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. I .  Abstract 
. . :." 

. - '  ; ; 
Our five probe focussing colli.mtor coincidence scanning system recently 

. .. 
fitted with new collimators and slightly modified .electronics will be further 

: .  
< ' . . ! I  

. , . . .  tes ted  using a variety of phantoms and several different isotopes. The three 

dimensional depth dependent point source response functions which now exhibit 
:.. . 

. . .  _. a F.W.H .M.of 7 .5  mm will be used t o  deconvolute the data obtained with phantoms 

using both matrix methods, and a newly devised direct iterative approach. The 

analysis  should make it possible to.  detect cold lesions considerably less than 
, . 

3 
1 c m  s o  long a s  they are within several inches of the surface. If the system 

performance continues t o  be encouraging, animal scan and possibly sklected 

clinical scans will be carried out. The practical application of tracer analysis 

: .  
. . . ,  

of the  data from multi-probe single' gamma and coincidence systems will be 
1 

continued in collaboration with groups a t  the Montefiore Hospital and Medical 

Center and the Edward J. Hines Veteran's Administration Hospital. Diffusion- 

interaction analysis of biological systems will be continued and application 

for some of'the mathematical methods of analysis to  environmental and ecological 

models will be considered a s  well. Characterization of  the c lasses  of experi- 

. . ments necessary fot complete theoretical solutions of multi-compartment systems 
;i ;, . ... I .  , . 

will a l so  be considered. 



11. ~ a c k b r o u n d  for the ~ e s k a r c h  . 

Analysis of radioisotope tracer data  has  often involved assuming 

complete compartmentalization of the biological system being s tudied.  If 

the  experimenter has a c c e s s  to a l l  compartments of a truly N compartment 

system, complete determination of a l l  rates and volumes of steady s ta te  

and non-steady s t a t e  systems is possible by simultaneous measurments of 

-N-1 different isotopes (1, 2, 3 ) .  Completely access ib le  steady s t a t e  systems 

c a n  a l so  be solved by appropriate analysis  of the tracer concentration time 

dependencies of a single isotope (4).  When a l l  compartments are not 

access ib le ,  a solution or range of solutions may s t i l l  be'obtained by studying 

the various constraints imposed by .the physical nature of the problem (5, 6 ). 

Perturbation methods c a n  a l so  be combined.with tracer determinations (24). 

The point of view emphasized in the above treatment finds expression 

mathematically principal:ly in terms of systems of coupled first order linear 

differential (or difference ) equations in which the c l a s s i ca l  mathematical 
, . 

program is reversed. Instead of finding the solution (i .e  . , concentration 

cu rves )  from the equations and boundary conditions, the objective is rather 

to  determine that  system of .equat ions  which gives r ise  to the experimentally 

observed specific activity curves.  It was recognized, however, that the  

integrated values alone of the specific activity curves might, i n  some c a s e s ,  

1 provide enough information to solve a multi-compartment system ( 7), (i. e .  

determine ra tes  and volumes ): an  approach recently extended (8, 9 ) to various, 

partly access ib le ,  special  multi-compartment , .  topologies for which systems of 
, . ,. . 



differential equations did not necessari ly apply s ince non-continguities and 

therefore time lags  could. ex is t .  This latter development suggested that 

general multi-compartment analysis  might not have to be restricted to contiguous 

topologies a t  al l  and that integral equation approaches previously principally 

restricted either to two-compartment systems, vascular flow treatments, and 

individual parameter ( i .e .  volume) determinations (10, 11, 12, 13, 14, 15), or 

focussed essent ia l ly  on the inverse problem of predicting the tracer time 

dependencies from known transfer characterist ics (16) could in fact  be adapted 

to solve s tead y-state, non-contiguous, multi-compartment sys  tems 017, 18 ) 

i n  the s e n s e  that  all the actually determinable intercompartment transfer 

~ properties of generally injectable systems could be specified.  While the 

result ing integral equation approach permitted analysis  of many previously 

rather intratable s y s  tems, two difficulties remained. Since the method focussed 

I on transport from one compartment to another, flows of material leaving a 

measurement compartment and subsequently reentering the- same compartment 

without having been in any measured s i t e  in the interim, could not be treated 

readily in the analysis .  Secondly, the data obtained from compartments which 

were measurable but not injectable was not easi ly  incorporated into the 

formalism . The integro -differential equation approach was devloped in an 

effort to deal  with these  difficulties (19, 20, 21 ). 

I I The, integro-differentia.1 equation approach is probably applicable t o  

a l l  of the' many situations in which a real is t ic  representation of the tracer 



however, si tuations i n  which sufficiently accurate measurements of the  

early points are  not really feasible.  Also any curve i n  which "bumps" 

appear is difficult to effectively represent exponentially. 

Discrete analogs of the integral and integro-differential equation 

approaches have been developed to deal  with these  difficulties . The discrete  

. method avoids a l l  analytic curve fitting and simply makes use of the counts 

sequential1 y recorded i n  success ive  time intervals . The inherent simplicity 

of the formalism made possible,  to our knowledge, a novel analysis  of mono- 

compartment randomized date  (22 ). In collaboration with medical investigators 

a discrete  integral equation:approach has been used i n  studying calcium 

metabolism. The rate of absorption of calcium from the gut into the 

vascular  system i s  determined by correlating the results  of external probe 

measurements following i. v .  and oral administration of ~a~~ (25).  The 

method may have direct cl inical  applicability in diagnosing hyperparathyroidism (26 ) . 
Our research in the field of diffusion-interaction analysis  is 

fundamentally motivated by the importance of this  area to ce l l  metabolism 

and to  antibody -antigen systems . ' A diffusion-interaction equation for the 

reaction A t B 2 C has, been derived by the group (23),  and the rate of 

thermal dissociation calculated for an antigen-antibody-antigen l ike 

system (27).  
I 



By applying many of the same. physical  principles used in the thermal d i s -  

sociation calculation a t-heory has  now been developed which appears to  predict 

in a reasonably quantitative way those antibody, antigen and particulate con- 

centrations a t  which flocculation will  occur (Appendix I .) . To our knowledge 

th i s  is the f i rs t  general theory of antigen-antibody-latex flocculation and perhaps 

flocculation in general in which the very significant role played by dissociat ion 

1 . ; '  

is quantitatively treated.  Mr. K .  Chak i s  the graduate student actively engaged 

I :  in th i s  a spec t  of our research.  

Complete determination of a multi-compartment contiguous system by means 

of tracer measurements w a s ,  of course ,  demonstrated over 20 years  ago. The 

method initially proposed involved injection into one compartment and measure- 

ment in a l l  compartments . Subsequently i t  has  been demonstrated that  a solution 

c a n  a l s o  be  obtained by a se r ies  of injections in a l l  N compartments with the 

repeated measurements restricted to  a single compartment. Characterization of 

the general s e t s  of N injections and measurements necessary for complete 

determination of a n  N compartment system has until recently not been possible .  

A solution to  this rather c l a s s i c  type of problem has  now been obtained principally 

by Ms. P . Spetsieris and appears in Appendix 11. 

Research on F .C . C . S . has been carried out for quite a few years  beginning 

with the  original experiments a t  Brookhaven National Laboratory 2 8 ,  29,  3 0 .  A 

manuscript relating to  work of the  l a s t  two years  and detail ing the extent t o  which 

multi-millimeter resolution is possible with this  technique has been accepted for 

publication in theIEEE Transactions on Biomedical Engineering (Appendix 111.). 



The 5 probe F .C .C. S. system described in last year's report .has now been 

fitted with more suitable collimators and active testing of the system is currently 

going on. A description of the modifications made, the results obtained and work 

currently in progress, carried out principally by Mr. P , Zacuto, appears in 

Appendix N. Based upon the latest system and straight-fomard minimal projections, 

the F .C . C . S . approach seems to be particularly well suited for detecting small 

cold lesions(considerably less than lcm) within a well defined limited volume. 

It is probably not likely to be as  useful as  a general purpose screening type 

instrument because the overall count rates are significantly lower than those ob- 

tainable with other approaches. For cold lesion detection within small organs 

or for re-scanning suspicious regions seen using other larger scale scanning 

techniques , F . C . C . S . is extremely promising . It may also be useful in obtaining 

some kinds of tomographic kinetic data. 

III. Description of proposed Research 

The program of research proposed for the next year represents in large 

measure a continuation of the on going work described immediately above. 

The work falls into two broad categories which are, however, often closely 

related. 

1. Basically General Techniques and Approaches 

a) Development of analytic techniques and algorithms for interpreting the 

results of tracer and perturbation - tracer kinetic experiments involving multi- 

compartment systems and multi-probe data acquisition. 

b) Analysis of optimal interpretation techniques in radioisotope scanning 



and gamma camera applications including tomographic approaches (31,32 ). 

c ) Theoretical irivestigation of diffusion-interaction phenomena in  bio - 
logically related systems.  

d ) Studying the extent t o  which diffusion-interaction theory can  be applied 

to environmental and ecological models. 

e ) Continuing t i s sue  distribution s tudies  in  animals, i n  collaboration with 

Prof. B. Rosoff, of radioisotope compounds suitable for F. C. C .S . applications.  

2 .  Basically Cirect Applications 

Further testing of the current 5 probe system. Selecting methods for bes t  

reconstructing the known Phantoms from experimental da ta .  Installing a moving 

computer controlled table s o  that animal and possibly selected patient s cans  c a n  

be carried out.  
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A-I1 (a) Reimbursable or Cost Sharing Portion 
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Principal Investigator - Prof. Hiram Hart 
Academic Yr. (20% effort x 37,613) 
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4 '  
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Duty traverse Collinator ($5,000) 
b)  Tectronix 7000 series/accessories($5,000) 

10,000 

5. Publication and Communication Costs 600 

6. Travel 400 
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7. Other 
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New York University Ph. D. , Physics 1952 
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B. Additional Hiqher Education and/or Education in Proqress 
Dates 

Institution Attended Courses , Etc . 

EXPERIENCE 

i A, Teachinq 

Institution Dates Title Department 

1 High Schools ,  Board of 9/46-6/53 . - Teacher  Physics 
Education, N . Y. C . 

t The City College 9/53-1957 . Instructor 
I Physics 

The City College 1957-1962 Asst. Prof. Physics 
The City College 1962-1968 Assoc. Prof. Phys ics .  

I The City College 1968- Professor Physics 
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Hiram Hart 

B. Research +: 

' , 
Institution Dates Title 

New York University 2/50-9/51 
Montefiore Hospital and ,5/52- 19 62 . 

Medical Center i 

Montefiore Hospital 1962-1968 
The City College 12/60-1965 

Brookhaven National Lab. 1964-67,1971- 
The City College 1968- 
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Medical Center 
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Physicist , Neoplastic Division 

Head, Medical Physics Laboratory 
.Princeipal Investigator (NIH Grant) 
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Research Collaborator 
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'Tracer Analysis 
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Institution Dates ' Title 
2 .  

Montefiore Hospital and 1962-1968 Head, ~ e d i c a l  Phys. Lab. ' 

Medical Center 
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American Men of S c i e n c e ,  1957 
N .S . F. Sc ience  Faculty Fellow, Department of  Biophysics ,  Yale,  1959-1 960 
Chairman,  Sect ion  of Physical  S c i e n c e s ,  New 'fork Academy of  Sc ience ,  1961-1962 
w h o ' s  Who in  the  Cas t ,  196;: I 
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Editorial Board - Journal of Biological Physics , 19 73 - 
Fellow, American Phys ica l  Society . 

Chairman of the  Ses s io  n o n  Biophysics,  Annual Meet ing  American Phys ica l  
Socie ty  19 76. 

4 

Sec t ion  in  Cl in ica l  Scin t i l la t ion  Scanning,  ~ d i t e d ' b ~  L. M .  Fieernan and 
' 

Philip Johnson,  Hoeber Medical  Division of Harper and Row (1969). 
~ e s i o n  Detec t ion  Character is t ics .  of a Focusinq Collimator Gamina Camera Co- 

inc idence  Sys tem,  (with co-authors) ,  IEEC 1973 - ~ d c l e a r  Sc ience  
Sympos iuin . . 

. . 

. . '  . , e .  
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PUBLICATIONS -(continued) 
. *' 

(b) Articles in Standard J.ournals : 

"Concentration Equations for the  Diffusion of  a Reversible Reacting Substance 
in Gel-Like Media",  (with D. Sugerman and D. Shelupsky), Bull. Math. 
Biophysics 32, 377 (1970). 

"Discrete Formulation and Error Minimization in  Applying the Integro-Differential 
Equation Approach to Monocompartment Data",  (with J. Sondheimer), 
Computers in Biology and Medicine 1, 59 (19 70). 

"Fate of Intravenously Administered Zinc Chelates in  Man", (with B. Rosoff, 
A.H. Methfessel  and H. Spencer),  J. of App. Physiology 30, 12 (1971). 

"Use of  Magnifying Multihole Collimator i n  the Gamma Ray Camera System", 
(with S . Rudin and P. Bardfeld) , J. Nuc. Med. 12, 831 (19 71). 

"Determination of Reaction Rate Constants in the Mammillary System", (with 
U. Mallik and D. Sugerman), Bull. Math. Biophysics 34, 87 (1972). 

"Resolution Characterist ics of Tomographic Rotating Collimator Systems",  
(with K O  Rider and S Rudin) , IEEE Trans actions on Biomedical Engineering 

V O ~ .  BME-19, 186 (1972). 
"A Tomographic Magnifying Collimator System for the  Gamma Camera", (with 

S . Rudin and K.  Rider), Radiology 102, 3 71 (1 9 72). 
"Thermal Dissociation of Antigen-Antibody-Antigen Like Systems " , (with 

D. Sugerman), Bull. Math. Biology 35, 219-35, (1973). 
"Initial Entry of Calcium into the Gastrointestinal Tract in Hyperparathyroidism 

and in a Case  of Renal Tubular Acidosis", (with U.S. Barzel), Nephron 
10, 174-187 (1973). - 

(c) , Abstracts , Research Reports and Other: 
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MEMBERSHIT- IN PROFESSIONAL SOCIETIES 

Hiram Hart 

American Physical Society 
American Association of Physics Teachers 
A.A.A.S. 
Biophysical Society 
New York Academy of Science 
Health Physics Society 
American Association of Physicists in Medicine 

! 
Society of Nuclear Medicine 
President RAMPS (~adiological  and Medical Physics Society) 19 68- 19 70 
Member National Executive Board AABM American Association of Physicists 

in Medicine - December 1968-December 19 70 

REFERENCES 

1 CHAIRMAN'S REPORT 
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19 70- 

Member, City University Research Awards Committee (Physics) 19 70-1 9 72 
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(Tracer Kinetics). New grant obtained - U . S .A. E . C . 



. . , . ,::. .: . 
, , , , 

Hiram Hart 
. , . . '.. 

' .  3 .  ANTS AND CONTI~ACTS AWARDED 

. ... I : '  . . ' 
1 . c . .  : , .  . . Agency: . . , ' ,.Atomic Energy Commission 

Period: 
Amount : 
Title of Grant: 

Agency: 
Period: . 

Amount: 
Title of Grant: 

Agency: 
Period: 
Amount: 
Title of Grant: 

Agency.: . 

Period: 
Amount: 
Title of Grant: 

Agency: 
Period: 
Amount:. 

Title of Grant: 

Agency: 
Period : 
Amount: 
Title of Grant: 

I Agency: 

1 Period: 
Amount: 

t 
Title of Grant: 

I 

Agency: 
I 

1 
Period: 
Amount: 

\ Title of Grant: 
1 I , '  I 

1 
1 

Atomic Energy Commission 
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$12,000 

Atomic Energy Commission 
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'b . 4. COURSES TAUGHT . 
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4 . " .  Physics 3 , 4 , 7 , 8 ,  General Physics 
, Physics 9 - Mechanics I 

Physics 13 Thermodynamics 
Physics 54 Biophysics 
Physics 64 Biophysics Laboratory 

ma. ' . ~  

Elec. Eng. 128 
Post Doctoral ~ e d i c a l  Physics Retraining Course - Bio-Medical Program 

5. PUBLICATION RECORD PRIOR TO THE LAST FIVE YEARS 

(a) Books and Contributions to Books: 
I 

1 Multicompartment Analysis of Tracer Experiments, ( ~ d i t o r )  , New York Academy 
of Science 108, 1-338 (1963). 

Distribution of yYOupon Systematic and Intercavitary Administration and its 
, . Modification by Chelating Agents, (with co-authors) , Proceedings of 

the  Radioisotope Conference, Oxford, P. 125, July 19-23 (1954). 
Biological Studies on Calcium, Strontium, Lanthanum and Yitrium , (with co- 

authors),  International Conference on the ~ e a ~ e f u l  Uses  of Atomic 
Energy (1 9 5 5). 

Modification of Distribution and Excretion of Rare Earths by Chelating Agents, 
Conference Volume on Rare Earths in  Biochemical and Medical Research, 
Oak Ridge Institute of Nuclear Studies; 0. R .I.N.S. l2, 118 (1955). 

Multicompartment Analysis of Steady State and Non-Steady State Systems, 10th 
Annual Symposium Oak Ridge Institute of Nuclear studies- (19 66) . 
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5. PUBLICATION RECORD PRIOR TO THE LAST FIVE YEARS (continued) 
+ 

(b) Articles in Standard Tournals: 

"Regular Meson Potentials i n  Low Energy Proton-Proton Scattering", (with 
R.D. Hatcher), Phys. Rev. 87, 375 (1952). 

"Modification of the Distribution and Excretion of Radioisotopes by  Chelating 
Agents " , (with D. Laszlo),  Science m, (NO. 3053), 24 (195 3 ) .  

"Distribution of ygO in  Ascites Tumor Mice following Intraperitoneal Admini- 
stration of Yttrium Chloride", (with co-authors) , Science 119, (No. 31 03) 
880 (1954)~  

"Biological Studies on Stable and Radioactive Rare Earth Compounds: I11 Dis- 
tribution of Radioactive Yttrium in Normal and Ascites-Tumor-Bearing 
Mice, and in Cancer Patients with Serous Effusions " , (with co-authors) , 
J. of the National Cancer Institute 15, (No. 1) 13 1 (1 954). 

"Analysis of Tracer Experiments in Nonconservative Steady-State Systems",  
Bull. of Mathematical Biophysics l7, (No. 2) , 87 (1955). 

"Metabolism of Lanthanum and Yttrium Chelates " , (with co-authors) , J. of 
Laboratory and Clinical Medicine 46, No. 2), 182 (1955). 

"Radioyttrium (Yg0 0) for the  Palliative Treatment of Effusions due to Malig- 
nancy",  (with co-authors), J.A.M.A. 161, 499 (1956). 

"Strontium 85 Metabolism in Man and Effects of Calcium on Strontium Excretion", 
(with co-authors), Proc. Soc. EXP. Biol. and Med.  9l, 155 (1956). 

"Excretion of Yttrium and Lanthanum Chelates of Cyclohexane 1 ,  2 - Trans- 
Diamine Tetrascetic Acid and Diethylenetriamine Pentascetic Acid in  Man",  
(with co-authors) , Nature 180, 9 19 (1957). 

"Analysis of Tracer Experiments : 11. Non-Conservative , Non-Steady State 
Systems",  Bull. Math. Biophysics l9, 61 (195.7). 

"Interaction of Yttrium Compounds with Serum and Serum Consti tuents in Vitro", 
(with co-authors) , Archives of Biochemistry and Biophysics 78, 1 (1958). 

"Decontamination Studies" ,  (with co-authors) , Advanced in  Radiobiology, 
p. 298 (1958). 

"Analysis of Tracer Experiments: 111. Homeostatic Mechanicsm of Fluid Flow 
Systems " , ~ u l l .  Math. Biophysics 20, 28 1 (1958). 

"Effect of Excess Chelating ~ g e n t s °  on  Rare Earth ~econ tamina t ion"  , Ann. N .Y. 
Acad. Sci.  88, 486 (1 960). 

"Analysis of Tracer Experiments: IV. The Kinetics of General N Compartment 
Systems " , Bull. Math. Biophysics 22, 4 1 (1 9 60) . 

"Determination of Body Spaces and Renal Clearances with Yttrium Chelates i n  
Man", (with co-authors) , International J. of Applied Radiation and Iso- 
topes  8,  198 (1 9 60) . 

"Effect of ~ h e l a t i n g  Agents on the Removal of Yttrium and Lanthanum from Man", 
(with B; Rosoff, S. Ritter, K. Sullivan, H. E. Hart and Herta Spencer- 
Lazzlo) , Health Physics 6, 177 (1961). 

"The Rate of Decarboxylation of Mevalonic ~ c i d - 1 - c 1 4  in Man",  (with 
J. Berkowitz, J. Sherman and H. E. Hart), Ann. N .Y. Acad. Sci. 106, 250 
(19 63) . 
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5. PUBLICATION RECORD PRIOR TO THE LAST FIVE YEARS (continued) 

. *. 
(b) Articles i r i  standard Journals: 

"Perturbation Tracer Analysis", Ann. N .Y. Acad. Sci. 108, 23 (1963). 
"Recent Developments in  Multi- Compartment Tracer Analysis " , (with C .A. 

~ a l l e r )  , Transactions o f  t he  N .Y. Acad. Sci. 26, 64 (1963). 
"Analysis of Tracer Experiments V: Integral Equations of Perturbation-Tracer 

Analysis", ~ u l l .  Math. Biophysics 27, 417 (1965). 
"Determination of Equilibrium,Constants and Maximum Binding Capacit ies in  

Complex V i t r o  Sys tems , I. The Mammillary System", Bull. Math. Bio- 
physics 27, 87 (1965), 

"Analysis of Tracer Experiments VI: Determination of Partitioned Initial Entry 
F'unctions", Bull. Math. Biophysics 27, 329 (1965). 

 valuation of the  Radioisotope Renogram in Experimental Renal Artery Stenosis" , 
(with H. Haimovici, N. Maier, Y. Hisnida),  Journal Cardiovascular Res. 
6,  152 (1965). - 

"Analysis of Tracer Ekperiments VII: General Multi-Compartment Systems Im- 
bedded in Non- Homogeneous Inaccessible  Media" , Bull. Math. Bio- 
physics 28, 261 (1966). 

"Diffraction Characterist ics of a Linear Zone Plate",  (with J. B. Scrandis , 
R. Mark and R .  D. Hatcher), Journal of  Optical Society 56, 10 18 (1966). 

"Consideration of Mortality in Certain Chronic Diseases  " , (with B. Zumoff, 
H.E. Hart and L. Hellman), Annals of Internal Medicine 64, 595 (1966). 

"Analysis of Tracer Experiments VIII. Integro- Differential Equation Method", 
Bull. Math. Biophysics 29, 319 (1967). 

"Geometric Efficiency and Other Performance Characterist ics of Focusing Col- 
l imators",  (with H.E. Hart, B. Warshaw and H. Stoller), Bio-Medical 
Abstracts I.E.E.E. 14, 96 (1967). 

"Rate of Initial Entry of c a 4 ?  and ~r~~ from the Intestine into the Vascular 
Space",  (with H. Spencer), Pmc. Soc. Biol. and Med. 126, 365 (19 67). 

"Comparative Resolution of Single Gamma Counting and Counting Coincidence 
Counting in Focusing Collimator Scanning Sys tems " , Trans. N .Y. Acad. 
Sci. 30,  580 (1968). 
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Tracer Analysis : (Theoretical), , 

One of ' the  most useful ways 'of determining the distribution of certain metabo- 
l i tes  in the body,. as  well a s  the reaction rates governing .transformations from 
one metabolite to another, ,is by means of .tracer analysis. The research is 
oriented towards developing a mathematical technique, based on coupled in- 
tegro-differential equations, which would permit one to extract information 
about reaction rates and Wansport topologies from the experimental data. A 
new equation has been derived characterizing diffusion of a material through 
a reversibly reactive medium. Various applications of the theory are being 
explored. Practical methods of improving radioisotope imaging are also under 
investigation. 

