
(U Unlimited Release 

ton under Contract AT (29-1 1.' 

w U . T l 0 N . w  THIS &EN? EUNLIWW 

$SIB 



DISCLAIMER 

This report was prepared as an account of work sponsored by an 
agency of the United States Government. Neither the United States 
Government nor any agency Thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately 
owned rights. Reference herein to any specific commercial product, 
process, or service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its endorsement, 
recommendation, or favoring by the United States Government or any 
agency thereof. The views and opinions of authors expressed herein 
do not necessarily state or reflect those of the United States 
Government or any agency thereof. 



DISCLAIMER 

Portions of this document may be illegible in 
electronic image products. Images are produced 
from the best available original document. 



Issued by Sandia Laboratories, operated for the United States 
Energy Research & Development Administration by Sandia 
CorpGration. . - 

NOTICE 

This report was prepared as an account of work sponsored by 
the United States Government. Neither the United States nor 
the United States Energy .Research & Development Adminis- 
tration, nor any of their employees, nor any of their con- 
tractors, subcontractors, or their employees, makes any 
warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of 
any inform#ion, apparatus, product or process disclosed, or 
represents that i t s  use would not infringe privately owned 
rights. 

Prlnted in tkre! united States UP Amzrica 
Available from 

National Technical &ormat ion Service 
U. S . Depry.tment of 
5285 Port Royal ROE& 

Springfield , VA . ,22161 
Prfce: Printed Copy $4.00; Microfiche $3.00 



SAND-77-0374 
Unlimited Release 
Printed May 1977 

0 
- - 

STABILITY ANALYSIS OF THE VON WUMANN-RICHTMYER DlFFERENCE SCHEME * .. 

I NOTICE mL rrwrt Was ~ R p ~ e d  as an nocount 
wort 

WITH RATE DEPENDENT MATERIAL REIATIONS, PART 2. SUBCYCLING 
r, 

W n m r *  by the Unitcd Smta  Gonmmcnt.  ~ d ~ h ~ ~  
Ihr United State nor the Unitcd stata E , , ~ ~ ~ ~  
Rwuch and DcvclO~tIICnt Admimistration, nor .,f 
Ihcir e m ~ b ~ m .  nor any of  t k i r  con(tsrtan 
'ubwntmeton. or their cmployec., mre ,,; 
mmW" exPreu or impticd or snvmer any 14 
LLbility or reWndbi l i ty  for th;  aocuncy, completcncs 

Or u=fulncn of any informt ion nppantu.. or Pro- dlcbscd,  or rcprcvnts ;hst i t, 
infn'ngc privately o m c d  l o v l d  not 

AND THE MALVERN REIATION' . 
E. 

. 

D .  L. Hicks 
computational Physics & Mechanics Division I - 5162 
Sandia Laboratories , Albuquerque, New Mexico 87115 

i --  

. . 
ABSTRACT 

S t a b i l i t y  c r i t e r i a  are  developed f o r  solving problems involving r a t e  . ' . 

dependent mater ia l  properties hydrocodes such a s  WONDY. A s .  severe 

r e s t r i c t i ons  in the allowable timestep s i ze  r e s u l t  f o r  small re laxat ion 

times, subcycling has been introduced t o  s'alve t h i s  problem. ' .That ' i s ,  

i f  the  subcycle number (m) i s  large enough, then the  timestep r e s t r i c t i o n  

as  it ex i s t s  i n  WONDY i s  suffic.ient fo r  s t a b i l i t y ;  t h i s  i s  shown herein 

f o r  the  case o f  a simple backward difference subcyclingschexke f o r  the  

Malvern r a t e  dependent material  re la t ion .  The problem of precisely  how 

large m must be f o r  a given r a t i o  of the  timestep t o  the  re laxat ion time, 

h = A ~ / T ,  was studied. Although the form of solution f o r  m as  a function 

of h i s  complicated, it can be incorpoi-ated e a s i l y  i n t o  W 



extreme cases of h, very small or large,  the  solut ion can be s imply 

s ta ted :  i f  h is  very small, then m = 1 suffices; '  if  h > 2, then m 2 h 

suf f ices .  The f a c t  t h a t  the  solution reduces t o  m 2 h f o r  large h i s  

an elegant and in t e r e s t i ng  r e su l t .  
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1. INTRODUCTION 

