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Queueingnetworkmodelsof’computingsystemsare becom-

ing Increasingly popular
and ease of solution. The

terning upon thesemodels

In this paperwe proveShe

[Ml]becauseof theirrobustness
impactof resource request pa:-

is presen$lynot well understood.

counter-intuitivefact tha$ the

effect of both holdingtimeand routingpa::erningupon she
performancemeasuresfor the impGrtan:class of local bai-

ance [B1,C1,R1]modelsis nil. A s:udyof a l;~rgerclassof
models,over a parameterspacetypicalof modelsof comput-

ing sys~cmz, rti-:ealsthh: the impact of patternir!gof
resourcerequestsupon performance❑easures is ne~lisible.

This conclusionhas importantccmsequencesfor understanding
the robustnessof queueing
ternsand for the level
uorkloadcharac$eriza:ion.

this resultto performance
considered.

networkmodelsof computing sys-

of detailnecessaryfor accurate
The practical consequencesc?
analysisof computingsys:emsare
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This paperinvestigatesthe impactof patterningof re30urcereque9t3

upon queueingnetworkmodelsof computing3ystem9. The centralquestionof

this investigationi3 ‘HOW do customerresomce Nquest ~havior Patterns

impactexistingqueueing,netuorkmodelsof’computingsystem performance?ti.
The Motivationfor thisresea~h com?~fromthe observation-thatJobs exhi-

bit patternsin their behavior. One behavior‘pattern”la localityin

memoryreferences[Dl]. Anotherexampleis CPU bursttime “modesNinvesti-

gated by Lo [Ll], The increasinglypopularqueueingnetworkmodelsof co-

putingsystemsfor whichproduct-formsolutionshold [B1,C1,R1],are see-

hgly insensitiveto many typesof patternedjob behavior,remainingaccu-

rate performancepredictorsof systemsin whichbehaviorpatternssurely”ex-

Ist ([G1]and [R2],for example). Why? The answerto this questionaffects

the robustnessof existingqueueingnetworkmodels (andhence our confidence

In theirapplicabilityand accuracy). If the impactof behaviorpatternsia

imporkant,then clearlythe analyst❑ust carefullycharacterizethe workload

behaviorpatterns,a formidabletask since the practicaldefinitionof “pst-

ternn is so broad,as the two examplesaboveindicate. If, however,the lm-

paot of patterningis negligible,thenthe analystmay Qnore behaviorpat-

ternsand be satisfiedthat grosser,probabilistic,woridoadcharacteriza-

tionswill suffice.

In this paperwe definea meansof formallymodelingpatternsof

resource reques:sby customersin queueingnetwork❑odels,whichwe desig-

natecustomertask graphs(ctgcs). This formalismcan representa very

largeclassof behaviorpatterns. We prove that for modelsobeyinglocal

kalance(modelsfor whichproduct-formsolutionshold),customerbehavior

patternscanno2impactperformancemeasuresof a model,so long as the ctg’s

representingarbitrarybehaviorpatternsresultin :he same workloadsbeing

placedupon the serversin the model. We next consider=dels whichare not

in localbalance. Since closedformsolutionsto thesemodtilsusuallydo

not exlak, we cannot❑ake aa definitivea statementas for localbalance

mdela. A aerlesof’experimentsare conductedoverwhat are consideredrea-

eonabl~“worstcase”computerjob behavior~ttern~. The resultsof these

experimentsshow that job behaviorpatternshave littleimpactupon the im-

portantperformancemetricsof ~he systems. The lmplica:ionsof thesere-

markableresultsto the systemsanalystare then considered.
. .

.



Ue definethe sequencingof customerservicerequestsby a directed

graphwhichwe labela customertaskgraph(ctg). The ctg is composedof n

nodes,N , i=l,...,n.
i

Associatedwith each Ni is the serverSi requestedby

the customerwith typeTi. Let the set of serversbe S, of size s, and the

set of typesT, of sizet, suchthatSiCS and TieT, i=l,...,n. Le~ an arc

fromNi to Nj representthe possibilityof the customernext specifyinga

requestfor serverS withtype T
3 ~“

Let qi,d represe;t.thenon-zeroproba-

bilityassociattidwith thisevent,suchthat~q = 1.
~

ij

Now considera queueingnetworkpopulatedby M customerswhoseservice

requestsare determinedby a ctg,with all customersobeyin~the samectg.

