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.I. Abstract
Qur five probe focussing 'colli—mator coincidence scanning system recently
fitted with.new collihnators and slightly modified electronics wiil be furthér
tested using a variety of'phantoms énd several different isotopes. The three
dimensional depth d'ependent point source response Vfunctions Which now exhibit
'a F.W.H.M.of 7.5 mm will be used to deconvolute the data obtained with phantoms
using both matrix Am.ethods' and a newly devised direct iterative approach. The
analysis should make it possible to-detect cold lesions considerably lesé than
1 cm3 so long as they are within several inches of the surface. If the system
performance continues to be gncouraging, animal scan and po'ssibly selected
clinical scans will be carried out. The practical application of tracer analysis
of the data from multi-_probe single gamma and coincidence systems will be
continued in collabo'ration with groups at the Montefiore Hospitavl and Medical
Center and the Edward J. Hines Veteran's Administration Hospital. Diffusion-
interaction analysis of biological systems will be continued and application
~ for some of the mathematical methods of analysis to environmental and ecological
models will be considered as well., Characterization of the classes of experi-
ments necessary for complete theoretical solutions of multi-~compartment systems

will also be considered. '




II. Background for the Research . -

Analysis of radioisotope tracer data has often involved assuming

complete compartmentalization of the biological system being studied. If

the experimenter has access to all compartments of a truly N compartment

' system, complete detemination of all rates and volumes of steady state

and non-~-steady state systems is possible by simultaneous measurments of

N -1 different isotopes (I, 2, 3). Completely accessible steady state systems

can also be solved by appropriate analysis of the traéer concentration timé
dependencies of a single isotope (4). When all' compartments are. not
accessible, a solution or range of solutions may étill be obtained by studying
the various constraints impoéed by .the physical nature of the problem (5, 6).
Perturbatioﬁ methods can aléo be combined with tracér determinations (24).
The point of view emphasizéd in the above treatment finds expression
mathematicaily principal'ly in ferms 6f systems of coupled first order linear
differential (or difference) e;’;gations in which the classicél mathematical
program is reversed. Insteazd of finding the solution (ilé., concentration
curves) from the equations and boundary conditions, the objective is rather
to determine that syétem of equations whicﬁ gives rise to the experimentally
observéd specific acti\:/ity curves. It was recognized, however, that the
integrated values aloné of the specific activify curves might, in some cases,
provide enough information to solve a multi-compartment system (7), (i.e.

determine rates and volumes) an approach recently extended (8, 9)to various,

partly accessible, special mqlt_i-compértment topologies for which systems of




differential equations did not necessarily apply since non-continguities and
therefpre time lags could exist. This latter development suggested that

general multi-compartment analysis might not have to be restricted to‘ contiguous
topologies at all and that integral equation approaches previousiy principally
restricted either to two-compartment systems, vascular flow treatments, and
individuai parameter (i.e, volume) determinatibns (1o, 11, 12, 13, 14, 15), or
focussed essehtially on the invers.e problem of predicting the tracer time
dependencies from known transfer characteristics (16) could in fact be adapted
to solve steady-state, non~cohtiguous, -multi—compartment systems (17, 18)

in the sense thatall the actually determinable intercompartment transfer
properties of generally injeptable systems could be specified, While the
resulting integral equation a:pproach permitted analysis of many previously

. rather intratable systems, tvivo difficulties remained. Since the method focussed
on transport from one compartment to another, flows of material leaving a
measurement compartment afld subsequently reentering the same compartment
Withoﬁt having been in any rﬁeasured site in the inte‘rirﬁ, could not be treated

‘readily in the analysis. Secondly, the data obtained from compartments which

were measurable but not injectable was not easily incorporated into the

formalism. The integro differential equation approach was devloped in an

effoft to deal with these difficulties (19, 20, 21). . 1
The integro-differential equation app;oach is probably applicable to

all of the mahy situations in which a realistic représentation of the tracer

data curves can be made in terms of decaying exponentials. There are,




however, situations in which sufficiently accurate measurements of the

early points are not really feasible. Also any curve in which "bumps "
appear is difficult to effectively represent exponentially.

.Discrete analogs of the 'integfal and:integro-jdifferential equation
appfoaches have been developed to deal with these difficulties. The disc:ete
méthod avoidvs all analytic curve fitting and simply makes use of the counts
seqluentially recorded in successive time intervals. The inherent simplicity
of the formalism made lpo_s-sible, to our knowledge, é novel analysis of mono-
compartmeﬁt randomized date (22). In collaboration with medical invlestigatOrs
a discrete integral equationiapproach has been used i'n studyin.g calcium
metabolism. The rate of abjsorption of calcium from the gut into the
vascular system is determinied by correlating the results of external probe

47 (25). The

measurements following i.v. and oral administration of Ca

method may ha-ve direct clinical applicability in diagnoéing hyperparathyroidism (26)'.‘
Our research in the ;field of diffusion-interacfion analysis is

fundamentally motivated 'by.the importance of this area to cell metabolism

and to antibody-antigen systems.' A diffusion-interaction equation for the

reaétion A+Be C hasj been derived by the group (23), anci the rate of

thermal dis sdciation calculated for an antigen-antibody-antigen like

system (27).




By applying many of the same physical principles used in the -thermal dis-
sociati;)n calculation a theory has now been develobed which appearé to predict
in a reasonably qﬁantifative way those antibody, antigén and particulate con-
centrations at which flocclzulafion will occur (Appendix I.), To our anwledge
fhis is the firsfc general theory of anti.gen—antibody—latex flocculatién and perha_ps
flocculation in general in Whiéh the very significant role played by dissociation
is quantitatively treated. Mr. K. Chak.is the graduate student actively engaged
in this aspect of our research.

Corﬁplete determination of a multi-compartment contiguous system by means

of tracer measurements was, of course, demonstrated over 20 years ago. The

‘method initially proposed involved injection into one compartment and measure-

ment in all compartmenis . | Subsequently it has been demonstrated that a sol-ution
can also be obtained by a series of injections in all N compartments with the
repeated measurements réstriqted to a single compartmént. Characterization of
the general‘sets of N injections and measureme’nts necessary for complete

determination of an N compartment system has until recently not been possible.

- A solution to this rather classic type of problem has now been obtained principally

e et e o e o e

by Ms. P. Spetsieris and appears in Appendix II.

Researlch onF.C.C.S. has been cafriéd out for quite a few years beginning
with the original experiménts at Brookhaven National Laboratory 28, '29 , 30, A
manuscript reléting»to 4work of the last two years and detailing the extent tob which
multi-millimeter resolution is possible with this technique has been accepted for~

publication in the IEEE Transactions on Biomedical Engineering (Appendix III.).
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The 5 probe F.C.C.S. system described in last yvear's report -has now been
3 _ fitted with more suitable collimators and active testing of the system is currently
going on. A description of the modifications made; the results obtained and work
currently in progress, carried out principally by Mr. P. Zacuto, appears in
i o - Appendix.IV. Based upon the latest system.and straight-forward minimal projections,
the F..C .C.S. approach séems to be particularly well suited for detecting small
cold lesions(considerably less than lcma) within a well defined limited volume.
It is probably not likely to be as useful as a general purpose screening type

: B instrument, because the overall count rates are significantvly lower than those ob-
; tainable with other approaches. For cold lesion detection within small organs
or for re~scanning suspicious regions seen using other larger scale scanning‘

“techniques, F.C.C.S. is extremely promising. It may also be useful in obtaining

some kinds of tomographic kinetic data.

.III. Description of PrOpoéed Research

The program of research proposed for the next year represents in large

-

measure a continuation of the on going work described immediately above.
The‘ work_ falls into two broad categories which are, however, often closely
related.
1. Basically General Techniques and Approaches
" a) Development of analytic techniques and algorithms for interpreting the
results of tracer and perturbatién-- tracer kinetic experiments involving multi-
compartment systems and mul_ti-pro_be ‘data acquis ition,

. b) Analysis of optimal interpretation techniques in radioisotope scanning
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and gamma camera applications inciuding tomographic approaches (31, 32).

c) Theoretical irivestigation of' diffusion-interaction phenomena in bio-
logically related systems. |

d) Studying the extent to which diffusion-interaction theory can be applied
to environmental and ecolégical models. |

e) Continuing tissue distribution stﬁdies in animals, in collabofation with
Prof. B. Rosoff, of radioisotope compounds suitable for F.C.C.S. applications.
2. Basically Direét Applic'ations

Further testing of the current 5 probe system. Selecting methods for best -
reconstructing the known Phantoms from experimen’pal data. -Installiﬁg a moving
computer controlled table so that animal and possibly selected patient scans can

be carried out.
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4. COURSES TAUGHT

Physics 3,4, 7,8 ' General Physics

~ Physics 9 - Mechanics 1
Physics 13 Thermodynamics
Physics 54 Biophysics
Physics 64 ' Biophysics Laboratory

Elec. Eng. 128
Post Doctoral Medical Physms Retralnmg Course - Bio-Medical Program

5. PUBLICATION RECORD PRIOR TO THE LAST FIVE YEARS

(@) Books and Contributions to Books:

Multicompartment Analysis of Tracer Experiments, (Editor) New York Academy
of Science 108, 1-338 (1963). B

Distribution of Y’Y Upon Systematic and Intercavitary Administration and its
Modification by Chelating Agents, (with co-authors), Proceedings of
the Radioisotope Conference, Oxford, p. 125, July 19-23 (1954).

Biological Studies on Calcium, Strontium, Lanthanum and Yitrium, (with co-
authors), International Conference on the Peaceful Uses of Atomlc
Energy (1955).

" Modification of Distribution and Excretion of Rare Earths by Chelating Agents,

Conference Volume on Rare Earths in Biochemical and Medical Research,
Oak Ridge Institute of Nuclear Studies; O.R.I.N.S. 12, 118 (1955).

Multicompartment Analysis of Steady State and Non-Steady State Systems, 10th
Annual Symposium Oak Ridge Institute of Nuclear Studies (1966).
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5. PUBLICATION RECORD PRIOR TO THE LAST FIVE YEARS (Continﬁed)

(b) Articles in Standard Journals:

"Regular Meson Potentials in Low Energy Proton-Proton Scattermg” . (with
R.D. Hatcher), Phys. Rev. 87, 375 (1952).

"Modification of the Distribution and Excretion of Radioisotopes by Chelatmg
Agents", (with D. Laszlo), Science 118, (No. 3053), 24 (1953). _
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stration of Yttrium Chlorlde", (with co- authors), Science 119, (No. 3103)
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"Biological Studies on Stable and Radioactive Rare Earth Compounds: III Dis-
tribution of Radioactive Yttrium in Normal and Ascites-Tumor-Bearing

. Mice, and in Cancer Patients with Serous Effusions", (with co-authors),
J. of the National Cancer Institute 15, (No. 1) 131 (1954). ,
"Analysis of Tracer Experiments in Nonconservative Steady-State Systems",
Bull. of Mathematical Biophysics-17, (No. 2), 87 (1955).
"Metabolism of Lanthanum and Yttrium Chelates”, (with co-authors), J. of-
Laboratory and Clinical Medicine 46, No. 2), 182 (1955). ,
"Radloyttrlum (v90 O) for the Palliative Treatment of Effusions due to Malig-
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(with co-authors), Proc. Soc. Exp. Biol. and Med. 91,155 (1956).
"Excretion of Yttrium and Lanthanum Chelates of Cyclohexane 1, 2 - Trans-
Diamine Tetrascetic Acid and Diethylenetriamine Pentascetic Acid in Man",
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"Analysis of Tracer Experiments: II., Non-Conservative, Non-Steady State
Systems", Bull. Math. Biophysics 19, 61 (1957).
"Interaction of Yttrium Compounds with Serum and Serum Constituents in Vitro",
(with co-authors), Archives of Biochemistry and Biophysics 78, 1 (1958).
"Decontamination Studies"”, (with co-authors), Advanced in Radiobiology,
p. 298 (1958).
"Analysis of Tracer Experiments: III. Homeostatic Mechanicsm of Fluid Flow
Systems', Bull. Math. Blophys1cs 20, 281 (1958). -
"Effect of Excess Chelating Agents on Rare Earth Decontamination" ., Ann. N,Y.
Acad. Sci. 88, 486 (1960). v

“"Analysis of Tracer Experiments: IV. The Kinetics of General N Compartment
Systems", Bull. Math. Biophysics 22, 41 (1960). _

"Determination of Body Spaces and Renal Clearances with Yttrium Chelates in
Man", (with co-authors), International J. of Applied Radiation and Iso-
topes 8, 198 (1960).

"Effect of Chelating Agents on the Removal of Yttrium and Lanthanum from Man",
(with B. Rosoff, S. Ritter, K. Sullivan, H.E. Hart and Herta Spencer-
-Lazzlo), Health Physics 6, 177 (1961).

"The Rate of Decarboxylation of Mevalonic Acid—_l—Cl4 in Man", (with

J. Berkowitz, J. Sherman and H.E. Hart), Ann. N.Y. Acad. Sci, 106, 250
(1963). '
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S. PUBLICATION RECORD PRIOR TO THE LAST FIVE YEARS (contlnued)

(b) Articles in Standard Journals:

"Perturbation Tracer Analysis", Ann. N.Y. Acad. Sci. 108, 23 (1963).
"Recent Developments in Multi-Compartment Tracer Analysis", (with C.A.
Waller), Transactions of the N.Y, Acad. Sci. 26, 64 (1963).

" "Analysis of Tracer Experiments V: Integral Equations of Perturbation-Tracer

Analysis", Bull. Math. Biophysics 27, 417 (1965).

"Determination of Equilibrium,Constants and Maximum Binding Capacities in
Complex Vitro Systems, I. The Mammillary System", Bull. Math. Bio-
physics 27, 87 (1965).

“Analysis of Tracer Experiments VI: Determination of Partitioned Initial Entry
Functions", Bull. Math. Biophysics 27, 329 (1965).

"Evaluation of the Radioisotope Renogram in Experimental Renal Artery Stenosis",’

(with H. Haimovici, N. Maier, Y. Hisnida), Journal Cardlovascular Res.
6, 152 (1965).

_"Analy51s of Tracer Experiments VII: General Multi-Compartment Systems Im-

bedded in Non-Homogeneous Inaccessible Medla“ . Bull. Math. Bio-
physics 28, 261 (1966). :

"Diffraction Characteristics of a Linear Zone Plate", (with J.B. Scrandis,

R. Mark and R.D. Hatcher), Journal of Optical Society 56, 1018 (1966).

"Consideration of Mortality in Certain Chronic Diseases", (with B. Zumoff,
H.E. Hart and L. Hellman), Annals of Internal Medicine 64, 595 (1966).

“Analysis of Tracer Experiments VIII. Integro-Differential Equation Method",
Bull. Math. Biophysics 29, 319 (1967). :

"Geometric Efficiency and Other Performance Characteristics of Focusing Col-
limators", (with H,E. Hart, B. Warshaw and H. Stoller), Bio- Medlcal
Abstracts I.E.E.E. 14 96 (1967). .

"Rate of Initial Entry of Ccat ' 7 and 81“845 from the Intestine into the Vascular
Space", (with H. Spencer), Proc. Soc. Biol. and Med. 126, 365 (1967).

