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A PRECIPITATION MODEL AND EXPERIMENTAL
CORRELATION WITH VARIOUS PROPERTIES OF
PENTAERYTHRITOL TETRANITRATE
Thomas Rivera, Ph. D.

Department of Chemistry
The Univercity of New Mexico, 1975
ABSTRACT

A continuous precipitation inethod for the preparation of crystal-
line pentaerythritcl tetranitrate (PETN) has been developed. The pro-
cess involves the precipitation of PETN from an acetone solution by
the additicn of water in a static mixer. The principal independent
variable is the ratio, R, of the acetone-PETN solution flow rzte to the
flow rate of water.

A mathematical model based on dispersed plug-flow equations
adequately represents the physical process. The relationships devel-
oped can be used to predict particle size distributicns, two explosion
properties of PETN, and nestimate the effective kinetics involwved in the
precipitation process. The mass-weighted mean particle size, L, of
the precipitated PETN is a linear function of R. The initial nucleation
and growth rates are exponentially decaying functions of R. The
nucleation exponent is 3.75 * 0, 05; the growth rate exponent is 1.56 %
0.02. The value of the diffusion parameter, Pe, is 51 £ 1. Experi-
mentally determined PETN initiation-threshold voltages can be
expressed as a second degree polynomial in L, with a rninimum at

about 50 pm, Observed PETN explosion transit times follow a third

degree polynomial in L, increasing with increasing particle size.

ix



1. INTRODUCTION

An important consideration in the applications of high explosives
is the ahility to predict the physical and explosion properties of the
material. In the case of a crystalline explosive, the particle size
distribution and crystal habit are important.*?® Batch processes
commonly usedin the preparation of high explosives frequently result
in large variations in the products® and usually provide little informa-
tion about the kinetics of the process. A method for the preparation of
a reproducible crystalline product having a known particle size distri-
bution and crystal habit is desirable.

The method of recrystallization employed in this work involves the
precipitation of PETN from an acetone solution by the addition of water
in a static mixer. The primary independent variable is the ratio, R,

of the PETN-acetone soclution flow rate to the flow rate of water.
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I1I. OBJECTIVES

The objectives of this study are to develop a continuous repro-
ducible recrystallization technique for the preparation of the high
explosive, pentaerythritol tetranitrate (PETN), which has definite
crystalline properties, and to develnp a model that provides some
information on the kinetics and predicts the crystalline and explesion

properties of the product.



III. PROPERTIES OF PETN

PETN is a symmetrical, nonpolar ureanic compound,

[C(CH,ONO, ), 1, namely,

CH
CL 2

| s
_ N—O—CHp—C~CH— O N__
{

O O

having 2 formula weight of 316. 15, It forms colorless, nonhygroscopic

crystals, PETN is readily compressible and has a maximum density

of 1.77 g/em®. It melts at 141°C and decomposes rapidly at tempera-

tures above its melting point. PETN is insoluble in water, and soluble

in acetone. Figare 1 gives the solubility of PETN in mixtures of

. 9
acetone and water,?

ol
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Figure 1.

Solubility of PETN in Aqueous Acetone Solutions.

PETN has an ignition temperature of approximately 215°C, which
is slightly higher than that of nitroglycerin, It is of the same order of

sensitivity to impact as nitroglycerin. PETN deftonates or decomposes

according to the eguation

C(CH,ONO), - 2CO + 3CO, + 4H,O + 2N,

Its heat of detonation lies between 1466 and 1543 cal/g.? The high
explosive strengih of PETN has been attributed to the fact that its
oxygen deficiency is small (10. 1%). The decomposition products of the
ideally'oxygen-balanced material would be CQO,, H;0, and N,, witout
the formation of CO. The ability to compress PETN to a relatively
high density is also a major contributing factor.

PETN has a detonation velocity of 5330 m/s for compacted material

(density 0.85 g/cm®), 7600 m/s for material having a density of
4



1.5 g/em®, and 8320 m/s for highly compressed material {density
1.70 g/cm®). The brisance or shattering power of PETN is much
greater than that of nitroglycerin. Its explosive strength is at least
50, greater than TNT,®

Becaus~ of its great explosive power and brisance, PETN is
widely used as a military and industrial explosive. Its ease of initia-
tion and its high explosive power combine to make PETN exceptionally
serviceable in detonators as the Jenor charge that initiates a less
sensitive acceptor explosive. PETN has also been used in percussion
caps and grenades and as a propellant in smokeless powders. 2%

PETN can be used in the treatment of angina pectoris as a long-

acting coronary vasodilator, which is capable of re.ucing the frequency

and severity of the attack.?



1v. EBW DETONATORS

Chemical explosives comprise two main types: (1) detonating or
"high't explosives, characterized by very high rates of reaction and
high pressures and {2) deflagrating cr '"low'’ explosi-es, which burn
more slowly and develop much lower pressures. Detonating explosives
may be further subdivided into (a) primary and {b) secondary explo-
sives. Primary explosives nearly always detonate by simple ignition
such as by a spark, flame, impact, or other primary heat sources of
appropriate magnitude. Secondary explosives require, in practical
arplicaticns, the use of a detonator and frequently, a booster. A
booster is a sensitive secondary high explosive that reinforces the
detonation wave from the primary explosive or detonator and delivers
a more powerful detonation wave to the main explosive charge.?

A problem encountered in explosive operations is that of initiating
the detonation wave in the explosive. Often, this problem is compli-
cated by the provisions of simplicity and safety, and the necessity of
precisely controlled timing at widely separated points. A variety of
devices, called detonators, have been developed to perform the func-
tion of initiation, The exploding bridgewire (EBW) detonator has an
explosive train with a secondary explosive requiring an elaborate
power source to vaporize or '"explode' a wire by extremely rapid
deposition of electrical energy to initiate detonation in the material.??

The basic circuit for exploding a wire consists of a power source

to charge a capacitor, a capacitor for storage of electrical energy, a



spark gap and trigger switch to discharge the capacitor across the
bridgewire, a transmission line to the bridgewire, and a bridgewire.
As the switch is closed, voltage is applied to the transmission line and
bridgewire circuit which causes current to begin to flow at a rate con-
trolled by the RLC characteristics cf the circuit. The rate of current
flow (approximately 1000 A/us) and the amount of energy are so great
that the wire is heated to vaporization but the phvsical shape of the
wire is maintained by inertia., As vaporization occurs, the resistance
of the wire increases greatly. At this point, the current reduces within
approximately one microsecond. Within a few nanoseconds after
vaporization, the inertia of the wirs maaterial is overcome and the wire
explodes giving off a shock wave and the contained thermal energy.'®

The problem of finding & sscondary explosive sufficiently sensitive
to be initiated by the sinall shock developed by the exploding wire is
resolved by utilizing an intrinsically sensitive secondary explosive.
Generally, PETN loadzd as a low density granular powder of con-
trolled particle size and shape is used. Even though the effective sen-
sitivity of sevondary explosives may be increased by the proper selec-
tien of physical parameters, such materials are still 3 to 4 orders of
naagnitude less sensitive than primary explosives.??

The basic inert components of an EBW detonator consist of a
header that contains the electrical wire leads and the bridgewire.
Header material may vary from plastic to a metal/ceramic combina-

tion. The electrica. connection may te hookup wire leads or a coaxial



or multipin assembly into which the cable mates directly. The sleeve,
which actually contains the explosive, may be a part of the header or a
separate part that is threaded or crimped into place. End caps may be
used. The explosive is generally pressed in two increments. The
first increment, next to the bridgewire, is pressed into the header at a
density of approximately 50% of that of the crystal density. The second
increment, called the output charge, is pressed to approximately 90%
of that of the crystal density.®

The shock wave and thermal energy released frora the exploding
bridgewire are transferred into the low density sccondary explosive
next to the bridgewire. In general, the shock wave from the wire
travels at about 1500 m/s. As the wave travels into the explosive,
a detonation of the explosive is initiated and builds up to the normal
detonztion velocity of the initial pressing explosive (approximately
5000 m/s). As the shock wave moves through the initial pressing and
into the output pellet, the velocity of the wave again increases, because
of the higher density pellet, to approximately 8000 m/s.*® The time
from bridgewire burst to shock wave breakout is called the function or
transit time of the detonator (tm). This time is on the order of one in
several microseconds, depending on the overall length of the detonatoxz.
Another quantity that is often used is the threshold voltage (E;5). The
threshold voltage is the firing set capacitor voltage level at which ane

half of the detonators will fire.



EBW detonators are used for many applications including the
following:'®

e The production of accurate and refined metal forming or welding

¢ The generation of shock waves for physics research studies

e The creation of small point energy or light sources

© The closure of an electrical switch in a very short and pre-

dictable time.



V. CRYSTALLIZATION THE_RY

The techniques for interpreting crystal size distributions from
crystallization processes to ascertain the nature of the controlling
mechanism developed rapidly over the period from 1962 to 196424
(Randolph and Larson,’® Hulburt and Katz1® )., The work began with
the first attempts to rationalize, mcdel, and predict crystal size dis-
tributions from realistic mixed-magma crystallizers and is based on
the concept of a population balance of crystal particles along the
particle size a_xis.n The detailed development of the particle-number

continuity equations and the moment transformation of the population

balance may be found in Ref. 17,

A. Plug Flow Model

At steady state, with negligible breakage, the population balance

is given by*”

- o
V-Ven+-6-£(Gn)—0 , (1)

where 11 is the number population density of the system, and G is the

) dL . . .

linear growth rate, et The internal coordinate is taken as the Stoke's
diameter L, as determined by sedimentation techniques. The external
coordinate system is represented by the single crystallizer length
dimension, x. For small particles, and high velocities, Vx, the
external linear velocity, may be taken as the plug flow velocity, u_.

Assumiag that growth rate G remains independent of size, an

10



empirical observation known as McCabe's AL law, which often holds

true, then kKq. (1) reduces to
u —+ G=—=0 . (2)

Equation (2) is the plug flow equation that includes the following

assumptions:
® Steady stale is achieved
e Linear velocity = plug flow velocity = constant
e Negligible breakage is achieved
¢ Growth rate is independent of size.

Multiplying Eq. (2) by L dL, and integrating from zero to infinity, we

have

i on . jndn o :
fLuxbdeTfLGdeL 0, (3)
o 0o

or

t
o

(4)

f«f dL+G/LJd.n—
Q

Taking the second integral by parts, we have

59—_/ nar + gliin

lCD

Q

11
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Let us introduce the jth moment of the population defined by the

o

0
initial popuiation density is nz = (dN/dJ'...)L_*0 and the nucleation rate is

integral, m, = [ Lln dL. If N is the total number of particles, the
J

Bi = (dN/at)

o+ The boundary conditions are n° = B°/G and naD = 0,
- x x' Tx >

tlere, the notation r; = r(x, L)is used, Equation (5) becrr s

dm.

ux—d—xl + (O)jBO - jGrnj_:L =0 (6)

where j =0,1,2,..., and (0)j = 0 when j # 0 and (0)j = 1 when j = 0,
The equations given by Eq. (6) are the moment equations for the plug
flow model.