The servicetimedistributionat each serverS,, j=l,...,s,may vary by cus-

tomertype. Chandy[Cl]and Baskett,Chandy,;untz,and F’alacios[Bl]have

determinedclosedformsolutionsto a classof thesequewin~ networkswhich

have the propertyof localbalance[Cl]. Reiserand Kobayashi[Rl]extended

the resultsof [Bl]to the case in whichcustomertransitionsare character-

ized by more thanone closedMarkov-subchain,“anddemonstratedefficiental-

gorithmsforthe solutionof the network. In [Bl],the ctg is implicitly

definedby ihe branchingprobabilitiesp(i,r:j,s),which is the probability

of a customerof t,~e r transitingto queuej with type s upon completionof

serviceat queuei. WG definea graphnotationinsteadof utilizingths

P(i~r:J~s)conv~ntionof [Bl]becausethe ctg notationutilizesfewercusto-

mer types,and becausethe graphconventionappearsmore naturalfor the

represen’dtionof determinist.iccustomerbehaviorpattercs.

Considerthe examplectg in Figure1. The p(i,r:j,s)conventionre-

quiresn1+n2-1typesto insurethe sequencingof n, accessesto queue 1 fol-

lowedby n2 accessesto queue2. The equivalent.c$g rcqciresbut two types

(at the e!xpenseof n1+n2nodes). This examplemakesclear the equivalence

of the two notations,as we need only to specifyone type in the p(i,r:j,s)

notationfor eachnodein the ctg,

In this sectionwe considerctg queueingnetworkswhich meet the local

~ balancecondition.We provethat for everyctg queueingnetworkwith many

oustomertypesthereexistsan equivalentqUeueinSnetworkwith a slnsle

type. Two queueingnetworksare equivalentif they havethe same queue-
.
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lengthdistributionsby server,with queue lengthbeinudefinedas the total

numberof customersoccupyingthe queueand its server. Tf two ctg queueing

networksare equivalentto the same sin.le-typequeueingnetwork,then Lhey

are obviouslyequivalent.This result.fallsnaturallyfrom the worl”in

[Bl],and was demonstratedin anotherform by Reiserand Kobayashi,in their

developmentof efficient.numericalalgorithmsfor solutionof this classof

network. The consequencesof ttjisimports.ltpropertyare discussedat the

end of thissection. /

Considerthe classof ctg queueingnetwor~:+describedin [Bl]. In the

precedingsectionwe establishedthat the ctg ,,.?.ationand the notationin

[Bl]are t’quivalent.We slightlymodifythe notationof [Bl] for ease of

exposition.liedefinea closedqueueingnetwork,QN, as composedof L

queues,theirassociatedservers,and M customsrs. The?e is an arbitrary

but finitenumberof customertypes R. Customerstraversethe networkand

changetype by branchingprobabilitiesp(i,r:j,s),with the transitionbeing

fFomqueuei to queuej and from type r to type s. The servicediscipline

at each queueis eitherprocessor-shared(PS)or first-come-first-served

(FCFS). .Servicetimesfor FCFS serversare assumedexponentiallydistribut-

ed and identicalfor all types. Servicedistributionsfor PS serversmust

have rationalLaplacetransformsand ❑ay vary by customertype.

Let~~~ be the mean servicetime for a customerof type r at serveri

withy = ‘Air$ i=1,...,Land r=l,...Rl. Let eir be definedby the set of

linearequations z
L,R

eir*P(i9r:j,sj= e
js” ‘

The eir may be interpretedas the relativefrequencyof visitsto queuei

for customersof type r and are definedto withinan arbitrarymultiplica-

tive constant. Closedform solutionsfor aggregatestatesof the systemare

derive}in [Bl],with the probabilityof the systemin stateS being

/ (1)

t

whe q=qlrnip”””? niR) and,nir is the num9erof customersin queuei of

ty r. G is a normalizingconstantand is ddfinedas ZP[S=y1,y2,....yL)].

summedover Yl+...+y= .
L“ The gi are definedas

R
. ‘Ir

@J - n~!r&(~/QMfr (2)

where



. .

1/lJc$r ir
for PS queues

e ‘=Ir. cir’ui‘or ‘CFS ‘UcuesI
Let us defineanothermarginaldistributionby introducingthe aggregate

stateA = (n,,na,...,n,, so that

P[A=(nl,n2,...,nL)] = Cf1(nl)f2(n2)o..fL(nL)

wheren. is the totalnumberof customersin ctueuei and

fi(lli)=x @Yi)

T
whereT = ‘nil+ni~+**”+niR= nil.