"Comparative Resolution of Single Gamma Counting and Counting Coincidence
Counting in Focusing Collimator Scanning Systems“, Trans. N.,Y. Acad.
Sci. 30, 580 (1968). :
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2. WORK IN PROGRESS
Biophysics o o Tracer Analysis: (Theoretical)

One of'the most useful ways of determining the distribution of certain metabo-
lites in the body, as well as the reaction rates governing transformations from
one metabolite to another, is by means of tracer analysis. The research is
oriented towards developing a mathematical technique, based on coupled in~
tegro-differential equations, which would permit one to extract information
about reaction rates and transport topologies from the experimental data. A
new equation has been derived characterizing diffusion of a material through
- a reversibly reactive medium. Various applications of the theory are being
explored. Practical methods of improving radioisotope imaging are also under
investigation. ' : :

"Three Dimensional Imaging of Multimillimeter Sized Cold Lesions by Focusing:
Collimator Coincidence Scanning (F.C.C.S.)", (with S. Rudin), sub-
mitted for publication,
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APPEMDIX. I

" Theory of Antigen-Antibody Interaction in
Agglutinating Systems

I. Introduction

| Agglutination of réd cells or latex particles is a widely used method fqr
detecting and quantitating antigen-antibody interaction.s. Although numerous
mathematical arvlalyseshovf cellular and }parti‘c‘ulate antigen-antibody 'inducéd
aggregation -have been proposed, there is yet no general accepted quanti}:ative

treatment of this broad class of phenomenon. This may be due in part to the

- incomplete in_forrriation available and partly to the complexity involved in the

calculations. .-

The gréss features of the agglutihation process are well known. If a red:
cell or particle suspension which has been coated with antigen is then mixed -
with antiserum, the antibodies become bound to the surface antigens. Ag-
glutination ta]:%%ient intercellular bonds or bridges are formed to bind
the red cells or particles together in a multi-;element aggregate, In atiempting
a quantitétive theory, however, many factors have to be considered. The
nega‘give surface chargé bf tﬁe red cells limits’the.vlik-elihood of antibody
binding. The' densify of antigen sites on the surface, the strength and
specificity of an.t.igven.-antibod,y bond, the number and length of the antibody .

molecule and chemical or physical parameters such as pH, temperature,

_ionic stréngth and dielectric constant of the medium have also been demonstrated

to affect the final aggregations.

Since a complete general theory of antigen-antibody particle aggregation
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involved would be extremely complex, most analyses have tended to concentrate

(1)

updn one or a few factors only, quantitatively or q‘ualitatively{ Pollack's

_theoretical model-of agglufihation emphasize the importaht effect of the zeta

(2)

potential and the dielectric constant of the bulk medium. Greenbury
discussed the binding effect of 7S antibody on red cells. Singer(3) calculated

the nurﬁber.of antibodies needed per latex particle in agglutination while

(4)

. 5 ' ‘
Leikola and Hoyer( )emphasized the significance of antigen sites in

(6)

studying hemagglutination. Girob' ' showed that the uptake of IgG was pH

" and ionic strength dependent and was ihﬂuenced by the.proportion of cells

(7) e(zaluated the red blood cell

to IgG present during reaction. Greenwalt
concentration in effecting the percentage of agglutination and antiserum
concentration as well as the temperatuie effect. Areview of the general

coftacly (8)

features of the antigen-antibodyYis given by Singer 8 .

In the above. theories, either the effect of antinbody 'concentration(in
many cases, only the relative c,oncenfration expressed in terms of titre is
gii/en ) or the antigen c;ancenfration is examined. In the present work, tl'ie_ '
combined ;ole of antibody antigen and cellular concentrations w.ill be |
described in terms of a reas:ona'ble unified theory of antigen—antibbdy ir;duc;ed

agglutination; under the assumptions that factors such as the pH, temperature,

ionic strength and dielectric constant are kept constant and that the effects

‘of surface charge 'can be estimated in terms of a parameter of closest inter

particle'appfoach,. This theory is effective in describing the onset of
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' aggrégation over a broad rahge of'concentration.s of the three lfeactin'g elle‘ments. ‘
vIn section II; ‘tvh'.e kinéticSof an isolafed monomer-dimer $yétem are stﬁdied_

: and an equation for the equilibriu'm cOnCentrétions of monomers and dimers
der‘ived . In section IiI the signifi'cance of ‘tﬁq monome;—.dim'er‘ equilibrium
concentration equation in lpredicting higher order aggregation Will be discussed.
In section IV, ’detaiie_d calculations of the values and concentration dependences
of the'-parar'neteré of the 'equilibriﬁm equatio.r.] yvill be give'ry.' |

CII. Reversible Monomer-Dimer System

The various vparticulate agg‘;lutinatio‘n.tests will be idealiz-ed for the purpdses,

of aﬁalysis in the following way:
1) The particles (or cells) are assumed to be identical rigid spheres
2) Only a single species of antibody is present in all reactions. The

ahtibody mo_lé»cule is assumed to be. a loose, inelastic strir‘lg‘w'ith a singl_e

» binding} site at each end.

3) The antig‘en molecul'e'p_rovides only one binding site fﬁ%ﬂtibody .
In addition, it w‘ill be aséumed initially 1n the system of inizestig“at_ion, only
rﬁpnér‘hers and dimers are present. - ) -u
Lefc: ' ' | _ : ‘ - ‘ »
n be tlime number 6'f rhorlomer.s vp'evr uﬁit volume”

n1 r12 —-—— nj' be the number of dimers pér unit volume connected by a single '

antibody bond, double bond, --and j fold bond respectively“.

Then-co = no‘+ 2(r1l + n, Foua + n'j + . ) is the total numbef of sp-_h'erical

particles per unit volume. Also let fno be the number of unbound particle




pairs per uﬁit volume wﬁere for eachpair of thése monom‘_ers. tihe center to center
separation is 1e‘ss'than a distance say L (i.e. .the reaction Aistance) Let r be the
dissociation rate of a s.ingle 'antigen—antibod}; bond and si. be the averag.e'binding
rate of the i-th bond between the two particl‘es‘wheh they are within the reaction |
distance r.be the dissociation rate of one ant‘igen-antibody pair. Since each

dimer consists of two particles, the rate of decrease of monomers by forming

a r1l type dimer is ZanO s while the rate at which monomers reappear as a

4

result of n, type dimer dissociation is 2rn The rate at which the antibody

1 1’

bridges from between higher order multiple bound dimer formations and

- dissociations occur is difficult to predict, since some of the antibody bridges

'may be more vulnerable to dissociation than others for geometrical re asons.
However, it is convenient to assume thét even for higher order dimers, all of
the aritibody bridges are a prior equally and independently likely'to form.or
dissociate. It follows that the kinetics of formation and dissocAiation.o.f the

monomer and different dimer species is given by a set of first brder differential

equations: |
., ‘=‘2s,sjnz 4 2vn, )y
h’l: 5~%h:’ r“q’s.a‘.“}*”‘“z. - o )
I'f\2 = S - 2vn + ?>Yy\3.-'. 5’n'2. . ' 3)
‘;‘,3_: Ssh2'~ §Yn3+4\rn4 S ., | | @)
';\3' = ‘sé n Q}rhéf (jﬁ)rnéﬂ - s e

where n, stands for dnj »
o T
Adding all the equations up, one gets:

’ —4_




n,+ 2 (s n ae 4 ﬁj'*-- )= 0

av\l)\ , | :

n°+';_@h_\_* Nyt 4=

a'é expected,

The general analytic time 'dependenée of n, is not obtainable due to the:non-
linearity ih noz. However, by setting all r'1j=o iﬁ equations (1):_to (5’),';
equ_ilibr'ium_ values of nj can .be readily obtainéd . For example; if only

species of no, n. and n_ are présent, the equilibrium values for no is

1 2.
given by: , .
BV o _, | , ¢
’no—‘-’l—g—gnov?«%qﬁ'o . _ )
\okue, E:ﬂ'.;éi!

Luurmg 4= |—%‘; | %u(uh‘m (6) Cam be writfen as
, 21 : ' '
Yhasetp . g | Gay

- fa maximum of r1J fold binding of the dimers occurs, the general form can

be written as:

55 5515. 55 "’5' . ..

2¥C - > A { e

f 25c,u-g7] = 2 e B B (1)
It can be seen that each term on the right hand side of equation (7) : "

_ - _ th ‘ o - :
arises from the presence of the j=  order dimer nj. This makes it possible
to estimate the relative concéntration of the different order dimers under

various equilibrium conditions.

ITI. Significancg of the Dou’bi‘y Bound Dimers

The initial pathways in agglutination are diagramed in figure 1 =
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Igantigen—antibody bonding were irreversible, onlYmgle linkage between
the particles would be required for gradual formation of large scaie aggregates.'v
Since,‘ in fact; thousands of antibody molecules per particle_are required .f-or
agglutination to occurq) it 15 apparent that dissoc1ation of the antigen-antibody
bond serves to limit the rate of aggregation and so affect the conditions for
agglutination. As indicated 'invfigure 1 above, there exists elementary
aggregates, the doubly bound dimer (nz) and the cyclic trimer (CTl ); for -
"which dissociation of one bond will not significantly 'alter t_he_ configuration

of the particles. For such configurations, antigen-antibody reformation is
much favonred over nonredundantly bound»aggregates. If.a break occurs in
- either bond of the non-cyclic trimer (Tl), the aggregate is itself disSociated .‘
and the likelihood of reformation grossly reduced. The redundant bind'ing
in nZ and CTl -therefo're very much.stabilizes thernini—aggregatel.

It‘seems reasonable, therefore, that the conditions necessary for the

. formation of large scale aggregation must first be suitable for the effective

and/or CT,.

production of one or both of the stable mini-aggregates n ]

2
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In order to more effectively estimate the minimum concentration of éntibody
required for large scale aggregation, it will be useful to compare the

probabilities of -formation and the partial and complete dissociation and the

reconstruction of n,, T1 and CT1 .
A). Formation:
"1) - The average rate of forming a doubly bound dimer from a singly bound.

one has already heen defined as S2 . If the number of singly bound dimer

is nl,_ the total_-formatlo.nvrate is: RN = nlS2
2

2) In trimer formation, it is necessary to find the number of pairé of

dimers a_nd 'mono.m_ers Wh_ich are close enough for the antibody molecule to

form a bridge. If each monomer is of radius R and the antibody length £

is much less than R, then the accessible volume for the center of the monomer

within which a linkage to a dimer is possible, is shown as vac in figure 2.

. This volume can be readily calculated N b i
V, =24 me

o= 24700
for n_ monomers and n, dimers per
unit volume, the number of such

possible reacting pairs will be *

“n n.V- . C ’ . .
- o 1 ac . . . s

S

Thus, the total formation rate of T. will then be: R. =S. n nV | . . :
, : 1 T 1 01 ac Foure 2
. | ,'%'"”— .

The ratio of the rate of formation of doubly ' A ' '

bound dimer to that of a.singly connected

_7_



trimer is therefore . . - ) [

Rﬂa nlsl ~ 5-; ‘ ' | 4 | \
g RT\ ) n|5(hovic 5‘3’\0\/&0 | : : : -

3)  As shown in figure 3 only a small fraction pussible ‘
: Con{f?ora‘f‘m \

trimers are geometrically available for the "fﬂ %91.4250"4

~. ~_,./ ‘ .

of the T

formation of cyclic bonds‘. Calculated to the lowest order ofz_, this fraction
. R‘ . .
s, . o
is  |=— . The ratio of formation of doubly bound dimer to that of potentially
cyclic trimer is thds: E”_{ - _Ei_(ij};-
_ {Zq‘ AL

In almost all practical cases of red cell.or big latex particles(diameter ~ 8 M)

Py

: ‘ 2
agglutinated by 7S antibody, these two expressions ( RNZ R 3 )
' ’ . . - T ’ Crl

are much gfeaj:er than dne (*) showing in favour of the dimer double bound
formation.
B) 'T‘he“chanc.e of reformation

If one Aof the linkages of'simply connected trimer is dissociated the
likelihood of reformation is relatively small because in general the resulting
dimer and monomer
*(If the volume of red céll is taken as 94p._3 , then R-.: 2-§2.x (0‘4 C,w

length of antibody is around 250 A Oo)v'vhile 31:~Sz will bé show'n'la'ter in this

text that are of the same order of magnitude. Then, eveh if ng is taken as

) s o RN 2 R +3
high as 109 per cm3 (about 10% suspension) . 1’.\;10, “and S o~ 0 >
' . R - Rer,




will be :épidly separated. The ch.ance'of an initia'lly n. dimer to reform its

double bound, however,. is very much greater.since as long as the other

’ ) P !b\'v»
bond remains unbroken (the.chance of two boﬁg—sTk%ken,simultaneously is

- considered small) the two particles are still close togetheér. Cyclic trimer

CT reformation can be viewed in quite the same manner as that of n

1 2

However, as shown in figure 4,

the pybability of reformation is reduced

by the rotation of sphere 0 about the z-

. axis. Thus, it is clear that of the two

AN
is more rapidl

2

redundantly bound "-'stable” elementary aggregates, the n
_bouﬁﬁ%n’ore stable than the CT1° In order for fhe development of Highrer ora\u_
aggregates_to be favoured, it is apparent that the conditions for the initial
formation of the doubly bound dimer must also be favorable. Viewed in this
light, the idealized ‘mon'omer—dimer analysis of section II .examines therefore
what would be the concentrations of multiply bound o{i_mers for a given set of
asso_ciation and dissociation parameters and with the loss of dimer to higher
particulate species (trimer, tetramers, etc) suppressed by the assumption of‘ _
'tﬁe model; If uﬁder the "equilibrium" cooditiovn,. the concentrations of

- multiply bound dimers ére extremely low, it is reasonable to suppose that
-higher order aggregations .in fact will not occur, while for high "equilibfium "

dimer concentrations, the conditions are clearly suitable for the formation

of gross aggregates.




IV Evaluation of the parameters f,r and S,l'

A, Calculation of the proximity factor f
Consider No uniform spherical particles randomly distributed. Throughout a unit -
“volume of fluid ,VO . The likelihood that the center of a given particle will be -

within a distance of less than 2R+¢ from another particle is given by:

= _ URJ«D (2)°
b 95"!('% )v 4L (Ni - 2R)’

| where R is the radius of particles and
% 'is the 1e-ngth of the antibody

Considerihg all No part‘icles, the number of such pairs is:

where

V, = %[bm&f—“’lz@} ]
\/‘ = \/‘> - ﬂg(No—l)(zgf

for NO >>1 and for dilute solution where fluid volume is much greatér than p‘ai‘ticle

volume.
_PN lng Q(_ng%f{ufl) o ‘ , . (8)

The number of such pairs per unit volume is

fher_'e‘f_orei, }z_g‘@( h—R“‘ éﬂ@ i ) : o - (9)

_10._.