We will now introduce the retention time, 7, cefined by 7 = E/ux,
where X is the effective length of the plug flow reactor in ¢cm, and u
is the plug flow velocity in cm®/s. For an ideal plug flow reactor,
each infinitesimal reactant volume will have the same retention time., 2
The quantities C,, the initial concentration (x = 0), and Cs' the con-
centration of the saturated solution, will also be used.

It will be more convenient to use dimensionless quantities in the
discussion. The new quantities will be normalized in terms of the
initial conditions where x = 0. The dimensionless external coordinate
becomes z = x/x, the dimensionless internal coordinate becomes E=
L/G. T, and the dimensionless population density becomes y = n/ng
where n§ = B3/Go. The dimensionless concentration becomes B =C/C

and the dimensionless saturated conceniration becomes 8_ = C /C,.
] s



The Adimensionless moments of the population, f, are

o m,
5o f dves
2 BI(GoT)'T

The dimensionless plug flow moment equations are

. _B_f . G

v ] o ] m—— = i= 1
fj (D) Bg JGo -1 6, j=0,1,2,...

where fj = dfj/dz. The initial conditions are fj(O) =0, j=0,1,2,...
The total solids concentration per unit volume of solids-free

liquid is
M; = kama(x) =[G, - Clx)]

where p is the crystal density of PETN, 1.77 g/cma, and Kv is the

(7)

(8)

{9)

volume shape factor based on Stokes' law. In terms of the dimension-

less quantities, Eq. (9) becomes

pKng (GoT)T
[1-8@=)]-= c f2(z) .
Q

At the exit of the reactor, z = 1. If the reaction is complete at

z = 1, then M; /C, + 'Bs = 1 and

(10)

(11

13



This relationship is verified experimentally by weighing the pro-
duct for a given volume of solids-free liquid. The experimental M,
results are given in Table 1. The table is an experimental verifica-

tion of the completeness of reaction at z = 1.

TABLE 1

EXPERIMENTAL My RESULTS

Sample - (afemt) | (o) 8, MiICo t 8,
3848 0.0008 0.0008 0, 000 1. 00
3849 0.0148 0.03 0.453 0.95
3851 0. 0008 0. 0008 0,000 1. 00
3852 0.000775 0.0008 0.000 0.97
3853 0.00081 0.0008 €. ¢0a 1,01
3856 0.00144 0,.00133 0.000 1.08
1857 0.00135 0.00133 0.000 1.01
3858 0.00134 0.00133 0,000 1.0}
3861 0.00177 0.002 0.1125 0.99
3862 0.00171 0.002 0.1:25 0.97
3863 0.00169 0,002 0.1125 0.96
3864 0.00161 0.002 0.1125 N.92
3566 0.00114 0,001 0.000 1. 14
3867 0.00114 0.00} 0.000 1. 14
38468 0.00114 0,001 0.000 1.14
3871 0. 00205 0,002 0.1125 .14
3872 0.00182 0.002 0.1125 1. 02
3873 0.06177 0.002 0.1125 1. 00
3874 0.00195 ¢.002 0.1125 1. 09
3876 0.0218 0.0267 0,162 0.98
3877 0.0213 0.0267 0. 162 0. 96
3878 0,0221 0.0267 0.162 0.%9
3881 0.0128 0,03 0. 453 0. 88
3882 a 0.03 0.453 [ 3
3883 0.0154 0.03 0.453 0.97

.Mr not measured bacauae of flitering difficultiea,

14



Using these results and substituting Eq. (11} into Zq. (10),

PKVBS (CoT)°T

R £(1) (12)

dividng Eq. (10) by Eq. (12) and rearranging,

B N P A
P = T P TR (13)

This is the relationship for the concentration as a function of the
normalized external coordinate. The normalized external coordinat..,
z, will be referred to as the recaction coordinate.

For the case in which 8 = 0,
s

Blz) =1 ~ L) (14)

B. Dispersed Plug Flow Model

Consider the plug flow of a fluid, on top of which is superimposed
some degree of intermixing, the magnitude of which is independent of

position within the vessel. This is called the dispersed plug flow

model,*®

For molecula~ diffusion in the x-direction, the governing differen-

tial equation is given by Fick's law

2
o g epdd (15)

where the parameter D, called the axial diffusion coefficient, uniquely

characterizes the degree of backmixing between adjacent reactant

(9a]
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volume elements during flow. The dirnensionless group (D/u x),

called the vessel dispersion number, is the parameter that measured

the extent of axial dispersions. Thus

——D: -0 negligible dispersion, hence, plug flow,
u X

D . . . _
T - o large dispersion, henc:, mixed flow,

X

This model usually represents quite satisfactorily flow that deviates

not too greatly from plug flow,*

Equation (15) may be rewritten as

2%n on, ~dn
DoFtu o+ Gl =0 . (16)

Multiplying by L’ dL and integrating from zero to infinity gives

[(pras [ (2)da: fe)dazo. o

or
2, nL? 4L +u—°— nLJ ar) + G [ LJ dL =0 . (18
bx” X px . (18)
[=]

[oo]
Defining the jth moment as before, l'nj = / nLJ dL, we have

mej dm, -
J J =
-D—= +uxdx+G/Ldn—0. (19)
(=]



Integrating by parts and evaluating n =0 as L »® and n = B°/Gas L =0

d*m. dmi 5
- f— R =0 .
D —-——dez + LN (DY'B ;;C?«rrlj_1 (20)

Using the definitions given in Section C, namely,

m,

® L nG,
* ° ° B3 (GoTVPT
we have
1) (5o o i &1, 1 ( i,
D(x )(BO o ) dz® ~ ux(x) 2o C ) dz
+ (0YB° +jG (Bg Gg“lfl) £, =0 . (21
Simplifying:
a®f. af o
I SN I | JB .G -
wxdl e O Etigh. o (2z)

Define the Péclet number, the reciprocal of the vessel dispersion
number, Pe = uXE/D. The resulting dispersed plug flow moment

equations are

Pv B8+JGO le—O (23)

with the boundary conditions™’23 fj(O) - 'I-ISB f.%(O) = 0, and f_%(l) = Q.

Eguation 13 from Section A holds for the dispersed piug flow model,

_ L falz) . fa(z) _ - - falz)
namely, B(z) = 1 +-—-—-f3(1) ﬁs £ (1) and for BS 0, Bz} =1 £ (1)

17



C. Kinetics

Equations {8) and (23) contain the quantities B°/B] and G/,
which reprecent tne normaljzed nucleation and grovith rate functions,
respectively. In order to solvs these equations, some kinetic assump-
tions must be made.

1. Nucleation. The initial nucleation rate, B3, is the rate of

forma*ion of nuclei at z = 0, the entrance of the reactor. The assump-
tion is made that the initial nucleation rate is a function of the ratio R.

Equation {(12) may be written inthe { mm

1 o
PR (GoT)ana(l)]Co(] " Bg) = Bo(R) (24)
v )

Bg =

The total nucleation, B®, is assumed to be the product of the initial
aucle:ntion and a decay function of the form (1 - z)a'. The expression

for BY is

B® = BS(R)(1 - 2)° (25)
and the nucleation ratio B°/R] is

B° z

o0 - z)” . (26)

2. Growth, The initial growth rate at the entrance is G;. The
initial growth rate is related to the mass-weighted mean particle size,

1., as follows:



L, the mass-weighted mean particle size, is defined by the ratio of the

4th and 3rd moments (L4,3 in Raf. 17)

- _ ma(l)

T mg (1) (27)
and by Eq. {7),
—  Bo(GoTV TE (1) _ o _fa(1)
b B (G P (1) T LM (28)

G, is assumed to be a function of the exnerimental parameter, R. The
total growth rate, G, is assumed to be the product of the initial grcwth

b
rate and decay function of the form (1 - z) , namely,

G =Go(R)1 - 2)° . (29)

The growth ratio G/G; is

G b

Eo=(1-Z) . (30)

The moment equations, including the kinetic assumptions, are

Plug Flow: f} - Y0 - 2)® -0 - z)bfj_l =0 (31)

Dispersed Plug Flow: 'r?le'fjg i o (1 - 2)% 4301 - 2)° fj_1 =0. (32)

Equations (31) and (32), together with the appropriate boundary

conditions, can be solved numerically tc obtain the jth moments of the

19



of the distribution. A discussion of the numerical methods can be
found in Appendix A.

D. Inversion of the Moments

The solution of either the plug flow or dispersed plug flow moment
equations by methods given in the Appendixes, gives a set of {fj}
dimensionless rnoments. The number of momenis used in this study
is ten, thatis, j=0,1,...,9.

The set of moments can be approximated by the equation
9. ;
£ %kzzo ey, AL (33)

from which the dimensionless population distribution function, Yy
may be calculated for a given gk and A.';k using matrix inversion

techniques.

The cumulative weight fraction distribution ist’

L
r 3
pkvj p°n(p) dp

WW(L) = 2 v , (34)

where n(p) is the population density of particles having size less than

L. Substituting the value for M; from Eq. (9), and cancelling pkv,

t

/ p’n(p) dp

WW(L) = ¢ ) (35)

fLan(L) dL

[]

20



Substituting the dimensionless quantities given in Section V. A, namely,

n =ndy and L = Gy7¢, we have

£
f p’y(p) dp

WW(L) = Q——f:(-l-)__ (36)

where y(p) is the dimensionless populatiorn density of particles having
dimensionless size less than §.

Equation (36) may be approximated by the sum
;<&
. S 3
WW(L) = oM iz:;piyi(p) Api ’ (37)
. 1 1
that is, WW{L,) = m (EB3yo D&Y, WW(L,) = 'f-;-a')' (E5y0 Ak, +

Elyy D& ), WWI(Ls) = =75 (6370 Ak + By A& + By ALo), ete.

E. Comparison of Theory with Experiment

The differential equations representing the dispersed plug flow
model are sclved for a given set of parameters a, b, and Pe. The
resulting dimensionless moments are inverted to obtain the population
distribution functions and finally, the cumulative weight fraction dis-
tribution is calculated by means of Eq. (37). This cumulative weight
fraction distribution can be directly compared with experimentally
determinecd distributions.

The moments of the population may be compared directly without

inversicn by converting cumulative weight fraction distribution data to



moments based on weight distribution, and then converting to moments
based on a population distribution.

The weight distribution function is defined by’

_AWW(L)
W(L) = T (38)
and the jth moment of the weight distribution function is
m; (wt) :f Lw(L) dL (39)
[e]
or, approximately,
- j
m(wt) = 21: L, Alww(L)] . (40)

The weight distribution may be converted to population distribu-

tion by the equation®’

1

WIL) = mg (popl. )

L%n(L) , (41)

from which the following relationships are derived:

m.. . (popl.)

mj(wﬂ = m; (popl. ) (42)
and
j f'+a
m,(wt) = GoT) -ga— (43)

(]
@]



Equation (43) allows the comparison of experimental data with cal-
culated quantities derived from the theoretical model directly, without
moment inversion, An alternate method, which utilizes three of the
moments, is the calculation of the coefficient of variation (C. V.) of
the distribution, The coefficient of variation, or relative dispersion,
is the measure of dispersion stated as a function of its average, that

is,

(44)

2

=

it
t"lla

where 0 is the standard deviation from the mean for the distribution.