Theorem. !?oreveryqueueingnetworkQN as defined

equivalentqueueingnetworkQNS with R$=l such that for

A and A’, P[A] = P[A’].

Proof. Substituting(2) into (5) we obtain

fi(ni)=~ni! R (l/n I)Bnir
r=l ir” ir ●

we note that (6) is a multinominalexpansion,thus

fi(ni)= (Bil+~2+..o+8iR)‘i

.

(4)

(5)

there existsan

any aggregatestates

(6)

(7)

We can definea singletype for QN’ s~eh that.
R

$~=z 8
r=~ ‘<

Thus f~(ni)=fi(ni)by (7). From (4)P(A] = P[A’].

ctg queueingnetworkmodelsin lo-The implicationsof this propertyof

cal balanceis profound: specificpatternsin customerbehaviorhave no im-

pactupon the queue-lengthdistributionsof the network. The practicalim-

plicationis thatspecificjob behaviorpatternsplay no role in determining

the performanceof computersystemswhichare adequatelydescribedby

local-balancequeueingnetworkmodeis. The importanceof this property

the computersystemanalystis nore fullydiscussedin the last section

to

of

this paper,

3*1* Exa!!uk.

Considerthe queueingnetworkof Figure2. The p(i,r:j,s),elr,M, and

L are definedin the precedingsection. The queueingdisciplineis PS for

both queues. ~1 and~2 are definedin the proof. We observethat the mar-

ginal aggregatestatedistributionfor both the originaland equivalentnet-
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In the precedingsectionwe establishedthat specificbehaviorpatterns

did not impactqueueingnetworkmodelsin localbalance. In this sectionwe

considerthe effectof specificbehaviorpatternsuponmore general;non-

local balancemodels. The propertyviolatinglocalbalancein the modelswe

consideris thatof allowingdifferentservicetime distributionsby custom-

er typein FCFS queues. The practicalmotivationfor consideringthis par-

ticularstructureis the speculationthata job’sservicerequestdistribu-

tion may vary accordingto its past history. Lo [Ll]observedthatCPU

bursttime distributionsin a ❑ultiprogrammedoperatingsystemcouldbe

characterizedas alternatingbeteenlong-burstand short-burstmodes. A

possibleinterpretationof this behavioris that job CPU servicerequests

alternatebetweenlong and shortmodes. We can generalizethis propertyto

includebothCPU ac~ 1/0 requests. CPU servicedisciplinesare commonly

modeledas PS, while1/0 servicedisciplinesare commonlymodeledas FCFS.

In keepingwith the previoussection,we evaluatethe impactof ctg’swith
●

specificsequencesof requeststo “equivalent”(ifthe queueingnetworkwas

in localbalance)ct.g’swhichallow arbitrarysequencesof requests.

In orderto keep

tionto smallnumbers

the ctg modelstractablewe must restrictour evalua-

0~ queuesand job :Yp=o

!LL mM!4Qla

The two ctg’sevaluatedare displayedin Figure3. In ctg I the custo-

mer changestypeand resourcecyclically.This is the ‘patt~rned”ctg. In

ctg 11 the customer’stype is chosenprobabilisticallywhile his resource

requestsare still cyclic. We note the queueingnetworksimpliedby these

‘ctg’sare identical. Referrin&to the notationof the previoussection,let

P~ ~ be definedas the sum of~i,r over all typesr for cig I. Similarly,

lel ex ~ be definedfor ctg I. We define~ll,i and ell ~ in the same
9

manner”.Since thee are definedto withinan arbitrary’multiplicz$ivecon-

stant,for ease of expositionallowe~1 ~ to be redefinedas 1 for all i and

r, with no loss of generality. Thus~l:i ‘~ll ~, i=l,2. If thetwoctg*
“queueingnetworkmodels

hencetheirperformance

The two ctg models

were in localbalancetheywouldbe equivalent,and

cha?acterist.lcsWouldbe identical.

are evaluatedfor differentservicedisciplines
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(FCFSand ps), for a numberof valuesforuir (1=1,2and r=l,2),and for “

differentnumbersof’customers. Servicetimesat each server are assumed

ex~nential. For all threemvdelsthe servicedisciplineof sierver 2 is

I FCFS.For mdel 1 the servicedisciplineof server 1 is FCFS while for

amdela2 and 3 it is PS.

