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ABSTRACT

Hydrostatic pressure derivatives of the single-crystal

elastic moduli, dC../dP, have been measured ultrasonically for

b.c.c. niobium-molybdenum and tantal urn- tungsten solid solutions.

The'composition dependence of various electronic properties of

these alloys is known to be reasonably well approximated by a

rif,id-elc; I: ron-btind filling model where e/a, the electron per

atom ratio, is the primary parameter. The results indicate that

the elastic moduli and their pressure derivatives may also be

calculated in such a model. In particular, the clC../dP show

relatively sharp increases at c/a compositions of 5. 'i for Nb-Ho

and 5.7 for Ta-W. Both compositions correspond to chanp.es in

Fcriai surface to; -loj;y, as deduced from existing band calcula-

tions and the rigid band assumption. The results are discussed

in the light of related electronic properties and possible geo-

physical applications.

A comparison is also made between ultrasonic results and

X-ray diffraction data for Kb. Using diamond-anvil pressure

cell, compression of Kb was determined by X-ray diffraction up

to 55 kbar in a liquid medium under purely hydrostatic, condi-

tions, and up to 175 kbar in a solid medium under nonhydrostatic

conditions. The data obtained under hydrostatic conditions

agree well with the ultrasonic equation of state and r.hock wave

data, whereas the nonhydrosta tic results tend to imply cither a

higher bulk modulus K or a higher (3K /3P)_.



INTRODUCTION

Band structure calculations have recently been used to

study the elastic properties of fjoophy sic:\ lly important material:;

{Thomson, 1975; Bukowinski .md Knnpoff, 1976, and in this; volume].

In particular, Btikovrinski and Knopoff (1976 and in this volume)

have evaluated the density and bulk modulus of iron at corn

pressures. Another step along these lines would be to compute.

the shear elastic moduli of highly compressed iron in order to

compare them with seismic values for the inner core as obtained,

for instance, by Gilbert and Py.icwonski. (1975] or Anderson and

H_ar_t (1976). Unfortunately, efficient theoretical methods have

not yet been developed for calculating shear moduli in transition

octal::, and it is only recently that attempts have been made in

this direction [e.g., 01 i and Animalu, 1976; Peter ot al. , 1 9 7 M ) .

The research reported here may be regarded as an experimental

approach to this problem. The elastic moduli, C.., and their

pressure derivatives, dC../dP, have been measured ultrasonicaUy

for single crystal Nb-Mo and Ta-W alloys. The results for these

materials are in some respects ideal for testing and refining

any theoretical methods which night be applied to calculating

the shear moduli of iron at core pressures.

1 c electronic band structures of the transition metals

arc. characterized by narrow d-cleccroi bands; crossing and hybri-

dizing with a broader nearly-free electron band, and the prop-

erties of those metals are largely dominated by the behavior

of the electrons in the d-bands. Ti.c bec transition metals of



groups VIJ (V, Nb, Ta) and VIB (Cr, Mo, W) have particularly

strong band structure contributions to the cohesive energy

{Petti for, 1970), the elastic, moduli [Jlij-hjLT.. 1973], and the

pressure derivative of the bulk modulus I Fisher ct a 1 . , 1975J.

Thus any theoretical models which can successfully explain the

present results might be expected to be applicable to other

transition metals where d-bnnd effects arr» not as pronounced.

Another useful property of the bec transition metals is

that they form randomly disordered solid solutions over a wide

range of comp sitions £» that the population of electrons in the

bands can be varied at constant crystal structure and slowly

varying atomic volume. In the following, the alloy compositions

will be characterised by the e/a ratio, defined as the average

number of conduction ele 'ront; per atom, which is 5 and 6 for

the group Vil and VIB elements respectively. At atmospheric

pressure and room temperature these elements form bec all.iys

with each other and with elements of groups IVJ5 and VIIB (and

VIII to some extent) over the e/a range shown in Table 1 [Pear-

son, 1958, 1966]. The stability of the bec structure over a

wide e/a range becomes useful when it is recognized that the

rigid band model works reasonably well for th?sc metals, as

shown by comparisons between experimental and theoretical densi-

ties, of states [McMillan, 1968; Picket!: and Allen. 1974]. The

rigid band model is here intended not to include the assumption,

which is known to fail [Postcrnnk et aT. , 1975), that the bands

remain rigid when the lattice is deformed. R.-ither, it is only



assumed that within the Brillouin zone of the lattice, which

may be either deformed or undeforraed, the shapes of the bands

do not change very much as an element is alloyed with neighbor-

ing elements. Thus by varying the alloy composition, and hence

changing e/a and the Fermi energy, E p, the properties of dif-

ferent energy regions of the electronic band structure can be

experimentally examined. A theoretical calculation of the

strain derivatives of the electronic energy levels would then

need to be done for only one bec element of group VB or Vlls,

and the results for its solid solutions could be obtained by

adding or subtracting electrons. Any valid calculational scheme

should thus be capable of at least qualitatively reproducing

the present results.

