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HIGH BETA FLUX-CONSERVING TOKAMAKS

J. F. Clarke

INTRODUCTION

In any magnetically confined fusion device, there is é premium on
operation at the highest possible beta because the fusion power output
at a fixed magnetic.field depends on the square of the beta. Since much
of the capital cost of & magnetically confined fusion reactor is associated
with the production of magnetic fields, high beta operation is & necessary
ingredient in the formulation of a low capital cost system.' With regard
to tokamaks, there is a widely held conception that the attainable beta
is limited by equilibrium c;nstraints. This has led to the design of a
number of low beta tokamak reactor systems, ﬁnd has thereby imposed severe
constraints on the economic viability of these systems.l-u_ It is the
purpose of this memo to show that thié widely used beta limit on tokamaks
is highly dependent on the method of achieving the high beta equilibrium
and that & class of systems exists which is not subject to any equilib-
rium beta limit at all. In these systems the ultimate limitation on beta
must be fognd from magneto-hydrodynamics (MHD) stability theory, not from

equilibrium considerations.

HIGH BETA EQUILIDRIA

The origin of the belief in an equilibrium beta limit in tokamaks

>

is connected with the early work of Shafranov. In his considerations,
Shafranov arfived at limiting values of poloidal beta determined by tﬁe
condition that a separatrix in the magnetic structure coincided with the
surface of the plasma. This can be visualized by referring to Fig. 1,
which shows that the'basic equilibrium field of & tokamak is made up by
the superposition of a poloidal fieid on a vertical field. Since the
poloidal field and the vertical field are in opposite directions on the
interior of the torus, Shafranov showed that for.two particular current
distributions, a skin current and a uniform current distribution through-

out the plasma, a solution exists in which a separatrix concides with the
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Bp B,

Fig. 1. Figure 1 shows the superposition of fields providing major
radius equilibrium in a low beta tokamak.



innermost surface of the plasma torus. Referring to Fig. 1, if one
imagines that the plasma pressure is increased in the shaded area and
that the poloidael field surrounding the plasma is not increased, the
system will expand in major radius. Major radius equilibrium must be
maintained by an increase in the vertical field. This will inevitably
lead to the separatrix, shown on the right of Fig. 1, approaching and
finally intersecting the surface of the plasma. An analysis of this
sequence of eventé yields the result that the maximum poloidal beta, B?,
corresponds roughly to the aspect ratio of the plasma.

However, in beginning his analysis, Shafranov notes that "the
critical value B? depends on current distribution in the configuration."
Except in certain ideal cases, the argument based on a consideration of
the magnetic field in Fig. 1 is flawed by the fact that it does not take
proper account of the changes in poloidal field which will follow upon
. the increase of beta. If the plasma currents flowing within the shaded
area of Fig. 1 are themselves responsible for providing some of the
vertical field B, necessary for equilibrium, it is conceivablé that the
increased vertical field could be added in an asymmetric manner (See
Fig. 2). 1In this case the increase of plasma.pressure could be accom-
modated without moving the separatrix appreciably closer to the surface
of the plasma. Noting this at the conclusion of his analysis, Shafranov
remarks:

"It should be borne in mind Lhat the presence of a critical

B?, generally speaking, does not mean that the value of permissible
pLasma pressure in the tokamak has a limit. In fact, let a plasma
column be generated inside an -ideal casing. If the plasma is
rapidly heated sufficiently so that the condition of 'freeziug'

of the magnetic field in the plasma is satisfied, then the topology
of the magnetic eonfiguration cannot be disturbed, i.e., even on
unlimited increase of pressure, the topology of the enclosed toroidal
magnetic surfaces with one magnetic axis theoretically remains
unchanged."

As an example of this latter condition, Shafranov réfers fo the work of
Callen and Dory.