"Three Dimensional Imaging of ~ d t i m i l l i m e t e r  Sized cold. Lesions by Focusing. 
Collimator Coincidence Scanning (F. C. C . S .) " , (with S. Rudin) , sub- 
mitted for publication, 
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Theory o f  Antigen-Antibody Interaction in 

~ ~ ~ i u t i n a t i n ~  Systems 

I. --- Introduction 

Agglutination o f  red c e l l s  or  la tex  par t ic les  is a widely used method for 

de tec t ing  alla quanti tat ing antigen-antibody in teract ions .  Although numerous 

mathematical  ana lyses  of  ce l lu la r  and part iculate antigen-antibod y induced 

aggregat ion.  have been proposed, there is yet  no general  accepted quanti tat ive 

treatment o f  th is  broad c l a s s  of phenomenon. This may be  due  in part to t he  

incomplete information avai lable  and partly t o  the  complexity involved i n  the  

ca lcu la t ions .  

The g ro s s  fea tures  o f  t he  agglutination p rocess  are we l l  known. If a red 

c e l l  o r  par t ic le  suspens ion  which has  been coated with antigen is then  mixed 

wi th  antiserum, the  ant ibodies  become bound to t he  surface  an t igens .  Ag- 

glutination t a k e s  -@F- suf f i c ien t  intercellular  bonds o r  bridges a r e  formed to bind 

t h e  red ce l l s  o r  par t ic les  together i n  a multi-element aggregate .  In attempting 

a quanti tat ive theory, however, many factors have to be considered.  The 

negat ive  surface  charge of t he  red c e l l s  l imits  the .  likelihood o f  antibody 

binding. The dens i ty  o f  ant igen s i t e s  on the surface,  t he  s t rength  and 

speci f ic i ty  of an t igen-an t ibdy  bond, the number and length of the antibody 

molecule and chemical  or  physical  parameters s u c h  a s  pH, temperature, 

ionic  strength and d ie lec t r i c  constant  of the  medium have a l s o  been demonstrated 

to  a f fec t  t he  f inal  aggreg-ations. 

Since a complete general  theory of antigen-antibody par t ic le  aggregation 



I involved would be extremely complex, most ana lyses  have tended t o  concentrate 

upon one  or a few factors only, quantitatively or qualitatively. Pollack's  (1) 

theoretical model.of agglutination emphasize the important effect  of the  zeta 

potential and the dielectric constant of the bulk medium. Greenbury (2 ) 

discussed  the binding effect of 7s antibody on red ce l l s .  singer13 ) calculated 

the number of antibodies needed per la tex particle in agglutination while 

~ e i k o l a ' ~ )  and H ~ ~ e r ' ~ )  emphasized the significance of antigen s i t e s  i n  

studying hemagglutination. ~ i r o b ' ~ )  showed that the uptake of IgG was pH 

and ionic strength dependent and was influenced by the.proportion of c e l l s  

to IgG present during reaction. ~ r e e n w a l t ' ~  ) evaluated the red. blood c e l l  

concentration in effecting the percentage of agglutination and antiserum 

concentration a s  well a s  the temperature effect .  Areview of the general  

( 8 )  features of the a n t i g e n - a n t i b o H v e n  by Singer , . 
In the above theories, ei ther the effect of antinbody concentration(in 

many c a s e s ,  only the relative concentration expres-sed in terms of titre i s  

given ) or the antigen concentration is examined. In the present work, the 

combined role of antibody antigen and cellular concentrations will be 
YI 

described in terms of a reasonable unified theory of antigen-antibody indused 

agglutination; under the assumptions that factors such  a s  the pH, temperature, 

ionic strength and dielectric constant  are kept constant and that the effects  

of surface charge can  be estimated in terms of a parameter of c lo ses t  inter 

particle approhch,. This theory is effective in describing the onse t  of 



aggregation over a broad range of  concentration.^ of t he  thr.ee reacting ele.ments. 

In sect ion 11; the k ine t i ao f  a n  isolated mdnomer-dimer 4 ystem are studied 

and an .  equation for the equilibrium concentrations of monomers and dimers 

der ived .  In sect ion I11 the significance of t he  monomer-dimer equilibrium 

concentration equation' In predicting higher order aggregation will be, d i scussed  . 
In sect ion IV, 'detailed calculations of the values and concentration dependences 

of  the'.parameters of the equilibrium equation will be given. 

11. Reversible. Monomer-Dimer System 

The various particulate agglutination t e s t s  will be idealiz.ed for the purposes.  

of analysis  in  the following way: 

1 )  The particles (or c e l l s )  are  assumed to  be  identical  rigid spheres 

2 )  Only a s ing le  spec i e s  of antibody is present in a l l . react ions  ." The 

antibody mole.cule is assumed to be a loose, inelas t ic  s t r ingwi th  a single 

binding s i t e  'at e ach  end. 

A\n 
3 )   he antigen molecule'provides only one binding s i t e  f o x n t i b o d y .  

In addition, i t  will be assumed initially i n  the system of investigation, only . . 

monomers and dimers are  present.  L 

Let: 

n be th.e number of monomers per unit volume' 
0 

" 1 2  --- n , be the number of dimers per unit volume connected by a. s ingle  . 

. I 

antibody bond, double bond, --and .j, fold bond respectively. 

Then,c  = n: . t 2 (n + n t .'. .. t n .  + . . . ) is the total number of spherical  
0 0 1 2  I 

2 
par t ic les  per unit volume. Also le t  fno be the number of unbound particle 



. . 

pairs  pe r  unit  volume where for e a c h . p a i r  of t h e s e  monomers the  cen te r  t o  c e n t e r  

separa t ion  is less than a d i s t a n c e  s a y  L ( i . e .  the  reaction d i s t a n c e )  Let r b e  t h e  

d i s s o c i a t i o n  ra te  of a s ing le  antigen-antibody bond and s ,  b e  the  average binding 
1 

ra te  of t h e  i - th  bond between the two par t ic les  when they a r e  within the react ion 

dis tanc ,e  r be the d i s soc ia t ion  ra te  of o n e  ant.igen-antibody pair .  Since e a c h  

dimer  cons i s t s .  of two part.icles, the ra te  of d e c r e a s e  of monomers 'by forming 
. 2  

a n type  dimer is 2Sfn , while the  ra te  a t  which monomers reappear  a s  a 1 0 
J 

r e s u l t  of n type  dimer d i s soc ia t ion  is 2rn The ra te  a t  which the antibody 
1 1 

bridges. from between higher order .multiple bound dimer formations and 

d i s s o c i a t i o n s  occur  is difficult t o  predict ,  s i n c e  some of t h e  antibody bridges 

may be  more vulnerable to d i s soc ia t ion  than others  for geometrical  re  a s o n s  . 
However, i t  is convenient  to assume tha t  even  for higher order dimers,  a l l  of 

t h e  antibody bridges a r e  a prior equal ly  and independently l ike ly  t o  form or  

d i s s o c i a t e .  It follows that  the  k ine t i c s  of formation and d i s soc ia t ion  of t h e  

monomer and di f ferent  dimer s p e c i e s  is given by a s e t  of f irs t  order differential  

equat ions :  

where  n .  s t a n d s  for dnj  9 

3 
XT- . ,  

Adding a l l  the  equat ions  up, one  ge t s :  

, - 4 -  
. . 



n b +  2[n ,+  n , t - -  t n . )  = c, 
- -  - - a 

a s  expecte'd. 

The general  analytic time dependence of n is not obtainable due to the.non- 
i 

2 . 
linearity in n . However, by sett ing al l  n .=o in  equations (1) to (5) ,  

0 J 

equilibrium values of n .  can  be readily obtained. For example, i f  only 
J 

s pec i e s  of n , n and n are  present, the equilibrium values for n is 
0 1 2 0 

given by : 

Ifa maximum o f  n ,  fold binding o f  the dimers occurs, the general form c a n  
J 

be written as :  

It c a n  be  seen  that e a c h  term on the right hand s ide  of equation ( 7 )  b 

t h 
a r i s e s  from the presence of the j -  order dimer n . .  This makes i t  possible 

3 .  

to estimate the relative concentration of the different order dimers under 

various equilibrium conditions. 

111. - Significance of t_he Doubly Bound Dimers 

The initial pathways in agglutination are diagramed in  figure 1 : . . . 



~ r l , )  C n z) 

(F%$ +rM of  d d a d  
b~ .dica) a 

Iqantigen-antibody bonding were irreversible, onl&'i$ingle linkage between 

the  particles would be required for gradual formation of large s c a l e  aggregates. 

Since, i n  fac t ,  thousands of antibody molecules per particle a r e  required for 

;q)W agglutination to occu  , ~t is apparent that  dissociat ion of the antigen-antibody 

bond serves  to limit the rate of aggregation and so  affect the  conditions for 

agglutination. As indicated i n  figure 1 above, there ex is t s  elementary 

aggregates,  the doubly bound dimer (n ) and the cyclic trimer. (CT ), for . 
2 1 

which dissociat ion of one bond will not significantly alter  the configuration 
, . 

of the par t ic les .  For such configurations,. antigen-antibody reformation is 

much favoured over nonredundantly bound aggregates.  If a break occurs in ' 

ei ther  bond of the non-cyclic trimer (T ), the aggregate i s  itself dissocidted 
1 

and the likelihood of reformation grossly reduced. The redundant binding 

in  n and CT therefore very much s tabi l izes  the mini-aggregate. 
2 1 

It seems reasonable, therefore, that the conditions necessary for the 

formation of large sca l e  aggregation must f irst  be sui table  for the effective 

production of one or both of the s table  mini-aggregates n and/or CTl. 
2 



In order to more effectively estimate '  the minimum concentration of antibody 

required for large sca l e  gggregation, i t  wi l l 'be  useful. to compare the 
. . 

probabilities of formation and t k  partial and complete dissociat ion and the 

reconstruction of n T and CT1. 
2' 1 

A Formation: 

1 )  . The average rate of forming a doubly bound dimerfrom a singly bound 

one has  already heen defined a s  S If the number of singly bound dimer 
2 ' 

is n the to ta l  formation rate i s :  R = n S 
1' 

N2 
1 2  

2 )  In trimer formation, i t  i s  necessary to  find the number of pairs of 

dimers and monomers which are  c lose  enough for the antibody molecule to 

form a bridge. If each  monomer is of radius R and the antibody length R 

is much l e s s  than R, then the access ib le  volume for the center of the monomer 

within which a linkage to a dimer is possible,  is shown a s  V in figure 2. 
a c  

This volume c a n  be readily calculated vat /----- -1 /--->,* 

I/----- 

V,, = 24 \ 
\ 

For n monomers and nl dimers per 
\ ' 

0 

unit volume, the number of such 

possible  reacting pairs will  be  : ,' I 
/ 

__  _ /--' . _ - 
Thus, the tota l  formation rate of T will then be: R = S n n V 

1 
T1 

1 o l a c  F i p d .  

I The ratio of the  rate of formation of 'doubly 
. . 

bound dimer to that of a .s ingly connected 

- 7 -  



trimer is therefore . - 

%I n,s, 5, - - - - -- - 
. PTI fl,+ h 0 YL' 51n0 Vte 

I 
3 )  A s  shown in figure 3 only, a small fraction far;& I , . O  1 

b ~ f i ~ ~ a f *  /, . / . 

of  the  T trimers are geometrically available for the fd y l h b o h d  '\.--./ 
1 

R .formation o f  cycl ic  bonds. Calculated to' the lowest order of -9  this fraction 
R 

, is . The ratio of formation of doubly bound dimer to t ha t .  of potentiaily 
3 

cyc l i c  trimer is thris: %L 
.S, -k - 

= - [F)  e ,  ~ l " O { ,  

In almost a l l  practical  c a s e s  of red ce l l .o r  big l a t e x  particles (diameter A ) 

agglutinated by 7 s  antibody, these two expressions ( h bIt 
RT( ' Pcrl 

) 

a re  much than dne ( a )  showing in  favour of the dimer double bound 

formation. 

B The chance of reformation 
. . 

If one of the  l inkages of:simply connected trimer is dissociated the 

likelihood of reformation is relatively small because i n  general the resulting , 

' 

. ., 

dimer and monomer 

-4- 
then R=2.82%10 CVI, the  volume o f  red ce l l  is taken a s  94p , 

length of antibody is around 250 '")while S S will be sho$nla ie r  in this 11. 2 

text  that  a re  of the same order of magnitude. Then, even i f  n is taken a s  
0 

9 3 RNZ - 2 high a s  l o  per c m  (about 1070 suspens ion)  - ID cnd P"2 2 ) 71 Per, 



will be rapidly separated.  The chance of an initially n dimer to reform i t s  
2 

double bomd, however, is very much greater s ince  a s  long a s  the other 

4";" bond remains unbroken (the chance of two bonds broken.simultaneously is , 

considered small ) the two partic1e.s are s t i l l  c lose  together. Cyclic trimer 

CT reformation can  be viewed in quite the  same ma 
1 

However, a s  shown in figure 4, 

the  prpbability of reformation is reduced 
i 

by the rotation of sphere 0 about the z -  

ax i s .  Thus, i t  is c lear  that  of the two 

redundantly bound "s tab le"  elementary aggregates, the  n is more rapidl J 
2 

b o u n i o r e  s tab le  than the CT In order for the development of  higher ordrr 
1 " 

I 
I aggregatesto be  favoured, i t  is apparent that  the conditions for the init ial  

~ formation of the doubly bound dimer' must a l so  be favorable. Viewed in this 

~ l ight,  the  idealized monomer-dimer analysis  of sect ion I1 examines therefore 

what would be the concentrations of multiply bound dimers for a given s e t  of 

associat ion and dissociat ion parameters and with the l o s s  of dimer to higher 

particulate spec ies  (trimer, tetramers, e t c )  suppressed by the assumption o f  

t he  model. If under the "equilibrium " condition, the conc entrations of 

multiply bound dimers are extremely low, i t  is reasonable t o  suppose that  

higher order aggregations in fact  will not occur, while for high "equilibrium" 

dimer concentrations, the conditions are clearly suitable for the  formation 

o f  gross.  aggregates.  



4 N Evaluation of the parameters f , r  and S 
i 

A ,  Calculation of the proximity factor ' f 

Consider N uniform spherical particles randomly distributed. Throughout a unit 
0 

volume of fluid V . The likelihood that the center of a given particle will be 
0 

within a distance of less than 2 R + R  from another particle is given by: 

where R is the radius of particles and 

R is the length of the antibody 

Considering all N particles, the number of such pairs is: 
0 

where 

for N >>1 and for dilute solution where fluid volume is much greater than particle 
0 

volume ; 

The number of such pairs per unit volume is 

therefore . ' 2rQ I ++ +L?-) SzT( R 



4 In calculating this f ,  a purely random spatial distribution of N has been assumed. 
0 

This will not be true for the initial non-equilibrium stage in which 5 is increasing 

at the expense of those pairs of monomers which are close together. At equilibrium 

detailed balancing pi-edicts that the dissociation of supplies as many closely 7 
. . 

spaced monomer pairs a s  are'being removed by 9 formation f 

* (Since the production' of N. can occur for a range of antibody configurations while 
1 

the ,dissociation of , n  occurs only .when the antibody is fully stretched, the 
1 

production and removal of N pairs occurs at  slightly different spatial separations). 
0 

I 
B ;  Representation of the dissociation rate r . . 

The dissociatio'n rate of a single antigen-antibody pair, assuming a loose string 

(11) mod,el, has been calculated to be 

% . where : 

R is the length of the antibody molecule 

k is the Boltzman constant 

t is in absolute temperature 

m is the mass of the spherical particle of radiu.s R 

E is the energy required to,break the antigen-antibody binding 
B 

D'  is a constant ,with values: 
. . 

D = 1.67 when R <<R . . 

D = 0.7.2 when R >  2R 



C,  Evaluat ion o'f , the formation ra t e  of the  i- th bond S i 
t 

L e t ' s .  = s h where s. repres 'ents  the  average  formation ra t e  be tween an  ant i -  
1 g i 

body a l ready a t t ached  t o  par t ic le  1 and an  ant igen o n  t k  su r face  of   article 2, 

t is the  f ac to r  ref lect ing the  number,of ant igen s i t e s  ins ide  a n  ef fec t ive  a r e a  ' 

9 

a w h i l e  the  remaining fac tor  h ,  is re la ted  t o  the  possibi.l i ty tha t  one  o r  more 
e f 1 

s u c h  potent ia l  antigen-antibody pairs  e x i s t s  . 
1, ' c a l c u l a t i o n  of the fac tor  h 

i 

a )  The concep t .o f  ef fec t ive  a reas :  

The probabil i ty of a n  antibody a t tached o n  par t ic le  1 combining wi th  a n  an t igen  

. . 

o n  t h e  su r face  of par t ic le  2 depends  upon the  geometric  conf igura t ions .  

Let d b e  .the l e n g t h o f  the  antibody molecule .  When the  

minimum d i s t a n c e  q between t he two iden t i ca l  

p a r t i c l e s  of  r ad ius  R is l e s s  than d . 

There is an. e f fec t ive  a rea  A on  e a c h  of the  spheric 'al  su r faces  where antibody 
e f 

bridges.  c a n  be  formed. 

. . 

I . . Fr0.m figure 5, t h i s  a rea  is: 
. k 



4 
The effec t ive  area  A c a n  a l s o  be expressed  i n  terms of the  d i s t a n c e  o f  

e f 

c l o s e s t  approach q . 
2 2 2 

Since  (R t A )  = R t (2R t q )  - 2R(2R + q ) , c o ~ f 3  

Let q = EL: ; E s )  

a n d  for case o f  R >> R  

A+ = ~ ~ ( e - g , =  r~e(,l-t) (11.a) 

Now suppose  one end of t h e  bond is fixed a t  any arbitrary point G o n  the  

e f fec t ive  a r e a  A o n  par t ic le  1 whi le  the  o ther  end is free to i m p i n g e  upon 
'I 

t h e  second  sphere .  It c a n  be  s e e n  i n  figure 6 

t h a t  th i s  f ree  end c a n  

c o v e r  a sub-area on C 

sur face  2 denoted 

0 Fit 6 
as a 

e f 
where 

rp (l+ t)[t-t, 
R+t 

haid t is the perpendicular d i s t a n c e  from t h e  point G to the  spher ica l  surfaqe .  

0 1 Z 
It c a n  b e  shown from t h e  geometry that  a =. x[e - $-,!&&JI -,$~7] 

4 (1 33 

where  pz I- OPf 

0 
and  a is function of both q and the  angular  posi t ion B of point G. The 

e f  

probabil i ty of point G being anywhere o n  a rea  A -  is t h e  same, whik the  
e f 

probabil i ty of G being loca ted  a t  a n  angular  posi t ion B is proportional to t h e  
\ 



4 Taking a l l  values of from 0 f6 @ 

in to  account,  the average value  

0 
of a is obtained:  

e f 
7 i C B @ { - ~ f p + 4 ~ ( ) ~ ~ R ; ~ ~ d ~  n 

3," 2 x 6 ~ ~ ~ ~  

b )  Distribution of  ant igens  and antibodies within t he  effect ive  a r e a s ,  Having 
RI\ 

introduced the concept o a f f e c t i v e  area  A and t he  effect ive  sub-area a 
e f e f 

it is nDw appropriate to  examine the  s t a t i s t i c a l  distr ibution of ant igens  and 

ant ibodies  within t he se  a r e a s .  

2 
Let A = 4 z  R be the area  of the  sphere  and assume that  both antigen 

s i t e s  and  ant ibodies  a r e  uniformly distr ibuted over  the  surface .  The 

probability of finding a part icular  antibody within a n  effect ive  a rea  A is 
e f 

I A /A an d  the  probability t ha t  th i s  part icular  antibody is not ins ide  is : 
I I 4 

,For a to ta l  number o f  N antibodies,  t he  probability that  any n of then  wi l l  be 

ins ide 'A .  is:, 
"b 

(15 P 

The average  value  of such  a distr ibution i s  9 = @ and equat ion (15) 

1 c a n  be  rewrit ten in the  form 

for n=o,  N large .and 3 f ini te 



4 When the spheres are  clo,se together, there are two . . effective a r e a s  A one  
e f'  

on each  opposite s u r f a c e s ,  *A bond is formed whenever an antibody from ei ther  

one o f  the Aei l inks with the other. ' . . 

Let W ( n )  be  the probabiZity of finding n antibodies ins ide the two effective 
b 

areas  2A ,f ,  the n: 

letting FIb=d 
Ub - 2L' 
h! lNb- d. \ 0%) ;. 

BY exactly the same analysis ,  the probability of finding j antigens inside an . 

effect ive area A is - 
e f 

where Ng i s  the  total  number of antigen o n  one sphere 

C )  I ) ~ t a r m t n i ; t i c \ ~  of h i  

Assume that  a pair of unbound particles a re  within the reaction distance,  

If theve is only one antibody inside the combined effective' areas 2Aef, the 

formatio.nrate S = h s = s, and 9 = 1. If there are  two antibodies in 2Aef 
1 1. . . . 8 

. andassuming  that  the corresponding effect ive sub-areas a do not overlap, 
e f . . 

.b 

e a c h  antibody will a c t  .independently,and :the formation rate .will be doubled .'" 
:i: ( - 1  the concentration of antigen s i te j i s  large, the  effect of the  overlapping ' . . 

sub-areas 'is clearly minimized. If the antigen concentration is small, and the 

. - antigen s i t e s  widely separated, t b  likelihood of closely neighboring antibodies 
. . . . 

with significm t,ly overlapping sub-areas would be extremely small .) 



4 Thus the average value for c a n  be written a s :  4 

h =( 
b 

~ Second bond formation after the first bond has  been formed will be proportional 

to the  number of unbridged antibodies present: 

Since only the c l a s s  of singly'bound particles n is now being considered, 
1 

the two A of course, always contain a t  l ea s t  one  antibody and the c a s e  of 
ef' 

zero antibody must be excluded. Including . , -  

the  appropriate normalization factor, the final expression for h2 becomes 

Defining 

The general  expression for h becomes : 

I 1 

A variation of h* with respect  to i s  shown i n  figure 8 .  
, 



4 It i s  seen  that  for large values of v h ' is directly proportional to  the average 
b' R, 

number of unbridged antibodies remaining. For smaller values of v however, 
b ' 

the  very exis tence of one or more antibody bridges tends to se lec t  a subset of 

particle pairs having an initially larger number antibodies than the general 

population-thus resulting in the non-linearity o f  the lower curves in figure 8. 

2 )  The factor t 
% 

If the col l is ion of the  antibody o n 0  is random, one would expect the formation 
e f 

ra te  of the bond to be proportional to the number of s i t e s .  It would, therefore, 

be reasonable to equate t to the average number of antigen s i t e s  i n s i d e 4  
ef ' 

(For low values  o f  the average is the same a s  the 

probability of finding any s i te  inside i . e .  I -  
ef' 

3 ) The formation ratt. 5 

Consider a single unbridged antibody attached to  particle 1 within the 
4 

ef fec t ive  area A The average rate'of antibody-bridge formation is determined 
e f '  

principally by three factors, : 

i )  The average frequency2 a t  which the free end of the antibody imp-inges 
6 

upon the opposite surface.  e 

-.d 

i i)  The energy activation factor P I) E 

iii) The probability factor S arising from the relative orientations between the 
t 

an t i  body and the antigen molecule inside t he average effective sub-area a 
e f 

iv ) Evaluation of ? fs 
In comparing the thermal motion of the much larger spher ica l  part icles 

to that  of the  antibody molecule, the spheres can  be assumed to  b e  quasi-  

- 17 - 



4 stat ionary,  with the unbound antibody s i t e  free to move randomly in any 

direction.  The average thermal velocity of th is  unbound s i t e  can  be estimated 

from kinet ic  theory: 

where m is t6e  "effective mass  of the part icle" represented by the  free end 
9 

of the  molecule. This-effective mass will depend on deta i ls  of i t s  specific 

molecular structure -its mass  distribution and flexibility and i s  difficult to 

determine accurately.  It i s  reasonable, however, to assume this value 

is of the order of magnitude of the  mass  of the antibody molecule i t se l f .  
'\ 

With one s i t e  b u n d  at  point G, an antibody 

molecule c a n  have i t s  free end anywhere inside a 

volume V as shown in  figure 9 where T 

In t he  presence of sphere 2 c lo se  to point G, t he  5t~~tda 
4~ 

volume access ib le  to  the free end would be reduced 

A s  shown i n  figure 10, i t  c a n  be shown that  

L 
where t is the  perpendicular d i s tance  from G to surface 2 and E. = - e 
The most probable value of t is given i n  Appendix 1. 



