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ABSTRACT

A finite element model of polarization switching in a polycrystalline ferroelectric’ ferroelastic ceramic is developed. It is
assumed that a crystallite switches if the reduction in potential energy of the polycrystal exceeds a critical energy barrier per
unit volume of switching material. Eachtcrystallite is represented by a finite element with the possible dipole directions
assigned rancomly subject to crystallographic constraints. The model accounts for both eleciric field induced (ie.
ferroelectric) switching and stress induced @i.e ferroelastic) switching with piezoelectric interactions. Experimentally measured
elastic. dielectric. and piezoelectric constants are used consistently, but different effective critical energy barriers are selected
phenomenologically. Electric displacement versus electric field. strain versus electric field. stress versus sirain, and stress
versus eleciric displacement loops of a ceramic lead lanthanum zirconate titanate (PLZT) are modelled well below the Curie
temperature.
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1. INTRODUCTION

Renewed interest in ferroelectric memories as well as sensors. actuators and smart structures has brought resurgent
research activity on this material since the mid 1970s augmenting prior work 1-8. Recently. the development of nano-particle
ceramics9-11 and nano-thickness films!2,13, the characterization of switching mechanisms with sensitive surface scanning
equipment!#.13 and measurements of the ferroelectric response at small field!®-17 enhance our understanding of
ferroelectricity while bringing new technologies. However, only 2 modest amount of work has focused on mesoscopic
modeling of the important noniinear behavior of polycrystalline ceramics under electro-mechanical loads!8-26,

Ferroelectric switching occurs because of multiple equilibrium states allowed in the crystal structure {e.g. in tetragonal
svmmetry, a central ion can move into any one of six orthogonal off center sites due to the application of electric field.
mechanical stress or both27-28). Theories for the switching between these equilibrium states involve potential energy
reduction as a driving force27.29.30 resisted by energy barriers between the various configurations (e.g. Landau-Ginzburg-
Devonshire moedel). For a single crystal and a polycrystalline ceramic, the theories for switching encompass a modification of
Avrami's nucleation and growth model based upon the kinetics of rate dependency3 1-34, Switching domains nucleating on
the suriace of 2 ceramic. expanding and eventually meeting other growing domains in a ceramic have been experimentally
observed!.3.33,

As regards our polarization switching model. the basic assumption is that a single ferroelectric crvstallite in a
poivensialline ceramic, which is subjected to an electric field or a stress or both. undergoes a polarization change and a
cerresponding strain change if the resulting reduction in potential energ)’eiceeds a critical value per unit volume of switching
material. The critical value of energy reduction is assumed implicitly to be associated with barriers to switching which cause
dissipation as domain walls sweep through the material. However, the crystallite is assumed to be a single domain. entirely
switched into one of the available ferroelectric variants. The switch from one variant to another is thus taken to be
instantaneous. so that rate effects are neglected. Thg crystallite's transformation causes a disruption of the local electric field
and a strain mismatch at the crystallite boundary22, contributing to the change of potential energy of the polycrystalline
ceramic. In previous work. approximations to this con[nbunon to the energy change of the system were obtained. The
simplest approach was to neglect the interaction completely, leading to a Reuss approximation!S.19. A mean field theory
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based on approximating the interaction energy as that of a non-piezoelectric inclusion in a non-piezoelectric matrix has also
been used23. Finite element models of polycrystals have also been developed, with each crystallite being represented by a
single element. So far, these treatments have been applied only to purely ferroelectric24 and purely ferroelastic25 systems
with electro-mechanical interactions neglected.

In the current work described below, the behavior of a polycrystalline ferroelectric/ferroelastic ceramic is developed with
the dielectric, elastic and piezoelectric response accounted for. Yet the model is still a simplification. Each crystallite is
modelled as a cube with each cube having the same size. Therefore, the distribution of grain shape and size is yet to be
introduced. Furthermaore. the progressive switching caused by a domain wall motion is neglected. although this effect has
been han6dled elsewhere within the context of a mean field theory leading to a self-consistent treatment based on inclusion
models26.

The simulations using the finite element mode! are carried out with 236 cubic crystaliites having initially random
terragonality and electrical polarization consistent with the tetragonality. The applied electrical or stress fieid is gradually
increased -and later reversed. The behavior is followed incrementally by permitting in each step the switching of the
crystallites most favored in the sense of the driving force exceeding the critical barrier. At a given increment of the process the
load is kept constant until all the energetically favorable domains switch and thereafter the load is changed. The parameters of
the model are chosen from empirical constants of a lead lanthanum zirconate titanate (PLZT 8/65/35) ceramic22.