In a previous report  [l] the  r e su l t s  of s t a b i l i t y  ana1yse;s , f o r  r a t e  

dependent materials were presented. In  t h a t  report  it was shown t h a t  the 

s t a b i l i t y  condition f o r  the  WONDY (ahd CHART D )  scheme i s  

where a ,  a3(1), and b (1 )  a re  given i n  Section 4. (WONDY i s  based on the 3 
VNR (von ~eumann-~ichtmyer) scheme. ) This.  can be a r a the r  severe r e s t r i c -  

. . 

t i o n  on the timestep. Moreover, WONDY i s  prograuimed t o  enforce (B ) 
0 

where . . 

and not programmed t o  enforce (B ). Subcycling appears to' be the  bes t  
1 

way t o  solve t h i s  .problem. 

By .subcycling m times i n  the  nth cycle ( the  advanc~'from.tni1 ' t6 tn), . -  ',. .. ': 

it i s  meant t h a t  the difference equation (or  equat ions)  '$or t h e  s t r e s s  

n-1 ' n . . r a t e  a re  integrated from t t o  t in m subcycles of timestep s i ze  
. . 

n-1' (tn - t m .  The number m i s  cal led the subcycle number., ' It m&'vaiy. . 
' 

. .  . 
, . 

frcm cycle to cycle. a n d  from zone t o  zone. ' . . , . 
. ' 

. . 
. . 

. . . . .  

In . t h i s  report  it i s  shown t h a t  subcycling m t h s  .causes' (B ) t o .  . . . 1.. 
. . 

modify t o  (Bm) 
. . 

where a (m) and b (m) a re  g iven . in  Sec t ion  4. The.timestep r e s t r i c t i o n  3 3 . . ... . 

subroutine current ly  i n  WONDY enforces (Bo) and not (B1) ~ m e v e r ,  it i s  ' 
. 

. . 

not necessary t o  reprogram WONDY t o  enforce (B  ) bec'ause, a s  i s  shown i n  
.1 

Section 4, if (B ) i s  enforced, then there  e x i s t s  an M such tha t  i f  m 2 M . , , '  

0 

then (B,) i s  s a t i s f i ed .  . . 

5, 



An annotated t a b l e  of contents: 

Section 2 i s  e n t i t l e d  "Notation and Nomenclature"; the re  the  symbols 

and terminology used a r e  presented. 

sec t ion  3' i s  . e n t i t l e d  . " ~ e k s " ;  there  sbme f a c t s  about quadratic 

i nequa l i t i e s  which a r e  use fu l  i n  Section 4 a re  presented.. 
. , 

Section 4 i s .  e n t i t l e d .  "Results"; t he  main r e s u l t s  of t h i s  study a r e  

summarized .2n Results  #1-7. 

Section 5 i s  e n t i t l e d  " ~ u r i k a r ~  and ~onc lus ions"  ; it gives ah overview 

of t h e  repor t  a id  t h e  implications of i t s  r e su l t s .  



2. NOTATION AND NOMENCLATURE 

- L e t  x f  be the. motion? l e t  p, t , and x be the. material, temporal, and 
. . .  

spacial  coordinates; x2.= x ( p j t ) ;  x is  the ~ o s i t i o n  of material  point p . 
f 

$. . .  
a t  time t .  .. . . . 

. . 