In this work, Callen and Dory analyzed the conditions for attaining
high beta equilibria in axisymmetric tokamak configurations. They also

show that the flux function deécribing the magnetic surfaces containing



the plasma can be obtained from:
A*Y = b (Rgp' + FF') ’ : (1)

where ¥ is the plasma flux function, R is the major radius,'p' is the
derivative of the plasma pressure with respect to magnetic flux, and F

is equal to RB They demonstrated that equilibria exist for poloidal

beta in excesséof the aspect ratio without a separatrix intersecting the
surface of the plasma,

However, these high beta equilibria were obtained by exploiting the
fact that the function F is arbitrary in equilibrium theory. Adjusting
F in a manﬁerTIWhich kept the total current constant led to the examples
of high beta equilibria shown in Fig. 3. Since these calculations were
done tor & system in which the aspect ratio A is equal to three, it is
clear that there is no limitation of Bp < A as f'ar as the equilibrium is
conccrned. However, Callen and Dory noted that although the function F
is arbitrary in equilibrium theory, it is related to other characteristics
of the system such as the value of the "safety factor" g. Thus the equi-
libria shown in Fig. 2 do not represent states of a single system.

Callen and Dory found that although they could attain high beta
equilibria by manipulation of the function F to maintain constant current,
they were simultaneously manipulating the q profiie of the equilibrium,
They also found that as they increased poloidal beta by varying the function
F from low beta to high beta, the g on axis dropped below 1. It was felt
that this would provide a stability limitation on the attainable poloidal
beta unless the plasma current was droppeéed as poloidal'beta was ihcréased.

The above analysis and computation illustrate the fact that the
specification of a limiting R or Bp in a tokamak is a process involving
several variables. The calculations of Callen and Dory also indicate
that there is no simple relationship between total B and Bp in high beta
equilibria, This follows from the fact that Eq. (2) does not apply to
high beta equilibria. :

3

gy (Low Bela) =

trJIU:J
=

(2)

R

o]



ORNL-DWG 76-4248

Fig. 2. Figure 2 shows the superposition of fields necessary for
major radius equilibrium in a high beta tokamak. The verticle magnetic
field within the plasma is produced by plasma currents. In a flux
conserving tokamak its distribution is such that no separatrix appears
within the plasma as the beta is increased from low to high values.
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Fig. 3. TFigure 3 shows the evolution of plasma magnetic flux
surfaces as the poloidal beta is raised in a non-flux conserving manner.
Since highly conducting plasmas conserve flux, the sequence of equilibria
shown in Figure 3 does not represent states of a single physical system.
However, since the calculations were performed for a torus with an
aspect ratio of three, it is clear that the poloidal beta is not limited

by the aspect ratio.



It is important to6 recognize that the safety factor q is a quantity
constant on an entire magnetic surface. It is only in the limit of low
beta which corresponds to essentially concentric magnetic surfaces that
one can interpret q in terms of a local magnetic field line pitch as in
Eq. (2). 1In the general case of arbitrary beta, q is defined as the
ratio of toroidal flux to poloidal flux between two infinitesimally close

flux surfaces:

ae

Y) = — .
at) ay o (3)

It is easy to show the relationship between q and F, since Eq. (3) can be

written as

oy) = ———=

L

FV '<R'2>
1T2 i

(4)

where V° is the specific volume between two flux surfaces and R? is

averaged over & [lux surface,

Figure 4 shows the difference between high and low beta equilibria
with regard to the actual fields found within the plasma. In low beta
the plasma pressure and a slight toroidal paramagnetism create an outward
pressure which must be balanced by the poloidal field generated by the
plasma current. In this circumstance the flux surfaces are nearly con-

centric, and Eq. (2) applies. One can then write the identity -

B = sp/qué.' ' | (5)

As the beta is increased, however, the toroidal paramegnetism is reversed
and the plasma becomes diamagnetic in the toroidal field. Thus the
plasma pressure can now be balanced against both the toroidal field and
the poloidél field created by the plasma current. In fact, in this
circumstance there is a reversed plasma current on the interior part 6f

the plasma torus and an increase in the plasma current in the outer
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Fig. 4. Figure 4 is a schematic representation of the characteristics
of tokamak equilibria. Figure 4a indicates that at low beta the plasma
pressure and the pressure due to an increase of the toroidal field over
its vacuum value are supported by the poloidal magnetic pressure génerated
by the current J_. Figures 4b and c show that as the plasma pressure is
raised currents Flow in the plasma such that the toroidal field is
reduced below its vacuum value and much of the plasma pressure is supported
by this toroidal magnetic field well. Depending on the precise pressure
distribution in the plasma, high beta equilibria can require a negative
toroidal current to flow on the interior of the torus. These characteristics
apply to all high beta equilibria.
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region of the torus.. The ratio of beta to'poloidal beta in this circum-

stance is given by:

