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Abstract

Weak solutions of hyperbolic conservation laws are not
uniquely determihéd'by their initial values; an entropy
condition is néeded to pick out the physically relevant
solution. The question arises whether finite-difference
appfoximationé converge to this particular solution. It
is shown in this paper that in the case of a single
conservation law, monotone schemes, when convergent,
always converge to the physically relevant solution.
Numerical examples show that this is not always the case
with nonomonotone schemes, such as the Lax-Wendroff

scheme.
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1. Introduction.

In this paper we consider solutions u(x,t), t > 0, of the

single conservation law

(1.1a) ) ut + f(u)x =0

subject to the initial data
(1.1b) B u(x,0) = ¢(x) ., -0 < X <

where ¢(k%) 1is a given function. Equation (l.la) can be

written in the form

‘ = - &f
(l.2a) ug + a(u)ux =0, a(u) = aa

which asserts that u is constant along the characteristic

curves x = x(t), where
(1.2b) IE = a(u) .

The constancy of u along the‘characteristics combined with
(1.2b) implies that the characteristics are straight lines.
Their slope, however, depends uﬁon the solution and thereforé
they may intersect, and where they do, no continuous solution
can exist. To get existence in‘the large, i.e. for all time,
we admit weak solutions which satisfy an integral version of

(1.1),

(1.3) J
0

for every smooth test function w(x,t} of compact support.

[wtu + wxf(u)] dx dt +‘j y(x,O) ¢(x) dx = 0~

[} -—

| —— 8

If u is a piecewise continuous weak solution, then it



follows from (1.3) (see [10]), that across the line of discon-

tinuity the Rankine-Hugoniot relation
(1.4) f(uR) - f(uL) = S(uR-uL)

holds, where S is.the speed of propagation of the discontinﬁity
and u and uR are the states on the left and on the right of
the discontinuity, respectively.

The class of a1l weak solutions is too wide in the sense’
that there is no uniqueness for the initial value problem, and
an additional principle is needed for detérmining a physically
relevant solution. Usually this principle identifies the

physically relevant solution as a limit of solutions with some

dissipation, namely

+ f(u)x = e[B(u)ux]x ’ B(u) > 0, € v 0.

(1.5) ‘ u,

Oleinik [15] has shown that discontinuities of such admissible

solutions can be characterized by the following condition

f(u)-f(uL) f(u) - f(uR)
(1.6) - o 2852y —x
o # R
for all u between up and up i this is called the entropy con-

dition, or condition E:. Oleinik has shown, see [15], that
weak solutions satisfying condition E are uniquely determined
by their initial data. Another elegant proof is given in [7].

Let v(x,t) be a finite difference approximation to (1l.1)
n n .
(1.7) V. = (L°v )j ; vj = v(jAx,nAt)

At and Ax are the time and space increments. Equation (l1l.7)




is said to be in conservation form if it can be written in the

following way.

n+l ; n _ _
(1.8a) vyoo= vy A(hj+l/2 hj—l/2)

wherg hj+1/2 = h(vj—k+l'vj—k+2"'°’Vj+k)' hj_..l/2

= h(vj-k’vj¥k+1'""Vj+k—1)' and A = At/Ax. In order for (l.8a)

to be consistent with (1.1), h must be related to f as follows.
(1.8b) hi{w,w,...,w) = £(w) .

Lax and Wendroff [13] pfoved the following theorem: let
v(x,t) be a_solution of a finite difference scheme in conserva-
tion form. If v(x,t) converges boundedly almost everywhere to
some function u(x,t) as Ax and At tend to zero, then u(x,t)
is a weak solution of (1.1).

Thus we know that if a finite difference scheme in conser-—
vation form is convergent, then it converges to a weak solution;

is this limit the unique physically relevant solution, i:e. do

all its discontinuities satisfy the entropy condition (1.6)?
The answer to this question will be discussed in the following
sections. It will be shown in Secfion 2 that solutions of
so-called monctone finite-difference schemes do satisfy the
entropy condition. In Section 3 we shall present several
examples to demonstrate that this is not always the case for

nonmonotone schemes.
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2. Monotone Finite-difference Schemes.

A finite-difference scheme

n+l _ n n ’ n
(2.1) vj = H(vj-k’vj—k+l""’vj+k)

is said to be monotone if H is a monotone increasing function
of each of.its arguments.
THEOREM. Let

(2.2a) v?*l

n Vn Vn )
G-k’ Vi-k+1’ """ Vi+k

Hf(v

n . n n n n
Vj - A [hf(vj_k+l, cow 'Vj+k) hf(vj-k' oo rvj+k_l)]

be a finite-difference approximation to (1.1) in conservation

form, i.e.~
{2.2b) : hf(w,w,...,w) = f(w)

and which is monotone

oH
9

(2.2c) (W_peveerw >0 for all -k <i < k.