4,.2. SQulLbn lldJIQddKuilimhuul

The ❑odels weresolvedby an exactmatrix❑ethti. The

for models1, 2, and 3 are 12, 32, and 26, respectively.”A

mdel 2, ctg I is thatthe systemis non-ergodic,the state

numberof states

propertyof

apacepartition-

ing itselfinto two non-intersectingergodiczhalzs. The ateadw-statepro-

babilitiesfor statesof the largerof the two chainswere used in the com-

parison. The steady-stateprobabili~iesfor s~atesof the smallerof the

two chainswtirenot significantlydifferent. The soluticmmsthodwas •~aii-

dated fbrall modelsby bringingthem into localbalanczby setting~ils&

for all FCFS serv’ersi. “Resultswere then coffiparedagainstthoseobtainad

.fromASQ [Kl],a programfor the solutionof localbalancemodels.

2.3. Emulu

A rangeof valuesfor the mean servicera~es~ were chosen for the in-

vestigationof equivalence.With no loss of generality~llwas set to 1.

Tables2-4 displaythe wsults of the.investigation.Am im.spectLonof the

tablesrevealsthat the queue-lengthdistributlongof’the SWo !mdelsusually

agreeto within1%, with the greatestdisagreementbeing131. Note that

serverutilizations(1-P(2)for server 1 and l-P(O)for server 2! agree in .

all caseswithin 3.8$.

Me note that the queue=lengthdistributionsfor ctg’s1 and II of model

1 appearidentical. This identitywas testedby codingthe?solutionmethod

used for additionalprecisionfor model 1. The queue-leng%hdistributions

obtainedfor ctg’sI and II were identicalto withinthe itierentaccuracy
-20

d’ the solutionmethod(at least10 ).
.

l’hecloseagreementof the

II over the rang-!of parameters

modelsa~e nearlyequivalent.

que~e-lengthdistributiasrol ctgland ctg

leadsus to the conclusion%hat the two ctg
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Jlranchinf? Pattern~

In keepingwith the preceding sectionwe considerthe impactof

specificctg patternsuponnon-localbalancemodels. Non-ex?onen!.ial3er-

vice time distributionsin FCFS queuesis the propertyviolatin~localbal-

ance in thesemodels. We investigateShe effectof deterministicrou~ing

throughthe ctg queueingnetworksuponthe ❑odels’equivalence.

The practicalmotivationfor this ctg structureis the observationfor

some generalpurposecomputersystemsthat disk requesssmay be clusteredin

time. One exampleis a largesystemin whichdata bases are tape resident.

When a job reauirinqa data base whichis n~t.disk residentis to be run,

the appropriatedata basemust be copiedfrom tape to a singledisk --

resultingin a preponderantnmber of accessesto the disk clusteredin

time. When the data basemuss be copiedback to tape She same behavioris

observed. Clusteringof devicerequestsis also likelyto be observedin

data base sys:emsin which

rollback/recoveryscheme.

modelsto enforceextreme,

“5*1”lh!2&@&2.l&

data is dumpedfrom disk to tape as partof a

Deterministicroutingis used in $he following

wvrst-caseexamplesof device requestclustering.

The two ctg’sare displayedin Figure~. In ct.g1 the customercycles

throughserverO and server1 Ni times,then cyclesthroughserverO and

server2 Ni times,etc. In c:g II the customerchoosesserver.jwith proba-

bilityNj/(N1+N2+N3), j=l,2,3,upcn completionof serviceat serverO. Us-

ing the notationdefinedin the previoussection,it is intuitivelyobvious

thate
I,i=eII,i”

Since it is the de~erministicrouting:hat violateslocal

balance,lea us simplifythe parameterspaceto be exploredby le$tin~the P

be con~tantover cus~omt?rtype. As in the previouscase, the two ctg models

wouldbe equivalentif localbalanceheld. The LWO ct.gmodels are.evaluated

for differen$valuesof Ni(i=l,..o,3), yju=l, . ...3), H (the numberof cus-

tomers),and Cv, the coefficientof varia%ionof the servicetime distribut-

ion for servers1, 2, and 3. Two valuesfor Cv were chosen for evaluation,

O and Ilfl. CV=O definesa constantservicetineand Cv=l/fllies b>tseen

O and 1, with Cv=l beinga propertyof the exponentialdistribution. We

note that for Cvr1 the queueinsne:uorkde~cribedis in local balanceif its

servicetimesare exponentialand $he two ctg modelsare knownto be

equivalent.With no loss of generalityP. iS Set to 1. Servers1-3 are

FCFS whileserverO may be eitherPS or FCFS.
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A ~entra!serverform[B2]!’orthe modelswas chcsenso as to ❑ore

easilyrelatethe possiblebehaviorpatternsfor actuals>s%~?is to the in-

vestigation.Thus serverO representsthe CPU, with servers1-3 repregent.-

ing 1/0 devices. ;’nLhe followingsectionswe shall parametrizeShe model

accordingto the assumptionsdrawnfr~mexperiencewithexis~ingcomputer

systems. .