(6)

,
B
B = ‘Bp <f—B§> :

Because of the highly distorted equilibrium sketched in Fig. 3(c), the

ratio of magnetic fields in Eq. (6) is not simply given by l/q2 2%,

Equation (5) implies that given a toroidal and poloidal magnetic field,

an increase in pressﬁre would increase the total beta and poloidal beta

equally. However, in the highly distorted high beta equilibria shown in

Fig. 3, an incremental pressure incréase~can be shown to increase beta

more than it increases poloidal beta. This reflects the fact that the

surface average value of the poloidal magnetic energy density is affected

as much by the large shifts and distortions experienced by high beta

equilibria as by the current originally driven in the plasma. In other

words, the’plasma can create its own equilibrium poloidel field by shifts

of "the magnetic axis which cause the poloidel magnetic field to increase

in the outer regions of the torus., Since the q also depends on these

shifts, as shown by Eq. (L), it is clear that the plasma will siﬁultaneoﬂsly

adjust its safety factor as the pressure is increased. |
In an actual experiment, pressure will be added to the system in a

prescribed and controllable manner; for example, through the use of

neutral injection. The neutral injection process begins by using an

ohmically héated plasma as a target. Many experiments have shown that

these ohmically heated plasmas are inherently low beta., Consequently,

the initial condition from which experimental tokamaks will start the

proceés of heating to- high values of beta is similar to that shown in

Fig. 4(a). The heating process will then cause the plasma to pass through

the equilibrium configurations.sketched in Figs. 4(b) and 4(c). A rule

is needed for calculating the precise trajectory of the plasma equilibrium

as the plasma is heated, so that we may arrive at a realistic estimate

of the equilibrium properties of experimentally produced high beta tokamaké.

Such a rule is provided by the concept of flux conservation.
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THE FLUX-CONSERVING EQUILIBRIUM

In single fluid MHD theory, Ohm's law is written as
) - -
E+(€x.B)=T]J. : (7)

If the temperature of the plasma is sufficiently high, the resistivity
term on the right-hand side of Eq. (7) can be omitted; the left-hand

side then describes the response of the plasma to applied electric fields.
It is easily shown from Maxwell's equations that Eq. (7) guarantees that
flux is conserved within a plasma.

£imply otated, fluix conscrvation meano that tho magnetio flux Linking
a plasma pressure surface will be preserved in spite of changes in the
shape or configuration of that surface. Therefore, the coneept of flux
conservation can provide a rule which allows us to select the precise
sequence of equilibria through which a plasma will pass during the process
of being heated to high beta. From the basic definition of g given in
Eg. (3), it is clear that these flux-conserving equilibria will also
be g-conserving equilibria. This is & fundamental characteristic which
distinguishes this sequence of equilibria from thosg computed by Callen
and Dory,

Before investigating the characteristics of these flux-conserving
equilibrium, it must be remarked that flux conservetion is not a concept
which is being imposed upon the plasmé from the outside. As long as the
plasma resistivity is small enough to omit in Eq. (7), the plasma will
move in response to external forces in such a way as to preserve flux.

A simple analysis of Maxwell's equations will indicate that the time scale
on which one can neglect plasma resistivity with regard to flux conser-

vation is

3
3 2
T, = 49 T% (8/100)° sec, : (8)
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where temperatures are given in keV and dimensions in centimeters. TFor hot
present day experiments, this time is on the order of seconds. However,

we are not interested in the time necessary to totally change the flux
within a plasma. -A more relevant time is one in which the flux config-
uration changes sufficiently tolmodify the equilibrium distribution of
magnetic fields within the plasma. This so-called configuration time

has been defined as

3 :
T, = L.9 TZ (a/100)2 sec. (9)

In current experimenfs, this time is on the order of 100 msec. However,
it should be noted that existing low beta ohmically heated tokamaks arrive
at their equilibrium température by traversing a number of turbulent
resistive stages; consequently, flux conservation does not play a large
part in the specification of these initial equilibria. For future devices,
Egs. (8) and (9) predict skin times and magnetic configuration times on
the order of hundreds of seconds. Since these advanced machines will arrive
at their high temperature, high beta configuration as a result of controlled
heating on a time scale of only a few seconds, starting with an already
hot ohmically heated plasma, it is hard to imagine a mechanism by which
flux conservation could be violated.