In this paper. the spontaneous polarization is the switchable polarization of a crystallite and the spontaneous strain is the
switchable strain of a crystallite: the remdnent polarization is the switchable polarization of the polycrystalline ceramic and
the remanent strain is the switchable strain of the polycrystalline ceramic: the remanent polarization and strain are the average
over spontaneous values of all the crystallites in the ceramic.

2. GOVERNING EQUATIONS

The crystallites are bonded together perfectly at their boundaries with no extrinsic charge present anywhere within the
ferroelectric ceramic. Thus. the electric displacement D satisfies36

8D<,/8xi =0 .\ (])
along with the continuity condition
n [IDif] = 0 @)

across the crystallite boundaries where x is position, n is the outward unit normal to the boundary and the symbol [| l]
denotes a jump in the quantity contained within it. defined as the value outside the crystallite minus the value within.
Without body force, mechanical equilibrium requires that .

dg,;/dx; = 0 3)
and

o] - o @
across crystallite boundaries, where & is the mechanical stress defined by a constitutive law for a given crystallite[9.27

o; = Ciu (ekl - Cil) = Yij Ex (%)

where C is the elastic tensor and eS is the spontaneous strain of the tetragonal unit cell measured from a cubic datum. The
quantity e is the strain in a crystallite defined in terms of the displacement u in the usual manner,

ey = (auilaxj+8uj/_8xi)/2 » (6)
and ¥ is the converse piezoelectric coefficient tensor=7 defined by
Yik = diim Crmjk M
2
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where d is the direct piezoelectric coefficient tensor. The electric field vector. E. is given by

E, = -dd/ax, ®)

1

where @ is the potential. For the electric displacement D. each crystallite obeys!9.27
D-l = .{ijk (cjk - st.k) + Eij E} + Pf : (9)

where € is the tensor of dielectric permittivities at constant strain. and P* is the spontaneous polarization of the crystallite
with magnitude P,.

3. ENERGY RELATIONSHIPS AND SWITCHING CRITERION

. . . . .. . T i
The potential energy of the polycrystalline ferroelectric/ferroelastic ceramic is given by22.36.37

U(u.q.D) =

%_fv [cij (e5-¢5)+Ei(Di - p;‘)] dV - T,u dS-f_q®dS (10)
where the first integral is the elastic. dielettric and piezoelectric energy stored in the material. the second is the potential
energy of the traction T imposed on the part St of the boundary S. and the third is the potential energy of the electrical load
® imposed on the part S¢ of the boundary*S. The potential energy is a functional of u. q and D. so that E and G in eq. (10)
should be considered as functions of D and e. Since q is taken to be zero on S - S and u to be zero on S - St. the potenual
energy can be rewrirten as22

n _
Uluq.D) = —J, [o,j(eij-c;)ﬁ,(ol—Pf)]dv—)sT, v, dS—fc q @ dS : (1

A given crystallite switches when the reduction of the potential energy AU of the polycrystalline ceramic due to that
switch is equal or larger than the energy barrier for the switch. Thus. the switching criterion is given by

AU + V. Ay, £ 0 ' : (12)

where Aw, is the energy barrier per unit volume of a crystallite which must be overcome upon switching and V. is the
volume of the crystallite which switches. The energy barrier to a 90° switch A\ugo is taken to be either the same as or
- different from the barrier to a 180° switch A\;JLSO. Only the most favorably oriented crystallite is allowed to switch at any
stage and only one is permitted to switch at any time. The most favorably oriented crystallite is defined to be the one for
which the left hand side of eq. (12) is smallest.

_The requirement that egs. (1) to (9) must be satisfied after the switch will lead to changes in all the terms in U except T
on St and @ on S¢ which are fixed. The spontaneous polarization of the crystallite changes from its old value P® 10 a new
value P° + AP® and the spontaneous strain changes from eS to eS = AeS. Due to the change of the spontaneous crystallite
polarization and strain, the electric field in the polycerystal changes from its old value E 1o a new value E + AE, the strain
becomes a new value e + Ae, the displacement on St becomes a new value u + Au and the charge on Sq becomes q ~ Aq.
Consistent with the change of the crystallite tetragonality. the tensor of dielectric permittivities changes from its old value €
to a new value € ~ Ag: the elastic tensor becomes C + AC: and consistent with the change in spontaneous polarization. the
converse piezoelectric coefficient tensor becomes Y+ Ay. The change of the energy in the system AU is thus given by

. l S s s 3
AU = ; J’V [Glj (ACU’ - ACU) + E]‘ (ADl i API ) + Aoij (‘:ij - CU' + Acij - ACU) (]-)

