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FOREWORD' : ' 

.: 

This- is the sixth Annual Report s ince the sec t ion  (formerly Radiation. 
I . , 

I Physics section) began to i s s u e  i t s  own volume. The Section's activit ies .in: 

the pas t  year were true to  the tradition of bas ic  studies aimed a t  detailed 

elucidation of radiation actions on matter in  three areas  -electron collisions 

with molecules, photoabsorption and photoionization, and pertinent theories. 

In response to current national needs,  the Section a l s o  has expanded i t s  goals 

to  include chemical physics of atmospheric-pollutant interactions resulting 

from non-nuclear energy technalogies. Much of the Section's expertise is 

useful' fa-. the bas ic  understanding of the characterization and behavior of 

pollutant molecules a s  well a s  naturally occuring ones in the atmosphere., 

~.urthembre., .  .the Section has added to i t s  staff a new member, P. M. Dehmer, 

who is now developing a major program dedicated t o  atmospheric chemistry. 

The papers in  the present volume are  ordered in  accordance with the. 

subjects treated. Papers 1-6 concern electron energy-10s s spectroscopy; 

papers 7-2 4 photoabsorption, photoionization, and photoelectron analysis; 

papers 25-34 electron collisions and related topics; papers 3 5-3 6 the delivery 

of radiation e.nergy to  matter; and papers 37-40 energetic collisions of atoms, . 

and molecules. 

Examples of our major achievements include the full operation of the. 

electron energy-loss spectrometer (as  described in papers 3 and 4), a versati le 

theory of molecular photoionization and electron-molecule collisions (papers* 

9-14 and 25), high-resolution photoelectron analysis  (papers 1-6-18), the 

initiation of photoion analysis  (paper 19). In addition, notable achievements 

concern theoretical studies on properties of highly stripped ions (papers 29 

and 32)- a subject of crucial importance to  fusion-energy research. Work by 

Y. -K. Kim in this area has  now received'well-deserved recognition and support 

by ERDA-DMFE, and will s e e  fruition in  the near future. 

. Finally, we  are  proud ,to have played major roles in  various. conferences 

and, organizations outside the laboratory. Examples of  our recent activit ies 

in  this respect  include the Ninth International Conference on' the Physics of 



Electronic and Atomic Collisions, Seattle, 197 5 , the' Second International 

Conference on Inner-Shell Ionization Phenomena, Freiburg , 197 6 ,  and NATO 
' 

Institutes on Photoionization (19 7 5) and on Molecular Spectroscopy (1976). 

Also, the Section Head works on report committees of the International 

Commission on Radiation Units and Measurements, a s  well a s  on the Editorial 

Board of Radiation Research. 
. . 
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ELECTRON ENERGY-LOSS ANALYSIS OF CARBON TETRAFLUORIDE AND CARBON 
TETRACHLORIDE* 

\ . . 
. . 

* .  , 
R. H. ~ u e b n e r ,  R. . Celotta', and S. R. Mielczarek t 

. . 

Apparent oscillator-strength distributions for CF and CCl were derived 
4 4 

from the electron energy-loss spectra (shown in Figures 1 and 2 )  obtained with 

100-eV incident electrons scattered at 0'. Our results for CF agree closely 
1 4 

with the previous electron-impact results obtained with 500-eV incident 
2,3 electrons. Photoabsorption .results for CF show a similar spectral shape, 

4 
, . although the absolute magnitudes of the optical values are higher by a s  much 

,.as a .factor of - two. The distributions obtained for CF by optica.1 and electron- 
4 

, impact techniques .are compared in Figure 3 .  .. , 

The .energy-loss spectrum of CC1 .is in .qualitative agreement with that 
4 

4 
.reported. for 2.5-keV incident electrons below 1 4  eV, but ,does not sho&,many . : , + l '  

'of the sharp structures observed in.that work at higher energies. Oscillator 

strengths we derive for CC1 between 11 and 2 1  eV agree to within * 10% of 
4 5 t h e  photoabsorption values measured by Person e t  al.  . when normalized a t  

1 2 . 2  eV. The comparison i s  s'hown in Figure 4. Our results also agree closely 
6 

with the photoabs.orption values .reported-by Rowland and Molina for .the solar 

window region (5-7 eV) shown in Figure 5. Depletion of the stratospheric 

.ozone layer should result after photodissociation of CC1 by the same sequence 
6 

4 
' of events as  described for chlorofluoromethanes, However, since CCl has 4 
, ' been in industrial use for many years, i ts  effects .on the ,photochemistry of 

the stratosphere should already be reasonably near equilibrium. 

- .  * .  
Extended,a'bstract of a paper presented a t  the Annual Meeting of the Division 

, o f  Electron .and Atomic .Physics of the American physical Society, 6-8 Dec. 

* .  
.I9 7 6, Lincoln, Nehra s'ka . 

. . . , ' ~ a t i ona l  Bureau of Standards, Washington, D.C. 
I .  ' 



FIG. 3; --comparison of the 
oscillatdr-s trength distributions 
for CF4: + , electron-impact 
values, Ref. 1 ; solid line, 
present work, and optical values; 
x, Ref. 2; A, Ref. 3. The present 
results were normalized so that 
integrated f values for the bands 
a t  12.5 and 13.5 eVwould agree 
with values reported by Ref. 1. 
(ANL Neg. 149-76-168)" . 

, FIG. 1. --The electron energy-loss 
spectrum of carbon tetra fluoride 
(CF4) obtained for 100-eV electrons 
scattered within 20 mrad of the 

. incident direction. The sharp 
peak at 6.7. eV and structures 
near 13' eV and above 20 eV are 
due to slight amounts of mercury 
and nitrogen impurities in the 
system. 
(ANL Neg. 149-76-164) 
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FIG. ,4. --Comparison of the ap-  
parent oscillator-strength d is  - 
tribution obtained for CCl4 with 
optical  results.  The upper curve 
in  the 14 eV region' shows the  
photoabsorption values of .. 

Person et i t  fa l ls  below the 
electron-impact results beiow 
about 12.5 e V  and above 17 eV. 
(ANL Neg. 149-76-166) . . . . 
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t $ R. H. Huebner, M. E. O'Connor, R. J. Celotta, a id  S. R. Mielczarek $ 

Electron energy-loss spectra for H 0 were measured for l o o - ,  300-, 
2 

and 400-eV electrons scattered close to the incident direction (Figure 1). Ap- 

parent oscillator-strength distributions were obtained 'by the small-angle meth- 
1-3 

'od, and were all  normalized a t  14.58 eV to df/dE = 0.198 ev-' , which gave 

the best overall f i t  to available optical data. This value is a factor of 1.3 

larger than the optical value of 0.1526 ev-' reported in Ref. 4 for the same 

energy. Apparent oscillator-stength distributions derived from these spectra 

WATER 

FIG. 1. --Energy-10s s spectra of water 
- vapor for electrons scattered within 20 

mrad of the incident direction: top, 
T = 100 eV; center, T =  300 eV; bottom, 
T = 400 eV. 
(ANL Neg. 149-76-132). 

--.. 

. . * 
~xtended  abstract of a paper submitted to the 1977 Joint American Physical 
~ocie ty/~merican Association of Physics Teachers Meeting of the American 
Physical Society, Chicago, Ill. , 7-10 February 1977. 

'~rgonne Center for Educational Affairs Undergraduate Research Participant from 
.Clarke College, Dubuque, Iowa. 

' ~ a t i o n a l  Bureau of Standards, Washington, D. C . 



are nearly identical for energy losses l ess  than 15 eV. These results show 

excellent agreement with the composite of available photoabsorption data and 

provide an independent source of f values for the many discrete transitions in 

this 'region. ' ' 

The absorption spectrum of H 0 in the region from 6.60 to 8.60 eV 
2 

consists mainly of a continuum having a maximum a t  about 7.4 eV. This ab- 
5 

sorption continuum has been measured by Watanabe et a l . ,  Harrison et a l . ,  
b 

8 
Tsubomura e t  a1. , and Laufer and McNesby. Our values from the T = 300 eV 

spectrum are compared with the data of these workers in Figure 2. Our values 
5 

are in excellent agreement with those of Watanabe et al. The values of Laufer 
8 6 . and McNesby are about 15% higher. The data of Harrison e t  al.  are nearly 

30% higherthan ours, while measurements of Tsubomura e t  a1. are about 30% , 

lower.. Thus, our values are consistent with optical values for this band, 

although the broad range of reported optical values does not permit a good tes t  

of our accuracy. 

The region from 8.60 to 9.90 eV consists of a continuum underlying a 

series of diffuse 'bands. Our results (Figures 2 and 3) agree with observations 
5 

of these bands by ~ a t a n a b e  et al. The f values they derived are also in good 

agreement with our values (* '3%). The structure was not observed by Laufer 

and MaNesby, however, the shape of their curve and the f values they ob- 

tained agree to within * 4% of our values. This agreement between our values 

and the optical data is excellent for this band. 

WAVELENGTH (nm) 
200 190 180 170 160 150 140 130 125 

r 

FIG. 2 .  --Comparison of the ap- 
parent os cillator-strength dis - 
tribution for water vapor (solid 
line) with optical values (+, 
Ref. 9; 0, Ref. 6; x, Ref. 8; 
and @ , Ref. 7) in the 6 to 
1 0  eV energy-absorption region. 
(ANL. Neg. 149-76-130) 
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FIG. 3. --Comparison of the ap- 
parent oscillator-strength dis- 
tribution for water vapor (solid 

- 
z line) with optical values (+, 
d 0.2 Ref. 10;  0,  Ref. 12, x, Ref. 8; 
W F) 

5. and 0 , Ref. 9) in the 9 to 13 
I- 
Z 

eV energy-absorption region. 
W 
oz u 

(ANL Neg. 149-76-127, Rev. 1) 
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There are many discrete absorption bands between 10.00 and 12.50 eV 
9 

(Figure 3). Watanabe et al. measured the photoabsorption cross sections up 
4 

to 11.7 eV. Watanabe and Jursa reported values in the region from 11.7 to 

15.6 eV. Although their data a r e  not shown in Figure 3,  we see  qualitatively 

the same structure up to 12.50 eV, although their values are slightly lower 

than ours. An extensive set  of optical values from 1 1 . 7  to 18.0 eV are avail- 

able from the work of Katayama et al. lo The direct comparison of these photo- 

absorption data with the present data in the. region from 10.00  to 12.50 eV i s  

complicated by the difference in energy resolution achievable by .the two dif- 

ferent methods. The higher resolution optical measurements show deeper 

valleys, higher peaks ,. and narrower peak widths than the lower resolution 

energy-loss data. This can be seen in Figure 3 ,  where these data are compared. 

However, the structure and average intensities are in qualitatively good agree- 

ment. 

The diffuse bands observed in the region from 13.00 to 15.00 eV by, 

our electron energy-loss meas.urements, overlap those observed by Person and 
11 

co-workers and Katayama et a1. lo (Figure 4). The measurements of Person . 

and co-workers are estimated to be accurate to * 3%. The energy positions of 

our peaks closely match theirs throughout this region, but our intensities 

gradually become larger than theirs a s  the energy loss increases above about 

14 .0  0 eV. This i s  true for all data sets  obtained for different incident energies. 



WAVELENGTH (nm) 
100 .95 90 85 80 

1 
! 0.3 . I . .  - I  I - ! .  I . I .  

FIG. 4. --Comparison of the ap- 
parent oscillator-strength dis- 
tribution for water vapor (solid 
line upper) with optical values 
(+, Ref. 10; 0, Ref. 12; and 
solid line lower, Ref. 11) in the 
1 2  to 16 eV energy absorption 
region. 
(ANL Neg. 149-76-126) 
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In contrast to the good agreement obtained for the low-energy regions, 

the deviation of our data from the'optical measurements appears to increase 

markedly above 15.00 (Figure 5). However, between our values and those of 
11 10 ?? : ; : 7, 

Person and co-workers and Katayama et al. there is no more than a 24% , = 

. . 
difference. Data of Metzger and Cook, lZ on the other hand, differ from our !,> 

data by 28 to 64% over the same energy-loss region. We cannot fully explain 

this behavior, but we suspect some instrumental distortion may be occurring f .  

' $+. at large energy losses. a<l_ 

. . . 
,J... Total f values for a given band between two energies, E l  and E may .-. 

2 ' 
be obtained from the oscillator distributions, we obtain by integration: 

4 ! " ' " " " 1 " " " " ' ~ ~  I6 IT 18 19 
ENERGY (eV) 

, .  WAVELENGTH (nm) . ' 

82.5. 80.0 77.5 95.0 72.5 70.0 6t.3 65.5 

FIG. 5. --Comparison of the ap- 
parent oscillator-,strength dis- 
tribution for water vapor '(solid 
line upper) with optical values 
(+, Ref. 1 2 ;  0, Ref,.. 10; and 
solid line lower, Ref. 11) in the 

Z 
I.U 
P: g 0.1 
u 

k t .  

- 

15 to 19 c V  cnergy' absorption 
region. 
(ANL Neg. 149-76-131) 



Table 1 lists the values obtained for bands in the range 0 to 15 eV. Here a 

difference of no more than h 13% from the average .is observed. 'The total 

integrated .f values over the 'regions 0 to 15 eV agree for the three runs to 

within * 2.5% of the average. These results indicat.e that for energy-loss 

values less than about 15.00 eV, the f values for H 0 do not depend strongly 
2 

on the incident energy. For energy losses between 1 5  and 25 eV the three 

distributions differ by no more than * 3O%, al.tho~.!gh they gradually r i ~ e  abovc 

the vacuum ultraviolet photoabsorption measurements. Previously reported 

electron-impact values in this spectral region are considerably smaller than 

both the optical data and our present results. 

TABLE 1. Comparison o£ Integrated Oscillator-Strength Values for Water 
for Different Incident Energies (T) . . 

Energy Band Integrated F Value Between El and E 
2 

Average 

0.0355 . 

0.0465 

0.0125 

0.0212 

0.0113 

0.00950 
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IMPROVEMENTS IN THE ELECTRON ENERGY-LOSS SPECTROMETER 

* 
H. Tanaka, R. H. Huebner, 0. J. Steingraber, and D. Spence 

Several design modifications and improvements in the EELS system 
are. summarized. 

The design, construction, and preliminary testing of the electron energy- . 
1-3 

10s s spectrometer (EELS) have been pre'viously reported. . . During the past 

year several design modifications and improvements have been made, such a s  

upgrading of the magnetic shielding of the instrument, improving the collision 

region design and shielding, and redesigning the electron monochromator and 

associated electronic controls. The newly-designed high-resolution electron 

monochromator for the EELS system is described, separately elsewhere in' this 
4 

report. 

A double-layer magnetic shield was designed and fabricated to fit in- 

side the vacuum chamber, and i t  surrounds the monochromator-analyzer assembly. 