The statespacedefinedby the modelswas too large for matrixsolution

methodsso a simulation,codedin ASPOL[C2],was used. A StudentsT test

approach[G2] for confidenceintervalswas u~::d,as the size of the sta:”e

spacemade the preferableCrane-IgleharLLnethods[C3,C4]imprac~ical.Each

run iterationof the simula~ionmodelwas long enoughto insure thatall

knowndistributionmeans (suchasdevice holdingtimes)were within 1% of

the simulationinputparameters.ValuesobtainedfromLt?esimulationare

estimatedto be withinAI% of the actualvaluesh’lth903 confidence. For

Cv=l/~~he actualholdingtimedistributionwas 3-stageErlangian.

The servicedisciplinefor serverO in the simula~ionis round-robin

with fixedquanzum(RRFCZ).In the RRFQdisciplinethe serverprocesseseach

servicereques~for :he dura~ionof a fixedquan~um. If the job’sservice

requestis completedduringthisquantum,it leavesshe server,otherwise

the job is cycledback 30 the end of the queueto awaitits next quantumof

sevice. New arrivalsare placsda$ the end of the queue. The PS discipline

is approximated,when appropriatefor the ❑odels,by set:ingthe quantu!to

be less (by a factorof 4) thanthe ❑ean servicert?ques~Lime (}~1)for :he

3erver. The FCFS disciplineis a>proxixatedby setting:he quantumlarger

(by a factorof 4) than}~l. Realismwas the motivationfor using:he

round-robindisciplinefor serverO. ActualCPU servicedisciplinesfor

computersystemsare betserapproxirna:edby round-robinthan PS or FCFS,as

true PS is impossibleto achieveand :rut?FCFS is usuallynoi desirablein

mult.iprogrammedopera~ingsystems(fromthe resultsof Sherman,Baskt?t.t,and

Brown& [S1]). The service disciplinesfor servers1-3 are FCFS, ir.accor-

dance with theirrole as 1/0 devicesin the cen:ralservermodel.

The simula$icnwas valida%eda% Cv=1 agains:solu:ionsobtainedvia

ASQ. Serverutiliza~ionswere in agreemen:within21% for al’ casescon-

sidered.
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In cent.’as%to the precedinasec$ions,the equivalenceme:ricused was

not queue-length.The largeamountof dasa whichwouldhave resultedfrom

bhi~approachwould have beenawkwardto handleand wouldhave ~reatlyin-

oreased the expenseof the simulations.Instead,an ‘aggrega:enequivalence

metrico!’serverO u%iliza:ionwas

It Is also the shruputof’server O

the work capaci~yof the system.

S.3. P~l Yarameterq @flesult~

chosen. This ❑e:ricis reasonablesinze

(since~O 19 set at 1), and represeris

.

Table5 displaysthe resultsof the comparisonfor different

Izationaof the ❑odels. For ❑odels 1-7 the disciplinefor server

for She o:hersIS is FCFS. PIS definedby

p=(pl+~+ll+ -1

parameter-

0 is Ps,

(8)

represen~ingShe.balancebetweenserverO and the aervera 1-3 subsystem.

Values for~l, ~2, and~3 were chosento satisfythe relationship

p;l=)J;l=3p;l and to satlgfy the definition ofp. The factor3 was selected

aa the balancebetweenaeanservicetimessincethat is typically:h? dispari-

ty in ❑ean ~cces9SImesbetweendisksand drums for accessesto single

reoords. The vaiuesfor N,, N2, and N3 were chosen such zha: the condi:ion

N1=N2=N3reflectsequalaveragefrequenciesof visitsto servers1-3

(corresponding~o e,= ~= se e ) whileN1=3N2=3N reflectsan eoualworkloadbal-

ance betweenservers1-3 (p1=~z=p3). An in~eger value for eacnNi in :he

tablerepresentsa ctg I ❑odel, whilea dash representsa ctg II model.

Inspectionof the resul:srevealstha3
.

the two C:S modelsare nearly

equivalent,with disparitiesbetweenthe equivalencemetric:ypicallyless

than 2% and occasionallyas greatas 3%. I: must be r=embered chat the

valuesdisplayedin Table2 are approximate,and subjec:to simulationerror

withinthe describedbounds.