+3E, (D, - P{ + 4D, - Apf)]dv ~[( T, Au, dS - Jg ® Aq dS
The relationship between charge and electric displacement on S is
q = -nD; (14

where n is the outward unit normal to the surface and D is taken to be zero outside of V., This latter assumption is justitied
by the relatively large effective dielectric constant for PLZT and the cubic shape of V. Virtual work then gives

fa




f®AaqdS = |, E,AD;dV (15)
In addition, the virtual work relationship
IS T' Aui dS = JV cij Acij dv (16)

also prevails. Substitution of these results into eq. (13) leads to

AU = - (oj Acj +E; APS)dV —% fy [oij (ae; - acj) + E, (aD, - aP}) "
- Acij (e — ¢ + Aej; - Ac) - AE;(D; — P + AD; - Apf)] dv (/
A further application of virtual work leads to
fv Acjjde;dV = [c AT; Au; dS. (18)

The boundary conditions applied on S ensure that the right hand side of eq. (18) is zero. For convenience, we can therefore
write

AU

AU-IV Acij Acij dV‘ !

i

-Jy (o5 acj + E; ARE)dV -% Iy {oij (ae;; - aes) + E, (aD; - aPY) (19)

S
- Aoij (eij - Clj

- Ae;j - Acj) - AE(D; - P + AD, - APf)] dv
The stress increment is given by

AGy = Cyy(dey ~ Aeh)+ACy (ej-cfj+Acj-Ac) ) - 1,uAE; - A7, (E +AE,) (20)
and the electric displacement increment by

AD; = vy (Bej - ack)+ v (e ek +Ae —ack )+ e AE; + Ag;; (E;j+AE, ) + AP} @
Substitution of these into eq. (19) along with eq. (5) and (9) into its second integral gives

AU = -y (Aejoy+APIE; Jav + % Jy 8¢ g Achy dV - % Jy Aeij( Cia +ACi )Aey dV

+ -;—jv ( e =5 ‘éeii ) ACU_H (e“ —e}y —Ae} ) dv + [, AE; ( ik +ATix )Aejk dv (22)

| 1
—IV Ei A‘{ijk (ejk—ejk-Aejk )dV+EIV AEi (Eij+A€ij )AEJ dV—EIV Ei Aeij E) dv

4. FINITE ELEMENT METHOD
The finite element equations for solving the problem can be developed from the principle of the virtal work3$
Jy (8ejo, - 8E;D;)dV = [((8u, T; ~ 8dq)ds 23)
where &( ) indicates 2 virtual variation. The mechanical boundary conditions are

"ic’ij = TJO on ST‘

-
uy = 0 on S, 4

where T® is the prescribed traction given on St and Sy + St = S. As noted previously, it is assumed that the electrostatic
energy in regions external to V can be neglected because of the high dielectric permittivity of the polycrysial compared to that
of air. As a result, D is neglected outside V and n; “D,” = —n,; D; on the surface S. Thus, the electrical boundary conditions
are



nD =0 onSq.

1 1

{23

o = o¢° on Sg

where @ is the prescribed electric potential on S and Sq + S =S.1Ina matrix notation, the displacement components of
u and the potential ¢ can be wrinten in terms of finite element interpolations as

Ull

ki = N U o

% [N {ox} -
¢ = [No“‘”.\'}

where the matrix [N} contains interpolation functions of the displacement and [N} contains interpolation functions of :he
electric potential. The vector {an;} contains the displacements and the potentials for all the nodal points in the finite element
mesh39. The strain for each element in {e} and the electric field for each element in {E} are given in column vectors as

8.l fos
[Be]{ox}

where the interpolation matrices {B,] andtBE] result from differentiations of [N,] and of [Ng]. respectively. In a discretized
form. eg. (23) becomes afier elimination of virtual variations of {} ‘

Il

legs 3312}T = {e}

{E/ E; E; T {E}

v ([BTto0 - (Be]T DY ev = [N (TIes s

where {g} is a column vector containing stress components in the same order as in {e}. {D} is a column vector containing
electric dispiacement components in the same order as in {E}, {T} is {T; T» T3}7 and the superscript o indicates prescribed
values. The surface integral over Sg in eq (28) is absent because the charge is prescribed 10 be zero there.

Use of the constitutive laws egs. (5) and (9) then give the finite element equations
[Kl{oxt = {F} + {F} (29)

where [K] is the stiffness matrix, {F} is the nodal load due to the tractions T° on St and {F®} is the additional nodal load
due to the spontaneous polarization and spontaneous strain. The stiffness matrix [K] and column vectors {F} and {F"} are
given as -

(Kl=1i ([Sc]T[C] (8:)- (B fvifee ] - [Be] (] [Be]-[Be ] (e} (Be Jjav
{Fy=Js_ [N, {T}ds ‘ (30)
{Fl=i ((B]T e} - [Be] v {et} + (Be]) {P*})av

where the matrix [C] contains the elastic constants, the matrix [y] contains the converse piezoelectric coefficients. and the
matrix [€] contains the dielectric permittivities such that