Let uf, V f ,  and pf be the specif ic  momentum, specific volume, and mass 
. . 

density functions; u, V, and p are t h e i r  evaluations a t  ( ~ , t ) ;  p = 1/~ ;  

u = &/at; V = 'ax/&. (The f subscript is  often suppressed when the  context 

allows l i t t l e  chance for  confusion.) 

Let Ef ,  F, and a be the specific t o t a l  energy, specif ic  in te rna l  f '  f 
. . 

energy, and s t r e s s .  f'unctions; E C, and a are t h e i r  evaluations at. . "  

The conservation laws are expressed by 

where 

and 

. . .  

: The s t ress -s t ra in  re la t ioh  i s  taken t o b e  *.the Malyern r a t e  . : 

. . 
dependent f o m  . . 

. . 
where a ,  a and T are the acoustic impedance, equilibrium s t ress ,  and eq' 

relaxation time.. 



11 
Let xn be the  numerical approximation t o  x (p t ) for  j = 0,1,2 ... 

J f j' 
n n n ' n  

and n = 0,1,2. . . and s imi la r ly  define V , uj , E j, 
j 

a e t c .  Let Aw and A t  
j 

be the  mater ia l  and temporal increments and l e t  a = a ~ t / &  be the CFL 

number. Let the  a r t i f i c i a l  viscos.i ty q be given by . . , . 

where X 2 0 i s  t he  coeff ic ient  o f . t h e  a r t i f i c i a l  v iscosi ty .  



. . .  

In  t h i s  sect ion t h e  roots  of t h e  quadratic 
. . 

are  being considered i n  Lemmas'lA and 1B; t he  cons t ra in t s  on x required . . 

f o r  t he  quadratic inequal i ty  

t o  hold a re  considered f n  Lemma 2; and Lemma 3 gives a u se fu l  fac t . about  
. . 

t h e  s t a b i l i t y  of 'matrices. The u t i l i t y  of t h e s e  lemmas becomes evident 

i n  Section 4. 

Let A+ = B k where Ij = B~ - C and 33 a d  C i r e  r e a l  numbers and ' 
',, - 

. . . '  . .  . 
, . .  . . . . 

, . .  

cask ( a ) :  I f  D a 0 and 8 > 1; then 

2 . . Case (b): I f  D a 0 and B . S I, then 

. . . . . , .  [ J X ( . - S ~  i f f  2 1 B l ' S C + i ] . :  ;, ." 

. . . . 

: a s e  ( c  j :  I ~ D  c o ,  then . . 

. . . . 

. , . , ' 

~ b r e o v e r ,  t h e  r e s u l t  a l so  holds when < i s  peplaced by < ins ide  t h e  square 
. . 

. . 
bracket .  . . 

. . 

Proof $ketch: Note t h a t  i f  D 2 0, then '. 



Thus in case (a )  one can see tha t  1 hl > 1. In case (b) 
m a x  

IB I + D s 1 

i f f  

i f f  

In C B S ~  ( c )   not.^! +,hata ( A  1 - C . End df Proof gketcll. mcuc 

and 

where 

L r o r ,  

then 

[(h+l s l  i f f  2b + c a 43 . 
- .  

Moreover, the r e su l t  a l so  holds when s i s  replaced by < inside the square 

brackets provided c > 0. . . .  . . 
, . 

' 1 %  . . I..'.. 

Roof Sketch: Apply Lemma 1A. The interest ing case i s  case' (b) with 
. . * : . .  ;I, ?". . 

B negative then ,! 
: .  

-2B S c'. + 1 ' , s  

i f f  . . 
:-li* C . . 

. .. ..,:. 2 1 

2b +',:c 2 4, .-, 
End of Proof Sketch. 



Assume A rea l ,  B posikive an.d l e t .  
. . . . 

, , 

2 
where D = B + A .  Consider the  inequality 

Case (a) :  If A 3 0, then (6)  holds prwided 

Co.* X '  * i l  . (7 )  

2 
Case (b): If -B s A < 0, then (7) implies (6) .  

Case ( c )  : If A < -El2, then (6) holds for  a l l  r e a l  x. Moreover, the 
. . 

