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Abs t rac t  

An i n t r a n u c l e a r  cascade model f o r  reac t i ons  o f  p ions and nucleons 

w i t h  complex n u c l e i  t h a t  should cover t he  energy range f rom about 50 MeV 

t o  about 1000 GeV has been developed. The model i nc ludes  the  e f fec t  o f  a  

d i f f u s e  nuc lear  surface, t he  Fermi mot ion o f  t h e  bound nucleons w i t h i n  

the  nucleus, t he  exc lus ion  p r i n c i p l e ,  a  l o c a l  p o t e n t i a l  f o r  nucleons, a  

l o c a l i z e d  reduc t i on  i n  t he  d e n s i t y  o f  the  nucleus du r i ng  the  development 

of t he  cascade, and the  sequencing of  t he  events c o r r e c t l y  w i t h  - t ime. 

Theore t ica l  r e s u l t s  from t h e  model a re  compared w i t h  experimental  data 

over the  energy range % 3-1000 GeV. W i t h i n  t he  cascade model, t he  equat ions 

t h a t  a re  used t o  represent. t he  p ion  mu1 t i p 1  i c i t y  from the  reac t i ons  o f  

nucleons and p ions w i t h  the  i n d i v i d u a l  nucleons o f  the  nucleus under- 

est imates the  number o f  shower p a r t i c l e s  produced by these 

i n d i v i d u a l  nucleon i n t e r a c t i o n s .  I n  sp i t e '  o f  t h i s  t he  p r e d i c t e d  

number o f  shower p a r t i c l e s  escaping from the  nucleus, f o r  100-GeV 

nuc lear  i n t e r a c t i o n s ,  i s '  overest imated by about .25% f o r  1  i g h t  n u c l e i  

t o  about 60% f o r  heavy n u c l e i .  The agreement f o r  t he  number of escapes 

from the  nucleus i s  somewhat b e t t e r  a t  lower i n t e r a c t i o n  energ ies 



(QJ 10-20 GeV) . Sorne of the major trends i n  the observed h i g h  energy 

data a re  predicted quite well. These include the energy independence 

of ( a )  the number of black tracks produced a t  interaction energies above 

5 GeV, ( b )  the number of shower part ic les  produced above 100 GeV, and 

( c )  the radionucl ides produced above 10 GeV. Other trends tha t  are  

predicted f a i r l y  well a re  the small mass dependence of the shower 

pa r t i c l e  mult ipl ic i ty  ( fac tor  of 2 increase predicted from carbon to 

1 ead, factor  of 1 .5 measured), and the change i n  the angular dependence 

of the mu1 t i p 1  i c i  ty with mass. I n  absolute comparisons, the predicted 

to ta l  reaction cross sections are in good agreement with experimental 

data,  and the cross sections for  the production of radionuclides are  

, i n  f a i r  agreement. 

INTRODUCTION 

The interaction of nucleons and ~r-mesons a t  high energies (QJ 100 GeV) 

w i t h  nuclei i s  calculated using the intranuclear cascade approach with 

a computer program called HECC-1. In t h i s  approach the t ransi t ions t o  

the continuum s t a t e s  of the.. f inal.  residual nuclei. from: the interaction of 

a high-energy pa r t i c l e  w i t h  a target  nucleus i s  determined by calculating 

the individual l i f e  h is tor ies  of the incident par t ic le ,  and a l l  subsequent 

co l l i s ion  products, as  they travel through the nucleus and interact  with 

the bound nucleons therein.  A cascade of par t ic les  i s  thus generated 

within the nucleus. The interactions with the bound nucleons are con- 

sidered to  be f r ee  par t ic le  interactions modified by exclusion ef fec ts .  

These f ree  par t ic le  reactions include scat ter ing,  charge exchange scattering 

( fo r  T-nucleon react ions) ,  production of T-mesons, and pion absorption. 



Monte Carlo techniques are  used to specify a l l  of the variables needed 

to determine the 1 i f e  his tor ies .  The nucleus i s  l e f t  in a highly ex- 

c i ted s t a t e  a f t e r  the completion of the cascade, and an evaporation 
2 

calculation i s  employed to permit the deexcitation of the nucleus. 
3 34 

The method d i f fe rs  from that  reported previously in tha t  the 

cascade events that  are assumed to occur inside the nucleus are  ' 

properly sequenced i n  time whereas in the previous work t h i s  was not 

the case, and the local nuclear density i n  the vicini ty  of a cascade 

col l is ion i s  reduced to account for  the removal of a nucleon from the 

Fermi sea. In the ea r l i e r  work the reduction of the nuclear density 

as the cascade developed was ignored. 

Various trends i n  the interaction of h i g h  energy nucleons and pions 
5 

with nuclei have been discerned .and summarized recently , and the abil i ty  

of the model to predict these trends along with other comparisons w i t h  

experimental data will be examined. All of the calculated resu l t s  shown 

below are in absolute units unless specified otherwise. 

OTHER APPROACHES 

Other approaches in .the calculation of very .high energy nuclear 
6 

reactions a re  under study. One i s  the mu1 tiperipheral model i n  which a 

ser ies  of par t ic les  of decreasing rapidity ( the rapidity 

y = ln[(E+pz)/(E-p,)]) are emitted until a par t ic le  with rapidity 

equal to  tha t  of the target  interacts  with the target .  Given a charac- 

t e r i s t i c  time To, i n  the r e s t  frame of the par t ic le ,  i t  i s  assumed that  

only those part ic les  can interact  with the nucleons of the nucleus i f  in 

time To they have not passed the nucleus. Thus, only the l a s t  of the 



p a r t i c l e s  i n  the e m i t t i n g  cha in  can i n t e r a c t  w i t h  the  nucleus. The 

e f f e c t  o f  t he  model i s  t o  enhance the  r a p i d i t y  d i s t r i b u t i o n  f o r  a  nuc lear  

r e a c t i o n ,  compared t o  t h a t  f o r  hadron-hadron reac t ions ,  o n l y  a t  the low 

end o f  t he  r a p i d i t y  scale.  Th i s  i s  i n  conformi ty  w i t h  some of t he  broad 

5 
f ea tu res  o f  the experimental  data. 

Another model t h a t  q u a l i t a t i v e l y  y i e l d s  the same r a p i d i t y  d i s t r i -  
7 

b u t i o n  i s  t he  energy f l u x  cascade model. A hadron nucleon c o l l i s i o n  

w i t h i n  the  nucleus i s  assumed t o  form an e x c i t e d  hadronic s ta te ,  the  

energy f l u x ,  which ins tan taneous ly  acqui res a  r a p i d i t y  d i s t r i b u t i o n  t h a t  

i s  t he  same as the  asymptot ic  d i s t r i b u t i o n  o f  produced p a r t i c l e s  i n  a  

hadron-hadron c o l l i s i o n .  As t ime proceeds the d i s t r i b u t i o n  spreads o u t  

i n  space w i t h  the  f a s t e r  p a r t  o f  the  d i s t r i b u t i o n  i n  the  f r o n t  and the  

slower p a r t  a t  t he  end. When any p a r t  o f  t he  d i s t r i b u t i o n  reaches a  

s p a t i a l  s i z e  equal t o  t h a t  o f  a  s i n g l e  hadron, i t  behaves as a  s i n g l e  

hadron w i t h  a  r a p i d i t y  equal t o  t he  average r a p i d i t y  o f  t h a t  p a r t  of  

t he  d i s t r i b u t i o n .  I n  approximate ly  one mean f r e e  path w i t h i n  the  nucleus 

the  f r o n t  p a r t  o f  t he  d i s t r i b u t i o n  has s u f f i c i e n t l y  spread t o  be con- 

s ide red  as a  s i n g l e  hadron which i n t e r a c t s  w i t h  another nucleon. The 

remain ing p a r t  has a  lower energy, and i t  produces n e g l i g i b l e  m u l t i -  

p l i c i t y  upon i n t e r a c t i n g  w i t h  a  nucleon. The process cont inues i n  t h i s  

manner w i t h  new energy f l u x  c rea ted a t  t he  end o f  each mean f r e e  path. 
8 

Another approach i s  the  conglomerate model i n  which i t  i s  assumed 

t h a t  t he  i n t e r a c t i o n  t ime i s  so l ong  t h a t  a l l  o f  the  nucleons i n  the 

pa th  o f  t h e  i n c i d e n t  p a r t i c l e  a re  i nvo l ved  as a  conglomerate which decays 

ou ts ide  o f  o r  independently o f  the  nucleons remaining. This  w i l l  move the  

t a i l i n g  end o f  t he  r a p i d i t y  d i s t r i b u t i o n  backward i n  the l ab .  frame, 

which aga in  rough ly  corresponds t o  the  observed data. 



The l a s t  model t o  be discussed i s  an i n t r a n u c l e a r  cascade calcu-  

l a t i o n  developed by A r t i k o v  e t  U Z : ~  I n  t h i s  ve rs ion  the  nucleons i n  t h e  

nucleus are assigned f i x e d  l o c a t i o n s  w i t h i n  the  nucleus, and they are  
. 

d i s t r i b u t e d ,  such t h a t  t h e i r ' d e n s i t y  i s  un i fo rm throughout the nucleus. 