The coefficient of variation may be calculated from the moments

by
, 3
m, (wt
C. V. -(m?(m) - 1) (45)
and by
3
c.v. - (8- ) (o)
4

(Note that mg(wt) = 1.)



VL. EXPERIMENTAL

A. Apparatus

The crystallization apparatus consists of three sections: (1) the
constant flow feed system, (2) the static mixer, and (3) the filtering

system. A diagram of the apparatus is shown in Fig. 2.

__FEEDBACK
LOCP

S~ RESERVOIR

ROTAMETER

BALL VALVE

GLASS A $Zal POLYPROPLYENE
CONNECTOR

O-RING \{
CONNECTOR H STATIC MIXER
VACUUM :

/.-—FILTER SCREEN

AN

Figure 2.
PETN Crystallization Apparatus.



1}, Constant Flow Feed System. There are two identical feed

systems, one for the acetone-PETN solution, and one for the water.
Each solution is held in a 24-liter capacity polyethylene bottle equipped
with a polyethylene stopcock located through the sidewall at the bottom
of the bottle., The solution is allowed to flow into a polyethylene reser-
voir (about 1 liter) situated just below the bottle and about 2 m above
the static mixer. The polyethylene stopcock outlet extends into the
reservoir, The liquid level is controlled in the reservoir by an air-
tight, 1.27-cm-o.d. polyethylene tube (feedback loop) that connects the
top sidewall of the reservoir to the top of the bottle. I the liquid level
in the reservoir drops below the tube inlet, the presst:e above the
liquid in the bottle increases to atmospheric allowing more liquid to
pour into the reservoir. I the tube inlet is full of liquid, the feed
solution will not flow into the reservoir. The solution is {ed through a
1. 27-cm-o.d. polvethylene tube to a rotameter ahead of the static
mixer. The rotameters were calibrated using either pure acetone or
water. Each solution is fed to the static mixer through a 0.635-cm-
0. d. polyethylene tube.
The flow limitations of the system, including the rotameters, are:

Minimum acetone flow rate 1.3 cm3®/s

Maximum acetone flow rate 15.0 em®/s

Minimum water flow rate 1.0 em®/s

Maximum water flow rate 15.0 g/cm?®

25



2. Static Mixer. The effluent from the rotameters mix together

at the first element of the static mixer by mcans of a glass Y-tube with
a glass divider. The Y-tube is connected to the static mixer by means
of an O-ring connector. Figure 3 is a schematic of the static mixer

and Y-tube connector.

Ivie Il
! /.;\ N :

S
\

O-ring connector Stainless

steel elements
/ Glass divider
/ Glass Y-tube

Figure 3.
Static Mixer.

The static mixer contains no moving parts. The mixing is
achieved by the bow tie-shaped blades or elements. Their configura-
tion imparts four basic motions to the flowing material:’®

e Flow division--Each element divides material received from
the preceeding element.
s Flow reversal--The opposite twist of each succeeding element

constandly reverses the circular directiou of flow.



s Flow inversion--The material migrates from the center of the

pipe to the outside walls and back.

® Backmixing--There is a constant change in flow profile.

Velocity, pressure, and time have no influence upon the degree of
mix. Pressure drop is low, and radial temperature differences are
effectively eliminated.

Because of the continuous flow division reversal and flow inversion
at every ele.: ent of the mixer, ideal plug flow conditions are
approached.?

The static mixer is a 0.635-cm-1.d. glass tube, 30,5 cm long,
containing 24 stainless steel bow tie elements. The volume, as
measured by water delivery at 20°C, is 9.0 cm®.

The hclding time of the static mixer is calculated by the equation

Volume of mixer (crna)

s Jrm - ] .
Holding time(s) Total volume flow rate (cm®/s) (47)

Table 2 gives the scheme for holding times and flow rates used in

the experiments.

27



28

3.

Table 2
EXPERIMENT HOLDING TIMES AND FLOW RATES

Holding Time = 0.5 s
Total Flow Rate = 18.0 cm?® /s

Acetone
Solution Water
Flow Rate Flow Rate
(cm® /s) (em®/s) R
3.6 14. 4 1
6.0 12.0 3
9.0 9.0 1

Holding Time - 2.0 s
Total Flow Rate - 4.5 cm?® /s

1. 132 3.38 1
2.25 2.25 1
3.0 1.5 2
2. 38 1,13 3

a ., . .
This is below the rotameter measurement
limit. The flow rate was measured with a
graduate and stopwatch.

Filtering System. Small samples (about 2 g) were collected

on a 350-cm® tared Buchner funnel with a fritted glass disc {mzdium

porosity) mounted on a 2-liter suction flask, The volume of the solids-

Zree liquid collected in the flask was measured. The PETN sample

was washed with distilled water and dried under vacuum fcr 18 h at

65°C. The dried sample was weighed on a single-pan analytical

balance.

The data were used to calculate the M; value for the run.
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Large samples (30 to 50 g) were collucted on a 29-cra-diam stain.-
less steel screen nominally rated at 5 pm. The screen was mounied
on 2 holder that was on a stainless steel can (sbout 10-litex capacity)
equipped with a vacuum connection,

B. Materials

© PETN--The PETN used was recrystallized Cap Grade | Lot
4-28-32) purchased from Du Pont. The material was anzlyxed
for Group WX-3 use. The result of the nitrogen aiialysis is
17.26% N. The theoretical value is 17.72% N.

@ Acetone--The sacetone used was Analytical Reagent Grade,

o Water--Distilled water was used.

o Static Mixer--A Kenics Static Mixer, ¥ purchased from Kenic's
Corporation, Danvers, MA, was used.

@  Metal Filter Screen--A furnace-sintered woven wire mesh
filter screen nominally rated at 5 um was purchased from
Pall Trinity Micro Corporation, Cortland, NY. A tvpe 204
stainless steel filter screen, nominally rated at 5 pin, was
purchased from The Bendix Corporation, Filter Division,
Madison Heights, MI.

o Plastic Fittings--All connections exposed to the acetone-PETN
solution were made from polypropylene tube {fittings purchased

from United States Plastic Corporation, Lima, OH.

*Registered trademark.



C. Procedure

The acetone-PETN solution (about 10 liters) was adjusted to 20 &
3°C and placed into the polyethylene bottle. The PETN concentration
was 0.5 wt% for R < 1, and 5.0 wt% for R > 1. The distilled water
(about 20 liters) was adjusted to 20 £ 3°C and placed in the second
polyethylciie bottle. The solutions were allowed to flow into their
respective reservoirs and the bottles and feedback loops were checked
for air leaks. The control valves were adjusted for the proper R-value
to be used. The total flow rate was checked with a stopwatch and
graduate. After allowing at least 30 s for equilibration, the metal
screen was placed into position for collection of the sample. During
the run, the rotameters were monitored for proper flow. Usually no
further adjustment was necessary unless precip’tated PETN began
plugging the mixer. Precipitate buildup was significant for R > I runs.
If precipitate buildup did occur, the sample collection was stopped and
the mixer was '"cleared" by opening the acetone solution to maximum
flow until the precipitate redissolved in the acetone. After (;learing
the mixer, the flow was readjusted and the sample collection began
again. During the run, the small sample was collected in a Buchner
funnel with a fritted glass disc for My measurements. The proceduras

for each R value are summarized below:
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= 1 (Batches 3848, 3851, % 3852, and 3853

The acetone-PETN feed solution consisted of 29.75 g of PETN in
10 liters of acetone (0.5 wi%). The acetone-PETN flow rate was

3.6 cm®/s, and that of the water was 14.4 cm®/s. The holding

time for the reactor was 0.5 s. Some difficulties were encountered

in filtering the product. There was a tendency for a slight buﬂdup
of ligquid on the filter. This problem was circumvented by supple-
menting the metal filter with three additional 600-cm® Buchner

funnels with fritted glass discs that were used in rotation so that

little or no fluid accumulation occurred. The precipitated PETN
collected on the filters was combined to form a single batch,

R = % (Batches 3866, 3867, and 3868)

The acetone-PETN flow rate was 1. 13 cm® /s and that of the water
was 3.37 cm®/s. The reactor holding time was 2.0 s. The feed
solutions were similar to the R = 5 runs. The same filtering pro-
cedure was used.

= 1 (Batches 3856, 3857, and 3858)

The acetone-PETN flow rate was 6.0 cm® /s and that of the water
was 12.0 cm® /s. The reactor holding time was 0.5 s. The feed
1

solutions were similar to the R = § and R = § runs. The filtering

procedure was the same.

*Batch 3851 was found to be contaminated with a fibrous material
originating from the acetone stock., The batch was not included in the
study. .
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R = 1 (Batches 3861, 3862, 3863, 3864,3871, 3872, 3873, and 3874,

Two reactor holding times were used. Batches 3861 through 3864
were made with an acetone~-PETN solution flow rate of 9.0 cm® /s
and water flow rate of 9. 0 cm® /s, giving a holding time of 0.5 s.
Batches 3871 through 3874 were made with an acetone-PETN solu-
tion flow rate of 2.25 cm® /s and water flow rate of 2,25 ecm®/s,
giving a holding time of 2.0 s. The feed solutions were similar to

, and R = } runs. No filtering difficulties were

Calr

the R = %, R =
encountered, and there was no need to supplement the metal filter,

R = 2 {Batches 3876, 3877, and 3878)

The acetone-PETN feed solution consisted of 416.3 g of PETN in
10 liters of acetone (5.0 wt%). The PETN concentration was
increased because of its large solubility in the combined acetone-
water solvent. The acetone-PETN solution flow rate was 3.0 cm?®/
s and that of the water was 1.5 cm®/s. The reactor holding time
was 2.0 s. A 0.5-s holding time was not used because of a rapid
irreversible plugging that occurred at the higher flow rates. No
filtering problems were encountered.

R = 3 (Ratches 3881, 3882, and 3883)

The acetone-PETN feed concentration was 5.0 5t%. The acetone-
PETN {low rate was 3.33 cm®/s and that of the water was 1.11
cm®/s. The reactor holding was 2.0 s. Higher flow rates were

not used because of irreversible plugging in the mixer. Difficulties



with product filtering were encountered. It was necessary to
supplement the 29-cm-diam metal filter with the three fritted glass
filters and with an additional 29-cm-diam metal filteyr,

. Particle Measurement

1. Photelometer Technigue.?s13 The estimation of particle size

distribution for subsieve particles below the 45-p.m sieve size was mnade
possible by a particle sedimentation-in-liquid method. In this method,
a representative PETN sample is dispersed homogeneously in a 50-vol%
mixture of n-octane and 1,1, 2, 2-tetrachloroethane in a sedimentation
tube. The intensity of a collimated beam of light passed through the
suspension is measured after varying sedimentation times, and at
varying levels. The particle size distribution is calculated by means

of Stoke's law.