(o} = [clffe} - {e*}) - [v){EL
o} = (" (Ee) - {e}] + (eliEy = {P)

which is equivalent to egs. () and (9). The matrices [C]. [y] and [€] are the same in cnvstallographic axis with the third
Jirection aligned with the spontaneous polarization. However, when rotated to global coordinates. the matrices will vary from
element o element due to the orthogonal transtormation. '

fl

h

In a discretized form, the reduction of the potential energy due to switching from eq. {22V is




N e L PR A | RS NN ST PR P
+ng ()7 + o) - el ac({er) « faet)~fe)av &)
eIy (71" (et} + {ae} - e} av - 51y (B [acl{E} av - S{s0n JT((K]+ [ax) {0y}
The increments of nodal displacements {Awy} due to switching must satisfy the finite element equation

[KH{sox } + [aK]{fox ) +{awx)) = {aF) (33)
which is an incremental form of eq. (29). Since the prescribed tractions are held fixed during a switch and the prescribed

charges are set 10 be zero on Sg. only the nodal load increments due to the change of the spontaneous polarization and strain
appear on the right hand side ofeq (33). The column vector of this nodal load increments is given from eq. (30)

{AFS} = |y {[BC]T[[C]{AeS} + [AC]({CS}-*-{ACS})]

(o [l Laet) + for] ([} fact)] » (mel fape}]ev >
and the stiffness matrix increment is also gjv‘en from eq. (30) as
[sK] = fo{(BT(ac][Be] - [Be) [a7](Be] - [Be] [a7] [B.] - [Be]" [ae](Be]) oV (35)
Solving for [Awy] in eq. (33) gives
{aoy} = (K] + [aK])" ({aF} - [aK]{oy])- (36)

Thus, the reduction of the potential energy in eq. (32) becomes
= -fy [{ACS}T{O}’f{AP‘}T{E}-%{ASS}T[C]{AGS}
-%({CS}T*‘{ACS}T-{C}T)[AC]({CS}*‘{M‘}-{e})-!E}T[A‘!lT({¢‘}+{A€‘}'{'e}) €p)

+-;—{E}T[A£]{E}]dV—%({AFS} [AK] {mA\}) ((1+(ax) ™ ({ar* } - fak}{on]]

e

b

5. NUMERICAL SIMULATION
Tracton T = T, ang
Electrc Potental © = @,

The model for ferroelectric behavior is implemented in a Applied 1o Top Face
finite element mesh of a few hundred crystallites. The mesh /
consists of cubic elements of equal size arranged in a cube as . L7

depicted for 8 elements in Fig. 1. Each finite element
represents one crystallite; each element has eight nodes with
a node at each corner39. Paralle! to the coordinate direction,
the elements use a linear interpolation of each displacement

u.=0en- ~
X,axs Tracucn and Charge

Free on Otner Faces

component and the potential. so that there is a trilinear X,

dependence on position. The strain, stress, electric field, and’

electric displacement in each element are evaluated at the I __ 17

ceniroid and the stifthess in eg. (30) is computed by 1 point , N, 00X, axs
numerical integration39. A random number generator is / % Displacement n X, Drection

used to create the principal axes of the initial tetragonal unit X U 23 ara boteraal @20

cell of each crystallite. The magnitude of the spontaneous

. . . . . FIG. }. Schematic diagram of the cubic mesh of 8 elements. Each
strain of a crystallite parallel to the c-axis of the unit cell is =

cubic clement represents one cerystallite and has its own
principal erystallographic directions.




c-a,

e, = . The strain perpendicular to the c-axis is 1 e, = 1% , where a, is the lattice parameter of a cubic cell
having thié same volume as the tetragonal cell. A spontaneous poigﬁzation of magnitude P, 1s assigned randomly to the
positive or negative direction parallel to the c-axis of the unit cell. The spontaneous polarizations along the a-axes are zero.
The components of the spontaneous strain and polarization of each crystallite are calculated in a fixed Caniesian coordinate
system common to the ceramic. These components will be referred to throughout the discussion below.

The dielectric penﬁinivity, piezoelectric coefficient and elasticity tensors in general are anisotropic with the polar axis
determining the svmmetries. However. there are insufficient experimental data to determine values other than that paralle! to
the poled axis of 8'65/35 PLZT single crystallite. Thus. the permittivity is taken to be isotropic

g = €§; (38)

where € is the dielectric permittivity and the elasticity matrix'is also taken to be isotropic

Yv Y

C"Kl = — 8"6&[ - (6L 6" +6‘18'k) (:‘9)