& ~~lclusi~q

The conclusionwe draw is tha: specificresourcerequest patternsby

ous:omers have littleor no impac:upon the accuracyof commonqueueingne:-

uork modelsof computingsys:ems. For %he local-balanceclassof ❑odelswe

provwl tha: pa::ernsplayno role in determiningthe performance❑easuresof

the models. Experimentson a widerclassof ❑odels revealedthat pa::erns

had a negligibleimpac:upon importantperformancemeasu”res.
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The practicalsignificance

analystcan ignoreresource

of this conclusionis

request.patternsover

that the computersys-

diff’erentworkloads

providedthat: (1) the mean work ascribedto each resourceremainsconstant,

and (2) :cnedulingof servicereques:siis ignored. Obviously,a scheduling

scheme whichcould predictjob resourcerequestsby raco~nizingpatternsin

job behaviormight resultin significantlydifferentsystemperformancesfor

differentwcrkloads. When the analystis facedwith a queueingnetwork

model whichdoes not validate,th~seresultssugsesttha$he ~oncentrateon

cau:,esotherLhan job behaviorpatternsto accountfor the error.

It is temptingto draw the aboveconclusionfor queueingnetworkmodels

in general. However,our investigationwas limitedto localbalancemodels

and modelswhichare ‘close”to meetingthe localbalanceassumptions.Thus

we dare not make such a sweepinggeneralization.This does not de~racsfrom

the usefulnessof this work. The modelsconsideredweredeliberatelychosen

becauseof theircommonusage, and hencepracticalvalue. Our conclusionis

thusof greatpracticalvalueSO analys~sworkingin the field.

It wouldbe desirableto extendthe inves$igat.ic~to w.derclassesof

queueingnetworkmodels. Furtherresearchinvestigatingthe ixpactof ser..

vice requestpatternsover even largerclassesof nodelsquicklydiverges

accordingLo the natureof patternsand
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+(1:1)+(1:2)+ ,.. +(1:2 )+(2:1 ;+(2:2)+. 0,+(2:2) -
v

12 ‘1 na+l nl+2 - -
‘P2

Node Ni: (Si,Ti) T-{1,2) S={1,2}

~i,i=t-1= 1.

.

.

Figure1: A CustomerTask Graphand Its ,
AssociatedQueucingXetwork
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6-Q-+5-Q
P(~,l:2,1)=l/2,p(l,l:2,2)=l/2,p(l,2:2,1)=l,p(l,2:2,2)=o

p(2,1:l,l)=l,p(2,1:l,2)=0,p(2,2:l,l)=l/3,p(2,2:ll,2)=2/3.

‘11=1’2’ ‘12=1’2’ ‘21=1’4’ ‘22=3’4”

’11
=1, v~2=2. lJ21=2, P22=3.

$11=1/2,612=1/4,621=1/6,B22=114.

Figure2: An Exampleof CTG Equivalence

.
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CTC II “

r1,1)._~2,1)_#l,2 ;_S2,2) 1

.

{

1,1)

1,2)

(2,

(2,

1)

}2)

. node descriptor: (server,type)

I
?ll~~lz . ‘21’U22

●

Figure 3: TWO CustomerTJSk Granh\lodcls(A)

.
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CTG I

CTG II

‘1 ‘2 ‘3
-1(0,1 )–xI, I)I+(J,1)+(2s I)1—x(osl)+3sl)

1

r (0,1)

N1/N

N3/N

(1,1)

(2,1)

(3,1)

I

~=N1+N+N 23

[(i,j)+(k,L)]nis defincdas (i,j)+(k,~)l+(i,j)-~(k,t)2+~~”+(k,S)Il

FCFS

PS or
FCFS

>

V. “

~3 .

Figure 4: TWO CustomerTi~SkGrilph$Iodcls(B)
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7ablc1: StateProbabilitiesfortheExampleofFigure2

~:atedcscript~on:(yl,y21,Yl=(nll,nll),y2-(n21,n22)

acre‘Aj is thenu~erofcusconcr~

all ‘“12

20

02

11

10
●

10

01

01

“oo

00

00

c - .9a4~~s

’21 ‘n22

00

00

00

10

01

10

01

20

11

02

dY~) II(Y2)

. 2s

.062S

.25

.062S

.12s

.03125.

.062S

.01S625

.0625

.062S

Aggregate stcte probsbil~t;es:P(n1,n2)

% ‘2 ?(n1,n2)

o .5625
: .1406?S
1 ; .2812s .