4 
In c a s e  R > > 1 

and thus:  3 
k3 \: = a t  [ c , - 2 )  

Continuing to regard the  unbound s i t e  a s  a f ree  particle, with no preference 

i n  any particular direction, ' the  number of " asllisiord' per second with the  
c\n( 

effect ive  area .aef  on particle 2 is calculated in ~ p p e n d l x i e l d s  the result :  

(i ) The factors of P and S are  difficult to  evaluate  separate ly .  Exact 
E t 

evaluation of S i s  extremely dif f icul t  because  of the complexity of the  t 

molecular structures involved. So far no such  determinations have been reported. 

In most experiments, measurements a re  made for the activation energy only.  

The value of th i s  activation energy, however, seems  to be higher than one  

would expect for such a biologically favored combinations (12, 13, 14 )  

These high va lues  may be interpreted a s  indicating the  exis tence of severe  & 

s t e r i c  constra ints .  The spa t ia l  configorations and orientations of the  binding 

s i t e s  of colliding antigen-antibody pairs will  usually be far from o p t i m d .  

Higher col l is ion energies would probably be required for binding under l e s s  

favorable s te r ic  condit ions.  It seems reasonable t o  eva lua te . these  two 

~ factors ,together, and introduce 



@ .  cons ide r  t h e  Maxwell  distributio:n for the velocity: of the antibody molecules . 
(With antigen .s i tes  assumed a t  reat ) 

(28 

a velocity vA o r , &  greater is : 

If E is a few K cal/mole, E > > kT a t  room temperatuie and therefore 
A A 

If EA s tands for the activation energy, this  would normally be interpreted a s  

indicating that  whenever a n  antibody molecule posses ses  an energy E of 
A 

greater, and i t  meets an  antigen s i te ,  a -bond, would form. But i t  must. be 

noted that  in this  approach, EA is an average combining energy reflecting 

. , both the :minimal activation energy and the  s ter ic  factors involved. . ' , 
, LqT 

. = B  F . . ( 3 0 )  B ~ ~ ,  0:  

whereB is the p robab i l i t yo fanan t ibody imp  in@i&upor i anan t igens i t e  . .  
0 . . 

. . 

when a .  coll ision on the sub-area 'a  ' has occurred. Now assume that t heve 
. . ef. 

is a small' effective. region 4 (Not necessary the area of the antigen binding 
b 



4 s i t e )  such that  whenever the  center of an antibody binding s i t e  hits  i t  a bond 

is possible  (with sufficient energy E > E , of course)  The probability of 
A 

poss  ible binding formation is 'therefore : 

LJl I 

The most probable value of 4 c a n  be evaluated as follows 
g 

4 
Suppose the cross-sectional area of the binding s i t e  of 

the  a n t i b d y  i s  d x d 2 .  Taking the same value for 1 F, (! ! I  mo, rnmw d d b ~ & > n  fvr L o  

the  corresponding antigen s i t e  and assuming that  the 5; t44  an,[ cp~ak md oao f i  ^a- 
offse t  of the  two binding s i t e s  c a n  be up to one fourth of their corresponding 

s ides ,  the ren te r  of the tntibody binding s i t e  must strike on an area U equal 

d 1 
g 

dl . 2 = to --- - 
2 2 4 

dl 2 in order for a possible bondage to form .* 

S 
Referring back to equation ( 7 )  and letting X = 7 the equation c a n  b e  

rewritten a s  : 

t x)l 
~ [ > / c ~ ~ , - ~ ) i ] - '  ~ - [ * 4 i ) L  \ 4" (31 

a! 
( t i a t i o n  energy E - 13 .6 K cal/mole, EB - 14.2 K cal/mole ' 

A 

The antibody binding s i t e  dimensions d,*d, -34 $12 (7) 
-7 - 10 - 3 A calculation will give : - 10 2 ~ 6 %  lo7 5- '  F- 6 ~ 1 0  ; E - ( 0  

5 a i 

q m ?  X =  , 10' I 



4 All the quanti t ies in equation (31 ) can  be experimentally or theoretically 
. . 

evaluated.  Equation (31)' re la tes  the  particulate concentration (C ), the 
0 

antigen and antibody concentration ( and h . )  to the percentage of agglutination td- 1 

(given by g )  . Physic0 -chemical factors such a s  the activation and binding 

energies the  temperature and zeta  potential determining the particles dis tance 

. o f  c lo ses t  a 

Equation (31) c a n  be used to predict the fractional amount of agglutination 

"g" o r  conversely from the measured value of " g "  t o  determine "Xu, the  ratio 

o f  the  formation to dissociat ion rates 

There i s  reasonably good agreement between the above theory and 

5 * Q n w d & ,  
e x p e r i m e n t m e t % i l e d  calculatiomand cornparisomis currently being prepared. 



Appendix 1 Al. 1 

The most probable value of the dis tance /' 

t ,  between a point G on one spheric,al 

surface t o  the other.  

The va lue  of t i s  a function of q and p .  The most probable value of cos  p 

.can be  evaluated a s :  
2 

- F 

2rrR Sin p Cos p d p 
(Cos p), - 

So 
€I 2 

Ji) 2rrR Sin p d p 
-. $ (1 + Cos 0) 

where 0 i s  the  angle when t = 1, the  length of the  antibody molecule 

From the geometry of figure 

2 2 
(t+R) = R + ( 2 ~ + q ) ~  - 2R(ZR+q) cos  P 

inserting the most probable value of Cos p ,  and after simplifing; 

t = $(Mf$)( I-cos 8)1& 
b 

yet  (1-cos 8) can  be  readily calculated from the geometry to  yield a value: 

Thus t r g  + *#-q) 

= $ u t E )  

t 
Thus,  for E. =- 

1 R ,  



Appendix 2 

To find the number of collision of one molecule with the wall of the container 

of arbitrary shape . 
Let A be the total surface area of the container. Inside a volume V, 

S 

a particle K moving with an average speed u , in time dt ,  will hit on an 

area dA when it is inside a volume, equal to 

u dt d~ cos e 

Thus , the probability P dt dA a 

collision with dA in time dt is: 

- - Cos dt dA 
Pdt dA V 

Taking the normal to dA a s  the axis of polar axis ,  the probability of K 

approaching dA in djrection 8 and 0 + de will be proportional to the solid 

angle at  dA subtended by these directions, and the chance that 8 l ies bet- 

ween 0 and 8+de is : 21~Sin 0 d0 - - Siri 0 de 
4 ~ i  ' 2 

But collision of K on dA is possible only for values of 0 cL when averaging out: 
- 2 

Integrating over a surface of A ,  

4v 
In a time At.so that P = la, ie certainty of a single collision then At =- 

uA 



. , 

b Suppos . in; . t h a i  t h e  amount o f  t ime consumed in a bollis ion i s  negligible ,.:the. ' ' ' ' 

t o t a l  number o f  co l l i s ion  per unit ti'me o n  a r e a  A '  is thus :  
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Cur ren t  ----- Research i n  Nult icompartment T race r  Analys i s  

I n  a t t emp t ing  t o  i d e n t i f y  a l i n e a r  mu l t i - com~ar tmen t  

model f o r  a s t e a d y - s t a t e  k i o l o @ i c a l  system us ing  t r a c e r  mehods, 

a p p r o p r i a t e  exper imenta l  data must be ob t a ined ,  I t  i s  of 

i n t e r e s t  t h a t  t he  neces sa ry  s e t  o f  exper imenta l  measurements 

c a p b l e t  c f  p rov id ing  enough in format ion  'to campla te ly  d e f i n e  

t h e  system i s  n o t  unique i n  t h a t  t h e  choice  of I n j e c t i a i n  and  

measurements t,o be performed can be s p e c i f i e d  i n  s e v e r a l  seemingly 

u n r e l a t e d  wzys. The g e n e r a l  p r i n c i p l e  under ly ing  what c o n s t i t u t e e  

a complete s e t  o f  exper imenta l  mensurements t h a t  can determine such 

a mu l t i compr tmen t  system i s ' n o w  k e i n g  i n v e s t i g a t e d .  

I n  s e c t i o n  I i t  i s  ~ r o p o s e d  t h a t  t he  e x i s t e n c e  o f  a p rope r ly  

d e f i n e d  r e f e r e n c e  compartment i s  a n e c e s s a r y  cond i t i on  f o r  

e s t a b l i s h i n g  t h e  comr le teness  of  a s e t  o f  measurement's ,, and a 
. . 

e e n e r a l  ~ ~ l g e b r a i c  a ~ p r o a c h  f o r  s t udy ing  t h e  problem i s  o u t l i n e d .  

I n  s e c t i o n  I1 i t  i s  shown t h a t  t h e  e x i s t e n c e  of  a r e f e r e n c e  

compartment i s  a n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  f o r  s o l u t i o n  

of an  n  compartment system i f  t h e  n  measurements t o  be perfor'ined 

are chosen from 2 columns o r  rows of  t h e  t r s n s i t i o n  ma t r ix .  .In 

s e c t i o n  111 t h e  equa t ions  and corre8ponding  condition,^ f o r  s o l u t i o n  

when measur tmant ,~  .are s e l e c t e d  from 3 and 4 columns a r e  compa.red. 

A g e n e r a l  mathemat ical  exp re s s ion  f o r  t h e  neces sa ry  c o n d i t i o n  f o r  

s o l u t i o n  f o r  any n  measurements i s  de r ived  i n  s e c t i o n  I V  and a 

p l c t o r i a . 1  analogue w i t h  the r e s u l t i n g  r e p r e s e n t a t i o n s  of  s e v e r a l  
- 

so1va.t l e  and non-solva.ble ca se s  a r e  prcsent.c~d i n  s e c t i o n  V, 



Generoll, A l ~ e b r a i c  Considerations -- --11-111. - 
C o n s i d e r  t h e  n  com~az*tmont l i n e a r  n y f l t r m  d e n c r i t c d  t y  t h e  

v e c t o r  'aqn.  ( 1  ) ,  whsre t h e  components x i  ( t )  , 1 , . . . n )  o f  t h e  

v e c t o r  x ( t )  3,rc t h e  concentrations o f  l a .he lcd  materiu.1 i n  each - 
cmjpsrtmont i and % l a  an (nxn) c o n ~ t ~ a n t  m a t r i x  compo;rd o r  t h e  

n' t r a n s f e r  r a t e s  aij ( i , j = l  ,. . . , n ) .  
B 

, ,$It 1ia.s been shovrn by H.  Hart, ( r e f ,  1 ) thxt ,  the ma.tr ix & - 
d e f i n i n g  the  s,viitem ( 1  ) can i n  ganwr:.al be s p ~ c i f i c d  by rncdsurlng 

I t h e  concnn t r i a t ions  x ,  ( t )  I n  1 c o m p ~ n r t ~ n r n t , ~  i f o r  s u f f i c l e n t 1 . y  
I L 
I 

I l o n g  p e r i o d s  o f  t i m e ,  a~ l suming  c o n s t x n t  i n i t i a l  conditfl.ons. 1 

T h e  v i i lues  Q-,(i, j = l , .  . . , n )  ckn be s x r r e ~ s e d  i n  te rms o f  t h e  L.l I 
~ a r s m e t r r e  ( k = 1  n )  and ~ ~ ~ ( i , k = l , .  . . , n )  of. t h e  s o l u t i o n s  ( 2 )  ' k 
which best f i t  t h e  e x p e r i m e n t s 1  d a t a .  

where i s  assumed# 0. ( T h i n  r cqu l remnnt  i a  always s a t l a f i e d ( r c f . 5 )  



. C  

Thuo mew surement  of t h e  concentr:q t i o n n  x; ( t )  i n  all , 

comportments 1, subject .  t o  const,rlnt i n i t i b i l  c o n d i t i o n s ,  ~ o n s t i t ~ u t a s  

a complotct s e t  o f  maasuraments ca~xitbl-e o f  d e f i n i n g  thc. syst,ern.* - -  

Ths ~ c n e r a . 1 ,  s o l u t d i o n  t o  ' t h e  systejrn ( I )  f o r  ini t i r ;a , l  ~onccri t~ratclons 

x(0) can  be v r i t t e n  i n  m a t r i x  form a n  fo l lown:  ( r e f .  2 , 3 )  - 

where - T ( t )  i o  t h e  (nxn)  s t a t e  t r x n s i t i o n  m a t r i x  w h o ~ e  e l e m e n t s  
A 

r e p r e s e n t  t h e  t r a c e r  concen t rn  t i o n  i n  tJke ith corn~ar t rnent  e t 

t ime  t nubsequent  t o  u n i t  i n j e c t i o n  i n  t h e  jth c o m ~ a r t r n e n t  a t  

time t.=O. I t  f o l l o ~ e ~ s  f r o m  t h e  ~ r a v i o u s  d i ~ l c u ~ 3 i o n  t t ~ ~  t, 

measurrfirncnt of a, complete column j o f  t h e  t r o n s i t ' i o n  m a t r i x  

c o n s t i t u t e s  a. comrl.eta s e t  ,of rnea~urnments  from which t h e  nL 

p a r a m e t e r s  a i i o r  e q u i v a l s n t l y  all t h e  a lemcnt  s o f  t h e  t r a n s i t  Ion 

----- --- -------- ---- 
-complete s e t  o ~ z c a s l l r n m r n t  s c a y n t l e  o f  d r f i n i n g  a svntcm 
i s  a s e t  o f  i n j e c t i o n s  2nd m e f i s u r ~ m e n t s  which  ill i n  e e n e r n l  
permf t d e  termina t a l o n  o f  a 1 1  aij . We a r e  n o t  c o n s i d e r i n g  t h e  
e f f e c t  o f  a n y  s ~ e c l s l  r c l a t i o n s h i g  t h n t  mxy e x i s t  between t h e  a;j, 
of  a ~ a r t i c u l : 2 r  sys tem.  



.. 
%: m a t r i x  can k o  deterrnin(?d.  .l!nowledga of :? n i n t ~ l e  row i o f  t h e  

t r a . n s i t i o n  m a t r i x  1% 3 l s o  s u f f i c i a n t  t o  unirruely d e f i n s  t h e  model 

( r e f .  4 ) .  I h y ~ i c a l l ~ y  t h e  rt!sasurernant o f  a s i n g l e  row 1 o f  t h e  
-- 

t r a n e i t i o n  m a t r i x  I m p l i e s  t h a t  i n j e c t i o n s  ? r e b  mzde i n  e a c h  o f  the  

n compartments ~ s p a r i r t c l y  and t h e  a c t i v i t y  o f  t h e  ith compartmpnt 

i s  measured a f t e r  c a c h  i n j e c t i o n .  I n  a d d i t i o n  t o  ony complete 

row o r  column c e r t a i n  o t h e r  combina t ions  o f  n e l a v e n t s  o f  t h e  

t r a n s i t i o n  m a t r i x  a r e  s u f f i c i e n t  t o  d e s c r i l ~ e  t h e  systcm. A s  

w i l r t l  be v e r i f i e d ,  i f  any s e t  o f  n e l e m e n t s  o f  T (do  n o t )  c o n s t i t u t e  - 
~3 comple te  s e t  c a p a t l c  o f  d e f i n i n g  t h e  m:; t r i x  & t h e n  the c c r r e s p m i i n g  

e larncnts  of' ttip t r a n s p o s e d  m a t r i x  a l s o  (do  n o t )  c o n s t i t u t e !  a, compl-ete 

s e t .  While o n l y  t h e  n  e l e m e n t s  o f  :d role o r  a column I n  c e n ~ r n l  

u n i q u e l x  d e f i n e  t h e  sys tem,  w e  a r e  h e r e  r e f e r r i n p  t o  t h o s e  o t h e r  

s e t s  o f  n  e l ements  f o r  ~brhich t h e  n u m e r i c ~ l  v s l u r s  of a l l  n2 e l e m ~ n t s  

aij can  kc detxrmined s u b j e c t  t o  n r e s i d u a l  a r n t i ~ u i t y  i n  n s n i g n i n g  

t h e  v8 l u e s .  

E q u a t i o n  (3)  can be w r i t t e n  i n  m a t r i x  form 

where t h e  d i o . ~ o n i i l  e lement8  o f  a r c  the  r i e ~ n v b - l u e s  o f  a and  - - 

t h e  e i g e n v e c t o r s  idre t h e  columns o f  A . - - The n  a i g e n v a l u e s  

( 1  . , . , con be de te rmined  from t h e  rnessurrmant o f  any 

e ls rnent  T i j  of t he  t r a n s i t i o n  m a t r i x  a v e r  :I l o n e  enough t ime t and 

t h e  ~ a r a r n e t e r n  Ji t h e n  d e f i n e  t h e  i n v s r i n n t , ~  o f  t h e  m a t r i x  ( t r a c e ,  

d e t e r r n i n e n t ,  e t c .  ) .  For  a two c o m ~ a r t m ~ n t  nvst-em con .o ida rn t ion  

o f  the invar4 .an t s  l e a d s  t o  two a q u ~  t i o n s  i n  f o u r  unknowno: 



a,, + = J, + A L  ( t r a c e )  

S i n c e  mareurement cf  any e lement  T i j  i s  n l s c  s u f f i c i e n t  t o  

d e t e r m i n e  t h e  c o r r t ? ~ ~ o n d i n &  e lement  ULj -of  t h e  m a t r i x  6 ( r e f .  5 ) ,  + 

i t  i s  e v i d e n t  t h a t  t h e  system o f  e q u a t i o n s  ( 7 )  c8n k e  s o l v e d  i f  

t h c  e l amen t s  o f  any rovr o r  column o f  T anc?, t h e r e f o r e ,  also o f  5 
a - - 

a r e  known. I t  i s  a l s o  appa.re.n t t h a t  3 s o l u t i o n  cnn be oktia i n e d  
Y 

if T I x  and  T,, a r e  n e a s u r e d  (i. e. q a s n d  a,, d e t e r m i n e d ) .  Note 

however,  t h a t  t h e  s u t  of diagonsil  ~ l r r n c n t s  T,,  and T,, dopa n o t  

r e s u l t  i n  a complete s o l u t i o n  f o r  t he  2x2 n!utrix a i n c a  o n l y  - 

t h e  p r o d u c t  of  a and a,, can be s p e c i f i e d  ( f i c .  1 ) .  
1 . l  

For  a t h r e e  com~nr t rnen t  nyntsm e a c h  r l e m ~ n t  T;,j  p e r m i t s  a;.; 

a n 6  tho  c o f a c t o r  o f  ( I j ; to  be de te rmined .  Another  i n v n r i s n t ,  

t h e  t r a c e  of  the a d j o i n t  o f  a ( i . e .  t h e  sum o f  t h e  c o f a c t o r s  
4 

o f  t h a  dia.gonct1 e l e a e n t s  of ) can te e x p r e s s e d  i n  te rms of - 
t h e J t s .  G e n e r a l l y ,  f o r  e v e r y  n  el.emcnts o f  - IT ( n m )  known, o - 
nystem o f  nL n o n - l i n e a r  a l g e b r a i c  e q u a t i o n s  ( r r f . 5 )  cllr be s e t  u p  

f o r  t h e  nd  Q i j ' ~  t l u t  i f  t h e  n e l r m e n t s  rlre n o t  i n  t h e  R s m e  column 

o r  row t h e s e  e q u a t i o n s  may n o t  a l l -  he  independe 'nt  and  o n l y  ; ~ a r t i a l .  

s o l u t , i o n s  can be o b t a i n e d ,  

The s e v e n t e e n  r1hysic:llly d i f f a r c n t  ways of  s e l e c t d i n g  the! t h r e e  

e lements  Tij f o r  n=3 %PC i n d l c n t e d  i n  f i g . 2  r l h ~ r e  any m a t r i x  r eeu l t ing  

from a s i m ~ l c  r e l a t e l i n g  c t  .rows o r  column9 i s  considerf td equlvz?l rmt 

and i s  n o t  shown. S e t s  o f  e l e m e n t s  o f  T whose t rnr ispose  eltnmcnts - - 
a r e  physicn.'l?'y d i f f e r e n t  b u t  .have r?quiv .~lent ;  n:l.~ekrl:!.ic solut . ions ,::.re 

7- 
' n o t e d  by t h e  s u p e r s c r i p t .  . 



I t  can Ce seen from f i g . 2  t h a t  w i t h  t h c  e x c e p t i o n  o f  j17  

a , l l  o f  t h e  cases  l e a d i n e  t o  r a r t l a l  s o l u t i o n s  f a l l  i n t o  two 

c a t e g o r i e s :  

1 )  Two o r  more nensured  e lements  a r e  on t h e  diw,gcnal o f  2 - 

2 )  No measursd c lement  a p p e a r s  from one of  t h e   column^ and 

a none from one o f  the row8 of  - T.  ( # ' a  8,9,12-15) - 
Y 

Upon oxamina t ion ,  t h e  s e t s  o f  complete in jec t ion-measurementas  

f a l l  i n t o  two c l a s s e s ,  c o r r e s p o n d i n g  i n  a a e n s e ,  t o  t h e  two b a s i c  

s o l u t i o n s  of  one complete column c r  one complete row o f  t h e  

t r a n s i t i o n  m a t r i x .  The colurnn s c t s  o f  t r 8 ~ s i t i o n  m a t r i x  e l e m e n t s  

r e f l e c t  e x p e r i m e n t s  i n  which one comy.nrtment, i ~ ;  i n j e c t e d  and 811 

o f  t h e  n  compartments a r e  measured. The i n  j c c t e d  comrartment  

can be viewed a s  a " r c f r r e n c e  compartment" w i t h  r e s p e c t  t o  which ' 

a l l  n  meusur'ements a r e  k c i n 6  talcen. G e n e r a l i z i n g  t h i s  concmpt 

a n e t  o f  t r a n s i t i o n  m a t r i x  e l e m e n t s  such as  T , ,  ,T,, ,T,, may a l s o  

be, viewed as e x h i b i t i n g  a r e f e r e n c e  compartment. C1earl.y T , ,  

and T x ,  r e f e r  t o  t h e  common r e f e r e n c e  i n j e c t i o n  c o m ~ a r t m e n t  1 . 
However, compartment 3 n l u o  r e f e r s  t o  t h e  injection compartment 1 

a l b e i t  i n d i r e c t l y  t h r o u g h  compartment 2 .  T h u s  T I !  ,T,, and T3cL 

form n compl.ete s e t  wh8raa .s  f o r  example T,, ,TAl  a n d  Ta3 w o u l d  n o t .  

The c o r r e s p o n d i n g  g e n e r r x l i z ; ~ t i o n  a p p l i e s  f o r  t h e  common r e f e r e n c e  

rrlsantlrc*ment compo,rtment. For  many s e t s  of  t r a n s i t i o n  e l e m e n t s  

more t h a n  one common r e f e r e n c e  comr%,rtnent is operative ( n = 2 ,  #3) ,  

(n=3,  #'s 5 ,6  and 7 ) .  I n  c a s e  7 ,  a l l  t h r e e  corny:~rt'mcnts can  

be viewed a s  t h e  r e f e r e n c e  compartment.  V f  awing cornpa.rtment 1 



. . _ . . _ - I   element,^ o f  -_- T known 
rb 

E l e m e n t s  o f  t h ~ t  can be d e t e r m i r l :  - ..--.--. - - - - - - . _  

complete ~ o l u t i o n  

1 )  9 T " l  ) K l I  9 Ql,, Q X , ,  a,, (: :) 
2)(1') TI1 ,TI, ('@) 

q r t i n l  s o l u t i o n  Er_----- 

4)  T , ,  , T x 4  (. (,) all ) (" 0 )  

f i g .  1 

c o m g e t e  s o l u t i o n  -- -I--- 

a r t i a l  s o l u t i o n  p.. - - -  - - - - - 
&!I Cltz & 3 L '  

all a1, A ,  %, (." :) 



. . . . 
. . 

r, . as the? re ference :  e n t i t y ,  T,, i , n d i c a t e s ~  th3 t  2 ' i s  b e i n g  mea.sured 

. d i r e c t 1 . y  w i t h  r e s p e c t  tr? 1 .  I. . .  