The nucleus i s  g iven a  random r o t a t i o n  f o r  the  c a l c u l a t i o n  o f  each 

i n c i d e n t  p a r t i c l e .  During the  c a l c u l a t i o n  o f  the  cascade, when the  t r a - '  

j e c t o r i e s  o f  more than one cascade p a r t i c l e  te rminate  a t  o r  near the  

p o s i t i o n  o f  a  f i x e d  nucleon w i t h i n  the  nucleus, these cascade p a r t i c l e s  

a l l  i n t e r a c t  simultaneously w i t h  the  s ing le ,  f i x e d  nucleon (many-par t ic le  . 

i n t e r a c t i o n ) .  A1 though f i x e d  i n  space the s t ruck  nucleon i s  a l lowed t o  

have a  momentum governed by a  zero termperature Fermi d i s t r i b u t i o n .  The 

energy a v a i l a b l e  t o  produce p ions from t h i s  many-par t ic le  i n t e r a c t i o n  i s  

the " f r e e  energy", E, where 

w i t h  E, p, and m, represent ing  the t o t a l  energy, momentum, and mass o f  t h e  

p a r t i c l e s  involved.  The energy and angular d i s t r i b u t i o n  o f  the secondary 

p a r t i c l e s  are  taken from the  energy dependent e x p e r i ~ ~ ~ e n t a l  data o f  

secnndary p a r t i c l e s  produced from nucleon-nucleon reac t i ons .  

When on l y  one cascade t r a j e c t o r y  terminates i n  the  v i c i n i t y  o f  a  

f i x e d  nucleon, the  r e a c t i o n  i s  c a l c u l a t e d  as a  f r e e - p a r t i c l e  r e a c t i o n  where 

s c a t t e r i n g  and p ion-product ion reac t i ons  a re  inc luded.  I n  a l l  cases ex- 

c l u s i o n  e f f e c t s  a re  included, and a l s o  c a l c u l a t i o n s  were c a r r i e d  o u t  

w i t h  and w i thou t  the  e f f e c t s  o f  a  " leader "  p a r t i c l e ,  i .e . ,  a  s i n g l e  

p a r t i c l e  t h a t  c a r r i e s  o f f  most (50-70%) o f  the  a v a i l a b l e  energy. Those 

f i x e d  nucleons t h a t  a re  s t ruck  a re  removed from the  sea o f  f i x e d  nucleons 

and hence a  l o c a l  v o i d  i s  created. 



Comparisons w i t h  experimental  data i n d i c a t e  t h a t  the  leader p a r t i c l e ,  

when employed, creates. an excessive number o f  shower p a r t i c l e s  

a t  r e a c t i o n  energies o f  % 100 GeV. A t  lower energies (E ( 30 GeV) o n l y  

smal l  d i f f e r e n c e s  i n  r e s u l t s  w i t h  o r  w i t h o u t  i t  are  ascer ta ined.  A 

b e t t e r  agreement w i t h  experimental  data i s  obta ined when many-par t ic le  

i n t e r a c t i o n s  are  i n c l  uded. 

The i n t r a n u c l e a r  cascade model described i n  t h i s  paper d i f f e r s  i n  

that.  nrr m~r l t i p a r t i c l e  r e a c t i o n s  art! curls-idered and e f fec ts  of a l cade r  

p a r t i c l e  a r e  no t  inc luded.  The t ime sequence o f  events i s  taken i n t o  

account whereas i t  i s  n o t  by A r t i  kov e t  aZ., and both i nc lude  the  e f f e c t s  

o f  t h e  reduc t i on  o f  nuc lear  dens i t y  a t  each i n t e r a c t i o n  s i t e  w i t h i n  

the  nucleus. 

MODEL OF THE NUCLEUS 

D e t a i l e d  d e s c r i p t i o n s  o f  the p rope r t i es  o f  t he  nucleus t h a t  a re  

taken i n t o  account a re  g iven e l ~ e w h e r e . ~ , ~ ~  Changes from the e a r l i e r  

vers ions  t h a t  have been incorpora ted  w i  11 be descr l  Bed i n  suwe d e t a i  1  . 
The model nucleus can be d i v i d e d  i n t o  a  maximum o f  50 spher ica l  annu l i .  

Each annulus can f u r t h e r  be d i v i d e d  by 50 planes a l l  i n t e r s e c t i n g  a long 

the  z a x i s  and e q u a l l y  spaced from each o ther  i n  angle, and 50 cones 

t h a t  o r i g i n a t e  a t  t h e  o r i g i n  and f o r  which the  z a x i s  i s  the a x i s  o f  

symmetry. Each annulus can be subdivided i n t o  planes and cones inde-  

pendent ly  o f  the o t h e r  a n n u l i .  However, t he  memory space w i t h i n  the  

computer program t h a t  i s  a l l o c a t e d  t o  c a r r y  a l l  o f  the  i n fo rma t ion  

requ i red  f o r  the cascade-par t i c le  h i s t o r i e s  would probably be exceeded 

i f  the  maximum numbers of subd iv is ions  were used. I n  our  experience 

the  program w i l l  accommodate a  t o t a l  o f  300 subd iv is ions  ( reg ions)  o f  the 



nucleus without exceeding the cascade-particle memory requirements. All 

regions within a spherical annulus have the same density, b u t  the density 

decreases from annulus to annul us from the center to the outer boundary. l o  

The effects  of a spa t ia l ly  dependent potential are included for  

nucleonslO, b u t  not for pions. The Fermi motion of the bound nucleons 

and the effects  of the exclusion principle are  taken into account. 3 , 1 0  

Reflection and refract ionl l  and nuclear correl ations12 are  not included. 

The l a t t e r  i s  included only in that  pion absorption i s  assumed to take 

place with nucl eon-nucl eon pairs within the nucleus . 
The sampling technique that  was used to  se lec t  the momentum of the 

struck nucleon i s  described in another report. l 3  

PARTICLE-PARTICLE INPUT DATA 

All nucleon-nucleon cross sections a t  energies below 3.5 GeV and 

a l l  pion-nucleon cross sections a t  energies below 2.5 GeV were taken to 

be the same as those used in the lower energy version of the calculation 

( M E C C - 7 ) 4 .  A t  higher energies the part ic le-part ic le  cross sections that  

were used are  i l lus t ra ted  in Figs. 1-4. The n-n  cross section was taken 

to be the same as the .p-p cross section; the IT--n. cross section was se t  
+ + 

equal to  the IT -p  cross section, and the IT--n, IT"-n, and no-p cross 

sections were a rb i t r a r i ly  s e t  equal to the IT--p cross section. These 

assignments apply for  the different ial  cross sections as well. 

The different ial  scattering cross section for  particle-nucleon 

scattering a t  energies greater than 3.5 GeV for  incident nucleons and a t  

energies greater than 2.5 GeV for  incident pions was represented by 
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= exp (A - ~ l t l ' )  , d t 

where t i s  the square of  the  4-momentum t r a n s f e r  i n  the  center  o f  momentum 

(cm) system, and i t  i s  r e l a t e d  t o  the s c a t t e r i n g  angle i n  t h i s  system by 

cos ocm = 1 - M .  
2 K2 

K2 i s  t he  square o f  t he  3-momentum o f  e i t h e r  p a r t i c l e  i n  t he  cm system 

be fo re  o r  a f t e r  s c a t t e r i n g  w i t h  

where M i s  the  t o t a l  energy i n  the cm system and m, and m2 a re  the  r e s t  

masses o f  t he  p a r t i c l e s  i nvo l ved  i n  the  c o l l i s i o n .  The constant  A was 

used o n l y  f o r  no rma l i za t i on  purposes. For nucleon-nucleon s c a t t e r i n g  the  

parameter B was taken t o  be 

B = 7.26 + .0313 po , 

where po i s  the momentum o f  t he  i n c i d e n t  p a r t i c l e .  This  representa t ion  

o f  t he  parameter B compared t o  the values obta ined when experimental 

do cross sec t i on  data14 were f i t  by - = exp[A-Bl t l] a re  shown i n  F ig .  5. d t 
+ 

For IT -p and IT- - p s c a t t e r i n g  the  values o f  B were taken t o  be 

cons tant  a t  7.575 and 7.04, respec t i ve l y .  These a re  the  average values 

o f  those repo r ted  i n  Ref. 15 which were obta ined by f i t t i n g  experimental  

data over the energy range from 8.5 t o  18.4 GeV/c. 

The sampling technique t h a t  was used t o  speci fy  the  s c a t t e r i n g  

angles i n  the cm system i s  described i n  Appendix B. 
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Fig .  5. Parameter B f o r  t he  d i f f e r e n t i a l  nucleon-nucleon s c a t t e r i n g  
cross sec t i on  vs t he  momentum o f  t he  i n c i d e n t  p a r t i c l e  i n  t he  l a b  system. 



THE CALCULATION 

Since adequate d e s c r i p t i o n s  o f  the general approach t o  the  ca lcu-  

l a t i o n  o f  nuc lear  reac t i ons  by the method o f  i n t r a n u c l e a r  cascades have 

appeared i n  the  1  i t e r a t u r e l  ,g-13, o n l y  those fea tures  o f  the  c a l c u l a t i o n  

t h a t  a r e  d i f f e r e n t  from t h e  ve rs ion  t h a t  app l i es  a t  lower energies4 

w i l l  be descr ibed here. 