~igh-permeability magnetic-shielding material with 'an inner thickness of 

0.0625 in and outer thickness of 0.03125 in was used to construct the shields. 

After fabrication the entire shielding assembly was vacuum annealed a t  2050 F 

* 25 F for one hour and cooled a t  a rate 'of 450 ~ / h r  to8 1600 F and then a t  a 

rate of 600 ~ / h r  to ambient temperature. 

In situ measurement of the residual magnetic field with a Hall effect 

probe indicated a residual 4-mG field in the vertical direction and a horizontal 

.component.of about 3 mG along the axis of the chamber. This i s  an improve- 

ment of better than a factor of 10 from the previous magnetic shielding used. 

Some inhomogenieties in the magnetic field were observed, particularly near . ' ,  

the access ports and pumping orifice. In these regions the tesidual magnetic 
. . 

field increased because of the concentration and penetration of the magnetic 

flux a t  the edges of the orifice.' The variations in the magnetic field were 

k 
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mapped out inside the chamber and did not exceed * 5 mG within 6 in of the 

center of the chamber except close to the pumping port, where the measured 

field reaches 20 mG at  a few points. However, in the regions where the 

electron beam passes a t  low energies, the residual magnetic fields are low 

enough that no detectable effects are expected. 

Figure 1 shows a cutaway diagram of the newly designed collision 

region. It consists of gas jet, a 120 sector beam collector, and an inner and 

outer electrostatic shield. The gas jet was fabricated from molybdenum with 

the length-to-diameter ratio of 10. Three jets with diameters of 0.01 5, 0.020, 

and 0.025 in can be interchanged and are sealed to the support gas tube by 

gold gasket of 0.005-in thickness. An inner electrostatic shield constructed 

of molybdenirn is a 0.25-in diameter tube that fits snugly around the gas jet. 

This defines the uniform potential region in the scattering volume above the 

gas jet orifice. The electron beam enters through a slot, and electrons scat- 

tered into the analyzer pas s through a large diameter hole. The un scattered 

beam passes through the slot on the opposite side of the tube and is intercepted 

by the sector beam collector. In Figure 1 the beam would pass from left to 

right for a scattering angle 90 into the analyzer. 

FIG. 1. --A cut-away diagram of 
the collision reqion assembly: 
(1) gas jet, (2) inner shield, 
(3) outer shield (bottom), (4) outer 
shield (top), (5) outer shield for 
beam collector, (6) 1 20° sector 
beam collector, (7) support collar, 
(8) support gas tube, (9) and (10) 
insulators. 



The outer electrostatic shield support and beam collector are fabricated 

from titanium. However, all inner surfaces surrounding the collision region are 

screened with 100 x 10 0 mesh molybdenum wire (0.0 02 -in diameter) cloth to 

provide as  uniform a surface potential in this region as  possible. The mono- 

chromator-exit and analyzer-entrance cones protrude inside the outer shield, 

so that the effect of stray electric fields on the electron trajectories in the col- 

lision region should be negligible. 

The design of a hemispherical deflector monochromator for high-resolution 
4 

operation is described elsewhere. The electron optical lenses and hemi- 

spherical deflectors were fabricated from a vacuum arc-cast, high-purity 

molybdenum. A photograph of the completed monochromator assembly and the 

collision regions are shown in Figure 2. Since the operating voltage require- 

ments are different for the new monochromator, a new voltage control unit and 

other electronic modifications were needed. These have also been completed. 

The new control units utilize coaxial shielded cables for all voltage leads to 

FIG. 2. --Photograph of the completed monochromator-analyzer assembly and 
collision region assembly. (ANL Neg. 149-76-3 20) 



reduce~transient~voltage pickup, and a l l  battery voltage sources have been 

- ,  . . replaced . by compact ac-dc constant-voltage output, low current power sup- 

. plies.  Tests  of the  operation of the EELS system with a l l  the  incorporated 

improvements will  b e  init iated in  the next f i s ca l  year. 
, ' 
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. '  ELECTRON-OPTICAL DESIGN PARAMETERS FOR A H1G.H-RESOLUTION 
ELECTRON MONOCHROMATOR 

* 
H. Tanaka and R. H. Huebner 

Detailed design parameters of a new, high-resolution electron mono- 
chromator are presented. The design ,utilizes a hemispherical filter a s  the. 
energy-dispersing element and combines both cylindrical and aperture electro- 
s ta t ic  lenses to accelerate, decelerate, transport, and focus the electron beam 
from the cathode to the interaction region. 

Introduction 

Methods for producing and focusing electron beams with an adjustable 

mean energy and narrow-energy spread are well known., For applications a t  

intermediate and low incident energies (i. e.,  a t  l ess  than a few keV) electro- 

stat ic energy filters and electron-optical lenses have been widely used. How- 

ever, design details of any electron -monochromator system can differ in various 

ways, depending on the specific operating characteristics desired. In this 

report we present a new design for an electron monochromator to be used with 

the electron energy -10s s spectrometer system. 

The new electrostatic energy selector was designed to give the highest 

possible currents for an electron beam having a low-to-intermediate mean. 

energy ' (5 1 keV) and a full width a t  half-maximum (F WHM, the energy resolu- 

tion width,) that is 5 0.050 eV. The design was also constrained to be com- 

patible with the geometrical configuration of the electron energy-loss spectro- 

meter (EELS) system. 

Our design mainly follows the development set out by Simpson and 

Kuyatt for the use of electrostatic energy filters of a hemispherical shape. 

However, in the overall electron optical design of the monochromator, we 

have relied on the principles discussed in Refs. 1-4. Figure 1 is a schematic 

. diagram of our monoc,~omator. 

* 
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FIG. 1. --Diagram of 
the high-resolution 
electron monochromator. 

Design of Hemispherical Electrostatic Deflectors 

. . The energy-dispersing element used in the monochromator i s  an electro- 
. . 

. static hemispherical deflector with a mean radius of 1.5 in and virtual inpui 

and exit apertures. 

Enerqy Resolution 

With entrance and e 9 t  virtual slits of equal width Wf, and with mean 

' radius R as.well ,  the .resolving power .&,/E a t  a given mean energy E can 
O, 2 z 0 0 

be estimated by 

where AEl - i s  the FWHM of the monochromatized energy distribution. The base 
2 2 . width AE of the energy distribution is given by 

, . b 
2 

AE /E = W/R + a  = 2.5 A E L h O  , . . b 0 f O  2 
(2) 

where a is the divergence: half-angle of the electron beam at  the entrance of 

the hemispheres given by 

. Thus, for the selected value R = 1.5 in and Wf = 0.02 in, Eqs. 1-3 deter- 0 
mine the parameters given in Table 1. However, the value we actually chose 

is a somewhat more. desirable compromise between intensity and energy 

resolution. 



TABLE 1. Parameters of the Hemispherical Deflector. 

Param'eters ' Calculated values 

&+lE0 0.006 

AEb/Eo '. 0.017 

a, rad ' . 0.058 

w,/Ro . 0.1 
W,/AG 0.29 

Eo, eV 2.5 5 7 

a, ,  - eV 0.017 0.033 0.047 
2 

AEb, eV 0.043 0.083 0.118 

AV, V ' 1.714 3.429 4.800 

Ii, FA 0.52 1.40 2.30 

IAEL, )IA 0.09 0.47 1.10 
2 

Fillinq Factor 

The maximum deviation W of an electron from the central path i s  m 

where wf/2 R~ << ' 1 and A E 1 / ~ O  - << 1 . 
2 

In order to transmit the whole divergent beam, a separation AG = 0.5  in. 

between the hemispherical electrodes has been chosen. The ratio W /AG i s  m 
called the filling factor. For our design, W / R ~  and w,/AG can be simply m 
calculated a i d  are given in Table 1. The separation AG also determines the ' 

potential difference AV that needs to be applied between electrodes in order 

for the electron beam to be properly focused a t  a given mean energy, E Then, , 

0 ' 
E i s  given by 

0 

where R1 and R respectively, are the inner and outer radii of hemispheres. 
2 ' 

The calculated values of AV a t  three values of E are given in Table 1. 
0 

Space Charqe in Spherical Deflectors 

Once the value of AEl - and the size of the deflector are chosen, only 
2 



the niean energy, E , a t  the spherical deflectors remains to be selected. The 
0 

,optimum value of E can -be found by use of the space-charge model discussed 
O 2 

by Simpson and Kuyatt. The total space-charge-limited current, I , entering 
1 i 

.the spherical def,lector is given .by 
1 - 

I. = 19.3 E~~ EL . 
1 2 (6) 

The maximum monochromator current for a hemispherical monochromator with 
1 

1 
' virtual' apertures is given by 

1. 2 = 19.3 ~~z (sl) /a I 
a1 

- 
2 k. - 

2 

where AEk E 0.2 5 e V  for a thermionic source. The use  of virtual apertures 

'avoids the space-charge limitation on current passed.  through a real aperture 

a t , a  fixed volt,age, al1owing;a greater flexibility in choosing E and the mono- 
0 

.chromatized current. Table 1 gives typical values of these ,parameters for 

arbitrary choices of E The charging-up effect  due to the contamination on 
0 

the surface of a real aperture can be avoided by using :the virtual apertures .- 
Herzog Correction 

The fringing fields a t  the input and output planes of the hemispherical 
5 ,.6 

deflector are compensated for by applying the H,erzog .correction. .This can 

-be done by adjusting either of the two parameters. 2dm/AG and ~ / A G .  where 

b, d , and AG are defined in Figure 2. We .choose d = 0.1 in and AG = 0.5 m m 
, in,  and thus 2d /AG = 0.4. With this choice, b/.AG = 0.56 is determined 

m 
C 
3 from the graph in .Figure 2 of thepaper  by.Herzog. Thus, the.diameter .of the . . 

. . ' . lens eleme1i.L~ ddjdce~i~t  to the ensrance ..and .exit planes :oi the hemispherical 
I .  

.deflector should be  d = 0.2 8 in. 

Hemispherical ,+dm 
FIG. 2. --Diagram of .the parameters used 

" Deflector Cylinder Lens in -the Herzog electric-iield correction. 



~ e s i q n  of One-Stase Decelerator , . 

Theelectrostatic lenses (Figure 1) must be designed to produce an 

electron beam that has the optimum values of E ., a, and W and to focus i t  a t  0 f .  

the virtual slit  of the spherical deflector, The input lens L and output lens 
D 

image the entrance aperture W and output aperture W onto the tor- 
, D AC 

responding virtual apertures a t  the entrance and exit planes of the deflector, 

i n  each case with a magnification of 1.5. Both L and LAC are double-cylinder 
D 

lenses; the former, acting as  a single-stage decelerator, reduces the input 

energy of the electron beam by a factor of 10, while the latter acting a s  a 

single-stage accelerator reaccelerates i t  by the same factor. With these lenses 

the defining apertures (W 
D' w ~ c l  w~~ , and wACD) intercept the electrons in 

a region of relatively high kinetic energy, and the effects of surface potentials 

and space charge are minimized. The pupil diameter, W , limits the beam 
DP 

halflangle a t  the entrance of the hemispherical deflector. It is located a t  the 

second focal point of L so  that i t s  image is focused a t  infinity. Thi.s provides 
D 

for a zero beam angle a t  the monochromator entrance.. The design of these 
1 

lenses follows the principles outlined by Kuyatt. The focusing properties of 
7 

these lenses are calculated from the lens equations of Spangenberg and from 
1 

the matrix method of Kuyatt. The double-cylinder lens parameters are taken 

from the more accurate calculations in Ref. 8. 

Initial Desiqn Conditions 

The initial design considerations for the L lens suggest a decelerating 
- D 

lens with a 10:l voltage ratio. We opted for a two-element cylinder lens to 

do this job with an overall length of about one inch and with a filling factor of 

about 0.5. The parameters of the hemispherical deflector (Table 1) also 

required a magnification M = 1.5 and an initial object diameter W = 
D. AC 

w /M '= 0.013-in diameter. To achieve the  desired 0 = 0.07 1 rad and 
f D P f 

= 0, we must position a pupil (see Appendix A) of appropriate size such 
Obf 
that the initial pencil half-angle be restricted by 

1 

0 =- M 0 ( V  ./v ' ) "  = 0.0336 rad. 
pi D pf Dl Do 



parameters of L (and L Lens 
D AC 

. . Using the matrix method of Ref .  8 ,  the properties of a double-cylinder 
. .  , 

l ens  'with a spacing g = 0.1 D can be calculated. Parameters of l ens  L a re  
D 

indicated in  Figure B-1 of Appendix B,  along with the appropriate l ens  equations. 
, !  

. The elements of the matrix B (see Eq. B-1) for a decelerating double-cylinder 

l ens  with a deceleration ratio 10:l can be  obtained from Table I1 in Ref .  8 ,  and 

a r e b  =2 .0200,  b21D=-1.2511, b / ~ = 0 . 1 4 4 1 2 ,  a n d b Z 2 = 1 . 4 7 6 2 .  
. 1 1 . .  12 

' . Substituting these  values into Eq.' B.-2, we find 

  he Newtonian lens  equation retains its usual  form, 

p q = f  f , 
.o i (9 

, I '  

and the magnification M is given by the usual  formula, 

MD = ,,fo/p = 9/fi 41 0) 
, 

For  our,design we choose M = 1.5 and s o  

p = f /M = 2.5270 ~ / 1 . . 5  = 1.685 D , 
0 D (1 1) 

. ' and. 
. . 

The total  length is then 

B =  p + F  + f . + q =  5 .677D.  
' : 

0 1 

' Filling Factor 

We can calculate the beam size, d , a t  the reference plane of L by D D 
projecting the s i z e  of the virtual aperture, W , back t o  the center of the l ens ;  

f 
thh s' 

The filling factor is then given by 

d /D = 0.305 + 0.02 in/D . 
D 



Pupil 

The diameter of pupil d required a t  second focal point of the lens L 
' P  . . D 

is .. . 

d = 2p x 0.0336 rad = 0.Cl17-in diameter,. 
P 

The location. of the pupil .should B e  a t  F = 1'. 1799 D to make the beam angle 
0 

a t  the entrance of the hemispherical deflector zero. The values of C £0; . 
SD 

decelerating lenses  (see  ' ~ ~ ~ e n d i x  C) can be deduced 'from the values of C 
9 S A 

that Read e t  a l . .  calculated for accelerating lenses.  The relation is ' ' 

Angular Characteristic of a Beam 

The beam half-angle for the output lens L is given 
AC 

- 1 
8 ABC = (w AC / P ) ( P - ' F ~ )  , 

where P - F is the distance between the focal point and the image of L 
i. AC 

(see  Appendix A for definitions). For a lens with a diameter D = 0.15 in,  the 
. . . . 

calculated.parameters are shown in Table 2 .  The construction of dutput lens 

L ~ *  
TABLE 2. Parameters of Lenses L and L 

D C 

Parameters Calculated valuesa Parameters Calculated valuesa 

I 

dD/D 

d 
P 

8 
ACP 

bThe spherical-aberration constant CSD = 4 must be used for the lens L 
D 

with a magnification MA = 1 / ~ ~ .  