Y (1+v)(1-2v) 4 2(1+y) VR TR

where v is Poisson's ratio and Y is Young's modulus. The values for €. v and Y are chosen to match the experimental data
measured from uniaxial poling and stressing experiments on the polyerystalline ceramic. With these assumptions. the
dielectric perminiviry and the elasticity of the polverysialline ceramic will be isotropic even when it has a net polarization.
The direct piezoelectric coefficient tensor for each crystalfite. when referred 10 the coordinate system in which the positive
x3-axis is parallel to the positive polarization direction. has the positive valued component d3332 7. The other components of
d which are nonzzro are assumed to be
d3; (<0}

dyy = dan = -—dss;
Contribution of the shear components of d 1o the macroscopic average piezoeleciric behavior is significant. but none of the
shear components are provided by the PLZT experiments!9. With the isotropic elastic constant C and the direct piezoelectric
coefTicient tensor d, the nonzero components of the converse piezoelectric coefficient tensor g in eq. (7) are stated as

dia Y
Yz = oo
(11’\) ) (_”)
1
Yay = Taa = 3T

The macroscopic strain of the aggregate is computed as the volume average of the strain in the cryvstallites and the
macroscopic polarization is the volume average of the spontaneous polarization in the cryvstallites. Since each crvstallite has
the same volume V., the volume average can be computed as a simple arithmetic average of the strain and polarization
components over ail crystallites. Thus, the initial remanent strain and polarization of the polycrvstal is zero (or nearly zero
because the finite number of crystallites involved in a given simulation can have a nonzero average from the random number
generation). Similarly, the average linear contributions to the strain e and the electric displacement D are zero initially since
the imposed traction and potential are zero initially.

The boundary conditions in eq. (24) are imposed such that the displacement u3 is fixed at zero for all nodal points on
the bortom surface of the cubic mesh as shown in Fig. | where the X;-axis is considered to be vertical and X and X» define
the horizontal plane. The displacement uy 1s fixed at zero for all points along the lower left edge of the cube and u3 is zero
along the lower front edge. All these nodal points where the displacement is fixed at zero compose Sy. As shown in Fig. 1.
the traction is imposed on the top surface of the cube as a uniform value T3 = T* with Ty and T equal to zero everywhere
except on Sy. In addition, the boundary conditions in.eq. (23) are imposed by fixing the electric potential ¢ at zero on the
bottom surface of the cube: the charge q is fixed at zero for all points on the side faces of the cube: and the potential is
imposed on the top surface of the cube as a uniform value which is consistent with a uniform electric field.

A crystallite is assumed to switch when the reduction of potential energy of the system due to that switch is equal to a
critical value, which can be considered to be equal to the energy barrier which must be overcome to achieve the switch. The
switching criterion eq. {12} is modified in the form:




{aerT o)+ Lar)T{E} - Hae o ae - (B ) (e} {aet) - (o))

- {42)
. | S T -1 > .3
o {{AF } - [AK;{w\}) (K] +[aK) " { 2P} —{_\i\‘i{wx}‘) > 2E,P,
where V. is the volume of an element and the term Aw, inegq. «i211s repia c-~v’ by its value 2 E Py with E the magnitude of
an effective coercive field. The parameter E, is the coercive fieid parallel 20 fe polarization direction for 130 switching in an

isolated singie crystallite. The switching criterion is evaluated at ihc centroid of an eiement with ceniroidal values of the
strain. stress. spontaneous strain. electric field. and spontaneous polarization taken to represent the efement as a whole. Si"c=
switching is considered for one 2lement at a time. the firsi 4 terms on the left hand side of eq. (42) are »ampu{ed only for ih
element under consideration for switching. The last term on the left hand side of eq.(42) accounts for ihe elastic, dielecinic.
and piezoelecic interaction energy of all the crvsiallites.

A new inverse stiffness matrix [K}' is evaluated and siored aiter every switch because {K] changes 10 a new value due to
the presence of anisotropic plezoe'ecmc coefficients which lead 0 the increments {AY]. With the Sherman-Morris
formuia*0. the new inverse [}\] is then used to caleulate ([K]-[AK]) " for all possible 5\\ nches (i.e. five possible terroe'e"r <
switches for tetragonal symmerry) for each crystallite. Note that [K} ! and {[K}- [_\}\]) must be conditioned. as must be [N}
in eg. (29) and ([K}-{AK]) in eq. (33). toraccount for displacement boundary conditions imposed on Sy and for potennal
boundany conditions on S«. This is a trivial step since ail boundary conditions on Sy, and Sg involve zero value except for
the prescribed uniform potential value on the top surface.