. . ! .  

r e su l t  a l so  holds if the * i s  replaced with < i n s i d e  t h e  square brackets. 

2 1/2 -1 Proof Sketch: The roots of Ax + 2Bx = 1 are given by x+ = (B f D, , ) ,: 

. . .  
. . 1 -1'. . ' . . 

' '  i f  A # 0. If  A = 0, then there i s  only one root .$  = (B + D. . ) . ,. . . . . . . 

. . .  
. . 

Case (a) :  In t h i s  case D > 0; x < 0 < x ; rind (6)  holds provided . .  - + 
x - * x * x+ and t h i s  i s  implied by (7) .  

Case (b): In t h i s  case D 2 0; 0 < x+ + x ; and (6)  holds provided - 
x '5 x and t h i s  i s  implied by (7 ) .  . . + 

. . 
Case ( c )  : D < 0; t h e r e  are  no r e a l  r0ots;  therefore, A < 0 implies 

. . 

(6)  holds for  a l l  r e a l  x. 
. . 

, ' 
. . 

End of Proof Sketch. . ' ' 

. . 

. . mMMA 3 
. . 

Let 2 be a p by p matrix. I f  there ex i s t s  a posit'ive number T such 

tha t  the elements of ~ ( A t , k )  are  bounded f o r  0 < A t  c T and f o r  a l l  k h d  
N 



i f  a l l  of the  eigenvalues of G, with the  possible exception of one, l i e  
ry 

i n  a  c i r c l e  ins ide  the  u n i t  c i r c l e ,  then the  von Neumann condition i s  

su f f i c i en t  a s  wel l  a s  necessary f o r  s t a b i l i t y .  That i s ,  i f  there  e x i s t s  

a constant r such t h a t  f o r  a l l  k and a l l  A t  i n  ( 0 )  !hit r < 1 f o r  

i = 2, . . . p ,  then [ A l l  5 1 + o ( A ~ )  i s  necessary and su f f i c i en t  f o r  

s t a b i l i t y .  

For proof see [2]. . . .  
. . 



, , 4. RESULTS 
. . 

Assume ' t h a t  the timestep i s  r e s t r i c t ed  by 

a < l  
. . . . 

. . where a i s  the  CFL number, i . e .  

' n + l  Suppose t h a t  the  integration of a from tn t o  t is done i n  m subcycles.  

F i r s t  consider the  case m = 1 (i .e . ,  no subcycling) then .the.equations . 
. . 

are  . . 
. . 

. . .. . 

where 

and . . .. . 
. . 

Eqn. (5)  i s  jus t  the  r e su l t  of a s h p l e  backwed differencing of 

Next l e t ' s  consider the  case m > 1.. Let 
. , 



f o r  0 S v . 2  m; therefore ,  the s t a r t i n g  value f o r  subcycling i s  

Then f o r  0 s v s m - 1 the  simple backward difference subcycling scheme 

i s  given by 

Thc s o l u t i u i ~  t;o (11) fur 0 .  s g s m is 

and i n  par t icu la r  f o r  v = m we have 
. . 

From (12) and (13) i t . f o l l m s .  t h e  

Note that 

where 

. .  . 
g(h)  = ( 1  - e,-h)/h . 

?. 
(17) 

' 1  

Observe t h a t  0 S g(h)  5 1 tind a l so  note tha'tr: f o r  a l l  posit ive integer  m 
' . . 

. 

! . ;  ;. 

. . . . 
and posi t ive  h . . , 



Foll6wing;the notation.used in [l] and [2] let 

and 

n The next step is to replace v? by v q  &d .w by wn 5~+1/2 
j +1/2 

where 
.J . . 

5 = exp ik& = cos M y  + i sin kAp .. 