+x)

Assume that as At and Ax tend to zero, A = At/Ax = const.,

v? converges boundedly almost everywhere to some function

u(x,t). Then according to the theorem of Lax and Wendroff

quoted earlier, u(x,t) is a weak solution of (1.1).

Assertion. The entropy condition (1.6) is satisfied for .

all discontinuities of u.

Proof: Our proof mimics one given by Hopf [6] and




Krushkov {9] who have shown that if u is the limit of solu-

tions of the parabolic equation (1.5), then u satisfies the

inequality
(2.3) U(u)t + F(u)x <0
where
0 , u=x<z 0 u < z
(2.4) U(u) = ,» F(u) =
u-z, u > z f(u)-£f(z), u > z

and z is an arbitrary number. At a point of discontinuity

(2.3) implies
(2.5) S[U(uy)-U(ug)] = [Flu)=F(up)l <0 .

Inequality (2.5) is equivalent to Oleinik's condition E given
by (1.7). Our proof of the theorem consists in showing that'
likewise the limits of solutions of (2.2) satisfy inequality
(2.3) with U and F given by (2.4).

Let V? be a solution of the finite-difference scheme (2.2);

we shall show that

n n
Ve = U(v,
J ( J)

where U is defined by (2.4), satisfies an inequality of the

form
+1 . n n n n n
Vg —Vj .\ hF(Vj-k+1""’Vj+k)'hF(Vj-k”’"vj+k—l) <o

where hF is given by



(2.7) hF(w w, )

—k+17° Yy

% ) T ang |
= U(w.) (w.-2) J == (w_ () ,...,w, (6)) db
IR i R k

Here wj(e) , =k+1 < j < k, denotes the straight line

connecting z with wj, i.e. wj(e) z + e(wﬁ—z) and

l ¥ u > Y4

Notice that hF as defined by (2.7) is continuous and is

consistent with F(u) given by (2.4); i.e.

= (u(8),...,u(6)) (u-z) as

hF(u,u,...,u) = U(u)
‘ j=-k+1 j

1
J k ahf
0

1 - :
U(u) J %ﬁ hf(u(e),...,u(e)) ae = ﬁ(u)[hf(u,...,u)—hf(z,...,z)]
0

U(u) [£(u) - £(z)] = F(u)

Therefore it follows from (2.6), as in the Lax-Wendroff
theorem quoted earlier, that if v? + u boundedly a.e., then
the limit u satisfies the inequality (2.3). Thus, a verifi-
cation of (2.6) will complete the proof of our theorem.

Again we introduce the parametrization

n

j+i z) o -k

| A
-
IA
=

vj+i(6) =z + 6(v




and define

(2.9a) v(®) = Hf(vj_k(e),...,vj+k(e))

where Hf is defined by (2.2a). It follows from (2.2b) and

(2.2a) that

(2.9b) - v(0) =z, v(l) = v?*l
Next we express V?+l by
1
n+tly n+l, _ a. : .
U(\,j ) = U(Vj ) U(z) = J_de U(v(6)) de
0
1 k  OH, .
= J u(v(e)) _Z_ o (vj_k(e),.--.vj+k(9))(vj+1-z) de
0 i=-k i

Similarly we get, using (2.7), that

n n o - n n
- U(Vj) + A[hF(Vj_k+ll"'l‘j+k) _hF(Vj—k"°"vj+k-l)]

I o [oE 2y
= - J U(vj(e))(vj—z) dae + A J i=-£+1[awi (vj_k+l(e),...vj+k(e))
0 0
3h¢ . n
o oy (V5 (8) s ey vy (00D Ulvy,5(0)) (vy,q1-2) a8

BHf

1
k
—— - b n _
_ Ji=§k B0v3,1(00) g (V54 (00 vy (80) (V] go2) a0
0 .

Multiplying (2.6) by At and using the above two expressions,

we obtain



n+l

, T N n n o ,_ n n
(2.10) U(vj ) U(vj)+A[hF(vj_k+l,...,vj+k) hF(Vj-k“‘°"vj+k-1)]

k' n 1 dH .. .
} = ii_k(vj*'i—Z) I -aw_i (vj_k(e) ,...,VJ"'k(e))

« [U(v(8)) - U(Vj+i(6))] dae.

oH

. , £ ‘ P
By our assumption 5;; (w_k....,wk) > 0 for all -kg i : k.
We claim that
) L] _ L4 . n - '
(2.11) [U(v(6)) U(vj+i(9))1(vj+i z).> 0 .