Since oniy one crystallite element is considered for switching at a time. the value of the left hand side of eg. (42) for the
switch of one element of volume V. can be identified. If the condition n eq. (42) is met. a switch is permissible. All
rossible switches-in the aggrezate (inciuding the possitie switches to differant polarization in each element) are considered
and the most favorable possibiiity is idenuified and accepted. The most favorable switch is that which causes the greates:
reduction in potential energy: i.e. the switch for which the left hand side of 2q. (42) most exceads the right hand side. Aiter
the switch has bezn made. a new stiffness matrix [K] in eg. (29) is computed by rotating the converse piezoelecuric tensor [
of the switched crystallite. A new nodal load {F®} is computed by reassembling the spontaneous strains and polarizations of
all the crystallites in the finite element mesh. Solution of eq. (29} with the new [K] and {F’} gives new nodal values of i.e.

{wy;}: the new nedal values then provide the new strain tensor {e!. siress xe']sor {c}. and electric fieid vector {E} in each
element: the new [K] and its inverse [}\yl are then used to evaluate ([K]- [_\.i\]) for every possible switch for each element.
Note that the exact inverse ([K]-{aK])" for every possible switch is obtamed from the Sherman-Morrison formula?0, easing
the computational burden. With {w\}. {c}. {E}. and ([K]- {_\I\]) updated. another switch associated with the greazest
value of the left hand side of eq. (42) is then considered without changing the imposed traction or petential. This process is
repeated until no more elements will switch. The traction or potential is then incremented and eq. (=2) is used to selec
further switches. The increments of the traction or potential are estimated with the intention that only one crystallite switches
at any given stage. However. once a crystallite switches. many other neighboring crystallites tend to follow suit.

6. RESULTS

All the calculations presented in this paper are done with an identical random set of 236 crystallites. Each crysuallite is
represented by an eight-node cubic finite element having a node at each comer in a 8 x § x 4 (i.e. 4 vertical laversofan §x 8
planar mesh) rectangular array with its rectangular edges parallel 1o the Cartesian coordinate axes common to the ceramic.
The parameters used are experimentally determined values for § 65 35 PLZT ceramic. Y = 68 GPa. £ = 0.03625 uF'm. diz;

= 1.188 x 10° m:V. and v = 0.48. The value ey = 0.00277 is chosen in attempts to match the remanent strain and P,
0.34 C'm? chosen to match the remanent polarization of the experimental data after the sample was poled numerically and the

tield was removed.

Two sets of simulations are presented. For the first set of simulations. thc effective critical tield for 90° switching E::O is
taken to be equal to the critical field for 180° switching EN) and both represented by Ey in eq. (42) which is selected 10 be
0.36 MV m. The value of 0.56 MV 'm is the measured coercive field for a PLZT ceramic. For the other set ol simulations,
the etfective critical field for 90° switching E:i" is set to be 0.10 MV m and the critical field for 1807 switching E'\U 1s 1.0
MV 'm. These critical values are used instead of Ey in eq. (42) for the relevant switch. Note that 0.10 MV/m is the effective
critical field giving the best fit to the experimental electric displacement versus electric field hysterasis loop when only
electric field inducad (i.e. ferroelectric) switching is accounted for and strain and mechanical stress are neglected-+.
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FIG. 3. Simulated 8'65/35 PLZT stress versus strain and stress
versus electric displacement curves for a poled ceramic with no
applied field and with the effective critical field of switching
Eo = 0.36 MV/m. (2) Axial stress versus axial strain. (b) Axial
stress versus electric displacement.

FIG. 2. Simulated 8/65/35 PLZT hysteresis loops with no
applied stress and with the effective critical field of switching
- Eg = 0.36 MV’m. (2) Electric displacement versus electric
field. (b) Axial strain versus electric field.

6.1. Simulations with E; = 0.36 MY/m

Fig. 2(a) shows the simulated electric displacement versus electric field loop and 2(b) shows the corresponding
longitudinal strain versus electric field butterfly loop with E, equal 1o 0.36 MV/m. The average remanent polarization and
strain are zero initially because the elements have random spontaneous polarizations. This random state is then subjected to
the switching criterion of eq. (42) without any applied electric field or stress and some switching occurs: the switching
process in the absence of the applied load is called ‘annealing’. When the annealing is completed. the macroscopic remanent
poiarizazion and strain are recorded. It can be seen in Fig. 2(b) that annealing leads to a small non-zero remanent strain.