T , i A  indXc;.?tcs th:',.it, 3 ' is b e i ' n ~  

measured witah r e s p e c t  t o  1. i 'ndirc , ,c t l .y  t h r o u g h  2 .  TIs. i nd ica te s  
.- .. . 

t h a t  1 i s  b e i n g  measured doub ly  i n d i r e c t l y  f i r s t  t h r o u g h  3 and 

t h e n  t h r o u a h  2. 

I n  -summary t h e  ob.servad necesanry ::nd suf f icT: :n t  c o n d i t i o n  

f o r  c? comple te  so,l.ut,ion ; ~ ~ b e ' n  n='2 a i ~ d  n=3 i s  t h a t :  

) A l l -  n  comca'rtment.s rriuat be e f t l ~ e r  measured o r  i n j e c t e d  
. v r i  t.h r e s p c t  30 n common r e fe rence  compa.rt,ment. 

P . . 

. . 

N e c e s s a r y  --- Ccndi t,ion for t h e  Cornplc t,enc!~s o f  .a S e t  o f  Mea.surc-:ments -- 
in a Ctenert.?.l n -  Corn~trtr1'1c.?~r1-I; Svs1;r:m --- - --.---- U- .----- 

r7; 
, .RT. 

ii' I t  w , i l , l  now te proven  t,h.at s t a t e m e n t  (H) above  i s . - a ' l s o  the 
,!- 
. , :necessary c o n d i t i o n  f o r  t h e  comple teness  o f  2. s a t  of measurements  
f'. 

T 8.n t h e  p e n e r a l  n compartment c a s e ,  ' 

From e q u a t i o n s  (4b )  .and ( 5 )  it i s  c l e a r  t h a t  t h e   coefficient^ 

o f  t h e  e x F o n e n t i a l s  in t h e  jth co lu~nn  o f  t h e  t r a n s i t i o n  m a t r i x  
T-. 

. f b r m  an k i K  m a t r i x  ( symbol i zed  b y  &' ) c o r r n s y o n d i n ~  t o  ' a  u n i t .  
1 .  

- 
? I, 
i n j e c t i o n  i n  t h e  jth comp~.r t rnent .  
4: 

R e w r i t i n g  e q u a t i o n  ( 6 )  i n  
bbl , 
%his new n o t a t i c n :  
8 . '  A; 

A,, A,; Nj, 
'a - - : (A') 4 (hjjd' where = - 

- - - .- - 
d . j  
n.1 A,,. . . . A:, . 

, . ,  , ,.c j . , ' .  

S i n c e  t h e  m a t r i x  - 4 ' d i s . g o n a l i z e s  & - - , (A')-'~ ( A i )  = 2 
.- - - 9 - .- - 

. t h e  corresy; 'onding cs igenvector  e q u a t i o n s  a.re :- 
. . 

U 



1 where A n  i s  t h e  e i g e n v r c t o r  c o r r e s p o n d i n g  t o  tile kth column o f  

the  m a t r i x  . - - 
S i n c e  c o r r c a r o n d i n e  columns k o f  a n y  two mnt r i cen   a and A_ - d ' 

- - 

3.1-8 e i g e n v e c t o r s  o f  (C - w i t h  t h e  same s i c e n v a l u e  An t h e  r a t i o s  - 

Y o f  t h e i r  coml~onents  must be c o n s t a n t .  

b The e l e m e n t s  i n  equca.tions ( 1  0a) .;ara f u r t h e r  re la . te?d  k,,y t h e  n  

c o n d i t i o n s :  

I t  w i l l  be shown i n  t h e  Appendix t h a t  u n l e s s  e x a c t l y  one 

e lement  o f  T i s  measured i n  each  of  t h e  columns o r  rows,  a 
1 j o a ~ c r ~ ~ l / , ,  

complete s o l u t i o n  i s  n J ~ ~ r " o S t ~ d i n n b l e .  To f u r t h e r  examine t h e  

r e q u i r e m e n t  f o r  a complete s o l u t i o n  conn idgr  now an e x p e r i m e n t a l  

d e s i g n  o f  n  exper iments  i n  which one e lement  ( 3 ' )  s e l e c t e d  randomly 

f o r  e a c h  row o f  t h e  t r f t n s l t i o n  m a t r i x  I s  i n  f a c t  measured.* From 
< 

(101) i t  f o l l o w s  t ,hat all of  t h e  unknowns can  be e x p r e s s e d  I n  t e rms  

3 119 3 
4). R e w r i t i n g  ( I O i r )  an Air; = (%) A ~ ' k  i t  i s  r r a d i l y  scen 
t h a t  t h e  a l g e b r a i c  formal ism i s  essent ia l ! .y  ic?entic:-11 when one 
e lement  ( j '  s e l e c t e d  randomly f o r  e r c h  column) o f  t h e  t r a n s i t i o n  
m a t r i x  i s  determined.  



o f  t h e  remain in6  n (n -1  ) unknowns o f  t h e  i' row. 

The formral s o l u t i o n  f o r  thesc. r e m a i n i n s  unknowns w i l l  be 

comple te  i f  t h e  n(n-1 ) e q u a t i o n s  o f  ( l o b )  r e l s t i n g  t o  t h e s e  

unknown8 a r c  . i n  f a c t  independen t .  The ,  independence  o f  t heaa  

e q u a t i o n 8  f o r  v a r i o u s  cases  w i l l  be examined i n  d e t a i l  i n  t h e  

auksequen t  S @ c t i o n s .  



Two Column E x p e r i r e n t a  1 Design 

Cons ider  t h e  c a s e  where t h e  n  e lements  o f  t h e  t r a n s i t i o n  

m a t r i x  a r e  e x ~ e r i m e n t a l l g  dotermined i n  two columns, s and t of  T. - - 
For  f u t u r e  r e f e r e n c e ,  t h e  2 colwnn c o n f i g u r a t i o n  i s  d e s i g n a t e d  n,r;l 

t h e  c a s e ,  m=2. Then w e  can d e f i n e :  

ns .: t h e  number of  measured e lements  i n  column 8 

1P "t ' 
t h e  number o f  measured  element,^ in column t 

.P 

The rows of  t h e  m e a s u r e d  e lements  i n  cclumn s a.ra l a b e l l e d :  

and the rows cf t7rirr measured e lements  i n  column t Fare l a b e l l e d :  

ltTo two rows o r  T: can be? t h e  sans s i n c e  a s  i n d i c a t e d  i n  the 

a ~ p e n d i x  a 1 1  rows must be r e r r e s e n t e d .  I n  t h e  akova r e p r e  sen  tat icn 

the  mei.ksured e lements  of  the  t r a n s i t i o n  m a t r i x  i n  columns a and t 

a r e  r e a p e c t l v @ l y :  Tr5 ( = ) and T c k  ( iz,,zA,. .-,r,$ 

and t h e  cor responding  experlment:a.lly de t e rminab l e  c o c f f i c i a n t s  o f  
S t 

t h e  t e rms  @'kt a r e  Ark and A,, , (k=l ,..., n ) .  The remainj  ~n . ul 

unmeasured e lements  of  T i n  columns s and t a r e  r e s p e c t i v e l y  - - 
T t s  ( - E = E , , T x ,  . - . T  @t ) and T,* ("=T,<, . -  - 1  

k> r . )  z.nd t h e  corresyonc?i!ig 

5 t nd' c o e f f i c i e n t s  A , ,  and A,rr , (k=l,. . . , n )  a r e  t h e r e f o r e  unknowns. 

I t  ' w i l l  be s u f f i c l e c t  f o r  t h e  f o l l o v i n g  a n a l - y s l s  t o  examine 

t h e  r e l a t i o n s  (10 )  f o r  t h e  tlrro columns j r = S  a n d  j =t ~ i l o n e .  

Chooslne I '  a r b i t r a r i l y  t o  be t h e  f i x e d  rcw 5 t h e s e  a r e :  



The r e l a t i o n s  ( 1  18 )  and ( I  1 b )  t 0 g e t h e . r  c o n s t i t u t e  :n" e q u a . t l o n s  

f o r  d e t e r m i n i n g  the nd unknown c , o c f f i c i e n t s  i n .  t h e  n unmen.sured 

e l e m e n t s  o f  t h o  s a n d  t columns o f  t h e  T l ' j  m a t r i x .  S u b s t i t u t i n g  

( I  l a )  i n  ( 1  l b )  t h e  system o f  equations (12)  c o n s i s t s  of  n  cc,ual:ions 

f o r  t h e  n unknowns 
t 
A ( k = 1  n )  i n  t h e  unknown e lement  Tqt , 

i n  t e rms  o f  which all o t h e r  unknowns have keen e x r r c a s e d  i n  ( l l a ) .  

where known v a l u e s  a p p e a r  i n  b ra . cke t s  and unkn0wn.s a r e  i n  p a r e n t h c s n s .  

t A complete s o l u t i o n  f o r  t h e  A c K  i s  n o t  p o s s l b l r  i f  311. ht 
and  v a n i s h .  This i n  r e a d i l y  seen  b y  d e v i d i n g  e q u a t i o n s  ( 1 2 3 )  



by any  unknown A& K and m u l t l ~ l y i n e  e q u a t i o n s  ( 1  k g  t h e  name 
I P 

unknown, The r e s u l t i n 8  e q u a t i o n s  w i l l  c o n t a i n  o n l y  t h e  (n-1 ) 
AC 

r a t i o s  (,#P) and a comple te  301-ution i s  t h r r d o r v  p r e c l u d d .  
A; K,. 

The n e c e s s a r y  c o n d i t i o n  f o r  a comple te  s o l u t i o n  Is  t h e r e f o r e :  

d! * 
E i t h e r  one o f  t h e  unmeasured rovIs 0- I n  column t is n u m e r i c a l l y  

' e q u a l  t o  t ( i . a .  i s  a d i a g o n a l  c l e m e n t  o f  t h e  T l j  m a t r i x )  o r  one 

o f  t h e  unmeasured rows T" i n  column s i n  n u m c r i c z l l y  e q u a l  t o  e 
$ 

(1 .e .  a l s o  w d i a g o n a l  e l e m e n t ) .  A comple te  s o l u t i o n  i s  t h e r e f o r e  

c l e a r l y  unoktainasblc  i f  ? o f  t i le  n  e x p e r i m e n t a l l y  measured e l e m e n t 8  

o f  t h e  t r a n ~ i t i o n  m u t r i x  o c c u r  on t h e  d i a g o n a l .  A l t e r n a t i v e l y ,  

t h i s  means tha t  a s o l u t i o n  f o r  a c s n  o n l y  k8e ob ta i r l ed  i? a t  l e a s t  - 

one o f  t h e  i n j e c t e d  compar tments ,  f o r  i n s t a n c e  8 ,  i s  measured a f t e r  

an I n j e c t i o n  i n  t k e  o t h e r  compartment t . T h e r e f o r e ,  t can s e r v e  

as the n e c e s s a r y  " r e f c r e n c e  comy?artmentf' o f  s t a t e m e n t  ( O( ) . 
I f  t h e  measured e l e m e n t s  of  t h e  t r a n ~ i t ~ l c n  m t r i x  , ? re  r e s t l r i c t e d  

t o  two rows r a t h e r  t h a n  t o  two columns,  t h e  above: a . n a l y s I s  f o l l o w s  

e x a c t l y  w i t h  a r : p r o r r i a t e  s u b s c r i l : t  and  s u y e * r s c r i p t  i n t e rchange**  

a n d  t h e  " r e f c r e n c e  compcrtment" r e q u i r e m e n t  o f  s t a t e m e n t  ( c x )  

r e m a i n s  v a l i d ,  

K T  -- --- ------_I_-. A_.--- 

If s and t now r e ~ r e ~ e n l  2 rows of  T and t h e  v:lriakI.cn G and 1 
a r e  t,hc colurnnn o f  t h e  measured e l cmen t s= in  e:jch row, a l l  a q u a t i o n s  
a r e  v a l i d  i f  t h e  s u b s c r i p t s  gland Z: and t,he s u p e r s c r i p t s  t (2nd 8 ?re 
i n t e r c h a n g e d .  For example ,  e q u a t i o n s  ( 1  2 )  %hctco;m: 



T i v e  e and Four Column Expo r i m & ~ z . t & l  De s l ~  - 

.- 
Co,nslder t h e  c a s e s  where m c o m p r t m e n t s  a r c i n j e c t e d  end 

s l l  n  (nbm) compartmentk a r e  measured f o r  m = 3  and m = 4 .  Extending 

t h e  . n o t a t i o n  of  t h e  p r ev ious  s e c t i o n  (m=2,casc )  t o  m = 3  and rn=h,' 

t h e  i n j e c t e d  c o m ~ a r t m e n t a  a r e  1akel . led r ,  s ,  and  t f o r  m = 3  and 

r , ~ , t ,  and u  f o r  m=4. The number of me-zsured e lements  i n  

co$urnnn r , s , t , a n d  u a r e  n, ,ns , n k  , a n d  n$ r e s p e c t i v e l y .  

Thus, n = n k  +n, +nt  +n, , T ~ ~ h o r o  f o r  m=3, n,= 0. 
9 

The rows o f  measured e l emen t s  i n  column r a r e  l g t e l l e d  j,ip*;.;gP 

The n  rnea,sur&d e l e ~ n e n t , s  o f  T a r e  Tpr ,TT5 , T L t  ,TULL* - . - 
a" Thus,  t h e  n cxpe'rimen'ts.l ly de termina ,b le  c o e f f i c i e n t s .  a r e :  

k .  J. ' -p u 
A p n  A,. A,, and.A,,* , 

. . 

A11 unknowns i n  columns r , s ,  t , a n d  u  ( e . ~ .  i n  column s t h e s e  a r e  
S 5 $, ,AcK , a n d  A & * )  can be e x ~ r e s s e d  u s ing  ( 1 0 a )  i n  terms of  t h e  

(m-1 )n such  unknowns i n  any row i t .  Choosing It= 7 ,  and 

s u b s t i t u t i n g  thc r e s u l t i n e  e x p r e s s i o n s  of  ( I on )  i n t , c  ( l o b )  t h e  

f o l l o w i n g  systems of e q u a t i o n s  can  be n e t  up f o r  t.he ( m - 1  )n 

k' f LC unknowna %k 'b;n , 2nd $k , (k=1 ,,. . . , n )  

- --- 
4 t  

- 
m=4 o n l y  , " 





The follo!.ring o k s e r v a t i c n s  c o n s c e r n i n c  e ~ c t - 1  o f  t,k,c s e t s  

o f  e q u a t i o n s  ( 1 4 3 ) ,  ( I l + k ) ,  ( lL:c) ,  ( 1 4 d )  a r e  ok~vious ;  

1 > Each a c t  o f  &qu ,? t ions  c o r r p s r o n d s  t,o one o f  t h e  m columns 

r , s , t , u  s s  n o t e d  by t h e  s ~ c o n d  i n d e x  of  t . 1 ~ ~  d e l t a  f u n c t i o n s  

i n  e a c h  s e t .  

2 )  There  c:in be n t  most ane d e l t a  func t , ion  e q u a l  t o  1 i n  e3ch 

s e t  ( no two rows cam be t h e  s a n e  ) 

" 3 )  If a l l  d e l t a ' s  a r e  z c r o  i n  3ny s e t  t h e n  t,he d i o @ o n a l  c l ement  

has  keen measured i n  t h e  column c o r r e s p o n d i n g  t o  t h a t  s e t .  

4 A l l  o f  t h e  (m-1 ) n  unknowns i n  row 'P.p~-erar i n  ez.ch s e t .  

I f  e a c h  of  t h e  e q u a t i o n s  ( 1 4 ) -  i s  devided by  t t a  unknown 

! 1 
e x p r e s s i o n  i n  t he  kp  t e rm,  t h e  n(m-1) unknown  coefficient,^ ALK 

1 on t h e  l e f t  heand s i d e  o f  t h e  e q u a t i o n s  t r i l l  be rep>acec? t , y  ( y l - l ) ( m - 1 )  
d 

unknown r a t i o n  A ~ K ~ / A ! , ~  ( q f p ) .  The r c c i ~ r i c a l  of  t h e  unknown 

~ e x p r e s s i o n  i n  t h e  kp term w i l l  a p p e a r  on t h e  r i g h t  hand s i d e  

m o d i f i e d  by t h e  c o r r e s p o n d i n g  d e l t a  f u n c t i o n  s o  t h a t  t h e  number 

of unknown e x p r e s s i o n s  on the, r i g h t  hand s i d e  of  c a c h  s e t  i s  z c r o  

o r  one d e ~ e n d i n g  on whether  n d i a g c n a l  e lement  has  keen  measured 

o r  n o t  i n  t h o  c o r r e s p c n d i n g  column. S ince  t h e  numter  of  unknowns 

on ' t l ie  l e f t  k1a.n.d a i d e  of eo ch s e t  h a s  been reduced b y  (m-1  ) , (n-l  ) 

i n d a r e n d a n t  unknowns must tipLfear on t h e  r iel i t ,  h.?nd ? , i d e  o f  t h e  

e q u a t i o n s  i f  9, s o l u t i o n  can  be found.  S i n c e  a t  most one d e l t a  

f u n c t i o n  can be e q u a l  t o  1 i n  e&ch  s e t ,  a t  l e a s t  (m-1 ) of t h e  m 

s e t s  must cont t i in  a del'ta. f u n c t i o n  egua.1 t o  1.. I n  view o f  

okaerva t , ion  3 a t o v a  t h i s  means t h a t  n o t  more t h a n  cne d i a g o n n l  



e l e m e n t  can be r e a s u r c d .  Moreover ,  s i n c e  t h e  unknown c o e f f i c i e n t  

e x p r e s s i o n s  m o d i f y i n e  t h e  (m-1) non-zc rc  del . t ,a la  must a13. be 

i n d e p e n d e n t  o n l y  c e r t a i n  s e t s  o f  d e l t a ' s  l e a d  t o  a comple te  s o l u t i o n .  

t t- F o r  example ,  if @ S  and Jdt Ptre eoual. t,o 1 , t h e  unknowns A q K p  

and ' / A : +  v ! i l l .  a p p e a r  on t h e  r .h.s .  o f  t h e  e q u r t i o n s .  S i n c e  

these two e x p r e s s i o n s  a r e  i n d e p e n d e n t ,  8 sol.ut . ion cRn be! found i f  

m = 3 .  Hoviever, i f  JbkS and  l;b* P a r e  t h e  o n l y  non-ze ro  d e l t a ' s  

f o r  m=3, o n l y  
4 

and i t s  r e c i p r o c a l  '/hiKp w i l l  a p p e a r  on 

t h e  r . h . s .  and n o  s o l u t i o n  can  be found.  . 
'P 

R o t i c e  t W t  i n  e a c h  d e l t a  f u n c t i o n  two columns n r q  i n  n s a n s c  

r e ~ r e s e n t ~ e d  s i n c e  t h e  row v a r i a b l e  r e f e r s  t o  t h e  ccluuin i n  wnich 

i t  was measured ,  For  examp1.q r e f e r s  t o  columns r and & . 
The d e l t a  JcXr a l s o  r e f e r s  t o  t h e  same columns s and r h u t  i n  

reverses .  The r , h . s .  unknown c o e f f i c i e n t s  o f  any  two d i f f e r e n t  

d e l t a ' s  which r e f e r  i o  t h e  same two colunins n r c ?  r e c i ~ r o c : ~ l s  o f  

I one a n o t h + r  and 3i?0 , t h e r e f o r t ? ,  d e y e n d e n t ,  i. e . ,  t h e i r  p r o d u c t  

I i s  e q u a l  t o  1 .  I ience, a t~ c y c l i c  p n i r t '  o f iwn-ze ro  d e l t a ' s  

s u c h  a s '  sf5 and l8r d o e s  n o t  p r o v i d e  two i n d e ~ e n d e n t  unknowne. 

(No te ,  however ,  t h a t  n s o l u t i o n  1.9 o l , t a . inak le  if' i n  a d d i t i o n  t o  

the " c y c l i c  p a i r "  a n  a d d i t i o n a l  d e l t a  (e .6 .  &+t) i u  n o t  z e r o  

t h u s  f o r m i n g  a "non c y c l i c  p.irtt  w i t h  a n y  of t h e  two o t h e r s . )  

I n  view o f  t h e  above ,  i t  can  ke s e e n  t,ha.t b y  e x c l u d i n g  all 

s u c h  "cycbl.J.c p a i r s "  o n l y  t h e  follow in^ sets of  (m-1) d e l t a ' s  

( i . e . ,  a l s o  t h e i r  p r o d u c t s )  must  be s e t  e q u a l  t o  1 i f  t h e  

independence  r e q u i r e m e n t  is t o  be m e t  f o r  m = 3 .  
-- -------- --- 

t p* a n d  u-.l; a r e  one o f  t h e  rows menaured I n  colums and 
S r e s p e c t i v e l y .  



a 

S i n c e  t h e  l a b e l l i n g  o f  columns i s  3 r k i t r a r y ,  it can be seen 
cp ~ t h a t  c o n d i t i o n s  a )  t h r o u g h  e )  a r e  e q u i v a l e n t .  Thus t h e  r e l a t i o n s  

~ a )  t o  f )  can  be reduced t o  t h e  f o l l o w i n g  t v o  n e c e s s a r y  c o n d i t i o n s  

~ for s o , l u t i o n  where t s n d  r a r e  a n y  two o f  t h e  t h r e e  i n j e c t e d  
i 

compartments: (Each d e l t a  i m p l i e s  t h a t  a c e r t a i n  e lement  must 

be measured as  i n d i c a t e d  i n  t h e  t a b l e  rat the r i g h t  o f  ( 1 5 )  ) 

measured e l e m e n t s  -- 

c o n d i t i o n  1 : 5c*+ . J@* r = r qs , T ~ S  ( 1 5 4  

c o n d i t i o n  2 ,! 
S6+t . 51% r = 1 

I If e i t h e r  c o n d i t i o n  f a  s a t i s f i e d  a complete s o l u t i o n  can  be 

de te rmined .  C o n d i t i o n  1 i m p l i e s  t h a t  the   element,^ &, and -rrs 
a r e  measured. C o n d i t i o n  3 i m p l i e s  th8.t t h e  e l e m e n t s  xs 2 n d  

rrC a r e  measured. E i t h e r  o f  t h e s e  c o n d i t i o n s  a l s o  i m p l i e s  t h a t  

crc, =O and sf t-- =0 f o r  3.11 v a l u e s  o f  -L and  Q 

T h e r e f o r e ,  t h e  o n l y  d i a g o n a l  e l ement  t h a t  c:ln be mezsurcd i n  T S 5  . 
--- -- 

t t  & and &% a r e  t ~ ~ e r ~ t r ~ w ~ e ~ r c d  i n  t h e  sanle 
column, s , 



Compartment la can be r e f e r r e d  t,o a s  t h e  r e f e r e n c e  ccmpe.rtment i n  

t h e  sense t h a t  any mcaourernents rr.a,de i n  column t o r  r a r e  l i n k e d  
- - 

t o  compartment s th rough  t h e  measurements T t S  and  Trs f o r  

c o n d i t i o n  1 o r  a r e  i n d i r e c t l y  so l i n k e d  i n  t h e  c a s e  ( c o n d i t i o n  2 )  

where r i s  l i n k e d  t o  t th rough  T,+ znd i s  ir, t u r n  l i n k e d  t o  s 

t h r o u g h  TtS . 
Ey c o n s i d e r i n g  the f i y ~ t e m  o f  e q u a t i o n s  ( 1 4 )  f o r  m=4, a 

coi ' respcnding s e t  o f  c o r l d i t i o n s  can be d-r-trrminrd f o r  t h e  independence  

"of  t h e  system. Hero, a t  l e a s t  thre5 (m-1 ) d e l t a ' s  must kc csoun] 

I t  t o  one where, an i n  the, ceae  , m = 3 ,  c y c l i c  p n i r s "  such a s  Jp-( s , &yip 

a r e  exc luded .  S e t a  such  as GxS, Jflt  , J=;r* p a r e  nlno c y c l i c a l l y  

r e l a t e d  and m u n t  be exc luded  f o r  m = 4  nincs.an p r a v i o u n l y  d e a c r i t e d  

t h e  c o r r e s p o n d i n g  c o e f f i c i e n t  e x p r e s s i o n s  of  t h e  k p  t e rms  ~ r r  

dependent  ( i . e .  t t e i r  p r o d u c t  i s  e q u a l  t o  o n e ) .  

ncccRsr ry  
me3 s u r e d  e lements  ------I-&-. - 

C o n d i t i o n  1 : &c*t F&++u I 

C o n d i t i o n  2 : $6-1 do-Vr $x*u ( 
- T t s  9 T,-, 9 (16b) 

C o n d i t i o n  3 : J-flt JC*r dT**U. - - \ T t s  9 T r t  , T t ~ i  ( 1 6 ~ )  

C o n d i t i o n  4 : d / a r  cPII= I 

En,ch o f  t h a s s  c c n d i t i o n s  imply  tha t ,  s u f f i c i e n t  measurement 

measurements l i n k i n e  e a c h  i n j e c t e d  compar tment . to  t h e  r e f c r e n c e  

compartment S e i t h e r  d i r e c t l y  o r  i n d i r e c t 1 . y  have been r'rm.de. 