About one gram of each PETN sample was placed in about 300 cm?®
of the dispersing medium. The slurry was stirred for about 30 min by
means of an air-driven rotary stirrer. The sucpension was examined
microscopically at 60X magnification to ensure total deagglomeration.
Duplicate photelometer runs were made.

The samples were wet sieved using PETN-saturated ethanol as the
transfer fluid. The following sieve sizes were used: 250, 177, 125,
88, 62, and 45 pum. Photelometer results were used for sub 45-pm
particles. Sieve analyses were used for the large particle size. The
The correlation of photelometer results with sieve analyses for HMX

(octahydro-1, 3, 5,7-tetranitro-s-tetrazocine) is ¢ .-wn in Fig. 4.7
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Cumulative logarithmic plot of photelometer analysis of HMX

and of sieve analysis of coarse fraction above 45 pm. Curve
is average of four runs + one standard deviation.

2. Scanning Electron Microscopy. Each saraple was photographed

at 100, 300, and 1000X. The samples were gold shadowed to avoid any
thermal effects on the heat-sensitive particles.

E. Detonator Test Firing

The PETN samples that were used in the detonatcrs had the
following pressed characteristics:
PETN pressed density 0.88 g/cm®
PETN pressed diameter 4.064 mm
PETN pressed length 2.540 mm

PETN pressed mass 29 mg

1. Threshold Voltage Tests. Ten PETN pressings per sample

were used. The PETN samples were initiated by a bursting gold

o1}
F=N



bridgewire 0. 0381 mm diam and 1. 016 mm long. The firing capaci-
tance was 1 pF per detonator. The firing cables consisted of a 4.41-
m-long cable (21~-C-31) connected to a 0,457-m-long cable (31-L-121)
by means of a double-ended connector. The inductance of the cables
plus bridgewire was 1.0413 pH and the resistance was 0,266 . The
Bruceton '""up and down" method® of determining the 50% values of 1;he
firing voltages (£, s ) was used.

2. Transit Time Tests. Two detonators per sample were fired.

A high density (1.65 g/cm®) PETN pressing 7.62 mm diam by 1.143 mm
long was added to the PETN sample to increase the output light inten-
sity. The traasit time contribution of the high density PETN
is a known constant for the tests. Any resulting variations in tm are
due to the PETN samples. The measured tm value is the difference in
time of the appearance of light between the bursting bridgewire and thc
shock wave breakout. The light appearances are observed with a
rotating mirror camera (RMC).

The bridgewire used in the tm tests is the same type as that used
in the E, s measurements. The firing capacitance was ! pF with a
firing voltage of 2500 V per detonator. The firing cables used con-
sisted of a 1. 524-m-long cable (21-C-31) connected to a 0.762-m-long

cable (31-L-121) by means of a double-ended connector, The



inductance of the cables plus bridgewire was 0. 5389 pH and the resis-

tance was 0,191 &,




VII. RESULTS

A. Experimental Particle Size Distributions

The cumulative weight distribution curves for all R-values are

shown in Figs. 5a through 5f.

The error bars represent standard

deviations. Photelomeater runs were sufficient for R < 1; for R 2 1, the

photelometer method was supplemented by sieves.

rizes the —article size characteristics of the products.

PARTICLE
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Representative product scanning electron micrographs are shown in

Figs. 6a through 6g.

Table 3
SIZE CHARACTERISTICS
Average
Average Coefficient
T of
—fpm) Variation
12, 2 0.34
12.7 0. 35
13.3 0.40
30.2 0.49
41.0 0.47
63.5 0.52

Table 3 summa-
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Fizure ba. .
Scanning Flectron Micrographs, PETN-3848 (R = 3).
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Figure 6b.
Scanning Electron Micrographs, PETN-3866 (R = %).



Figure bc.
Scanning Electron Micrographs, PETN-38
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Figure 6d.
Scanning Electron Micrographs, PETN-3861 (R =1, v = 0.5 s).



300X

Figure be.
Scanning Electron Micrographs, PETN-3871 (R = 1,

r=2.0s).
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Figure 6f,
Scanning Electron Micrographs, PETN-3877 (R = 2).
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Figure bg.
Scanning Electron Micrographs, PETN-3883 (R = 3).



B. Theoretical Model Predictions

1. Particle Size Distribution. The plug flow model calculations

predict distri>itions that are significantly narrower than the experi-
mentally determined ones. The coefficients of variation predicted by
the plug flow model range from 0. 11 to 0,21, The inclusion of the
Péclet number causes the predicted distributions to broaden as Pe is
lowered. The Péclet value of 250 gives results very nearly approach-
ing plug flow values. The results described were obtained from the
calculations based on the dispersed plug flow model.

A series of about 500 computer runs was made with combinations
of the nucleation parameter, a, ranging from 1.0 to 4. 0; the growth
parameter, b, ranging from 0.5 to 1.7; and the diffusion parameter,
Pe, ranging from 25 to 250. Additicnal runs were made to refine the
calculations.

2, _ Effect of Varying Parameters. The effect of decreasing a

(longer nucleation period) is primarily to increase the coefficient of
variation. It also tends to decrease the mean particle size. It predicts
a wider distribution of slightly smaller particles. The primary effect of
increasing b (shorter growth period) is to decrease the mean particle
size. It also increases the coefficient of variation. It predicts smaller
particles having a wider distribution. The primary effect of decreasing
Pe (increasing diffusion) is to increase the coefficient of variation with
a small increase of particle size. The resulting best fit parameters

are 2 = 3.75+£ 0,05, b =1.56 +0,02, and Pe = 51 £ 1, The resulting
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predicted particle size distributions, compared with experimental
results, arc shown in Figs., Ta through 7f. Any further attempts to
obtain a closer fit or to increase the coefficient of variation without
deviation from a best fit gave unstable results. The resulting particle
size distribution curves were not smooth, but rather the points were
scattered in an oscillatory pattern.

3. Kinetics. A least-squares linear fit for L vs R gives the

equation, for Lin wm

T = (6.90 + 18.56R) (48)

with a linear correlation factor of 0.99, From Eq. (28), we have

h

a(1)
(1

CoT = L. (45)

¥l

~

Fora=3,75 b = 1,56, and Pe = 51, the ratio [f3(1)/f,(1)] is 2,44,

For GaT inpm, GyT = 2.44 (6.90 + 18.56R) or

GoT = 16.84 + 45.29R . {50)

Four experimental runs were made with R = 1 and a 0. 5-s holding
time. F¥our more runs were made with R = 1 and a 2.0-s holding time.
The resulting particle size distributions, using the two holding times,
wele essentially the same. This uformation suggests that the true

holding time of the system is either equal to, or less than 0.5 s,

T<0.5s . (51)
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If T is taken equal to 0.5 s, the resulting calculations result in limiting
quantities, subject to the flow rate range of the system used. The
resulting kinetic quantities are limiting, or effective, kinetic quanti-
ties, These effective kinetics are valid for this system, but may not
be valid if significantly higher flow rates are used, either by increasing
the height of the column of solution above the static mixer, or by using
a mechanical pump.

The effective initial growth rate in um/s is

G, = 33.68 + 90. 58R {52)
or
Go = 4.88C . (53)
The total effective growth rate kinetics are

G = (33.68 + 90.58R){1 - z)*®¢ (54)

with G in pm/s. For purposes of simplicity, the quantity BS/Cy (1 - BS)

will be used in the discussion so that Eq. (24) becomes

B . 1
Co(l - B,) ~ PK _(Go7lTs; (1)

(55)

where 0 = 1.77 g/em®, K, = /6, £5(1) = 0. 006745 (using best fit

parameters), 7 = 0.5 s, and

B K
Coll - B} (GoTP (36)

[ ¥y ]

(92 ]



where K = [pKvaa(l)]"l =320 cm®/g-s. Also,

Bg _ K
Co(1 - B) (16.84 +45.29R)’ (57)
The total effective nucleation rate kinetics are
B° = 320 (16.84 + 45.29R)™® Co(1 - B )1 - z)>""° (58)

with B® in nuclei/cm?®. s.

Experimental values for G and B° are those in which the kinetic
quantities were calcvlated from experimentally measured i using
Egs. (49) and (56). These data, compared with those calculated
directly from R by Eqs. (48), (50), and (57), are presented in Table 4.

Figure 8 is a plot of the normalized concentration of PETN in the
acetone-water solvent, B(z); the normalized growth rate, G(z); and the
normalized nucleation rate, B°(z); as functions of the reaction coor-
dinate z. The early part of the reaction appears to be due to the com-
bination of a rapidly decaying nucleation with a nearly lirearly decaying
growth. In the later part of the reaction, there is practically no
nucleation, the growth rate being the primary mechanism at this stage.

The change of the growth rate as a function of concentration is
shown in Fig. 9. The reaction proceeds from right to left along the
concentration axis. The relationship is nearly iinear, except for the

initial and final stages of the reaction.
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TABLE 4

CALCULATED KINETIG® QUANTITIES

b Standard Average
T Deviation T Deviation Deviation
R (experimental) _ (um} {calculated) Residual (%) (%)
1 12.2 %1, 1 11.5 -0.7 6.1
3 12.7 1.8 13,1 0.4 3.0
3 13.3 £2.3 16.2 2.9 1.9 8.9
1 30.2 £G,0 25.5 -4.7 18. 4
2 41.0 45,2 44.0 3.0 6.8
3 63.5 10,4 62.6 -0.9 1.4
c Average
Gy S Deviation Deviation
R (experimental) (calculated) Residual () (%)
H 59. 54 56.33 -3.21 5.7
% 61.98 - 63.87 1. 89 3.0
- 64. 90 78.97 14. 07 17.8 8.9
1 147. 38 124. 26 -23.12 18.6 )
2 200. 08 214.84 14. 76 6.9
3 309, 88 305, 42 -4, 46 1.5
d Average
B BS Deviation Deviation
R (experimental) (calculated) Residual (%) (%)
i 0.97 x 107 1.14 x 107 0.17 x 107 14.9
% 1,07 x 107 0,98 x 107 -0.09 x 107 9.2
1 1.24 x 107 0.69 x 107 -0.55 x 107 9.7 25.6
1 1.42 x 10° 2.36 x 10° 0.94 x 10° 39.8 )
2 7.16 x 10% 5.77 x 10° -1.39 x 108 24.1
3 1.41 x 108 1.47 x 10° 0.06 x 10% 4.1

aF.ffech've kinetic quantities.
bE in pm.
CGD inpm/s.

d . .
EQ in nuclei/em®. s,

N
i
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The variation of the first four moments along the reaction coor-
dinate is shown in Fig. 10. The Uth inoment may be thought of as the
total number of crystals in the volume under cunsideration. The rathe
large slope at the early part of the reaction may be due to the large
nucleation occurring at this stage. The first moment represents the
sum of the lengths of all the crystals in the distribution. 7This moment
is controlled principally by growth. There appears tc be an increase
in the slope of the curve after the initial "surge'" of nucleation. The
second moment is related to the specific surface area and the third

moment is related to the specific mass of crystals in the distribufion.
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C. Detonation Characteristics

The results of the threshold voltage measurements for the PETN
samples are shown in Fig. 11l. A polynomial regression was per-
formed on the experimental data. The resulting second-degree poly-
nomial curve is represented b - the solid line in Fig, 11, and is
referred to as the theoretical curve. The average percent deviation of
the experimental data from the theoretical curve is 4.1. The experi-
mental points are indicated in Fig. 11 by circles. Since the value for
L may be calculated from an R-value using Eq. (48), a correlation was
made between Ep 5 and T. The data are presented in Table 5. The

equation for the calculation of Ey g from T is

Eos = 1029.977 - 18.56256 L + 0. 19019 L2 (59)

with L in pm and Eog s in V.