In order to calculate flux-conserving equilibria, Eq. (4) is used
to specify the function F. One chodses 8 q profile consistent with the
low beta equilibria from which the heating process starts and determines
the pressure profile p’ from an analysis of the detailed heatiﬁg process.
With these functions defined, Eq. (1) can be solved to determine the
magnetic configuration of the plasma. In practice this turns out to be
quite difficult. Thus far we have been able to compute sequences of
equilibria which very nearly preserve flux.8 Figure 5 shows a sequence
of pressure profiles labeled by & parameter 85; the magnetic equilibria
corresponding to these pressure profiles very nearly conserve flux, as
indicated by the close comparison of the g profiles for a low and a high
pressure case (Fig. 6). Figures 7 through 10 show the flux surfaces
correspoﬁding to pressure profiles of 55 equal to O, 10, hOz and 100

respectively. This sequence of plots indicates that as the pressure is
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Fig, 5., Figure 5 shows the evolution of the pressure profile, and
the flux distribution as the plasma pressure is raised in a flux conserving
tokamak. The parameter B is an index labeling the pressure increase in
the numerical calculationd. In this particular calculations B = 100
corresponds to a total B of roughly 12%. Flux conservation follows from
the fact that the central and edge fluxes are kept constant during the
pressure increase.
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Fig. 6. Figure 6 shows the toroidal field distribution and q

profile in the plasma as the beta is raised in a flux conserving manner
The small variation of the q profile indicates that

the numerical computations are not totally successful in conserving the
A truly flux conserving tokamak would preserve the q

from 2.3% to 12%.

plasma flux.

profile unchanged during the beta increase.
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raised in a quasi-flux-conserving manner, the plasma responds by progres-
sively shifting its magnetic axis toward the outside of the torus, and
by progressively assuming less circular shapes.

Figure 5 shows the distribution of poloidal flux and toroidal current
cbrresponding to the initial and final states of the plasma. The close
correspondence between the minimum values of the poloidal flux in the low
and high beta calculations is another indication that these equilibria are
very closely flux-conserving. The toroidal current distribution in these
flux-conserving equilibria peaks toward the outside of the torus as in
Fig. 4(c). However, there is no reversal of the current in the low pressure
interior region.  The total current increases, driven by the pressure
increase induced by the heating process in the plasma. Stated another
way, inductively driven currents are necessary to preserve flux as the
plasme pressure is increased.

The toroidal field within the plasma is shown in Fig. 6; the general
paramagnetism of the low betaAplasma gives way to a diamagnetic effect at
higher betas. As in the EBT9, the heating process has caused the plasma
to "dig a hole" in the toroidal field, and most of the plasma pressure is
supported by this toroidal field well. '

An examination of the flux surfaces shown in Figs. 7 through 10 leads
one to believe that the general trends revealed by the numerical analysis
should be recoverable from an analytic model which treats circular flux
surfaces, The deviation from circular flux surfaces does not become
extreme until the plasma pressure has been raised by more than a factor
of 4 or 5. Thus, it will be instructive to examine the evolution of
equilibria in an approximate model which con§erves flux exactly. We will
choose a constant q model in which the magnetic flux surfaces are assumed
to be a set of nested circles whosg centers, RY’ are shifted in a manner
determined by the distribution of pressure within these surfaces. The

simplest model for such a set of flux surfaces is:

Y=y 02/a? , ' (10)
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Fig. 7. Figure 7 shows magnetic flux surfaces compatible with the
pressure profile indicated by the parameter B; = 0 of Figure 5.
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Fig. 8.
. the pressure profile indicated by B
same as in Figure 7.

- Figure 8 shows the magnetic flux surfaces compatible with
10 in Figure 5.