Time Sequence o f  Events 

One o f  the  fea tu res  o f  t h e  present  model t h a t  i s  d i f f e r e n t  from the  

i n t r a n u c l e a r  cascade model repo r ted  p rev ious l y3  s 4  i s  t h a t  t he  cascade 

events a r e  p r o p e r l y  sequenced i n  t ime. The time, t, i s  s e t  t o  zero 

when the  i n c i d e n t  p a r t i c l e  has made a  c o l l i s i o n .  Two t ime values a r e  

assoc ia ted  w i t h  every p a r t i c l e  t h a t  makes up the  cascade. One i s  the  

t ime a t  which the  p a r t i c l e  w i l l  make the  nex t  c o l l i s i o n ,  tc, and the  

o t h e r  i s  t h e  t ime t h a t  t h e  p a r t i c l e  w i l l  cross the  boundary o f  the  reg ion  

i n  which i t  i s  loca ted ,  tb. Both tc and tb a r e  measured from t = 0, 

when the  cascade was i n i t i a t e d .  I he time-to-the-boundary c i -uss ing i s  

c a l c u l a t e d  as though no c o l l i s i o n  were scheduled t o  take p lace w i t h i n  

t h e  reg ion .  Whether t h i s  w i l l  be t r u e  o r  n o t  depends on whether t he  

sampled s i t e '  o f  t h e  nex t  c o l l i s i o n  l i e s  ou ts ide  o r  i n s i d e  o f  t he  region.  

The t ime between events ( e i t h e r  boundary crossings o r  c u l l  i s i o n s )  i s  

c a l c u l a t e d  by d i v i d i n g  the  d is tance between them by the  v e l o c i t y  o f  the  

p a r t i c l e .  The n e x t  event, o u t  o f  a l l  poss ib le  events, i s  determined by 

the  sma l l es t  va lue o f  a l l  o f  the  l i s t e d  t b l s  and t C 1 s .  

It was necessary Lo i nc lude  boundary crossings as events so t h a t  an 

account o f  the e f f e c t  o f  a  reduc t i on  o f  the dens i t y  i n  the  regions t h a t  



l i e  i n  the  paths o f  the cascade p a r t i c l e s  cou ld  be made. I n  o the r  words, 

if the dens i t y  o f  a  reg ion  were reduced because o f  a  c o l l i s i o n  t h a t  took 

p lace w i t h i n  i t  a t  an e a r l i e r  time, then t h i s  reduced dens i t y  would be 

used t o  determine the  c o l l i s i o n  p r o b a b i l i t y  w i t h i n  t h a t  reg ion  f o r  cas- 

cade p a r t i c l e s  t h a t  a r r i v e d  a t  a  l a t e r  t ime. When a  p a r t i c l e  a r r i v e s  a t  

a  boundary, the  dens i t y  of the  reg ion  t h a t  the  p a r t i c l e  i s  about t o  e n t e r  

i s  examined t o  see i f  i t  has been reduced. I f  i t  has not,  the  c a l c u l a t i o n  

proceeds, and i f  i t  has, a  new p r o b a b i l i t y  f o r  a  c o l l i s i o n  w i t h i n  the  

reg ion  i s  ca lcu la ted .  

Densi ty  Deplet ion 

Each i n c i d e n t  p a r t i c l e  i n t e r a c t s  w i t h  an undisturbed nucleus whose 

dens i ty  i s  normal ized such t h a t  

where p  and pn a re  the number o f  protons and neutrons per  cm3; the  sub- 
P  

s c r i p t  i refers  t o  the  i t h  reg ion  number; R i s  the  number o f  regions i n  

the  'nucleus; and A i s  the  mass number of  the  nucleus. I f  a  c o l l i s i o n  i n  

the i t h  reg ion  occurs w i t h  a  proton ( s i m i l a r l y  w.ith a  neutron),  t he  

dens i ty  i n  t h a t  reg ion  i s  reduced by one proton, . i .e . ,  

and the res idua l  densi ty ,  pLi, i s  g iven by 



I f  t h e  r e s i d u a l  d e n s i t y  i s  l e s s  than zero, the  dens i t y  i n  t h a t  reg ion  i s  

s e t  equal t o  zero, and nuc lear  mat te r  i s  subtracted from the  nearest- 

neighbor reg ions  i n  such a manner t h a t  t he  t o t a l  reduc t i on  i n  nuclear  

m a t t e r  i s  equal t o  one proton.  This  i s  accomplished by reducing the  

d e n s i t y  o f  t he  j t h  nearest-neighbor reg ion  by an amount Ap such t h a t  
p j  

where n i s  the  t o t a l  number o f  nearest-neighbor regions.  I f  the  

r e s i d u a l  d e n s i t i e s  o f  the  nearest-neighbor regions a re  l e s s  than zero, 

t h e i r  d e n s i t i e s  a r e  s e t  equal t o  zero and the  d e f i c i t  i n  nuclear  mat te r  

t h a t  must be made up t o  equal 1 proton i s  subtracted from the nex t -  

neares t  neighbors i n  a s i m i l a r  mat ter .  

Th is  procedure i s  adopted t o  i nsu re  t h a t  the  dep le t i on  o f  the  nuclear  

ma t te r  i s  l o c a l i z e d  o r  centered a t  the l o c a t i o n  a t  which the c o l l i s i o n  

occurred. Nearest-neiyhbor regions are those t h d l  have a bounding 

sur face t h a t  p a r t i a l l y  o r  comp'letely uverlaps a sur face o r  the  reg ion  

i n  quest ion,  and next-nearest-nei ghbors are  those whose corners ( l o o s e l y  

speaking) touch the  corners o f  the region.  

Mu1 t i  p l  e P a r t i c l e  Product ion 

A t  t h e  lower energies ( E  5 2.5 GeV f o r  pions and 5 3.5 GeV f o r  

nucleons) t he  product ion  o f  pions i n  p a r t i  c l  e - p a r t i  c l  e  reac t i ons  i s  

t r e a t e d  i n  the same manner as was done p r e v i o u ~ l y ~ , ~ ,  i .e., the  

Lindenbaum Sternheimer i soba r  model was employed. l c  A t  h igher '  energies 

the  emp i r i ca l  formulas developed by Ranf t  were employed t o  determine 



t he  m u l t i p l i c i t i e s  and the  spec t ra  o f  the  secondary p a r t i c l e s .  l 7  The 

c r e a t i o n  o f  a l l  p a r t i c l e s  o t h e r  than p ions was ignored main ly  because 

p ion  produc t ion  i s  by f a r  t he  donlinant mode. 

The equat ion  t h a t  descr ibed the  nucleon spec t ra  from i n e l a s t i c  

nucleon-nucleon c o l l i s i o n s  f o r  a system i n  which the  s t r u c k  nucleon i s  

a t  r e s t  i s  

where 

Nnn(p,O) r No. o f  nucleons per  u n i t  momentum per  u n i t  so l  i d  angle , 

p = Momentum i n  GeV/c o f  t h e  secondary nucleons, 

po = Momentum o f  t he  i n c i d e n t  nucleon (GeVIc) Y 

m = Rest mass o f  t he  nucleon (GeV), 

O z Polar  angle o f  t he  secondary p a r t i c l e  ( rad ians)  , 

The equat ion  f o r  t he  secondary p i o n  spectra i n  a nucleon-nucleon 

c o l l i s i o n  i s  
1 

Nn,(p,O) = A1 p2 expt - ~ ~ p p ~ - ~ - ~ ~ p p ~ 8 ~ ~  + (B1 P ~ / P ~ ) ~ ~ ~ { - B ~ ( P / P ~ ) ~ - B ~ P ~ ~  9 ( 2 )  

where p i s  t he  momentum (tieY/c) o f  t he  secondary p ion,  po the  momentum of 

t he  i n c i d e n t  nucleon, and the  constants a re  taken t o  be 



A2 = 3.76, B2 = 10.21, 

A3 = 4.23, B3 = 4.28. 

The no rma l i za t i on  o f  t h i s  expression i s  such t h a t  i n t e g r a t i o n  over a l l  

angles and a l l  secondary p a r t i c l e  momentum w i l l  g i ve  the  t o t a l  p ion  

+ mu1 t i p 1  i c i  t y  ( i  .e., t he  sum o f  the numbers o f  secondary IT , T O ,  and IT-)  

f o r  an i n c i d e n t  nucleon w i t h  momentum po. It was a r b i t r a r i l y  assumed 

t h a t  t he  m u l t i p l i c l t y  of p ions  of each charge s t a t e  was 113 the  t o t a l .  

Equations 1 and 2 were found t o  f i t  experimental  data reasonably 

we1 1 . la Equat ion ( 2 )  was a r b i t r a r i l y  used t o  represent  t he  r e c o i l  

nucleon and the secondary p ion  spectra from pion-nucleon i n e l a s t i c  c o l -  

l i s i o n s  by l e t t i n g  po represent  t he  momentum o f  t he  i n c i d e n t  p ion  and 

p t h e  momentum of t h e  r e c o i l  nucleon o r  t he  secondary pion. 

A d e t a i l e d  d e s c r i p t i o n  o f  the Monte Car lo  sampling technique t h a t  

i s  employed f o r  these d i s t r i b u t i o n  func t lans  i s  ySven i n  Appendix B .  