The results of the transit time measurements for the PETN sam-
ples are shown ir Fig. 12. The curve represented by the solid line
resulted from a polynomial regression performed on the experimental
data. The third-degree polynomial curve is referred to as the theo-
retical curve. The average percent deviation of the experimental data
firom the theoretical curve is 4.4. The correlation between trn and L is

presented in Table 6. The equation for the calculation of tm from L is

t =0,5562 +0.03913 T, - 0.001227 T2 + 0.00001726 L2  (60)

m
with L. in pum and ty, in ps.
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Figure 11,
PETN Detonator Threshold Voltages.

TABLE 5

Average Standard Theoretical

o5 Deviation Ea.5 Deviation
(V) (%) (V) (%)
800 4.4 832 3.8
825 1.3 825 0.5
875 3.5 817 7.6
650 7.0 432 0.3
600 3.5 589 0.5
625 2.8 618 0.5
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TABLE 6

CORRELATION OF TRANSIT TIME WITH L

Average Standard Theoretical
tn Deviation tn Deviation
(ns) (%) (es) (%)
0.882 1.6 0. 882 0.0
0.878 0.5 0.891 1.5
0.890 0.7 0.900 1.1
1. 099 7.3 1.094 0.5
1. 422 12,1 1.287 10.5
2.1385 10.9 2.513 5.1



VI1II, CONCLUSIONS

For a given R-value, the various quantities, including effective
nucleation and growth ~ates, mass-weighted mean particle size, con-
centration function, transit time, and threshold voltage may be calcu-
lated using the equations summarized in Table 7.

The crystals obtained from the continuous plug flow crystallizer
have narrow distributions and are fairly uniform in crystal habit. The
dispersed plug flow model calculations provide a reasonably good pre-
diction of these properties.

The objectives for developing a continuous reproducible recrystal-
lization technique and a predictive model far the preparation of PETN

have been achieved.
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TABLE 7

SUMMARY OF THEORETICAL EQUATIONS

Average Deviation

from
Experimental
Recsults
Quantity Equation (%)
Mass-weighted mean _
pariicle size (um) L =6.90 + 18.56 R 8.9
Effective growth rate G(R,z) = (33.68 + 90.58 R)(1 - z) B¢ 8.9
(um/s)
Effective nucleation B%°(R,z) = 320(16.84 + 45.29 R)"?Cy (1 - Bs)(l - z)375 28.7
rate (nuclei/cm®. s)
. _y . falz) o falz)
Concentration Blz) =1+ (1) Bs (1) a
Threshold voltage (V) Eos = 1029.977 - 18.56256 L + 0.19019 L? 4.1
Transit time (us) t =0,5562+0.03913 L - 0,001227 L? + 0.00001726 L® 4.4

e,'Not determined.



APPENDIX A

NUMERICAL METHODS

The plug flow diiferential equation solutions were obtained by means of a Runge

Kutta method. The IBM System/350 Scientific Subroutine Package, DRKG, was used.

The IBM Systemn/360 Scientific Subroutine Package, SIMQ, was used to obtain the aolu-

tions of the simultaneous linear equations. The runs were made on an IBM-~360 Model 50

computer. Brief descriptions of DRKG and SIMQ are given below.

DRKG FROM THE SCIENTIFIC SUBROUTINE PACKAGE

SUBROUTINE DRKGS

PURPOSE

TO SOLVE A SYSTEM OF FIRST ORDER ORDINARY DIFFERENTIAL
EQUATIONS WITH GIVEN INITIAL VALUES,

USAGE

CALL DRKGS (PRMT, Y, DERY,NDIM, IHLF, FCT, OUTP, AUX)
PARAMETERS FCT AND OUTP REQUIRE AN EXTERNAL STATEMENT,

DESCRIPTION OF PARAMETERS

PRMT -

PRMT(I1) -
PRMT(2) -
PRMT(3) -

PRMT(4) -

PRMT(5} -

DOUBLE PRECISION INPUT AND OUTPUT VECTOR WITH
DIMENSION GREATER THAN OR EQUAL TO 5, WHICH
SPECIFIES THE PARAMETERS OF THE INTERVAL AND OF
ACCURACY AND WHICH SERVES FOR COMMUNICATION
BETWEEN OUTPUT SUBROUTINE (FURNISHED BY THE USER)
AND SUBROUTINE DRKGS. EXCEPT PRMT(5) THE COMPO-
NENTS ARE NOT DESTRCYED BY SUBROUTINE DRKGS AND
THEY ARE

LOWER BOUND OF THE INTERVAL (INPUT),

UPPER BOUND OF THE INTERVAL (INPUT),

INITIAL INCREMENT OF THE INDEPENDENT VARIABLE
(INPUT),

UPPER ERROR BOUND (INPUT). IF ABSOLUTE ERROR IS
GREATER THAN PRMT(4), INCREMENT GETS HALVED. IF
INCREMENT IS LESS THAN PRMT(3) AND ABSOLUTE ERROR
LESS THAN PRMT(4)/50, INCREMENT SETS DOUBLED. THE
USER MAY CHANGE PRMT(4) BY MEANS OF HIS OUTPUT
SUBROUTINE.

NO INPUT PARAMETER. SUBROUTINE DRKGS INITIALIZES
PRMT(5)=0. IF THE USER WANTS TO TERMINATE SUB-
ROUTINE DRKGS AT ANY OUTPUT POINT, HE HAS TO
CHANGE PRMT(5) TO NON-ZERO BY MEANS OF SUBROUTIME
OUTP. FURTHER COMPONENTS OF VECTOR PRMT ARE
FEASIBLE IF ITS DIMENSION IS DEFINED GREATER THANM 5.
HOWEVER SUBROUTINE DRKGS DOES NOT REQUIRE AND
CHANGE THEM. NEVERTHELESS THEY MA/ BE USEFUL
FOR HANDLING RESULT VALUES TO THE MAIN PROGRAM
(CALLING DRKGS) WHICH ARE OBTAINED BY SPECIAL
MANIPULATIONS WITH OUTPUT DATA IN SUBROUTINE
OUTP.

DOUBLE PRECISICN INPUT VECTOR OF INITIAL VALUES
(DESTROYED). LATER ON Y IS THE RESULTING VECTOR OF
DEPENDENT VARIABLES COMPUTED AT (NTERMEDIATE
POINTS X.



DERY - DOUBLE PRECISION INPUT VECTOR OF ERROR WEIGFTS
(DESTROYED). THE SUM OF "T'S COMPFONENTS MUS7 BE
EQUAL TO 1. LATER ON DERY IS THE VECTOR OF
DERIVATIVES, WHICH BELONG TO FUNCTION VALUES Y AT
INTERMEDIATE POINTS X.

NDIM - AN INPUT VALUE, WHICH SPECIFIED THE NUMBER OF
EQUATIONS IN THE SYSTEM.
IHLF - AN OUTPUT VALUE, WHICH SPECIFIED THE NUMBER OF

BISECTIONS OF THE INITIAL INGREMENT. IF IHLF GETS
GREATER THAN 10, SUBROUTINE DRKGS RETURNS WITH
ERRCR MESSAGE IHLF-11 INTO MAIN PROGRAM, ERROR
PRMT(3)=0 OR IN CASE SIGN{PRMT(3)). NE.SI GN(PRMT(2)-
MESSAGE IHLF=12 OR IHLF=13 APPEARS IN CASE
PRMT(1)) RESPECTIVELY.
FCT - THE NAME OF AN EXTERNAL SUBROUTINE USED. THIS
SUBROUTINE COMPUTES THE RIGHT HAND SIDES DERY OF
THE SYSTEM TO GIVEN VALUES X AND Y, ITS PARAME-
TER LIST MUST BE X, Y, DERY. SUBROUTINE FCT SHOULD
NOT DESTROY X AND Y.
OUTP - THE NAME OF AN EXTERNAL QUTPUT SUBROUTINE USED,
1TS PARAMETER LIST MUST BE X, Y, DERY, IHLF, NDIM,
PRMT. NONE OF THESE PARAMETERS (EXCEPT, IF
NECESSARY, PRMT(4), PRMT(5),...) SHOULD BE CHANGED
BY SUBROUTINE OUTP. IF PRMT(5) IS CHANGED TO NON-
ZERO, SUBROUTINE DRKGS IS TERMINATED.
AUX DOUBLE PRECISION AUXILIARY STORAGE ARRAY WITH 8
ROWS AND NDIM CCLUMNS.
REMARKS
THE PROCEDURE TERMINATES AND RETURNS TO CALLING PROGRAM,
iy
(1) MORE THAN 10 BISECTIONS OF THE INITIAL INCREMENT ARE
NECESSARY TO GET SATISFACTORY ACCURACY (ERROR MESSAGE
IHLF= 11),
(2) INITIAL INCREMENT IS EQUAL TO 0 OR HAS WRONG SIGN
(ERROR MESSAGES IHLF=12 OR IHLF=13,
(3) THE WHOLE INTEGRATION INTERVAL IS WORKED THROUGH,
{4) THE SUBROUTINE OUTP HAS CHANGED PRMT({5) TO NON-ZERO,

SUBROUTINES AND FUNC TION SUBPROGRAMS REQUIRED THE EXTERNAL
SUBROUTINES FCT(X, Y, DERY) AND OUTP(X, Y, DERY, IHLF, NDIM,
PRMT) MUST BE FURNISHED BY THE USER.

METHEOD
EVALUATION 15 DONE BY MEANS OF FOURTH ORDER RUNGE-KUTTA
FORMULAE IN THE MODIFICATION DUE TO GILL. ACCURACY IS
TESTED COMPARING THE RESULTS OF THE PROCEDURE WITH SINGLE
AND DOUBLE INCREMENT.
SUBRCUTINE DRKCS AUTOMATICALLY ADJUSTS THE INCREMENT
DURING THE WHOLE COMPUTATION BY BALVING OR DOUBLING. IF
MORE THAN 10 BISECTIONS OF THE INCREMENT ARE NECES32RY TG
GET SATISFACTORY ACCURACY, THE SUBROUTINE RETURNS WITH
ERROR MESSGAGE IHLF=11 INTD MAIN PROGRAM.
TO GET FULL FLEXIBILITY IN OUTPUT, AN OUTPUT SUBROUTINE
MUST BE FURNISHED BY THE USER.
FOR REFERENCE, SEE
RALSTON/WILF, MATHEMATICAL METHODS FOR DIGITAL COM-
PUTERS, WILEY, NEW YORK/LONDON, 1960, PF. 110-120.