As the applied potential is increased from zero in Fig. 2(a). the electric displacement increases linearly up to a field of 0.3
MV.m, rises nonlinearly from 0.3 MV/m to 1.3 MV/m, and thereafter increases nearly linearly, but the slope eventually
decreases to the linear dielectric response at 3.0 MV-'m. These nonlinearities in the initial curve occur only when a switch
induces a large mechanical strain and internal stress#!. If the mechanical strain is small. the electric displacement initially
increases proportional to the square of the field until close to the coercive field (conforming to the Rayleigh law 16.42), then
rises rapidly bevond the coercive field, and eventually reaches the saturated polarization: Along the initial curve in Fig. 2(a).
about an equal number of 90° and 180° switches occur. As the field reaches its maximum value of 4.0 MV/m, the
spontaneous polarizations of some elements are aligned as much as possible with the applied electric field (i.e. poled). but
many other elements are vet to be poled. At the maximum field. the remanent polarization—linear dielectric contribution




subtracted from the electric displacement—reaches only 87% of its potential value because strong mechanical constraints
restrict poling of the ceramic by discouraging 90° switching!19.41. Limited 90° switching occurs with nearly linear response
of the electric displacement if the electric field is increased further beyond 4 MV/m, but the complete poling of the ceramic
can be induced only with an extremely large electric field. As the field is lowered from 4 MV/m, the electric displacement
reduces linearly until near zero field. Thereafter, significant reverse poling takes place at -0.30 MV/m, but the overall reverse
response is gradual and incremental.

Fig. 2(b) shows the strain versus electric field butterfly loop corresponding to the electric displacement versus electric
field hysteresis loop shown in Fig. 2(a). As the electric field is increased from zero initially, the strain initially increases
slightly due to the linear piezoelectric response and then stays at a constant level until 0.3 MV/m. As the field is increased
beyond 0.3 MV:m. the strain rises again until the field reaches 1.3 MV.m. Thereafter, the slope reduces gradually down to
the linear piezoelectric response at a field level of about 4.0 MV/m. At the maximum field. the remanent strain reaches 89°%%
of its potential value. The applied field is then decreased and the strain decreases mainly due to linear piezoelectric response
until the strain reaches its minimum when the field is -0.3 MV/m. The strain then rises non-monotonically to reach near to
saturation after repolarization. This non-monotonic response is never observed in measured strain versus electric field loops of
PLZT ceramic.

The step-wise switching process shown in Figs. 2(a) and (b) is the result of the large constraints induced by the elastic.
dielectric. and piezoelectric interaction energy resisting a switch: the barrier to switching is thus the sum of the constraints
and the effective crinical field for cr}'stallisg switching E,. In a simulation. the switch of an element may induce a localized
internal stress change in a crystallite as large as 300 MPa and an electric field change as large as 2 MV/m. These large fields
can cause the follow-up switching of nearest neighbors. The follow-up switches. however, do not propagate through the
ceramic: the propagation of the switching (i.e. the autocatalytic process) is short lived because of cryvstallites not vielding
either mechanically or electrically due to the large constraints induced by the interaction energy. After the propagation of
switching ends. a substantially higher applied field is required to initiate any further switching. The interminent. step-wise
switching in the simulation is an inaccurate description of the real ferroelectric switching in which the propagation of
switching is widespread throughout the polycrystal as predicted by a modified Avrami nucleation and growth model3 I-34.
During reverse poling. most crystallites undergo one direct 180° switches. but some undergo two consecutive 90° switches:
180° switching is favored over 90° switching since no strain change is involved in 180° switching. It is to be noted an equal
critical field for 90" and 180" switching is used for this simulation. When a 90° switch occurs, the switched crystallite
usually undergoes a second 90° switch immediately to reduce the mechanical strain created by its first 90° switch. Note that
the strain curve in Fig. 2(b) is smoother during reverse poling in the range -1.5 to -4.0 MV/m than the curve for electric
displacement in Fig. 2(a). This gradual electrical poling indicates that 180" switch has dominated and some crystallites are
vet to be poled by further 90° switches.

Fig. 3 shows the axial stress versus longitudinal strain and the corresponding axial stress versus electric displacement
. when Eg = 0.36 MV/m. After poling the ceramic to a remanent polarization of 0.18 C/m> and a remarent strain of 0.14% as
shown in Fig. 2. the field is reduced to zero. A compressive stress is then applied. The interaction energy (or mechanical and
electric constraints). accounted for in the last term on the left hand side of the switching criterion in eq. (42). causes the stress
at which switching first occurs to be 120 MPa of which more than half is induced by the constraints. (For ferroelastic switch-
ing, the right hand term 2EgPg in eq. (42) can be replaced by 1.564¢, where the effective critical stress for switching is o,
The value corresponding to E, = 0.36 MV/m is 65 = 59 MPa.) Beyond the stress of 120 MPa, switching occurs gradually
in Figs. 3(a) and (b) and stress induced depolarization is induced. When the compressive stress is reduced after the peak.
almost no nonlinear strain and polarization change occurs.