The technique i s  such t h a t  t o t a l  energy, charge, and baryon number 

(nucleons i n  t h i s  case) a r e  conserved f o r  each o f  the  i n d i v i d u a l  

p a r t i c l e - p a r t i c l e  i n t e r a c t i o n s ;  momentum i s  n o t  conserved. The secondary 

p a r t i c l e  spectra i n  these i n e l a s t i c  c o l l i s i o n s  are determined i n  the  

system i n  which the  s t r u c k  p a r t i c l e  i s  a t  r e s t .  Momentum non-conserva- 

t i o n  i n  t h i s  system r e s u l t s  i n  energy non-conservat ion i n  the l abo ra to ry  

system whcn thc  usual r e l a t i v i s t i c  t ransformat ionz t.n the  l abo ra to ry  

system a r e  made. Conservat ion o f  energy i n  the  l ab .  system i s  imposed 

by renormal i zing, i .e., f o l  lowing the t r a n s f o h a t i o n  t o  the  l ab .  system, 

the  transformed energy o f  each p a r t i c l e  i s  m u l t i p l i e d  by the  r a t i o  of  

the  i n i t i a l  t o t a l  l a b o r a t o r y  energy o f  the  r e a c t i o n  t o  the  sum o f  t he  



t o t a l  energies o f  a l l  o f  the p a r t i c l e s  f o l l o w i n g  the  t rans format ion .  

The magnitude o f  the.momentum o f  each p a r t i c l e  i s  reca l cu la ted  t o  

correspond t o  the  renormal i zed  t o t a l  energy o f  the  p a r t i c l e ,  bu t  i t s  

d i r e c t i o n  cosines are  unchanged from those obta ined from the  t ransformat ion.  

EFFECT OF DENSITY DEPLETION AND NUMBER OF REGIONS 

The e f f e c t s  on the secondary p a r t i c l e  mu1 t i p l i c i t i e s  o f  t he  number 

o f  regions used i n  the c a l c u l a t i o n ,  and the  e f f e c t s  o f  nuclear  dens i t y  

dep le t i on  a re  i l l u s t r a t e d  i n  Figs. 6 and 7. The p a r t i c l e  mu1 t i p l i c i t i e s  

are  independent o f  the number o f -  regions used i n  the  model nucleus beyond 

about 15 regions f o r  A1 and 50 regions f o r  Pb. When the  number o f  reg ions  

a re  greater  than these values the  dev ia t i ons  from a  s t r a i g h t  l i n e  are  

w i t h i n  the  s t a t i s t i c s  o f  the  r e s u l t s .  When nuclear  dens i t y  dep le t i on  i s  

n o t  taken i n t o  account the  e f f e c t  on the  nucleon m u l t i p l i c i t y  i s  l a r g e  

a t  a l l  energies shown, b u t  i t  i s  l a r g e  f o r  the  p ion  m u l t i p l i c i t y  o n l y  a t  

the  h igher  energies. Results f o r  the  cases w i t h o u t  dep le t i on  are  inde- 

pendent o f  the  number o f  regions.  

For a l l  o f  the  comparisons i l l u s t r a t e d  below the  number o f  regions 

f o r  each t a r g e t  nucleus was taken t o  be approximately equal t o  t he  mass 

number o f  the ta rge t ,  and nuclear  dep le t i on  was inc luded.  

COMPARISONS WITH EXPERIMENTAL DATA 

Tota l  Nonelast ic  Cross Sect ions 

Comparisons o f  the  t h e o r e t i c a l  p r e d i c t i o n s  w i t h  the  experimental 

data f o r  Q 50-GeV pions and protons on var ious  t a r g e t s  a re  shown i n  

F ig.  8. The agreement i s  q u i t e  good. 



Fig .  6. Average number o f  emi t ted  nucleons (n+p) and pions 
(n* + no + n - )  per  i n c i d e n t  p a r t i c l e  c a l l  i s i o n s  vs the number o f  regions 
used i n  the  model nucleus. The reac t i ons  a re  10- and 100-GeV p  on 
27Al .  The r e s u l t s  f o r  the  cases w i t h o u t  t he  i n c l u s i o n  o f  nuclear  dens i t y  
d e p l e t i o n  a r e  independent o f  the  number o f  regions ( i n d i c a t e d  by the  
arrows).  The s t a t i s t i c a l  e r r o r  associated w i t h  each data p o i n t  i s  about 
t h e  s i z e  o f  the symbol. 
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Fig. 8. Experimental and theoret ica l  t o t a l  i n e l a s t i c  cross sect ions  
f o r  inc iden t  protons and piops on various nuclei .  The experimental data 
a r e  f o r  incident  30-70 GeV n- and protons (S.  P. Denisov et aZ,, 
Nucl . Phys. - B61 , 62 (1973), quote$ by Busza, Ref. 5 ) .  The calcula ted 
r e s u l t s  a r e  f o r  incident  50-tieV .II. and protons. Where rlol i  11 us t ra ted ,  
the  s t a t i s t i c a l  e r r o r  on the calcula ted r e s u l t s  a r e  of the order of the  
s i z e  of the  symbols. Solid lirles were drawn through the cxpcrimental 
data r~~cr-ely to guide t he  eye, 



P a r t i c l e  Mu1 t i p l i c i t i e s  

Compari sons between t h e o r e t i c a l  p r e d i c t i o n s  and experimental  data 

f o r  t he  secondary p a r t i c l e  mu1 ti p l  i c i  ti es have been made on an abso lu te  

basis ,  i .e . ,  comparing abso lu te  numbers o f  p a r t i c l e s  produced f rom the  

reac t ions ,  and on a  r e l a t i v e  basis ,  i .e., comparing r a t i o s  o f  p a r t i c l e s  

produced from the  nuc lear  reac. t ions t o  numbers o f  p a r t i c l e s  produced 

from p-p reac t i ons .  

Absolute M u l t i p l i c i t i e s  

F ig .  9 i 11 u s t r a t e s  comparisons between experimental  emu1 s ion  data19 

and p r e d i c t i o n s  f rom the  c a l c u l a t i o n  f o r  i n c i d e n t  IT- a t  var ious  energ ies.  

The t a r g e t  used f o r  the  t h e o r e t i c a l  r e s u l t s  was bromine-80 which was 

assumed t o  be rep resen ta t i ve  o f  t he  c o n s t i t u e n t s  o f  the' emulsion. The 

t h e o r e t i c a l  shower p a r t i c l e  data a re  taken t o  be the  average numbers o f  

+ 
. sr and IT- produced w i t h  f3 2 0.7 (Q 56 MeV) per  i n t e r a c t i o n ,  and the  

t h e o r e t i c a l  numbers represent ing  b lack  t r a c k s  a re  the  sums o f  t he  average 

1  4 numbers o f  H, 'H, 3 ~ ,  3 ~ e ,  and He t h a t  were evaporated f o l l o w i n g  

the  cascade. 

Even though they a r e  f a i r l y  standard these t h e o r e t i c a l  assignments 

o f  shower p a r t i c l e s  and b lack  t racks  are  somewhat a r b i t r a r y  because the  

exact  na ture  o f  t he  p a r t i c l e s  t h a t  a re  measured i s  i l l - d e f i n e d .  Un- 

fo r tunate ly , '  t h i s  l a c k  o f  d e f i n i t i o n  causes exp lanat ions  o f  d iscrepancies 

between experimental  r esu l  t s  and t h e o r e t i c a l  ,p red ic t ions  t o  be somewhat 

specu la t i ve  i n  t h a t  t he  d iscrepancies may be p a r t l y  due t o  a  comparison 

. o f  d i f f e r e n t  e n t i t i e s  r a t h e r  than d i f f e r e n t  values o f  t h e  same e n t i t y .  
* 

Assuming t h a t  t he  t h e o r e t i c a l  assignments represent  t he  q u a n t i t i e s  

measured, t he  g rea tes t  d iscrepancies (Q 50%) between t h e  p r e d i c t i o n s  and 
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Fig .  9, Average number o f  shower p a r t i c l e s  and b lack  t racks  vs 
i n c i d e n t  p i o n  energy f o r  n- on emulsions. Experimental data quoted by 
V .  S. Barshenkov, K. K. Gudima, and V .  D. Toneev, Octa Physica Pol .  
36, 457 (1  969). Theore t i ca l  resu l  t s  a r e  from n- on bromine-80. Sol i d  - 
and dashed l i n e s  a re  drawn through the  experimental  and t h e o r e t i c a l  data 
r e s p e c t i v e l y  merely t o  guide the  eye. See t e x t  f o r  d e t a i l s .  



the experimental  data occur a t  about 4 GeV o r  lower f o r  both the  b lack  

t racks  and the shower p a r t i c l e s .  A t  the h ighes t  energies the  d i s -  

crepancies a re  about 15%. The agreement o f  the t h e o r e t i c a l  r e s u l t s  w i t h  

the experimental data may be considered t o  be f a i r  o r  poor. 

However, a t  t h i s  stage of  the development o f  the  t h e o r e t i c a l  model 

the  p red i c ted  t rends i n  the  energy dependence of the  r e s u l t s  i n  com- 

par ison w i t h  the experimental t rends a re  about as impor tan t  as the  com- 

parisons o f  the absolute values themselves. I n  t h i s  regard, the  pre- 

d i c t e d  t rends a r e  i n  e x c e l l e n t  agreement w i t h  the  experimental  data. 

Since i t  i s  genera l l y  assumed t h a t  the  b lack  t racks  a r e  l a r g e l y  the  

r e s u l t  o f  the  evaporat ion mechanism, and the  number o f  b lack  t racks  i s  

dependent on the  e x c i t a t i o n  energy of the  evaporat ing nucleus, bo th  the  

experimental data and the  t h e o r e t i c a l  p r e d i c t i o n s  i n d i c a t e  the  onset o f  

a s a t u r a t i o n  e f f e c t  f o r  the  e x c i t a t i o n  energy a t  about the  same i n c i d e n t  

p a r t i c l e  energy. 