SIMQ FROM THE SCIENTIFIC SUBROUTINE FACKAGE
SUBROUTINE SIMQ

PURPOSE
OBTAIN SOLUTION OF A SET OF SIMULTANEOUS LINEAR EQUATIONS,
AX= B

USAGE
CALL SIMQ{(A, B, N, KS)

DESCRIPTION OF PARAMETERS

A - MATRIX OF COE¥FICIENTS STORED COLUMNWISE. THESE ARE
DESTROYED IN THE COMPUTATION, THE SIZE OF MATRIX A IS
N BY N.

B - VECTOR OF ORIGINAL CCNSTANTS (LENGTH N)., THESE ARE
REPLACED PY FINAL SOLUTION VALUES, VECTOR X,

N - NUMBER OF . JUATIONS AND VARIABLES., N MUST BE , GT. ONE,

KS - OUTPUT DIGIT
0 FOR A NORMAL SOLUTION

1 FOR A SINGULAR SET OF EQUATIONS

REMARKS
MATRIX A MUST BE GENERAL.
IF MATRIX IS SINGULAR, SOLUTION VALUES ARE MEANINGLESS,
AN ALTERNATIVE SOLUTION MAY BE OBTAINED BY USING MATRIX
INVERSION (MINV) AND MATRIX PRODUCT (GMPRD).

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
NONE

METHOD
METHOD OF SOLUTION IS BY ELIMINATION USING LARGEST PIVOTAL
DIVISOR. EACH STAGE OF ELIMINATION CONSISTS OF INTER-
CHANGING ROWS WHEN NECESSARY TO AVOID DIVISION BY ZERO
OR SMALL ELEMENTS.
THE FORWARD SOLUTION TO OBTAIN VARIABLE N IS DONE N N
STAGES. THE BACK SOLUTION FOR THE OTHER VARIABLES IS
CALCULATED BY SUCCESSIVE SUBSTITUTIONS. FINAL SCLUTION
VALUES ARE DEVELOPED IN VECTCR B, WITH VARIABLE 1 IN B(l),
VARIABLE 2 in B{2),...+...., VARIABLE IN IN B(N),
IF NO PIVOT CAN BE FOUND EXCEEDING A TOLERANCE OF 0.0,
THE MATRIX IS CONSIDERED SINGULAR AND K5 IS SET TO 1. THIS
TOLERANCE CAN BE MODIFIED BY REPLACING THE FIRST
STATEMENT.

The dispersed plug flow differential equation solutions were obtained by means of
finite difference techniques. ’I‘he.runs were made on a CDG-7600 computer. The com-
plete program listings are given in Appendix C.

General discussions on Rung-Kutta methods, finite difference techniques, and

solutions of simultaneous linear equations may be found in Refs. 8, 14, and 21,
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APPENDIX B
DISPERSED PLUG FLOW MODEL LISTINGS

PROGRAM DRVR(OUT,FSETL80UT)
DIMENSION B(14R)
COMMUN/ZEPSILUN/TFPS,EPS2
COMMON/VARY/NA,NB, NP
EPSz=2,0%2{~47)
EPS2=(2,82aieli))n(],0=2,0%a(n48)"
00 120 NA=Z2,2

A3, T+FLOAT(NA=1)%,B5

DO 107 NB=2,2
D=1,5U+FLOAT{(NR=])n 02

DO 100 nP=2,2

P06, +FLOAT(NP={2n5,
WRITEC(L,2AG0)A,0,P

CALL PRQOGY (B,N)

CALL PROG? (B,N)

CONT INUE

FORMAT(SX,UHA = ,F&,2,6H, B = ,F6,2:6Hs P = ,F6,2)
ST0P

END

SUBROUTIHF PRQAGL(B.NO)
FINITE DIFFERENCE SOLUTION OF THE SECOND OHDER QDE
LCU) 3 =Ure/P ¢+ Us = F  ON (ALEFY,ARIGHT)
B(uj) = @ DIRICHLET/NEUMANN/MIXED BC
DIMENSION Q(164@8), IT(4097), B8(109)
Ca~MON /DIFEQU/s ISIDEC,XSIDEC(IN),P,NMOM, JUE
COMMON /FOMESH/ ALEFT,ARIGHT,H,N
COMMON ZAPPROXZ UCIVASA)pNH
CO~MON /OTHFR/ ™MODE,MXITER,MXHESH
PRINT @0
FORMAT (/% PROBLEM=, 15X, »BY FINITE DIFFERENCESH//)
WRITE THE TITLE

MODE =
CalL SQLUlL,X,v)
SET vARIOQUS PARAMETFRS FOR THE ODE
MODE = 2
CALL SOI1U(T,X,Vv)
SOLVE THE JDF=TH FQUATION, FOR O ,LE, .JDE ,LE, NMOM
JDE =
TJDE = |
COMTINUE
FROM THE FO EAUATIONS AND SIDE CONDITIONS,
GENEHATE THF HANDED SYSTEM MATRIX IN @ AND THE RHS IN
HODF = 3
CALL FDERQU{N,U(IJDE))
CO~PUTEt THE APPROXIMATE SDLUYION U BY BAND/BANSI
CALL BAND(IN,1,1,0,N,1T7,0ET)
IF(ARS(NET) Lk, 1,F=7) PRINY 6@1,J0F,DET
FORMAT(2X,2¢+ FOR MOMENT EQUATION®,14,% DET 34,F14,7,#
CALL RANSLIN, 1,1,8,N,IT,U(1JDE)}
IFLJDE LER, AMQOM) G0 T0 3@
JOE = JDE +1%
1JDE = IJDE %+ N
GO TO 2@
THF SYSTFM IS5 SDLVED
OUTPUT T+E MOMFNTS U
CONT INUE
IS7 = MHDM +
IP = NMO™aN 4+ |
1STH=2
ISTY=15T=1
PRINT 501, (1,1Ie=15T7@,I8TY)
FORMAT (» IX %,10(s Us, 12,6X))
I18T=18
DO 31 I31,N, IS8T

[

+90)



31
Se2

ae

L3

L 2

10T=1~1

PRINT 582, (10T,(U(K),kal,1P,N})
2 e IP ¢ ISY

FORMAY (IS5, 1PE12,.0)

NG = NMOM 4+

DO 4@ IFB = 1,AhG

IFU = IFAsN

B(1FB) = U(1FU)

CONT INUE

END FD

SUKROUTINE FLFQUEN,U)
FILL SYSTFM MATRIX Q@ AND RHS U
co¥“D™ JDYFEGUZ ISIDEC,XSIDEC(1B),P,NMOM,JIDE
COMMON JFDMFSHZ ALEFT,ARIGHY, H, N
DI“ELSTION QC53,U(1}
FIRSY ZERD G &AND U , THEN FILL DY RONS
12 = N
1y = 12 + »
00 1 Iz, N
I2 = 12 + |
13 = 13 ¢+
L1 = p,
n{L) = p,
ne1e) = i,
LCI3) = Q.
HH = Hal
1SIDEC = 1
1 =1
12 =01 ¢
13 5 12 ¢« &
X = ALEFT
DO THE l«TH ROw
FIRST CHEC~ FOR SI1DE CONDITIONS
1F(x ,fn, xSIDFC(ISIDEC)) GO TO 3
THIS IS NOT A SIDF CGNODIVION ROW
G(I) = =1, - @,5#Pan
G(12) = 2,
AC13) = ~1. + ¢,54PaH
CALL SOLUCL,X,V)
UCI) T HHay
GO YO 4
THIS IS A SIOE CONDITION ROW
J= 1+ (2~ ISIDFC)aN
CALL FDSID(T,Q¢J),U(I))
RETURN 1F ALL ROS FILLFO
IFUI JEG, M) RETURN
UPDATE FOR NFXY RQOW
X = ALFFT ¢+ FLCAT(I)wH

GO 10 2
END FDEQU
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C

¢

C

C

C

C

SUHRQUTIME FDSID(1,0,V)

x» FILL G A*D U AT Y
coMMON /DTEFOL/ 1SIDE
COMMDN ZFDMFSH/ ALEFT
DIMENSIOM G(1)

Mi = HeN

an MIXED BC Pw#U(ALEFT)
i@ X = XSIDFC(IS1ICEC)
Q1) = t, ¢ Pan
Q(rel) = o1,
U= e,

20 X = XSIDEC(ISIDEC)
(1) = P,
(rnel) = 2,
CALL SOLUCI,X,V)
U = hHey
o¢ ISIDEC = ISIDEC + |
99
END FDSI1D

SUBRCOUTINE SOLUlTIX,X,
COMMON/VARPY/AA,NB, NP
CCorMON /DIFEGH, ISIOE

HE SIDE CONDITION ROWS
C,XSIDFCC18),P, NKOM, IDE
2 ARIGHT, H,N

G0 TO {(10,2@,99),1 1DEC
= UA(ALEFT) a UW(ARTIGHT) » B

GO TO 90

RETURN

v)

CoXSIDEC(10),P,NM0OM, JOE

COm~0ON /JFDMESH/Z ALEFT,ARIGHT, H,N
COUr“DN JAPPHOX/ UI(10250),NH
COYMON /OTHER/ MODE,MXITER,MXMESH

a2 nRITE QUTPUT HFANING
1e CONTINUE
P26, +FlOAT(rPe=1)sS,
AMOH = ©
MNH = HY
o 11 I=1,5

GO TO (10,2@,39,41),0DE

IF(FLOAT(NHY ,GE, P) 60 Y0 12

11 MM 2 NH ¢ *H
12 COMTINUE

YHOS NH ¢ tH ¢ Nh ¢ AR

PRINT 140, N“OM,P,NH

100 FORMAT(u4r «=tIJee/P ¢+

. /% UJLALEFT)

. //% P se,El4,
wa INITIALTZF EVERYTHING
2e CONTIMGE

ALFFT = ¢,

ARIGHT =z 1,

XSINFLC(1) = ALEFY

XSI12EC(2) = ARIGHT

H = (ARTGWT =~ ALEFT)/
N o= ONHO+

ax PROVIOE VALUE AT X
33 CO*TINUF
Vv B FLEIX,X)
IF(JDE FO, ¢}
1 = (JDE = 1)*«h & IX
V =V + F20TX,X)aU(1)

x4 PROVIDE VALUF AT X
42 CONTINUE
vV = VALUE

END SDLU

RETURN
uJs = F1 4 Fe*UM , B LE, J (LE,,13,
= UJS(ALFFT)/P = @ , UJN(ARIGHY) a @x,
BeSX,aNH 20,15//)

FLOAT(NH)
RETURM
OF RHS Fl + F2sUu(J=1)

RETURN

RETIIHN
OF THE EXACT SOLUTION IF KNDWMN

RETURN



FUSCTION F1(1X,X)
COMMON/ZVARY/ZMA, N, NP
COMMON #DIFEQUs 181DEC,XSIDECC10),P,NM0M,IDE
Fy = @,
IF(JDE NE, O} RETURN
A=3, 7¢FLOAT!NA=])n, @5
Fy o Paf), = X)mnih
RETURN
END F1