For, if v?+l—z < 0 by (2.8) -6(vj+i(e)) = 0 and U(v(8)) > 0

for all 0 < 6 < 1; if, on the other hand, v?+i-z > 0, then

again by (2.8) CU(v...(8))=1 and ﬁ(v(e))'i 1 »for“aLil

j+i
0 < 8 < 1; this proves (2.11). Thus all the terms in the sum
on the right-hand side of (2.10) are nonpositive and so (2.6)
holds; this completes the proef of the theorem.
‘ A different proof to this theorem using the characterization
of solutions of (1.1) which satisfy the entropy condition as an
Ll-contractive semigroup, is given by Barbara Keyfitz in an
appendix. |

We remark that the eonvergence of solutions of monotone
schemes to the phfsically felevant solutions ean be explained
by the very close relation between moqotonicity and the
presence of viscosity terms. To see that, we compute the

trpncation error of scheme (2.1). First we prove several

identities. Let




u = (u_k....,u+k), u = (u_pre--ry_4) and Tu = (u-k+l""’uk)
where uj = u{x+jAx,t). It follows from (2.2a) and (2.2b) that
(2.12a) H(u,...,u) = u

By differentiation of the consistency relation (2.2b) we get
k-1

(2.12b) }  h.(u,u,...,u) = a(u)
i=ak 3
J

where a subscript>j denotes partial differentiation with

respect to the jth components and hj £ 0 for j > k on j<-k-1l.

Differentiating (2.2a) we get
(2.13a) ‘ Hl = 60’2 - A[hl_l(Tu)-hz(u)] r -k <4 <Kk
L,m

(2.131?) H = - A[hz_l’m_l(Tu)‘.hz’m(u)]r —k<m<k

Hence it follows from (2.12) and (2.13) that

k
(2.14) ] H,(u,u,...,u) =7 8 =1
gook & 0,2
k
(2.15) ] & Hy(u,...,u) = -2 ] (hy_;-h;)%
, 2=-k
= -x 3 [(2+41)-2]h, = -} a(u)
k 2 2
(2.16) Y o(2-m) Hy o(u,oo0,u) = =4 Y (2-m) [hy ~hy 3 nq)
£,m=-k ' L,m ’ '

=0

Using the Taylor series and (2.l2a) we get



' M Al “ k A' P Y - v
b, ) = H(uo,uo,:..,uo)+’z H,(uo,.;.,uo)(uj—uo)

H(u ,u_ §-o o o g
-k’ "-k+1 k j=-k J

1 y - s 3
+ 3 sz Hy (g s e rtg) (@y=tp) (up=ug) + 0((8x)7),

L pa A%, 2. .2 AXi2.2 © i wi w mgraer 3
u,+Ax-u zgnj+ (=5) “u, Y3 Hj+(—§) ul I am Hy o+ 0((8x)7)

0 x 5 XX 2, m L,
oL : A%, 2. v 220 1 . (Ax2 2 ¢ o524
= ug+ Ax u ) JHy+ (=) I Y 3 Hjux]x+ (=) “uy lgmHz'm(lm 24+
N - ,i.- ..
o((ax) ).
From (2.15) Ax-uy ) jHj = Ax u [-) a(u)] = -At £(u) .
Using the symmetry HR,m = Hm’z and (2.16) we get
: .2y _ 1 , Lov2
)) Hy n(Am-2%) = - 5 ) Hzlm(l m< =0
£,m

Thus the Taylor series expansion of the numerical scheme is

H(u(x-kAX,t);...,u(xtkAx,t)) = u(x;t)-At f(u)x

(2.17)

T2 (x,t))u_(x,t) b+ 0((ax)>)
D, Hj(u(x,t),.a.,u x,8))u (x,8) b .

If u is a smooth solution of (1.1) theén

Su(x,t+At) = u(x,t) + At u,+ (A%)zu + O((At)3)

t tt

(2.18)

= ulx,t) - at £+ H Pl + o(an)?)

10




Thus the truncation error is

u({x,t+At) - H{u(x-kAx,t),...,u(x+kAx,t))

(2.19a)
- - 2 3
== (At)7[B(u,Mu 1+ 0((at)7)
where
1 % L2 12
(2.19b) B(u,A) = — ! i"H.(u,...0) - 5 a%(w) .
22° j=-x : :

We claim that except in a trivial case, B(u,}) > 0 and

B(u,)A) Z 0; this shows that monotone finite difference schemes

in conservation form are of first order accuracy. This result

is well known in the linear case, see [2] and [11].

Proof: Using the monotonicity assumption Hj > 0 we can

write

Y3 Hy = ] 3 /Ay /A

by using Schwarz's inequality, we get from (2.14) and (2.15)

that
2
xzaz(u)=(zjnj>2=(23/1§ﬁg)
(2.20)
.2 _ 2.
< D%y - Hj‘ = I3%y .