The ~ o n d i t ~ i o n n  1 and 2 f o r  m = 3  and 1 t o  4 f o r  ni-4 , can e q u a l l y  

be a ~ p l i e d  t o  t h e  caPes  where t h e  n  e l e m e n t s  Ere se lcc t . ed  from m 



rows and no two elements w e  in t,be ~ ~ q r n e  column. The symbols 

s,t,r,u would then r e ~ r e s e n t  t h e  m rows and t h e  r e q u i r e d  measured 

elementn (e.8. T t s  , TpS f o r  cond.1, m = 3  ) would have t h e i r  

s u t a c r i p t s  r eve r sed  (e.(;. T S t  , T S p  ). 



An e x t e n s i o n  o f  t h e  c o n s i d e r a . t i o n s  o f  t h e  p r e v i o u s  s e c t i o n  - -  

t o  t h e  gener tn l  c a s e  where  n  e l e m e n t s  T *  from m c o l l ~ m n ' s  a ( p = l , .  . . ,m) '. J P 
a r e  measured can now 1:e n;ad0, nssumlnc a s  hesforo t h n t  no  two 

e l e m e n t s  % r e  x e z s u r e d  i n  t h e  same row. 

A new symbolism is employed. The! rows measured i n  e a c h  

- cofumn J a r e  l a b e l l e d  Ira ( q r l  , . . . , n  ) where t h e  s u b s c r i p t  q 

qnumters  t h e  d i f f e r e n t  rows mo?asured i n  column j and np i s  t h e  
P 

number o f  rows n~easurctd i n  c o l u a n  jt . 
The v a l u e s ,  

a r e ,  t k e r e f o r e ,  t h e  rnessured c o e f f i c i e n t . . :  and 

a r e  t h e  unknown c o e f f i c i e n t s  t o  be de te rmined .  The l a t t e r  

must s a t i s f y  t h e  i n i t i u l  c o n d i t i o n s  ( l o b )  f o r  t h e  (n-n,,) unmeasured 

e l e m e n t s  T 1  (p/fp)  i n  each column J : 
'p/ lp P 

The t o t a l  number o f  s u c h  ec lua t ions  e q u : i l s  nxm-n = nx(m-1). 

Usin:: t h e  r a l a t i o n s h i ~  between t h e   coefficient^ ( I & ) ,  we 

mzy a r b i t r a r i l y  choose a s ~ r c i f i c  row i'= IF, ; t h e n ,  a l l  unknowns 
~ a '  

( p 3 p )  can t e  e x p r e s s e d  i n  te rms of t h e  nxm c o e f f i c i e n t s  
L ,  / K  
p a  



A i n  row l p i  and columns : ~ n d  t h e  measured 
I 

e l e m e n t  A P '  i n  erlch row l p / % /  
Lp'?' h 

S u V s t i t u t i n g  i n  ( l7a) t h e  r e s u l t d i n e  system o f  e n u n t i o n s  f o r  t h e  

wnx(m-1 ) unknowns i n  row i g  is: 

The sys tem o f  e q u r t i o n s  (18) r e p r e s e n t s  m s e t s  o f  (n-np ) 

t q u n t i o n s  c o r r e s g o n d i n e  t,o the  rn columns jp . I,f p c r  F '  i s  

e q u a l  t o  h , t he  unknown r a t i o  i n  r a r e n t h c s i s  w i l l  c o n t a i n  o n l y  

one unmea.sured c o n s t a n t .  

R e s t a t i n g  the c o n s i d e r a t i o n s  d e s c r i b e d  I n  t,he p r e v i o u s  s e c t i o n ,  

i f  we d e v i d e  each  e q u a t i o n  by  t h e  unknown r a t i o  in, e . ~ . ' ,  t h e  k, 

t e r m ,  t h e  t o t a l  number o f  indexenden t  unknoerns on t h e  l e f t  hand 

s i d e  o f  t h e  e q u a t i o n s  w i l l  k,e reduced  b j r  (m-1) a n d  (m-1) unknotrns 

where e i t h e r  p o r  p'  b u t  n o t  b o t h  may' bc e q u a l  t o  5, a p p e a r  a s  

c o e f f l c l e n t s  of t h e  d e l t a  func i . lons  on ' the  r i g h t  hand s i d e  cf %he 



I equations.  Thus, t he  tota l  number of unknowns on. the right hand s ide  of t he  

resulting equivalent set of equations depends on the  values of the  delta functions, 

varying from 0 if a l l  del ta ' s  are equal t o  0 t o  (m-1 ) if a t  l e a s t  (m-1) de l ta ' s  having 

independent coefficients are  equal t o  one.  Further s ince  we have assumed that  no 

two elements in the  same row are  measured, a t  most one value of At/*/ d p can 

be equal  t o  one for each  p. If t he  (m-1) non-2ero de l ta ' s  a re  numbered by the 
,- 

subscript  f - ~  , ( ) , - '  , p = 1, ..., (m-1), the  condi t ionthat  a t  l e a s t  (m-1) 

values of delta must be equal t o  1 can be written: 

where t he  coefficients of the  (m-1 ) del ta ' s  must be .J. adependent . Considering 

that  t he  coefficients of the  ,& 
~ / y  r a re  the  unknown ratios (19) and that  each  

a l s o  appears  in reciprocal form a s  the  coefficient of the  delta having reversed p 

subscr ip t s ,  A,,? , the  product of two such coefficients is one , and therefore, 

two non-zero de l ta ' s  will not have independent coefficients i f  their  indeces p .and 

p '  are  reversed.  In fact ,  i f  the  product of any p' coefficients (19) is one s o  
P- ' 

* f  
tha t  1 I (r/p/)r is a l s o  one, they can  only represent (pl-1) independent unknowns. 

F=r 

Thus, t he  condition for t he  indep endence of the  (m-1 ) coefficients ( 19) modifying 

the  (m-1) non-zero de l ta ' s  in (20a) is' 



I n  c o n c l u s i o n ,  i : f  a s o l u t i o n  can be found,  condj . t ions  (20a )  

and (20b) must kte sa . tLs f ied  f o r  a t  l e a s t ,  ( m - 1  ) measurenente T * i 3  
Cond i t i on  ( 2 0 3 )  Im+&%etn t h a t  o f  t h e  n measured e lements  Tij ,  a t  l e a s t  

(m-1 ) me~sure rnen t s  m u s t  kc o f  t h e  form a, /  ( p ' p '  ) , where 

j i s  numerica.11-y enlinl t o  (m-1 ) of t h e  rnea~u rad  columns. ~ 
T h i s  means t h a t  ( m - I )  o f  t h e  i n j e c t e d  compart,ment,n jp must be 

measured a f t e r  i n j e c t i o n  i n  a n o t h e r  compnrtmrr~t  J p /  (non-d i saona l  

m e a s u r e ~ e n t s )  , and t h e  remain ing  i n j e c t e d  compartment may o r  

may n o t  be rceasured dli~gonal. ly,  S i n c s  t h a  r a t i o s  ( p i p t  )y 

a r e  i n d e p n d e n t  ( 20b ) ,  i f  j ,  i s  measured with r e s p e c t  t o  J, , 
Ja must k e  measured wi th  r e s p c t  t o  3 d i f f e r e n t  compartment j, 

(assuming n 7 2 ,  m 7 2  ) e t c .  Th is  s u ~ g e s t ~ s  n p i c t o r i a l  analog.  
1 

I f  we r e p r e s e n t  t h e  (m-1) n e c e s s a r i l y  measured e lements  T 
J p a Y  

( i n ~ e c t e d  compa,rtmer~t 3 P' , measured compartment jp ) t y  t h e  

r e p r e s e n t a t i o n :  

>P d p' 

schemtalic r e p r e s e n t a t i o n  o f  t h c  nessurement  T*, ------- ----.-----.---- 

c o n d i t i o n  (20b)  impl lnn t h a t  no"cycl4c  connection&' can "u m d d e  

i n  t h e  r e p r e s e n t a t i o n  of t h e  (m-1 ) n e c e s s a r y  rne:isurements. For  

example, i f m ) 3  t h e  f o l l owing  schemes 0 . k ~  prec luded .  



l e a d  t.o a s o l u t i o n  f o r  m=Q, 

The d i a g r s m a t i c  sk!.iarnes f o r  t h e  n e c e s s a r y  c o n d i t i o n c  ( 2 0 )  

ar: g i v e n  i n  s ~ c t i o n  V f o r  v a r i o u s  v a l u e s  of  m .  I t  can be 

Reen t h a t  all of  t h e  rn compartments a r e  measured e i t h e r  d i r e c t l y  
'4 

o r  i n d i r e c t l y  w i t h  r e s p e c t  t o  a comm'on r e f e r e n c e  c o q a r t m e n t  , @ . 
S i n c e  t h e  rcrnalning (n-rn) comp2rtments a r e  all measured w i t h  

r e s p e c t  t o  one of the m i n j e c t e d  comp:a.rtment.s, t h e y  a r e  a,lso 

measured w i t h  r e s r e c t  t o  t h e  r e f e r e n c e  compartment,  though i n d i r e c t l y .  

T l ~ e  above c o n c l u s i o n s  a r e ,  o f  c o u r s e ,  v a l i d  w i t h  a p r r o p r i a t e  

m o d i f i c a t i o r l  when m r e f e r s  t o  t h e  numker o f  men.sured rows from 

which t h e  n  msasured e l e m e n t s  a r e  s e l e c t e d  s o  t h a t  no two a r e  I n  

t h e  same column. The schemes 511 V w i l l  be 

a r rows  a r e  r e v e r s e d .  



The d i~? ,gr ra .~nat ic  ac! le tne.~ f o r  . t l . ~ ~ :  (r- 1 ) .necessary 'me.:[ ourc.menta of 

c o n d i t i o n  (20 )  a r e  shown t e l o w  f o r  m=2,3,4, 2nd 5 , ( n 2  m). A l l  

m .  compartments a r e  mea-sured w i t h  r e s p c t  t o  t h e  r a f e r ~ n c e  i n j e c t i o n  

cornpart4ment .@ . S i n c e  t,hc r e f e r e n c e  comps,rtment @ tnay be 
. . 

measured.wi t t1  r e s p e c t  t o  any .of t h e  rn c o i n p r t m e n t s ,  t h i s  1 8  

i n d i c a t e d  by' the mea.surement 
. . @A@ . . . '  l f @ k ' e r f  R 

common r e  f e r e n c c  - m a  surament  cornp3,rtrnent' , all :-trrr?ws would.. be 

(iJ . .  

't' 





C o n s i d e r  t h e  cs.se where n e l e m e n t s  o f  T_ sre measured - 
I n  m, columna and m rows where q < n and mr ( n .  C l e a r l y ,  

a t  l e a s t  two measured e l e m e n t s  must be i n  t h e  same row and a t  

l e a s t  two measured e l e m e n t s  must be i n  t h e  szme column o f  T_ . - 
T.ka d i a t i n c t  ca?ses a r i s e  ns  ind1cate.d i n  f i e . 3 ,  depending on 

whe the r  one o f  t h e  mea,surad elements i s  I n  b o t h  2 row and s 
1 

column t h a t  c o n t e i n ~  a n o t h e r  measured e lement  ( case1  ) o r  n o t  (c3,se ?) .  

Case 2 

Case 1 :  The! mei~.sured elements i n  rows i, and i, o n d  column 
/ 

j, o r  jz are: T;4L .- I L ~ , , '  
The e lement  TL,$,  1 8  unknown, The e q u a t i o n s  (103) 

J I can  br used  t,c de te rmine  t h e  unknown c o e f f i c l c n t s  A (k,l,,.;n) 
4 



.S ince  t h e  q u a n t i t i e s  i n  b r a c k e t s .  a r e  known, 
T4 $ 1  

can be complete ly  

determined us ing  t h e  n equa t ions  (21 ).  T h e r e f o r e ,  t he  number of' 

e q u a t i o n s  , ( l O a )  has been reduced by n  and t h e  number of equz t ions  

( 1  0b) has been reduced b y  one . Ilencs. t h e  t o t a l  numker of  

e q ~ i t i o n s  ( 1  0 )  has t e e n  reduced by (n+l) , whereas t h e  t o t a l  number 

.of unknowns hss  on ly  Open reduceh by  n .  C l e a r l y  t h e  system of 

e q u a t i o n s  (10 )  cannot be so lved  f o r  a l l  unknowns i n  case  1 .  

Case 2 

The measured e l e r n e n t , ~  o f  T_ i n  rows I\ ,Iz ,.I3 
/ 

8;n.d columns 
- - 

j , J r  9 0' J3 all@t: 7 ~ 3  , L$/ L i z ,  
x3,3 - 1  / 

Unmeasured e lements  i n  these .same rows and colutnns a r e :  

The unknown c o e f f i c i e n t s  ~3 cor responding  t o  t h e s e  unknown valuss I 
L K 

of  - T can be expressed  us ing  ( 10a) i n  terms of t h e  n unknowns i n  - 
t h e  element T b a . ,  



The 5 e q u a t i o n s  ( l o b )  f o r  t h e  5 unknown e?lements o f  - T i n  - 
t h e  s p e c i f i e d  rows and columns t r i l l  t h e r e f o r e  on ly  c o n t a i n  t h e  

d.3 n unknowns A i K  (k=1 , . . . ,n) . 

C l e a r l y  Case 2 does n o t  a p p l y  t o  n L 4 .  I f  n=4,  the sys tem o f  

e q u a t i o n s  ( 2 3 )  c o n s i s t s  o f  5 e q u a t i o n s  i n  4 unknowns. Using 

( 2 3 )  a ao lu t im  i s  a t  most o b t a i n a b l e  f o r  the? 5n unknowns i n  e q u a t i o n s  

( 2 2 ) ,  s i n c e  t h e  number o f  r emain ing  independen t  equa. t ions  (10 )  w i l l  

be less t h an  t h o  number of remaining unknowns. 

If n=5, (23)  i s  o n l y  s o l v a b l e  f o r  t h e  5 unknowns '3 ( k = l , .  . . n )  * l ~  
i f  a t  l e a s t  one of  the d e l t a  f u n c t i o n s  i s  e q u a l  t o  one. T h i s  

w i l l  be t r u e  i f  a t  l c r s t  one of t h e  5 unknowns Tql, ,TGiL,Th4 ,T$dt,TlzIJ, 

I s  d i a g o n a l  i n  which c a s e  t h e  5n unknowns In ( 2 3 )  car! be determined.  

If s u c h  a p a r t i a l  s o l u t i o n  i s  o b t a i n a b l e ,  t h e  number of a d d i t i o n a l l y  

de t e rminab l e  unknowns depends on t h e  l o c a t i o n  of  t h e  rcms in ing  ( 5 t h )  

meaoured e lement .  I t  can e i t h e r  be s e l e c t e d  s o  t h a t  i t  lies i n  

one o f  t h e  remain ing  columns 4 , j 5  and one o f  the remaining rows $,  

IS, o r  s o  that o n l y  one row i s  4,i,, o r  one column i s  j,+ o r a 5  . 



I n  t h e  l a t t e r  case,  two c o n f i g u r k t i o n s  s i m i l a r  t o  Case 1 r e s u l t ,  

and o n l y  two a d d i t i o n a l  e l e m e n t s  T ;  can k e  de tcrmined.  b For  

example,  i f  t h e  5th, measured elernant i s  T b C v  then T ~ & +  and TLla,, 

can be determined u s i n g  2n e q u a t i o n s  ( 1 0 a ) .  

where A * ~  h a s  been p r e v i o u s l y  determined from e q u a t i o n s  ( 2 3 ) .  
L.ak 

a n d  the q u a n t i t i e s  i n  brackets! a r e  measured. The s o l u t i o n  (24)  

r e d u c e s  t h e  a v a i l a b l e  e q u a t i o n s  ( l o b )  f o r  t h e  remaining unknowns 

by 2. S i n c e  t h e  number of remaining e q u a t i o n s  ( 1  0 )  w i l l  be 2 

l e s s  t h a n  t h e  number of r emain ing  unknownn, a complete s o l u t i o n  i s  

u n o b t a i n a b l e ,  

I n  t h e  renlaining c a s e  whars t h e  Sth measured e lement  l i e s  i n  

a d i f f e r e n t  row I,+ and a d i f f e r e n t  column ,jy a c o n p l e t e  s o l u t i o n  i s  

s t i l l  u n o b t a i n a k l s .  T h i s  can be s e e n  s i n c e  t h e  3n unknowns o f  

t h e  3 e l e m e n t s  T ; i  i n  column J y  and rows 3, ,i,, 4 ,  and t h e  3n 

unknowns of t h e  3 e l e m e n t s  i n  row iy and columns J , , J, , J, can  

be e x p r e s s e d  u s i n g  (10%)  i n  terms of t h e  n  unlrnowns i n  any one .of  

t h e  6 e l e m e n t s ,  e . 8 .  T L A j y e  I-Ience 6 e q u a t i o n s  ( l o b )  can be w r i t t e n  

t o  c o n t a i n  o n l y  t h e  5 p r e v i o u s l y  undetermined unknowns A i? 
1, K 



where the t e r m s  in b r a c k e t s  a r e  e i t h e r  mensurecl o r  p r e v i o u s l y  determind 

Th i s  r educes  t h e  number of e q u a t i o n s  (10)  s o  t h a t  t h e r e  i s  one l e s s  

e q u a t i o n  f a . r . t h e  remaining unknowns t h a n  t h e  number o r  such  unknowns. 

A complete s o l u t i o n  i~ t h e r e f o r e ,  a l s o  unob t a inab l e  f o r  n=5 i n  b0t.L; 

6 o r  n >  5 s i m i l a r  r e a s o n i n g  can be used t o  show that n Complete 1:) 
s o l u h o n  v ir i s  generally unob t a inab l e  i n  Cases1 .ind 2. - 
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I 

A t w j  n  p r o b e  high r e s o l u t i o n  f o c u s j n g  c o l l  jmntor  c o j n c j  dcnce  s c a n n i n g  

sys tem has bccn dcvelopcd which can tornoeraphi c;11 l y  j maec rnult i  -mi 1 I i ~ n o t c r  

s t r u c , t u r e s .  The t h r e e  d i rncnsionaj  d c t c c t i  on :~nd  jrn:rf;inl; cnpn1r:i 1 i t i  c:;, t h c  

r c l a t c d  o f f - f o c a l  s u p p r e s s i o n  and t h e  s e n s i t j v . i t y  a r c  comparcd wi th  ~ t a n d n r c l  

1 
t e c h n j  ques  . 



I .  INTRODUCTION 

In  most r ad io i so tope  imaging, t h e  informat ion  obta ined  c o n s t i t u t e s  

e s s e n t i a l l y  a  2-dimensional p r o j e c t i o n  of  t h e  3-dimensional r ad io i so tope  

t i s s u e  d i s t r i b u t i o n  (1):  That t h i s  is  t r u e  even when focus ing  co l l ima to r s  

a r c  emplAyed i s  evidenced by t h e i r  i soresponse  s u r f a c e s  which c h a r a c t e r -  

i s t i c a l l y  e x h i b i t  sharp  l a t e r a l  d i s c r i m i n a t i o n  bu t  much l e s s  r ap id  v a r i a t i o n  

i n  s e n s i t i v i t y  a long  t h e  l o n g i t u d i n a l  a x i s .  In  photographic terms,  t h e  r e -  

s u l t i n g  images can be c h a r a c t e r i z e d  a s  having a  r e l a t i v e l y  high l a t e r a l  

r e s o l u t i o n  with a  l a r g e  l o n g i t u d i n a l  depth of  focus .  The d e t e c t i o n  of  a  small  

co ld  l e s i o n  imbedded i n  a  r a d i o a c t i v e  medium t h e r e f o r e  normally involves  

n o t  on ly  i d e n t i f i c a t i o n  o f  a  cont inuous reg ion  wherein t h e  count  d e f e c t  

i s  s t a t i s t i c a l l y  u n l i k e l y  ( i . e .  more than  t h r e e  s t anda rd  dev ia t ions  removed 

from t h e  average expec ta t ion  i n  surrounding a r e a s )  bu t  t h e  a b i l i t y  t o  c o r r e c t l y  

a t t r i b u t e  image v a r i a t i o n s  a r i s i n g  from q u i t e  independent phys io log ica l  

and/or  s t r u c t u r a l  f a c t o r s .  For example, v a r i a t i o n s  i n  overal.1 organ th i ckness  

o r  bone s h i e l d i n g  can r e s u l t  i n  s u b s t a n t i a l  l o c a l  changes i n  t h e  imagc dens i -  

t i e s  recorded .  The above d i f f i c u l t i e s  have con t r ibu ted  t o  l i m i t i n g  t h e  

e f f e c t i v e n e s s  of  r ad io i so tope  imaging a s  a  means of  d e t e c t i n g  small  l e s i o n s  

and i n  p a r t i c u l a r  small  co ld  l e s i o n s .  

If t h e  l o n g i t u d i n a l  depth o f  focus can bc s o  reduced t h a t  only 

succes s ive  s e c t i o n s  of  i n t e r e s t  a r e  evidenced with o f f - f o c a l  p lane  

c o n t r i b u t i o n s  h igh ly  suppressed,  then  c l e a r l y  t h e  count excess  o r  count 

d e f e c t  a r i s i n g  from a  small  l e s i o n  wi th in  t h e  r e l a t i v e l y  t h i n  foca l  s l a b  w i l l  

be s t a t i s t i c a l l y  much more s i g n i  f i c a n t  an"dpur ious  interpretations a r j  s i n g  

from o f f - f o c a l  f a c t o r s  minimized, This  can be done, of  course ,  somewhat 

e f f e c t i v e l y  i n  x-ray tomography by smearing o f f - f o c a l  p lane  con t r ibu t ions  



and i ckn t i fy ing  high s p a t i a l  frequency informat ion  a s  n e c e s s a r i l y  a r i s i n g  

from s t r u c t u r e  wi th in  t h e  p lane  o f  i n t e r e s t .  I n  t h e  equ iva l en t  form o f  r ad io -  

i s o t o p e  tomography, however, it appears  t h a t  t h e  cons iderably  poore r  s t a t i s t i c s  

involved and t h e  ghost  images and o t h e r  a r t i f a c t s  a s s o c i a t e d  with d i s c r e t e  

o f f - f o c a l  p l ane  s t r u c t u r e  may t end  t o  l i m i t  r e s o l u t i o n  and l e s i o n  d e t e c t i o n .  