Some of the more interesting aspects of these results and

their connection with the electronic band structure are dir.cussed

in the nejtt section. A more complete discussion, together with

a description of the samples and the experimental details, vill

be published elsewhere [Katahara et a.l • , in preparation].

The last section of this paper is concerned with the accu-

racy of the present ultrasonic measurements and of diamond-anvil

compression studies. Equations of state obtained by different

methods for the pure elements are compared and the sources of

disagreement are discussed.



RESULTS AND DISCUSSION FOR THE SOLID SOLUTIONS

The adinbatic single crystal C.. and dC../dP were measured

tiltrasoni.c«lly for 6 Nb-Mo alloys, 5 Ta-V7 alloys and the oure

elements Mo and W. The experimental methods have been described

in a previous paper [Kntahara et al., 1976] in which data on the

other two end members, Nb and Ta , were reported.

Figures 1 and 2 show the present C.. values for the alloys

together with the previous results of Hubbell and Brotjcn [1972]

for the Nb-Mo system, and the unpublished results of Shannetfc

{personal communication] on some rather intioiuogeneous Ta-W solid

solutions. C = (C.n + C _)/2 + C,/ is the effective elastic

coefficient for longitudinal woven propagating along [110], K
s

is the adia'-atic bulk modulus, and C' = (C,, - C i o ^ 2 i s tlic

effective clastic coefficient for shear waves propagating along

1110] and polarized along [110]. Note that the bulk modulus

increases nearly linearly with e/a (as does the density [see

Pearson, 1966, and references given there]). The shear moduli,

C,^ and C', and the longitudinal moduli C.. and C., show more

structure in their e/a dependence, and this is more so for C,,

and C, than for C1 and C... Since longitudinal strains include

both shear and volume components, it is clear that it is th.

response of the electrons to shear that is causing the marked

variation of these moduli with e/a. In the following, the main

emphasis will therefore be on the shear moduli. These quantities

increase slowly at first for low e/a, then they begin to increase

more rapidly with the curves reaching inflection points at.
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e/a i> 5.4 Cor the Nb-Mo alloys and at e/a *v- 5.7 for the Ta-W

alloys.

As discussed extensively by Fisher [1973] simple, nearly

free-electron metals crystallizing in the b.c.c. structure gen-

erally have C,t much greater than C'. In Figure 1 we see that

the opposite occurs for the Nb-Mo alloys indicating strong band

structure effects on the shear moduli. On the other hand, C,,

is either greater or slightly less than C1 in Figure ?.. This

is interpreted to mean that the Ta-W alloys are in a sense more

free-electron-like than the Nb-Mo alloys. In fact, the Sri-band.';

in Ta are broader than the 4d-bnnds in Nb [Mai:theiss, 1970]

indicating less; localization of the conduction electrons in the

Ta-W alloys.

Figures 3 and 4 show the dC.,/dP for the Nb-Mo and Tn-W

slloys respectively. The d\\,/dV values, like the bulk moduli

themselves, vary relatively smoothly with e/a as compared to

the pressure derivatives of the shear moduli. For both the

solid solution systems, dC,,/dP and dC'/dP at first increase

slowly near e/a ^ 5, then increase more vadpily after which the

curves level out rather abruptly. These trends arc enhanced

in the plots of v.. = d £n C../d £n V vs. e/a in Figures 5 and

6. The pronounced extreina for the Nb-Mb •alloys appear at e/a ~

5.4 (Fig.. 5). The extreina for the T-W alloys soenn to be broader

and are located near e/a *v 5.7 (Fig. 6 ) ; but the broadness ant!

position arc rather uncertain because there was only one alloy

with a composition in the region of interest.
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In Figure 7 In A (where A = C../C) and d £n A/d Rn V arc

shown as functions of e/a. We note the sharp rainiraum in d £n A/

d £n V at e/a = 5. A for the Nb-Mo system, and t!ie broad minimum

at e/a ^ 5. 7 for the Ta-W system,

Somo of the features of the preceding results can be cor-

related with the band structure. A sketch of the energy bands

aloijg [JOO) in rociprocal space is shown in Figure 8. T is the

center of the Brillouivi zone and 11 is a corner along [100].