It follows from (2.20) and (2.19b) that B(u,A) > 0. This
inequality becomes an identity if and only if Hj(u,...,u)EO
for all j escept one, i.e. the finite-difference operator is
a pure translation -- this is the trivial case mentioned

above.
11



Suppose that w is a smooth solution of the parabolic equa-

tion

(2.21) W, + f(V)x = At[B(w,Mw ]

where B(w,A) > 0 is given by (2.19b); then the same way

that (2.19) was derived from (2.17) and (1.1) we deduce that
(2.22) wix,t+0t) -H(w(x-KAX, t) ;. - . w(xtkAx,£)) = 0((At)) .

ihis_implies by standard afguments that v{x,t) .giveh by (2.1),
which is a first order accurate approxiﬁation to smooth solu-
tioﬁs.of the conservation law (i.l), is a second order .
accurate approximation to smooth solutions éf the parabolic
equation (2.21).

. Although the preceding statement was derived by assuming
smoothness of the solutions, a similar statement can be made

for solutions of the linear equation

(2.23) - u, + cux =0 , : c = const.

'with discontinuous initial data. It is shown in [3] that if

- u(x,t) is the solution of (2.23), v(x,t) the solution of

(2.1)'and w(x,t) the solution of (2.21), then

(2.20) bv(x,t)-u(x,t)] < const. (at)l/4

{(2.25) lv(x,t)-wix,t)! i Const. (At)3/4 ‘

12




where [ [ is the L,-norm. ‘Thus’ even for linear discontinui-
ties, the numerical solution apﬁroximates the solution of the
-parabolic equation (2.21) better than it approximates the
solution of the original conservation law.

The numerical solution v(x,t), and the solution w(x,t) of
the parabolic equation (2.21) are both approximations to shock
solutions of the conservation law (1l.1). Both approximations
share many properties like maximum principle, Ll—contractive—
ness (see Appendix) and most importantly, existence of
monotone steady progfessing profiles (see [3] and reference
[A2]). .A numerical study in [3] revealed exceptional agreement
between numerical and viscous profiles. This shows that solu-
tions of the monotone scheme in conservation form (2.15 appear‘
to approximate solutions of the parabolic equation (2.21)
better than they approximate solutions of the original conser-
vation law, continuous as well as discontinuous. Since the
physically relevant solution was defined as the limit of
solutions of the parabolic equation, this may explain why
solutions of monotone schemes in conservation form converge

to the physically relevant solutions.

13



3. Non-Monotone Finite-Difference Schemes

In this section we consider schemes of type (2.1) which are
not monotone, i.e. for which the function H defined in (2.1)
is not a monotone function of all its arguments. As we
remarked at the end of the last section, difference schemes
‘which have order of accuracy higher than 1 are not monotone.
In this section we shall give examples of non-monotone differ-
ence’ schemes in.conservation form whose solutions converge to
weak solutions which are not physically rele&ant, i.e. which
violate the entropy condition E.

We consider numeripal solutions to the following initial

value problem:

(3.1a) u + £, =0, £w=u- au? (u-1) 2
. 1 x < 0.5
(3.1b) ou(x,0) = uo(x) = '
0 x > 0.5

Here o is a positive parameter. Figure 1 shows a plot of f(u)
for o = 3v3 ; note that f is not convex or concave. In fact
R f(u) is not convex or concave for all a > O.

The function

(3.2) ‘ u(x,t) = ug(x-t)

solves the initial value problem and satisfies the Rankine-
Hugoniot condition across the discontinuity. It follows from

the geometrical interpretation of the entropy condition, see

14




[7]1, that (3.2) satisfies the entropy condition. Therefore by
the uniqueness theorem it is the only solution.
First we consider the solution of (3.1) by the Lax-Wendroff

scheme (LW):

A n
3 TV 72 Byttt
(3.3a)
+ A2 (a2 (£2 £y - &P (£2-£0 )]
2 j+1/2°73+1 73 j=1/2'73 Ti-1
, n,.n
v, +V .
n _ n n _ k 'k+l - .
fk = f(vk), ak+l/2 = a(———i———). A At/Ax 1is chosen

at the beginning of each time-step by

(3.3b) X max |a(v’j‘)| = 0.9 .
J
Figures 2a, 2b and 2c¢ show v? of the LW scheme for n = 5,
15, 150; the dashed line in these figures is the correct
solution (3.2).
The numerical evidence presented in these figures indicates
that the solution of (3.2) by the LW scheme converges as

n »+ o to

u = 1 ' -0 < x < 0.5-3.3t

u, = 1.41 , 0.5-3.3t < x < 0.5
(3.4) u(x,t) .

uy = -0.17, 0.5 < x < 0.5=-2.2¢t

u, = 0 ’ 0.5+2.2t < X < +=

The Rankine-Hugoniot conditions (l.4) at the three discontinui-

ties are satisfied within the accuracy of the calculation, i.e.