Then (4) and (14) become 

and 

. . . . 
. . 

. .  . where' . . 

. . : .  
. . 

Mow let 

. . . . . .  . 
to get . . . . . . 

. . 



and 

. . 
It follows t h a t  . . 

where 

Spec i f ica l ly  

Note ' t h a t  

w h e r e  

m a  

aloo l c t  

<,, 4 L ,F.F 

Result #1: + . I I  I I ? !  

1) ; 1 1  i f  
! .F 

I f  m = 1 or m > h, then a  necessary and suf f ic ien t  condition f o r  

the  s t a b i l i t y '  of 5 i s  



Proof Sketch: In  (26) and (27) ' iden t i fy  the  b of Lemma 1B with 

(6 + h)f (m)/2 .and . . the  c w i t h  hf ( m ) .  Recall  t h a t  t he  condition f o r  

and note t h a t  t h i s  i s  the  same a s  

. .  . 
. . 

which i f  t N e  f o r  a l l  leads t o  (28). Thus (28) implies 1 A+ 1 5 1 2 1 A I. ' ' - 
To use Lemma3 it k s t  bekhowi t h a t  one or the  o t h e r  of 1 A+ ( and . I  A I . - 
i s  s t r i c t l y  l e s s  than one. Consider t h e i r  product; 

A + A  - = C, = 1 - hf (m) . 

I f  D, S 0 ,  then 0 < C, < 1. I f  D, > 0, then t he  case t h a t  must be 
. . 

. . 

considered is f (a) (a2 + h / 2 )  = 1; i n  t h i s  case ., ( 1  - ~ / I U ) ~  = C, '=. f(,m) [ a2  - h/$] 
a.nd it can be seen t h a t  

. , . . . . . . 

provided m. > h.. It. fo l l&s  ' t h a t  (28) implies 

. In  case m = 1 then f(m) = . l  and (28). implies h < 1 and thus (30) follows. . . .  

Hence, Result #l 'f o l l m s  from Lemmas 1B and 3 .  End of Proof Sketch. 
. . , .  

Result #2 : . . .  

I f  a2 = 9 < 1, t h e n t h e r e  e x i s t s  an M such t h a t  m a M implies 



Proof sketch:. ' Inequal i ty ' (28)  becomes . 

Multiply by h and observe tha t  as m -. a, the l a s t  inequality becomes 

where 

Observe tha t  

therefore i f  H ' evaluated a t  h = 2 ( 1  - 9 )  i s  2 0, then H i s  posit ive f o r  

a l l  h. One can show t h a t  i f  0 < 1, then H ' (2(1  - 8 ) )  > 0 and therefore 

~ ( h )  > 0 for  a l l  h > 0. End of Proof Sketch. 
. .  . 

Hemark: The reason Hesu+t s #2 and $3 are of in te res t  i s  because 

WONDY already has a . t h e s t e p  . r e s t r i c t ion  of t h e  f o A  a S .9 b u i l t  in .  
a ,  

If y e  can show tha t  the current t ides tep  r e s t r i c t ion  routine i n  w ~ ~ D Y  ddes 
. , 

not have t o  be al tered b u t ' t h a t  f o r  a .9 a l l  t ha t  i s  necessary i s  t o  

choose m large enough and s t a b i l i t y  follows, then &e can avoid the 

rewriting of the WONDY timestep restric,ti;n routine. . . 

. $  . 
Now l e t  ' s investigate how big 'm &st be t o  sa t i s fy  (28) when a < 1. 

Let 's  s p l i t  i n to  three cases: case (1) i s  with m = 1; case (2)  i s  with 



2 2 
0 < h < a + 1/2; and case (3) i s  with h ? a  + 1/2. Iri case '  (1) check 

t o  see i f  

i s  s a t i s f i e d .  For example i n  WONDY a s .9 so a2 S .81 and t h i s  i f  

2 h s .38, then m = 1 suff ices .  Thus case (1) says t h a t  f o r  0 h s 2 ( 1  - a ) 

one need not subcycle. , 

2 
. . 

case (2 )  : (2(1 - a*) < h < az ) observe t h a t  for t h i s  case t o  be 

nonvacuous requires  1. < a2; i f  not ,  then case (1)  c o v e r s c a s e  (s). 