I Ana ly t i c  methods, i n  genera l  employing computers, have had more success  

i n  c o r r e l a t i n g  i n h e r e n t l y  l o n g i t u d i n a l l y  i n s e n s i t i v e  informat ion  t o  ob ta in  

improved 3-dimensional r e p r e s e n t a t i o n s  (17) .  X-ray t ransmiss ion  tomography h a s ,  o f  

course ,  been s t r i k i n g l y  e f f e c t i v e  i n  c h a r a c t e r i z i n g  t i s s u e  d e n s i t i e s .  Computer 

. ana lys i s  has  a l s o  been app l i ed  i n  Nuclear Medicine where t h e  r e s u l t i n g  3-dimensional I 
I 

r e p r e s e n t a t i o n  of  t h e  r ad io i so tope  d i s t r i b u t i o n  can c h a r a c t e r i z e  normal o r  patho-  1 

l o g i c a l  t i s s u e  func t ion .  I , 

I n  most of t h e s e  techniques  (2) ,  t h e  raw d a t a  e s s e n t i a l l y  r e f l e c t s  gmna- ray  

emission occu r r ing  throughout  3-dimensional r ad io i so tope  d i s t r i b u t i o n s .  There i s  

l i t t l e  i f  any r e j e c t i o n  p r i o r  t o  a n a l y s i s ,  of counts  a r i s i n g  from o f f - f o c a l  

p l ane  s i t e s .  While such i n i t i a l  r a t h e r  genera l  acceptance of counts  u s u a l l y  

Lenables t h e  subsequent a n a l y s i s  t o  succes s ive ly  "focus" on d i f f e r e n t  

p l a n e s ,  e x t r a c t i o n  of  maximal informat ion  f o r  any one p lane  i s  correspondirlgly 

r e s t r i c t e d .  Off - foca l  p lane  counts  may s o  exceed t h e  c o n t r i b u t i o n s  from t h e  

f o c a l  reg ion  o f  i n t e r e s t  t h a t  r e l a t i v e l y  minor f l u c t u a t i o n s  i n  s t a t i s t i c s  o r  

o f f - f o c a l  s t r u c t u r e  may s i g n i f i c a n t l y  degrade the  f o c a l  p lane  image. 

I t  fo l lows  from t h e  above t h a t  any means whereby o f f - f o c a l  c o n t r i b u t i o n s  

can be suppressed o r  i d e n t i f i e d  may improve t h e  u l t i m a t e  s p a t i a l  r e s o l u t i o n  

p o s s i b l e .  This  i s  i n  f a c t  t h e  r a t i o ~ a l e  f o r  t h e  technique of  Focusing Col l imator  

Coincidence Scanning (FCCS). (Other approaches t o  t h i s  end a r e  p o s i t r o n  

a n n i h i l a t i o n  time- o f - f l i g h t  measurement, x-ray f luorescence  scanning and 

, cornprltcrizcd r econs t ruc t ion  (16) . I f  t h e  counts  accepted a t  each 



scan  :po 's i t ion a r e  r e s t r i c t e d  a  p r i o r i  t o  t hose  a r i s i n g  from r a d i o a c t i v e  

decays w i t h i n  t h e  f o c a l  volume, small  v a r i a t i o n s  i n  t h e  r ad io i so tope  f o c a l  

concen t r a t ion  should be more d e t e c t a b l e .  This  i s  because t h e  r e s u l t i n g  

changes jn t h e  c o u n t ~ r a t e  w i l l  then be a much l a r g e r  f r a c t i o n  of  t h e  t o t a l  

and more l i k e l y  t o  be s t a t i s t i c a l l y  s i g n i f i c a n t .  

In FCCS, t h e  cmphasis on foca l  even t s  i s  accomplished by us ing  i so topes  

which decay by m u l t i p l c  gamma-ray emj s s i  ons and by r c s t r i  c t i n g  t h c  counts 

accepted  t o  t hose  co inc idences  a r i s i n g  from a s i n g l e  nuc lea r  decay i n  which I 
t h e  emi t t ed  gamma-rays s e p a r a t e l y  s t r i k e  two of t h e  angulated confocal  

probes.  S ince  t h e  f i e l d s  o f  view o f  t h e  s e p a r a t e  probes only over lap  

w i t h i n  t h e i r  common foca l  r eg ion ,  t he  co inc idence  requirement s e v e r e l y  

l i m i t s  t h e  volume be ing  rad ioassayed  a t  any one t ime.  

The co inc idence  r eq t~ i r emen t  o f  FCCS does ,  o f  course ,  s i g n i f i c a n t l y  

reduce t h e  t o t a l  number of gamma-ray even t s  a.cceptcd. Therefore, the  

o v e r a l l  FCCS c o t ~ n t  r a t c  i s  much lowcr than t h a t  f o r  standarcl s j n g l c  gamma 

scanning  and some o f  t h e  tomographic techniques  under development which 

c o n t i n u a l l y  accept  countsfrom a  much l a r g e r  reg ion  ( 2 ) .  The t ime r equ i r ed  

f o r  a  complete t h r e e  dimensional FCCS scan  o f  l a r g e  organs such a s  t h e  l i v e r  

o r  f o r  o b t a j n j n g  t o t a l  body c ros s  s e c t i o n s  i s  t h e r e f o r e  l i k e l y  t o  be long ,  

In many p o t e n t i a l  app l j  c a t j ~ o n s  , howcvcr, t he  t j  s suc  volumc, of genuine i n t c r c s t  

i s  a c t u a l l y  q u i t e  r e s t r i c t e d .  In t h y r o i d ,  c a r d i a c  and evcri poss ib ly  

p r o s t a t e  o r  pa ra thy ro id  scanning,  f o r  example, only a  small  volume of t i s s u e  

i s  l i k e l y  t o  be of  concern and the  time r equ i r ed  f o r  t h e  scan s l~ou ld  t h e r e -  

f o r e  bc r e l a t i v e l y  s h o r t .  Counts acccptcd from t i s s u e  morc than a  fcw 

centi .meters riway from t h e  r eg ion  of i n t c r c s t  (01: evcn a s  I i t t 1 . c  a s  onc 

ccn t imc tc r  away) might not  con t r i l )u t c  t o  a n d ,  i n  Fac t ,  might on ly  sc rvc  t o  



degrade scan  q u a l i t y  w i th in  t h e  r eg ion  of i n t e r e s t .  The high resolut . ion 

c a p a b i l i t i e s  o f  FCCS demonstrated i n  t h i s  r e p o r t  may be requi red  f o r  such 

a p p l i c a t i o n s .  , . 

The c a p a b i l i t i e s  o f  FCCS were f i r s t  examined exper imenta l ly  us ing  

i251. A s i n g l e  s h o r t  focus l a r g e  s o l i d  ang le  focus ing  co l l in la tor  was lised and 

co inc idences  de t ec t ed  simply by accep t ing  only  those  "events" corresponding 

t o  t h k  summed energy o f  t h e  12'1 co inc iden t  gamma and K s h e l l  x - ray .  Using 

$ t h i s  s imple r a t h e r  long r e s o l v i n g  t ime,  summed energy coincidence 

~ t echnique  and a  f a r  from i d e a l  co l l ima to r  geometry, i t  was s t i l l  p o s s j h l e  

t o  show t h a t  t h e  image o f  a  p o i n t  source was s i g n i f i c a n t l y  reduced i n  s i z e  

over  t h a t  ob ta ined  when t h e  energy window was ad jus t ed  t o  acccpt  s i n g l e  gamma- 

r a y s  ( 3 ) .  A two probe cxperiment with low e f f i c i  cncy col l imn to r s ,  again 

ttsjng t h e  summcd energy technique ,  i n d j  ca tcd  t h c  possi  bi 1 j t y  of improvc!cl 

c o l d  l e s i o n  d e t e c t i o n  ( 4 ) .  Since t h c  genera l  thcory  o f  FCCS (5) i nd ica t ed  

t h e  importance of a vcry  s h o r t  r e s o l v i n g  time t o  minjmizc s t a t i s t i c a l  coincidcnccs 
I 

I 
and s i n c e  s u p e r i o r  col l jma to r s  had become available, i  t was decided t o  c a r r y  

l 

o u t  a  two probe experiment i.n which summcd energy coincidcncc ga t jng  would 
I 

I 
be rep laced  by modern much h ighe r  specd e l e c t r o n i c  pu l sc  techniques and t o  

employ a  phantom wjth a s imula ted  cold l e s i o n  somcwhat sma l l c r  than could be 

~ d e t e c t e d  by o t h e r  c u r r e n t  scanning techniques .  The experirncnt t oge thc r  with 

~ r e l a t e d  theo ry  r equ i r ed  f o r  a  q u a l i t a t i v e  d i scuss ion  of  r e su l t s1  a r e  repor tcd  

be low. 

~ In Sec t ion  TI, t h e  genera l  theory  of  FCCS i s  p a r t i c u l a r i z e d  t o  

reflect t h e  cxpcrimcntal  dcs ign  parameters ,  and t h e  concept of  a  t h r c c  

dimensional volumc information d c n s i t y  i s  introduced. I n  Scc t ion  111 t h c  
I - 



expcrimenta, ,  arrangcmcnt i s  d c t a i l c d  and t h c  systcrn po in t  sourcc rcsponsc 

c h a r a c t c r i z c d .  Jn Sec t ion  J V ,  t h c  r c s u l t s  of scanning an cxpcrimcntnl 

phantom a r e  presented  and d i scussed .  System modif ica t ions  f o r  p o s s i b l e  c l i n i c a i  

a p p l i c a t i o n s  of FCCS a r e  considered i n  Sec t ion  V .  

J 1  . TIIEORETJCAl, CONS JDERA'i'TOIIS 

A .  1,esion De tcc t jb i  l i t y  Usjng FCCS 

Jn t h c  gcncra l  j d c a l j  zccl thcory  o f  FCCS (5) n conf igu r :~ t ion  w:ls 

assumed such a s  appears i n  F ig .  1. 'I'hjs gcometry j s  e s s e n t j a l l y  cquiva lcn t  

t o  haeing N s i n g l e  channel c o l l i m a t o r - d e t e c t o r  assemblies  s o  sepa ra t ed  t h a t  

t h e i r  o f f - focus  over lap  can be neg lec t ed  and with no sep ta1  o r  c o l l j m a t o r  

p e n e t r a t i o n .  I t  w i i l  be f u r t h e r  assumed, pu re ly  f o r  convenience, t h a t  t h c  

count ing  e f f i c i e n c i e s  a r e  t h e  same f o r  each gamma ray  energy. I f  t h e  a c t u a l  

energy dependence were taken i n t o  account ,  t h i s  would no t  changc t h e  b a s i c  

form o f  t h e  r e s u l t j n g  express ions  below except  f o r  vcry simple mul t i -  

p l j c a t j v c  f a c t o r s  ( 1 1 ) .  Anl;ulnr c o r r c l n t i o n  j s  a l s o  n c j ~ l c c t c ~ l  nntl f o r  t hc  

I f  t h c  N d e t e c t o r s  a r c  opcratcd j n  t h c  sun~rncd cncrgy modc nnd jl: 

s t a t i s t i c a l  coincidences a r e  ncgl .ected,  t h c  count r a t c s  of  'I'a1)l.c I. (systcm 

conf igu ra t ion  A) apply,  whcrc: 2 i s  t l ~ c  avcragc s j  ng1.c channcl, cf.Fj.ci.cncy; 2D 

i s  t h e  numbcr-of-gamma-rays/sccond cmi t tcd  pc r  v n j t  volumc; ant1 y2 a r c  t h c  

s i n g l e  gamma-ray count r a t c s  from o f f - f o c a l  s i t c s  and f o c a l  s i t c s ,  r c s p c c t ~ . v c l y ;  

q l  and 4 a r e  t h e  coincident count r a t c s  from o f f - foca l  s i t e s  and foca l  s j t c s  
2 

If  t h e r e  i s  a  s h o r t  summing tjme 1̂ dur ing  whj ch s t a t j  s t 5  c a l  coincitlcnccs 



can  o c c u r  and a  dead t i m e  f o l l o w i n g ,  d u r i n g  which no e v e n t s  a r c  r e c o r d e d ,  

m o d i f i c a t i o n s  must b e  made. Again f o l l o w i n g  t h c  a n n l y s j s  o f  flnrt ( S ) ,  t h c  

r e s u l t i n g  coun t  r a t e s  f o r  t h e  N d e t e c t o r  a p p c a r  i n  T a b l e  1 (sys tcm c o n f j g u r n t j o n  

Thc N-channel c l c t c c t o r  j.n t h e  twin  p robe  conf i .gura t i .on  o f  t h e  c u r r e n t  
2 

c o i n c i d e n c e  exper iment  a p p e a r s  i n  F i g .  2 .  S i n c e  o n l y  c o i n c i d c n c e s  a c t i v a t i n g  

b o t h  p r o b e s  were a c c c p t e d  i n  t h e  exper iment  b e i n g  r e p o r t e d ,  M = 0 (in 
I 1 

c o n f j g u r a t j - o n s  A and ll, doublc  gamma-ray c o j n c j d c n c c s  impingjny, on a  s i n g l c  

p r o b c  wcrc j n c l u d c d  a s  w e l l ) ,  Note t h : ~ t  w h i l c  M I  in  t h c  j t l c a l i z c d  t h c o r y  

Form:~l ly  r c p r c s c n t s  t h o s e  v e r y  u n l j k c l y  c v c n t s  f o r  v~tl.ich b o t h  j:narn:l rays  

go th rough  t h e  i d e n t i c a l  c o l l i m a t o r  c h a n n e l ,  i n  p r a c t i c e  n e i g h b o r i n g  and 

n e a r  n e i  g h b o r i n g  c o l l i m a t o r  c h a n n e l s  exhi  b i t  s u b s t a n t j  a 1  o f f - f o c a l  o v c r l a p .  

However, t h e  r e q u i r e m e n t  t h a t  bo th  p r o b e s  be  a c t i v a t e d  s i m u l t a n c o u s l y  a lmos t  

c o m p l e t e l y  e l i m i n a t e s  t h e  e f f e c t  o f  o f f - f o c a l  o v c r l a p  provided t h e  s i n g l e  gamma 

coun t  r a t e  j.s s u f f j . c i c n t l y  I.ot.6 and t11c resol .vj .ng t i m e  s u : f f . i c ~ . c n t l y  s h o r t  t o  

minjmi z c  r ; t a t j  s t i c a l  c o i n c i  d c n c c s .  'I'hi s assure!; :I rcs:;on:~l>ly c f l ' c c t i  v o  

d i v i s i o n  of  t h e  scanncd t i s s u e  volume i n t o  an N c l ~ n n i ~ o l  ovcrl :~ppinj;  foc;13 

rcf: ion 4 and a sinj!lc.-ch:~irncl : ~ c c c s s . i h l c  o f  f '-focal 1/01 ljrrlc IJV i rr :~ccor( l :~ncc 
:;c ' 

w j  t h  t h o  thcorc1:i c:ll :~r;srlmyrI. i orlri. Art c:qt t  i v : ~  lent, ; ~ ~ ~ j ~ r o : ~ r l i ,  1 1 1 ; i  111; :I 1 1  i l ! l i~ r  

momcnt a.na1ysi.s i n  a  gamma camera sys tcm whj.ch pcrr11i. t~ t11c gcbnlc t r jc  scp:lral:.ion 

c r i t e r i o n  f o r  r e j e c t i o n  t o  b e  v a r i e d  con t j .nuous ly ,  a p p e a r s  c l  scwhcrc (6) . 
I h c  ex.pcrj.mcntc.~l. r equ i rcmcnt  t h a t  bo th  p r o b e s  be  : ict~.v:~tccl  n o t  o n l y  c:rus;cr; A 1  

t o  v a n i s h  b u t  r e s u l t s  i n  hal.vj.ng t h e  o t h c r  coj.nci.clcncc t e r m s .  Thc r e s u l  ti.np, 

coun t  r a t e  c h a r a c t c r i s t i c s  a p p c a r  j n  'Pablc 1 (sys tcm c o n f i g u r n t j o n  C )  . Thc 
r 

f a c t o r  o f  2 i n  t h e  dcnoni inator  o f  t h e s e  f o c a l  and o f f - f o c a l  c o i n c i d c n c c  r a t c s  



i s  due t o  t h e  r e j e c t i o n  o f  coincidences i n  which-both :gamma. r ~ y s  - s t r i k e  . t he  

same probe.  

In t h e  experiment a c t u a l l y  c a r r i e d  out  cach probe was gated t o  

respond t o  only onc of  t h e  two gamma ray  ene rg i c s  and another  modif icat ion 

i n  t h e  t h e o r e t i c a l  count r a t e s  of  Tablc 1 ,  system conf igu ra t ion  C i s  t h e r e f o r e  

i n d i c a t e d .  I t  w i l l  be u s e f u l  i n  c a r r y i n g  out  t h i s  f i n a l  adjustment t o  

t a b u l a t e  t h e  d i f f e r e n t  l o g i c a l  d e t e c t i o n  p o s s i b i l i t i e s  i n  ~ a b l c  2 .  Both s i n g l e  

gamma count r a t e s  (Table 1, columns 1  and 2, Row D) a r e  halved because a s  i s  

i n d i c a t e d  i n  Table 2 each probe i s  gated t o  only one of t h e  two p o s s i b l e  

e n e r g i e s .  Refer r ing  t o  t h e  accepted coincidence count r a t e s  i n  Table 2 ,  i t  

can be seen t h a t  t h e  o f f - f o c a l  s t a t i s t i c a l  coincidence r a t e  (Table 1 ,  column 3 ,  
b 

row h) w i l l  be  reduced by a  f a c t o r  of  4 s i n c e  t h e  s i n g l e  co;nt r a t e  f o r  cach 

energy gamma ray  i s  halved.  The f a c t o r  of  4 a l s o  a p p l j e s  t o  s t a t i s t i c a l  

2 coinc idences  a r i s i n g  from t h e  f o c a l  region a s  well  L (Yz+2K Y A Y  , 
i n  column 4 ,  Row 0 1  . For t h e  t r u e  foca l  coincidcnce r a t e  u2 ,  however, 

t h e  ene rg i e s  of t h c  two co inc iden t  gamma rays  a r e ,  of course ,  c o r r e l a t e d  

and t h e  r e s u l t i n g  counts  a r e  reduced by only  a  f a c t o r  o f . t w o .  Alternatively 

numerical f a c t o r s  i n  t h e  dcnorninators of Tnblc I ,  Row D can be dctcrmincd by 

i n s p c c t i o n  by no t ing  t h e  r a t i o  of t h e  acceptcd cvcnts  t o  t o t a l  poss j  b l e  

evcnts  (accepted p l u s  rectecl) i n  Tab1.c 2 f o r  t h e  t h r e e  dj:ffcrcni; cn.tcgor.ics 

To deterinine t h e  e x t e n t  t o  which t h e  c o u ~ i t  r a t e s  of  Table 1 ,  Row D 

( i .  e .  t hose  associated with t h e  ac tua l  expcrirnental des ign)  a r e  s t l i t a b l e  

fox l e s i o n  d e t e c t i o n ,  i t  i s  necessary  t o  employ the  c r i t e r i o n  of Dewey . 

and S i n c l a i r  ( 7 ) .  A l e s i o n  wi th in  t h e  f o c a l  region of  s i z e  P a l ,  f o r  



s i n g l e  gamma r a y  s c a n n i n g  and Pa2, f o r  c o i n c i d e n t  scann ing  w i l l  p r o b a b l y  
&. 

be d e t e c t e d  i f  t h e  i n e q u a l i t i e s  (1)  h o l d .  

where t l ,  i s  t h e  s i n g l e  gamma c o u n t i n g  t i m e  and t i s  t h e  c o i n c i d e n t  c o u n t i n g  
2  

t j m c .  I n  d e r i v i n g  i n e q u a l j t j c s  (1) t h e  expressions i n  Tab le  1 (sys tcm 

c o n f i g u r a t i o n  D) were u s c d .  I f  i t  i s  assumed t h a t  t h e  t o t a l  f o c a l  e f f i c i e n c y ,  

N 2 , i s  o n l y  a few p e r c e n t  (NIX44 1 ) )  jl can b e  approximated by 2DN X..(. . 

For  7 and s s u f f i c i e n t l y  s m a l l ,  W Z  1.  I'hc r c l n t j v c  l c s j n n  t l c t c c t a h j l j t y  

( r .  1 . d . )  comparing t h e  two s c a n n i n g  t e c h n i q u e s ,  now d e f i n e d  as t h c  r a t j o  o f  

t h e  minimum - d e t e c t a b l e  Pill (symbol ized by Ba?m ) t o  t h e  -- mjnimum c l c t c c t a h l c  

Paz (symbol i z c d b y  f l z 2 * )  whcn t ,  = t2 ,  i s  l h c n  given by cqtrat i  on ( 2 )  , 

A h p n \  ... r, 1,  d ,  r -- - 
Pa tf.. 

UJ JY- t 2 

where t h e  f u r t h e r  assumpt ion h a s  been made t h a t  t h e  s i n g l e  coun t  r a t c  i s  n o t  

e x c e s s i v e ,  V17 << N / 2  . For  t y p i c a l  v a l u e s  uscd jn the cxpcr jmcnt  

9 - \  ( ( \ J X % O , T ? ~ , Y ~ ~ U V \ ; ,  &;=! axro' ) t h c  x c s u l t j  ng  r .  1 . d .  I I n d j  c : ~ t c s  n o  

advan tage  f o r  FCCS o v c r  s i n g l e  gamma r a y  s c a n n i n g .  Tf, howcvcr,  t h e  

s t a n d a r d  e r r o r  a s s o c j  a t c d  I J ~  t h  t h e  u n c c r t a j n t y  o f  s o u r c c  bouncl;~ri c s  ant1 non- 

u n i f o r m i t y  i s  e s t i m a t e d  c o n s e r v a t i v e l y  t o  b e  5% o f  t h e  ambjcnt  coun t  r a t e ,  

- 8 -  



then a ncw tcrtn (6) must b c  added t o  i n c q t ~ a l i t i c ~ s  ( I ) ,  r c s c l l t i n g  i n  

i n e q u a l i t i e s  ( l a ) .  1 

-Pt I Y2 t, 9,tl 
2. -2 

4 2 w > 3 [ ~ +  2-c13 (D,05) (-)I 2w 

If a t  l e a s t  a  fcw thoosand  c o u n t s  a r e  o h t a j n c d  dl l r jng t l ,  t h c n  t h c  ncw tcrrn 

w i l l  domina te  f o r  s i n g l e  gamma r a y  c o u n t i n g  whereas  f o r  coincident c o u n t i n g  

t h e r e  i s  o n l y  a  s m a l l  (5%) c o r r e c t i o n  f a c t o r .  The e f f e c t  on t h e  r . 1 . d .  o f  

t h i s  new t e r m  i s  t h c n  i n d i . c a t e d  by e q u a t i o n  (2a.) .  

F o r  t h e  t y p i c a l .  expcrimc:ntn 1 v n l u c s  rnc:nti.onc(l :~Vlovc,, r .  1 . ( 1 .  (.os) """ 
bccomcs a b o u t  40  j.n Frrvor (if I:C:C:S. 