15



u(x,t) given by (3.4) is a weak solution of (3.1). This is

as it has to be according to the theorem of Lax and Wendroff
quoted earlier. On the other hand observe that whereas the
entropy condition is satisfied for the discontinuity between

u, and u, as well as for the discontinuity between uy and up

L
it is violated at the discontinuity between U, and uy ; this

is again as it has to be, for according to the uniqueness

theorem there is only one solution of (3.1) which satisfies

‘the entropy condition, and that solution is given by (3.2).

It seems that both the non-monotonicity of the finite
difference scheme and the non-convexity of the flux function
are responsible for this non-physical behavior of the solution
(3.4). The non-monotonicity of the finite difference scheme
causes the development of an overshoot U, (see Figure 2a)
and an undershoot u (see Figure 2b). The non-convexity of

U
the flux function allows a(ud) < a(uL) and a(uU) > a(uR).

These inequalities explain thé backward propagating shock

4(uL,u0) and the forward propagating shock (uU,uR) in (3.4).

We remark that numerical experiments with the LW scheme

and a flux function £f(u),

A

c
A

=

u—auz(u—l)2 ’ 0 <
f(u) =

u u>l1l on uc<o0,

which is identical to (3.la) in [0,1], but is linear otherwise,

did not exhibit nonphysical solutions, although the overshoot

‘'was as large as in the case of (3.1).

16




Computer experiments with the second order accurate 2-step
Richtmyer scheme [17], as well as with the third and fourth
order accurate generalizations of the LW scheme [19], produced

results similar in nature to the one described in Figure 2.

We present now an example which shows that the LW scheme
(3.3a) can produce a solution of the conservation law (l.la)
which violates the entropy condition even when f is convex.

We shall consider a function f for which
(3.5) f(-1) = £(1)

It can be verified immediately that for such £

(3.6) v. =

-1 , for j <0
1, for j >0

is a steady solution of (3.3a). That is, if the initial value

0 . . 1 2 n
v: 1s taken to be v. as given b 3.6 V. = V. =...F= V.
3 3 g y (3.6), v 3 j
are all equal to Vj‘ The limit of these approximate solu-

tions is, clearly,
-1 for x < 0O
(3.7) u(x,t) =

This is a weak solution of the conservation law (l.la) when
(3.5) holds. On the other hand the solution (3.5) will
violate the entropy condition when f'(l) is positive; for
then the characteristic directions on both sides of the

discontinuity point away from the discontinuity and this is

17



well known to be contrary t6 the entropy conditioén.

We turn to investigating the stabiiity of the solution (3.6).
Our analysis, partly theorétical and partly numerical
Suggésﬁs very persuasively that even when the entropy c¢ondi-
tion is violated, (3.6) is semistable in the sense that if we
take initial values close to (3.6), the solution groﬁnd out
by the LW scheme tends to a weak solution which still has a
discontinuity at the origin which violates the entropy condi-
tion.

We start by 1ineariiinglthe LW'§chéme (3.3a) around the

solution (3.6). Wé write

(n)
. = PR o
v:J vJ € wJ
(3.8)
_(n+l) _ . .
v. = v, + W. + .
3 i € 3 o(€)

Substitute (3.8) into (3.3a) and differentiate with respect

to €; we get

W, = —3a=L. (i4ra,
J 2 3=
(3:9)
a. +a.
2 99-1/2"%3+1/2 _ _ _
7] aj)wj Aaj+1(l Aaj+l/2)wj+l'

+ (1-A

We abbreviate Af'(1l) by b; for the sake of simplicity we
‘assume that Af'(-1l) = -b; this will be so whenever £ is an
even function.

It follows from (3.6) and the definition of aj+l/2 in
(3.3a) that

18




-b for j <0

-b for j <0
0 for j =0

b for j >0
b for j >0

2 2
= (- 2, b 12 b b~
Wj = ( 5 + 5 )wj_1 + (1-b )wj + (2 + 5 )wj+l
for j < 0
b 2
= (- b, 2 _ b - b
Wo = (= 35+ 30w + (1= 537w, = 5wy
(3.11)
2 2
- _b - b- - b, b~
Wl = > wO + (1 5 )wl + 5 + 5 )w2
and
b . b2 ' 2 b . b2
Wj = (7 + 5_)wj—l + (l-b’)Wj + (- E + 5_)wj+l
for j > 1.