This figure has been adapted from the tungsten band structure

of MnL_l_ho_i,sj;. [3 965], but all of the bec transition metals have

very simil.-.r band structures. The broken lines indicate roughly

the Fenai energies corresponding to c/a values of 5 and 6. Con-

centrating for the moiaent on the left side of the figure, note

that ns o/a increase:; fron 5 to 6, T., par.ses through the level

T_ ' where; the Fermi surface topology changes. tlattliciss [1970.1

has calculated band structures and densities of states for Nb

and Ta. From his Figure 3 and the rigid 'jand assumption dis-

cussed earlier, it is estimated that T,,,-* is ,iust occupied at

e/.i «\» 5.'» for the Nb-Mo alloys and e/a 'x. 5. 7 for the Ta-W alloys.

These are. the e/a values at which the inflection points in the

C. , and the cxtrema in the TT . . arc observed. It thus appears

that the energy levels near T^s' contribute strongly to the. shear

moduli and their pressure derivatives. The relative- broadness

of the extrema for the Tn-W ir . and d £n A/d J.n V may be partly

due to spin-orbit splitting which is; much stronger in th'i 5d

element.*;. This is illustrated on the right hand side of Figure 8.
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The point r,r'» which is triply degenerate, is split anil the

result may be to swear out the effects on tine shear moduli.

Although it is possible to qualitatively correlate the

results of this study with the bdnd structure, a fundamental

explanation of how shear strains affect the electronic energy

levels requires the f raunevork of a th.eortjti.Ciil model. It is

hoped that the present results wil] both stimulate and provide

a good tost for further theoretical work in this direction.

The present >tudy also illustrates a point possibly appli-

cable to the earth 1s corn: thnt relatively Knall changes in

e/a can le.'id to large changes in transition uii'tnl properties.

This has been shown here for the shear moduli and their pressure

derivatives. Another quantity that may have important noophy-

sical implication is the electronic Gruneison parameter,

d £n K(E F)
Yc " jfTn~V

where K(E_) in the density of states at the Fermi energy. Smith

and Finlayson [1976] have demonstrated that for the. bec transi-

tion metals y varies appreciably with e/a. One might therefore

speculate that these properties will also vary rapidly with e/a

for iron solid solutions in the core. If, for instance, a small

amount of sulfur were dissolved in iron at core pressures, the

iron conduction bands would presumably be distorted slightly,

but the major effect mif.ht: well be due to the creation, and

filling, of sulfuv 3p bands below the conduction bands. The



c/a ratio would be decreased and the shear moduli, y • and

other properties could be substantially different from those

calculated for fur» iron.

EQUA'I COiNC OF STATE

A problem that frequently arises in equation cf stats

studio:: is that P-V noasurcuents by different methods, or by

<1 i f f v r a n t workers UKMIJ; the same method, do not agree. Figures

9 and 10 illustrate this point for the metals of groups VB (Nb

a,id Ta) and VIB (Mo and W) , resptctively. The curves shown are

a) the shock lluyoniots of McQueen at al. [1970] centered at 20 T

and zero pressure, b) 20"C isotherms obtained by McQueen ct al.

[1970] from the Huyoniots, and c) 25°C isotherms extrapolated

from the ultrasonic measurements of the present study and of

Katahara nt al. [1976] according to the Birch-Murnnghan equation

[Birch, 1938, 1947];

7/3 _v ^ 5/3

Here K_,, tlic* isothermal bulk modulus, and K ' = (DK_/8P)_, have

been derived from the corresponding adiabntic values, measured

ultrnsonically, according to equation 10.15 of Thurston [1965,
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p. 1331] • Terms in (1) involving second and higher order

dex'ivatives of the bulk modulus have been neglected.

Note that the ultrasonic isotherms give uniformly higher

volumes than the shock compression isotherms. This is not

unexpected because errors in the ultrasonic measurements due to

densification. of the presence medium [Katahara et al., 1976] and

to transducer and bond effects [McSkimin and Andreatch, 1962;

and Davies and O'Connell, this volume] tend to give systematically

high values for K'.

Table 2 shows the ultrasonic results for K,_ and K ' and

also gives K ' values obtained by fitting (1) to the isotherms

of McQueen et al. [1970] and assuming the ultrasonic K_ values.