Re la t i ve  M u l t i p l i c i t i e s  - 

A comparison between the  experimental  data5 and the  t h e o r e t i c a l  

p r e d i c t i o n s  f o r  the  r a t i o  o f  shower p a r t i c l e s  produced i n  emulsions t o  

those produced i n  p-p c o l l i s i o n s  vs i n c i d e n t ' p r o t o n  energy i s  shown i n  

F ig.  10. The experimental shower-par t i c le  data a t  i n c i d e n t  p a r t i c l e  

energies greater  than 300 GeV are  from cosmic rays. The t h e o r e t i c a l  data 

are  f o r  i n c i d e n t  protons on bromine-80, and the  t h e o r e t i c a l  shower 

p a r t i c l e s  a re  as described i n  the previous sec t ion .  The p red i c ted  r a t i o s  

are  h igh  by fac tors  of 4 and 5. Table I conta ins  the t h e o r e t i c a l  r e s u l t s  

from which the data i n  F ig .  10 were obtained. 



Fig. 10. Ratio of the  number o f  shower pa r t i c l e s  produced by 
protons on' emu1 sion t o  those produced by p-p co l l  is'ions vs incidcnt  
proton energy. Experimental data quoted by W .  Busza, A .  I .  P. Conference 
Proceedings No. 26, "High Energy Physics and Nucl. St ructure  - 1975" 
(p .  21 1 ) . The s t a t i s t i c a l  evrors associated w i t h  the theoret ica l  
r e s u l t s  a r e  about the s t z e  of the symbols. See t e x t  f o r  d e t a i l s .  
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Table I .  Theore t i ca l  values f o r  the  sum o f  IT+ and 

-rr- w i t h  B 2 0.7 emi t t e d  per  i n t e r a c t i o n  

f o r  i n c i d e n t  protons 

Inc .  Proton 

aFor p-p i n t e r a c t i o n s ,  the u n i t s  a re  GeV/c. For reac t i ons  w i t h  the  complex 
nuc le i ,  t he  u n i t s  a r e  GeV. 

b ~ h e s e  a r e  t he  values ob ta ined by t a k i n g  213 o f  the  r e s u l t s  when Eq. ( 2 )  i s  
i n t e g r a t e d  over  angle and over  secondary p ion  momenta. 

Tab1 e  I I .  Theore t ica l  and experimental a shower 

p a r t i c l e  mu1 t i p l i c i t i e s  fro111 reac t ions  

o f  n- on n u c l e i  

Inc. Target  
P i  on P C C u  Pb 
Energy Exp. The0r.b Exp.c Theor.  EX^.^ Theor. Exp .c Theor. 

175 7.7k0.5 

a ~ .  Busza e t  aZ., Phys. Rev. L e t t s .  34, 836 (1975) .  

b ~ e e  foo tno te  b, Table I .  
' ~ e s u l  t s  shown are  t he  average values f rom 100 and 175 GeV i n c .  n-. These data 

were c a l c u l a t e d  from the  values g iven i n  c o l  umn 2  and those shown i n  F i g  . 11, 
a l l  o f  which were taken from Ref. a. 



Similar discrepancies appear when the r a t io  i s  plotted vs mass 

number, as i s  i l l u s t r a t ed  in Fig. 11. The theoretical resul ts  a re  from 

100 GeV IT- on C ,  C u ,  and Pb,  and the experimental data are  the average 

values from 100 and 175 GeV incident IT- on the elements shown and for  

shower par t ic les  with f3 - > 0.85 (.L 125 MeV pions)2O . Table 2 shows the 

data before the r a t io s  were calculated where i t  i s  apparent that  the 

theoretical model used to  represent the reactions with protons under- 

estimates the mul t ip l ic i t ies  by more than a factor of 3 .  I n  sp i te  of 

t h i s ,  the predicted mu1 tip1 i c i  t i e s  from reactions with nuclei are larger 

than the experimental values by 25 to 60%. 

The implications from these comparisons are  tha t  the theoretical 

nuclear reaction model enhances the shower part ic le  production by the 

factors  i l l u s t r a t ed  in Figs. 10 and 11. However, i t  does not necessarily 

follow tha t  the same enhancement would be maintained i f  a more real i s t i c  

pion-nucleon model were employed, and the reason i s  that  i f  3 times more 

par t ic les  ( fo r  example) a re  created in the i n i t i a l  colt ision with a 

nucleon inside the nucleus the average energy of these part ic les  will be 

about a factor of 3 l ess .  On subsequent col l is ions inside the nucleus 

these part ic les  will create fewer par t ic les  than i s  presently the case. 

Verification of t h i s  thesis  must await the implementation of a more 

r e a l i s t i c  particle-nucleon model into the calculation, b u t  such imple- 

mentation will requlre a substantial effur-1. 

As with the comparisons in the previous section, the important energy 

dependence of the resu l t s  from the model, shown in Fig. 10, i s  in 

excellent agreement with that  demonstrated by the experimental resu l t s ,  

i . e . ,  the theoretical model achieves a "saturation effect"  of the shower 
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Fig. 11. Ratio of number of shower pa r t i c l e s  produced f o r  various 
t a rge t s  t o  those produced f o r  a proton t a rge t .  Experimental data a r e  
the average values from 100 and 175 GeV incident  IT , and the  e r r o r  bars 
a r e  smal l e r  than the  symbols. [ W .  Busza e t  aZ., Phys. Rev. Let ters  34, 
836 (1975)l.  Theoretical r e su l t s  a r e  f o r  incident  IT- a t  100 GeV, a n d  
the s t a t i s t i c a l  e r ro r s  a r e  about the  s i z e  of the symbols. Solid l i n e  
curves a r e  drawn through the  experimental and theoret ica l  data merely t o  
guide the  eye. 



p a r t i c l e  m u l t i p l i c i t y  a t  about the same energy as do the  ac tua l  reac t i ons .  

The p r e d i c t e d  mass dependence o f  t he  mu1 t i p l  i c i  t y ,  F ig .  11, va r i es  by 

about a  f a c t o r  of  2 f rom C t o  Pb w h i l e  i t  va r ies  by about 1.5 over t he  

same mass range f o r  t he  experimental  data. 

As po in ted  o u t  by Busza, the most s t r i k i n g  fea tu re  o f  the  expe r i -  

mental  data, both f rom counters and emulsions, i s  t h a t  the  increase i n  

t he  mu1 t i p l i c i t y  w i t h  nuc lear  mass number occurs e n t i r e l y  a t  l a r g e  

angles5.  There i s  no d iscernab le  enhancement o f  t he  mu1 t i p l  i c a t i o n  i n  

t he  fo rward  d i r e c t i o n  w i t h  mass number. The t h e o r e t i c a l  r e s u l t s  f o r  

va r i ous  angular  i n t e r v a l s  a r e  shown i n  Table 3. There i s  no increase 

i n  t h e  mu1 t i p l  i c i  t y  over  the  mass range from C t o  Pb i n  the angular 

i n t e r v a l  0-3.5", w h i l e  t he re  i s  a  successively  l a r g e r  increase as l a r g e r  

angles a r e  considered. For t h e  data shown, t he  l a r g e s t  increase i s  

f o r  t he  angular  i n t e r v a l  26-110, hence the  " s t r i k i n g "  f ea tu re  o f  t he  

experimental  data i s  p r e d i c t e d  by the  rnodel . Tlrese angular i n t e r v a l s  

were se lec ted  t o  conform t o  those used i n  recen t  experiments. 20 D i r e c t  

comparison w i t h  experimental  data i s  somewhat d i f f i c u l t  because t h i s  

data was repo r ted  o n l y  i n  t he  form o f  r a t i o s  o f  m u l t i p l i c i t i e s  from 

n u c l e i  t o  those f rom protons, and, as discussed above, the  t h e o r e t i c a l  

model p r e d i c t s  these r a t i o s  t o  be l a rge .  Compounding the  d i f f i c u l t y  i s  

t he  f a c t  t h a t  t he  t h e o r e t i c a l  model represent ing  the  reac t i ons  w i t h  

nucleons y i e l d ?  n n l y  Q 1 h f  the t o t a l  mu1 t i p 1  i c i t y  i n  the  l a s t  angular  

i n t e r v a l  (26-1 10") and, as a  resu l  t, t h e  t h e o r e t i c a l  . r a t i o s  c a l c u l a t e d  

f o r  t h i s  angular  i n t e r v a l ,  where the  1% value i s  used i n  the  denominator, 

a r e  very  l a rge .  An at tempt t o  compare the  p red i c ted  r a t i o s  w i t h  t h e  

experimental  data i s  shown i n  F ig .  12 where a l l  o f  the  t h e o r e t i c a l  r a t i o s  
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Fig .  12. Ra t i o  o f  shower p a r t i c l e s  produced i n  var ious  angular  
i n t e r v a l  s  f rom 100 GeV/c IT- on n u c l e i  t o  those produced f rom 100 GeV/c 
IT- on p. The s o l i d  and dashed l i n e s  a re  drawn through the  experimental  
and t h e o r e t i c a l  data r e s p e c t i v e l y  merely  t o  guide the  eye. f3 > 0.85 
for. the exp. ddta and > 0.7 f o r  t h e  t h e o r e t i c a l  r e s u l t s .  The Theo re t i ca l  
values f rom t h e  model Tiave been d i v i d e d  by the  values i nd i ca ted .  The 
s t a t i s t i c a l  e r r o r  on the  t h e o r e t i c a l  r e s u l t s  a r e  o f  the  o rde r  o f  t he  s i z e  
of t hc  symbols. 