© In calculéting thié' f, a purely random spatial distribution of No' has been as_sumed.‘A

‘This willfno_t be true for the initial non-equilibrium stage in which n.1 is increasing

at the expense of those pair's of monomers which are close together. At equilibrium

detailed balancing predicts that the dissociation of nl ‘supplies as many closely

spaced monomer pairs as are being removed by ri formation #

1

* (Since the productiori of N; can occur for a range of antibody configurations while

the dissociation of n, occurs only when the ahtibody is fully stretched, the

1
production and vremov'al' of No ‘pairs occurs at slightly different spatial separations).
B; Representation of the dissociation rate r

The dissociation rate of a single antigen-antibody pair, assuming a loose string

mod_él, has been calculated to be (1)

r:%J%uﬁcﬂ% | | S )

where: | | . | | |

4 1is the llengtﬁ of the antibody molecule

k is the Boltéman constant

t is in absolﬁte temperatu.re’

m is the rﬁass of -the'sph'erical particle of radius R’

EB is thé 'enelfgy ‘required to -break the ahfigen—antibody binding

D' is a constant with vélqes‘:
D=1.67 when 4 <<R

D= 0.72 -when £> 2R

~-11 -~




C, Evalvua.tio.n o’f'the formation rate of thé i;th bond Si
Let si = stghi where s represents tﬁe average forrﬁation ratg:‘ between an anti-
body already attached to particle 1 a_nd an antigen on the' 'surface of particlé 2,
_ t'g is tﬁe factor reflecting the number of ant%ig.gen'sites in‘sidevan effective area
aef \;\}hile the femaining factor hi is rel:ated fo the possibility that one or moré
such potential _antigen-antibody pairs éxists .
i1, 'Calculationp'f the factor hi |

a)The concept»lo'f effective areaé:
Thé probability of an antibody aftached oﬁ particlevl combining with an antigen'
.on thé surf‘ace of particlle 2 depends upon the géometric c‘onfigurationé.A
Let £be the length of the antibody molecule. When the
minimum distance g between thé two identical -
particles of radius R is less than £ .

¢ on each of the spherical surfaces where antibody

There is an effective area Ae
bridges» can be formed.

‘From figure 5, this area is:

_ 2 o
‘ Aef—ZTrR (1-Cos 6 )

-12 -




The effective area A of Can also be ex'p're'ssed in terms of the distance of

closest approach q.

Since R +4£)%=R% + ('ZR +9)% - 2RE2R + q) cd50

TRORH) (1) o | | |
A% 2Ric(r | o )

Let q = el ; e<|

and for case of R >> 2

Ay = WR(JZ = um(r €) S o w.a)

Now suppose one end of the bond is fixed at any arbltrary point G on the

effective area A on particle 1 while the other end is free to imp:-L'.nge upon

the second sphere. It can be seen in figure 6 T

)

‘that this free end can

cover a sub-area on

-surface 2 denoted . : ()
as aoef where —4&———
o, - TR(L+ t)({-t)
"6 R+E

nd t is the perpendlcular distance from the point G to the spherical surfaqe .

It can be shown from the geometry that a% =,7T[L ‘_qfﬂaﬂ%'h ..427&"} s

- where /\)\E [~ Ccpﬁ

and aQef is function of both ¢ and the angular position B of point G. The

probability of point G being anywhere onarea Aef is the same, whilethe’

probability' of G being located at an angular position B is proportional to the-

anhular ring 7.{&’93—5&\&5 4(3

...13 -




Taking all values of P from 0 & ©
into account, the average value

of ao - is obtained:

ef
\ >"_ g U; e qa%,wam 17rRsmpo!§£
Gve . | 5 Z?(Réw\(;d(} |
or a%'—_—_f‘g-@-l(zié'&?) T : .(“0

b) Distribution of antigens and antibodies within the effective areas. Having

an
introduced the concept offeffective area A and the effective sub-area a

ef . ‘ , ef
it is now appropriate to examine the statistical distribution of antigens and
antibodies within these areas.

Tet A = 4 A RZ_be the area of th‘e sphere and assume that both antigen |
sites and antibodiee are uniformly di-stributed over the surface.. The
probability of finding a particular antibody within an effective area Aef .is
Z\%/A and the probability that this particular antibody is not inside is:

1-3y/0) |

For a total number of N antibodies, the probability that any n of then will be

,'inside'AA-/Sis:_ : o | | '&
L (—56) ( #)N ” | | sy

0 = ) "~ , ‘ |

The average value of such a dlstrlbutlon is 1) 15% '\f and equatlon (15)

can be rewrltten in the fo_rm
0= srpra () L-w) e
for n=o, N large-and ¥ finite | 4

w(‘.’j = - Q'D - (17)

14 -~




lo

. and‘assuming that t»he corresponding effective sub-areas a

, one

When the spheres are close together, there are two effective areas Aef

on each opposite surfaces. Abond is formed whenever an antibody from either

one of the A_. links with the other.

ef
Let Wb(n) be the probability of finding n antibodies inside the two effective '
areas 2R o, then:
L . aN! > M
_(Db(h) = ol (2h- n)’ %

letting Nb'-;Z'J

=2p
-wn

W(),mhb) g | . Qt)

By exactly the same analysis, the probability of finding j antigens inside an -

effective area A of is
) N, ! b ,é . ' _
%%Lj(w "46 - - 19)
where Ng is the total number of antlgen on one sphere
a

C) D,d‘zrmmahon of hlv
As sume that a pair of unbound particles are within the reaction distance,

If theve is only one antibody inside the combined effective areas 2Aef, fhe

. formationrate S, = h, s =s, and h1 = 1. If there are two antibodies in Zl.l.ef

1 L

of do not overlap,

each antibody will act- mdependently and ithe formation rate will be doubled.

(If the concentration of antlgen sitesis large, the effect of the overlapping
sub-areas is clearly minimized. If the antigen concentration is small, and the

antigen sites W1de1y separated the likelihood of closely ne-ighboring antibodies

with 51gn1ficen lly overlapplng Sub areas would be extremely small >

- 15 -_.




-Thus the average value for h1 can be written as:
'en:nz\ Ot m =4 o - @o)
Second bond formation after the first bond has been formed will be proportional .
to the number of unbridged antibodies preééht:

‘\JL )
,411 < 7 W, (n) (m—1)
_ . n=2z .

Since only the class of singly bound particles n, is now being considered,

1

the two Ae , of coﬁrse, always contain. at least one antibody and the case of

f
’zero'antibody must be excluded. Iﬁcluding

the appropriate normalization factor, the final expression for hZ becomes

NV » | )
f\i:nZwb(h)(n%wb(o)] _ | ' | 1)

Defining

W ':‘ 

k

k-t : . ‘
- > &)b(n) S E _ - (22)
. n=o X .

1‘be comes :

The general expression lf_or h

M-

_ n o . | (23)
ﬂ\i = Wi ,)v.(’h UrQ/WL-I - | | T

it
T

‘A‘.‘variation'o”f hL with respect to 'lJb is shown in figure 8.

4.

4

3

4. | /:," .

L2 3.4 56 7 ¥ 9
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b-’ hiis directly proportional to the avefage_

number of unbridged antibodies remaining. For smaller values of v

It is seen that fo r lérg'e values _ofAv'
b; _however,
.the very existence’ of one or more antibody bridges tends to select a subset of
particle pairs _ﬁaving an i'nitially larger numf)er antibodies than the generél '
popﬁlétion-thus resulting in the non-linearity of the lower curves in figure 8..
2 )-Thé factor t‘é’ |
If fhe coliision of the antibody onaéf is random, .one would expect the formation
réte of the bond to' bé-pnoportional to the number of sites., It w.o‘ulid, therefore,
be reasbnabie to equate t to the average number of antigen sites insi-de aeff
(For low values of.the average number of antigen sités vg, it is :the same as the
probability of finding any site inside a’ef’ »_i.e. {- é%.‘: . )
3) The formation rate §

Consi‘der a- single unbridged anvtibody.attached to. particle 1 within the

effective area Ae The average rate of .antibody-bridge formation is determined

f.
- principally by three factors, :

i) The average frequency 2, at which the free end of the antibody imp:inges

§

upon the opposite surface. -

pe.y

1ii) The energy activation factor P .

E B
iii) The probability factor St arisihg_from the relative orientations between the

antibody and the antigen molecule inside the average effective S'ub_—afeaaef .

iv) Evaluation of 26
In COmparihg the thérmal motion of the much larger spherical particles

to thaf of the antibody moleCule, the spheres can be assumed to be quasi-

...]_7v_




.stationary, with the unbound ,aritibody site free to move .randomly in any
direct,ionv.' The average thermal velocity of this unbound site can be estimated

from kinetic theory:

V=3 8 . e
yvhere mq isv the‘ "effe_c_t’ive mass of the particle" represented by the f'rée,,end '
of the molecule.. Tﬁis-éffective mass will ‘depend on details of its specific
-molecular structure-its mass distribution and flexibility and is difficult to
determine accurately; It s ; reasonable, however, to_vassume this value
is of the orvder»‘of m’agnitudé of the_niass of the antibody molecgle itself.

With one site bound at point G, an antibody

molecule can have its free end anywhere inside a

volume Vi, as shown in figure 9 where ' SPLariuﬂ :
. ‘ : o . : Surtac L, o
V. = _-’21\”{‘3 (’ - 3_Q. . : T/ ———d-—‘:“ A
T 3 R ‘ _' - :
In the presernce of sphere 2 close to point G, the g}ﬁu /.SUJHUL
: £
~ V.

volume accessible to the free end would be reduéed

to VF,': VT - VB

‘As shown in figure 10, it can be shoWn that -

3 (. S 2 . .
_nl AN N RV 2 [ ' { € 3 é((~e) 35)
i {(“29("39'5('&)(779‘5) -1 +2le) (TTT)T B
~ where t is the perpehdicular distance from G to surface 2and & = -1—7—- '

The most probable value of t is given in Appendix 17
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In case R>> 4

V.V” T(( 5e+e)

and thus: N o S (26)

=7 CC *) ) |
Continuing to regard the unbound site as a free partlcle with no preference
in any particular direction, the number of ' mlllslonS' per second w1th the

: . and
effective area-Qef on particle 2 is calculated in Appendmelds the result:

| 3 - Y8y

foav,
_(2-¢-€) _‘_JX&:}' |
T b3g-€Y) tdTny o e

(i) The factors of P_ and St' are difficult to »evalluate separately. Exact

E .
evaluation of .S‘t is extremely difficult because of the complexity of the
molev'cular stfuctﬁres involved. -So far no such determinations have ‘been reportéd.
In most experimvents, measurements ére made for the activation enérgy o}nlya
The value of this activation energy', hoWever, seems to be higher than one

. would expecf for such a biologica11‘y favored combinations (12, 13, '14‘)- '
These high vlablu‘es may be interpreted aé indicating the exister;ce of seyere’ .a.
steric éonstraints . The spatial configurations andvor'ientatioris of the bindiﬁg
sites of golliding antigen_—antibody pairs will usuallyj be far from'OptimosL.’
Higher coll‘lision. energies woﬁld prqbably be ;‘équired for bindipg under less’
favorable steric co"nditi;ms . It séems reasonable to evaluate-these tvx./ov‘v

. factors together, and introduce

=P_.S

ET  "E°T

_]_9...




Consider-the Maxwell distributie:n for the velocity of the antibody moleeules.

(With antigen sites assumed at reaf)

Pm <7r> res VW(—?%UT—> | | B @8l

The fraction of these molecules having a velocity ’V or- greater is:

F= S,'b-f’('v)d'\f: AS v ‘eowdu*
o ‘A
ARANA
with A =(3) (%y ; 2kt
o | .
R A R N ()

IfE, is a few K cal/mole, EA >> kT at room temperature and therefore

Fefe(-) ot

If EA stands for the activation energy, this would normally be mterpreted as

indicating that whenever an antibody molecule possesses an energy ‘EA or
greater, and it meets an antigen site, abond would form. But it must be

noted that in this approach, E, is an average combining energy reflecting

A
. both the minimal activation energy and the steric factors involved. - '
Let

Bgp TBGE o 4 o (30)
* where Bo. is the probability of an antibody imp inging upon an antigen site
when a. collision on the sub‘-areaaef "has occurred. Now assume that theye

is a small effective region 0\}, (Not necessary the area of the antigeh binding



site) such that whenever the center of an antibody binding site hits it a bond

- is poseible {with sufficient energy E> E , of course) T‘he proba'bili_ty of

A
possible binding formation is therefore: L ud—’
. _ i : p
. ‘ i ! .
= a ! . . ! II ' %(l b2
B, = 9/, | L‘;JJ ______ 2o 3e
| | ECIR T
The most probable value ofOLg can be evaluated as follows - Ny
-‘ | . N s
Suppose. the cross-sectional area of the binding site of
the antibody is d l'x d ,. Taking the same value for .' o2l Maximum dislocatin Gor bwo

the corresponding antigen site and assuming that the ¥d bes and Lpective nogeon Q‘O‘

offset of the two binding sites can be up to one fourth of their Corresponding

 sides, the center of theatibody binding site must strike on an area ag equal

to ;dl x_di‘ =.__1_ d x d . . ‘
> MZ_ P 1 2 in order for a possible bon‘dage to form ,*

Referring back to equation (7) and letting X = ¥ the equation can be

rewritten as:

£.x | o
4ase, (47 )" = UH‘ >( ' - (31)
(Tmtwatmn energy E ~ 13, 6 K cal/mole, E . ~14.2 K cal/moie

01 . 1
The antibody binding site dimensions 0(:”(1 ~34X12 A (P
: - -1 7 - :
A calculation will give : Y~ (0 1 s 2% ~bx s ; Ffv éflo BN(O
. )
(\V\"\v_x='\: r\,.iO_ ) ' . : ' - ’

L2 -




A.ll ,the qiuantitie;;s in equation (31)can bé experimentall'y or theoreticallly
evaluatv:ed.v , Eéﬁation (31) felates ‘the partiqulaté coﬁcentration (CO‘ )" the.
 antigen and antibody coricehtration (t‘aand, hi) to tﬁe percentage of agglutin'a_tion |

(giyeh by g). Physico ~chemical factors S_l.;Ch as the activation and binding
"energieé the temperature and‘ zeta potential determining the particles distance
.of closest ap.proach ) X an hi' | |

Equation (31) cah be used to predict the fractional amount ofv‘agglu'tination

“Q" or éonizer-sely from the méasured value of "g" to defermine "X", the ratio
of the formation to dissociatioﬁ rates

There is reasonably good agreement between the above theory and‘

Sam ‘ . .
experiment. AYdetailed calculationsand comparisonsis currently being prepared.




Appendix 1 ' : S - Al. 1
_The most probable value of the distance

" t, between a point G on one spherical

surface to the other.

Fig A/

Th_e value of t is a function of g and B. The most probable value of cos B

.can be evaluated as:

2
2 2nR"Sin g Cos p d B

(Cos B) =
g MP fer.TrRZSin Bdp

1 (1+ Cos 8)

-t

.where 8 'is the angle when t = -(,, the length of the antibody molecule
From the geometry of figure
2 .2 2
(t+R)” = R” + (2R+q)~ - 2R(2R+q) cos B

inserting the most probable value of Cos f, and after simplifing;

t :f(lng,)( 1-cos 8)+%-

. . ‘ [ 4

~ yet (1-cos 6) can be readily calculated from the geometry to yield a value:

_ _A-q
(} Qos ) “2Riq

Thus t::% + 'i“éf;q)
~% dq) |

= ‘éL (Lte)

Thus, for ¢

St
170,

q = 3(1re)




Appendix 2.
To findvthe number of collision bf one molecﬁl'e Vv;}ith the wall of the container
of arbitrary shape. |

Let As; be the. total surface area of_fhe container. Inside a volume V,
a particle K moving with an average spe‘ed u , ixj timé dt, will hit-on an
area dA when it is ins;de a volume. equal to -
u dt dA Cos 6

.Thus ., the probability Pdt dA of a
collision with dA in time dt is:

° _uCos 8 4 gn
dt dA vV

-Taking the normal to dA as the axis of polar axis, the probability of K
approaching dA in direction 6 and 6 + do will be proportional to the solid

angle at dA subtended by these directions, and the chance that 8 lies bet-

ween 6 and 6+d6 is :_2uSin 6d6  _ Sin 6d0
' 41 ‘ 2

But collision of K on dA is possible only for values of 6 _<_—;- when averaging out:
Py = 2L aedA S’z Sin@ o0 dd » | N

v 2z _ ' S |

: . o . -

| 4
= -——-(&—d(: dA'
, .4y : o
Integrating over a surface of A,
o ul
Par,a ™ Tay &

In a time At'so that P =1, ie certainty of a single collision then At ={%

4




b B Sﬁpposing’ that the amount of time consumed in a collision is negligible, the. ‘
total number of collision per unit time on area A is thus:

ul

: 1.
5 TAtT T 4y
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APFENDIX 7II

Current Research in Multicompartment Tracer Analysls

In attemptiné,to identify a linear multi-compartment
model for a steady-state biologicélvsystem using tracer mehods,
éppropriate experimental data must be obtalncd; It 18 of
Interest that the necessafy set of experimental meaéurements
carable of providing enough information fo completely define
the system is not.unique,in that the choice of injecticns and
mes surements to be performed can be specified in several seemingly
unrelated Qays.. " The general principle underlying what congstitutes
a complete set of experimental méasurements that can determine such
a multicompartment system'is'now teing investigated,

In section I it is rroposed that the existence of a prorerly.
defined reference compartmént is a ﬁeceséary condition for -
establishing the comrleteness of a set of measurements.and a
génerai.algebraic appro#ch for studying the rroblem is outlined.