FUNCTION F201%;X)
COPHONZVARYSNA,NB, NP

COMMON /NIFERQU/ ISIDEC,XSIDECC10),P,NMOM, JOE
Fe = 0,
1F(JDE ,:0, @) HITURN
D=1,S5U+FLOAT{Nb=)* B2
FRz=PaFLOAT(JOE)a(1,=X)nn]

RETURN
END F2

SUPRDUTINE BANDIN ML, MU, A, T4, INT,DET)
DIVENSION ACTIA,1),INT(L)
CATA XND/D3T77777777007 .
IF(M LT 1 0R, IALLT N OR ML, LT,R.OR, MU, LT, 2) GO TO 12
IF(N,EQ,)1,0R YL ,EB,.D) G0 10 9
HA = 1A
LL = #L ¢ U ¢ |
[ Lol IR SR R |
DEY = 1,
SHIFT THF FIKST aMi# ROWS OF #Aa TD THE LEFT
K = MU ¢
KJ = MLeMa
00 3 I=i,M
1J = 1
IL =1 ¢+ xrJ
DO 1  J=1,K
A(LY) =.A(C1IL)
IJ = TJ + MA
TIL = 1L + ma

K=z K « |
No 2 J=K,LL
A(CLd) = 0,

IJ = 13 ¢ MA

®J = KJ =~ Mz
BEGIN GAUSS ELIMIMATION LOOP
L =M
KK = LL =-
IL 3 KK#®Ma
DO R K=y, AM

KP = X & |

IF(L,LTNY L =L ¢



IF(RK,CT M=K) 8 ® N = K
€ an SEARLH FOR PIVOT FLEMENT IN COLUMN #Ks
1 = x
X o2 AHS(A(X))
DU 4 J=KP,L
1IF(AHS(ACT))LLE X)) GO ¢
{ =4
Xz ARS(A(J))
[ SONTINUE
INT k) = 1
1FC2,EQ,X) GO TO &
€ %t INTERC-ANRE Q0wS OF aAe I[F NECESSARY
1J =1
K = K
PO S5 J=1,tiL
X = A(KJ)
A(KD) = ACLD)
Ally) = x
1J = [J ¢ MA
S KJ = KJ & MA
DET 2 -DFfY
C »+ BEGIN THE EXCHANGE STEP LGOP
[ X x A(K)
IF(X,FR.R,) G0 16 1}
X ® =1,/%
1K X ¢ kA
KJ K o+ Il
PO 7 T1=KP,L
KJ NJ ¢ MA
XX A(I)AX
A(KJ) = XX
CALL ADDVFC(MNH XX A(IK) MA,ACT4MA) , MA,ALT), HA)
7 AL{IeIL) = €@,
8 COMTINDE
A END GAUSS FLIMINATION LOOP
IFCa(N) B0, 2,) 60 TO 11
INT(N) = @

n

RETURN
€C »a IN THIS CASE sA» IS UPPER TRIANGULAR
9 DC 18 K=i,»

1t (A(K) . EQ.2,.) GO 70 tt
1e INT(K) = K
DET = 1,
INT(N) =
RETURN

€ %xn MATRIX %A= MAY BE SINGULAR
11 DFY = @,
INTIAY & &
RETURN
C &n ERROR IN THE SYSTEM FARAMETERS #Na, aML%, #MUn
§2 DET = XND
RETURN
END
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SUBRDUTINE RANSTING ML, MU, A, TA, INT,Y)
DIMENSION ACYTAL 1), INTOY, ¥ (1)

IF(r EQ. 1) G 10 5
KM = N = 1

MA = 14

L = ML + MY

IF(LEQ. ) G0 70 3

LP = (L + 1)=MA
ne BEGIN FORWARD SUHMSTITUTION LOOP FOR COMRUTING THE SOLUTION »
KK = ML
00 2 Kzi,NM
KPP = K + |
IF{KE GT N=K) KK 2 N = K
IFCINTIK) EG LK) GO 70
no INTERCHANGE ROaS OF sYa JUST &S WITH nmaw
J = IRT ()
X = YiK)
Y(K) = v(J2
¥Y{J3 = X
CALL ADDVEC(KK,YIK),A(K+LPI,4A, Y(KPY i, ¥(KP}, )
CONTINUE
BEGIN GACK SURSTITUTION
Y(N) = YIN)/ZA(H)
DO 4 Izt,n~
K8 N=1
KP = K + |
KK = L
YF(KK,GT. 1) Kk = I
Y(K) = (Y{X} = DOTPRO(KA,ALK¢MA), A, Y(HKP),1))/a(K)
4 COMNY TNE

=
el B e

RETURN
st MATRIX wae 1S | RAY |
S Y(L)Y = Y(1)/7A())
RETURN
END

SUBRQUTINE PHROGZ (#,N)
DIMESNSINN x1(1R),DX1C10R),A0108),8C103),X(123),TEMP(SDR) =R {180,
AXST(13 )Y
DO 3 Jajy,N
AT(J)=, 65 + (FLOAT(J) =~ 1,)71@,
XSI{JY=410J)
3 OXI(JY=.t
CALL FCT:a,41,DX1,N)
TALL UNSLYTON, L A N, B, N X N, TEHMP, 0BT, TEX, L2
Cale OuTPin, X, 1)
F3=1.278B(4)
DU 1 dst,N
1 XICII=XT(JYmnd
AWCLYTF3aXTCI)aDXT()8X(]))
DO » J=2,N
2 AW(JI)=waw (J=1)+F3aNI(J32DXI(I)eX(J)
WRITE (6,27€5)
2e8S FORMAT(SX, tOHWETIGHT DISYRIBUTION)
WRITE(6,2322) (wwlJ),. J=1,N)
2RA2 FORMAT(1QX,5814,7)
WRITE(6,2301)
CALL PRNPLTIXSI,wH, 1.;,01,1:2;,32%,0,0,N)
2081 FORMAT(1IMY)
RETUIAN
END
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SURROUTINE FCT(A,XI,DXI,N)
DIMENSIGN A(N,1),X1(N),DXI(N)
DG 18 J=i,N
T=X1(J)
ACt y=DXIC(D)
DO 190 Is2,N
10 ACTL,J)=AC1=1,J)*T
RFTURN
END

SUHROUTTINE OQUTP(N, X, IX)

DIMFNSION X(13)

NXS(Nef)riX+]

WRITE(6,3A90) (X(J),J=1,NX, IX)
3000 FOKMAT(1UX,5E14,7)

RETURN

END

SUBRUUTINE UNSLITCN,%; A, 1A,B,IB,X,I%X,8CR,DET, TEX,L)
GIVES TOARFECTLY ROUNDED SCGLUTIONS OF A+X = B , WHERE A 1§
UNSYMMETRIC AMD H IS N BY M , PROVIDED A IS NOT T00
ILL=CONDITTIONED, USES PROCEDURES UNSDET, UNSACC, UNSSOL,
INRPRO, COMPUTES THE DETERMIMANT OF A IN THF FOR®
DET & 2#a[EX , L IS THE NUMHER OF REFINEMEMT STFPS,
SCR 15 WwOQKING STORRGE OF LENGTH AT LEAST N&«(EA + §) + HMaiB
THE PROCFNDHURPFE FATL3. AND PRINTYS FRRUR MESSAGES, IF THE LU
FACTORTIZATION OF A OR THRE ITERATIVE REFINEMENT OF X FAILS,
18 FORMAT(1HO,37THMATRIX HAS ZIPRO RO IN UNSDET AT STEP,'4/)
11 FORMAT(1F7,a3H“ATRIX ¥S NEARLY SINGULAR IN UNSDET AT STEF,14/)
12 FORMAT(1hQ, 32440 CONVERGENCE IN UNSACC AT STEP,Tu/)

DIMENSION ACIA,1),BCIB; 1), XCIX,1),SCR{Y)

&4  STARTS I~  SCRILA) , BB IN SCR(LB)Y , INY IN SCRILI)

DO % J=i,M
K= (J = 13%]A
DD 1 I=1,%
L =K +1
1 SCREL)Y = 4a(1,J)
Le = g
LB = LA ¢+ TAaN
LI = L3 ¢+ IRaM

FOore LIt FACTORS

CALL UNSGFT(N,SCRELA),TA,CET,IEX,SCR(LI),SCRILIY,ILL)
IFCILLLME L) GO T0 2

ITEPATIVE REFINFMEMNT

CALL UMSACC(H,M,A8,5CHILAY,TA,B,SCR(LB),TH, X, IX SCR{LIY,L,ILL)
IFCILL,EG.®) RETURN

ITERATIVE REFINEMENY FAILED

PRINT 12,ILL

RETURN
LU FACTORITFATION FAILED
2 IFCILL,GT. Q) PRINT $1,1LL
ILL = =JLL
IFCILL,GT. ) PRINT 10,101
RETURN

END
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SUBROUTINE TRRPROCL,C1:C2,X,IX,Y,1Y,D1,D2)
ACCUMULATES THE SUM OF PRODUCTS X({X)sY(K) AND ADDS IY
YO THE INITIAL VALUE C€: 4 C2 IN DDUBLE PRECISION,
Dl IS THF SINGLE PRECISION VALUE OF YHE DOUHLE PRECIS1ON
SUM D, D2 IS THE SINGLE PRECISION DIFFERENCE D = DI,
IFf THE VECTCR LENGTH L IS NOT POSITIVE, ThEh O = Ci + C2,
SPECD OF EXECUTION OF YHIS ROUTINE CAN BE GREATLY INCREASED
BY HAND CONDING, wHAT 1S REGUIRED 1S THAT THE SUHS 44D
MULTIPLICATIONS RE PERFORMED IN DOUBLE PRECISION,

DIMENSION X{1),Y(1)

DOUBLE PRECISION D,DX,DY

bx = Ct
DY = €2
D = DX + DY
1IF (L,LE.Q) GO 1O 2
I =
J =3
D0 1 Kei,l

pDx = x(1)

DY = Y(J)
D + DXaDY
1 4 1Y
J

D
1
J v 1Y

wHn

2Dt =10
D2 =D = N1
RETURN
END

SURROUTTIME UNSOFT(N,A,TA,NET, TEX, INT,S5CA, ELL)

FORMS LU FACTORS GF A MY CRCUT WETHOD ®1Th ROw EGUILIBRATION
AND PARTIAL PIVOTING, OVFR®RITES L AND U U0ON A, OMITTING
UNTY DIAGONAL OF U, AND RECORDS ROw INTERCHANGES 1IN INT,
COMPUTES THE OFVERMINANT OF A IN THE FORH DET = zZww]EX,
THE PROCEOQURE FAILS IF A, AS MODIFIED HY JQUNDING ERRORS; IS
SINGULAR OR NEARLY SINGULAR, ISFS PROCEDURE INRPRO, EPS 13
THE (HACHIME=-DFPENDENT) LEAST NUMBER ¥ SO THAT 1. & X ,6Y, 1,