Table 111. Theoretical values of the sum of the numbers of 
+ 

n and n- w i t h  B - > 0.7 produced in various 

laboratory angular interval  s from 100 GeV 
incident  n- 

Lab. Target 
Angular Interval  C Cu Pb P 

f o r  the angular in terval  s 0-3.5" and 0-1 10" were a r b i t r a r i l y  divided 

by 3 and p lo t ted ,  whereas the  theoret ical  r a t i o s  fo r  the  angular in te r -  

val 26-1 10" were divided by 40 before plot t ing.  

Spectra 

The spectra o t  secondary pions and protor15 d l  13' and 45' from 

33 GeV p on A1 a r e  shown i n  Figs. 13 and 14.  The exper . i~~~ental  da ta  are 

not i n  absolute units but i n  units of p a r t i c l e s / ( s r  GeV/c) per c i r -  

cu la t ing  proton. 21 A1 1 of the  theoret ical  resul t s ,  calculated in  uni ts  

of mb/(sr GeV/c) , were a r b i t r a r i l y  divided by 2.5 f o r  normal iza t ion 

purpnses. The slopes of the pion and proton spectra ,  the r e l a t i ve  

magnitudes of pions t o  protons, and l;tlt! c t~ar~ye o f  these magni tudcr; w i 111 

angle are f a i r l y  we1 1 represented by the theoret ical  predictions.  



33 GeV p ON A l  

1 
I 1 

- MOMENTUM ( G e ~ / c )  

Fig. 13. Momentum spectra of. pions ,and protons a t  a  laboratory 
angle of+13" from 33 GeV p on Al. The experimental pion data represent 
e i t he r  IT o r  IT- ( t h e i r  spectra a r e  indist inguishable) and the  experi- 
mental e r ro r  bars f o r  the pion and protoq data a r e  smaller than the 
symbols. The theoretical  data a r e  f o r  IT and protons emitted in to  
the angular in terval  10-15". Only representative s t a t i s t i c a l  e r ro r  bars 
a re  shown. The theoret ical  r e s u l t s ,  calculated in  un i t s  of mb/(sr-GeV/c) , 
have been a r b i t r a r i l y  divided by 2.5 f o r  normalization purposes and 
plotted as shown. 
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Fig .  14.  Momentum s p e c t r a  of  pions and protons a t  a l a b o r a t o r y  
a n g l e  o f  45" from 33 GeV p on A1 . The t h e o r e t i c a l  r e s u l t s  a r e  f o r  .rr-. and 
pro tons  emi t t ed  i n t o  t h e  angular ,  i n t e r v a l  40-50". Other d e t a i l s  a s  i n  
Fig.  13.  



Radionucl ides 

The rad ionuc l  ides  produced from r e l a t i v e l y  low energy (1  1.5 GeV) 

protons i n t e r a c t i n g  w i t h  c o b a l t  were measured and compared t o  those pro- 

duced from h igh  energy protons (200 and 300 GeV), and i t  was found t h a t  

the cross sec t ions  a re  e s s e n t i a l l y  constant  above 11.5 G ~ v . ~ ~  S i m i l a r  

resu l  t s  were observed f o r  s i  1  ver  2 ' h n d  u ran i  um 24 t a rge ts .  These resu l  t s  

a re  cons i s ten t  w i t h  those discussed above where the  number o f  b lack 

t racks  were shown t o  become independent o f  energy above % 5  GeV, and they 

a re  i n d i c a t i v e  o f  a  s a t u r a t i o n  e f f e c t  o f  the  e x c i t a t i o n  energy o f  the  

res idua l  nucleus. 

Ca lcu la t ions  were performed f o r  11.5- and 300-GeV p  on coba l t ,  and 

the r e s u l t s  ,were compared w i t h  the experimental  data o f  Katco f f  et 0 2 . ~ ~  

The t h e o r e t i c a l  and experimental  data are  shown i n  Table 4. The agree- 

ment i s  reasonable f o r  the  cross sect ions from the  i n t e r a c t i o n s  a t  

11.5 GeV, and e s s e n t i a l l y  a l l  o f  the  r a t i o s  o f  the  cross sec t ions  from 

the i n t e r a c t i o n  a t  300 GeV t o  those a t  11.5 GeV a r e  w i t h i n  the  s t a t i s t i c s  

o f  the experimental r a t i o s .  The s a t u r a t i o n  e f f e c t  f o r  the  e x c i t a t i o n  

energy i s  thus we l l  reproduced by the  theoret ica.1 model. 

The absolute value o f  the  experimental  cross sect ions were evaluated 

under the assumption t h a t  the  cross sec t i on  f o r  t he  mon i to r  reac t ion ,  

2  4 
2 7 ~ 1  (p,3pn) Na, remained constant  a t  8.6 mb over the energy range o f  t he  

e x ~ e r i m e n t s . ~ ~ T h e  c a l c u l a t e d  values f o r  t h i s  cross sec t i on  from the  model 

were 7.722.0 mb a t  11 .5 GeV and 8.7i-2.1 mb a t  300 GeV, and hence no 

renormal iza t ion  was necessary f o r  these comparisons. 



Table IV. Theoretical and experimentala cross sections 

fo r  producing radionucl ides from 11.5 GeV p 

on 5 9 ~ ~ ,  and a l so  ra t ios  of cross sections 

from 300 GeV p on 5 9 ~ o  to  those from 

11.5 GeV P (u300/~11 .5)  

Mass C -  

NucS 1 de N o I heor. Exp. Theor. Exp. 

- -- - -  

a ~ .  Katcoff et aZ., Phys. Rev. Le t te r s  30, - 1221 (1973). 

b ~ h e o r e t i c a l  r a t i o  i s  l e f t  blank i f  e i t h e r  u300 o r  u l l  .5 a r e  zero. 



SUMMARY 

An i n t r a n u c l e a r  cascade model f o r  reac t i ons  a f  pions and nucleons 

w i t h  complex n u c l e i  t h a t  should cover t he  energy range from % 50 MeV 

t o  2, 1000 GeV has been developed. The model inc ludes the e f f e c t  o f  a  

d i f f u s e  nuc lear  surface, the Fermi motion o f  the bound nucleons w i t h i n  

the nucleus, the  exc lus ion  p r i . nc ip le ,  a  l o c a l  p o t e n t i a l  f o r  nucleons, 

a  l o c a l i z e d  reduc t i on  o f  the  dens i t y  o f  the  nucleus du r ing  the develop- 

ment o f  t he  cascade, and the  sequencing o f  the  cascade events c o r r e c t l y  

w i t h  t ime. Since the model y i e l d s  e s s e n t i a l l y  the  same r e s u l t s  as 

e a r l i e r  vers ions a t  low energy3s4. l o  ( 2  3 GeV), comparisons were made w i t h  

experimental data o n l y  a t  the  h igher  energies t o  v a l i d a t e  the  model. 

A t  energies % 50 GeV the  absolute value and the mass dependence o f  

the reac t i on .c ross  sec t ion  f o r  i n c i d e n t  protons and pions ca l cu la ted  

from the  model a re  i n  good agreement w i t h  experimental data. 

Over the energy range from % 1-20 GeV, the  p red fc ted  number o f  b lack  

t racks  and the  number o f  shower p a r t i c l e s  from pions on emulsion n u c l e i  

d i f f e r  from experimental data by about a  f a c t o r  o f  2  and 2, SO%, respec- 

t i v e l y ,  a t  5  GeV, bu t  these d i f f e rences  decrease t o  about 15% f o r  both 

types o f  t racks  a t  20 GeV. The energy dependences o f  t he  m u l t i p l i c i t i e s  

o f  bo th  t r a c k  types are  i n  good agreement w i t h  the  experimental  r e s u l t s ,  

p a r t i c u l a r l y  i n  t h a t  the  number o f  b lack t racks  produced becomes inde- 

pendent o f  energy above 5 GeV. 

The absolute value o f  t he  pred ic ted  shower p a r t i c l e  mu1 t i p 1  i c i  t i e s  

f o r  100 GeV pions on var ious n u c l e i  i s  g rea ter  than the  measured value 

by about 25% f o r  l i g h t  n u c l e i  and g rea te r  by about 60% f o r  heavy nuc1e.i. 

The r a t i o s  o f  these m u l t i p l i c i t i e s  t o  those from protons a r e  greater  than 



the experimental ra t ios  by factors of 4 or 5.  This resu l t s  from the 

f a c t  t h a t  the theoretical particle-proton model underestimates the 

number of shower par t ic les  produced per interaction. Replacing th i s  

model w i t h  a more r e a l i s t i c  version will require considerable e f fo r t ,  

b u t  such a replacement, along w i t h  other modifications to  improve the 

overall calculation, will be undertaken i n  the future. The ef fec t  of 

the inclusinn nf a more realistic pa~%licle-prnton mdel i s  not  clear.  

The calculated r a t ios  of shower part ic les  from nuclei to those from 

protons fo r  100-GeV incident pions varies by about a factor of 2 from 

carbon to  lead whereas the experimental data show a variation of about 

1.5 over the same mass range. 