Fi , 
' '0.242 . 

P 0.253 . . 
Q 0.180 

'AC b 0.026: 
b 

&D 0.004 

YAC 0.001 

a ~ l l  linear and angular dimensions given in inches and radians, respectivkly. 



Desiqn of Gun with Diode 

., The electron source is a diode gun of the Pierce type. Its design ac-9 

commodates either a hairpin throiated-iridium filament or an indirectly heated 

dispenser cathode. Both the diameter W of the *ode and i ts  distance from 
A 

' ,  the cathode are chosen to deliver the maximum space-charge limited current 

(Ii in Table . . 1) to the entrance virtual slit W of the spherical electrostatic 
f 

deflectors. 

Spa ce-Charge-Limited Current 

In order to form a beam of known current density, energy, and geo- 

metrical parameters, we start with the space-charge-limited diode a s  our initial 

electron source, a s  in the schematic diagram (Figure 3 ) .  The space-charge- 

limited current density J is easily calculated from the voltage and the spacing 
A 1 

of. the diode: 

where S is the area of the anode aperture. 
A 

Location of Focal Point 

. . Let V be the accelerating.voltage between the cathode and anode, and 
A 

E (z) be the electric field a t  distance z from the anode. The expression Spangen- 
7 berg obtained (his Eq.  15.66 on p. 458) from the aperture lens formula assumes 

that beyond the anode aperture the gradient of the potential i s  zero. A similar 
1 

expres sion. for a space-charge-limited diode, i s  yiven by 

v,' \a VD i 

FIG. 3 .  --Schematic diagram of the 
electron-optical and geometrical 
parameters relating the beam pro- 
duced a t  the electron gun with beam 
focused a t  the hemispherical de- 
flector. 



, The focal length of the anodetis  then 

- 1 
f~~ 

= 4VA(e(0) - ~ ( d ) )  = -3d .  . 

Anqular Characteristics in a Beam . , 

The beam half -angle is 

which depends on the radius r of the anode orifice. The path of an electron 
. , A  1 

emitted parallel to the cathode surface has a slope' of 

when i t  reaches the anode orifice. In this expression E = eV = kT = 0.1 eV. k k 
Take the anode orifice to be the window for the system. This window, before 

. . 
the anode lens,  i s  formed by pencils with half-angle 8 and within the central. ' 

AP 
ray parallel to the axis. Hence, the pupil i s  a t  a distance -3d from the anode 

1 

lens. The size of the pupil can be shown to be 

Voltase of Anode 

Assume that the final beam a t  the hemisphere entrance is space-charge 

limited a t  voltage V with convergence half-angle cr and non-space-charge 
Di 

radius ~ / 2  = r In practice, r can be made close to the minimum radius of 
f f '  f 1 

the space-charge beam. Richtstrahlwert (brightness) i s  defined by 

where I i s  the current through a differential area S and dn is the solid angle 

s'ubtended by the electrons. Conservation of current, together with the law of 
1 

Helmholtz and Lagrange, namely V dn S = V d~ S , leads to A A A  .Di f f  



~ e n c e ,  we see that the ratio of 'Echtstrahlwert to electron energy is a con- 

served quantity. Thus, 

. * 2 
where R = JA/dnA , Rf = Ii/Sf do f ,  and I. = 38.5 V a . Then V is given by A 1 D2 A 

Total Current 

The total current1 from the diode i s  

Anode Diameter 

To keep the alignment from being critical, make the anode orifice about 

twice a s  large a s  necessary, say  0.026 inches in diameter. In this way, "edge 

effects of the anode orifice will a lso  be avoided. The selected values of the 

parameters of the gun and of i t s  constituent are shown in Table 3. 

Design of Condenser Lens 

To get a well-collimated beam a t  the entrance to the hemispherical de- 

flector, we designed a fixed decelerator (as discussed earlier) with a l l  aper- 

tures placed on the high-voltage side of this lens., Since the diode voltage 

and the'input voltage to the decelerator are fixed by these considerations, we 
I .  

need .an intermediate energy-matching lens. This lens should be capable of 

operation over the range of V shown in Table 3 and of V (= E /e) shown in 
A Di 0 

  able 1, so  that current can be varied with diode voltage, and final energy 

can be adjustable. Owing to i t s  flexibility, we have chosen the three-element 

aperture lens a s  our condenser lens. The electron-optical properties of such 

lenses have'been calculated in Refs .  10 and 11, and some specific quantities 

are identified in Appendix B. With such a lens we want to image the anode 

orifice of the diode onto the 0.013-in diaineter entrance aperture of the de- 
' I  

Celerqtor with constant magnification. It is possible to use  these asymmetric 



. . 

TABLE 3.  Parameters of the Gun , 

Parameters , Calculated values 

w (= 2r ) (diameter i n  inches) . 0.026 
A A  

OAB' rad 0 

' (3 rad 0.021 0.019 0.018 
Apt  

w ~ D  
(diameter in inches) 0.029 0.025 0.024 

lenses in such a way that with an object a t  a fixed position and energy, the 

en&rgy and magnification of i t s  image may be varied a t  a fixed image position. 

Such a lens is frequently referred to a s  a three-element zoom lens. Figure, 

B-2 in Appendix B defines the parameters of the three-element aperture lens. 

Three-Element Aperture Lens 

In order to operate the condenser lens a s  a zoom lens, we need to know 

the relations between V /V and V /V for fixed values'of the' mid-object 
C2 C1 C3 C1 

distance P and mid-image distance Q. Read e t  al. lo have calculated this. '  

relation for six different pairs of.values of A/D. P and Q are measured to the 
' . 

left and right, respectively, of the central aperture in units, of the aperture 

diameter.D. Because of the limited space available, we chose A/D = 1, 

. P = Q = 5D, and D = 0.1 -in diameter, respectively. The voltage ratio 
. . 

vC2/vC1 for such a lens can be read from the graph o£Figure 4. 

Maqni fication 

As the energy of the image i s  varied, i ts  size and pencil angle also 

vary. The three quantities are connected by the Helmholtz-~agrange relation 

v e =  
M~ max ~3 pi 'CI 

where M i s  the maximum magnification, and y and 9 are the pencil 
C max . . pi 

angles a t  the entrances to the anode and decelerator lens,  respectively. ' .The 



minimum magnification i s  given by 

M 
: c min = W  W 

D A '  

The variation of the magnification of our zoom lens,  a s  calculated in Refs. 10 

and , l l ,  is shown in Figure 5. The upper branch (AFED in Figure 5) of the curve 

is for V < VC1 and the lower branch (ABCD in Figure 5) for V 
c2 C2 ' vcl* 

Clearly for the case  V C2 > VC1 the magnification is nearly unity over the entire 

anticipated range of V /V 
C3 C1' 

Other Parameters 

. . The filling factor, d /D, the beam half-angle, 9 a t  WD, and the c Cb 
spherical aberration Ar calculated in the same way a s  previously, are a s  

C' 
showg . . in Table '4 .  

Design of Energy-Change Lens .. .,; . 

The monochromator focuses the image a t  W onto i ts  exit plane a t  W 
f fe 

wit11 unit magnification. The electrons a t  W are accelerated by L (sym- ' ' 

fe . A 
metrical to L ) and focused a t  W 

D AC' 
In traversing lenses,  LEC1 and L 

EC2' the 
electrons from W are further accelerated to the desired final kinetic energy 

AC 
o f  10 eV.to 1000 eV,  and are focused onto the beam of atoms and molecules. 

Lens L can be used in two ways" (a) in the case of low incident 
EC1 

energy, i t  works, a s  a three-element einzel lens,  and (b) in the case  of high 

. incident energy it works a s  a double-cylinder accelerator lens (see Appendix B). 
. . 

Lens sC2 must ensure that the final image size and position a t  the 

target'beam are independent of the final electron energy. For this we again 

choose a three-element aperture zoom.lens (see Design of Condenser Lens and 

Appendix B) . 
Lens $C1 

' The $Ci lens is composed of our lens elements which can be combined 

to form either a double-cylinder accelerator lens or a three-element einzel 

lens. In either case, the object a t  W . is, focused onto the virtual slit  a t  
AC 

, the  right edge of LECl* 



A / D = l  . FIG. 4. --Plot of the voltage ratios v2/v1 
10 and v3/v1 for a three-element aperture lens 

. . 
such that i t  operates a s  a zoom lens,  with 
fixed pairs of object and image positions, 

1.0 , P/D, Q/D, respectively (taken from Ref .  9). 
>- . , [Note: This diagram applies to both the 
>" condenser  lens Vc and the. second energy- 

0.1 change lens VECZ1 and s o  the preceding 
subscripts are suppressed here .'I 

FIC I 5. --Tho magnification M of a thrse- 
element aperture lens for fixed values of 
P/D = Q/D = 5 with voltage ratio vC3/vC1 
(taken from ~ e f . '  9). 

TABLE 4. Parameters of Lcns L C 

parameters Calculated values 

VC3 (= VDi) ' V 

'C 3./"C 1 

vc 2Ivc1 

vc2 '  

M~ max 

M~ min 
dC/D a 

BCb, rad 

bc, i n C  

a 
Ford  C = W A + 2P,(BAb + 9 

AP) 

b ~ o r  BCb = ( w D / 2 ) / ~  - F2, F2 = 0.25. 

C '  2 
For C S D =  10 for M = 1 from Refs.' 10 and 11, a D =  BAb+ 0 A AP' 



' , Einzel Lens. ' 

When the inner two cylinders of the four-element lens ,  LECl are tied 
! 

, to the same potential, V 
EC12 

, and the outer two to the same potential, 
, . - 
v ~ ~ l l -  v i ~ 1 3 1  L ~ ~ l  

works a s  an  einzel lens .  The l ens  parameters are 

identified in  Figure 6a. In our case ,  the values of D, PI Q, S, and g/D are  

. , constrained to f i t  the geometric parameters of our system; the values actually 

se lectedareD=O.l5indiameter . ,  P = Q = 3 . 1 D l  S = 2 . 0 D 1  a n d g / ~ = O . l .  

In the equations for the general .pair of l enses  (Appendix B,  Eqs . ..B-3 and B-4), 

we make the replacements f ' - f 
1 2 l  f 2 '  f 

, F1' + F2 , and F 2 '  The 1 

From the values calculated in  Ref. 9 for double-cylinder l enses  having 

( a ) .  ~ 5 -  

FIG. 6. --Diagram depicting the electron- 
. , ' optical  parameters ot lens  LECl used as 

fo 
(a) an einzel  l ens ,  o r  (b) a double- 
cylinder accelerating lens .  



g / ~  = 0.1, it follows that V /v EC12 ECl l  
= 7, f = 1 . 2  D, F ..= 2.0 D, f = 

* * * * 1 2 
3 .1D,  a n d F  = 1 . 7 D .  T h u s , w e h a v e f  = f 2  = 2 . 7 D , F ;  = F 2 = 0 . 3 D ,  

2 1. 
and P = Q = 3.0 D, s ince M = 1. The specific value of V /V giving EC1.2 ECl l  
the best  focus can be found empirically. ~ lex ib i l i ty  in this mode of 'operation 

is .an advantage. The results are shown' in  Table 5. 

Double-Cylinder Lens 

To get  a high incident energy, the output electrons from the mono- 

chromator n.eed to b e  accelerated in two stages because .the energy ratio of 

the lens should be less than 10 (because of lens characteristics). When the 

first and second lenses  are tied to one potential and the third and fourth ones 

to a second potential, lens L works a s  double-cylinder lens for pre- 
EC1 . . 

accelerating. The lens  parameters are defined in Figure 6b. A s  in the preceding 

case  in which L was operated a s  an  einzel lens,  the values of D, P, Q, 
EC1 

and g / ~  are a lso  chosen to f i t  the geometric constraints of the system; the 

value o f  each of these parameters can be determined from the graph given in , 

Refs. 10 and 11. From the values so  determined, we find that V /V - - 
. ECli EClo 

= 0.7 5. The parameters are shown in 'Table 6. a n d M E C l ~  . 

Lens L 
EC2 

The virtual object a t .  W 
EClV 

is focused onto the gas  jet a t  the collision 

center.by the final accelerator lens L with required incident energies. The 
EC2 

a 
TABLE 5. Parameters of the Einzel Lens L E C l E  

Parameters Calculated values. 

WECIV (diameter in inches . 0.013 

a - - 
'ECII - "D?; d ~ C i ~  - W~~ + 2~ P(eACp + cSD = 1.5, 

(from Refs. 10 and 11); a = 8 + 8 
D ACp ACb '  



zoom'-lens design of the asymmetric three-aperture electrostatic lenses is 

the ,same as that already described and also as in Appendix B. For D = 0.1-in 
I 

, . . - ,  diameter, P = Q = 10 D and spacing = 0.1 D. We use  Figure 4,  taken from 

Re'fs. 10 and 11, to choose the voltage ratios V  /V EC22 EC21 
appropriate to the 

, j , required values of v ~ ~ ~ ~ / v ~ ~ ~ ~ .  The selected values of the parameters are 

listed in Table 7. 
a . . .  TABLE 6. Parameters of the Double-Cylinder Lens L EClD 

Parameters Calculated values 

WECIV (diameter in inches) 0.010 
. . 

8' , 'rad 
EClp 

0.015 

'Eclb' rad 0.018 

v ~ ~ l i ' v ~ ~ ~ o  9 

". v ~ ~ l i '  
225 450 630 

. . 
'&idD . . . .. 0.34.  

FEClDf in 0.0006 

a -. 
VEClo - VDo; O I E C l b  = (wEC1J2)/(Q - F2), F2 = 1.3 D: 

CS = 4; a 0 .I,. 0 
ACp ACb ' 

. a 
TABLE 7. Parameters of Lens L 

. EC2 

Parameters Calculated va lues  

M ~ c 2  
WECZV (diameter in inches)  

8 
EC2p1 rad 

'Ec2b1 

vEC23'vE~21 

vEC22/VEC21 

' ~ ~ 2 3 '  ' 

' ~ ~ 2 2 '  

" c  2Iqn 
~ w E ~ ~ ~ i n  . 