The fourth column shows the percentage difference between the

two K ' values, The 'differences are somewhat larger than rough

estimates of the maximum errors (̂  5%) in the ultrasonic meas-

urements. These errors may well have been underestimated, but

it Is also possible that some of the difference is due to

faulty assumptions in deriving the chock isotherms from the

Hugoniots, or to neglect of higher order terms in (1).

In this connection it is interesting to digress briefly

by noting that the differences in Table 2 are greater fov. Mo

and W than for Nb and Ta. In Figure 10, the shock Hugoniots

in fact lie about halfway in between the ultrasonic and shock

isotherms, whereas in Figure 9 they fall on or above the ultra-

sonic curves. The differences between the group VB and VIB

elements ennnot therefore be explained by errors in reducing
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the shock compression data. It also seems unlikely that the

ultrasonic measurements should be in substantially greater

error for Mo and W than for Kb and Ta since all of the experi-

mental work was carried ou. by one worker using the same equip-

ment and techniques. It thus appears that higher order effects

involving KT = (D K_/3P~) may be greater in the group VIB

than in the group VB elements (i.e., K_, K is more negative

in the former group) .

Regardless of the cause of disagreement at high pressures,

the shock compression and ultrasonic isotherms agree quite well

at lower pressures and indeed can provide a good check on other

types of experiments. With this in mind, the compression of

Hb in a diamond-anvil pressure cell has been studied by the

x-ray diffraction technique under both hydrostatic and nonhydro-

static conditions in order to determine the effects of nonhydro-

static stresses.

In the present study the Bassctt type diamond cell [Basse11

et al. , 1967] was used. The hydrostatic P-V measurements were

carried cut up to 55 kbrr by gasketing the sample immersed in

a 4:1 methanol:ethanol mixture between the anvils and by using

the ruby fluorescence pressure calibration method [Picrmarini

et al. , 1973, 1975]. In addition, some hydrostatic measurements

used NaCl as the pressure indicator instead of ruby. In the

nonhydrostatic experiments, which extended up to 175 kbar, a

fine mixture of Nb and NaCl (1:4 in volume) was gasketcd between

the diamond anvils without any liquid pressure medium. When



12.

NaCl was used, the isothermal compression curve of Weaver ct al.

[1970] determined the pressure.

The results are shown in Figure 11, together with the

direct compression measurements of Vaidya and Kennedy [1972]

and the extrapolation of the ultrasonic results [Katahara et al»,

1976). In this pressure region, the shock isotherm of McQueen

et al. [1970] falls very slightly below the* ultrasonic curve.

Equation (1) has been fitted both to the hydrostatic and to

the nonhydrostatic data by a least squares procedure in which

K_ has been assumed to be equal to the ultrasonic value. The

Kj values obtained are given in Table 3 and the corresponding

curves are also shown in Figure 11.

Given the scatter and the limited pressure range for the

hydrostatic data, about all that can be said is that they are

consistent with both the ultrasonic and the shock wave measure-

ments. On the other hand, the nonhydrostatic points tend to

fall above the ultrasonic curve (and hence the shock compression

curve also). In Table 3 it can be seen that the nonhydrostatic

KT is higher than the ultrasonic K by three standard errors.

Pressure intensification effects as suggested by Jamieson

and Olingor [1968] and Sato et al. [1973] would cause lower

rather than higher observed volumes for the nonhydrostatic

case. The discrepancy is more likely caused by the existence

of a uniaxial stress in the sample parallel to the load axis

of the cell. In a study of the strain configuration of differ-

ent materials in an ungnsketcd diamond anvil cell, Kinslnnd
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[1974] observed that strains in NaCl were virtually isotropic

up to 200 kbar. On the other hand, he found that materials

with greater yield strengths such as MgO and Mg SiO, (forster-

ite) showed significantly higher elastic strains parallel to

the load axis than perpendicular to it. This is shown schema-

tically in Fig'ire 12. Lattice planes parallel to the load

axis have larger lattice spacings than planes perpandicular

to the axis (i.e., a,. > a,). In cases where the incident

x-ray bean is parallel to the load axis, only those lattice

planes with large spacings participate in the observed Bragg

diffraction and the volume inferred from the assumption that

3 2

V = aii is thus larger than the true volume (V = an • a.) at

the pressure indicated by the NaCl standard. On the basis of

hydrostatic measurements on Fe SiO, (spinel), Wi1hurn [1975]

concluded that this kind of effect was present in the earlier

ungasketed experiments of Mao et al. [1969] on the same sub-

stance. It is not unreasonable to suppose that the yield

strength of Nb is large enough to cause the present nonhydro-

static data to be similarly offset toward higher volumes.