The flux is the
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Fig. 9. Figure 9 shows the magnetic flux surfaces compatible with
the pressure profile B = 40 in Figure 5. The flux is the same as
Figures'7 and 8. J .
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Fig. 10. Figure 10 shows the magnetic flux surfaces consistent

with the pressure profile labeled by 8 = 100 in Figure 5. These flux

surfaces have evolved in a flux conser&ing manner from the low beta flux

surfaces shown in Figures 7 through 9 and represent an average plasma
beta of 12%.
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2 . .
where p  1is defined by

" - (r-my) "+ 2. (11)

With this definition of flux, the poloidal magnetic field and its surface

average are

2 ‘1’0 p 1
B =
» T2 T
a“ R 1+ X Ry (R - Ry) (122)
/2y 2 1+ e/d [1 (1 dz).]%
<> - —e?f S
P 2’ Ry ' (1.' dzjg , (12b)

where d = 2 ¥_p R‘;/az and ¢ = a/Ry.
The poloidal magnetic field defined in Eq. (12) possesses the basic

characteristic that, as the plasma shift specified by R& increases in

response to heating, there will be an increase of poloidal magnetic field

at larger major radii. In order to establish the relationship between

the shift Rg and the heating process, we require a relationship between

the magnetic equilibrium specified by Eqé.:(lo) through (12) and plasma
force balance. This cen be obtained in & simple manner by using the

method given by Shafranov.lo

The Virial theorem, which involves an
average over the particle and magnetic pressures contained within the

entire plasma, is

P+ — .dVv = P+ — + as..
8n /- 8n /- 1 (13) -

al”
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The integral form of the plasma force balance equation, applied to a

wedge of the toroidal plasma between a toroidal angle & and ¢ + 48, is

Bi B S W .
: + 2 __2) gs. - +— | i - &8,
P e B ¢ P ) RO | (14)

Using these equations and the magnetic flux function defined in Eq. (10)

leads to the following equations:

K

2 .2 2
- B
_ By - B .

P 8 i 8n (l - é§3 z : (15)

(N2

- ! } -1 . [l— (1-d2)%j
¢ -7 2(1-d8)7 & (1-d)F

(16)
=Btz
-2 ¥ B. = 8 m /B
where B, = 2 O/a Ry, &nd E@ 8 m p/Ba
In the low beta case when Ba_is on the order of unity, Eq. (16) tells us

that the shift paremeter d must be of order e; consequently Egs. (15) and
(16) reduce to Shafranov's low beta equations. In the opposite limit, when
Ea is assumed to be on the order of e-l, d must approach unity.

Equation (16) can be viewed as defining the value of d corresponding
to the pressure existing in the plsama, and Eq. (15) can be viewed as
giving the depth of the toroidal field well produced by the shifts or
deviations from noncircularity in the plasma.

One can define the .plasma poloidal heta, B?’ ag

By = Ba @—%—;' | (17)
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Using the poloidal field defined in Eq. (12), the plasma poloidal beta

becomes

B =B (l-d2)% : .
P 2 {14-%[i- (1..d2)%J}’ (18)

and in the high beta limit

w
e

2

o W
Wl

/e . - ' (19)

Figure 11 shows the dependence of B and Bp on Eaf Figure 12 shows the
development of the toroidal well as & function of 4. As in the high beta
limit of Eq. (16), we find that the plasma poloidal beta increases as the
two-thirds power of the pressure increase measured by Ea' The remaining
plasma pressure is supported by the toroidal well, the depth of which can
be obtained from Eq. (15). ‘

One further characteristic of flux-conserving tokamaks can be obtained

by noting that the total current flowing in a tokameak can be wriften as

Ry -
0

» /22N 2
v'{B > ¥ ed B
I(¥) = <p =0 1+ — _<-____P>. : (20)
Bm o Re ‘
Using the circular flux surface model to calculate the average in Eq. (20),
and using the high beta 1limit of Eq. (16) to determine d, we find that
the total current flowing in a flux-conserving tokamak must increase as

the one-third power of the pressure:

3
a
o .
a

o
ed B 1 :
I (‘1’0) =<\FO/RYO> 1+ — —<—B%>—°='B'_. | (21)
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Fig. 11. Figure 11 shows the evolution of the poloidal and toroidal beta as the average
plasma pressure ncrmalized to the initial poloidal field pressure is increased in a flux con-
serving manner. The total beta is seen to increase linearly whereas the poloidal beta has a
tendency to saturzte at high values of plasma pressure.

éc
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Fig. 12. Figure 12 shows the evolution of the toroidal well as a
function of a parameter related to the displacement of the magnetic
axis. The transition from a paramagnetic to a diamagnetic toroidal
equilibrium is seen to occur as small values of d. The large increase
in the toroidal well depth at large values of the parameter d results
from the fact that most of the large plasma pressure is contained by the
toroidal field for large d.