1 

n.nin , n.nl3 

(a) 0.067 -- 0.024 (b) 0.030 - 0.011 

(a) 0.013 (b) 0.010 

0.25 -- 2 

1 - 4  

(a) 6.25 -- 140 (b) 56.25 - 1260 ' 

(a) 25 - 280 . '  (b)225 -- 2520 

(a) 1 b) 0.76 
0.042 -- 0.005 

a -' - VECzl -, VEC13: dEC2(a) = WECIV + 2P (eEClp.+ 8 EClb  1 and 

d 
2 '  

E C 2 b )  = ,WEC1,, + 2P (OEClp + BEClb; CSB = 3.6 x 10  - 1.4 x 10 for 

MA = 1 from Ref. XU. 
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APPENDIX. A. Definition of Some Electron- Beam Characteristics 

v At least  two defining apertures are needed to collimate an electron 

beam. These define the beam and pencil half-angles 8 and 8 , respectively. 
b P 

It is the pencil half-angle 8 that appears in the Helmholtz-Lagrange relation 
. . P 

linking the angular characteristics of the electron beam at  different points in 

a focusing system. One aperture called a "window" serves to define the radial 

extent of an object or image. A second aperture called a "pupil" defines 8 
P 

of the rays coming from each point in the object. In the absence' of real 

apertures, one still  can posit the existence of "virtual windows" and "pupils" 

a t  any object or image position that is determined by a pair of real apertures 

and, the electron-optical focal properties of the sys tem. These are shown 

diagramatically in Figure A-1 . . The pupil i s  located a t  the cross-over point 

for rays extending from points a t  the window, and the combination of the two 

also defines the beam half-angle, 0 a s  shown in Figure A-1. At the cross-- 
b ' 

over, 0 and 8 become the beam and pencil angles of the image formed there. 
P b 

Window Pupi I 

FIG. A-1 . --Angular parameters for 
a beam passing through limiting 
apertures. 

. . 

Object(or lmage) Crossover 



APPENDIX B e  Lens ~ s u a t i o n s  for Two- and'Three-Element Cylindrical Lenses 

Parameters o f  a two-element cylinder lens,  are shown in Figure B l  with 

the reference plane of the lens indicated by a vertical dashed line. According 

to Kuyatt, a matrix B can. be defined 

for a decelerating lens of this type. This matrix transforms the position and 

angular coordinates for any ray entering from the lett  to the corresponding 
' 

coordinates of the exiting ray on the right. It can also be used to relate any 

object distance P to i t s  corresponding image distance, Q. The focal points 

f and f . .  and the mid-plane focal points. F and Fit are related to the elements 
0 1 0 

of B by . . 
. . 

The properties of a three-element y cylinder lens a s  shown in Figure B-2 can 

also be calculated. . Equations for a pair of cylinder lenses separated by ,a 

distance S are given a s  

where all quantities are defined a s  in Figure B-2. 
(B-4) 

The'diagram of the equivalent three-element aperture lens is shown in , 

Figure B-3. The focal properties of such lenses have been discussed exten- 
1 0 , l l  

sively by Harting and Read. 



F IG. B-1'. --Electron optical  para- 
meters of a two-element ,cylinder lens .  

. v 

. . 

FIG. B-2.--Electron optical  
parameters of a three-element 
cylinder lens .  

FIG. B-3. --Electron. optical  parameters of 
a three-element aperture lens  .. 



APPENDIX C. Spherical Aberration 

If a point object emits rays which have a maximum inclination a to 
C 

the lens axis,  and i f  the corresponding spread of image due to the spherical1 

aberration has a radius Ar i n  Figure C-1 , the spherical-aberration coefficient 
C .  a 

C . is defined bya sc 
3 

Arc = M C  a , 
A SC C 

where M is the magnification for the accelerating lens. 
A 

"0  V i  

FIG. C-1 . --Diagram depicting the spher- 
ical aberration parameters of an .electro- 1 2nr static. lens. 

a , c 

"UQj ' + P . . 



APPARENT OSCILLATOR-STRENGTH DENSITIES FROM ELECTRON ENERGY-LOSS 
MEASUREMENTS* 

R. H. Huebner 

Electron energy-loss intensities depend 'on both physical and instru- 

mental parameters of the measurement.' Although the energies of the spectral 

features are readily compared among data of different workers or'with optical 

data, direct comparison of .intensities i s  usually meaningless. Even i f  the 

physical parameters are the same, spectrometers of different designs do not 

necessarily produce identical energy-loss spectra. The spectral differences 

arise mainly from different instrumental characteristics, such as  energy resolu- 

tion and angular acceptance. 

However, i t  i s  possible to relate the measured energy-loss intensities 

to the oscillator strength of a transition, provided the momentum transfer (tiK) 

i s  kept sufficiently small. Two complementary methods have been developed 

for the determination of oscillator strengths from electron energy-loss measure- 

ments: The extrqpolation method 'and the small-angle method. It i s  important 
2 

to note that both methods necessarily involve extrapolation to (Ka ) = 0. 
0 

This i s  so because in order to conserve both energy and momentum in any 

actual collision, a nonvanishing minimum amount of momentum:must be trans- 

ferred. However, in any real scattering experiment, the acceptance angle of 

the analyzer i s  nonvani shing , thus permitting inelastic scattering correspon - 

ing to a range of momentum transfer values that changes with the amount of 

@ energy lost. Correction for this factor i s  of particular importance in the deri- 

vation of oscillator-strength densities by the small-angle method. 

* 
Summary of a symposium lecture presented at  the 1976 Canadian Association 
of Physicists -American Physical Society-Sociedad Mexicana de Fisica Joint 
Congress, 14-17 June 1976, Quebec, Canada. Also, two lectures concern- 
ing this topic were delivered at the NATO ~dvanced Study Institute on High 
Energy chemical Spectroscopy and Photochemistry, Ni j  enrode Castle , 
Breukelen, The Netherlands, 9-20 August 1976. 



A variety of atomic and'molecular gases has been analyzed recently by 
\ 

the small-angle method. Comparisons.with optically determined oscillator' 

strengths show good agreement (* 15%) with optical values, generally considered 

reliable. However, discrepancies a s  large as factors of two to four have been 

found in some comparisons, clearly indicating certain optical values to be in 

error. Also, for sharp; discrete bands the integrated f values obtained by 

electron impact are free from line-saturation errors that beset optical measure- 

ments when the instrumental resolution exceeds the natural absorption line 

width of the transition. Such values are needed for comparison with ab initio 

theoretical calculations that are now beginning to achieve spectroscopically 

.significant accuracies for transitions to Rydberg a s  well a s  valence states. 

For many complex molecules reliable oscillator-strength densities are 

. still not available over significant 'spectral regions'. Many such molecules 

are becoming of increasing environmental concern, particularly where energy 

absorption or energy transfer plays a role in their decomposition and photo- 

.chemical reactivity. Electron energy-10s s measurements provide an increas - 
ingly important way of studying the energy-absorbing properties of those 

molecules. 



ELECTRON-IMPACT SPECTROSCOPY: AN OVERVIEW OF THE LOW-ENERGY 
ASPECTS 

t R. J. Celotta and R. H. Huebner 

Electron-scattering experiments have become a major tool in elucidat- 

ing the energy-absorbing properties of atoms and molecules. In this chapter 

we confine our attention to low-energy aspects, i. e. , , for incident energies 

below one kilovolt, This review emphasizes the results of electron scattering 

experiments rather than techniques. Our . .  focus . is . further restricted to collisions 

of electrons with electrically neutral targets in their ground state. Recent 

developments are .highlighted within a unifying framework dictated by the 

controlable physical parameters of the electron-scattering process. 

The chapter i s  organized into four major sections: (1) a guide to 

theoretical aspects, (2) single-parameter experiments, (3) multi-parameter". . 

experiments, and (4) practical applications and future research directions. . 

Special attentiqn is focused on the analysis of electron energy-loss measure- 

ments to yield transition oscillator strengths. 

A preliminary draft o f the  chapter has been completed and i s  being , 

reviewed and edited. Publications is expected within 'the coming year. 

* 
Abstract of a chapter to be published in Electron Spectroscopy, Vol. II., 
C. R. ~ t u n d l e  and A. D. Baker, Eds. , Academic Press, New York. 

. t ~ a t i o n a l ~ u r e e u  of Standards, Washington, D. C. 20234.  
1 I 



ABSORPTION CROSS SECTIONS AT HIGH ENERGIES. SCATTERED LIGHT 
CORRECTIONS AND RES.ULTS.FOR ETHANE FROM 2 2  TO 58 eV 

J .  C. Person and P. P. Nicole 

A new lamp has been utilized to make measurements of the absorption 
cross section for ethane in the energy range from 2 2  to 58 eV, and a new pro- 
cedure is applied to  correct the data for the effects of scattered light. 

Introduction 

, 

' 

The oscillator-strength distribution i s  a valuable input to theoretical 

radiation physics, and the differential 'oscillator strength is directly propor- 

tional to the absorption cross section a. Furthermore, reliable a values are 

valuable in many fields,. such a s  photochemistry and the chemistry of planet- 

ary atmospheres. We have previously reported1 ' ' accurate o values that were 

measured using lamps emitting either the hydrogen many-line spectrum or the 

helium Hopfield continuum. At photon energies E above 21.2 .eV, we have 
2b 

reported only a few values measured using resonance radiation in helium or 

. neon. The present report describes a major increase in the energy range of 

our apparatus a s  the result of our new lamp, which provides a multitude of 

closely-spaced lines giving good light intensities up to 44  eV -with useful 

light up to 57.6 eV. In the high-energy region there is an increase in the 

relative importance of the contribution from light that is scattered into the 

absorption cell. Therefore, we have developed an improved correction for the 

effects of scattered light, and we have applied the 'correction to data for 

ethane. 

Apparatus 
3 

The monochromator, together with the double ion chamber that i s  used 

to determine a by m.easuring the ratio of the ion currents in two chambers, have ' 

been described previously. 1 1 2  4   he' new lamp, a VUV .Associates. model LS101, 

was used with a low pressure (!< 1 torr) of argon. A 0.25 pF capacitor was . . 
charged to 3.4 to 4.7 kV and discharged through the lamp at  60 Hz .by a rotating 

spark gap. 



Correction for Scattered Liqht 

One of the experimental difficulties encountered when using a mono- 

chromator is the presence of light scattered through the exit s l i t .  This light 

does not have the same energy a s  the true light that has been diffracted a t  the 

grating, and the scattered light can produce errors in a - the scattered light . .  

may have a different value of 0 and some of the scattered light may be off the 

optical axis  and enter the front chamber preferentially. (The off-axis light 

makes the apparent 0 too large.) The contribution of the off-axis light has 

been reduced somewhat by the introduction of a collimator hole in front of the 

front chamber (an 0.53- x 0.25-cm hole located 0.64 c m  behind the exit 'slit). 

In the pas t ,  l '  we have corrected for scattered light by measuring the 

ion currents when the monochromator is se t  a few e V  above the high-energy 

emission l i m i t  of the lamp, and then subtracting these currents from the values 

measured a t  lower energies. The error in assuming a constant contribution 

from scattered light was reduced by using only data where the estimated scat-  

tered-light current was less than 4% of the measured current. This procedure 

is increasingly difficult to apply a s  E increases and the  grating efficiency de- 

creases.  Also, we can make better use  of the data i f  we recognize that the 

rapid change in the true light intensity that occurs a t  an emission line produces 

a w.ide variation in the relative contribution of scattered light, for the  scattered- 

light intensity will change more slowly than the true light intensity. Thus, we 

can t e s t  for errors in the scattered-light correction because an  error in the 

correction will result in a systematic correlation between the calculated a value 

I and the light intensity. 

The new scattered-light correction is determined by first correcting the 
. . 

measured ion currents, i and i (the subscripts F and B" refer to ' the front and 
F B 

back ion chambers, respectively); by subtracting the ion currents, i and 
HF 

IHB 
that result from scattered light a s  measured with the monochromator s e t  

, a t  high energy (3 69 eV). ~t lower energies, the ion currents from scattered 

l i g h t , i  a n d i  a r e g i v e n b y i .  + . i  a n d i  
SF SB, HF CF HB + i ~ ~ l  CF .C.B 

where i and i 

are '  the corrections required by the', variation of' the s cattered-light intensity , 

with energy.. If wa cxpress the. Beer-Lambert law a s  



u = exp ( -mL ) , F (1) 

where n i s  the number of molecules per unit volume and L is the length of the F 
front 'chamber, and we assume the Beer-Lambert law holds in the absorption 

cell,  then 
m 

i - i - i ( i  - i - i ) = R = (1 - u)/(u - u ) , HF CF, HB CB. (2) 

where m = (L + L )/L and L i s  the length of the rear chamber. We find that 
F B F  B 

our fitting procedure works better i f  we combine the effects of i and i , 

CF CB 
and fit 

c = i  - i  R , 
CF CB . (3) 

We approximate u over a narrow energy range (i. e.,  a range of approximately 

a full line width) by 

u = a  + a 2 E ,  
1 (4) 

5 
and we use a nonlinear, least-squares fitting procedure to evaluate c ,  a 

1 ' 
and a If the i values have not changed by more than a factor of three in 

2 F 
the energy range, the c values are poorly determined, and we disregard them 

when we construct a moving average of c. The averaged c values are then used 

to compute a from Eqs'. 1 and 5, where . 

Results for Ethane 

We have tested the lamp and scattered-light correction using data for 

ethane. The ethane was Phillips 'Research Grade with a stated purity of 99.9 6 

. . mol percent. We took data in four energy regions: Region 1, 22.3 to 28.2 eV; 

Region 2 ,  27.6 to 31.4 eV; Region 3, 28.3 to 36.9 eV; andRegion 4, 34.3 to 

57.6 eV. In Region 1 the entrance and exit slits were each 1 0  p wide (giving 

a resolution e 0.006 eV fwhm) , in Region 2 the exit s l i t  width was increased 

to Sop, and in Regions 3 and 4, the entrance slit width was also increased to 

50p (giving a resolution in Regions 2 to 4 of 0.03 to 0.12 eV). The ethane 

pressure and the lamp operating voltage were the same in Region 2 as  they were 

in Region 4, Figure l a  shows the photon flux entering the absorption cell in 



4 
arbitrary . . units . ,. (one unit a 3 X 10 photons/sec); the flux was estimated .from 

t ! .  I' . 

the ion currents by assuming that ethane has an ionization yield of unity in 

this energy range. It i s  evident from the figure that the lamp produces a pro- 

fusion of lines, and many of the lines are from argon ions (e.g., the Ar VI 

lines a t  44 eV, the Ar VII lines a t  42 eV, and the ArV lines a t  36.5 eV). We 

were pleased by the good intensities for energies below 50 eV. At higher 

energies the grating efficiency decreases rapidly, with 57.6 eV representing 

the highest usable energy. 

~c Values 

We determined i and i for each of the four energy regions so that 
HF HB 

the averaged c values plotted in Figure 1b are not directly comparable among 

the four regions. Also, we analyzed the high energy (Region 4) data in two 

different ways, and the c values agree within 10% in the region of overlap. 
. . 

The arbitrary units for c are the same a s  for the photon flux in Figure l a ,  so" 

the c values are small enough that th.ey are important only when the flux i s  low 

(e. g., E a 46 eV, and E '> 50 eV). 