The energy dependence of these ra t ios  for  10- to  1000-GeV protons 

on emulsions i s  well represented by the theoretical resu l t s .  

A s a l i en t  feature of the experimental data i s  that  the shower- 

pa r t i c l e  mu1 tip1 i c i  ty in the forward direction i s  independent of target  

mass. The increase in the m u l t i p l i s i t j  with mass occurs ~nainly a t  large 

angles. This feature i s  f a i r l y  we1 1 reproduced by the theoretical model. 

The agreement i n  absolute value between the theoretical predictions 

and the experimental data of the radionuclides produced from 11.5- and 

3000 GeV p on cobal t i s  reasonable. -More important i s  tha t  the calculation 

predicts a re la t ive ly  constant value f a r  these cr~~r;r; sectlons over. Lhe 

energy range considered, which i s  in agreement with the experimental 

observations . 
In short ,  the model overestimates the shower part ic le  mult ipl ic i t ies  

by about 25% for  high-energy reactions with l i g h t  nuclei, and by about 

60% for  heavy nuclei. All other mass-dependent and energy-dependent 

trends tha t  were investigated are  predicted reasonably we1 1 . 



COMPUTER CODE INFORMATION 

The code HECC-1 ( h i g h  energy cascade code, ve rs ion  1 ) occupies 

1210 K bytes i n  t h e  IBM 360191 computer. The runn ing  t imes f o r  t y p i c a l  

cases a r e  g iven i n  Table 5. Note t h a t  these t imes a re  very s e n s i t i v e  

t o  t he  cascade c u t o f f  energy, i .e. ,  t he  energy below which cascade 

h i s t o r i e s  a re  no longer  f o l  lowed. 

Table V .  Running t imes f o r  HECC-1 on the  
IBM 360191 f o r  var ious  cases 

Inc.  P a r t i c l e  Cascade Minutes/ ( 1  000 
Energy (GeV) C u t o f f  Energy Target  I n c i d e n t  P a r t i c l e s )  
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Appendix A 

The h igh  energy d i . f f e r e n t i a 1  s c a t t e r i n g  cross sec t i on  f o r  nucleon- 

nucleon and pion-nucleon e l a s t i c  s c a t t e r i n g  i s  represented by 

do - = exp[A-B l t l )  = C e  d  t 
- B l  tl 

w i t h  

cos Ocm = 1  - M ,  
2 K2 

where Ocm i s  t he  p o l a r  angle o f  s c a t t e r i n g  i n  t h e  cmsystem and 

The symbol M represents t he  t o t a l  energy i n  t he  cm system, and m, and m2 

represent  t he  r e s t  masses of t h e  p a r t i c l e s  i nvo l ved  i n  t h e  c o l l i s i o n .  

Because of t h e  steepness o f . t h e  experimental  d i f f e r e n t i a l  cross 

sec t i on  curve vs Ocm, o n l y  sca t te r i ngs '  i n  t h e  forward hemisphere were 

considered, and the  d i f f e r e n t i a l  cross sec t i on  was normal ized t o  1  over  

t h e  i n t e r v a l  0 5 Ocm 2 go", i .e., 

2 K2 



Given a random number R,  which i s  generated uniformly over the 

interval 0 - < R ( 1 ,  the. val'ue of t i s  sampled by solving 

for  It],  i . e . ,  

The scat ter ing angle i n  the cm system i s  then calculated from 

E q .  (AZ). The azimuthal angle of scattering i s  selected from a uniform 

dis tr ibut ion over the interval 0 - < - < ZIT. 



Appendix B 

B1. BASIC EQUATIONS 

The pion-product ion model, t h e  Ranft  model ,18 has been modi f ied  s l i g h t l y  

and incorporated i n  HECC-1, the  f i r s t  vers ion  o f  a  high-energy i ntranuc l  ear- 

cascade code descrtbed elsewhere. ' The p ion-product ion model cons is ts  o f  

four basic d i s t r i b u t i o n s  which a re  func t ions  o f  t h e  t o t a l  energy and emi t ted  
. . 

angle o f  t he  secondary p a r t i c l e .  The s l i g h t  mod i f i ca t i ons  cons is t  o f  rep-  

resent ing  the  equations i n  terms o f  t h e i r  energy dependence r a t h e r  than t h e i r  

momentum dependence as given by Ranft .  The reference frame i s  t h a t  i n  which 

t h e  s t ruck  nucleon i s  a t  r e s t ,  and i t  i s  o r ien ted  such t h a t  t he  +z a x i s  i s  

i n  the  d i r e c t i o n  o f  t he  i n c i d e n t  p a r t i c l e .  

The f i r s t  basic func t i on  (Ref. 1, Eq. 9 ) ,  unnormalized, i s :  I' 

where 

A = 0.55, 

E, = To ta l  energy i n  GeV o f  t h e  i n c i d e n t  nucleon i n  t h e  r e s t  

system of t h e  s t ruck  nucleon, 



E = Total  energy i n  GeV o f  a secondary nucleon i n  the same system, 

mn = Nucleon mass i n  GeV, 

0 = Polar  angle i n  radians o f  the secondary nucleon measured from 

the i nc i den t -pa r t i c l e  d i r e c t i o n  ' i n  the  r e s t  frame o f  the s t ruck 

p a r t i c l e .  

Th is  d i s t r i b u t i o n  f unc t i on  gives the resu l  t i n g  nucleon t o t a l  -energy spectrum 

when two nucleons c o l l i d e  and produce pions. When in tegrated over angles, 

the r e s u l t  i s  

Bn 
Nnn(E) = 

An + 
cjE2-m2 o n C- o n m i  -- 

The sccond basic d i s t r i b u t i o n  func t ion  (Ref. 1, Eq, I ? ) ,  which appl ies t o  

t he  secondary-pion-energy d i s t r i b u t i o n  . . i n  nucleon-nucleon , , production co l l i s i ons ,  

i s :  

N,,~(E.~I A, ( E ~  - mi )  exp - A,(E; -m2)f n JE2 

B~ (E, - m i )  E2 - m; E 
+ exp [ B 9; - mi y 

71 

where 



Eo = t o t a l  energy i n  GeV o f  i n c i d e n t  nucleon i n  the  r e s t  system o f  

t h e  s t ruck  nucleon, 

E = t o t a l  energy i n  GeV of .a secondary p ion  i n  t h e  same system, 

e = p o l a r  angle i n  radians o f  t h e  secondary p ion  measured from the 

d i r e c t i o n  o f  the  i n c i d e n t  nucleon i n  t h e  r e s t  system o f  the  

s t ruck  nucleon, 

='.rr 
= r e s t  mass o f  t h e  charged pion. 

The constants A,, A,, B,, and B3 are  those l i s t e d  i n  Table I 1 1  o f  Ref. 1. 

A, and Bl were ca l cu la ted  as fo l lows:  A, (and s i m i l a r l y  B1) was assigned 

d i f f e r e n t  values f o r  n+ and 1' i n  t h a t  t a b l e  bu t  no value was g iven f o r  no. 

The value o f  A, f o r  n o ' s  was taken t o  be t h e  average o f  t he  values f o r  n+ 

and IT-, bu t  s ince t h e  des i red  equation was t o  app ly  t o  a l l  pions, t h e  value 

taken f o r  A, (and B,) was t h e  sum o f  t h e  ca l cu la ted  value f o r  no p lus  t h e  

values tabu la ted f o r  n+ and n'. 

When t h i s  f u n c t i o n  i s  i n teg ra ted  over angles, t h e  r e s u l t  i s :  



The third basic distribution function is arbitrarily taken to be 

N,,(E,B) = N~,(E,~). 

but with m, substituted for mn and with mn substituted for m,. This function 

applies to the secondary-nucleon distribution in pion-nucleon collisions, and 

integrating over angles yields 

NJE) ' Nn,(E) . 
but with the roles of m, and mn reversed. 

The fourth basic distribution function is again arbitrarily taken to 

be 

N,,(E,o) = N~,(c.o) . 
but with m, substituted for m,. This applies to the secondary-pion distri- 

bution for pion-nucleon coll isions, and integrating over angles gives 

N,,(E) Nn,(E) 

with m, substituted for mn. 



B2. APPLICATION. OF THE MODEL 
' . : .  .: ' / . I : . .  ! . , 

In t h i s  section the general procedures fo r  using the model are  d is -  

cussed. In .  the discussion, the term "energy" represents the to ta l  energy, 

and the relationship between energy E ,  momentum p,  and kinetic energy T i s  

for  a nucleon and 

for  a charged pion. For a neutral pion, mTo should be used in place of m . 
7 1  

The units for  energy and mass a re  i n  GeV, and momentum i s  expressed 

in GeV/c. The masses a re  taken t o  be: 

= 0.9389 GeV, 

'"71 
= 0.1396 GeV, 

""To 
= 0.1350 GeV. 