Note t h a t  . . 

2 . 2  2 ( + 2) - 0 ( h 2 ) .  , (31). , . 
f ( m )  (a + h/2) = a + h 

2 
where t he  ~ ( h  ) term i s  posi t ive  in case (2 ) .  Requiring t he  FMS of Eqn. 

2 (31) t p  be l eks  than o r  equal t o  un i ty  and dropping t he  ~ ( h  ) term leads 

. t o  
.. b 

. . 
. . 

. , 
. . 

as  t h e  requirement f o r  m i n  case  (2 ) .  One can see t ha t  i f  a s .g, then 
. . . . 

m need never be l a rge r  t h a n  about 5 i n  case ( 2 ) .  

. . , : 'case. ( 3 ) :  (h s a2) 1f p:> 1, then , . . . .  

. . . . . . 

. , 

holds. It f o l l o ~ s  t h a t  i f  m n h ,  then 

and t h a t '  (28) i s  s a t i s f i e d '  provided 



Note tha t  the' l a s t  inequality i s  sa t i s f i ed  i f  m 2, h because then the RHS 

i s  posit ive and the  LHS i s  negative i n  case (31,. Let's'summarize the 

foregoing cases ( l ) ,  (2) ,  and (3)  i n  the following 

Re s u l t  #3 : 
. . 

. . 

Assume tihat a €I < 1.. 

2 
case ( 1 )  : If 0 '5 h s 2 ( 1  - a ), then !i z 1 s a t i s f i e s  (28). 

~ a s e ( 2 ) :  I f  2 ( 1 -  a2) < h  < a2, then 

s a t i s f i e s  (28) .  

Case (3): I f  h 2 2z2, then m 2 h s a t i s f i e s  (28).  

Proof Sketch: Was given t o  the .statement of the resu l t . .  , 

. . .  

. . 

Remark: Resdlt # 3  shows tha t  i f  the q coeff ic ients  .are zero, then the 
. . . . 

timestep r e s t r i c t ion  loutine ..in WONDY need not b e  al tered;  the  ' subcycle . 

number c a i b e  chosen large enough t o  sa t i s fy  the s t a b i l i t y  condition 

. . 
provided a <. 1; the WONDY timestep r e s t r i c t ion  insures tha t  a 5 '.9. f i e  

next question tha t  a r i ses  i s  "What i f  the  q coeff ic ients  a re  not zero?" 

The timestep r e s t r i c t ion  i n  WONDY. i s  G ' 5 .g where a = a[h/a + J-] 
and h i s  the viscosi ty  coefficient.  Thus the question i s  "Does there ex is t  

.I 

a subcycle number large enough Yor s t a b i l i t y  provided 6 '  S .91" The 

s tep i s  t o  investigate t h i s  question. 
. . 

The a r t i f i c i a l  v i scos i ty  q ' i s  'of '  the form . 
. . 

, . . . 



with A r 0.  The .addition of '  t h i s  a r t i f i c i a l  viscous s t r e s s  t o  a i n  Eqn. 

( 4 )  r e su l t s  in.  
. . 

. .  . 

where 

and thus Eqn. (20) becomes 

where 

Then H becomes 
NO 

and 5 becomes 
. . . . 

. . 

' . 

. . and B, becomes 
, . 

and C becornes * , . 