In sectlion II 1t 1s shown that the exlstence of a reference
compartment is a hecessafy and sufflcient condition for solﬁtién

of an n compartment system if the n measurements to be performed
are cﬁosen from 2 columns or rows of the transition matfix. In
gsection III the equations and corresponding conditions for solutlion

when measurements are selected from 3 snd 4 columns are compared,

A general mathematlcal expression for'the necessary condition for

solution for any n measurements is derived in section IV and a
plctorisal analogue with the resulting representations of several

soivgble and non-solvable cases are presentad in section V,




‘General Algebraic Conglilderaticns

Consider the n compartment linear system descrited bty the

vector eqn, (1), where the comppnents_xl(t), (1=1,...,n) of the

vector x(t) are the cbncentrations.Qf.labeied material in each

cempsrtment 1 and Q- 13 an (nxn) constant matrix composed of the

it transfer rates A5 (1, 3=1,...,n).

X®) o+ & xey =0 | (1)

»It has been shown by H. Hart (ref. 1) that the matrizx (A

defining the system (1) can in general'be'épecified by measuringA

“the concentrations xi(t) in all compartments 1 for sufficlently

long periods of time, assuming constant initial conditions,

| S At | -
X = 2 A, € ey <
. ' k=i i ‘

N
~—

Y

The values Q{“i,j=1,...,n) cén be expressed in terms of the
parameters_Aék:1,...,n) and‘AiK(i,k:1,...,n) of the solutions (2)

which best fit the experimentsl data,

Au Ay - - “Aj-i,j I\All P\J,ﬂ,\ + 0 Ay

Aw b Ain Afia Ay o)
Ay = | - - oo %,M (3)

? s -

! Am f/\m ' "'AJ"/;‘-' 'A,\Ain Aj;i,n' ﬂnn

where " |A| 1s assumed# O, (This requlrement ls always satisfied(ref.5)




X

Thus measurement of the concentrations X t) in all

compartments 1, subject to constunt initial condlitions, conétitutes

a complete set of measurements capable of defining the syvstem,#

The general sclution to the system (1) for initisl concerntrations

x(0) can ke written in matrix form as follows: (ref, 2,3)

l—

X&) X (43.)
or =

X, (?) '- T T\ /e

A1) T T Tn X e) )

C =1 . | (4p)

x@/ AT e T )\ X

where T(t) is the (nxn) state transition metrix whose elements

n .
_ 1 oAt
T;0 = )AL e
represent the tracer concentration in the ﬂﬁl compartment st
time t subsequent to unit injection in theufh-compartm@nt at
time t=0. It follows from the previous discussion that

messurement of a,COmplaté column J of the transition matrix

. _ ' 2
constltutes & comrplete set of measurements from whlch the n

 parameters Clu“or equivalently all the elements of the transition

¥4 complete set of mezsurements capable oF defining @ svstem
is a set of injections 2nd measurements which will in general
permit determination of all Q. We are not considering the
effect of any speclal relationship that may exist between the i
of a “articulﬂr system, . ‘ : °




matrix can te determined. Vnowi@dg@ of a qingTa row 1 of’the
tranqition mdtrix l1g also sufficlent to unimuelv define the model
(ref. 4). ~ Fhysically the méasurement of a single row 1 of the
transitibn matrix implies th&t-injmctions aré made in each oflthe
.n_compériméntS'separatmlyand the activity'of the fh compﬁrtment

ié measured after each injectlion, =~ 1In addition to ahy complete
':row or_column c&ftain other comkbinations of n elements of ‘the
transitlion matrix are sufficlent to describe the syatem, As

wild be verified; 1f any set of n elements of T (do not)'consﬁitute
«3 complete set capabie of defining the matrix Q. then the corresponding
.élements of the transposed matrix alsb (do not) constitute a complete
set, While only the n eclements of a row or .a column in genersl
uniguelx define the system, we are here referring to those other |
sets of n elements for which tha numérical velues of all no elements
aij can te determiﬁed suk ject to a.r@sidual amhiguity In assigning

the values.

Equation (3) can te written in matrix form

o = AJ\/\ R j:‘M*:,O (6)
- | B O A/ | ‘

where the dlagonal el@meﬁta oféi  are the eigenvslues of gg and
the eilgenvectors are the columns of A . ,'Tﬁe n elgenvalues

;A? (1:1,;..;n)-¢an be determined from the measurement of any

" element T; 1 of the transition matrix over a 1ong enough time t and
bthe‘parameters.,ai'then define the invariants of the matrix (trace,

“determinant, ete,). For a two compartment system consideration

of the invariants leads to two equations in four unknowns:



LA
OOy =00, = AA, (et ) , - (7r)
Since measurement of any element T 4 1s also sufficient tq
determine the corresponding element <ld~of the matrix gg (ref._S),

-1t - 1s evident that the system of équations (7) can te solved if

the elements of any row or column of T and, therefors, alsc of &
] : = . .

are known. It 1is also apparent that a solution can be obtained
if T)l and T,, are measured (i.e, (U, and aa,datermined).  Note

however, that the set of diagonal elements T and T,, does not
result in a complete solution for the 2x2 matrix @& since only

_the product oflc%lénd’cg|can>be specified (fig. 1)}

For a three compartment system each ei@ment Tij p@rmitS'Clgi
and the cofactor of Ui to ve determined, Another invarisnt,
the trade of the adjoint of QG (i.e, thejsum of the cofactors
of the dlagonal eleﬁents of gé ) can e expresced in terms of’
the;R's. Generally, for every n elementslof'g (nzn) known, a
system of n* non-linear algebraic equations (ref.5) csn be set up
for the n* QJJ'S'bUt if the n elements are not in ﬁhe same column
.or row these equafions may not all ve Independent-and only partiél’

golutions can be obtained.

The seventeen rhysically different ways of selécting the three

- for n=3 are indicated in flg.2 vhere any matrix resulting

J

from a simple relakeling cof rows or columns 1s-bonsidﬁred equlvalent

elements T[

and is not shown, Sets of elements of T whose transpose elements
are physically different but have equivalent algebraic solutions are

-
‘noted by the superscript .




’ l‘):'
It can te gseen from fig.2 that with the exception of #17

b | all of the ¢ases leading to rartial solutions fall into two

' categories:

1) Two or more measured elements are on the dlagonal of T

(#'s 10,11,13,16)

2) No meagured element appears from one of the columns and

* . none from one of the rows of T. (#'s 8;9,12-15)

Upon‘examination,lthe sets of complete injection-measurements
fall 1nto‘tWO classés, corresponding in a sense, to the two basic
solutions:of‘onevcompleté column cr one complete row of the
£ransition matrix, The column sets of tféneition matrix elements
reflect éxperiments in which one comp&rtménﬂ is Injected and all
of the n compartments are méasur@d. . The injected comrartment
can be viewed as a "reference compartment' with respect to whiéh'
all n méasufements are telng taken. Gcncralizing.this_cohcapt
a set of transition matrix elements such as T, ,T#|,T3l‘may also
be viewed as eXhibiting é reference comparﬁﬁent. Clearly T,
and T,, refer fo ﬁhevcommon reference Injection compartment 1 .
However, COmpartment 3 also refers to the injectlon_compartmcnt 1
albelt indirectly through compartment 2.  Thus T, ,T,, and Tg,
form a complaté set whereas for example T,;,,TQ\| anle¢3:wou1d not,
The oorrﬂspondiné,genér&liZation applies for the common reference

- meagurement compartment, For many sets of transition'elements
 more thah oneAcommon referénce compartmeht is operative ( ﬁ:2, #3),
(n=3, #'s 5,6 and 7).  1In case 7, all thfec compartments.can

be viewed as the reference compartment. ' Viewing compartment 1



Elements of T known f_ _ Llements of that can be determin
. : ‘ nes

complete_éolution‘
0T G ) L ms an e an (99)
2)(1%) T, ,T.. (°®) | ' |

3) 0 TaTa (o )

| partial solution

4) T »Taa (g'o) o , ST G - (90)
fig. 1
. ——
n=3_ .
L complete solution
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}l‘;‘l,v

-.'Ebrm an Ag, ‘matrix (symbolized by A

‘a8 the reference ehtity3 T,, indicates that 2 is being measured

directly with respect teo 1, T 5, indlcates that 3 s belng

measured with respect to 1- indirectly through 2. - Ti3- Indlcates
that 1 1is bcing.mea3ured doubly indirectly first through 3 -and
then through 2.

In -summary the okserved necesgary und sufficlent condition

for a complete asolution when n=2 and n=3 is that:

1) All n compartments must be either measured or injected
with respect to a common reference compartment.

Necegsary Condition for the Completeness of &
in & CGeneral n Compartment Svstem

o - : .

i

3et of Measurementis

I

necessary condition for the completeness of
b _

It will now e proven that statement (¢) arove 1g -'2lso the

2 set of measurements

dn the general n compartment case.
From equatlions (4t) and (5) it is clear that the coefficlients

of the expdnentials in the fh column of the transition matrix

A’ ). corresronding to a. unit

5
ﬁpjection in the fh compariment. Rewriting equation (6) in

65/ i :
this new notation:
€

auf

(8)

: . ' . . -
Since the matrix gjdiagonalizes Qa . (A?) o} (AJ) = JQ

the corresponding eigenvector equations are



&
I
Y :
;LJ

oy | _ (E&

1

where éK

‘the matrix a7 ,

Since corresrponding. columns

AJ
1;>/\J = o A= M
- | -Aﬂx

.48 the eigenvgctdr corregsponding to the ﬂh

column of

. . ’ 7/
“k of any two matrices édand éd_

aréd éigeﬁVectors of g:with the same éigenvalue fk the ratios

*of their éomponents must te constant,

3 3
A A

Pz
AEK - AfK

The elements in equations (IOa) are further related by the n

conditions:

3

. ﬂl
or Al =

(o) = JL-J'

Lk — ; "k )

A , K=

oo |
A 4 |
or Z{'AZK - 5}4 ; (

y 2 C 4y
Aupt . LF

L

) (10b)

It will be shown in the Appendix fhat unless exactly one

element of Tij is measured in each of the cnlumnq or

' complet- solution 1is noEYottaindblc.‘

Y\Q.Y“”

rows, a

- To furth&r‘examinc the

requirement for s complete solution conslider now an experimental

design of n experiments in Which_one element (J') selected randomly

for each row of the'transifion matrix 1s in fact measured.,®

kY

From

(10a) it follows that all of the unknowns can be expressed in terms

% ' Rewriting (10a) as AIK =~ \AlL A

it iq re

ddlly seen

that the algetraic formallism 1is nqsential‘y‘id@nticll when one

element (3"

selected. rmndomly for each column) of the transition
- matrix is determined




- of the remaining n(n-1) unknowns of the i' row.

The formal solution for these remaining unknowns will be.

comﬁlete if the n(n-1) equations of (10b) relating.to'thcse,

h unknowne are .in fact independent. ' The  independenca of these

equations for various cases wlll be examined in detall in the

subsequent Sections.




S I1

h Two Column Experimental. Design

Conslder the case where the n elements of the transition

I matrix are 'cxperifnen.ta‘lly determined in two columns, s and t of T.
For future reference, the 2 column configuration 18 designated as
the case, m=2, .Then we can define:

e D5 the number of measured elements in column s.
n, - the number of measured elements in cblumn t

-~

go that N = ng + Ny

The rows of the measured elements in cclumn s are labelled:
0"'/ O—;-‘J'.,“/ O;'\S

and the rows of the measured elements in column t are labelled:

Ty, Ta, vor, Ty,

/

Mo two rows O or T can be the same since as indicated in the
arrendix all rows must be represented. "In the atove representatiom
the measured elements of the transition matrix in columns s and t

are respeotiyely: Tos (OdZC:AK/.V m&) and T,., ( T= LJQV'-*,fQ)

and the corresponding experimentally determinable coefficlents of

o/t

o < _ ‘
the terms are Agy and AEK , (k=1,...,n). - The remaining n
unmeasured elements of T in columns 8 and t are resrectively

Trs ( t:'thB.jﬁq%) and Tc%-(°~=5151,'~-,014) and the corresgponding

- S ot » N
. n’™ coefficlents AT, and Al ,(k=1,...,n) are therefore unknowns.

It will be sufficlent for the following hnalyais to examine
the relations (10) for the two columneg J #? and j =t alone.’

Choosling 1' arbitrarily to be the fixed row O, these are:




. A ' R ot :5' L
Aé ~ AqK Af ) Af _ Aﬁk /\ cqu”ﬁy

X At )Tk &:T"l);""q[”f ok \ps )0 Tk Nk=ben
. ok /. - J K-Tl, . n AO‘,Kl J (11 )

| a

.n.n%.e%u5jjon5 rt(”s*).e%uajVGHS

noo | o g .
S g | - o
Y By = drs (T=1,T4.7, ) 5 A Ty (A
ez ’ k=t ’ : (11p)
' _,,l ) hf ec{,u 4'{[0&3 | : '- )’15 (*‘_rhucx,"'loh;%

The relations (114) and (11b) together constitute n®* equations
for determining the n® unknown coefficients in the n unmeasured -

elements of the s and t columns of the T,y matrix, Substituting

(11a) in (11b) the system of equations (12) consists of n equationsg

for the n unknowns ‘A;k (k=1,...,n) 1in ﬁhe unknown element Tot »

in terms of which 21l other unknowns have been expressed. in (11&).

n | | -
< | An <f _ _ I
%_I A}IK AUTK o g()—'i , <G_’D_‘¢.7-’O:'{/'“JO;15> (12a)

where known values appear in brackets and unknowns are in parenthesns.

A'completc‘solutionvfof the Aiﬂk 1s not possible if all Cgff

and 5%5 vanish, _ This ia:readily seen bty deviding equations (172a)




e . . _t- - . . I
Ly any unknown AG;KPand.multiplying equations (12%) ty the same
' unknown, t The regulting equations,'wi-ll contain only the (n-1 )‘
ratios éﬁfi q#p) and a oomplete gom tion 15 thersfore. precluded

J‘Kt
- The necessary condition for & complete solution 1s thnrefore‘

Y‘[] :a.