'I'hi s in t l i  ca t  cfi  tdl1:it l:(:CS rs:~y 19c b c t t c r .  :rtl:rpt c(l t o  tlc:l l w i  I h tlotl- 

tlnj f o m j  t j e s  t h a n  s j  ngl c gamma scann iny,. 7'hc 5 %  c o r r e c t  i on f a c t  o r  w:rs choscn 

somcwhat a r h i  t r a r i  l y  s i  ncc i t r c p r c s c * n t s  ;I f l  I I ~ I  II:II.-~ on o f  :11)11rox i tt~:rt*r 1y on(; 

c o l o r  s t c p  i n  t h c  t ~ s l ~ n l  c l  i n i c a l  c o l o ~  coded sc:Jn. ' I ' l lcrcforc,  t l l r  r c s t ~ l t i n f ;  

f a v o r a h l c  r . 1 . d .  r n t j o  o f  40 i s  n o t  t o  bc  vicwcd ; ~ s  q ~ l n n t i l ; ~ t i v c l y  v:11 i t 1  i n  

a1 1 appl  j c a t  i  ons .  Ilowcvcr, f o r  most r r : ~  1 i  s t ;  c  t i s:illc sol l rcc  m n l  c r  i:ll s ,  

j t would a p p c a r  t h a t  tllc abovr  a n a l y t j  c approach s h o u l d  bc  r c a s o n a h l y  : ~ p p l i  c n b l c .  

In  t h c  cxpcr imcnt  dcscr ibccl  bclow, t h c  non-unj Yormi t i c s  c o n s i s t  o f  llic 

f i n j  t c  r n t h c r  smal l  dinicnsi ons o f  t h c  p1i:lnt om ntid j t s  r : l t l ~ c r  cornpl (:x 



1 

conf igu ra t ion  of a  s i n g l e  s p h e r i c a l  co ld  r eg ion  with a b u t t i n g  ho t  s p o t s  

imbedding i n  an o therwise  homogeneous f i e l d .  I t  i s  t h e s e  non-uni formi t ies  

which, a s  w i l l  be seen below, a r e  r a t h e r  f a i t h f u l l y  r ep re sen ted  by FCCS but 

completely d i s t o r t e d  o r  masked i n  s i m i l e  gamma s ~ a n n ~ n g .  

I t  might be noted t h a t  by us ing  r a d i o i s o t o p c s  with mul t ip l e  gamma ray  

cascades  (6) t h e  r .  1 .d .  
(. 05) 

would be  f u p t h e r  i nc reased .  

The above t h e o r e t i c a l l y  p r e d i c t e d  advantage and t h e  experimental  

r e s u l t s  desc r ibed  be1 ow can be c o n t r a s t e h  h i t h  t h e  nega t ive  t ' h e o r c t i c a l  

conclus ions  and experimental  r e s u l t s  found f o r  a  f o c u s i n g - s l i t  co l l ima to r  gamma- 

gamma coinc idence  system ( 8 ) .  I 
B .  ~ n f o r m a t i o n  Densi ty i n  Tomographic Scanning 

, I 
I n  comparing t h e  l e s i o n  d e t e c t a b i l i t y  of FCCS and s i n g l e  gamma 

scanning i n  Sec t ion  IIA it  was appropr i a t e  t o  assume t h a t  t h e  l e s i o n  was 

i n  each casc  loca t ed  a t  t h e  system focus .  This  con f jgu ra t ion  i s  n c c c s s a r i l y  I 
a r t i f i c i a l ,  o f  cou r se ,  s i n c e  i n  c a r r y i n g  ou t  a scan t h e  l o c a t i o n  of t h c  l c s i o n  

is,  a  p r i o r i ,  u s u a l l y  unknown. The a c t u a l  eva lua t ion  of s cans ,  involves  

a  v i s u a l  i n t e g r a t i o n  of  t h e  count d c n s i t y  over  continguous r eg ions .  

Because of  t h e  l a r g e  depth of  focus ,  t h e  s t anda rd  s i n g l e  gamma-ray 

scan  i s  a  two dimensional ,  p l a n a r ,  p r o j e c t i o n  of t h e  t h r e e  dimensional I 
r ad io i so tope  d j  s t r i b u t i o n  and t h e  p l a n a r  information d e n s i t y  P .  I .  D .  ( counts /uni t  

a rea  i n  a  s i n g l e  scan) i s  a  n a t u r a l  s t a t i s t i c a l  measure. However, t h e  information 

content  o f  a  whole sequcnce of  scans  i s  a v a i l a b l e  f o r  l e s i o n  d e t e c t i o n  i n  

FCCS with c o r r e l a t i v e  i n t c r p r e t a t j o n  p o s s i b l c  among cont iguous o r  neighboring 

volume elements  i.n t11c t h r e e  dimensi.ona1 scan space .  I 
To ana lyse  t h c  s t a t j s t i  ca l  significance of  s t r u c t u r c  i n  an FCCS image, I 

l i t  i s  ncccssary  t h c r c f o r e  t o  introclucc t h c  analogous conccpt of  a vol~lrnc i n f -  I 
ormation d e n s i t y  (VTD) i . e .  coun t s /un i t  volume. 

-10- 
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The p o s s i b l e  p r e s e n c e  o f  a  l e s i o n  i n  an  FCCS sequence i s  i n d i c a t e d  

by a s t a t i s t i c a l l y  s i g n i f i c a n t  f l u c t u a t i o n  i n  t h e  c o u n t s  obscrvcd i n  any 

t h r c e  d imens iona l  volume o f  t h e  s c a n  s p a c c  ( i . e .  t h e  volume i n t e g r a t i o n  o f  t h e  

V I D  o v e r  any t h r c e  dimensional  r c g i o n  o f  t h e  scan s p a c c ) .  The VID w j l l  

b e  a u s c f u l  s t a t i s t i c a l  p a r a m c t c r  i n  t h c  d i s c u s s i o n s  o f  systcrn d c s i g n  and 

performance t o  f o l l  ow. 

111. DESCRIPTION OF EXPERIMENT 

A .  I s o t o p e  and I n s t r u n l c n t a t i o n  

The energy  o f  t h e  c o i n c i d e n t  gamma r a y s  o f  7 5 ~ e  used i n  t h i s  s t u d y  

a r e  j n  two r a n g e s :  97 t o  336 keV and 265 t o  280 keV ( 9 ) .  

Each p robe  used i n  t h i s  work c o n s i s t e d  o f  a  1 inch  t h i c k  

c y l i r i d r i c a l  l e a d  hous ing  c o n t a i n i n g  a  5  i n c h  d i a m e t e r ,  2 i n c h  . t h i c k  Marshaw 

Co. NaJ(T1) c r y s t a l ,  an RCA 4525 b j a l k a l i  p h o t o m u l t i p l j c r  t u b c  and a 5  jnch 

d i a m e t e r  2 . 5  i n c h  t h i c k  1500 channcl l c a d  c o l l j m a t o r  ( 1 0 ) .  F j g u r c  3  j n d j c a t c s  

t h e  electronic conf igura t j .on  o f  t h e  cxpcr iment ,  Tab1 c  2  above surnmari z c s  

t h e  d e t e c t i o n  l o g i c  and t h c  s c a n n i n g  gcomctry appcnrs  i n  F i g .  4 .  

13. l'hc Systcm Rcsponsc 

Two f a m i l i c s  o f  s i n g l e  gamma r a y  i s o r e s p o n s e  s u r f a c e s  onc f o r  each 

energy  range  o f  gamma ra.y emj.ssj.on wcrc ohtn.j.ncd u s i n g  a  p o i n t .  s o u r c e  i n  a i r .  

Thcse f a m i l i  c s  d j  f f c r c d  s i g n i f i c a n t l y  o n l y  f o r  j s o r c s p o n s c  s u r f a c c s  o f  l c s s  

t h a n  5 % .  The c o j n c i d c n t  modc pcrformnncc o f  t h c  sys tcm was t c s t c d  by 

v c r i f y j n g  t h a t  t h c  two prohc  c o j n c j  dcncc r c s p o n s c  f o r  a p o i n t  sorlrcc in a i r  

was c o n s i s t c n t l y  w j t h j n  a  few p c r c c n t  o f  t h c  p r o d u c t  o f  t h c  s i n g l c  garrlma ray 

r e s p o n s c s  f o r  a  p o i n t  s o u r c e  i n  a i r .  

R c f c r r i n g  t o  F ig .  5 ,  t h e  p r o d u c t  r c s p o n s c  w i l l  d e c r c a s c  much more 



I 
r a p i d l y  i n  moving from t h e  o r i g i n  i n  t h e  OX and O X t  d i t e c t i o n s  than i n  moving 

r a d i a l l y  outward wi th in  t h e  AB p l ane .  The e f f e c t i v e  FCCS f o c a l  volume can be 

shown t o  approximate a  very smal l  f l a t t e n e d  o r  o b l a t e  sphero id  (not  shown i n  

F igure  5) wi th  i t s  minor a x i s  i n  t h e  X X '  d i r e c t i o n .  
I 

The e f f e c t  o f  s c a t t e r  and t i s s u e  a t t e n u a t i o n  upon t h e  response of t h e  

system must be cons idered .  Tissue  a t t e n u a t i o n  and s c a t t e r  f o r  d i f f e r e n t  energy 

gamma rays  havc been s t u d i e d  f o r  s i n g l e  gamma d e t e c t i o n  by Beck (18) and 

i so re sponse  c h a r a c t e r i s t i c s  desc r ibed .  Isoresponse c h a r a c t e r i s t i c s  f o r  a  po in t  

sou rce  i n  a i r  us ing  FCCS have a l s o  been determined with p l a s t i c  s h e e t s  of up 

t o  4 cm in t e rposed  between t h e  sou rce  and d e t e c t o r s  and with l a r g e  amounts of 

p l a s t i c  b a c k s c a t t e r i n g  m a t e r i a l  (11) .  While a t t e n u a t i o n  rcduccd the  count r a t e  

a s  expec ted ,  t h e  normalized FCCS p o i n t  source  response func t ions  (except f o r  

t h e  r e s t r i c t e d  rcg jons  along t h e  ind iv idua l  collj .mator axes)  were 

e f f e c t i v e l y  unaltered by s c a t t e r .  'I'h3.s js, o f  course ,  no t  t o o  s u r p r i s i n g  

I s i n c e  f o r  an o f f - f o c a l  event  t o  be accepted us ing  FCCS, both gamma rays  would 

~ have t o  bc scat tcrccl  nppropr i a t e ly .  

'I'o f r l r t hc r  sti .~dy thc  c f : f cc t s  ol: s c n t t c r  ;~n( . l  ;~l:l:cnuat:ion f,lic n h s o l u t e  

focal.  coj.ncj.dcnt count r a t e  wn.s measured f o r  a homogcncous rncli.o~i.r;otope 

d i s t r i b u t i o n  i n  water .  The experilncntal resu1.t agrccd t o  wi th in  20% of  t hc  

va lue  c a l c u l a t e d  t ak ing  i n t o  account a t t e n u a t i o n ,  t h e  branching r a t i o s ,  t h e  

d e t e c t o r  e f f i c i e n c i e s  f o r  d i f f e r e n t  gamma ray  ene rg i e s  and an e f f e c t i v e  

. . 
foca l  volume es t imated  from t h c  experimental p o i n t  sourcc  response func t ion  (11). 

Although t h e  normalized i sorcsponsc  c h a r a c t e r i s t i c s  a r c  1 , i t t l c  a f f e c t e d  

by s c a t t e r ,  t h e  abso lu t e  coincidence count r a t e s  were observed t o  1)c 

s i g l l i f i c a n t l y  reduced by t h e  e f f e c t s  of a t t e n u a t i o n  f o r  foca.1 depths of 



s e v e r a l  cen t ime te r s .  I f  a t t e n u a t i o n  i s  s eve re ,  t h e  f o c a l  s i g n a l  can be masked 

by s t a t i s t i c a l  co inc idences  and such cons ide ra t ions  p l a y  an- important r o l e  i n  

r a d i o i s o t o p e  s e l e c t i o n .  For gamma r a y  ene rg i e s  below 100 keV and l e s i o n  

depths > 2 cm, gamma ray  absorp t ion  can t h e r c f o r e  s eve re ly  l i m i t  l c s i o n  

d e t e c t a b i l i t y  u s ing  FCCS. 

For l e s i o n  depths of  a  few cen t ime te r s ,  ene rg i e s  above..mlOO koV a r e  
I 
I - r e q u i r e d .  For example, " ~ e  could be s e l e c t e d  f o r  use i n  t h c e x p e r i m e n t  he re  

r epo r t ed  because i t s  co inc iden t  gamma ray  ene rg i e s  were s u f f i c i e n t l y  h igh ,  

121, 136, 165, 280 keV, t h a t  a t t e n u a t i o n  would no t  compromise t h e  f o c a l  

s i g n a l .  To d e t e c t  deeper  l e s i o n s ,  4 G cm, gamma ray  energies ,  of between 300- 

600 keV a r e  i n d i c a t e d .  S jnce  t h e s e  gamma rays  e x h i b i t  % i s s u e  h a l f  va lue  l a y e r s  of 

6-8 cm, t h e  f o c a l  s i g n a l  would s t i l l  be s t a t j . s t i c a l l y  s i g n i f i c a n t .  

IV. RESULTS: SCAN OF VOLUME PI-IANTOM 
CONTAINJNG A CO1,D 1,ESTON 

The t e s t  phantoms(Fig. 6) c o n s i s t i n g  of cold s p h e r i c a l  d e f c c t s  imbeddcd 

i n  a  homogeneous r ad io i so tope  d i s t r i b u t i o n  were p laced  i n  c o l l a r s  t o  i n s u r e  

t h a t  t h e  gamma r a y  a t t e n u a t i o n  would be uniform f o r  t r a n s v e r s e  scanning (Pig.  4 ) .  

Coincidence and s i n g l e  gamma ray  counts  over  a  2 mm spac ing ,  3-dimensional,  

cubic  l a t t i c e  were obta ined  and t h e  r e s u l t s  appear  i.n F igs , ,  7 and 8 .  

Note t h a t  while  t h e  presencc of  a d e f e c t  i s  apparent  i n  p lane  s e c t i o n s  

2, 3  and 4 o f  F ig .  7 t h e r e  i s  no evidcnce of  a  c e n t r a l  l e s i o n  i n  F ig .  8 .  

S ince  t h e  e f f e c t i v e  f o c a l  reg ion  i n  t h e  coincidence mode i s  very sma l l ,  t h e  

scan i s  una f f ec t ed  by phantom boundaries  d l  cm away i n  t h e  t r a n s v e r s e  and 

l o n g i t u d i n a l  d i r e c t i o n s .  Note, howcver, t h a t  t h e  e f f e c t  of the  pliantom 

boundaries  a c t u a l l y  domi-nates t h e  s j n g l e  gamma ray  scans .  I 'here i s  



1 

pa radox ica l ly  maximal a c t i v j t y  jn t h c  c c n t c r s  of scct j .ons 2 ,  3 and 4 ,  r i f ; h t  

where t h e  d e f c c t  i s ,  with g ros s  a t t e n u a t i o n  ncar  t hc  pcr iphcry .  This j s  a 

consequence o f  t h e  long l o n g i t u d i n a l  depth o f  focus of  each probe ( N  5 cm) 

1 whcn uscd i n  t h c  s i n ~ l c  %amma ray  moclc. Thcrcforc ,  in spi  t c  of t hc  h iphly  

(1 00/1) ,  o f f - f o c a l  planc s t r u c t u r a l  v a r i a t i o n  so  d j  s t o r t s  t hc  s inglc  p,:lrnrira 

r ay  scan t h a t  j t s  j nhc rcn t ly  much g r c n t c r  s t a t i s t i c a l  r c l  iabi 1 i t . y  is of 

I j t t J c  h c l p  jn acct l ratc  l c s i c ~ n  d c t c c t i o n .  This  i s  conr;istcnt with thc  

t h c o r c t i  c a l  prcdi  c t j  on of  cquat j  on ( 2 2 )  a 1  thouf;h thc  5% c f f c c t  of nun-uni Yormi t y  

assumed a r b i t r a r i l y  i n  t h e  d e r i v a t i o n  would o f  course ,  not be cxpcctcd t o  

apply p r c c j  s e l y  . 
Refe r r ing  t o  t h e  scans  i n  P j k .  7., i t  may bc noted t h a t  t h c r c  j s  an 

~ asymmetry with r e s p e c t  t o  t h e ' c e n t r a l  d e f e c t .  The reg ions  l a b c l l c d  "A" on 

three s t ~ c c e s s i v e  serial. scans  cons i . s t cn t ly  indicate a. h igher  actj .vj . ty than t h c  

symmctrj cn.1. a r c a s  "P,". This  uncxpcctctf j ncrc :~sc  i n  ac1:i vi . ty  , upon 
I 
I i n s p c c t j o n  o f  t h e  phantom, co111.d bc a t t r j b t ~ t c d  t o  a 3 tnm "d:i.n~nct:cr" gl.oh 

I 

I o f  t h e  epoxy uscd t o  ccrncnt t h c  sphcri.ca1 hcnd j n p l acc .  Upon s:,cp;lr;lf:c 

t c s t i n g ,  j.C was rlctcrmincd th:lt 1:hi s cpoxy i n  f n c t  tondcrl 1;o I 7 5 ~ c .  

J h r t h c r  cx;lminatjon of  t h c  scan of  F j  g .  7 a l s o  suj!j;c:;tcd thc  prcccncc ol' :I I ~ reg ion  of  s l i g h t l y  i nc reased ,  rnargi nal ly  d c t c c t a b l c ,  nc t j -v i ty  j u s t  t o  t h c  

lowcr l c f t  o f  t h o  c c n t r a l  d c f c c t  (Rcgion C ) .  This ,  i n  t u r n  corrcspondcd 

t o  a  sma1 1 2 mm "cli amctcr" cpoxy glol, in  t h c  p11:intom. 

From t h e  abovc j t  appcars  t h a t  F ig .  7 c o n s l j t u t c s  a  rcnsonahly v a l j d  

tomographjc r e p r e s e n t a t t o n  of  a 3-dimcnsi.ona1 r ad io i so tope  volu~nc dj .s t r jbut j .on 

wi th  a rcso l .u t ion  o f  a few mjl1imct:crs. 



V .  CONSIDEP4TIONS REGARDING CLINICAI, AI'PLICABILI'I'Y 

In o r d e r  t o  adapt t h c  type  of  cxpcrimcntal  cxtrcmcly h j ~ l l  r c s o l u t j o n  

device  h c r c  dcscr ibcd  i n t o  a  morc g c n c r a l l y  uscfu l  c l i n i c a l  FCCS system, t hc  

system s c n s i t i v i t y  scan spccd would havc t o  bc inc rcascd .  13y cmp1oyi.ng a  6 

probe system ( a  c e n t r a l  probe and f i v c  surrounding probes) t h c  number of comb- 

i n a t i o n s  o f  probe p a i r s  would be increased  from one a s  jn  t h e  cxperimcnt 

6 t o  15 (C 2) wi th  a  corresponding i n c r e a s e  i n  t h e  coincidence count r a t e .  In 

1 t h e  experiment r cpo r t ed ,  each probe is  s e n s i t i v c  t o  only  onc o f  t h e  cmi t tcd  

75 .- 
S &  gamma r a y  ene rg i e s .  I f  both gamma ene rg ie s  a r c  accepted by a l ' l  probes 

t h e  count r a t e  would be inc reased  by a  f a c t o r  of  2 .  The f u l l  width a t  h a l f  

maximum of t h e  p r e s e n t  extrcmcly high r e s o l u t i o n  probes was 6 nun .  By 

us ing  c o l l i m a t o r s ,  f o r  example, with channcl widths 3 t imes a s  I a r g c ,  t h c  

e f f e c t i v e  f o c a l  volume would.be increa.scd b y ' a  f a c t o r '  o f  N (313 = 27 

and t h e  o v e r a l l  i n c r e a s e  i n  system s e n s i t i v i t y  f o r  foca l  events  would be app- 

roximate ly  800 f o l d  ( j  . c .  15 x 2 x 27) .  For a  "large" J c s j  on ( j  . c .  one 

t h a t  f j  13s t h c  cnlar[;cd foca l  volumc) t h c  fcsjotl  s j ~ t l a l  r:ltc would t h c r c f o r c  

bc inc rcascd  by the  f ~ l l l  f a c t o r  of  A 27. For sma 1 1 c r  tlcfecl s  wll i c l ~  crtll y  

p a r t i a l l y  occupy t h e  en larged  f o c a l  volumc, t h e  jncrcasc  i n  s jgnnl  

r a t e  would, o f  coursc ,  bc p r o p o r t i o n a t c l y  smnl l c r .  In choosing col 1 im:~tors  

it i s  t h c r c f o r c  d c s j r a h l c  t o  t r y  t o  mr~tch t h c  cojncjdcncc Toc;.ll vcrlurnc t o  tllc 

approximate s i z e  of  t h e  l e s i o n  suspcctcd o r  sought .  Too small  a  foca l  volumc 

r e s u l t s  i n  an unduly low s e n s i t i v i t y  and long scan t imcs .  Too f a rgc  a  foca l  

volume r e s u l t s  i n  an unncccssary l o s s  i n  r c s o l u t j o n  and an unncccssnry 

i n c r c a s c  jn t h c  s t a t j  s t j c a l  co. i l~cjdcnccs a r j  s i n g  from tllc incrc:~c;c in  t.hc 



To d e t e c t  a  1 cm diameter  l e s i o n  i n  a c l i n i c a l l y  f e a s i b l e  

~ time t h c  experimcntal. c o l l i m a t o r  widths should bc approximately doublcd. 

The focal.  volumc (and t h c  c f f c c t i v e  f r a c t i o n  o f  t h c  l c s i o n  bcing assayed) 

would i n c r e a s e  by a f a c t o r  o f  8 and t h e  6  probe system d e t e c t i o n  s e n s i t i v i t y  

~ by N 1 5  x  2  x 8 = 240.  A t  t h e  cxperimental  concen t r a t ion  used 7 , 5 , / ~ C i / m l  and 

t h c  V J D  obtained, h, l o 4  counts/cm3 (whj ch i s  a t  l c a s t  1 o rdc r  of  magni tudc  

l a r g e r  than js l j  kc ly  t o  bc c l i n j c a l  l y  ncccs sn ry ) ,  t h c  2 cm2 scan of 

t h c  phantom should t akc  t w l  min. Thc resolution, rcduccd by a f a c t o r  of r v 2 ,  

( f o r  t h e  co l l ima to r  channel width doublcd,  kceping t h e  c o l l j m a t o r  t h i ckness  

and f o c a l  length c o n s t a n t ) ,  should be adequate  t o  d e t c c t  v a r i a t i o n s  i n  

a c t i v i t y  on a  ccnt jmctcr  s c a l e .  Th i s  i s  suggcsted by t h e  experimental  r e s u l t s  

whei.e d e t a i l  on a  3-4 mm s c a l e  i s  r e a d i l y  observable. Since  t h e  c o l l i m a t o r  

channel widths a r c  doubled with t h e  proposcd "cl i n i  c a l "  col J jmntors,  gcomctrj c  

s c a l i n g  cons jdc ra t ions  j n d j c a t c  t h a t  cqu iva l cn t  dc tn i  I  on a  6-8 mm s c a l c  

should  be d e t e c t a b l e .  