Ident i fy  b with 1 - B, and c with 1 - C, i n  Lemma 1B. Recall t h a t  

1- hf(m) = (1 - h ~ m ) ~  therefore  1 - hf(m) 2 0 provided m 2 h. Assuming 
. . 

m r h, then c r 0 follows and Lemma 1B can be applied t o ,  y ie ld  

a s  t he  s t a b i l i t y  condition. 1n.more d e t a i l  t h i s  becomes 

where 

and 

b ( m )  = h/a :+ ~ p f  ( m ) / ( 4 a ~ )  . 
3 .  

Also l e t  

, , 

2 
d (m). = b (m) + a (in) . . . 
3 3 3 

. . 

M o w  we have the  f olluwing. 

Result #4 : 

A necessary and suf f ic ien t  condition f o r  g t o b e  s tab le  is  (40). 
. . 

Proof Sketch: The proof pa ra l l e l s  t he .  proof of Result #l. . . 

. . . . 

Remark: In [I] where' the  case m = 1 was considered, it was absumed 

t h a t  t he  r e s t r i c t i on '  a ( 1 )  r 0 was .imposed; Lexnqa 2 has been extended t o  
3 - 

. . . . 

cases (b )  and ( c )  in order t o  take care of. t h e  Eaee R. (m) < O for . . 3 . . . , . . .. 
m = 1,2,3.. . This leads t o  the follawiig.  



Result #5 : . . 

Let e 3 ( m )  = b - 3  ( m )  + d 3 (,)'I2 and a ' = a e3(m) ., 
. . 

Case ( a ) :  1f a ( m j  2 0, then ( 4 0 )  holds  provided 
3 

o < a '  s 1 ; -. (43) 

2 
Case ( b )  : I f  -b ( m )  '< a ( m )  < 0,. then (43) implies (40) ;  

3 3 
2 

Case ( c ) :  I f  a ( m )  < -b ( m ) ,  then (40) holds f o r  a l l  a. 
3 3 

Proof sketch: ' Apply Lemma 2. 

Result,#&: . 

Let 

a z = 8 < 1  (44) . . 

. . .  . . 

. . 
. ' .  . then there  ' ex i s t s  an M such t h a t  f o r  m 2 M inequal i ty  (.40) i s  sa t i . s f ied.  . . . 

. . 
. .  . . '  . . . . . . 

Proof Sketch: S p l i t  (40) 2nto 

and 

Note t h a t  (45.) follows from (44) .  On (46), m u l t i p l y  by h and take t h e  

. . 
l im i t  a s  m -. m t o  get  the'  requirement t h a t  



f o r  h > 0 where 

Note t h a t  

and 

1 
H ' (h)  = - + 2 t (h - 1 )  + ,-h(1 2 a2 - 4) 

2 2 2 

and 

it follows t h a t  i f  . . 

. . 

then ~ ' ( h )  2 0 ;  thus i f  H ' (2 (1  - a') ) > 0, then ~ ( h )  > 0 f o r  a l l  h > 0. 
. . 

Let 
. . 

2 
G1(9,z) = Ht(2 (1  - 0. ) )  

. . 

. where a i s  replaced with B / i .  The problem i s  t o  show t h a t  G1(0 , i )  > 0 

for  z 2 i arid El < 1; ,notoe t.be,.t in .sega.rd. t n  A ,tbb ,worst, case ,l,s 8 .= 1 ; 

therefork,  consider Gl(l,z);; l e t : ~ ' ( z )  = ( t l ( l ,z) .  The problemhas nnr . .  2 : 
. , 

. .. reduced t o  showing G2(z) > O f o f '  z 5 1. L e t  i - & =' 1/z2 and . ' ,  . . 

G ~ ( x )  = G2(z); then 

1 ;2x ... 
. G ( x )  = (1. - e ) +  ex - I.) ; . ' 3 . f i '  . '  , . 