\ -

dort = | or  Ot's (13)
Either dne of the.uﬁmeasured rows O*1n column t 1s numerically
fequal ﬁo t (i.e., is a dlagonal element of the'T[j‘métrix) or one

of the unmeasured rows C¥ in column 8 is numoric 11y equdl to s

(1 e. also a dlagonal element). = A compl;te solutlion is ‘therefore
clearly unobtainable ir 2 of the n nxperimentaTIy measured elements
of the transition matrix occur on the diagonal. ~ Alternatively,
this means that a-solution:for‘g; can only te obtalned 1f at least
one of the injected comp@rtments, for instance 8, 1s measured after

an'injection in the other compartment t . Therefore, t can serve

as the necessary "reference compartment” of statement (&),

If the measured elements of the transition matrix are restricted
to two rowé rather than to‘two columns, the atove analyslis follows
exactly wilth appropriate sﬁbscript and sﬁperscript ipterchénge**
and the "reference comp&rtment"-raduirement of statement‘(cx)

1'rema1ns valid,

¥ If s and © now represent 2 rows of T and the variables ¢ and T .

~are the columns of the measured elements in each row , 21l equations
are vallid if th@ subscripts 0 and T and the qurorqcrirtq t and 8 are
interchanged., = For example, equations (12) become:

2 a 1A% | .
2 B = o e )
: 3K ' o

KZIEASGTKA'QI[(J (ﬁ%) = S—EST ) (.7:: z, 'z%.sz,%')
~ O\ }
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Thres and Four‘Célumn'Experiméntal Desipgn

Consider the cases where m compartments are.injected and

211 n (n2m) compartments are measured for m=3 and m=4,

the notation of»the previous section (m=2,case) to m=% and m=4,

ry8,t, and u for m=4,

coljumns r,s,t,and u are n, ,ng ,n, , and n

the injected compartments are latelled r,s, and t for m=3 and

The number of measured elements in

;: regpeqtively.

Thus, ‘n = ng +ng +n; +n, , where for m:}J Ny = 0.

it

The rows of'measubed elements in column r ~are labelled . P

'The n measured elements of T are T

Extending

Jﬁ/'“ﬁL
] g E t OT) (j;/ ,(5;1'5
A A o A Loy Taee Ty,
1 ' ’ 1" .
u . U“ U‘)_Jq -Juhu'

r 'TG_S ’Ttt ’TUU.,*

Thus, the n* experimentally determinakle coefflcients are:

5

o
Ao By .

At'K and A:'&” y (k:1r-°"n), P = PI,P-L, T P.,L,,

o =6G, .. .o,
C =G, T,,ren Ty

U =U, UZ,"’ B Uh—l&.

All unknowns in columns r,s,t,and u (e.g. in column s these are

S s
AFK ’ACK 4

(m-1)n such unknowns in any row 1',

and Aia%) can te expressed using (10a) in terms of the

Choosing 1':0;, and

substituting the resulting expressions of (10a) intoc (10b) the

following systems of equatioﬁs can be set up for the (m=1)n

. ol
unknowns Afk
{

,t_ N .
’ Ar)‘r\ ’ ‘?‘:nd A()"K *

4l

e

, (k:1,,7.,n)v'

o n=5 only
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(14a)

(14b)

(14¢)

4 (14d) |




The foliowihg observaticns conscerning esch of the sets

of equations (14a), (1Ab); (14¢), (14d) are obvious.
1)  Each aet of'équationsvcorrespénds-to one of the m columns
r,s,t,u as noted by the second index of tlie delta functions

in each set,

'2)  There cun be at most one delta functlon equal to 1 in each

get ( no two rows can be the same )

3) If all delta's are zero in any set then the diagonal element

has teen measured in the column corresponding‘to that gset.

4) All of the (m-1)n urknowns in row O, aprear in each set,

)

If eééh‘of the equations (14)“1é devided by tre unknown
expreésion in the k, term, the nkm-1)-unknown coefficients A{K
on the left hand side of the equatiohs will be replaced bty (n-1)(m-1)
unknown r*a,‘tios AézK%/Apr (a#p). The reciprical of the uanknown
expression in th¢ kKo term wlll appear on the right’hand side
modified ky thé corresponding delta function 80 that the numbter

of unknown expresgsions on the right hand side of each set 1is zer&

~or one depending on whether a diagon@l elehent'has Leen measured

or not.in the correéponding column. Since the numter of unknowns
on the left‘hahd side of éach set has been reduced by (m-1), (m=-1)
»'independent unknowns must aprear on thc‘right heand slde of the
equationé if & solution caﬁ.be'found. " Since at most one delta
function can be edual to 1 in esch éét, at least (m-1) of the m

gsets must contain a delta function egual tc 1. ~ In view of

observation'j stove this means thatvnb; more than ocne diagonal




element can be measured. :'Moreover, since the unknown.coefficient'
" expressions modifying the (m-1) ndn—zero dé1ta'q must all be
;incependcnt only certain sets of delta's lcad to a complete c*olution.
For example, 1f J?s and 56*t are equal.to 1 the unknownsA,r,<

and R/AQKP will appear on the r.h.s. of the equatlons, Since
these two expressions are ihd@pendent, a solution can be found 1f
m=3. However, if J}*s and J&*r are the only non-zero deltdé

for n=3, onlyl A;K‘  and 1ts reciprocal /{AJK wlll Aprear on

the r;h.s. and no solution can be found. .

| Notice that in e&ch delta functicn two columns are in 2 sense

represented since the row variable refers to the cclumn in wniah
1t was measured, ~ For examplg}é}_s refers to colunns r and s .
The aelta'35$P also référs to the same columns s and r but.in
revb?se. - The r.h.s, unknown éoefficients-of anyvtwo different
delta's which refer to the same two columns are-reéiprocals ofi
one another and are , thcrefore, dependent, i.e.,‘their prroduct
is equal to 1, Hence, a "cycllc paif" of von-zero delta's

_ such as c%)i and<%“r does not provide two inderendent unknowns.
(Note, however, that a solutlion is obtainablevif in addition to
the "cyclic pair'" an additional deita (e.g. Jk*t) 18 not zero

‘thus forming a "non cyclic pair" with any of. the two others,)

In view of the above, 1t can ke seen that by excluding all
such "evelic pairs" only the following sets of (m—1) delta's
(1.e., also their products) must be set equal to 1 if the '

independence requirement is to te met'for.m:BA

+' £* and o#* are one of the rows measured in colums y~ and
-3 respectivelv. -



*gf | S @) | JF*S ek =1 |
b)) JP*S drAr = |

o dws dre o1

a) 0TS oy = |

_é) _(_r(jxt' Sty = ','
£) . et Jottr= | e

e v ,
"SinceAthe labelling of columns‘is artitrary, i1t can be seen
that éonditioné a) through e) are equivaleht. Thus the'relatioﬁs
a) to f£) can be reduced to the following twé neceséary conditions

" for solution where t and r are any two of the three 1hjected

compartmentss (Eaéh delta implies that a certain element must

be measurcdvas'indicated in the tsble at the right of (15) )

m=3
necesgsary
measured elements
condition ‘1 i St J otk =) T4y, Tes  (15a)
_ Yk =1 |
condition 2 3 Jk*t "yr v ‘ Tes 5, Trt (15b)

If elther cdﬁdition is satlsfied a‘complete‘solution can be

detefmincd. . Condltion 1t implles that the elements T;S snd 1rs
are measured.' ~ Condition 2 1mplies that the elements Tls and
W;* are measured. Either of these conditionms also implies that

‘4Cy£t =0 and AEJF =0 fof 21l values of T and P

. Thcrefofé, the only.diagonal‘element that can te measured‘is Tge

+1 T 0% and @g#k are two different rows measured In the safe
column, § . v : '




. ‘COmpartmeht;s can bavreferred to as the refer¢nde compartment iﬁ‘
.the sense that any mcasurcmeﬁts'made in column t or r'are linked
to compartment s through Lhe‘measurements Tgs..and Tr;s for
condition 1 or are indirectly so llnked in- the case (condition 2)
where r 1s 1iﬁkcd to t thfough T}t and is 1in turn linked to s

through Ty o

By considering the system of equations (14) for m=4, a
cofresponding set of conditioné can be determined for the 1ndeﬁendence
"of the system. Here, at least thrse (m-1) delta's must be equal
‘to'pné where, as in the case , m=3, "cyclic pairé” such as Jk*s , dotr
are excluded.' Sets.such as Jb*g, Jokt ,J}*¢~ are also cyclicdlly’
related and must be excluded for m=4 since.as pruvioﬁsly:described
~the corresponding coefflclent expressions of the kp termé are

dependent (i.e. their product 1s equal to one),

m=4 .
necesssry
measured elements
Condition 1 : Jo¥t Je¥xp Jerrry - s, Tro, Tye  (16a)
Condition 2 ¢ Je*{ do*r Jrry = | Tes » Tre » Tup  (16D)
Condition 3 : de*t Jdo*r Jo*te = | C Tee s Tpe o, Tt (160)
Condition 4 3 St Jf*?”-JP*L(:7| _Tf; y Tyt ,‘Tan_x (16d)

Each of theée conditibns 1mb1y that sufficlent measurement .
measurements linking each injected compartment to the refefence
| qompartmeht‘s eithgr'directly or ihdifectly have been meade,
The conditions 1 and 2 for m=3 and 1 to 4 for m=4 , can equally

e appiied to the cases where the n elements are selected from m



“ . rows and no two elements are in the same column, The symbols
s,t,r,u would then,feﬁrcsent the m rows and the required measured
elements (e.g. T¢s, Tpg for cond.l, m=3 ) would have their

sukscripts reversed (e.g. Tst—- y Tspr );




An extension of the considerations of the previous section -
~ to the general case where n elements,T;j from m column's‘ﬁjp£1,...,m)
. »

are measured can now ke made, aqsuming as before that no two

_elements are mezsured in the same row.

A new symtollism ls employed. The rows measured in each -
"~ cotumn jf, are'labelléd irq)(q:1,...,n ) where the subscript q
snumbters the difforont rows mmasurcd in colunn JP and n,- 1s the

number of rows mecsured in column Jo .

The values, Ip Pl .,m .
. . ' ' Ai K - (%:L“'J}’?P)
PCL J .K:],"'J : -
- dp P=t...m

are, trerefore, the measured coefficlents and /quT
. : ,

are the»unknoWn coefficients to te détcrmined.' The latter
must satisfy the initial conditions (10b) for the (n-n, ) unmeasured

elements T; (p£p) in each column Jp

q dp

Tiy i) = Jipq dr

I):L,..‘ m '
’ (1
| - o J | (/,/_ﬁ ) (17)
°r ;ijqi K AT s U=t np/ o
. - ‘K—,‘g f’/%/ . | -

The total number of such equations equals nxm-n = nx{(m-1),

Using the relationship betwéen the coeffliclents (10a); we

may arbitrarily’choose'a‘spécific row ii: 1F| ; then, all unknowns

'(ﬂgpj' can te expressed In terms of the nxm coefficlents

LP/%) K




ép ' ﬁuyn) Y - b -
/lfpl (K Looon _;n row ZP, gnd columns JP and the measured

element f\dpik in each row &F%’

ey
g (Aff’,\ Mir, 07 e
Pl )

Sutfstituting in (17a) the resulting system of eauatlons for the

anx(m-1) unknowns in row Q?, is:

dp

N Y P=i . ..m
Z A b N ' A‘f" J P )
ey /q4P" FY .gf’ g=twn
Vi k- J

The system of equations (18) represents m sets of (n-ng )
squations corr@sponding to fhe m columns JP . If per p' 1s
equal to p , the unknown ratio in parenthesis will contain only

one unmemqured conafant.

Restating the eonsiderations described in the previouq section,
if we devide each equation by the unknown ratio. in,e.g., the k.
term, the total number.of-independent unknowns on the 1eft hand
side of the equations will ke reduced by (m-1) and (m-1) unkanns)
4/\4f”’. 'd
g K P ’
P
: | (19)
z‘le Kl )
where either p or p' but not toth may be equal to P, appear as

.coefficlents Qf the delta functioﬁs on fhe right hand side c¢f the




equations. Thus, the total number of unknowns on-the right hand side of the
resultiﬁg equivalent set of equations depends on the values of the delta functions,
varying from 0 if all delta's are equal to 0 to (m~1) if at least (m-1) deita's having
independent coefficients are equal to one. Further since we have assumed that no
two elements in the same row are measured, at most one value of JZP/Z/JP can

- be equal to one for each p. If the (m~1) non-2ero delta's are numbered by the

subscrift p (éjm, 1p

values of delta must be equal to 1 can be written:

o, p=1,...,(m-1), the condition that at least (m-1)

(m-1)
’ l ( J“ ‘ | (20a)
Lovn s -
g’ dr > M
=i
where the coefficients of the (m=1) delta's must be independent. Considering

that the coefficients of the jjf‘,?,%o are the unknown ratios (19) and that each
also appears in reciprocal form as the coefficient of the delta having reversed p

subscripts J; the product of two such coefficients is one , and therefore,

Pid//)/ H

two non-zero delta's will not have independent coefficients if their indeces p -and

p' are reversed In fact, if the product of any p' coefficients (19) is one so
at mo
that } [ (F/,o ) is also one, they can only represe‘ﬁfY(sﬂ -1} independent unknowns.

Thus, the condition for the independence of the (m~1) coefficients (19) modifying

the (m-1) non-zero delta's in (20a) is’

/

I l /P) % o fer all p & (x0b)
J



In conclusion, if é gsolution can be found, conditions (20a)
and (20b) must te satisfied for at‘least (m-1) measurements T4 -
Conditioﬁ_(?O&)impliwa that of the n measured clements %j}at least
(m-1) measur@méhts‘must te of the form jépjp/ (t#p'), where
Je is numerically wquml'ﬁo (mn=-1) of the measured columns,

This means.that (a=1) of the_injected compartments jF must be
measured after injection in another compartment jP' (non-diagonal
measurements) , and the remaining injected compartment may or

may not be reasured dlagonally, Since the r@tios (p/p')FL

are inderendent (20p}, 1if 3, is measured with respect to Jj, ,

J, must ke measufcd Wwith respect to a different compartment J;
(assuming n>2, m/ 2 ; etc. This suggests a pictoriai analog.
if we repregsent the (m;1) necessarily measured élements TJPJP’
(injected compartment jﬂu, measured compartment JP ) bty the

- representation:

wgpép’

gchematic representation bf the mezsurement Ty,

Hrr

condition (20b) implies that no‘cyclic connections” can be made
in the representation of the (m-1) necesgary measurements, For

example, if m>3 the following séhemes'are precluded.

%@%@ OO0

Nno SOIU’}LIOYL/ m>3




b whereas the schemes yeq, ‘ A y
OO0 ® O
lead to a solution for m=t,

The dlagramatic sthemes for the necessary conditlons (20)

Aare given in section V for Qarious,values of m., It can be.
wseen that &il of the m cOmpartments arg.measured elther directly.

or indirectly wlth respect to a common reference compartmgnt.; ) .

Since the remaining (n-m) compartments are all measured with

respect to one of the m.injected compartments, they are also

measured with respect to the refercncé compartment, though indirectly.
- The above conclusions are, of course, valid‘wiﬁh appfopriate

modification vhen m refers to the number'of measured rows from

which the n measured elements are seiected so that no two are 1n.