We simplify the operator (3.11l) by introducing

(3.12)

J
Il
=
+
=
0
Il
=
I
=

j=1,2,... . In the first equation of (3.11l) replace j
by 1 - j and add it to, respectively subtract it from

the last equation in (3.11). We get

2 2
_ (b, b .2 _b b
Pj— (5 + 3= )pj_l+ (lb)pj+( >+ 3= )pj+l
(3.13)
2 2
= (2 4+ BC -b2 -b,b
Qj = (2 + 2 )qj_l + (l b )qj'+ ( 2 + 2 )qj+l .
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Adding and subtracting the second equation from the third in

(3.11) we get

2 2
=a-2._b .
- (3.14)
2 b
_ g _bi,b _b, P2

Now (3.14) can be rewritten as (3.13) with j = 1, provided
that we define
-b-1
Po=p 71 F1
(3.15)

q0=ql'

We have (3.15) serve as boundary conditions for equation (3.13).

In equations (3.13), (3.14) and (3.15) the p's are
completely decoupled from the q's, We dehote by Tp(b) the
operator relating the p to P, by Tq(b) the operator
relating g to Q.

Equations (3.13) with the boundary conditions (3.15) are
simpie scalar examples of difference equations for mixed
initial-boundary value probklems. A stability theory for
such equations has been developed by Kreiss, another approach
to this theory is due to S. Osher.

Kreiss' theory says that a difference scheme is strongly
stable, in the sense that the 22 norm of its solutions remains

uniformly bounded for all time, if there are no unstable modes,

genuine or generalized. It is not hard to show the following:

For b > 0 the operator Tp(b) has no unstable eigenvector,

and Tq(b) has the unstable eigenvector

20




(3.16) a; =1, §=1,2,..., T (b)g=gq.

For b < 0 the operator Tq(b) has no unstable eigenvector

and the operator Tp(b) has the unstable eigenvector

(3.17) p; = (Eil)j,

3 b1 j=1,2,..., Tp(b)p(b) = p(b).

It follows from Kreiss' theorem that Tp(b) is strongly

stable for b > 0 and Tq(b) is strongly stable for b < 0.

We surmise that Tq(bf is weakly unstable for b > 0,

Tp(b) is weakly unstable for b < 0 in the following sense:

1

HT;(b)ﬂ const.vn , b >0,

(3.18)

n

HT;(b)ﬂ const.vn , b <0

We deduce easily from (3.13), (3.14) that
(3.19) 75 (b) = T_(-b)
. q = p ‘ 14

*
where denotes the adjoint with respect to the 22 norm. It

follows from (3.19) that
3.20 bR (-p)l = 1T (b)1 ;
( ) p( ) q( )

so it suffices to prove only one of the two statements in (3.18).
To study Tq(b), b > 0, we compare Tg(b) to the solution operator
of the differential operator which it approximates. Then (3.13)

is an approximation to

(3.21a) q, +bg, =0,
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and (3.15) is ah approximation to

(3.21b) q, =0 at x=0.

The solution of (3.21) whose initial value is ¢(x) is, for

b > 0, given by the formula

$(0) for x < bt
(3.22) q(x,t) =

$(x-bt) for x > bt

By analogy with (3.22) we expectl the solution of the initial
value problem for the difference scheme (3.13), (3.15) to be

of the form

(3.23) q. = 2(¢) for Jj < bn,

where 2(¢) is some linear functional of the initial data.
Numerical calculations bear out this contention, see
Table I. |

The linear functional 4£(¢) 1is easily determined. With p
given by (3.17) but b replaced by <+b and using (3.19)

we have, for b > 0
(3.24) (Tg(b)¢,P(-b)) = (¢,T§(-b)P(-b)) = (¢,p(-b)) .

It follows from (3.23) that as n + », the left side of (3.24)

tends to
&
1) 1 py(p) = 200) oy = 2(0) B
1 - 5T
l

We thank Stanley Osher for suggesting this approach.
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So from (3.24) we get

poy
(3.25) () = 27 (6,0 = o7 I 655D

This relation was borne out by numerical calculations, see

Table I. It would follow from (3.23) that for b > 0

ﬂTg(b)ﬂ > const.’n

By (3.20) the same inequality follows for Tg(-b). This
completes the proof of (3.18). It is interesting
to note that the instability of Tp(—b) is more violent
thah the instability of Tq(b): in the former case instability
is manifested by the first component of T;(—b) tending to «,
see Table II. Recall that Tp(hb), b > Q,‘corresponds to a
shock which satisfies the entropy condition whereas Tq(b),
b > 0, corresponds to a discontinuity that violates ‘the entropy
condition. It is amusing that the former should be more
unstable than the latter, in the linearized analysis.

