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Neoclassical Conductivity of a Tokamak Plasma 

by 

s. P. Hirshman, R. J. Hawryluk and B.. Birge 

Plasma Physics L~boratory 

Princeton University 

Princeton, New Jersey 08540 

ABSTRACT 

The parallel neoclassical conductivity of a ~ully 

ionized tokamak plasma is determined for all values of 

the effective charge and electron collisionality para­

meter and for arbitrary aspect ratios. A simple ana­

lytic expression for the conductivity is obtained and 

shown to agree accurately with numerical results over 

a wide range of discharge parameters. 
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I. FORMULATION 

An accurate calculation of the neoclassical parallel 

conductivity all is essential for obtaining an estimate of the 

effective charge 

-- L: 2 Z - n.Z./n 
~ ~ e (1) 

· i~e 

and hence, the impurity content of· a·· tokamak plasma [1]. Pre-

vious ~alcul~tions of all have been deficient in several re­

spects. In some calculations [ 2, 3] ~ a II is tabulated only for 

certain integral values of Z, whereas non-integral z are clearly 

relevant in a multispecies plasma. Rutherford and DUchs [4] 

have given a 
1

formula for a II ., which incorrectly neglects the 

i dependence of the trapping correction,l arising from col­

lisions between trapped and circulating electrons, and gives 

an iriaccurat~ dependence on 2 of the electron collisionality 

parameter. Finally, the tabulated calculations of Hinton and 

Hazel tine [ 31. are restricted to very small values of the in-

verse aspect .ratio 

o = r/R . 0 
(2) 

To gener1alize and improve these previous values for the 

conductivity, we have integrated numerically an expression for 

a II , derived by Hirshman and lSigmar [5], which is valid for all 

Z and throughout the :three neoclassical regimes. Furthermore, 

....... 

•.. 
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straightforward application of the method -discussed in Refs. 

[6,7] extends the present result for crll to include finite 

aspect ratio effects.(which are most significant in the low-

collision frequency regime). 

The neoclassical conductivity relates the parallel cur-

rent density to the electric field averaged over a magnetic 

flux surface: 

(3) 

where <A> denotes the flux surface average of A. Following· 

Refs. [5, 7] , cr II may be expressed in terms of the classical 

Spitzer function F (Z,x ),where x = v/a and a 2 = 2T /m, as s e e e e e e 

follows: 

2 
·co -x ·a/·4 e ( cr II jcr 0 = 371T xe e dxe (1 

0 

(4) 

Here, a = n e 2
T /m ~ T 

o e ee e ee 
2 3 . - 4 = 3m a /(16/nn e ~nA) is the elec-e e e 

tron Braginskii time, 

v~ ( xe) = ee 
VD +L vei 

.D 
i~e (5) 

(. 3'n T rl 
( ~ (xe) - G(x ) + z) = e 

ee 3 
;KQ 

is the total pitch angle diffusion frequency (~ and G are the 

error function and Chandrasekhar function, respectively) , and 
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f~(x >·=f. (1 + 1.75v*: [v
0
e(x )T )X - 1)-i (6) 

T e T . e e ee e 

is the effective trapped fraction as a function of electron 

energy Tex!. In Eq. (6), 

R. 
- -3/2 oq -1 

= 12 cS ae Tee (7) 

is the electron collisionqlity parameter (chosen independent 

of!), where q • rB.,/(R
0

Bp) is the safety factor, a:p.d fT is 

the fraction of trapped particles in the banana regime (v*e ~a), 

which is.gi~en as a function of the aspect ratio [7] as follows: 

fT(cS) = 1 - (1 - o) 2 (1- o 2 )~ 1/2 ( 1 + 1.46c5l/2 )-1 • 

(8) 

:r· For v*e ~ 0, Eq. (4) agrees with the value for the banana 

regime conductivity of an arbitrary aspect ratio plasma [6]. 

When v*e is ~inite and cS << 1, Eq. (4) reproduces the results 

of Ref. [5]. 

To complete the conductivity formula Eq. (4), the expre­

sion for the Spitzer function Fs' obtained in Ref. [8] by a 

t • ' 2 
three-term Sonine polynomial expans1on 1n xe' was used: 

F ( Z , x ) = AE ( Z ) s e 

where 

(9b) 

·' 

(\ 
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= 2. 06 ( 1. 38 + z ). 
3.23 + 4.68z2 + z 

(9c) 

5 2 
= 2- xe (9d) 

L ( 2) = 35 _ J.... x2 + 1 x4 
2 xe 8 2 2 . e e 

(9e) 

II. COMPARISON WITH PREVIOUS CALCULATIONS 

The present conductivity expression, Eq. (4), is plotted 

in Fig. 1 for each of two values of the effective charge. 

z = 1, 4 and for small and finite values of o = 0.05 and 

o = 0.2. For comparison, the results of Ref. [3] and Ref. [4] 

are also plotted. For o = 0.05, the present curve agrees well 

with the numerical results of Ref. [3], whereas foro= 0.2, 

finite aspect ratio corrections produce a significant discre-

pancy at small to intermediate values of v.* • The failure of e 

the formula of Ref. [4] to scale correctly with increasing Z, 

noted previously, is only marginally discernable for the rela-

tively small values of Z depicted in the figure. 
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III. APPROXIMATE ANALYTIC CONDUCTIVITY FORMULA 

The expression Eq. (4) for the conductivity suggests an 

analytic approximation of the form 

( 10) •' 

whP.rP. 