In the following sampling technique, t e s t s  on energy and charge are  

made t o  be sure tha t  to ta l  energy and charge can always be conserved before 

the l a s t  par t ic le  i s  selected. The l a s t  par t ic le  then i s  selected so tha t  

energy and charge are  conserved. Provisions are made so t h a t  a t  l eas t  one 

pion i s  created in the interaction. For the secondary-nucleon and -pion 

dis t r ibut ions in a nucleon-nucleon col l i s ion ,  the procedure i s  as follows: 

1. The variable INCH i s  se t  equal to  the sum of the charges of the 

colliding nucleons. A pion or  a nucleon i s  selected, each with 

a probabll l t y  of one-half: 

a.  If  a pion i s  selected, t h e  energy En i s  selected from Nnn(E) 
1 

and tested t o  ensure tha t  there i s  suff ic ient  energy remaining 



i n  t h e  r e a c t i o n  t o  produce a t  l e a s t  two nucleons; i .e. ,  

E s (Eo+m) - 2m i s  tested.  I f  t h e  t e s t  fa i , l s ,  a new E, 
= 1 1 

i s  sampled. With a p r o b a b i l i t y  o f  one-th i rd,  t he  'charge 

o f  t h e  p i o n  [cH(IT,)] i s  s e t  equal t o  +I, 0, o r  -1, and t h e  

t e s t  INCH - 2 s CH(nl) s INCH i s  made. I f  the  t e s t  f a i l s ,  

a new p i o n  charge i s  sampled. The angle e i s  sampled from 

Nnv(E=, ,e) and an azimuthal angle 4 i s  se lected from d$/2a. 

Th is  completely s p e c i f i e s  the  se lec ted p ion.  

b. I f  a nucleon i s  selected, t h e  nucleon energy En i s  sampled 
1 

f rom Nnn(E) and t e s t e d  t o  be sure Chat there  i s  s u f f i c i e n t  

energy t o  produce another nucleon and a t  l e a s t  -one pion; i .e . ,  

E n l  
i (Eo + m) - m - m, i s  tested,  w i t h  new En ' s sampled from 

1 
Nnn(E) u n t i l  t h e  t e s t  i s  passed. With a p r o b a b i l i t y  o f  one- 

h a l f ,  t h e  charge o f  t h e  nucleon i s  s e t  t o  +1 o r  zero. L e t t i n g  

t h e  v a r i a b l e  CH equal t h i s  value, t h e  t e s t  INCH-  2 s CH(n ) s I N C H  + 1 

* i s  made. I f  t h e  t e s t  f a i l s ,  a new charge i s  se lec ted u n t i l  t he  

t e s t  i s  passed. The p o l a r  angle e i s  selected from Nnn(Enl ,e) 

and the  azimuthal angle 4 i s  se lected from d$/21~. Th is  completely 

s p e c i f i e s  t h e  se lec ted nucleon. 

--- - - - * The p o i n t  o f  t h e  t e s t s  on t h e  charge i s  t o  be sure t h a t  charge can be 
conserved i f  t h e  minimum number o f  p a r t i c l e s  i s  se lec ted f o r  t h e  
i n t e r a c t i o n .  For a nucleon-nucleon reac t ion ,  t h e  minimum number i s  
two nucleons p l u s  onc pSon. For a pinn-nucleon r ~ a c t i o n ,  i t  i s  two 
p ions p l u s  one nucleon. 



2. With a p r o b a b i l i t y  o f  one-half, a nucleon. o r  a p ion  i s  selected:  

a. I f  a pion, t he  procedure s i m i l a r  t o  1.a i s  c a r r i e d  out .  Tests 

on energy and charge are  made so t h a t  one can u l t i m a t e l y  i n -  

c lude t h e  s e l e c t i o n  o f  two nucleons and a l so  t h a t  charge can 

be conserved. 

b. I f  a nucleon, s i m i l a r  comments apply. One must have a t  l e a s t  

two nucleons and one p i o n  i n  a nucleon-nucleon c o l l i s i o n .  

3.  A f t e r  two nucleons have been selected, t h e  remaining p a r t i c l e s  are  

chosen t o  be pions. 

4. Given t h a t  a t  l e a s t  t h e  minimum number o f  ' p a r t i c l e s  have been 

selected, t h e  sampling procedure terminates when t h e  energy o f  a 

p a r t i c l e  i s  selected such as t o  preclude t h e  product ion o f  an 

a d d i t i o n a l  pion; i .e. ,  

where E .  i s  t h e  t o t a l  energy o f  t he  j t h  se lec ted p a r t i c l e .  The 
J 

energy of t h e  l a s t  p a r t i c l e  i s  assigned an energy such t h a t  t o t a l  

energy i s  conserved, and i t s  charge i s  such t h a t  charge i s  con- 

served. 

5. A vec tor  i s  ca l cu la ted  from 

(p E momentum), and t h e  momentum o f  t h e  l a s t  selected p a r t i c l e  i s  

assigned a d i r e c t i o n  a long V. Momentum i s  n o t  conserved i n  general, 

bu t  t h e  d i r e c t i o n  o f  t h e  l a s t  p a r t i c l e  i s  taken t o  be t h a t  whieh 

would conserve momentum i f  t h e  magnitude o f  i t s  momentum were 

co r rec t .  



For the secondary-nucleon and -pion distributions in a pion-nucleon 

reaction, .the procedure .is similar to that described above, where now the 

distributions N,,(E,e) and N,,(E.e), and their integrals over e, are used. 

B3. SAMPLING TECHNIQUE 

One must sample the secondary-particle energy E from the distribution 

functions Nnn(E), Nn,(E), N,,(E), and N,,(E) to obtain E, given Eo. One 

then must sample from Nnn(E,e) or N,,(E,e), etc., to get e, given E and Eo. 

The following method is used: At each value of Eo listed below, normalized 

distribution functions are calculated and defined by: 

f = etc., 
IT n 

f - etc. 
TIT 



The following values of Eo for each function are used. The numerals 

added to the masses are the relative kinetic energies of the incident par- 

ticles. (Note: The Ranft model is employed only when the relative kinetic 

energy is > 2.5 GeV in a nucleon-nucleon collision and > 1.5 GeV in a pion- 

nucleon col 1 i si on. ) 

f and fan an 

Eo = 1.5 + ma 

E, = 3.0 + ma 

E~ = 5.0 + mn 

Eo = 7.5 + ma 

E o =  10 t m n  

E o =  15 + m n  

E o =  20 + m a  

E o =  25 + m n  

E o =  30 + m T  

E o =  40 + m T  

E o =  50 + m n  

E ="I00 + m  
0 n 

E o =  500 + m a  

Eo = 1000 + m a  

Eo = 1500 + m a  



A t  each value o f  E o  and , fo r  each d i s t r i b u t i o n  funct ion,  the so lu t ions 

E t o  t he  equations o f  the  type - 

a re  tabu la ted f o r  uni form i n t e r v a l s  o f  R ranging from 0 t o  1.. The fo l l ow-  

i n g  number o f  uni form i n t e r v a l  s  o f  R f o r  each E, a re  given below. (Note: 

The number o f  values o f  E i n  each t ab l e  i s  one-more than the number o f  

i n t c r v a l  t . ) 



To sample an energy E of the secondary part ic les  from the energy dis-  
* tr ibutions fo r  a reaction, one calculates Er for  that  reaction, generates 

a random number R ,  and f inds,  by l inear  interpolation, values of E corre- 

sponding to  R fo r  the tabulated E o  energies tha t  bracket the calculated E r .  

Then by interpolating 1 i nearly in energy between these corresponding values 

of E ,  one can .obt.a,in.E a t  the Er fo r  the reaction. 

For each of the secondary-particle energies E . l isted in the tables ,  

where E i s  the solution t o  Eq. 1 ,  eleven values of e were tabulated. Each 

e i s  a solution t o  

for  eleven uniform values of R from 0 t o  1.  The integrations were carried 

out numerically. The value of emax varied wlth the dis t r ibut ion used ( i . e . ,  

Nnn , N,,, e tc . )  and. varied with E fo r  each dis t r ibut ion.  The value of 

'max was determined as tha t  value beyond which contributions t o  the integral 

were negligible 

. - .  r --, 

*E, i s  the total  energy of the par t ic le  in i t ia t ing  the reaction. 



To assist in the understanding of the sampling technique for e, the 

manner in which the data are tabulated is illustrated schematically below. 

~1'~2'"*'~ 1 1  
Eo = EL 

I 
e1¶e2¶""e 11 e1'e2'"*'e 1 1  E2u 

Elkeel .e2,. . ,e 1 1  e1,e2,.*.,e 1 1  E 

-- EZe.e, A,, , . . secondary- '"11 
particle 
energies E3P,01,e29. . 1 1  

- ~ 1 " 3 2 9 - . 9 ~ 1 1  e l  9 e 2 9  "8 I 
1 1  

111 m 

Eleven values of e are tabulated for each tabulated secondary-particle 

energy Ei. The values of e are solutions to Eq. 2 as described above. 

In the computer program, the angle e is sampled along with the secondary- 

particle energy. Call this secondary-particle energy Es and let the total 

energy of the particle initiating the reaction be Er. As mentioned above, 

the tabulated values of Eo that bracket Er are determined. For each of 

these E,'s, the tabulated values of E are found that bracket the solution 

where R is the random number that was generated to select Es. Another random 

number is generated and a is found by linear interpolation for each of the 

tabulated E's that brackets the solution to Eq. 1. A e is found by interpo- 

lating linearly between the tabulated E's in the same manner that the solutions 



to Eq. 1 are found. One then has the values of E corresponding to R 

(Eq. 1 )  for each of the bracketing Eols, and, along with each E, the cor- 

responding e Is. By interpolating 1 inearly in energy between the Eo ' s, 

the value of Es and the associated value of 8 are determined. The ex- 

ception to the above procedure is that Lagrangian interpolation rather 

than linear interpolation is used for 8 in determining the 8's for the 

tabulated E's when the random number generated to select the 8's falls 

between 0 and 0.1. 
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