One form of scattered light is . l ight  of a nearby energy that comes into 

the cell by a reflection a t  the exit s l i t  or a t  a baffle. Such light should have 

a structure, depending on the emission spectrum, and the structure in Region 1 

may be'evidence for this type of scattered light. The lower resolution used in 

the other regions may tend to remove any structure during the averaging procedure; 

the difference in the shape of c in Regions 2 and 3 may result from different 

, averaging. The f la t  regions on the ends of the curves result from an artificial 

extension of the moving average to the ends of the region. This extension may 

need improvement for E > 50 eV, and further experience with the method i s  

necessary. 

Preliminary Absorption Cross Sections 

The a values calculated by using the u values from Eq .  5 have been 

smoothed somewhat, and a crude estimate has been made of the uncertainty 

(the e ~ t i m a t e  neglects uncert.aintl.es in the electrometer calibrations and in the 
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FIG. 1. --Photon flux (a) and scattered-light correction (b) vs . photon energy. 
One unit on the ordinate e 3 x l o 4  photons/sec. 
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FIG. 2. --Absorption cross sections for ethane (1 MB = 10 cm ): 

pressure measurement, and i t  probably underestimates the Uncertainty in the 
. . 

1 correction for 'scattered light). Figure 2 shows the a values a s  line segments 

connecting the points shown with error.bars (the error bars a r e  nearly within 

the width of the line for much, of the 30 to 40 eV region), *and Figure 3 shows 

the data for Region'l on an expanded scale in order to illustrate the density of 
-18 2 points in this 'region. ' The units of a are Mb; 1 Mb = 10 c m  . The 4 to 5% 

offset for the dataof Region 3 is a matter of some concern (the data of Regions 

1 and 2 agree within 1% in the narrow region of overlap). We do hot expect ' 

. . . , 

the scattered-light correction to be the cause of this offset because of the 
I 

large photon flux in this energy range., but'the offset may indicate an error in 
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FIG. 3. --Absorption cross sections .for . .  ethane i n  Region 1. 

the electrometer calibration. A calibration error would produce an error ap- 

proximately twice a s  large in Region 3 a s ' i t  would in the other regions, Since 

the data in Region 3 were taken using a low optical density (u = 0.59 to 0.77). 

Thus, a calibration error of a 3% could explain the offset. 

The data in Region 1 shown in Figure 3 could have been influenced by 
Y second-order light, which would have a much lower a value. However, the ' 

smoothness of the decline .in a shows the' contribution of second-order light to 

be small (also, in Figure 3 the average only includes a values determined a t  . . 

energies where the photon flux in Figure l a  is a t  least  50, so  that the intensity 

of first-order light is always large). 

Thus, Figures 2 and 3 show that the a values for ethane decrease rather 

smoothly for 2 2  < E < 58 eV, and the values should be accurate to 3 5% when 

the photon flux is large. At higher energies we expect . ~ uncertainties of 10 to 

SO%, and more work is needed on the error estimates. Thus, the data are 

preliminary, but the results are encouraging for our goal of providing accurate 

a values over a wide energy range. 
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. . , . . . 
' J. C .  Person, R. i. ~ a t k i n s ,  and ~ a i a  Lee Howard * 

' The ionization produced by collisions of highly excited Rydberg states 

of the rare gas atoms has been studied by several workers, and very large 

ionization rates have been reported when the collisions: are with polyatornic 

molecules. Since highly excited Rydberg states have long radiative life- 

times, molecular Rydberg states will have long lifetimes when their nonradia- 

tive decay processes, such as  predissociation, are slow. Thus, i t  has been 

possible to observe collisional ionization for Rydberg states of molecules 

(see Ref. 3 and references therein). However, little i s  known about the rate 

of constants for the collisional ionization or unimolecular decay of Rydberg 

states of polyatomic molecules. These rates are of practical interest, a s  

Rydberg states may'be useful intermediate states in isotope separation 
4-6 

schemes. 

In the laboratory we have observed 7-10 collisional ionization in 

acetone-h -6 and -6 d acetaldehyde-h4 and d+, ethyl bromide-$ and fig, methyl 

bromide-h ..-3 . and d3, methyl acetate-h -6 and fig, methanol-h -4 and % , propyne-h4 

and 4, acetylene-h and d and ethylene-d Figure 1 illustrates the in- -2 -2 -4 ' 
crease in the apparent ionization yield (the fraction of photon absorption events 

that lead .to ionization events) a s  the pressure increases. From the high- 
* pressure limit 'on such plots, we find y where i s  the fraction of collisions 

C C 

that produces ionization.and y* i s  the'suantum yield for producing the Rydberg 

states. We also evaluate 'k2Y*/k1 , where k and k are the specific rate 
1 2 

constants for 

* 
Summary of a paper published in J. Phys. B: Atom. Mol,. Phys. 9, 181 1 (197 6). 

t Undergraduate Research Participant, Fort Hays Kansas State College, Hays, 
Kansas 67602. 

*undergraduate ~ e s e a r c h  Participant, Wisconsin State University-Superior, 
Superior, Wisconsin 54881. 



010 - - 
- - FIG. 1. --Apparent ionization 

- yield plotted against pressure 
- (pressure adjusted to 0 C) for 
- acetone E = 9.69, 9.68, and ' 
- 9.66eV1 curvesA, B,  a n d C ,  
- respectively. - 
- 
- 

I I I I I 
0 1 2 3 L 5 

Pressure lTorrl 

1 
M* - Neutral products 

and 
k2  

M* + M - Ionic products, 

and Table 1 gives the results a t  excitation energies E in the range of 0.01 to 

0.08 eV below the ionization potential I. In gas mixtures, there can also .be 

ionization by collisions with the added gas molecules 

* 
M + A - Ionic products, 

and the k /k ' values given in Table 1 .show that the polyatomic molecules .are 
2 2 

much more effective a t  producing collisional ionization than are the atomic-, 

gases. We may use ionization yield data7 ' for E values slightly above I to 

estimate y* values of 0.15, 0.20, 0.20, 0.40, and 0.20 for acetone, acetyl- . ,  

. . 
dehyde-h and %, methyl bromide, and ethylene-c14 , respectively. ' Figures 2 

-4 
and 3 show llc'and k /k ' a s  functions of AE (= I -E) .  The rapid decrease of 

. .  . - ,  2 1 
k /k. as  AE increases is primarily the result of (a) the' increase in k (due to 2 1 .- 1 
the increased electron density in the core ion of the ~ y ' d b e r ~  orbital) and (b) . , 
the smaller fraction of collisions that are able to supply the large AE values. 

Our results for four polar molecules are 'most consistent'with large 

values of the collisional ionization rate constant k and with k being 
2 1 

determined by the predissociation rate (e. g. , at  AE = 0.02 eV, k,/k, z 10 - 17 

3 - 9 -7 3 -1 8 1 0  -1 1. 
cm , 10 5 k2 5 10 cm s and 10 5 kl + 10 s ) For ethylene-d ' ' 

-4 



a .  
TABLE 1. Coliisional ionization results. 

(2) (3) (1) (4) 

pp 

a This table supercedes the preliminary one in Ref. 10. 

bpr&suye range insufficient to provide estimate.. 

1.2- 

0.9 

'I= 0.6 

. .  

, I l l , , -  

XZ 

. + - - 
+ 

z - - 
Y 

Y 

FIG. 2 .,--The collisional ionization yield * 
_ .  ' calculated from qcy after estimating y*. 

. Thesyrnbols~Y,+ ,X,Z,and*represen t  
. the. data for CH3COCH3, CH3CH0, 

CD3CD0, CH3Br and C2D2, respectively. 



. . . . 

FIG. 3. --The ratio k2/kl calculated from 
k2y*/kl after estimating y*. The symbols 
have the  same 'meaning a s  those in  
Figure 2. The two l ines  are fitted t o  the 
data with AE 5 0.06 eV.. 

we find smaller k,/k, values ,  which we interpret a s  indicating a decrease in  
L 1 -19 3 

k2 (e.g., a t  AE = 0.02 eV,  k /k " 2 X 10 cm and 10"' -9 
2 1 -  5 k 2  5 1 0  3 -1 

cm s ) For the  polar molecules, the large k values  imply that  t he  electron 
2 

transfer occurs while the  collision partners a re  far a'part; these  rates  can be 

understood i n  terms of t he  coll isions of slow electrons,  although the detai1,ed 

mechanism remains unclear. For C2D4,  the  smaller k values  a l s o  can be 
2 

explained by electron col l is ions,  or by processes  such  a s  excitation transfer 

t o  vibrationally excited molecules or associat ive ionization. Thus, the  

Rydberg s t a t e s  of polyatomic molecules behave l i k e  the  Rydberg s t a t e s  of 

atoms, except that  k is l ikely to  be much' faster a s  a result  of predissocia- 
1 

t ive processes.  
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MOLECULAR EFFECTS ON INNER-SHELL PHOTOABSORPTION. K-SHELL 
SPECTRUM OF N2. t 

. L. ~ e h m e r  and Dan   ill* - 

I . . 
K-shell photoabsorption spectra of the first-row diatomic molecules 

N2 
CO, and NO are known to depart drastically from the behavior character- 

is t ic  of K-shell excitation in atoms. Below the K-shell thresholds these spectra 

are dominated by a single, very intense peak .rather than by normal Rydberg 

structure, and the first 1 0  to 20 .eV of the congnuurn exhibit a broad band of 

enhanced absorption, rather than a monotonic decrease. The experimental 

data from Ref. 1 are shown in Figure 1. We use the multiple-scattering model 

to compute the  discrete part and the first 100  Ry of the photoionization con- 

tinuum for K-shell photoionization of N The discrete spectrum and the low- 
2 ' 

energy continuum are shown in Figure 2 ,  and the entire continuum in ~ i g u r e )  3 .  

This calculation accounts for both novel features described above and shows 

that they arise from centrifugal-barrier effects manifested a s  shape resonances 

in higk-P components of the final-state wavcfunctions. These effects are 

molecular in origin, and result from the interaction between the photoelectron 

and the anisotropic molecular field. The full paper also discusses the energy 

4bo ' 4;o ' 410 ' 410 ' 

ENERGY LOSS (eV) 

1.0 
U) - .- 
C 
a 

2 
e = 
b 0.5 - 
* 
!z 
V) 
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t ,Summary of a paper, J. Chem. Phys. , in press. 

. A 

FIG. 1. --" Pseudo-photon" absorption 
, spectrum of N2 in the vicinity of the 

K-shell edge (409.9 eV) by Wight et al. 1 
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FIG. 3 .  --Partial photoionization cross 
sections for the K shell of N2.  Dashed 
line represents, twice the K-shell cross 
section for photoionization of atomic 
nitrogen, a s  computed from a Hartree- 
Sla ter potential. 
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dependence of the photoelectron angular distributions, Kronig structure in the 

high-energy continuum, the bearing of the present results on valence-shell 

spectra, and the likelihood of widespread observation of shape resonances 

in ionization 'processes in other molecules. 
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HALOGEN K-SHELL PHOTOIONIZATION IN HF, Fa, H C ~ ,  AND C1 I 
2 * 

J. Siegel, Dan Dill,*' and 1. L. Dehmer 

We have calculated K-shell photoionization from the hydrogen halide 
and diatomic halide forms of fluorine and chlorine using the multiple-scattering 
method, and we have compared the results to the corresponding atomic cross 
sections calculated with the Hartree-Slater model, to elucidate specifically 
molecular effects in photoionization. 

Multiple-Scatterinq Method 
1-3 

The multiple-scattering method represents the electron-molecule 

interaction in terms of a multicenter potential (Figure 1) composed of spherical 

regions centered on the constituent atoms and an outer sphere surrounding the 

molecule a s  a whole: regions I. are the atomic spheres, region I11 is exterior 
1 

to the outer sphere, and region I1 is the interstitial volume between the atomic 

and outer spheres. Only the monopole component of the molecular potential 

in regions I and I11 i s  used, and the potential in region I1 is se t  to a constant 
1 

4,5 value. Electron exchange is incorporated by the Slater statistical approxi- 

mation. A key advantage of the method i s  the accurate representation of tlie 

nuclear singularities. The success of the method in accounting for the f (1 = 3) 

resonance a t  0.8 Ry in the K-shell,photoionization of N, attests to the im-- 
L 

portance of such an accurate representation. ' (For an overview and refer- 

ences to resonance effects in other molecules see ,  e.g., ~ e f .  8.) 

Molecular K-Shell Photoionization 

Molecular. K-shell photoionization can be thought of a s  a two-stage 

process consisting of (1) the photon absorption proper, within the K shell, 

t~ummary of a talk given a t  the Annual Meeting of the Division of Electron 
and Atomic Physics, Am. Phys . Soc. , 6-9 Dec . 197 6, Lincoln, Nebraska. 

* 
Dept. of Chemistry, Boston University, Boston, Mass. 02215. 

*~ l f r ed  P.  loan Research Fellow, and Consultant, Radiological and Environi 
mental ~ e s e a r c h  Uivision. . 



FIG. 1. --Multiple-scattering regions. 
(ANL Neg. 149-5951) 

resulting in an electric-dipole s --p transition, and (2) the escape of the p 

electron from the core region to the exterior of the molecule. The electron 

experiences a torque during this escape owing to the anisotropic molecular 

potential, and this results in dispersion of photoelectric current into a range 

of orbital momentum channels. Owing to the cylindrical symmetry of the 

molecular potential we can analyze this dispersion separately for A =  0 (C -- C) 

and A =  1 ( C  -- TI) ionization., The n: photocurrent corresponds to electronic 

motion about the internuclear axis, whereas the C photocurrent corresponds to 

motion in the plane of the internuclear axis. Thus, TI photocurrent probes the 

most symmetric regions of the molecular potential, while C photocurrent 

probes the singularities a t  both nuclei. Accordingly, the C photocurrent is 

frequently the more sensitive probe of molecular effects. (The f resonance in 

Inteqrated Cross Sections 

Specifically, we have computed the squared moduli I A  ( A )  l 2  of the 
QP 

continuum p-electron amplitude within the K shell, with A =  C (TI) (Figures 2 

and 3), for each contributing orbital momentum Q in the exterior of the molecule. 

. Adding the contribution from each 1, we obtain' the integrated cross section for 
2 2 

each A in units (4/3).= ahv R , where R i s  the K shell s --p energy- 
PS PS 

normalized, electric-dipole transition amplitude. This amplitude only varies 

by several percent over the.spectra1 range studied, 0 to  5 Ry. 
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I moduli I A  ( 2 )12  as  
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functions of energy. 
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Consider first n-symmetry ionization (Figure 2) .  For HF and HC1 the 

photocurrent i s  confined almost entirely to the p channel. For F and C12 , 
2 

however, the photocurrent i s  dispersed throughout channels from 1 = 1 to 8 = 4 

or 5 (8 = 0 cannot contribute to the r~ photocurrent). The F photocurrent remains 
2 

in lower channels, while the C1 photocurrent i s  more evenly dispersed over 
8 2 

the range of 1 channels.' For all four molecules no single feature stands out 

at  any particular energy, and thus the overall cross sections for s yrnmetry 

show a nonresonant variation with, energy, as  seen in Figure 4. 