Equfvalcnt network al * 61, + 912 ● >14, i+ _ a2j.+ S22 - 114.

‘1 ‘2
f(nl) f(n2)

o .S625
: 2 .140625
1 1 .28125

.
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Table 2: Comparisonof Equivalency
For K!odcl 1, CTG 1 Vs. CrG 11

ServiceDisciplines:Server1 - PS, Server2 - FCFS “
P(1):Probabilityof I Jobs in Queue 1
Numberof Customers:3

CTG

I
11

1
11

1
11

1
11

I
11

I
11

1:
1

11
I

11
I

11
1

11
I

11
J

11
1

11

1:
1

● 11

1:

J{

%

100

100

1.0

4.0

400

400

1690

16c0

16.0

100

1.0

1.0

400

4*O

400

1600

16-0

16.0

’12

I*O

4.0

16.0

1.0

4.0

16.0

1.0

4.0

16.0

1.0

4.0

16.0

100

4*O

16.0

1,0

4*O

1600

’21

1.0

1.0

1*O

1.0

1.0

1.0

1.0

1.0

1.0

1.0

1.0

1.0

1.0

100

1.0

1.0

100

J*O

’22

490

4* o

400

4.0

400

4*O

490

4*O

400

16.0

16.0

16.0

16.0

16.0

1600

1600

1600

16.0

.
.

P(o)

●216
.216
.371
●ml
● 443
●443
●371
●371
.%49
●W9
● 366
.??68
.a3
ba143
● 768
,V68
●wl
.901
.201
.2Q1
● 345
● %5
●430
●410
* 34s
● 345
,6B9
●6a9
● 741
*V41
●4JI0
aao
0741
* 741
● tw
● 8tB6

P(1)

.275

.275

.258

.253
●212
.212
.258
.258
.228
● 228
●161
.161
.212
.212
.161
.161
,o&5
.0S6
,223
.223
,212
.212
0180
.180
,21Q

0212
,j?~
.190
,141
0141
●Ido
.180
●141
,JfJl
.082
.082

●

P(2)

.510

.510

.37i

.371

.345

.345

.371

.371

.123

.123

.071

.071

.345
*345
.U71
.071
,oi3
.013
.576
.576
● 443
.443
●410
●410
● 443
● 443
•~qo
.190
0118
.118
.410
.410
.118
.118
.032
, 032
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Table 3: Comparisonof Equivalency
For Model 2, CTG I Vs. CTG 11

..

ServiceDisciplines:Server1 - PS, Server2 - FCFS
P(l): Probabilityof I Jobs in Queue 1
N&bcr of Customers:2

CTG

1
lJ

1:
I

11
1

11
1

S1
1

11
1

11
I

11
I

11
1

11
1

11
I

11”
1

11
1

11
“1

11
1

.11 “
1

11

1;

’11

1.0

100

1.0

4.0

4.0

4.0

16.0

J600

16.0

100

1.0

J.O

4.0

4.0

4.0

16.0

16.0

1600

’12

100

4*O

16.0

1.0

400

16.0

I*O

4* o

16.0

100

4.”0

16.0

100

4.0

16.0

1.0

4,0

J6.O

’21

1.0

100

1.0

1’.0

1.0

1.0

1.0

100

1.0

I*O

’22

4.0

4!,0

4.0

490

4*O

4*O

4.0

4.0

4*O

16oO

100 16*O

I*O 16*O

J*O 1600

1:0 16*O

Ieo )6oO

Jofl 16.0
.
1.0 :5. 0

100 16.0

P(o)

.J3fJ

.13s

.260
●274
.309
.332
.284
,274
.623
.623
.753
.7s5
.340
,332
.756
,75s
.900
.900
.124
.126
.228
.249
.258
.294
.262
.249
.585
.S87
.717
.721
,318
.294
.724
.721
.884
.884

P(l)

.1s7

.1s8

.238

.220

.275

.239

.207

.220
●212
.211
.182
.170
.214
.239
●161
.170
,08s
.085
.129
●)31
..201
.182
.244
,205
.166
.162
.166
,167
.172
● 147
.17s
.205
●133
●147
.078
.078

P(2)

● 250
.247
.243
.231
.228
.215
.224
.231
.109
.108
.051
.056
0205
●21s
0060
.056
.013
.013
.211
.208
.228
.208
.240
.203
,J99
.208
9128
.123
.075
.07d
.l&7

P(3)

