scale is the
inverse of the strain rate ~, and the only dmeneionally
correct form is v M ~, with the ratio of the two qwtnti-
ties being a function of dimensionless parameters such sa
packing fraction and eoefiieient of restitution. As an ex-
ample, Fig. 3 shows the relationship between shear strain
rate 6kJz/~z md shear stress Uzz fir 2D and 31) cases.
Below the tit M layers, and away from the bottom
wall, both syWexneexhibit Bagnold sealing, indicated by
the dashed lines in Pig. 3. Data for 2D suggest an offset
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of about 1.590 in theatreas, possibly dueto correctiona
from the body force on individual spheres. Such an ofbet
isIlot needed for an acceptable fit to the 3D data.
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‘FIG. 3. Strain ratea plotted as a Iimctlon ofsheiw straw u==
&w2D (top) and 3D (bottom) reveal Bagnold scaling (d=hed
lines) in the constant packingGactitm regime away from the
free surface aad the bottom wall. X% zD, = Meet of I-5u0
in the shear stress was needed for an acceptable fit. Sime
u.S _ Jineariy with depth, the @-ure also reflects how the
strain rate vari~ with depth.

In order to probe the sensitivity of the results to the
particular force whine selected; we have also performed
runs in the 3D system with liiear damped springs, keep-
ing all other parameters fixed [9]. Remarkably, the Pack-
ing fraetioa prcdiies and the nmrmd stress anomaly re-
mained virtually the same, and strti rate profiles were
changed only by a global factor of about 1.35. This sug-
gests that the packing of spheres and the network of force
cbaius they create during flow are not too sensitive to the
- tbrrn of the stiff elastic response, ss low ss they
are subject to the same Coulomb yield criterion.

The 1* of a regime with only surface flow is in
rather striking contrast with experimental observations
[2]. Most experiments are known to have significant side-
wall effects that need to be taken into account in order w
explein such surface flows [8]. Siice periodic boundary
conditions are used, our simulations correspond to an in-
finitely large box with finite depth, where the tilt angle
of the free surface istixed.In the absence of sickvall

effects,the lack of surface flow can be understood as a
manifestation of differing sttillity criteria at the surface
and inside the pile (or the bottom wall.) Whereas in-
Iamal failure invoke signiiicautslidingand is strongly
aE@cted by the inta-grein friction coefficient K, surface

failure & typically initiated by the rolling of the spheres
at thesurface out of their metastable traps, and is rather
insen@ive to ~- For small values of p, the critical angle
of stabfilty for internal failure, @c*, is smaller than the
critical angle for surface stability, (&rf. Stable surface
flows are possible onIy for ~mf <0< I&. Increasing ~
in 3D SiMUk3tiOZlSindeed realdts ixl @h@wed diktiOWd

surfaceflow and suppteseed bulk flow [9], but doea not
achieve surfacedy flows. AIthough there is no funda-
mental reason that prohibits surface-only i.bvs in gen-
eral, it appears that contrary to prevailing wisdom, they
are unlikeiy to occur in a pile of moxtodisp~ spheres.
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