(lla) 

is the conductivity reduction due to electron-electron col­

lisions which vanishes as 1/Z + 0. cR was computed numeri­

cally and is accurately fit by the formula 

c ( z ) . = 0 ·~56 ( 3 • 0 - ~ ) 
R Z . 3.0 + z (llb) 

Note that cR i·s nearly zero for Z > 3, thus decreasing more 

rapidly than· indicated by the dependence cR (Z) = CR·(l) /Z 

previously assumed [3]. The fact that cR is small and negative 

for Z > 3 is probably due to the approxim~te nature of Fs used 

here. Physically, collisions between trapped and circulating 

electrons should decrease a II ·, implying positive-de.finite cR. 

The parameter ~ was determined by a least squares fit· 

of Eqs. (4) and (10), for fixed o and z, over the range 

10-2 < v*e < 102 • The extremizing value of~' for the range 

of tokamak parameters 0 ~ o ·~ 0. 4, 1 < Z ~ 20, was found to be 

\. 
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(almost) independent of o and given by the relation 

~(Z) = 0.58 + 0.20Z (12) 

[Actually, there is a small o dependence of ~, but since 

(~~) ld~/dol S o.o8, it has a negligible effect on the con­

ductivity given in Eq. (10).] 

The approximate conductivity formula Eq. (10), with 

AE(Z) defined in Eq. (9b), fT(o) in Eq. (8), CR(Z) in 

Eq. (llb), and ~(Z) in Eq. (12), yields a maximum error (for 

all values of v* and z in the range studied) which· increases e 
from 4.3% for o = 0.1 to 5.5% for o = 0.3 to a peak of 7.3% 

for o = 0.4. To illustrate the accuracy of the present ap-

proximation, Fig. 2 compares the two conductivity relations, 

Eqs. (4) and (10), for~= 1 (the value of effective· charge 

for which. the maximum error occurs for fixed o) and z = 4, 

and the two values o = 0.1 and o = 0.3. 

ACKNOWLEDGMENT 

This work was supported by United States,Energy Research and 

Development Administration Contract E(ll-1)-3073. 



-8-

REFERENCES 

[1] BRETZ, N., DIMOCK, D., HINNOV, E., and JOHNSON, D., Bull. 

Am. Phys. Soc. 21 (1976) 1159. 

[2] HINTON, F.L., ROSENBLUTH, M.N., Phys. Fluids 16 (1973) 

836. 

[3] HINTON, F.L., HAZELTINE, R .• D., Rev. Mod. Phys. 48 (1976) 

239. 
.. 

[ 4] RUTHERFORD, P. H. , DUCHS, ·D. F. , Princeton Plasma Phys. · 

Labor. 1272 (1976). 
I 

[5] HIRSHMAN; S.P., SIGMAR, D.J., Phys. Fluids 20 (1977, in 

press). 

[6] HAZELTINE, R.D., HINTON, F.L., and ROSENBLUTH, M.N., 

Phys. Fluid$ 16 (1973) 1645. 

[7] HIRSHMAN, S.P., SIGMAR, D.J., and CLARKE, J.F., Phys. 

Fluids 19 (1976) 656. 

[8] BRAGINSKII, S.I., Zh. Eksp. Teor. Fiz 33 (1957) 459 

[English translation - Sov. Phys. JETP 6 (1958) 3581. 

I' 



f \ 
• 

.~ 

> ~.l 

-9-

2.0 ~-------r-----.----:--T--:=-____ -_--=::J 
- --~~~ 

( 0) 

1.5 

1.0 

r .. 
---

0.5 Z=4 

0 
10-1 

102 10-2 10 
v*e 

2.0 

(b) 

1.5 

(Til . 
CTo 

1.0 

-----
-
Z=4 

7720.24 
Fig. 1: Values of the conductivity for Z = 1, 4 vs. 

v*e computed from Eq. {4) {solid), Ref. [3] {dashed), and 

Ref. [4] {dashed-dotted), for {A) o = 0.05 and {B) o = 0.2. 
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Fig. 2: Values of the conductivity for Z = 1, 4 vs. 

v*e computed ::from Eq. (4) (solid). and Eq. (10) (dashed), for 

(A) o = 0.1 and (B) cs ·= 0.·:31.-
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