8 1  : . ,  



t h e  ~ r o b l e m  i s  now t o  show G ( x )  2 0 f o r  0  < x S 1. Note t h a t  3 

G;(X) = 4e-2x > 0 f o r  a l l  x > o 

Therefore G ( x )  > 0 f o r  a l l  x  > 0 and t h i s  proves t h a t  ~ ( h )  > 0 f o r  a l l  3 
h > 0.  End of F'roof Sketch. 

. ,. Now letcis inirestigate. how b i g  m must be t o  s a t i s f y  (40) when (44) 

holds. I f  h = 0, then use Result #3; f o r  t he  following cases assume 
. . 

Case (1): If m = 1, then f(m) = 1 and (40) becomes 

where 

Assume a i s  given; then one may evaluate 8 a.pd t he  LHS o f  (47) and check 
1 

t o  see i f  (47) i s  s a t i s f i ed .  
. . .  

One dab nppl$,Leme. 2 t o  (47) to Lha . i nequa l i t y ' t o  ' '  

2 a  l i n e a r  inequal i ty  b y i d e n t i f y i n g  A with - h & / [ ( l  - el)a T] and B with.  

If (47) i s  not  s a t i s f i ed ,  then m = 1 w i l l  not suf f ice ;  t o  fifid a  

su f f i c i en t l y  large  m go i o  case (2), (3), nr (4 )  depend& on the.  size &? 



Case ( 2 )  : (h < a 2 )  Notice t ha t  (40) can be wri t ten as  

Using. (31) leads t o  the  requirement t ha t  

. . 

Case (3) : (a2 .i h < 2 )  Using the expansion ' . 

3 where 0 (h  ) i s  negat ive and  using Lemma 2 one a r r ives  a t  t he  condition 
, . . 

where 

and 

. I  . 

case (4): (11 h 2) Using ( 3 8 )  leads t o  t he  requlrement%h& 

which i s  seen t o  be sa t i s f i ed  provided m 2 h 2 2. 

The previous cases a re  summarized i n  the following. 



. . 

Result #7: .. . 
. . . . . . 

Assume , t h a t  az = 9 < 1 'where . 

Then m 2 M i s  suf f ic ien t  f o r  the  s t a b i l i t y  of G where M i s  given i n  the  
N 

following cases . 

Case (1) : ' M = 1 suff ices  provided (47) holds. 

2 a 2 
Case (2):. If h < then M s - el suff ices .  

2 
Case (3): If 2a 5 h < 2,  then M is  given by (49). 

. .. 
case ' (4)  : ' ' I f .  h r 2, t h e n  M n h suff ices .  

. . 

Proof sketch:.  was given before the statement of the  r e su l t .  



5. SUMMARY AND CONCLUSIONS 

I f  a s t r e s s  r a t e  r e l a t i on  of t he  Malvern form i s  used with the VNR 

scheme ( i n  WONDY and CHARTD) without subcycling, then the  t h e s t e p  

r e s t r i c t i o n  f o r  s t a b i l i t y  i s  

and t h i s  timestep r e s t r i c t i o n  can be ra ther  severe. Recall t h a t  a i o  the  

CFL number, A i s  the v i scos i ty  coeff ic ient ,  h = A ~ / T ,  and T i s  the  
. . 

re la~t r . t i an  h h c ,  Ii' suh~yrl  lng Is used, then the st i ibi l i ty  c'ondition ' 

becomes 

where 

and m i s  the' number of subcycles. I f  
. . 

( t h i s  i s '  the  timestep r e s t r i c t i o n  enforced i n  WONDY and CHARTD with 

f3 = .9) then there  e x i s t s  tin M such t h a t  i f  m 2 M y  then (2)  i s '  s a t i s f i ed .  

Therefore the  timestep r e s t r i cZ los  subruulirit currcnt ly  existing i n  WONDY 

and CHARTD need not be reprogrmmed t o ,  enforce' (1)  provided rn i s  chosen 
.. . . 

l a rge  enough. Result #7 gives spec i f ic  presckiptions f o r  haw ' large t o  - ' 

choose m. 
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