- _ . except th
the same column, - The schemes Iin V will te identlcal ¥ all

arrows are reversed,

|




1<

The dlzgramatlc schemes for the (m=1) necessary meusurements of

conaitioh (20) are showﬁ telow for m=2,3,4, and 5 (n=m)., All
m.comﬁartments'ére mezsured with resrgect to.the réference'{njection
compartment () ; ' Since the reference compartment(i)may ve
measured-with respect to.any'of the m COmpartménts, this is'
in_dicéted by the measurement M IV If@werfe a

commoﬁ .r"ef.ere.riceﬂm'ea'sureme.nt compartment .atll arrows would. te

redersed.

m:l

M= 3

m=4%
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'Apgendix

ansider the case where n elements of T are measured
in m. columns and mr~'rows where m ¢n and m_ < n, Clearly,
at least two measured elements must be in the same row -and at
least two measured elements must be in the same column of 2_'}
Two diatinet cases arlse as indicated in fig.3, depending on
L]

'whether‘oné‘of the measured elements is in both a row and a

column that contzins another measured element (casel) or not (case 2)

-

Case 1 _ Cage 2
j’| jL ; 71 1
’ ' | o ?) ‘ 1 1
] e O
- - Q — é 1 - - @_ __@ . - 2
’TLLJq "IZLé L ¢ ‘ —rlv,}, ' Elé T
| (
/ I3 ! : @/
| 3 I | ‘ l(}a)
Fig. 3
Case 1: The messured eléments”in rovs i, and 1, and column

Soordaarer Tuge Ty T,

The element T,,4, 18 unknown. The equaﬁions (102)

can be used to determine the unknown coefficlents %ﬁ? (k:kuh)
. . o I,'k LA




. 'l v ;i?-
Ag"' = Ai,K .ﬂ&,K

= , ' 0 _
. i KL
8ince the quantities in brackets are known, TLé_ can be.cbmpletcly
) . 1dr
determined using the n equations (21). Therefore, the number of

equations . (10a) has been reduced by n and the number of équations
(10B) has been reduced by one . ;chéclthe total number of
'eQdﬁﬁions (10) has been reduced by(h+1) whereas the totél numbér
*of unknowns has only b@en reduced by n. | Clearly the uystem of

equations (10) cannot te golved for all unknowns in case 1.

 Cage g‘

The measured elements of T in rows 1 ,11_,15 and columns

Woteern e T T, LT,

- Unmeagured elements in these .game rows and columns are:

—

Il"é"/ / /L/le , /sz—3_) /ij, / /"342

The unknown coefficlents @i corregponding to these unknowh values
of T can be expressed using ( 10a) in terms of ‘the n unknowns 1in
the element TQ&4$ .

/‘\4' ' LAL.L' Lml <ALL N >

4K

, Lk:l,.-.,h)
7 T 2 0/1 ’ I - . :
f ZK = L/‘]ik Aﬁt :‘ (Af;SK > (4 é.((vdl.mvs)

A?’" ] 4, ,M]( ) (?2).
Ah [/‘7;41 Atg,k] <A‘“K>




. The 5 equationa (10b) for the 5 unknown elements of T 1n

the specified rows and columns willl +therefore only contain the

43

n unknowns (k- yeeesn)

i .’13 _ -
Z_Ahﬁ '_‘5h43

il—ﬁhk A{fkj(/ltik - g?" t
gLﬂ A ] (AL K ) = dus. (23)_

ZLAL,_K ALg,K Af’ >: Ld
i EAh ALgk ' A‘BK ) - JL”' fa

Clearly Caée 2 doeg not apply to nd4i, If n:4, the system of
equations (23) consists of S equations in 4 unknowns, USing

(23) a soluwtim 1s at most obtainable for the 5n unknowns in equatlons
(22), since the number of remaining independent equations (10) will

be less than the number of remaining unknowns,

If n=5 (23) 18 only solvable for the 5 unknowns Aii(k=1,...n)
if at least one of the delta functions is equal to one. Thls
will be true if at least one of the 5 unknowns TQA’TthTﬁﬁ’nﬁl’%ds’
18 diagonal in which cese the 5n unknowns 1in (22)_can bte determined.
If such a partial solution 1s obtainable, the nuﬁber of additionsally
determinable unknpwns depends on the location of the remaining (5th)
measured element, It can either be gelected so that it lles 1n

I ~ one of the femaining columns ij s Jg and one of the remalning rows Lr s

ig, or so that only one row is 14,15, or onec column is j$ orfs .




"In the latter case, two configuritions similar to Case 1 resgult,

and only tw0‘additiona1 elements Tfi can te determincd For
' example, if the Sth measured element 1is TL&4+ then T14 and Théq

can be determined using 2n equations (10a),

. | 4'+ 43 ]
XTI NOASRY I (’AZ:K >

bk~

i

4y
Aé'q’ _ _ EALLK L3|< ] ( A({:K ) ~= l/‘.a,h_

¢

where A 3 has been previbusly determined from equations (23),
‘and the quantities in brackets are measured, The solution (24)
reduces the available equations (10b) for the remaining unknowns
» by 2. Since the number of remaining eduations (10) will be 2
less than the number of remalning unknowns, a complete solution 1s
unobtalnable,

In the remalning casge where the Sth meagured element lies in
a different row i, and a differeni column 3, a complete solution is
s8till unobtainatble, Thls can be seen slnce the 3n unknowns of
the 5> elements Tgi in column j% and rows i ,1,, 13, and the 3n.
unknowns of the 3 élements in row 14 and columns j; yd, 44y can
be expreséed using (10a) in terms of the n unknowns in any one .of

the 6 elements, e.g. o4, o Hence 6 equations (10b) can be written

by

to contain only the 5 previously undetermined unknowns AC <
a



Z N = Jis,

i[ﬂ’S/A o = e

> L/“ZK/ALJK] Alle = Jtsdy

iEA Am) e )
i@m Aukj(m ) =4

-;j:,@m () = duts

where the terms in brackets are either measured or previously determined
This reduces the number of equations (10) so that there is one less
equation for:the remaining unknowns than the number of such unknowns,

A complete solution is therefore, also unobtainable for n=5 in both

case??1 and 2,

For n>s aimilar reasoning can be used to show that a complete

solubion is generally unobtainable.in Casesl and 2
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THREE DIMENSIONAL IMAGING OF MULTIMILLIMETER
S1ZEN COLD LESIONS BY FOCUSING COLLIMATOR

COINCIDENCE SCANNING (F.C.C.S5.)

o, Hart and S, Rudin
Department of Physics
City College of New York
‘New York, N.Y. 10031

and

Section of Nuclear Medicine
Department of Oncology

Montefiore Hospital § Mecdical Center
Bronx, New York 10467

A twin probe high resolution focusing collimator coincidence scanning

system has bcen developed which can tomographically image multi-millimeter

structures. The three dimensional detection and imaging capabilitics, the

rcelated off-focal suppression and the sensitivity arc compared with standard’

techniques.



I. INTRODUCTION
In ﬁost radioisétope imaging, the information obtained constitutes
essentially a 2-dimensiondl projection of the 3-dimensional radioisotope
tissue distribution (1). That this is true even when focusiﬁg collimators
are empléyed is evidenced by their isoresponse surfaces which character-

istically exhibit sharp lateral discrimination but much less rapid variation

in sensitivity along the longitudinal axis. . In photographic terms, the re-

sulting iﬁ%ges can be characterized as having a relatively high lateral
reéélutioﬁﬁwith a large longitudiﬁal depth of focus. The detection of a small
cola lesion imbeddea in a radioactive medium therefore normally involves
not only identification'of a continuous region wherein the count defect
is siatistically unlikely (i.e. more than three sfandard deviations removed
from the average expectation in serounding areas) but the ability to correctly
attribute image variatioﬁs arising'from quite indebendent physiological
and/or structural factors. For example, variations in overall organ thickness
or bone shielding can result in substantial local changes in the image densi-
ties reéorded. The'aboye difficulties have contributed fo limiting the
effectiveness of radioisotope imaging as a means of detecting small lesions
and invparticular small cold lesions. |

If the longitudinal depth of focus can be so reduced that oniy
successive sections of interest are evidenced with off-focal plane
éOntributiOns highly suppressed, then clearly tlie count excess or count

defect arising from a small lesion within the relatively thin focal slab will

‘be statistically much more significant and spurious interpretations arising

from off-focal factors minimized. This can be done, of course, somewhat

effectively in x-ray tomography by smearing off-focal plane contributions




and ientifying high spatial frequency information as necessarily arising

from structure within the plane of interest. In the equivalent form of radio-
isotope tomography, however, it appears that the considerably poorer statistics
involved and the ghost images and other artifacts associated with discrete

of f-focal plane structure may tend‘to limit resolution and lesion detection.

“Analytic methods, in general employing computers, have had more success

in correlating inherently longitudinally insensitive information to obtain
-impro;éd 3-dimensional representations (17). X-ray transmission tomography has, of
coufse,lbgéh strikingly effeétive in characterizing tissue densities. Computer
analysis has also been applied in Nuclear Medicine where the resulting 3-dimensional
representation of the radioisotope distribution can characterize normal or patho- |
logical tissue function. ‘ ;
,viﬁ;mostvof these techniques (2), the raw data essentially reflects gaﬁma-ray

emiséi;n”;écﬁfring throughout 3-dimensional radioiSotopc diétributions. There is
little if any rejection prior to analysis, of counts arising from off-focal.
plane sites. While such initial rather general acceptance of counts usually
£nébleé}€§é subsequent analysis to successively '"focus" on different
planes, extraction of maximal information for any one plane is correspondingly
restricted. Off;focal plane counts may so exceed the contributions from the
focal region‘of interest that relatively minor fluctuations in statistics or
off-focal structﬁre may significantly degrade the focal plane image.

It follows from the above that any means whereby off-focal contributions
vcan be suppressed or identified may improve the ultimate spatial resolution
possible. This is in fact the ratiornale for the technique of Focusing Collimator
Coincidence Scanning (FCCS). (Other approaches to this end are positron
-annihilation time-of-flight measurement, x-ray fluorescence scanning and

* computerized reconstruction (16). If the counts accepted at each
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scan‘position are restricted a priori to those arising from radioactive
decays within the focal volume, small variations in the radioisotope focal

conceﬁtration should be more detectable. This is because the resulting

" changes in the.count rate will then be a much larger fraction of the total

and more likély to be statistically significant.

In FCCS, the emphasis on focal events is accomplisﬁed by using isotopes
which decay by multiple gamma-ray emissions and by restricting the counts
accepted to those coincidences arising from a singlé nuclear decéy in which
the-emifted gamma—rays‘separately strike two of the angulated confbéal
probes. Since the fields of view of the separate probes 6n1y overlap :
Qithin their common focal region, the coincidence requiremeﬁt severely
limits the volume being radioassayed at any one time.

The coincidence requirément of FCCS does, of coursé, significantly
reduce tﬁg total number of gamma-ray events accepted. Theréfofe; the
overall FCCS count rate is much lower than that for standard.éingie gamma
scanning and some of the tomographic techniques under develqﬁﬁeﬁt'which
continually accept counts from a much.largef fegion (2). Théyiime required
for a complete three diﬁeﬁsiohal FCCS scan of large organs‘such as the liver

or for‘obtaining total body cross sections is therefore likely.to be long.

In many potential applications, however, the tissuc volumé#ofvgenuine interest

is actually quite restricted. In thyroid, cardiac and even possibly

prostate or parathyroid scanning, for example, only a simall volume of tissue

is likely to be of concern and the time required for the scan should there-

fore be relatively short. Counts accepted from tissue morc than a few

centimeters away from the region of interest (ox even as little as onc

centimeter away) might not contribute to and, in fact, might only scrve to
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degrade scan quality within the region of interest. The high resolution
capabilities of FCCS demonstrated in this report may be required for such

b applications.

The capabilities of FCCS were first examined experimentaiiy using
125I'..A single short focus large solid angle foCusing collimator was used and
coincidences detected simply by aécepting only those '"events" coriesponding
to tht summed energy of the 1251 coincidént gamma and K shell x-ray. Using
.this simple rather long resolving time, éummed'eneréy coincidence
techni@ue and a far from idea1 collimator geometry, it was still possible
to show that the image of a ﬁoint sour;e was significantly reduced in size
over that obtained when the energy window was adjusted to accep; singlevgamma-

‘ | rays (3). A two probe experiment with low efficiency collimators,.again
tising the sumﬁed'energy technique, indicated the possibiiity.of improVed
cold lesion detection (4). Since the general theory bffFCCé (5) iﬁdicated
the importance of a very short resolving time to minjmjié statistical coincidences
and since superiof collimafors had become availablc,:it was decidga to carry
out a two‘probe experimenf in which summed energy_coincidcncelgatiﬁg would
be replaced‘by modern much higher speed‘eiectroniCJinscItechniqﬁ;s and to
employ a phantomvwith a simulated cold iésion some@bat smallér thén could be

detected by other current scanning techniques. The experiment together with
below.

In Section II, the general theory of FCCS is particularized to
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related theory required for a qualitative discussion of results‘are reported
reflect the experimental design parameters, and the concept of a three

|

dimensional volume information density is introduced. In Section 1IT the
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experimental arrangement is detailed and the system point source responsc
characterized. In Section IV, the results of scanning an cxperimental
phantom are presented and discussed. System modifications for possible clinical

applications of FCCS are considered in Section V.

11, TﬂEORETfCAL CONSIDERATIONS
A. Lesion Detectibility Using FCCS
In the general idealized theory of FCCS (5) a configuration was
assumed such as appears in Fig. 1. This geometry is essentially equivalent
to ha%ing N single channel coliimator—defector assemblies so separated that

their off-focus overlap can be neglected and with no septal or collimator

' penetration. 1t will be further assumed; purely for convenience, that the

éounting efficiencies are the same for each gamma ray energy. If the actual
energy dependgnée were taken iﬁto account, this would not change the basic
fofm of the resulting expressions below except for very simple multi-
plicative factors (11). Angular corrclation is also neglected and for the
isotopes considerced the cffcet, in fact, would be quite ﬁmn11. |

If the N detectors are operated in iﬁc summed energy mode and if
sfatistical coincidences are neglected, the count rates of Table 1 (system
configuration A) apply, where: A is the average single channel cfficiency; 2D
is the number-of-gamma-rays/sccond cmitted per unit volumc; Vl and vz arc the
single gamma-ray count rates from off-focal sites and focal sites, rcspcctively;

M1 and 442 are the coincident count rates from off-focal sites and focal sites

.respectively.

If there is a short summing time ¥ during which statistical coincidences
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can éccur and a dead time ® following, during which no events arc recorded,
modifications must be made. Again following thec analysis of Hart (5), the
resulting count rates for the N detector appear in Table 1 (system configuration
B). |
~ The N-channel detector in the twin probc configuration of thé current
coincidence experiment appears in Fig. 2; Since only coincidences activating
both p%obes were écccpted in the experimeqt being reported,'Ajl = 0 (in
configurations A and B, double gamma-ray coincidences impingihg on a single
probe were included as well). Note that while XAl in the idealized theory
formally represcents thosc very inikc]y cvents for which both_nnmma rays
go through the identical collimator channel, in practice neighboring and
near neighboring collimator channels exhibit substantial off-focal overlap.
However, the requirement that both probes be activated simultaneously almost’
completely eliminates the cffecf of off-focal overlap providcd'the'sinéle'gamma
count rate is sufficiently low and the resolving time sufficiently short to
minimize statistical coincidences. This assurcs a rcasonably cffective
division of the scanncd tissue volumé into an N channcl overlapping focal
region o¢ and a single-channel accessible off-focal volume Nvgc, in gaccordance
with the theorctical assumptions. An cquivalent approsch, using a higher
moment analysis in a gamma camcra system which permits the geometric sceparation
criterion for rejection to be varied continuously, appears clscwhere (6).
The experimental requirement that hoth probes be activated ﬁot only -causces /Jl
to vanish but results in halving the other coincidcnce terms. The resulting
count rate characteristics appear in Table 1 (system configuration C). The

v

factor of 2 in the denominator of these focal and off-focal coincidence rates




is due to the rejection of coincidences in which_both:gamma. rays_strike .the

same probe.