● 459
.460
.260
.274
.la7
.214
.254
.274
.05”1
.(J5[J
●014
.019
●Q33

●2:4
.023
.019
,002
.002
●535
.536
.ZI)3
6361
.253
.294 .
●373
●361
●119
.]~3

.036

.0!j3
*3113

,~o/j s ,294
0C31 ,062
●o7d .053
.028 .010
.028 ,011
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Table 4: Comparison of Equivalency
For Nocicl 3, CTG I Vs. CTG II

ServiceDisciplines:Scrticr1 - PS, Server2 - FCFS
P(I): Probabilityof 1 JotJsin Queue 1
Number of Customers: 3

CTG VII

1 1.0
11

I 1.0
11

I 1.0
11

1 4.0
11

1 4,0
11

1 4.0
--, 11

1 16,0
11

I 16,6
11

I 1600
11

I 1.0
11

1’ 1.0
11

1 1:0
11

I 4,0
11

1 4* o
11

4.0
1:

16.0
1:

1600
1:

1600
xi

%2

1.0

4*O

16e0

I*O

4.0

1600

100

400

16e0

1.0

4.0

i6,0

i*o

4*O

15*O

1.0

4*O

16*O

’21

ioo. .

i.o

100

1.0

i.o

1.0

1*O

1.0

1.0

i.o

1*O

1.0

i.o

J.O

i,o

1“0

J.O

100

’22

460

4.0

4.0

4.0

4.0

4,0

.4.0

4.0

4,0

i60fI

1600

16,0

16.0

i6,0

1600

16.0

16.0

1600

P(o)

.i27
●J35
.284
.302
.362
.385
● 284
.302
.620
.623
●755
●757
.362
.385
.755
.757
●90G
●900
●Ii3
.126
,249
.277
.317
.3s2
●249
.277
.s74
●587
●719

P(i)

●iss
.i58
.i49
● i98
.130
.179
●284
,J98
,216
.211
,136
,156
.309
.i79
.189
,156
,0S6
.085
.121
.131
.081
.159
.04a
.148
,259
.i59
,173
.167
.085

.726 ‘ ●130

.317 .317
b352 , il~d
●719 e 197
,726 ,J30
,8i33 .081
.684 .07f3

?(2)

.264
● 247
.284
.198
.259
.159
.149
.198
●115
.108
.087
.059
●081
.159
.034
,059
.013
.013
.237
.203
.309
.179
.317
●148
.130
.179
,160
.123
.154
● 077
.048
.i45
● 042
.077
.031
.028

P(3)

●455
.460
.284
.302
.249
.277
.284
.302
,050
.058
.022
.Q28
.249
.277
.022
.028
.001
.002
.s~$.

.s26

.362

.355

.317

.352

.362
●335
$094
.123
.043
.067
.317
.352
.043
,067
.004
,011
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TABLE 5: Comparisonof CTC Models
with BranchihgPatterns

. .
.

.,

ServerO
Utilization-1 -1

‘2 ‘ ‘3

1.29

1.29

2.58

2:58

2.58

2.58

1.67

3.36

3.36

3.36

B*B6

1.29

c
v

0

N
1 ‘2 ‘3

.429 lli
10 10 10

.98

.97
● 97

1

2

3

4

5

6

7

8

4

.96

.94

.95

4 .429 .58 1 111
10 10 10

2

4

● 858 0

G

2

2

111
10 10 10

111
i~ 10 10

.58

.56

.55

.84

.80

.79

.858

.

.58 1112

4

.858

.858

2

2

.56
,53
● 5:
.79
.77
.76

10 10 10

111
10 10 10

.58

,556 .58 1 311
30 10 10

.97

.95

.96

4

.58

.57

.56

.86

.81

.83

.s5
● 55
,55
,80
,79
.79

2

4

1.12

1.12

.58

.58

2

2

311
30 10 10

311
30 10 10

2

4

.58

.58

1.12

1012

2

2

.58 14 ,429 ,96
,96
.96
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Model M -1 -1 -1 ~ ~
PI U* * IJ3 v

9 2 .858 2.58 .58 2

10 2 1.12 3.36 O 2

4 1.12 3.36 0 2

11 2 1.12 3.36 .58 2

‘1 ‘2 ‘3

111
10 10 10

311
,30 10 10

311
30 10 10

/3 11
30 10 10

---

For models8-11 all queuesaye disciplinedFCFS.

ServerO
Utilization

.56
● 55
:54

.56 “

.56 .

.56

.82

.80

.79

● 59
.57
.56

.
. .