An examination of Eq. (12b), which is valid throughout the bulk of
the plasma, reveals another basic characteristic of flux-conserving
tokamaks, the peaking of the toroidal current toward the surface of the
plasma. From Eq. (20) we see that the current flowing within a given
flux surface is directly related to the flux surface average of the square
of the poloidal field as given in Eq. (12b). Since the parameter d is
an increasing function of flux, the increased current flowing at high
beta as in Eq. (21) can be seen to be distributed toward the surface of
the plasma., It was a desire to avoid using "artificial" skinned current
distributions which prevented Callen and Dory from realiiing flux-conserving
equilibria in their paper. Here we see that skinned currenl profiles are
not artificial but occur naturally as flux conservation requires the plasma
current to increase,

This increase of current will be driven by the plasme itself, but it
must be balanced by an equal and opposite current flowing in the external
winding which controls the spatial position of the plasma. The need to
provide for this extra current is the only additional requirement for the
design of a flux-conserving tokamak as opposed to a standard tokamak in
which the pleasma current windings are controlled solas to regulate the
current to & constant value. Since the q profile‘is frozen in a flux-
conserving tokamak, there is no need to regulate the total plasma current.
Indeed, as seen from Eq. (21), there is a definite need to program an
increase in the current flowing in the plasma control windings as the
plasma is heated. In addition, the asymmetry which is built into the
poloidal field in Eq. (12) is reflected in & need to rearrange the distri-
bution of plasma control winding current as the plasma pressure 1s increased.

Since the numerical results for the shape of high beta flux-conserving
equilibria show & natural D-shape, well have analyzed the dislribution of
currents which would be required to sustain such an‘eduilibrium.‘ Figure
13 shows a typical case, A set of coils located on the contour L at &
distance d from the surface of the plasme is used to provide the equilib-
rium as the beta poloidal of the plasma is increased by & heating technique.
Figure 14 shows the distribution of currents on the surface I during this

heating process for two different values of the separation d. It is clear
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Fig. 13.  Figure 13 shows a set of magnetic flux surfaces for a D
shaped plasma maintained in equilibrium by a set of conductors located a
distance d from the plasma surface. The computations were done for a
plasma with € = .25, an elongation of 1.65, and a beta poloidal of 2.4,
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Fig. 14. Figure 14 shows the current distribution along the contour
L of Figure 13 necessary to maintain the plasma in equilibrium as the
poloidal beta is raised from .5 to a value of 2.4. For two values of
the separation distance, the current distribution for the higher beta
plasma shifts (as expected) from the interior of the contour to the
exterior. As the equilibrium coils are shifted further from the plasma
- surface, negative currents must be generated in the region of the plasma
tip. No drastic modification of the current distribution is required to
maintain the high beta plasma in equilibrium.
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frbm the calculations that it is possible to sustain these equilibria
with currents flowing in a shell at a reasonable distance from the plasma,
thus allowing the inclusion of coil shielding and structure. It is also
apparent that the changes in the distribution of the currents flowing

on the contour L need not be extreme as the plasme pressure is raised.

In fact, some of the current changes shown in the figure could be produced
by utilizing low-impedance constant voltage power suppliés for the coils.

This would allow the plasma itself to induce the necessary current changes.

CONCLUSION

Numerical and analytic studies have shown that plasﬁas subject to
external heating will naturally seek high beta equilibria whose charac-
teristics are determined by flux conservation. These equilibria can be -
characterized by broad pressure profiles and plasma currents peaked toward
the plasma surface. They possess the same q profiles as the low beta
equilibria from which the heating commences, and consequently have reason-
able stability properties ageinst local MHD modes. These equilibria are
naturally noncircular and tend to approxinmate a D-shapelwith moderate
elongation.of roughly one and one-half, The technologicel requirements
for sustaining such equilibria are not extreme., Their confinement charac-
teristics are such that one can contemplate attaining ignition conditions
in moderate-size plasmas. The one remaining factor which must be analyzed
is the stability of these equilibria to MHD modes. 1In this regard, there
is no reason to suspect difficulty at moderate beté. However, since these
equilibria have the capability of attaining arbitrarily high beta as tar
as the equilibrium of the plasma is concerned, it is important to inves-
tigate the limitations imposed on maximum atteinable beta by MHD stebility

theory.
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