Consider next tfle C results (Figure 3 ) .  Again, for HF and HCl the p 
' 

channel dominates, but now there is some contribution from the s and d chan- 

nels owing to the increased anisotropy in the C channel. This increased 

anisotropy i s  most pronounced, however, for F and C1 for which there i s  2 2 ' 
considerable current with 1 a s  high as  6 ,  with dramatic shifts in the channel 

of dominance. But, a s  with n symmetry, no single channel sufficiently over- 

whelms the others at any particular energy to yield resonant variation in the 

overall cros s section. 

Finally, consider the C- and n-symmetry cross sections (Figure 4). As 

expected, there.is no dominant featurei but the detailed structure clearly cor- 

relates with the 1,-channel variations.   he effect of the hydrogen atom is  to 

enhance the cross section at threshold relative to the atomic halogen result, 

with a subsequent drop below the atomic value, On the other hand, the.effect, 

of one halogen atom on the other i s  to depress the cross section at threshold, 

with subsequent enhancement. This may be a general pattern in (near) homo- 

nuclear diatomic molecules'. The effect i s  so pronounced in N,, for example, 
L 6-8 

that a resonant enhancement results. The overall similarity of the HF and 

HC1 spectra reflects the similar spectral variation in their orbital. momentum 

distributions . 

Anqular Distributions 

The angular distribution of the photocurrent depends on whether the 

molecules are randomly oriented (for a general discussion see, e. g. , ~ e f .  9), 
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1 10-12 a s  by adsorption as  in the gas phase, or have a definite orientation, 

onto a surface. In particular, the random-orientation distributions are 

restricted by conservation of parity and angular momentum to the form 
2 13 

a + b cos 8, while the fixed-molecule distributions are restricted in com- 

plexity only by the orbital momentum composition of the photoelectric amplitude. 

The random-molecule results are expressed in terms of the asymmetry 
2 parameter p which ranges from P =  +2 for a cos 8 distribution, peaked along 

the electric vector of the light, through P = 0 for an isotropic distribution, to 
2 P =-1 for a sin 8 distribution, peaked perpendicular to the electric vector. For 

all four molecules, @ i s  close to 2 (~ igure  5), the more so as  the energy in- 

creases. That P does not equal exactly 2 ,  as it does for atomic K-shell ion- 

ization, reflects mainly the inequivalence of the C and II ionization channels 

(see e . g . , Ref. 14), which vanishes a t  high energy. The structure for C12 

reflects the rich 1-channel distribution at low energy, where the C-II in- 

equivalence i s  greatest. 

We have computed fixed-molecule angular distributions for the molecules 

aligned 'along or perpendicular to the electric vector of the light, which accesses 

separately C- and II -symmetry ionization, respectively. The photoelectron 

ejection angle i s  measured from the internuclear axis; hydrogen i s  set at  

8 = 1 80°. The results mirror closely the 1 -channel composition of the photo- 

current, albeit with further richness due to the interference between ionization 

amplitudes with different 1. (Such interference vanishes in the integrated 

cross rsection. ) 

Thus for II symmetry (Figure 6) the distributions for HF and HC1 are 

essentially p-like, peaked along the electric vector of the light. For F2 the 

components in higher B channels yield a small dimple, while for C1 . the more 
2 

p~onounced and structured dispersion into higher 1-channels superimposes a 

ripple effect on the overall p-like structure. 

The greater 1 -channel dispersion for C symmetry results in correspond- 

ingly richer distributions (figure 7). The photocu.rrent i s  again peaked along 

the electric. vector, which i s  now along the internuclear axis. Further, we see 

clearly the enhancement a t  threshold for HX, and the depression for X The 2 ' 
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FLUDRINE K-SHELL HYDROGEN FLUORIDE CHLORINE K-SHELL. HYDROGEN CHLORIDE 
ELECTRIC VECTOR PERPENDICULAR TO INTERNUCLEAR AXIS ELECTRIC VECTOR PERPENDICULAR TO INTERNUCLEAR AXIS 

FLUORINE K-SHELL DIATOMIC FLUORINE CHLORINE K-SHELL DIATOMIC CHLORINE 
ELECTRIC VECTOR PERPENDICULAR TO INTERNUCLEAR AXIS ELECTRIC VECTOR PERPENDICULAR TO INTERNUCLElR AXIS 

FLUORINE K-SHELL HYDROGEN FLUORIDE CHLORINE K-SHELL HYDROGEN CHLORIDE 
ELECTRIC VEClOR PIRALLEL TO INTERNUCLEAR AXIS ELECTRIC VECTOR PARALLEL TO INTERNUCLEAR AXIS 

FLUORINE K-SHELL DIATOMIC FLUORINE 
ELEClRIC VECTOR PARALLEL TO INTERNUCLEAR AXIS 

CHLORINE K-'SHELL : DIATOMIC CHLORINE 
ELECTRIC VECTOR PARALLEL TO INTERNUCLEAR AXIS 

FIG .. 6. --Fixed- 
molecule  angular  
d is t r ibut ions  for  
11 -symmetry ion- 
iza t ion .  (ANL Neg . 
149-76-304)' 

FIG. 7.  --Fixed- 
molecule  angular  
d is t r ibut ions  for 
C -symmetry ion- 
i za t ion .  (ANL 
Neg. 149-76-303) 



swinging of photocurrent between 0 = O0 and 180 in  t h e  HX spectra is due, t o  

interference of I-channel amplitudes of differing parity. The F2 and C12 

distributions are similar i n  spi te  of differing orbital momentum composition: 

the  photocurrent is concentrated in  an extremely small solid angle about each  

atom. 

Conclusion 

The anisotropic molecular potential disperses  inner-shell photoelectric 

current among a range of orbital momentum channels. This dispersion is 

largely hidden in  random-molecule experiments unless  there a re  extreme 

' (resonant) variations with energy in  I-channel composition. In contrast ,  

fixed-molecule experiments probe directly the orbital momentum dispersion. 
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SPECTRAL VARIATION OF FIXED-MOLECULE PHOTOELECTRON ANGULAR 
' 

DISTRIBUTION s * 
Dan Dill, * Jon Siegel, * and J. L. Dehmer 

We have computed the angular distribution of electrons ejected by 

electric-dipole interactions from the K shells of CO andN2 molecules held 

fixed in space, e. g. , by adsorption onto a surface. The predicted distribu- 

tions are very rich in structure, manifesting directly the spectral variation of 

the orbital momentum composition of the photocurrent. Experimental determina- 

tion of such distributions will provide a sensitive and detailed p1.ul.x of. 

N I T R O G E N  MP = 1 OXYGEN M Y  = 1 

N I  TROGEN MP = 0 OXYGEN MP = 0 

FIG. 1. --Calculated fixed-molecule K-shell photoelectron angular distributions 
for CO and N2.  The vertical scale has been adjusted in each plot to obtain a 
maximum size of the surface. See Figure 2 for the same surfaces on an absolute 
scale. The plane of the two horizontal axes represents zero cross section. 
For CO, carbon i s  a t  8 = 0, oxygen i s  a t  8=  T . (ANL Neg. 149-76-220) 

* 
Summary of an article published in J. Chem. Phys. 65, 3158 (1976). 

'Alfred P. Sloan Foundation Fellow and consultant, Radiological and Environ- 
mental Research Division. 

* ~ e ~ a r t m e n t  of Chemistry. Boston University. Boston, Massachusetts 02215. 



. . . . 
. !  

FIG. 2. --Data of Figure 1 plotted in units of megabarns per steradian. 
(ANL Neg.  149-76-219) 

molecular photoionization dynamics. The main results are seen in Figures 1 

and 2, which show the oriented-moleculeangular distributions for the K 

shells of N and CO on a relative scale (Figure 1) to bring out the structure 
2 

of the surfaces and on an absolute scale (Figure 2). The large four-lobed peak 

(as a function of energy) for light polarization oriented along the molecular 

axis (MP = 0) i s  a clear manifestation of the f-wave shape resonance dis- 
1 

cucccd carlier for N 
2 ' 

Reference 
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t -  Dan Dill 

Expressions are obtained for the angular distribution of electrons 

ejected by electric dipole interaction from molecular targets fixed in the 
. . 

laboratory coordinate frame. The analGsis is geometrical and independent 

of any particular dynamical description of the photoionization process. Thus, 

the results will serve a s  the framework for study of the dynamics of particular 

processes, such as  photoionization of molecules ortented on suriaces or by 

molecular-beam techniques. 

* 
Abstract of an article.published in J.  Chem. Phys. 65, 1.130 (1 976). 

'~lfred P. Sloan Foundation Fellow; consultant, Radiological and Environmental 
Research Division. Permanent address: Department of Chemistry, Boston 
University, Boston, Massachusetts 02215. 



FEED-MOLECULE PHOTOELECTRON ANGULAR DISTRIBUTIONS OF CO FOR 
FIXED SOURCE-DETECTOR ORIENTATION 

* 
S. Wallace, D. Dill, * and J. L. Dehmer 

Dill ,' Siege1 , and ~ e h m e r l  have computed fixed-molecule photo- 

electron angular distributions (FMADs) for fixed source-molecule orientation. 

Here we treat the alternative case of fixed source-detector orientation for a l l  

possible target orientations, an arrangement which corresponds to that of 

typical photoelectron spectrometers. We have computed carbon K-shell ion- 
2 -4 

ization of CO a t  the C(f) resonance (0.8 Ry kinetic energy) for several 

detection directions using dipole transition amplitudes computed by the multiple- 

scattering formulation of inner-shell photoionization. 516 

Geometrical Conventions 

A diagram of the coordinate system is given in Figure 1. The orienta- 
A * - tion of the molecule i s  given by the set  of Euler angles R - { a, PI 0) which 

carries the laboratory frame (primed) coordinates into the molecule frame 

(unprimed) coordinates. . The first two rotations, through a and P I  align the 
A 

directions z' (defined a s  either the axis of linear polarization or the propaga- 
A 

tion direction for natural and circular polarizations) and z (defined a s  the inter- 

nuclear axis, with oxygen a t  the positive end). The third rotation, through y 
A 

about the transformed axis z' i s  moot since this is the molecular symmetry 

axis, and y is arbitrarily se t  a t  zero. 
A 

The orientation'of the detector i s  defined a s  k = (8, +), the usual e 
polar angles specifying the detection direction with respect to the laboratory 

A 
frame axis z' . The angle + is arbitrarily measured .from the source-detector 

--- -- - * 
Department of Chemistry, Boston University, Boston, Massachusetts 0 2'21 5. 

'~lfred P. Sloan Research Fellow and Consultant to Radiological and Environ- 
, . .  , 

mental Research Division. 

'conventions on Euler angles, spherical harmonics, rotation matrices, and 
angular momentum phase factors are those yiver l  111 Ref.  7. 



A ' 

z '  'FIG. 1. --Coordinate system for fixed- 

detector FIVIAD. Euler angles ( a, P I  0) 

specify the molecule orientation, polar 
A 

angles k = (8, C$ ) specify the detection 

. A 
direction; z' i s  either the a>ds of linear 

A I * y  . polarization, or the axis of propagation 

for natural and circularly polarized light; 
A 
z is the internuclear axis, with oxygen at . 

the positive end. (ANL Neg. 149-77-5) 

Workinq Expression for Cylindrically Symmetric Tarqet 

The general formula for the FMAD as  measured from a position fixed 

with respect to the light source is Eq. 23 of Ref. 2 ,  

* 
(1' - 1) i(o1 - olt)  ,,(-)ro, x i e (-Ira (k Y )  18m'm (keY)Dlmm , e 

Y Y 



Here a i s  the fine structure constant, a ,  is the Coulomb phase shift 
x 

a r g r ( I + l - i / k  ), D K 
e 

(-Ir0 is the dipole transition amplitude, D 
l m m  . A y 6  

A -1 &-Me Y 
is the rotation matrix element, and R = { 0, p , y ) = R . is the se t  of 

Y Y Y 
Euler angles which carries the molecule frame into the laboratory frame. The 

polarization quantum number is m = 0 for linear polarization, m = * 1 for 
P P 

left- and right-circular polarizations (positive and negative helicities) , 
respectively. After simplification of Eq. 1 by imposing cylindrical symmetry, 

8 we obtain the working expression 

where P(cY) = 4rr2ahv C i 
(I1 -1) i(oI-  o 

e 
A~~ e I m  

KMm . . 

( tY)  I m , I ' m l  e 
, . 

- .  
with ' 

' ?  
KMm m+ml - m  ' 1 1 

C . (k  " Y -  e l  - (-1) 
I m ,  I ' m '  

(2K+ I ) - ~  [ ( 2 1 '  + 1) (21 + l ) lY  



CARBON THETA = 0 0 DEGREES 
LINEAR DOLA91Z1110N 

CARBON THETA = 22 5 DEGREES .. 
LINEAR POL&WIZ&lION 

" 1 

CARBON THETA 7 4 5  0 .  DEGREES 
I I N F I R  POI.ARIZAIION 

CARBON THETA = 9 0  0 DEGREES 
LINCLR POLIPIZ&IION 

CARBON THETA = 135.0 DEGREES . .  
LINEAR POLIRIZIIION 

" 1 

. . 
.' . CARBON THETA . 0 0 DEGREES CARBON THETA = 0 0 DEGREES 

LEFT ClRCULIP POLIPIZIIION NATURAL P0LADizlilO~ 

CARBON THETA -22 5 DEGREES 
LEFT CIRCULAR POLLRlZ6TION 

- 1 

' CARBON THE14 = 22 5 DEGREES 
N L i U R I L  POLhFIZPIION 

- 1 

CARBON THETA - 4 5  0 DEGREES . CARBON THETA = 4 5  0 DEGREES 
LEFT CIPcu~ne POLIDIZIIION NAIUI)AL POLIPIZIIION 

- 1 - 1 

CARBON THETA - 9 0  0 DEGREES CARBON THETA = 9 0  0 DEGREES 
Lcrl CIRCULLR POLIRIZIIION NIIUPlL POLIPIZPIIOI' 

CARBON THETA = 1 3 5  0 DEGREES 
LEFT CIRcuLnR PoL~RIznlloN 

- 1 

CARBON THE14 = 1 3 5  0 DEGREES 
N L T U D I L  POLIPIZIIION 

FIG. 2.  --Differential cross sections for K-shell photoionization from carbon 
in CO, a t  0.8 Rydberg kinetic energy, a s  a function of molecule orientation 
and detection direction. (ANL Neg. 149-76-308) 



(-F0 
A l l  dynamics are contained in the transition amplitudes D 

Bm 
(k '1. Details 

8 e 
of the derivation are given elsewhere. 