This study therefore provides further evidence that nonhydro-

static equation of state experiments can be significantly in

error, especially for materials with high yield strengths and

low compressibilities.
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TABLE 1. Structure of Alloys; Based on Transition

Elements of Croups IV, V and VI

e/a Range Structure

4.0 < e/a < 4.1 hep

4.1 < e/a < 4.2 hcxngonal (onega phase:)

4.2 < c/a < 6.3 bec

6.3 < e/a hep
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TABLE 2. The isothermal hulk modulus, K_,, and its pressure

derivative, >'„

Element (Mbar) Ultrasonic

KT

Shock
Wave % Difference

Nh

Ta

Mo

W

1 . 6 8 9 8

1.9415

2.6099

3.08/t2

A.08

3.83

4.65

4.47

3.71

3.65

3.9 5

3 = 88

9

5

15

13

K_, and ultrasonic K_,
f h d T d

values arc from K a t a h n r a ct a 1 •
[1976] for Nh and Ta, and from the present study for Mo and
W- Shock wave K-j' were obtained by assuming the ultrasonic
K» values and fitting (1) to the isctlierms of McQueen ct al.
[1970].
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TABLE 3. Comparison of KT and KT of Nb from different methods

Mbar

K_, Equation of Experimental

State Used Method Reference

1.690 4.08 Ultrasonic. LLi'1 n rJI

(1970)

1.71 ± 0 .07 A.08 B i r c h -
Murnaghan

X-ray
(Hydrostatic)

Present

1.79 ± 0.03 4.08 Birch-
Murnaghan

X-ray (Non-
hydrostatic)

Presell t

Assumed.
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FIGURE CAPTIONS

Figure j

Figure 2

Figure 3

Figure 4

Figure .">

Figure 6

Figure 7

Figure 8

Adiabatic single crystal clastic moduli of Nb-Mo

alloys vs. e/a from present work and from Hubbell

and Brotiten [1971]. K is the adiabatic bulk modulus,

L " (C}1 * C 1 2 ) / 2 + C/,4« a n d C' = " C 1 2 ) / 2 *

Adiabatic single crystal elastic moduli of Ta-W

alloys vs. e/a from present voik and from Shannotte

[personal communication].

Pressure derivatives of the elastic moduli of Nb-Mo

alloys vs. e/a.

Pressure derivatives of the elastic moduli of Ta-W

alloys vs. e/a.

TT . . vs. c/a for Nb-Mo alloys. See text for definition

of IT ...

ir., vs. e/a for Ta-W alloys.

£n A and d Jin A/d £n V vs. e/a for Nb-Mo and Ta-W

alloys . A £ C ,,/Cf.

Electronic energy bands along [100] in the Brillouin

zone for bcc transition metals, after Mattheiss

11965). F is the zone center and 11 is a corner.

The dashed lines indicate t*ue approximate positions

of the Fermi energy at e/a = 5 and 6. The bands are

shown without spin-orbit splitting on the left and

with spin-orbit splitting on the right.
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Figure 9 V/V vs. P/K_. for Nb and Ta . The ultrasonic curves

are from Katahara et al. [1976]. The shock Hugoniots

and isotherms arc from McQueen et a 1. [1970]. The

ultrasonic K values in TabJp 2 wore used to normalize

tho pressures.

Figure 10 V/V vs. P/K_, for Mo and W. The ultrasonic curves

are from the present results: The shock Hugoniots

are froa McQueen ct al. 11970], As in Figure 9 f:he

pressures have been divided by the ultrasonic K_,

values given in Table 2.

Figure 11 V/V vs. pressure for Nb. Open and solid circles

are diamond anvil x—ray data for hydrostatic and

nonhydrostatic conditions respectively. Solid lines

are equation (1) with KT and K^ as given in Table 3.

For the x-ray data, K._ = A.08 has been assumed from

the ultrasonic results and K._ has been obtained from

a least squares fit.

Figure 12 Schematic diagram of anisotropic strain in the

diamond anvil cell after K i n s1a n d [1971). A circle

in the unstressed sample is compressed into an

ellipse. Lattice planes which are nearly parallel

to the x-ray beam have larger lattice spaclnp.s than

the planes which are more nc.irly perpendicular to the

beam. Because of a liraiteo aperture for observing

diffracted x-rays, ths larger lattice spacings are

the ones seen experimentally and the calculated volumes

are thus too large.
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