DIMENSION ACIA,1),IRT(12,SCA(Y)

NATA EPS /72,048 (=47)/

COMMON/FPSILONZEPS,EPS2

It =0

SCALE 50 THAT SCA(Y)a(A{I,,))} HAS UNIT SUP NORM LENGTH

DG 2 l=i,M

x =@,
DGt J=i.n
1 IFCAES(AC(I,2)),07,X) X 3 ABSCA(Y,J))
IF(X) 2ril,é
2 SCA{I) = 1./x
DET = 1,
1EX = B

DD 12 K=i,N
COMPUTE ENTRIFES OF L IN COLUMN K
L =X
Y e @,
DD 3  T=x,N
CALL INRPRO(K=1,~A{J,K), 0. 0A(T,1)sTA,A01,K),1,Y,YY)
ALI,K) = =Y
Y = ABS(Y*S5CA(]))
IF(Y,LE,X) GO 10 3
X =Y
L =1
3 CONTINUE
IF(L,EQ,X) G0 10 S
INTERCHANGE ROWS IF MECESSARY, SAVING INTERCHANGE INFORMATION
NET = =DET
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VU 4 Js=i,n

Y = A(K,J)
A(K,J) = &a(L,J)
4 AlL,J) = ¥

SCAa(lL) = SCA(K)
S INTCX) = L
UPDATF NETERMINANT AND CHECK FOR NEARLY SINGULAR A
DFT = DETnA(H,K)
IF(X,LT,8,4aEPS) 60 T0 12
A 15 OK THROUGCH ROW K
SCALE DETFRMINANT TO AVOID OVERFLOW
[ 1F{ABS(DET), LT, 1) G0 T0 7
DET = DFYa{, 2625
1EX = 1EX + 4

G0 10 &
7 IFCANS(NET) ,GE.3,0625) GO T0 8
DFT = OtT~i6.0
IEX = IFX = 4
Go 10 7
COMPUTE ENTRIFS OF U IN RQW K
8 JIF(K,EQ,N) G0 T0 19
X = =1 /A({K,K)
KP = X 3

0O 9 JzKkP,N
CALL TMRPRQIK=},=A(K,J),0,0A(K, 10, 8,A01,0),1,Y,YY}

9 A(K,J) = XaY
13  CONYINUE

RETURKN
& IS5 STWGUL AR
11 1LL 3 =1
RETURN
A 15 NEARLY SINGULAR
12 ILL =
HETURN
EWD

SUBRONTIME UNSSOLEN, Mo A, TA.By13,1KT)
SOLVES AaX = H WHERE A IS UNSYMMEYRIC AND B IS N BY M,
MuST BF PRECFNFD BY PROCEDURE UNSDET TO PHODUC” LU FACTORS
IN A alTH PECORAD OF ROW INTERCHANGES IN  INT, OVERWRITES
X ON 8, UuStS PROCEDURE INRPHOD,
DIMENSIC ACIA,1),B{"0,1),INT(Y)
INTFRCHAL : 0SS OF 8
00 2 I=y,»
IFCIATET) O, T3 G0 YO 2
J o= IaT()
DL K=i,*
Y = B(i,K)
BCI,x) = H{J,K)
1 B(Jd,%) = x
2 CO~TIvy
pg S «x=1,~
S0Lve (avy = 3
D0 3 1I=1,~
CALL I2PHG(I=1,BC1,K), R, AC01, 1), 1A, AL, K}, 1, X, XX}

3 BCI,n) = «X/ZACT,T)
SOLVE ysx = v
B(*,R) = ~Btw,K)

DO a4 J1=2,%
ILznMey =11

g:%t“gnzvgg(!l-l.R(I.K).u.,n(l,Iotp,!A,n(y.|,u),l,,'x,,

CONT InuF

LV o -]

RETURN
END
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SUBRNUTINE UNSACCON,M,A,RA,TA,B,BH, IH, X%, IXs INT,L,ILL)
SULVES asx = B wHFRE A 15 UNSYMMETRIC AnRD B IS N BY H,
USING PROCEDURE UNSSOL, MUST BF PRECEDFD HY PROCEOURF  UNSDET
T0 PRODUCE LU FACTORS OF A IN AA WITH RECORD OF ROW
INTERCHANGES IN  INT, COMPUTES RESIDUALS ©B8 = B ~ AeX USING
PROCEDURF IKRPRD, AND SOLVES Ae«D = B8R, QVERWRITING D ON HAR,
THEN OVERWRITES THE REFINEMENT X «D0 ON X, REPFATS THE
REFYNEMENT SO LONG AS THF MAX CORRECTION AT AnNY STEP IS LESS THAN
HALF THAY AT THE PREVIOUS STEP, UNTYIL THE MAX CORRECTION IS LESS
THAN 2#FPS«(SUP NORM OF X}, EXITS WITA XL (NE, U IF THE
SOLUTIDN FAILS TO IMPROVE, L 1S THE NUMBFR OF ITERATIONS,
EPS IS THE (MACHINE=DEPENDENT) LEAST NUMBER T SUCH THAT
1, ¢+ T .GV, t.s AND EPS2 IS THE (MACHINE=DEPENDENT) GREATEST
NUMBER T SUCH THAT ¢, ¢ T LEQ, 1,
DIMENSION ACIA,1),2AC1A,13,B8(18,1),8BC1B,1),X(3IX,1),INT(})
DATA EPS /2,Paa(=l7)/ ; EPS2 /{2,0%#(=U4R)Y)*(1,D = 2,0%a(=4B))/
COPMON/EPSILUN/EPS,,EPSE
ItL = @
SET UP FOR FIRST APPHOXIMATE SOLUTIONM
DD 1 Jai,M

DO Y I=i,N

xX(1,J) = @,
BA(L,)) = bL(1,J)

L =@
Do = 0,0

-

COMPUTE AND ADD THE CORHECTION
2 CALL UNSSOLIN,M, AR, 1A:BR,IB,INT)
L =1 +1
Ibeso
by = a,n
0O 3 J=g,M
00 3 I=tyn
3 X(I,J) = x(1,3) ¢ BA(I, )
COMPUTE AEw AFSTOUALS
DO S Jxt,~
XMAX = p,0
HAMAX = B.u
00 4 1=3,r
IF(ABS(X(1,0)),CT,XMAX) XMAX = ABS(X(1,J))
IF(ABS(BBC(L1,J)),GT,ABMAX) BAMAX = AUS(RB(I, 1))
CALL ]NRPPD(N,-B(Y,J),B,,Atl,l),!A,K(laJ).l,C,CC)
BR(1,J) = =C
IF(BRYAX ,GY DIaXMAX) D} o BBMAX/XMAX
5 IF(RBMAX ,GT,2,R8EPS#XMAX) ID 3 1
IF(2,8801,67,08 840, L NE.I1) L = ¢
o0& = DY
1IF(10,€0,1) 6o TO 2
RETURN

v

END

SUBROUTINF PRNPLT(X,Y, XMAY, XINCR, YMAX,YINCR, 18X, 15Y,NPYS)

PRINTER PLQOT ROUTINE H.S,ITIKCHITZ HAY, 1967

PLOTS THE °NPYS’ POINTS GIVEN BY *Xx(1),Y(1)* OM A S1 X 101 GRID
USIKG A YOTAL OF S6 LINES ON THE PRINIFR
IF *ISX* (R "1SY* ARE NON=ZERO, THE CORRESPONDING MAXIMUN AND
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INCREMEMTAL STFP S1ZE ARE COMPUTFD
IF EITHER IMCREMENTAL STEP SIZE 18 ZERO, THE PROGRAM EXITS
NEITHER OF THE INPUT ARRAYS ARE DESTROYED, IF SCALIMG IS DONE
THE CORRESPONDING NEW VALUES OF MAXIMUM AND STEP SIZE ARE RETURNED

[aNalaXaXal

DIMENSION X(NPTS),Y(NPTS),1GRID(195),XAXIS(11)

o

INTEGER BLAMK,DOT,STAR,IGRID, L US
DATA BLANK,DOT,STAR,PLUS / §H ,iH,, 1HY, 1Hs 7

9aY FORMAT(1UX,105A1)

902 FORMAT(IXEL1Q,3,2X,1H+,105A1,1H+)

903 FORMAT(15Y,103(th,})

924 FORMAT(TX,11(F10,2),2H (,14,5H PTS) )

995 FORMAT (16X, 11 (1H+,;9X))
Q8Q0 FORMAT(46HISCALING ERROK IN PRNPLY, EXECUYION TERMINATED )

IF(XINCR,EN,C, ,OR,YINCR,EQR,2,) GO TO 627
YAXMINzA, 0txYINCR

XAXHIN=PA 2iaXIACR

1ZERQ=Y AX/YIMCR+1,5
JIERO=103,5=XMAX/XINCR
IF(J2ER0,GT,1R38,0R,JZERD, LT, 04) JZERO>2
PRINT 9n§

PRIMNT 9R3

DO 10 1=1,51%

IFC I.NELTZFRD)Y GO TO 16

DD 14 J=i1,1@5%

14 I1GRID(I)=PLUS
GO TO 15

16 DO 1] J=1,1¢5

11 IGRISIJI=ALANK

15 IGRIDCJZEROY=PLUS
TGRID(144)=D0T
IGRID(2)=NOT
DO 12 k=1, \PTS
ITEST =(YMAX=Y(X))I/ZYINCREL.S
IFC 1TEST JNELI) GO TO 12
J=103, 5= (¥ AX=X (K} ) /XINCR
1FCI, 6T 1m3)d=125
IF(JLT,.3) J=1
IGHID(J)=STAR

12 CONTINUE
TFEHOD(T, 1M . EQ. 1) GO TO 13
PRINT 90t,IGRID
GO TO i@

13 YAXISayMax~(]l=1)*YINCR
JF(ABSCYAXIS) LT, YAXMIN) YAXIS=A,
PRINT 902,YAXIS, (TGRID(J),J=1,105)

18 CONTINUF
PRINT Q@3
PRINT 905
DO 22 “v=zi,11
XAXIS(HY=X " AX=XINCRO(FLOAT(11=M))210, 0
IF(ABSIXAXISEM)) LT XAXMINIXAXIS(M)=D,

29 CONTINUE
PRINT 904,XAXIS,*PTS
REFTURN

8ag PRINT 9RBQ
END

76




ibroutine ADDVEC (vector addition) is called in BAND. Also, ADDVEC and
Function DOTPRO (dot produci) are used in BANS 1. These are in the LASL Sub-
routine Library. They are liated below:

SUBROUTINE ADDVEC(N, W, X, IX,Y,1Y,2,1Z)
DIMENSION X(1), Y(1), Z(1)
IF (N, LE.O) RETURN

RETURN
END
FUNCTION DOTPRO(N, X, IX, Y, IY)
DIMENSION X(1), Y(1)
DOUBLE FRECISION D
IF (N.GT.0) GO TO 1
DOTPRO = 0.

RETURN

I=],N
D = D+ X(J)*Y(K)
J=J+1X
2 X=K+1Y¥Y
DOTPRO = D
RETURN
END
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