S ince  t h e  s i n g l e  gamma geornc t r j .~  effi .cj .cncy j s  propor t iona l ,  t o  

R ~ ,  where 11 i s  t h c  r a d i u s  o f  t h c  col.li.mator f i e l d  of view a t  tllc foca l  
. , 

p lane ,  doubling the  c o l l i m a t o r  channel width would i n c r e a s e  t h e  s i n g l e  gamma 

count  r a t e  by a. f a c t o r  o f  4 and t h c r c f o r e  t h c  s t a t i . s t i . c a 1  coj.ncj.denccs by a 

f a c t o r  of 16.  Commercially a.va.ilab1e c1 .ec torn i .c~  ca.n now be obtained wi.th 

r c s o l v i n g  ti.mcs2'*15 ns which w i l l  reclucc the  s t a t i s t i c a l s  by a Fac tor  of  

N 3  (11) .  Thc r e s u l t i n g  i n c r e a s e  i n  t h c  s t a t i s t i c a l  count r n t c  would t h c r c -  

f o r e  be d l 5  x 2 x  16 x 1 /3  = 160 and the  foca l  s i g n a l  t o  s t a t i s t i c a l  

n o i s c  r a t i o  would i n c r c a s c  by a f a c t o r  o f  240/1GO o r  from t h c  cxpcrimcntnl 

va3uc o f  t h c  r a t i o  7/1 f o r  t h c  phantom uscd t o  10 .5 /1 .  S incc  t.lic 

s t a t i s t i c a l  coj.ncj.clences a c t u a l l y  dcpencl, of course ,  upon t h e  n a t u r c  of t h c  



r ad io i so tope  d i s t r i b u t i o n ,  t h e  s i g n a l  t o  n o i s e  r a t i o  of 10 .5 /1  r e f e r s  

s p e c i f i c a l l y  t o  t h e  phantom uscd.  For a small  sphcre jmbccldcd i n  a  uniform 

s l a b  o f  a c t i v i t y  o f  t h i ckncss  S and neg lec t ing  a t t e n u a t i o n ,  t hc  s t a t i s t j c a l s  

2 a r e  p ropor t iona l  t o  S . For a  s l a b  6 cm t h i c k ,  t h e  s t a t i s t i c a l s  would t h e r e -  

f o r e  be increased  by t h e  f a c t o r  ( ~ / 2 ) ~  over  t h a t  ohscrvcd w i t h  t hc  phantom 

s o  t h a t  t h c  s i g n a l  t o  no i sc  r a t i o  i s  rcduccd t o  I . 2 / 1 .  For nlorc c l  i n j c a l  l y  

3 r e a l i s t i c  j.sotopc concen t r a i tons  of  nl 1  flCi/cm , t h c  s jgna l  i s  rcduccd 

2 by t h e  f a c t o r  of 1 /7 .5  and t h c  s t a t i s t j c a l s  by (1/7.5)  wjth a  r cv i scd  

foca l  s i g n a l  t o  s t a t i s t i c a l  n o i s e  r a t i o  o f  8 /1 .  Again assuming a rnorc c l j n i c a l  l y  

3 r e a l i s t i c  V J D  of  l o 3  counts/cm , t h c  t jmc t:tkcn f o r  scgnnjng 2 crn2/min 

appears  t o  be c l i n i c a l l y  s a t i s f a c t o r y  f o r  scans of  small  organs o r  rc -scans  

of  susp j  c j  ous r c g j  ons wi th in  J a r g c r  vol umcs . 
'Il~o i sotupc 11r.r~ ctnl~loycclg, 756c, i s j u s  I. r,nc o r  scvc t g l  i <;of,opcr; 

su i  t a b l c  For 17CCS which a r c  jmrr,cdi:rtcly ;~vn i  1:ll~lc - -  1!)21 1 - ,  d ? ~ ,  1 3 0 ~ ,  :~rrd 

8 2 ~ ~ .  Thcrc a r c  a t  l c o s t  f i f t c c n  otlrcr i so topcs  which mijtht he :;rrital)lc 

subjcct.  t o  t h c  clcvcloprncnt of morc c f f  i ci c n t  rncil~otls of  p r o d ~ ~ c t  ion and r n d j  o- 

chcrnjcal processing i r~c lud ing  thc  prcp:lratjon of r a d i o j  !,ot.opc c t lc la tcs  w i  tli 

s h o r t  b j  o l o g i c a l  h a l f - l i v e s :  1941.1 , 194mZIr, 200mAu , I 86r1.1 9 I 9RT1 , 1 7811f, 

17911f, 3 gollf ,  18G1s, 19OIr, 1 7 8 ~ a ,  ld4pm, ]'OAU, and 1 0 1 ~ h .  Many 

of t h c  abovc j so topcs  cxhibi t cxccf l c n t  branching r a t i o s  and N-fold 

mu1 t j  -gamma cascadc dccay schcmcs. An N-fold cascadc introtlllccs n  ~avora1 ) l c  

f a c t o r  of  N(N-1)/2 i n  t h c  foca l  coinciclcncc count r a t c  ( 6 ) .  

To improve t h c  e f f i c i e n c y  of d e t e c t j o n  of  t h e  high gamma ray cncrgy 

e m i t t e r s  tungst.cn c o l l  imritors may bc r c q u i r c d .  By going t o  h j  ghcr 

cnergy e m i t t c r s  l c s s  t i s s u c  absorp t jon  w j  1 1  occur  f o r  cach co jnc idcnt  g;!mrna 

r ay  and hence r c l a t i v c l y  morc co jnc idcnccs  J c t c c t c d  dcpencling upon t h c  

-17- 



I 
I 
I . d c p t h  o f  t h e  e m i t t e r .  An a d d i t i o n a l  b c n e f i t  i n  go inb  t o  h i g h e r  cncrgi .cs  

~b i s  t h a t  t h e  s p e c t r a l  r e s o l u t i o n  o f  NaI(T1) c r y s t a l s  improves a s  t h e  e n e r g y ,  

I i n c r e a s e s ,  s o  t h a t  compton s c a t t e r e d  gamma r a y s  may be b e t t e r  d i s c r i m i n a t e d  
I 

a g a i n s t .  

Using v a r i o u s  mcans, t h e r e f o r e ,  i t  may be  p o s s i b l e  t o  o b t a i n  a two 

t o  t h r e e  o r d e r  bf  magni tude i n c r e a s e  i n  t h e  e x p e r i m e n t a l  FCCS s e n s i t i v i t y  

h e r &  r e p o r t e d  and s t i l l  b e  a b l e  t o  d e t e c t  1 c u b i c  c e n t i m e t e r  c o l d  l e s i o n s  

i n  t h r e e  d imens ions . "  

The c l i n i c a l  a p p l i c a b i l i t y  of FCES may n o t  b e  l i m i t e d  t o  s t a t i c  t h r e e  

d imens iona l  imaging.  The abovc g e n c r a l  c o i n c i d e n c e  t c c h n i q u c s  a r c  r e a d i l y  

a p p l i c a b l e  t o  t h e  mcasurcmcnt of  dynamic r c s p o n s c  w i t h i n  a f i x c d  j n t c r i o r  

volume.** T h i s  might b e  acconlplishcd by u s j n g  i n t c r s c c t i n g  broad f o c u s  

c o l l i m a t o r s .  ?'he much h j g h c r  coun t  r a t c s  r c q u i r c d  would bc  a c h i c v c d ,  o f  

c o u r s e ,  a t  t h e  expcnsc  o f  s p a t i a l  r e s o i u t j o n .  

From t h c  r c s u l  t s  o f  t h c  h i g h  r c s o l u t i o n  FCCS s t u d i  c s  h c r c  r c p o r t c d  

and from r c a s o n a b l c  cxtjmat.cs as t o  t11c ongoing clcvclopmcnt o f  1:hc rnci1100, 

i t  t h c r c f o r c  nppcars  t h a t  FCCS may bc o f  c l  i n i c a l  a p p l i c a h j  l j t y  jn t h c  

n e a r  f u t u r e .  

* I t  h a s  been shown by Smoak e t  a 1  (12) t h a t  by p r o p e r  posit-i.onj.ng o f  t h e  
p a t i e n t ,  mot ion a r t i f a c t s  w i l l  n o t  compromj.se image detaj.1. on a  c e n t i m e t e r  
s c a l e .  There  i s  a l s o  ac t i .ve  developrncnt o f  physi .o l .og~.cal  t r i g g c r i . n g  
t e c h n i q u e s  t o  f u r t h e r  r e d u c e  t h c  e f f e c t  o f  organ motion (1.3-15). 

**  The p o s s i b i l i t y  of u s i n g  t h c  FCCS gcomctry t o  s t u d y  tumor v a s c u l a r i z a t i o n  
and b lood  s u p p l y  h a s  been p roposed  ( 1 9 ) .  



A tomographic  d e t e r m i n a t i o n  o f  mu1 tj - m i  11  i m c t c r  d c t a i  1 v t j  t t i i  n a 

rad i .o i so topc  d i s t r i . b u t j o n  h a s  been achi.cvcd u s i n g  1:CCS. 

The p o s s i b l e  c l i . n i c a 1  a p p l i c a b i l i t y  o f  FCCS h a s  be'cn 'revj.ewcd 

and t h e  development o f  a FCCS tomographic  imaging d e v i c c  f o r  c l j n i c a l  

u s e  p roposed .  
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Tabie 1. Expressions f o r  count r a t e s  o f  FCCS Systems i n  Various Configurations 

Types of  counting s i g n a l  

S ing le  gamma- S ing le  garma- Coincident  gamcs- 
r a y  o f f - f o c a l  r ay  f o c a l  r ay  o f f - f o c a l  

System conf igu ra t ion  

A. N-channel d e t e c t o r  Y, = ~ D N ? ( \ - ~ V X  \ h = 2 ~ ~  - X O L ( ~ - N ~  A, = N D X ' V ~ ~  

B. N-channel d e t e c t o r  with a  
summing t ime,  ?, and a  

2'1 - 
W 

dead t ime,  S , where w = 
CI + ( d + s ~ w  Y~+M,+M L ) ~ L ~ ~  (Y.,~YL*uF~A~ 

C .  Twin probe system where - y~ 
each probe can d e t e c t  w 
both gamma r a y  ene rg i e s  
and MI = 0 .  

D .  Twin probe system where y!L - 
each probe can d e t e c t  . ' l i u  

only  one gamma r a y  energy 

Coincident gamms- 1 
r ay  f o c a l  



Table 2 .  Experimental des ign .  

Probe 1 (Gate %A ) Probe 2  a at ex^ ) 

Sing le  G m a  L:y Counting 

Accepted 

Accepted 

Re j ec ted  (Energy Gating) 

Re j ec t ed  (Energy Gating) 

Accepted 

Coincidence Counting (True Focal Coincidence) 

) A  

Rej ec t ed  (Energy Gating) -fb 

Rejected (Separa te  p u l s e  mode and energy ga t ing )  

Rejected (Separa te  p u l s e  mode and energy ga t ing)  

Rej ec t ed  (Energy Gating) 

Rejected (Separa te  pu l se  mode and energy ga t ing)  

Rejected (Separa te  pu l se  mode and energy ga t ing)  

Rejected (Separa te  p u l s e  mode and energy ga t ing)  

Rejected (Separa te  pu l se  mode 2nd energy ga t ing)  

Coincidence Counting ( S t a t i s t i c a l  Coincidence) 
. . 3'6~ 

Accepted 
-6 B 

Rejected (Separa te  pu l se  mode and energy ga t ing )  

Rejected (Separa te  pu l se  mode and energy ga t ing )  
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F I G .  1. N channcl f o c l ~ s  in{; col 1 irnator whcrc j t  i s  nssl~racd t.11:lt 
t h c  f i c l d s  of  vicw j n t c r s c c t  s o l c l y  wi th in  a  focal  volumc, + , with each 
channcl f i c l d  o f  v icn  c x h j b i t j n g  an o f f - f o c a l  volumc, 

v s c .  Notc t h e  t o t a l  
volume, V t o t a l ,  o f  cach f i c l d  of vjcw ( foca l  and o f f - f o c a l )  j s  Vsc + H  
where Vsc was taken t o  be 1 i n  prcvious  a n a l y s i s .  5 

F I G .  2 .  Thc twin probc conf igu ra t jon  whcrc thc  N jndivjdual  s i n g l c  channcl 
d c t c c t o r s  cach of s o l i d  onglc c f f i c j c n c y  2 can hc thou$;ht, o f  a s  j f  thcy  wcrc 
two "s jngJc  chnhncl" d c t c c t o r s  c:icll subtcncljng a s o l i d  ;tnjllc of  N ?, / 2  :]I, t h e  
focus ,  r ,  and each jnclucli ng an of'f- f'ocal volumc, N V s c / 2 ,  with the o f f -  foc:~l 
c f f i c i c n c y  2 . 'l'hc fc)c:rl volurnc i r; .-( :~ntl thc  r ~ n i  l'orrn t , j  :;:;IIc a c t  i vi t-y 1Jr.r 
volulnc i  s 11. 170r s i nrpl i c i t y  i n  rr1llrc!;cnl :J t i ~ I I  t.111: I J I ~ ~ ~ I ~ ; J  : ~ n t l  p c r t ~ ~ ~ ~ l ~ r ; l  
c h a r a c t c r j  s t j  cs oT thc  cxpcrjrncnt.nl ttlpcrcrl ch:lnncl col J jrnator:; hovc bccn 
rcp laccd  by it1c:lli z c d  cyl i nclric:~l r i e l  (1:; of v i  cw, 

FJC;. 3 .  'I'hc confi l;ur:Jt ion o f  t h c  c:xpc'rirrrcnt ii11ow.i nf! :j c i  rcu i t Ijlock t l  i;ly,r:rrn 
whcrc c ross -ovcr  tjminl! w:ls u s c d .  'I'l~c co inc i  tlcrri~! rnodr~lc h;~tl :J lowcr I j n r i  t 
r e s o l v e  t jme o f  10 ns ;  howevcr, i n  p r a c t i  cc  clo~~bl,c dc lay  1 i.nc (IID1,) 
a m p l j f j c ~  n o i s c  mndc i t  ncccssary  t o  employ a  s p w h a t  l o r g c r  r c s o l v c  t jmc,  
55 n s ,  'so t h a t  t r u c  coincjdcncc cvcnts  woulcl 110 bBc rc jcc tc r l .  

FIG.  4 .  Scanni.ng geometry. 'Re scans wcrc cn.rr:i.cd out  11y n1:taching t h c  
sources  l:o an X - Y - Z  t r a v e r s e  wi.th posi . t jon:~l  r c j ) roduc j .h~ .~ i  t y  i n  :]I 1. 
cljrc!ct.i.ons t o  b c t t c r  th:~n 0.3. m m .  'I'hc focaJ poinl::; oI: t:hc t w o  prol.)c:.(; wcrc 
a.l.jgncd t o  h c t t c r  1,h:ln 0 , 2  mm i n  t h c  c:r.itic::tl t:.r;ltlsvcr:;c, X ,  tli.r!:c:l:.iots. A 
scric:; o f  scans  j n  t t ~ c  X-Y p l a n c  wcrc o l~ t a . i r~cd  To-r itrc-rcrrrcr1,.:11 2 nlrrr 
j .ntcrv:~l s  i n  t h c  Z d:i:rcc.i.i:on. 

PIG. 5 .  'Two supcrimposcd fami l i c s  of i sorcsponsc  s l~r f :~cc . ;  of  1.11~; two 
con- Focal col 1 i.mnI.or5 wllo!jc a x i s  a r c  ;It. ri j l h t  ;~nl!lc,;, alonfr, tltc 1;l:' / \ A t  
d j r c c t j o n s .  7'hc OA d i r c c t j o n  i s  in1 o t h c  pl:lnc of tllc f j g u r c .  'I'lic .isorcripor~sc 
s u r f a c c s  f o r  t h c  FCCS moclc a r c  1:hc protluct o f  tho i n d i v j J u ; ~ l  p r o l ~ c  rcsponsor; - 
a fami I  y  of conccn t r i c  oh1 a t e  splicro i ds o r  c l  1 j pscs of r o t n t i  on w j  t h  
c i r c u l a r  c r o s s - s e c t i o n  i n  planes p a r n l l c l  t o  t h c  planc of  t h c  two co l l ima to r  
axes (plane Ah).  

F I G .  6 .  I'hnntorn contnin:iny, 160 ,UC:i. 7 5 ~ c  wit11 a  s.i.nj!lc colt1 cl~:fcc(: and 
two adjacent hot: cpoxy g l o l ~ s  arj.s:i ng :from s e l c c t j v c  co~lccnf:r:ltion of  tlic 
rad io j . so topc .  As a rcsu l  t o f  t h c  7 F ; ~ c  :~bsor l , t i  011, 1:hc phantoin w;~:; rrrorc 
dcmantl.i.ng than one w i t h  a single colcl d c f c c t .  



FIG.  7 .  Image us ing  10 c o n t r a s t  g rada t ions  r c s u l t j n g  from FCC5 scan of phantom 
o f  F jg .  6 whcrc c o n t r a s t  cnhanccmcnt ( r a t i o  o f  miniml~m t o  maximum n c t . i v i t i c s  
ohscrvcd) j s 53%. Valucs obtained f o r  cach ( 2  m m 1 3  l a t t i  c c  p o i n t  wcrc corrected 
f o r  background, s t o t j  s t i  cnl  o r  " fa l r ;c t f  co jnc j  (lcnccs dtlc t o  t h c  55r1:; rcsolvc 
t imc ( a t  no time more than 10 t o  20% of t h c  t o t a l ,  1/71, :rr)d cJcpth 
a t t e n u a t i o n .  'J'hc avcragc scan V J I )  was w 20,000 t r u c  counts  pcr  cm3 
and cach 1 2  mm x 18 mm planc took about 2 hours t o  scan .  

FIG.  8 .  S ing le  gamma r a y  scan (sum of  count  from bdth probes) obtaincd 
s imul taneous , ,y  with FCCS scan  of  F i g .  7 .  Cont ras t  cnhanccrncnt i s  78%. 
Background was ncglj.gib1.e and t h e  dcpth a t t e n u a t i o n  factor .  was ncg1.cctcd s in 'cc  
t h e  s i n g l e  gamma r a y  j.sorcsponse conto i~rs ,  e x h i b i t  such a .13.rgc depth o f '  
focus t h a t  ovcr  t h c  scan rcgion t h c  c f f e c t i v c  average dcpth 
a t t e n u a t i o n  was esscnt i .a lJ .y  cons t an t  f o r  t h e  homogcnco~~s mcdj.utn conccrnctl. 
Thc 1.csi.on sj.gnal. would, o f  course ,  dcpcnd upon t h e  1,c:;lon dcpth', 
bu t  t h c  cor rcc t j .on  f a c t o r  can on1 y bc dctcrmi,nccl p:~radox i ca 1.1 y o f t c r  
t h c  J.csi.on ha.s hccn 1.ocatcd and i.n . fact  no 1.csi.ot~ cou1.d be d c t c c t c d .  
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b APPENDIX IV 

Current Status of FCCS Research: 

The bas i c  five probe focus sing collimator coincidence scanning system 

(FCCS) employed has  been rather completely detailed l a s t  yea r ' s  renewal 

proposal. The PhD dissertation of Dr. Stephen Rudin (CUNY '75)  contains 
I 

some additional material. Several changes and additions have been carried 

out i n  the l a s t  year or are  currently being worked on .  

I The electronics and on l ine computer software has  been modified" ) by 

augmenting the system with another sca le r  operating i n  a daisy chain with the 

exist ing scaler-timer. This arrangement allows for the  future addition of yet 

another sca le r  should one  be desirable .  Using the additional data an isotope 

specif ic  algorithm is being worked out which will more effectively recover the 

true coincidence count rate from the energy discriminated coincidence count 

ra te  and the raw timing coincidence count rate.  In the  future we' will in- 

vest igate  the  possibility of further reducing the resolve time by a combination 

I 
of quicker timing discriminators and fas t  time to amplitude conversion. Such a 

I system may provide effective resolve times of--10 ns thereby reducing the 

s ta t i s t i ca l  coincidence ra te  by a factor of ~ 4 .  

Data acquisition during the year was restricted to the determination of 

point source response functions and the imaging of phantoms. The five probe 

system was first equipped with broad focus high energy collimators (Raytheon 

100/18~)  which were chosen  a s  initial equipment.since they were available a t  

nominal c o s t . ,  The s c a n  resul ts  w$re promising. However due to the extremely 



broad field o f  views o f  the  collimators, high resolution w a s  of course not poss ib le .  

Moreover the s ta t i s t i ca l  coincidence ra te  which is proportional t o  the square of 

single gamma count rate was  too high for distributed three dimensional sources  

a t  cl inically typical  t i s sue  concentrations of radio-activity. The system has now 

been fi t ted with a new s e t  of intermediate energy collimators (Raytheon FC 1 0 0 / 9 ~ )  

which allow twice the resolution of the previous s e t  (Table 1). The single gamma 

count rate is reduced by .a  factor of -- .36 and therefore the  s ta t i s t i ca l  coincidence 

count rate is only 1/8 that  for the  previous assembly.  Since the new collimator has  

a foca l  efficiency 4/3 greater a s  well, there is a 11 fold improvement i n  the  ratio 

of the true coincidence count rate t o  the s ta t i s t i ca l  coincidence count rate.  

A s e r i e s  of point spread functions (PSF), Fig. 1, has been obtained both in 

a i r  and in  t i s sue  equivalent scattering medium a t  various depths using a point 

source of ~e~~ of 20 yCi activity and diameter 1 m m .  The resul ts  indicate a 

FWHM of 7.5 m m  for coincidence scanning in  air  a t  the focal plane.  The FWHM 

is not significantly altered by the presence of the scattering medium* (See Appendix 

I11 attached).  The FWHM in the longitudinal direction i sN 8 m m ,  o r  roughly the 

same a s  the  transverse FWHM. These wel l  localized PSF's are ideally sui ted 

to a deconvolution procedure o n  the s c a n  data  from extended source phantoms. 

At  present two methods of da ta  analysis  are being investigated, one a matrix 

inversion method and the other an apparently new direct  iterative method whose 

efficiency is enhanced by the highly local nature of the PSF's. A transform matrix 

based on the PSF i n  a i r  has  been defined and software written to invert the  matrix. 

The resulting matrix which transforms the image space  to the object space  is then 

used to  deconvolute s can  data .  A t  present the program has  only been used with 



simulated data .  Work on a program to  implement the second method is just 

beginning .' 
The scanning of extended phantoms has just begun. A void (solid plas t ic  

3 
sphere ) of 1.15 c m  in 250 m l  of a homogeneous solution of sodium seleni te  

75 
(Se ) of actively -- 0.5 p ~ i / ~ l  was scanned twice-once with the focal  plane 

through the center  of the void and again with the focal plane 12 mm above the 

center of the void (Fig. 2 ) .  The s i te  of lowest activity was  s e t  to 0 and a 

simple smoothing carried out by giving the average of the 4 nearest  neighbors 

equal weight with the central  da ta  point. 

A l inear density s ca l e  was  then used to display the counts with a 4 mm 

la t t ice  spacing,. Note that  the spherical  void is clearly displayed i n  the  "central" 

plane s c a n  Fig. 2a .  The scan  of Fig. 2b through a plane only 1.2 cms above the 

center of the 1.3 c m  diameter bead is essent ia l ly  uniform, demonstrating the 

tomographic sharpness of the system . 
The above results  however, are in a s ense  just preliminary s ince the ultimate 

inherent resolution of the system is ac tua l ly  much greater. . Three dimensional 

da ta  averaging making appropriate u se  of the 14 nearest  neighbors should further 

h 
reduce the effect of s ta t i s t i ca l  fluctuations wile deconvolution s hould significantly 

reduce the l o s s  of resolution arising from the finite extension of the PSFs . These 

two da ta  handling approaches should permit cold les ion detection o n  a multi- 

millimeter s ca l e  . 
For radioisotope imaging of small organs ( -- 50 grams ) or for rescanning 

suspicious regions observed on s c a n s  taken using faster,  lower resolution 



techniques, quite adequate three dimensional F. C .C .S . resul ts  should be 

obtainable in  less than 1' hour with the current system. Further modifications 

in  the collimators and electronics could eas i ly  reduce the time required by 

50%. It would appear tha,t a variety of clinical  applications for F .C. C. S. 

may ex is t .  
I 



TABLE 1 

Focal Efficiency 

Holes 

Focal  Length 

Thickness 

Full Width Half Max. 
( s ing les  ) 

Relative Sensi t iv i ty  
to  a n  extended source 1 

Both collimators have tapered hexagonal channels  . 
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