In the experiment actually carried éut each probe was gated to
reSpond to only one of the two gamma ray energics and another modification
in the theoretical count rates of Table 1, system configuration C is therefore
indicated. It will be useful in ca?ryihg out this final adjustment to
tabulate the different logical detection poésibilities in Table 2. Both single
gamma count rates (Table 1, columns 1 aﬁd 2, Row D) are halved because as is
indicated in Table 2 each probe is gated to only one of the two possible
energies. Referring to thevaéceptéd coincidence count rates in Table 2, it
can be seen that the off—focal'statistiéal coincidence rate (Table 1, column 3,
TOW E) will be reduced by a factor of . 4 since the éingle count rate for each
energy gamma ray is halved. The féctor of 4 also applies to statistical
coincidences arising from‘thelfocal region as well L (954-2$%‘V23'i .
in column 4, Row D] . For the true focal coincidence réte Mo, however,
the energies of fhc twé coincident gamma rays are,‘of course, ﬁorrelated
and the resulting counts are reduced by only a factor of two. Alternatively .

numerical factors in the denominators of Table 1, Row D can be determined by

inspection by noting the ratio of the accepted events to total possible

events (accepted plus rected) in Table 2 for the three different categorics
considered.
To determine the extent to which the count rates of Table 1, Row D

(i.e. those associated with the actual experimental design) are suitable

for lesion detection, it is necessary to employ the criterion of Dewey

and Sinclair (7). A lesion'within the focal region of size ﬁxl» for
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single gamma ray scanning and Bsz, for coincident scanning will probably

be detected if the inequalities (1) hold.

. By Y2 T4 S 3 v"’:‘>

o 2 W 2\
2 "z (1)
Bn/uztz > 3 WLt :
= 4w B W

where tys is the single gamma coulnting time and t2 ié the céincident. counting_
time. In deriving inequalities (1) the expressions in Table 1 (system

_ configuration D) were used. If it is assumed that the _tot4a.1 focal efficiency,
NA , is only a few percent (N1<< 1), ))2 can be approximétéd by 2DN1°< .
For;\l and sufficiently sma].ll,w,’bﬁ 1. The relative ]_csi'ovn dctcctaﬁi]ity

(r.1.d.) comparing the two scanning techniques, now dcfined as the ratio of . \

the minimum detectable 'BM (symbolized by Bmm ) to thc minimum dctcctab]c

B~62 (qymbo]nzcd by ngm) when t _2, is then given by cqu;twon (2), ;
d B‘(,'\m 5/7‘ ' o . - |
T, 2. 4, = = (Y\U)\tq !
Pyam 2 (BNE Y >‘/z , |
(WOAY- L2
Y.
_.(\J7D< t,y BALLE 0 I
WLt (WY @

where the further assumption has been made that the singic count rate is not
excessive, WY << -NX[2 . For typical valucs used inthe cxperiment
(NI~ onz I Sbvx:,m Ax\o yx_‘ ) the resulting r.1.d. & 1 indicates no

. advantage for FCCS over single gamma tay scanning. If, however, the

standard error associated with the uncertainty of source boundarics and non-

uniformify is estimated conservatively to be 5% of the ambient count rate,



then a new term (6) must be added to inequalities (1), resulting in

inequalities (1a). 5 %Z
Y Y4t 2 (Vi ta\”
M > 2 M NS (D.05) (,;__ﬁ_\
A2 W 2.W U
| | s 2. 7
PaMats Toivt, o s Wdta
—_—— B OV 7

(1a)
If at least a few thousand counts are obtained during ti;'then the péw term
wili dominate for single gamma ray counting wherecas for cbincidcnt counting
there is only a small (5%) correction factor. The effect on the r.1.d. of

this new term is then indicated by equation (2a).

' V;’Q'A'(.DS\ = 5%1@5)

ﬁ'}ﬂ 2 (‘0 S\

' LA
ZDisVy v (1‘.}\&
_oasVee N

(19 ‘&st'ﬁua\;/?— (0,052 2| 2 |
o (2a)

( N )C)? >
For the typical experimental values mentioned above, r‘l'd‘(.OS) nowvi
becomes about 40 in favor of FCCS.

This indicﬁtcg that FCCS may be better adapted to deal with non-
uniformities than single gamma scanning. The 5% corrcction factor was chosen
somewhat arbitrarily since it rcbrcscnts a fluctuation of approximatcly one
color step in the usual clinical color coded scan.. Thercefore, the resulting
favorable r.1.d. ratio of 40 is not to be vicwed as qunntitntivé]y valid in

all applications. However, for most rcalistic tissuc source materinls,

it would appear that the above analytic approach should be rcasonably applicable.

In the experiment described below, the non—uniformitiés_bonsist of the

finite rather small dimensions of the phantom and its rather complex




configuration of a single spherical'cold region with abutting hot spéts
imbedding in an otherwise'homogeneoué field. It is tHe;e non—Uniformities.
which, as will be seen below, are rather faithfully represented by FCCS but
completely distorted or masked in shngie gamma scanning.

It might be noted that by using radioisotopes with multiple gamma ray

cascades {6) the r.l.d.( 05) would be futrther increased.

_.The above theoretically predicted advantage and the experimental
resﬁlté described below can be confrastea with the negativé theoretical
cdnélhsions and experimental results found for a focusing—siit collimdtor gamma-
gammabcoincidence system (8).
B. InformationvDensity in Tomographic Scanning
In comparing the lesion detectability-of FCCS and single gamma
scanning in Section IIA it was apprépriate to assume that the iesion was

in each case located at the system focus. This configuration is necessarily

‘artificial, of course, since in carrying out a scan the location of the lesion

is, a priori, usually unknown. The actual evaluation of scans, involves
a Vvisual integration of the count density over cOntinguoﬁs regions.

Because of the large depth of focus, the standard single gamma-ray
scan i1s a two diﬁénsional, planar, projection of the three dimensional
radioisotope distribution and the planar information density P.I.D. (counts/ﬁnit
area in a single scan) is a natural statistical measure. However; the informafion
content of.a whole sequence of scans is available for lesion detection in
FCCS with correlative interpretation possible among contiguous or neighboring
volume.elements in the threec dimensional scan space.

To analyse the statisticdl significance of structure in an FCCS image,

it is necessary therefore to introduce the analogous concept of 4 volume inf-

ormation density (VID) i.e. counts/unit volume.
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The possible presence of a lesion in an FCCS sequence is indicated

by a statistically significant fluctuation in the counts observed in any
three dimensional volume of the scan space (i.e. the volume integration of the
VID over any thrce dimensional region of the scan space). The VID will

be a useful statistical paramecter in the discussions of system design and

.performance to follow.

II11. DESCRIPTION OF_EXPERIMENT
A. Isotope and instrumentation
The energy of the coincident gamma rays of 75se usgd in this study
are in two ranges: 97 to 136 EeV and 265 to 280 keV (9). |
Each probe used in this work consisted of a 1 inch thick
cyliﬁdricél lead housing containing a 5 inch diameter, 2 inch .thick Harshaw
Co. NaI(T1l) crystal, an RCA 4525 bialkali photomultiplier tube and a s inch
diameter 2.5 inch thick 1500 thannel iead collimator (10). 'Figure 3 indicates
the electronic configuration of the cxpcriment, Table 2 above summariics
the detection logic and the scanning geomctry appears in Fig. 4.
B.iThc System Response
Two families of‘single gamma ray isoresponse surfaces one for each
energy range of gamma ray emission werc obtained using a point:sourcc in air.
Thése families differcd significantly only for isoresponse surfaces of less
than 5%. The coincident mode performance of.thc system was tested by

verifying that the two probe coincidencc responsc for a point source in air

_was consistently within a few percent of the product of the single gamma ray

responses for a point source in air.

Referring to Fig. 5, the product response will decrcasc much more
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rapi&ly.in moving from the origin in the 0OX and OX' difectioﬁs than in hoving
radially outward within the AB plane. The effective FCCS focal volume can be
shown to approximate a very small flattened or oblate spheroid (not shown in

Figure S) with its minor axis in the XX' direction.

The effect of scatter and tissue atténuation upon the response.of the
system must be considered. Tissue attenuation and scatter for differént energy
gamma rays have been studied for single gammé detection by Beck (18) and
isoreﬁponse characteristics described. 1Isoresponse characteristics for a point
sourcé in air using FCCS have aiso been determined wifh plastic sheets of up
to 4 ¢m interposed between thelsource and detectors and with large amounts of
plastic backscatteriﬁg material (11). While attenuation reducéd the count rate
as expected, the normalized FCCS point SOurcevresponse‘functiGnS (ekcept for
the restricted régions along fbe individual eollimatof axe;) were
effectively unaltered by scattér. This is, of coursec, not too’ surprising
since for an off-focal event to be acccpted using FCCS, both gamma rays would
haﬁc to be scattered appropriately.

To further study the cffcctg of scatter and attenuation the absolute
focal coincident count rate was measured for a homogcnéous radioisotope |
distribution in water. The experimental result agrced to within 20% of the
value calculated taking.into account attenuation, the bfanching ratios, the
detector efficiencies for different gamma ray energies and én effective
foéal volume estimated from the experimental point source rcsponsc function (11).

Although the normalized isorespénsc characteristics arc little affected
by scatter, the absolutec coincidence count rates were obscrved to he

significantly reduced by the cffects of attenuation for focal depths of
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several centimeters. If attenuation is severe, the focal signal can be masked
by statistical coincidences and such considerations play an important role in
radioisotope selection. For gamma ray energies below 100 keV- and lesion
depths > 2 cm, gamma ray absorption can thercfore severely limit lesion
detectability using FCCS.

For lesion depths of a few.centiﬁeters, energies above . 100 keV are
required. For example, 7SSe could be seiectéd for use iﬁ the ‘experiment here
reported beéausé its coincident gamma ray energies were sufficiently high,

121, 136, 165, 280 keV, that attenuation would not-compromise the focal
signal. To detect deeper lesiﬁns, ~ 6 cﬁ, gamma ray energies of between 300-
600 keV are indicated. Since fhese gamma rays exhibit tissue half value layefs of
~N 6-8 cm, the focal signal would still be statistically significant.
1v. RESULTS: SCAN OF VOLUME PHANTOM
CONTAINING A COLD LESION

The test phantoms (Fig. 6) consisting of cbld spﬁerical defects imbéddcd
in a homogeneous radioisotope distribution were placed in collars to insure
that the gamma ray attenuation would be uniform for»tranéVerse.scanning‘(Fig. 4).

Coincidence and single gamma ray counts over a 2 mm spacing, 3-dimensional,

cubic lattice were obtdined and the results appear in Figs. 7 and 8.

Note that while the presence of a defect is apparent in plane sections

2, 3 and 4 of Fig. 7 there is no evidence of a central ‘lesion in Fig. 8.

Since the effective focal region in the coincidence mode is very small,  the

scan is unaffected by phantom boundaries ~1 cm away in the transverse and

longitudinal directions. Note, however, that the effect of the phantom

boundaries actually dominates the single gamma ray scans. There is-
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paradoxically maximal acfivjty in the centers of scctions 2, 3 and 4, right
where the defect is, with gross attenuation necar thc pcrlphcry This is.a
consequence of the long longltudlnal depth of focus of each probe (A)S cm)
when used in the single gamma ray mode. Thcrcforc, in spitc of thc highly
favorable count ratios for single pamma ray scanning as <nmp:ynd with PO
(100/1), off-focal planc structural variation so dJstorts the sxnglc pamma
ray scan that its inhcrently much greater statistical rc]iubility is of
lJittle help in accurate lesion detection. This is.éonsasfcﬁt with the
theoretical prediction of cquétion (2a2) although the 5% cfféét‘of non-uniformity
assumed arbitrarily in the derivation would‘of coursé, not bé'c}pcétcd to
apply precisely. o

Referring to the scans in Fig. 7, if may Ee Hotcd.that‘thcfc is an
asymmetry with respect to theicentral defect. The regions labclled "A" on
three successive serial scans'consistcntly indicatc a higher activity than the
symmetrical arcas "B". This unexpected increasc in activity, upon
inspection of the phantom, could be attributed to a 3 mm ”di&mctcr“ gioh
of the cpoxy uscd to cement the spherical bead fn pfucc. Uﬁon ﬁcpnrﬁtc
testing, it was dctcrmincd that this epoxy in Fﬁct tended to ahbsorb 7550.
Further cxamination of the scan of Fig. 7 also suggc%tcd thd.prbsoncc of a
region of slightly increased, marginally detectable, activity juét to the
lower left of the central defect (Region C). This, {n turn Edrréspondcd
to a small 2 mm "diamcter" cpoxy glob in the phantom.

From the above it appcars that Fig. 7 constitutes a rcasonably valid
tomographic representation of a S—dimcnsional;radioisotope Qolumc distribution

with a resolution of a fow millimeters.
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V. CONSIDERATIONS REGARDING CLINICAL APPLICABILITY.