In the full nonlinear theory we see no instability at all
of the discontinuity which satisfies the entropy condition,
see Figureé 3a and 3b. When the values (3,6) are perturbed,-
iterations of the LW operator (3.3a) tend rapidly as n tends
from « to one of a one-parameter family of steady profiles
connecting -1 to l. For discontinuities which violate the
entropy condition, there is a mild instability. Finite pertur-

bation causes a pair of rarefaction waves to issue from the
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point of discontinuity, without however completely dissolving
the discontinuity into single rarefaction waves. See

Figures 4a, 4b and 4c.
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4. Conclusions

Our study shows that solutions of certain difference
approximations to conservation laws ‘fail to converge to the
physically relevant solutions. On the other hand we have
showﬁ that a limit of solutions of monotone difference schemés
is always the physically relevant solution. This quality,
as ﬁell as their extreme stability, makes monotone schemes
attractive at first. On the other hand monotone schemes are
necessarily of first order-accuracy and this severely limits
their accuracy and resolving power. In 2 or 3 dimensional
problems, where mesh sizes are necessarily crude, first order
schemes are practically useless. Indeed, the practical schemes
today combine high order accuracy in smooth regions with
a sufficient amount of dissipation in shock regions. Dissipa-
tion is provided either by some version of artificial viscosity,
introduced 25 years ago by von Neumann and Richtmyer, see
[17], [13], [1], [4], [14], or by some form of hybridization
as in the method of Harten and Zwas [5]. The role of artificial
Viscosity as an entropy-producing mechanism was clearly
recognized by von Neumann and Richtmyer, although it is also

a device for reducing overshooting, and excessive oscillation,

for stabilizing calculations. These two roles of artificial

viscosity are related.
It would be extremely desirable to extend the result of
Section 2 from monotone schemes to all scheﬁes which have a

certain amount of viscosity in regions of rapid transition
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and show that limits of such schemes satisfy the entropy
condition.

It would be extremely important to extend these results to
systems. A notion of entropy for systems is discussed in [12];
it is shown there that 1limits of solutions of the Lax-
Friedrichs scheme satisfy an entropy condition, provided that
At/Ax 1is less than a fraction of the Courant-Friedrichs-Lewy
limit.

Another important problem is to study the effect of shocks
on the overall accuracy of schemes which are of higher order

in smooth regions.
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Appendix
by Barbara Keyfitz

It was shown in [7] that piecewise smooth solutions of a
single conservation equation satisfying Condition E form an
Ll-contractive semigroup. To be precise, if u(x,t) and w(x,t)
gre two solutions of (l.la), and u(x,0) - w(x,0) € L1 , and

" if u and w both satisfy condition E, then

(A.l) "lI(°,t2)—W(',t2)-ﬂ i uu('rtl)_w(‘ltl) I

for all t, > t; > 0; there I I denotes the L,-norm in the
space variable. The converse of this proposition is also true,
in the following sharp form: if (A.l) is satisfied for a
particular weak solution u and all smooth solutions w, then u
satisfies Condition E.

To test whether a given weak solution u(x,t) satisfies
Condition E, it is thus sufficient to show that lu(-,t)-w(-,t)l
is a non-increasing function of t for all smooth solutions w.
For proofs, see [7], and [Al] in which Krushkov extended this
result to generai weak solutions.

‘In this appendix we give an alternate proof of the theorem
of Section 2 by showing that if u is a limit of solutions of a
monotone difference scheme, then (A.l) is indeed satisfied for
- all smooth solutions w. This is based on the observation by
Gray Jennings [A2] that solutions of a monotone difference
scheme satisfy a finite-difference analogue of Ll-contractive-

n

ness: if V? and zj are two solutions of (2.2) defined at

30




grid points (j x,n t), and vg—zg is Rl—summable, then

(p.2) V-2 < |vP-2"| for m>n >0,

where | | denotes the %,-norm over the spacial grid. For the

sake of completeness we present a proof of this.