6.2. Simulations with E)’ = 0.10 MV/m and E* =1.0 MV/m

Fig. 4 shows the electric displacement versus electric field hysteresis loop and the corresponding strain versus electric
field bunterfly loop when the critical field for 90° switching Ego = 0.10 MV/m and the critical field for 180° switching Ef,SO
= 1.0 MV/m. The low E‘;U suppresses 180° switching completely. The electric displacement loop in Fig. 4(a) has a low
remanent polarization of 0.15 C/m? after a field is applied up to 4 MV/m and removed. In addition, the switching is gradual
throughout the increase of the field. Upon reversal of the field, linear response ensues until the field is zero and then reverse
switching sets in again. Cycling of the electric field then gives a repeatable loop. Fig. 4(b) shows the corresponding strain
versus electric field loop. The strain initially rises approximately to 0.13% at zero field during annealing. (A simulation with
a different random set of crystallites results in a different initial strain. but the strain value after annealing is usually above
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0.1%.) The rise in strain during annealing is the effect of the crystallites aligning their c-axes to reduce elastic mismatches
and thus to lower the global internal elastic energy. The strain loop also has shallow rounded tails instead of the typical deep
nartow anes observed in the mcasured butterfly loops!9. During polarization reversal, combmauons 0f 90° switches occur.
After undergoing a first 90° switch, many elements instantaneously undergo their second 90° switches to reduce their
internal energy. As a result, there are only modest changes in the remanent strain in the switching process. as can be seen in
Fig. 4(b).

Fl° 5 shows the axial stress versus longitudinal strain and the corresponding axial stress versus-electric displacement.
with E =0.10 MV/m and E180 = 1.0 MV/m, induced by a compressive stress applied to the aggregate after cyvcling as
shown in Fig. 4. The mechanical and electrical constraints of interaction among the crystallites enlarge the simulated coercive
stress to approximately 100 MPa whereas the effective critical siress of switching, G,. corresponding to E90 =0.10 MV m
(i.e. 90° switching is induced under stress) is only 16 MPa. The simulation shows that significant depolanzanon occurs at
low compressive stress as observed in experiments 9. The pattern of switching observed at higher compressive stress (i.e. the
erratic depolarization curve in Fig. 5(b)) is a consequence of some elements undergoing reverse switching, following switches
of a neightoring element. This is due to the low G, being easily overcome by constraint interaction effects and large
mechanical and electrical depolarization stresses then favor the reverse switching.
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7. DISCUSSION

The model developed in this paper has 8 disposable parameters. Among the parameters, Young's modulus Y, Poisson’s
ratio v, dielectric permittivity £. and piezoelectric coefficient ds33 are the experimentally measured values!9: the magnitude of
the spontaneous strain e, is required to match the remanent strain and the spontaneous polarization Py is required to match
the remanent polarization of the experimental data of a PLZT ceramic. The other parameters are the effective critical field for

90° switching E?,O and the critical field for 180° switching Ef,so:é and are available for adjustment.

Regardless of the chosen effective critical flelds. none of the simulations presented in this article successfully predicts the
measured hysteresis loops of PLZT!9. Although true ferroelectric switching occurs by domain wall motion2-+.22.48 the
finite element model neglects the details of the wall motion. Instead. the model is based upon potential energy and the
balance of work during switching; it treats switching in crysailites as an abrupt phenomenon controlled by the applied
mechanical or electrical load constrained by nearest neighbor interactions and by macroscopic elastic. dielectric and
piezoelectric energy: thus. the finite element mode! is more closely refated to the Landau-Ginzburg-Devonshire model {i.e. a
double-well potential model for unit cell switching)27.29.30 than to the Avrami model (i.e. a nucleation and growth modei
for switching in a single crystal or polyerystalline ceramic)3 1-34. In the case of the finite element model. there are multipie
energy wells corresponding to each possible combination of polarization in the finite element. Note that the effective fields of
switching, E:) and EIOSO. fined parametérs in the {inite element model. are of the same order, of magnitude as the measured
coercive field. whereas the Landau-Ginzburg-Devonshire mode! predicts a coercive field one or two orders of magnitude larger
than that the measured value?. 4

In addinon. the presented model neglects the spaual fluctuations of electric and stress fields within an element
representing a cnvstallite. The model simply assumes that complete switching takes place in a crysiallite when it mests the
critical condition for repolarization evaluated at the centroid of the finite element. Thus. our switching criterion in eq. (42)
imvohves interaciion energies that are too large. Consequently. switching occurs locaily without propagating through the
ceramic because the crystallites do not yield either mechanically and electrically due to the resistance generated by the
interaction energy terms in the criterion. The simulation will reproduce the experimental data (e.g. the tails of the butteriiy
loop) if and only if many neighbors of a switched crystallite undergo follow-up switching+1.43. Such a simulation could be
carried out by an improved version of the finite element method. For example. a model which includes the phenomenon of
domain wall motion can be developed by implementing a laminar structure of 90° domains3+4.43. The domain structure with
a more gradual strain change upon transformation than that occuring in the complete switching of a crystallite is expected to
improve the predicting capability of the model.
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