In order to adapt the type of cxperimental extremely higﬁ.rcsolution
device herc described into a more generally useful clinical FCCS system, the
system sensitivity scan spcéd would have to be incrcascd.l ﬁy employing a 6
probe system (a central probe and five sufrouhding probes) the number of comb-
inations of probe pairs would be increased from one as in the experiment
to 15 (C62) with a corresponding increase in the coincidéncc count rate. In
the experiment>rcported, each probe is sensitive to only‘onc_éf the emitted

SSE gamma rayvenergies. If both gamma energies arc accepted by all probes
the count rate would be incréased by a factor of 2. The full width at half
'max;mum ofvthe'preseht extremeiy high resolution probes was 6 mm; By |
usiﬁg collimafors, for example, with channel widths SItimes gs:]érge, the
efféctive-focal yolume would be increaséd by.a factor of m{(3j3'%‘27
and the overall increase in éystem seﬁsitivity for.foéél e&ents wogld be app-
roximaﬁely 800 fold (i.e; 15 x 2 x 27). ‘For a "large" lcsion_(ife. one
that f£ills the enlarged focal volume) the 1csioﬁ sipgnal rﬁtc woujd therefore |
be iﬁcrcascd by the full factor of ~27. For sma]lqr defects which_only
paitiaily oécupy the enlarged focal volume, the increase in sigﬁa]
rate would, of coursc, be proportiénatciy smaller. 1In choosing éo]limutors
it is therefore dgsirablckto try to match the coincidence focal_yo]umc to the
approximate size of the lesion suspected or sought. _Too shall'a'focal volume
results in an unduly low sensitivity and long scan timcs. TooA]argc a focal
volume results in an unnccessary loss in resolution and an unnccessary
increcase in the statistical coincidences arising from the incroﬁﬁc in the

single gamma count ratcs.
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To detect a 1 cm diameter lesion in a clinically feasible
time the experimental Eollimator widths should be épproximatcly‘doublcd.
The focal volume (and the effective fraction of the lesion being assayedj
would increase by a factor of 8 and the 6 probe system detection sensitivity
by W15 x 2 x 8 = 240." At the experimental concentration‘used 7.5 uCi/ml and
the VID obtained, AL104 counts/cm3 (which is at lcast 1-ordcf of magnitude
larger than is likely to be clinically nccessary), the é em? scan éf
the phantom should takew1 min. The resolution, rcdﬁccd by a faétor of V2,
(fbr the collimator channel width doubled, keeping the‘cqllimator thickness
ana focal length constant),ishould be adéquate to detect variations in
activity on a centimeter scale. This is suggested by the experimental results
where detail on a 3-4 mm scale is readily obserQaBlc. Since the collimator
channel widths arc doubled with the proposed "clinicald collimators; geometric
scaling considerations indiéatc that cquivalent dctail‘on'q 6-8 mm.sca]c
should be detectahle. -

Since the single gamma écomctric efficiency 5svproportionalitp
R2, where R is the radius of the collimator field‘of view at the focal
plane, doubling the cdllimator channel width would inéreasc the single gamma
count rate by a factor of 4 and therefore the statistical coincidences by a
factor of 16. Commercially available electornics can now be obtained with
resolving times?7~15 ns which will reducc the statisticals by a.factor of
~ 3 (11). The resulting increasc in the statistical Count‘ratc would there-
fore be rolsvx 2 x 16 x 1/3 = 160 and the focal signal to statistical
noisec ratio would increase by a factor of 240/160 or from the experimental
valuc of the ratio 7/1 for the phantom uscd to 10.5/], Sincc the

statistical coincidences actually depend, of course, upon the nature of the
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radioisotope distribution, the signal to noise ratio of 10.5/1 refers
specifiéally to the phantom used. For a small sphere imbedded in a uniform

slab of activity of thickness S and negle;ting attenuétion, thc‘statisticals

are proportional to s2. For a slab 6 cm thick, the statisticals woﬁld there-
fore be increased by the factor (6/2)2 over that ohscrvgd with the phantom

so that the signal to noisc ratio is reduced to 1.2/1. TFor more clinically
realistic isotope concentraitons of ~ ilACi/cmS, tﬁc signal is reduced

by the factor of 1/7.5 and the statisticals by (1/7.5)2 with a fcviscd

focal signal to statistical noise ratio of 8/1. Again a;sﬁming a more clinically

realistic VID of 103 counts/ém3

, the time taken for scanning 2 cm?/min
=4
appears to be clinically satisfactory for scans of small organs or rc-scans
of suspicious regions within Jarger volumes.
Ihe isotope here cmp]oycdw Y5¢, i% just onc of scveral isotopes

4

suitable for FCCS which are immcdintcly available -~ lgzlr, 4JK,4'3“], and
82pr. Theré are at lcast fiftcen other isotopes which might hcvsnitab]c
subject to the development of more cfficient methods of prodgctjon and radio-
chemical processing including the preparation of radiojsotopc chelates with
short biological half-lives: 19‘_1’1"1, 194m21r, ZOOmAﬁ’ JQGTI, 198T1{ 178Hf;
179Hf, 1Sol-lf, 186Ta, lgoIr, 178Ta, l"Illl’m,-]‘go/\u, and 101ﬁh. Many.

of the above isotopes cxhibit excellent brdnching ratios and N-fold
multi-gamma cascade decay schemes. An N-fold cascade introduces a favorable
factor of N(N-1)/2 in the focal coincidence count rate (6).

To improve the efficiency of detection of fhe high gamma ray energy
emitters tungsten collimators may be requircdi By going to higher |
cﬁergy emitters less tissue absorption will occur for éach céincidcnt gamma

ray and hence relatively more coincidences detected depending upon the
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dcpth of the emitter. Kn additional benefit in goingvto higher cnergics

is that the spectral resolution of NaI(Tl) crystals improves as the energy.
increases, so that compton scatfered‘gamma rays may be better discriminated
against.

Using various means, therefore, it may be possible to obtain a two

~to three order of magnitude increase in the experimental FCCS sensitivity

here reported and still be able to detect 1 cubic centimeter cold lesions

in three dimensions.*

The clinical applicabiiity of FCCS may not be limited to static three
diménsional imaging. The abéve general coincidence tcchniques are readily
appiicable to the mecasurement of dynamic response within a fixed interior
volume.** This might be accomﬁlished by using intersecting broad focus
collimators. The much highef count rates rcquired would be achicved, of
course, at the expense of spétial resolution.

From the results of the high resolution FCCS studies here rcportéd
and from rcasonablec cxtimates as to the ongoing development of the method,
it thercforc appecars that FCCS may be of clinical applicability in the

near future.

* It has been shown by Smoak et al (12) that by proper positioning of the
patient, motion artifacts will not compromise image detail on a centimeter
scale. There is also active development of physiological triggering
techniques to further reduce the effect of organ motion (13-15).

** The possibility of using the FCCS geometry to study tumor vascularization

and blood supply has been proposed (19).
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VI. SUMMARY

b A tomographic determination of multi-millimeter detail within a
| radioisotope distribution has been achieved using FCCS. o
The possible clinical applicability of FCCS has been 'reviewed
and the development of a FCCS tomégraphic imaging device for clinical

use proposed.
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Table 1. Expressions for count rates of FCCS Systems in Various Configurations

System configuration

A.

N-channel detector

. N-channel detector with a
summing time, ¥, and a
dead time, § , where w=

Single gamma-
ray off-focal

Y= 20N AG-DNse

))1M

el

CA+ (L Xt Yo ot AL 1Tt (), Ul )

. Twin probe system where
each probe can detect
both gamma ray energies

and AJl = 0.

. Twin probe system where
each probe can detect
only one gamma ray energy

\

Types of counting signal

Single gamma- Coincident gamma-
ray focal ray off-focal
VE2DNAUND =MD Vse
2
Vs (A +Y2)
W w
pA
Yo no
W 2w
2
V5 Y 1
2w W

o
§

Coincident gamma-
ray focal
,LlZ: D(N 1375(

T x(025299)7]
Ul

LU, + 022N
20

T+ (V520D %)
Hw




Table 2. Experimental design.

Probe 1 (Gate Tp ) Probe 2 (Gate¥g )

Single Gamma i;y Counting

Accepted _ ‘ L YA
, : . , _ ‘s
Accepted. : .
. . Xg
Rejected (Energy Gating)
Rejected (Energy Gating) i ' ’ » B |
Coincidence Counting (True Focal Coincidence) =
_ 5 Te
Accepted A
Ta
Rejected (Energy Gating) \{E’ _ E
: i
Rejected (Separate pulse mode and energy gating) Brle ' i
Bats
Rejected (Separate pulse mode and energy gating)
Coincidence Counting (Statistical Coincidence) :
A ¥ - !
Accepted . 5
RYS ' A
Rejected (Energy Gating)
~ Yate
Rejected (Separate pulse mode and energy gating) |
Bale
Rejected (Separate pulse mode and energy gating)
Rejected (Separate pulse mode and energy gating) R
Rejected (Separate pulse mode and energy gating) ' .69;55
Rejected (Separate pulée mode and energy gating) ' _ BAYXA
Rejected (Separéte pulse mode and energy gating) o Yo Ve
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F1G. 1. N channel focusing collimator where it is assumed that

the ficlds of view interscct solely within a focal volume, = , with cach
channel field of view cxhibiting an off-focal volume, V_ . Note the total
volume, Vigtal, of cach field of view (focal and off- foca]) is Vgo + X
where V was taken to be 1 in previous analysis.-

FIG. 2. The twin probe configuration wherc the N individual single channel
detectors cach of solid angle cfficiency A can be thought of as if they were
two "single channecl' detectors cach subtending a solid angle of N2 /2 at the
focus, F, and cach including an off-focal volume, NV,./2, with the off-focal
efficiency 4. The focal volume is o and the un1form 113zu0 activity poer
volume is D. For simplicity in representation the umbra and penumlyri
characteristics of the experimental tapered channél collimators have been
replaced by idealized eylindrical ficlds of v;cw.

FIG. 3. The configuration of the experiment showing a circuit block diagram
where cross-over timing was used.  The coineiderice module had a lower limit
resolve time of 10 ns; however, in practice dowu  delay linc (DDL)
amplificr noisc made it nccessary to cmploy a sdifiéwhat larger resolve time,
55 ns, so that truc coincidence events would notfthe rcjected.

FIG. 4. Scanning geometry. The scans were carriced out by attaching the
sources to an X-Y-Z traverse with positional reproducibility in all
dircctions to better than 0.1 mm. The focal points of the two probes were
aligned to hetter than 0.2 wm in the critical transverse, X, dircction, A
series of scans in the X-Y planc were obtained for incremental 2 mm
intervals in the Z dircciton.

F1G. 5. Two superimposcd familics of isoresponse surfaces of the two

con-focal collimators whose axis are at right angles, along the BR' and AA!
directions. The OA dircction is into the planc of the fipurc. The isorcsponsc
surfaces for the FCCS mode are the product of the individunl probe responscs --
a family of concentric oblate spheroids or ellipses of rotation with

circular cross-scction in plancs parallel to the planc of the two collimator
axes (plane AB).

FIG. 6. Phantom containing 160 uCi 758¢ with a single cold defect and
two adjacent hot cpoxy globs arising from selective concentration of the
radioisotope. As a result of the 75Se absorption, the phantom wis more
demanding than one with a single cold defect.




FIG. 7. Image using 10 contrast gradations resulting from FCCS scan of phantom
of Fig. 6 where contrast enhancement (ratio of m1n1mum to maximum activitics
"observed) is 53%. Values obtained for each (2 mm)3 lattice point were correccted
for background, statistical or "false" coincidences due to the 55ns resolve
time (at no time more than 10 to 20% of the total,A/7), and depth

attenuation. The average scan VID was ~ 20,000 truc counts pcr cm

and cach 12 mm x 18 mm planc took about 2 hours to scan.

FIG. 8. Single gamma ray scan (sum of count from both probes) obtained
simultaneously with FCCS scan of Fig. 7. Contrast cnhancement is 78%.
Background was negligible and the depth attenuation factor Was neglected since
the single gamma ray Jsorcsponsc contours exh1b1t such a large depth of

focus that over the scan region the effective average depth

attenuation was essentially constant for the homogencous medium concerned.

The lesion signal would, of course, depend upon the lesion depth),

but the correction factor can only be determined paradoxically after

the lesion has been located and in fact no lesion could be detected.
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APPENDIX IV

Current Status of FCCS Research:
The basic five probe focussing collimator coincidence scanning system
(FCCS) employed has been rather completely detailed in last year's renewal

proposal. The PhD dissertation of Dr. Stephen Rudin (CUNY '75) contains

- some additional material. Several changes and additions have been carried

- out in the last year or are currently being worked on.

The electronics and on line computer softwafe has been modified(l) by
augmenting the system with another scaler operating i.n. a daisy chain with the
existing scaler-timer. This arrangement ailows for the future addition of yet
another scaler should one be desirable. Using the additional data an isotope
specific algorithm is being worked out which will more effectivel}; recover the.
true coincidence count rate from the energy discriminated coincidence count
rate and the raw timing coincidence count rate. In the future we'-‘will in-
vestigate the possibility of further reducing the resolvé time by a combination
of quicker timing discriminators and fast time té amplitude conversion. Such a
system may provide effective resolve times of ~10 ns thereby reducing the
statistical coincidénce rate by a factor of ~4,

‘Data acquisition duriﬁg the year was restricted to the determination of
point source response functions and the imaging of phantoms. 'The five probe
system wés first eqﬁipped with broad focus high énergy collimators (Raytheon
100/18B) which werevchovsen as initial equipment since they were available at

nominal cost. The scan results were promising. However due to the extremely




broad field of views of the coilimators,. high resolution wés of course not possible.
Moreover the statistical coincidence_réte which is proportional to the square of
single garrima count rate was too high for distributed three dimensional sources

at clinically typical tissue concentrations of radio-activity. The system has now
been fitted with é néw sét of intermediate energy cdllimators (Raytheon FC 100/9B)
which allow twice the resolution of the previous set (Table 1). The single gamma
count rate is reduced by @ factor of ~ .36 and therefore the statistical coincidence
count rate is only 1/8 that for the preyious assembly. Since the new collimator has
a focal efficiency 4/3_greater as well, there ‘is a 1l fold improvement in the ratio

of the true coincidence coﬁnt rate to tﬁe statistical coincidence count rate.’

A series of point spread functions (PSF), Fig. 1, has been obtalned both in
air and in tissue equivalent scattering medium at various depths_ usmg a'vpoint.,
.source of Se75 of 20 u.Ci activity and diameter 1 mm.b The results im:;dicate a
_PWHM of 7.5 mm for coinc_idence scanning in air at the focal plane. The FWHM
is not significantly altered by the presence of the scattering medlum(See Appén\dix
IIT attached). The FWHM in the longitudinal direction is ~ 8 mm, ‘;or:..vi':c.j_t.ighly thé_
same as the transverse FWHM. These well localized PSF's are ide_'ai'l“y: suited
to a deconvolution procedure on the séan data from extended source phantoms.

At present two methods of data analysis are being investigated, ‘one a matrix
inversion method and the other an apparently new direct iterative method whose
efficiency is enhanqed.by the highly local néturg of the PSP'é . Atransform métrix
based on the PSF in air has been defined and software written to invert the matrix.
The resulting matrix which transforms the image space to the object space is then

used to deconvolute scan data. At present the program has only been used with




simulated data. Work en a program to implement _the second method is just
Eeginni_ng . |

The scanning of extended phantoms hés-just begﬁn. A void (solid plastic
. sphere)of1.15 cm3 in-A250 ml] of a homogeneous solufion of sodium selenite.
(Se75) of actively ~ 0.5 pCVMl was scanned twice-onee with the focal plane
thnoﬁgh the center of the vo:id and again with the focal plane 12 mm above the
center of the void (Fig. 2). The site of lowest activity was set to 0 and a
simple smoothing carfied out by giving the 'average of the 4 nearest neighbor_s
equal weight with the central data point .

A linear density scale was then used to display the counts with a 4 mm
lattice spacing. Note. that the spherical void is‘clearly displayed in the "central”
plane scan Fig. 2a. The scan_of Fig. 2b through a p_laﬁe only 1.2 cms above the
center of the 1.3 cm diameter bead is essentially uniform, demonstrating the.
tomogfaphic sharpness of the system.

The above results however, are in a sense just preliminary since the ultimate
inherent resolution of the system is actually much greater. . Three dimen-eional
data averaging making appropriate use of the 14 nearest'neighbors should further
reduce the effect of statistical fluctuations V\;‘ile deconvolution should significantly
reduce vthe loss of resolution arising from the finité extension of the PSFs. These
two data handling approaches should permit cold lesion detection on a multi-
millimeter scale.

For radioisotope imaging of small organs (~ 50 grams) or for rescanning

suspicious regions observed on scans taken using faster, lower resolution



techniques, quite adequate three difr;ensional F.C.C.S. 'r‘esillts" should be
obtainable in less than 1 hour with the current system. Further modifications
vin the collimators and electronics could e'asily reduce the time required by
C~50%, It Would appear thait a variety of clinical applicétions forF.C.C.S.

: i
may exist. T




TABLE 1

HC 100/18B
Focal Efficiency 0.74%
Holes ‘ | i ' 19
. v .
Focal Length ’ | | ' 100 mm
Thickness - 80 mm
Full Width Half Max. | | 18 mm
(singles) ~
Relative Sensitivity '
to an extended source 1

Both collimators have tapered hexagonal channels.

FC 100/9B
1.0%
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