Dependence 'of the Cross Section on Helicity 

In the usual gas phase photoionization experiment the angular distribu- 

tion is independent of helicity because of the random orientation of the target. 

Fixed-molecule distributions, however, exhibit a definite handedness . This 

follows in the present example from the relation 

which yields a mirror symmetry between the cross sections for ionization with 

alternative helicities (m = * 1). At our choice of += 0 at the source-detector 
P 

plane this mirror symmetry simplifies to  

That i s ,  the cross section.for neg.ative helicity i s  given by the mirror image in 

the angle a of the cross section for positive helicity. 

. Ancrular Distributions 

The calculated differential photoionization cross sections for the K 

shell of carbon in CO for several detector angles 'are plotted in Figure 2. Since 

the kinetic energy of the electron is given by the difference between the 

energy of the ionizing radiation and the K-shell ionization potential of the cor- 

responding atom, the distribution from each atom may be probed selectively by 

kinetic energy analysis a t  the detector. 

Geometrical lealures in' the distributions m a y  be understood by refer- 

ence to Figure 1. (1) A l l  distributions are invariant with respect to a at  

P = 0°, 180 , since here the molecule and laboratory frame z axes are aligned 

and, therefore, rotations through a are about the molecular symmetry axis. 

(A special case  occurs for 9 = 0°, a t  which source and detector 'are aligned: 



distributions are independent of a 'for all values of P.) (2) For linear polariza- 

tion there is a mirror symmetry about a = 0"  , or equivalently, about a = 180  " . 
This may be seen immediately from Eq. 6 with m = 0,  and i s  due to the fact 

P 
that, a t  a given value of p, the interaction for equal displacements a on either 

side of the source-detector plane must be equivalent. (3) The distributions 

for right- and left-circula~ly polarized light are mirror images in a of each other, 

a s  may again be seen from Eq. 6. (4) Because natural polarization i s  expres- 

sed as  the incoherent sum of right- and left-circular polarizations, a s  a con- 

sequence of (3) the distributions for natural polarization are symmetric about 

a = 0 O, or a= 180  O . (5)   he distribution tor a given detector anyle 8, and with 

p varying from 0° to 180°, is the same a s  the distribution for a detector angle 

-rr- 8 ,  with (3 varying from 180" to O u t  i.e., 

a s  follows from Eqs. 2-4. (6) A special case of (5) i s  the mirror symmetry in 

p for all  polarizations at- 8 = 90  O,  as  follows immediately from Eq. 7. 

Dynamical features of the distributions arise from three effects: (1) the 

degree of alignment of the electric vector of the light and the molecule, (2) the 

degree of alignment of the molecule and the detector, and (3) the orientation of 

the carbon end of the molecule with respect to the detector. In general, the 

cross section should be large when the molecular axis i s  most nearly aligned 

with the electric vector of the light, since this probes the C resonance, and 

when i t  i s  most nearly aligned with the detection direction, since at the 

resonance electrons are ejected preferentially along the molecular axis. 
6 

Conversely, when the molecular axis i s  perpendicular to either the electric 

vector or the detection direction, the cross section i s ,  in general, quite 
6 

small. Degree of alignment with the ionizing electric field seems to be the 

dominant criterion when the two conflict. The orientation of the carbon end of 

the molecule affects the differential cross section because of scattering from 

the oxygen:' when the carbon i s  directed away from the detector the cross 

section will be smaller than when i t  i s  directed toward the detector. 



Dill, Siegel, and ~ehrner '  explored the dependence of the distribution 

upon detection direction alone for a particular target orientation. Here the 

distributions are more complicated owing to the interplay of geometry and 

dynamics. For linear polarization a t  8 = 0°, the distribution i s  symmetric 

about or= O 0  a t  al l  p since the source and detector are aligned, and is greater 

a t  p = 180" since here the carbon end is toward the detector. At 8 = 90 O ,  the 

source and detector are perpendicular. w e n  the molecule i s ' a l so  perpendic- 

ular to the source (at /3 = 90 O )  , the cross section nearly vanishes, yet a s  

varies slightly from 90°, the molecule begins to respond again to the light. 

At intermediate values of 8, however, the distributions are not so easily 

explained in terms of limiting cases. The dominant feature in the distributions 

for 8 = 2 2.5 and 8 = 45' (linear polarization) falls close to those values of 

or and P which align the carbon end of the molecule with the detection direction 

(or= 180 O ,  P E 180 - 8). In the distributions for circular and natural polar- 

izations at the same values of 8, however, the corresponding feature i s  shifted 

toward lower values of p, i. e. , toward values that would place the molecule 

nearer the plane of the rotating electric vector. (Direct comparisons of dis- 

tributions for linear and circular polarizations must be made with allowance 

for the different definitions of z' in the two cases.) Such complex interplay 

between geometry and dynamics is seen. throughout the distributions. 

. The, differential cross sections for oxygen are very similar to those for 

carbon in gross features, but structural (1-component) differences do arise. 

Provided that the oxygen is rotated into the position occupied by the carbon 
, p -- n - PI,  or - a + n), the distributions may be compared directly to reveal 

the differences in dynamics between the two atoms, al l  of which are contained 

in t h e  dipole amplitudes ~ 6 2 ~ 0  (k Y ) .  Cross sections for oxygen a t  selected e 
angles 8 will be found elsewhere. 

. . Conclusion 

, Fixed-molecule angular distributions provide a means fordetennining 
. . 

the orientation of molecules aligned in space - and we have in mind partic- 

ularly species adsorbed on surfaces. The treatment here of arbitrai-y detection 



angle is particularly appropriate to the arrangement of typical photoelectron 

spectrometers. If interactions with the surface are small, theory and experi- 

ment may be compared directly to determine orientation; even i f  the molecules 

are not perfectly aligned, the theoretical expressions may be integrated over 

appropriate tolerances in the orientation angles to fit the observations. If 

surface effects are non-negligible, they will need to be included in the compu- 

tation of the dipole amplitudes, and such cases a s  those in which molecular 

symmetries had been assumed will need to be generalized once again to include 
I 

the geometry of the perturbations. But .even Without this effort, some of the 

adsorption-site geometry may be inferred simply from the magnitude and per- 

iodicity of the perturbations. Consider a carbon ~nonoxide molecule Manding 

on end in an interstitial space formed by four metal atoms of a surface. A s  

the molecule (surface) is rotated about the molecular axis, perturbations from 

cylindrical symmetry, four in number and of equal or unequal (depending on the 

site) magnitude, should be observed. Further, which end protmdes - carbon . 

or oxygen -may be inferred from the ,argument that the more perturbed atom 

will give the more perturbed distribution, provided that the difference in effect 

a t  embedded and protruding ends is discernible. Further simplifications, of 

these proposals, based on integration over a l l  detection directions ratlier' Ll~aii 

molecular orientation ("integrated FMAD ") , will be provided. 
8 

Finally, the handedness of the interaction for circularly polarized light 

expressed in Eq.  6 deserves, further study. This result, a s  mentioned, was 

heretofore unseen because of failure to resolve molecular orientation in the 

usual random-molecule gas phase of calculations. 

References 

1. D. Dill, J. Chem. Phys. 65, 1130 (1976). 
2. D. Dill, J. Siegel, and J. L. Dehmer, J. Chem. Phys. 65, 3158 (1976). 
3. J. L. Dehmer and D. Dill, Phys . Rev. Lett. 35, 2 13 (1975). 
4. J. L. Dehmer and D. Dill, J. Chem. Phys. 65, 5327 (1976). 
5. D. Dill and J. L. Dehrner, J. Chem. Phys. 6 l ,  692 (1974). 
6. J. Siegel, D. Dill, and J. L. Dehmer, J. Chem. Phys. 64, 3204 (1976). 
7. M. E. Rose, Elementary Theory of Angular Momentum, Wiley , New York, 

(1957). 
8. S. Wallace, D. Dill, and J. L. Dehmer, to be published. 

72 



MOLECULAR EFFECTS IN INNER-SHELL PHOTOABSORPTI0.N. SHAPE RESONANCES 
AND EXTENDED X-RAY ABSORPTION FINE STRUCTURE (EXAFS). * 

. . . . 
t J.  L. Dehmer and Dan Dill 

. . 

With few exceptions,  inner-shell photoabsorption spectra of molecules 

exhibit  strong shape resonances near threshold, weak fine structure extending 

far into t h e  continuum, or both. We establ ish. the main characteris'tick of ' 

these  one-electron effects by reviewing selected experimental .data. Then we 

describe recent calculations based on the miiltiple-scattering model which 

show in detail  how these  effects are  caused by the anisotropic molecular f ield,  

which mixes high-l partial-wave components into the final-state wavefunction. 

Finally, we .predict how these molecular effects will manifest themselves in  

future experiments on photoelectron angular distributions from randomly- 

oriented and fixed molecules. 
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t K. B. Wiberg , K. S. Peters, G . B. Ellison, and J.  L. Dehmer 

The ultraviolet spectrum of butadiene i s  a key element in interpreting 

the spectra of the conjugated polyenes (see, e. g.,  Ref. 1). In this work, a 

spectroscopic problem in this prototype system i s  resolved by use of high- 

resolution photoelectron spectroscopy. The question' of'interpretatioi concerns 
- 1 a Rydberg s ta te  of 1,3-butadiene appearing between 56,000 and 63,000 cm 

in the uv absorption spectrum, shown a s  the lower curve in ~ i g u r e  1. 
' 2 

McDiarmid ' suggested that, in addition to the Rydbery series with origin a t  
- 1 

A in Figure 1, there were two additional series with origins a t  59,121 cm 
- 1 

and 60,3 1 2  cm (marked B and C in Figure 1). 

Comparison of the uv absorption spectrum and the high-resolution 

photoelectron spectrum shows that peaks B and C occur in both spectra. If we 

make the reasonable as'sumption that the vibrational structure of a Rydberg 

state is similar to that of the molecular ion, we are led to the conclusion that 

peaks B and C are, in fact,  vibrational structures associated with a single 

lONlZATlUN POTENTIAL CEVI 
9. 9. 1 9. 2 9. 3 9. 4 9. 5 9. 6 9. 7 9. 8 9. 9 

1 FIG. 1. --Comparison of the 
ultraviolet spectrum (lowest 
curve) and the photoelectron 
spectrum (upper curves) for 
1,3 -butadiene. 
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Rydberg ser ies  whose origin is peak A. In fact ,  these  two features correspond 

very well t o  sums of fundamental vibration frequencies ,. i. e. , B and C represent 

v + v  a n d 2 v  respectively. 
4 4 9 
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WAVELENGTH DEPENDENCE OF. THE PHOTOELECTRON ANGULAR DISTRIBUTIONS 
FOR ATOMIC OXYGEN* . .. 

J. L. Dehmer and P. M. Dehmer 

The importance of photoionization of atomic oxygen in the'  ionosphere 

has stimulated Several calculations of the photoelectron angular 

distributions. We report measurements of these angular distributions for 
2 0 

the 011 4 ~ 0 ,  2 ~ 0  , and P final states with HeI, I1 radiation. The atomic 

oxygen i s  produced in a microwave discharge and the ejected photoelectrons 

are observed with a rotatable hemispherical electrosfati~ analyzer. In addi- 

tion, photoionization branching ratios are determined for HeI, 11. Comparisons 

will be made with theory and with a pievieus measurement of 584 branching 
4 

ratio. 
./ , . 
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ANGULAR DISTRIBUTION OF 'Xe 5s  -- ~p PHOTOELECTRONS. DIRECT 
EVIDENCE FOR ANISOTROPIC FINAL-STATE INTERACTIONS* 

t J .. I;. Dehmer and Dan. Dill # .  

Photoionization of the  X e  5s  subshell  by electric dipole interaction can 

be written schematically a s  
2 6 1  + 

Xe(5s 5p' r S = + l ) + y ( j  = 1 , ~  = - 1 ) - X e  ( ~ S ~ ~ ~ ~ S , , I T  = + I )  S o 1 .  0 Y Y - 2 c 

The orbital momentum I .of the  photoelectron is restricted by the angular- 

momentum balance 

t o  the range I 5 2.  ~ u r t h e r ,  the parity of t he  photoelectron is IT = -1 (odd) e 
owing to  the  parity balance 

Hence, the  orbital momentum is fixed a t  the  single value I = 1. 

A simple analysis  of the  differential cross  section for reaction 1 pre- 
2 d ic t s  a pure cos  8 angular distribution, relative to  the electric vector of . the 

light. The distribution is just that  of the continuum p wave with I = 0, i.. e. , 
Z 

corresponding t o  an,  a symmetry parameter P = 2.  

In sharp contrast ,  our measurement of the angular distribution gives  
0 

t he  asymmetry parameter P = 1.4 0.1 a t  304 A. The discrepancy is due t o  

* 
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the assumption implicit in the simple analysis that the photoelectron exper- 
. . 

iences no anisotropic interactions during its escape fiomthe rest of the atom. 

Such interactions result in angular-momentum exchanges which can change the 

orientation of the photoelectron orbital momentum and thereby its angular 
1 

distribution. In this spectral range of process l ' the interaction likely re- 

. . presents the combined effect of coupling with the ~ e ' ( 5 s ~ 5 ~ ~ .  2 ~ 0 )  + ed (and 

ES) electron continuum (by ~bulomb and spin-orbit interactions) and of coupling 

of the continuum p electron with i ts  own spin. We summarize the results of 

our analysis by noting that spin-orbit coupling i s  essential in this case, but 

that spin-independent interbctions , sucll d a  interchannel coupling, arc expected 

to play a major role. We leave the question of the relative importance of 

these or other effects (such as initial-state correlations) to be resolved by 

detailed calculations now possible in other laboratories. 
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WAVELENGTH DEPENDENCE OF THE BRANCHING RATIO FOR THE 5p 
SUBSHELL OF Xe 

. .  . . 

J'. L. Dehmer 

Viewed separately, recent measurements by Samson e t  al. and by 
2 2 Wuilleumier et al. lead to  different wavelength dependences of the P3: - P1 - 

2 2 

branching ratio of the 5p subshell of Xe. The interpretation may be clarified 

somewhat by combining a new measurement with both earlier sets  of data. 
~ ~ - -  - -- 

1 
Recently, Samson et  al.  combined some new data with reanalyzed 

earlier data in order to describe the wavelength dependence of the branching 
2 

ratio (BR) for the ,5p subshell of Xe (BR-Xe 5p) from the Pl - threshold to a 
2 

photon energy of 40.8 eV (3 04 i) . This work strongly suggests the BR-Xe 5p 

has a constant value of 1.54. Data in the soft x-ray energy range, 60 eV to  
2 

110 eV, have now been obtained by Wuilleumier et al . ,  using the ACO stor- 

age ring in Orsay, together with a grazing incidence monochromator. Their 

data imply the BR-Xe 5p has a constant value of 2.0  in this energy range. 