Clearly it suffices to show that (A.2) holds for m = n+l.

o ed -n o_ n n _as _
Introducing the notation vj (Vj—k""'vj+k)’ a 2k+l-dimen
siondl string of points from {v?}, and letting s? =-Sgn(vgfz?)
we can write
pelogPtly o7 LRl oty o 7 M-zl .
1 %273 J 3 : 3 3 3
] - J
Now, dropping the superscripts
. 1 1
= = = - d
H(v.) - H(z.) = H((1-6)z_, + 8v. \ = J H d6
(vy) (zy) ((1-8)2y 5) Sl
0
LetﬁEj(e) = (1-e)Ej + eGj , a 2k+l-dimensional string from
{(1-8)v.+6z.}; then
( ) j 5l ®
pon+l  n+l n+l i 2k+1 3H ¢
j 0 =1 L

Rearranging terms, we obtain

~-

1
kil a1 ' 9H
m “m
0

z sm+k-2.+l 81_12 (£m+k—2+1(9)) dae

1 (v -z )
m 2=1

~and since aﬂ/aul > Q for £ =1,...,2k+l, we may drop the terms -

s?+1 and write
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1 ook+1

n+l _n+l n n dH
b 727y < £ IVm-zmI { I z Ju, (€m+k g+1 8] de}
0

However,

H(ul,...,u2k+1) =g T A{h(uz,...,u2k+l)—h(ul,...,u2k)}

and so
8H Sh
_— = A (WqreoerUqg)
Bul . aul 1 2k
oH
oh
—_——— = =X —(u,;...,0 )
3“2k+1 8u2k 2 2k+1
oH dh ah
——=1-A (u ,...,u ) +A"'—'—(u ,...,u )
auk+l auk 2 2k+1 auk+l 1l 2k
and
oH _ _4y oh 3h
55; = =) 55;:; (uz,...,u2k+l) + A (ul,...,qu)

otherwise.

Hence, for each fixed value of 6, dropping the 6-dependence
of &,

2k+1
3H
Z

L du, (Eog+1Emege2’ " " * Emeok-241’

2k
)s
+ 2{\‘Xr
2=2 2-1

oh
A sﬁz(gm’£m+l"

sh

+ A 3, (gm_£+l,...)} + 1

(gm-2+2"")

(for the k+l1l term)

| 3h _
= * 3y Cmeakerret) 1
Thus 1
n+l n+l n _n _ _.n
v -z b o< g vo-zp | J 1d86 =0v- 210, ,
0

proving (A.1l).
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To complete the argument, let u(x,t) be the strong limit
of solutions v? of (2.2) as Ax,At + 0 with X fixed. Let
w(x,t) be any smooth solution of (l1.la) with u(x,O)-w(x,O)GL
Now w can be approximated by a solution z] of (2.2) which con-
verges strongly to w as Ax + 0 w1th A fixed, as a consequence
of a result of Strang [A3], whlch shows that for positive
methods (including monotone schemes), convergence to smooth
solutions is guaranteed.

In (A.2) let Ax + 0 with A fixed, and m,n + « so that

2 1 J

hence in norm,

mAt = £, , nAt = t,.- Since vh and z? converge strongly and

AxivR-2"1 - bu(-,t)-w(-,t)l,

whence (A.1l) follows.
We remark that monotonicity is necessary for (A.2) to hold:
a difference scheme approximating (l.la) which is consistent

and conservative and satisfies (A.2) is monotone.
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Table I: T(0.9)¢, (3.13)-(3.14)
] o | T0.9)¢ r00.9¢ | 7°0.9¢ | 72°(0.9)¢
0 1.053 | 1.053 1.053 1.053
T T ess | 1iess | 1.053 | 1.053 -
2 0. 1.052 1.053 1.053 1.053
3 0 1.064 1.053 1.053 1.053
4 0. 1.094 1.053 1.053 1.053
5 0. 0.965 1.051 1.053 1.053
6 0. 0.457 1.050 1.053 1.053
7 | o. 0 1.074 1.053 1.053
8 0. 0. 1.117 1.052 1.053
9 0. 0. 1.038 1.049 1.053
10 0 0. 0.673 1.047 1.053
11 0. 0. 0.209 1.073 1.053
12 0. 0. 0. 1.125 1.053
13 0. 0. 0. 1.096 1.048
14 0. 0. 0. 0.838 1.044
15 0. 0. 0. 0.413 1.066
1 16 0. 0. 0. 0.095 1.123
17 0. 0 0. 0. 1.134
I
(*) Observe that by (3.25) L(8) = gy * w977 1.053




Table .2: Tg(—o.9)¢ , (3:13)-(3.14).
n 0 1 2 3 4 5 6
(*) ; ‘
0 1. 1. 1. 1. 1. 1.
5 - 90. | 5.68 .81 1.01. 1. 1. i.
10 -180. |10.42 .56 1.02 1. 1. 1.
15 -270. |15.16 .31 1.03 1. 1. 1.
20 -360. [19.89 .06 1.05 1. 1. 1.
25 -450. |24.63 -.19 1.06 1. 1. 1.
30 -540. [29.37 | -.44 | 1.07 1. 1. 1.
35 -630. |34.10 | -.69 1.09 1. 1. 1.
40 -720. |38.84 | -.94 1.10 1. 1. 1.
(%) .='1,lf_3_<_49
0, j > 50
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