Clearly, some data in the .photon energy, (40 eV- 60 eV) between these 

two sets  of measurements are desirable to resolve this apparent inconsistency. 

Using undispersed radiation from a hollow-cathode lamp, I was able to obtain 

a value of BR-Xe 5p = 1.75 0 . 1  a t  48.4 eV (256 i). A hemispherical spectro- 

meter set a t  the magic angle 54'44' was used for the measurement. The 1 
2 

entrance lens was tuned to optimize the intensity and resolution of the PA 
2 2 

and Pl - peaks produced by 256 (He11) radiation, and it was assumed the 
2 

transmission of the spectrometer was equal for the corresponding 36.3 eV and 

35.0 eV electrons. 

Uniting the three independent measurements, together with the flex- 

ibility afforded by the respective stated errors, the following picture emerges 
2 

for the wavelength dependence of the BR-Xe 5p: Near the PI - threshold, the 
2 

BR-Xe 5p has a nearly constant value of 1.54. Preferentially using Samson's 

most recent measurements, taken with a cylindrical mirror analyzer, it i s  

easy to argue that the BR-Xe 5p begins a slow rise a t  ha - 25 eV. The rise 



takes the curve smoothly - . through Samson's 304 ! value (- 1.63) and the present 

256 point (1.75 * 0.1) to mesh with the high-energy points which lie very 

near the statistical value of 2.0. Certainly more extensive study of the energy 

dependence of this quantity i s  necessary to confirm the tentative interpreta- 

tion presented here o n  the basis of the new intermediate energy measurement. 
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J,  L. Dehmer . 

Photoionization of H by 304 ! radiation can produce the 2po , 2prru, 
+ ,u 

and ?SO repulsive states of H The angular distributions of energetic ( > 2  eV) 
g 2 ' 

protons from these states have, been measured relative to the incident unpolar- 

ized light beam with a rotating hemispherical electrostatic analyzer. Axial 

recoil conditions apply in this situation, so that the photofragment angular 
1 

distribution should exhibit asymmetry parameters P = 2 for C-C electronic 

transitions and p = 1 for C-IT transitions, Unlike photodis sociation processes 

forming neutral products, the present process leads to the ejection of photo- 

electrons with alternative symmetries. Consequently, measurement of the 

photoion angular distribution' in dissociative photoionization yields the branch- 

ing ratio between the alternative channels available to the photoelectron, 

which cannot be deduced by observation of the photoelectron itself. 

~ e f  erence 

1. R. N. Zare, Mol. Photochem. 4, 1 (1972). 
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HIGH-RESOLUTION PHOTOIONIZATION STUDY OF ION-PAIR FORMATION IN 
H2 HD, AND D2. * t  

W. A. Chupka, ' '** P. M. Dehmer, and W. T. Jivery Stt 

A new photoionization mass spectrometer which is significantly superior 

to pqevious instruments in both wavelength resolution and ion intensity has 

been used in the study of photon-induced ion-pair formation a t  78OK in  para- 

H2 , ordinary H and D (the ortho-para equilibrium mixtures), and HD in the 
2 2 

wavelength region from 718 %, to 700 a t  a wavelength resolution (FWHM) of 
Ij U 0 

0.035 A for para-H, , 0.07 A for ordinary H, and D, , and 0.15 A for HD. The 
L L L 

threshold for fo,rmation of ion pairs from para-H2 occurs a t  715.753 * 0.046 
0.008 

+0*0002 eV), and this value together with the accurately known 

values of the dissociation energy of H2 and the ionization potential of atomic 

hydrogen yields a value of the electron affinity of the hydrogen atom of 
O'  eV, in excellent agreement with the theoretical, value of 

0*7542 a 0.0004 
1 

0.7 5421 eV calculated by Pekenls. The observed thresholds for ion-pair form- 

ation in D, and HD are also in excellent agreement with the calculated posi- 
L 

tions. For para-H the region within 0.5 1 of the threshold has a continuum- 
2 

like appearance and contains window resonances which are interpreted a s  
+ 

predissociating members of a Rydberg series converging to H (v= 9, N = 2).  
2 

The continuum results from closely-spaced predis sociating Rydberg states 
+ 

converging to H (v = 9, N = 0) , ' which were not resolved in the present experi- 
2 

ment. A number of other tentative Rydberg state assignments were made for 

para-Hz, based on t'he results of an analysis using multichannel quantum de- 

fect  theory. No Rydberg state identifications were attempted for the other 

* .. . 

A full report i s  given in J; Chem. Phys. 63; 3929 (1975).' 

' The major part of the work was done in  the Physics Division. 

* Physics Divisision, Argonne National Laboratory. 
** 

Present address:' Department of Chemistry, Yale University, New Haven, 
. ,  1 

~onnec t i cu t  ' 0 6 5 2 0. 

t t  Present address: 402 Lake Avenue, Ironwood, Michigan 49938. 



systems because .of the greatly increased complexity of their spectra. For HD, 
+ + 

which can dissociate to  either H + D- or H- + D , the H-ID- ratio is - 2 

just above threshold and appears to decrease with decreasing wavelength; 

however, this is due, a t  least  in part, to discrimination by the detection 

system against the more energetic H- ions. 

Reference 
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HIGH-RESOLUTION ' PHOTOIONIZATION STUDY OF, RYDBERG S.ERIES IN Hz - 
SERIES CONVERGING TO 3 (2%, v= 1-6)*. 

t ,  P. M. Dehmer and W. A. Chupka 

Introduction . , : ..., . 

The photoabsorption spectrum from the ground rotational state of 

molecular hydrogen consists of two interacting Rydberg series converging to 

each vibrational level of the ion core. The lower members of the series cor- 
1 + 1 

respond to npa C and n p ~  series of states, but a s  n increases there i s  
u u 

a transition from Hund's case (b) to Hund's case (d) a s  a result of the effects 

of '  4' uncoupling, and the series converge, respectively to the N = 0 and N = 2 

rotational levels of the ion core. During the course of the 1 uncoupling the 

two series perturb each other strongly, resulting in large energy-level shifts 

and intensity variations. In addition to these interactions between the series 

converging to the same vibrational. level of the ion ( Av= 0 interactions), there 

may be further intense perturbations from low n Rydberg states converging to 

higher excited vibrational states of the ion ( AV# 0 interactions). During the 

las t  several years, the multichannel quantum defect theory (QDT) method for 

the analysis of spectral data has been applied to the problem of interpreting 

these interacting Rydberg series. 1 

In the present work, the two-channel quantum defect theory methods 
2 

employed by Herzberg and Jungen are used to identify members of autoioniz- 
2 + 

ing Rydberg series in para-H ( C , v =  4-6), thus extending the analysis of 
2 g 

Herzberg and Jungen. In addition, observed autoionization intensities are 

compared with intensities calculated from two-channel quantum defect theory, 

and observed linewidths are compared with those calculated using a perturba- 

tion approach. 

* 
A full report i s  given in J. Chem. Phys. 65, 2243 (1976).  
t Physics Division, Argonne National Laboratory. Present address: Department 
of Chemistry, Yale University, New Haven, Connecticut 06 52 0. 



Results and Discussion - - -  . - . - - . . - 
Relative photoionization cross sections were measured for para-H a t  

2 
78 K and at a wavelength resolutiqn of O 1  0$6 A in  the wavelength region from 

805 to 715 !. The data_ are shown in Figure 1 The regions near the vibrational 

convergence limits are shown in more detail in Figure - - 2.  

The QDT method of analysis - -  - uses the concept qf a single channel to 

describe the discrete levels and the adjoining + continuum of an unperturbed 

Rydberg series. Thc lcvel positions are described by a quantum - .  defect 6, 

and an ionization potential I, and the level intensities are described by an 

oscillator strength density df/dE_, Configuration interaction is replaced by 

the concept of channel mixing, p q - c h g n e l  migng may then be used to 

describe the two interacting R (0) Ry@beyg ~ e r 3 e s  in parg=H or: the interacting -4 -- - , - .  

R (1) series in ortho-H2. Higher ockr  interapttons may be Jncjdded via a 

perturbation approach following Herzbe~g and fmggn or, gl$@matively, . . she , 

two-channel QDT may be extended to'inclucle a larger number of @bration and 

rotation channels. In our work, . the _.. level pos itions , jn$ensitie_s, and yidths 

were calculated in the manner described by Hepiberg and Ju~gen!  and the 

results are compared to the quantities we measured: Re~resenta$&g results 

for the series converging to the v= 1 and v =  4 vibr&iona! ley& of H+'z+ are 
2 g - 3 given in Table 1. The complete results are given in dgtaii elsewhere. 

In general, we' find that the agreement betyeen calcu_lat,e_d and observed 

quantities i s  exqellent in ~egions  of the speqtem where ~ v #  0 inf eractions 

are weak or absent. However, as  one goes to higher eneFgy, . " $he spacing 

between successive vibrational levels decreases owing $9 the 5gha~onicf:ty 
+ 

of the H potential cyme. This results in increasingly signifgcant overlap of 2 
Rydberg series converging to the higher vibrational levels! and as a conse- 

quence, the number of 4v# 0 interaction is greatly insyeaseci, Thus, the 

simple t~o-chdnnel  quantum defect theory becomcs inc_reasingly unable to 

reproduce the observed spectrum. 



PHOTON WAVELENGTH ( A )  

FIG. 1. --Relative photoionizationocross section of para-H2 at 78 K taken at 
a wavelength resolution of 0.016 A,  showing the R '(0) npO and np2 Rydberg 
series. 
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FIG. 1. (contd. ) 



FIG. 1. " (contd . ) 



FIG. 2 .  --Relative photoionization cross section of para-Hz in the regions of 
the H ~ ( ~ Z : ,  v=  l-6)oconvergence limits a t  78 K taken at  a wavelength 
resolution of 0.016 A. 
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TABLE 1. Calculated and Observed Line Positions, Intensities, and Widths for R(0) 
Rydberg States in  Para-H2 

+ 2  + 
Series converging to H ( z v=l) 

2 9 '  

CALCULATED 

* 
State "n X @I intensitya 

7 P 2  
BPO 
8 P 2  
9PO 
9P2 

1 OPO 
l O P 2 '  
1 lFO 
12PO 
1 l P 2  
13PO 
1 2 P 2  
1 UP0 
13PZ 
15PO 
l6FO 
1 UP2 
17PO 
18PO 
1 5 2 2  
1 9 2 0  
20?0 
16P2  
2 1  PO 
22PO 
1 7 P 2  
23PO 
2UPO 
18P2  
25PO 

+ 2  + 
Series converging to H2( Z v=4) 

9 '  

State 

4PO 
4P2  
5PO 
5P2  
6 1 0  
6 P 2  
7 PO 
7 P 2  
8PO 
OP2 
9PO 
9P2 

1 OPO 
1 0 P 2  
1 l P 0  
1 l P 2  
i aen 

.13PO 
12P2  
1 UP0 
1 3 P 2  
15PO 
1 4P2 
16PO 
17PO 
15P2  
18PO 
19PO 

.16P2 
a o P 0  

CALCULATED 

Intensity 

OBSERVED 

r (cm-l) . 1 @I Intensity r (cm-') 

'~ntensi t ies  a re  calculated only for states which may autoionize with Av= -1 and 
are normalized sgparately (very roughly) to  the observed intensit ies for series 
converging to  different vibrational levels of the ion. 

b ~ l l  observed intensit ies are normalized to  100.0 on the 8p(r v = l  state.  

'0bsenred linewidths and intensit ies are given only for those states which may 
autoionize with Av= -1. 



References 

1. U. Fano, J. O P ~ .  soc. Am. 65, 979 (1975). 
2. G. Herzberg and Ch. Jungen, J. Mol. Spectrosc. 41, 425 (1972)'. 
3. P. M. Dehmer and W. A. Chupka, J. Chem. Phys. 65, 2243 (1976). 



DECAY OF RYDBERG STATES OF H2 ABOVE THE IONIZATION THRESHOLD - 
COMPETITION AMONG AUTOIONIZATION PREDISSOCIATION I AND 
FLUORESCENCE* 

t .P. M. Dehmer and W. A. Chupka 

Unimolecular decay processes that can compete significantly 'with 
8 

autoionization of Rydberg states of H are predissociation and emission of 
2 

light. These processes result in values of ionization efficiency (defined here 

a s  the ratio .of ionization to absorption) less than unity. High resolution 

(0.016 i, FWHM) photoabsorption and photoionization data , on . para-H2 and on 

the ortho-para equilibrium mixture taken a t  78 K have been analyzed in order 

to extract the ionization efficiencies of those states of low n which are ex- 
0 ' 

pected to decay significantly via channels other than autoionization. A Z A 

region of the photoabsorption and photoionization spectra of ordinary 112 is 

shown in Figure 1 as  an example of the data. Data were taken in the wave- 

length region from 805 to 750 i. The values of ionization efficienky are given 

in Table 1. 

It i s  possible that fluorescence can account for a significant fraction 

of the decay of certain states for which both autoionization and predissociation 

are very slow. Autoionization i s  weakest for those states which have pure .rr 

character, and can autoionize only by a large change in vibrational quantum 
1 number of the ion core. Such states are the n- states [the upper states of 

u 
the Q(J) transitions] with minimum value of n, and hence maximum values of v 

for a given total energy. These states are only weakly predissociated as  well, 
1. since the strong predissociation of np.rr q. states i s  due to interaction with 

1 + u 

npc C . . states (with the same value of n),  which can only predissociate the 
u 

In+ components (P and, R branches). The data on the ~ ( 1 )  lines are particularly u 
regular and amenable to straightforward interpretation for the most part. The 

* 
A full report i s  given in J. Chem. Phys. 65, 2243 (1976). 

t~hys ics  Division, Argonne National Laboratory. Present address : Depart- 
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H: FROM ORDINARY H, 

FIG. 1. --Spectra of transmitted light and ionization for ordinary H2 (the ortho- 
para equilibrium 'mixture) - at  7 8 I$ taken a t  a wavelength re solution of 0.0 1 6 8. 
in the region from 794 to 796.5 A showing a l l  of the assigned states in this 
region. 



TABLE 1. Autoionization efficiency for Rydberg s ta tes  of H2. 

State 

a 
% Autoionization 

- AV R(O) R(1) Q(1) 

'nu s ta tes  3prr, v= 7 7 o o 0 .  
8 7 0 0 0 
9 8 0 0 0 

10 
8 b  

0 0 0 
11 8-9 0 0 0 
12 9 0 0 .  0 

% Autoionization 

State Av R(0) R(1) P(1) 

1 + xu States 4 p a , v = 5  . 5 . < 2 '5 c 
6 5 c C .  0 
7 6 0 (3lc c 

a 
s ta tes  which may autoionize with Av= 1 were assumed to  be 100% auto- 
ionized. 

the R(0) and R(1) branches bf the 3pr; v =  7 '1: state  may autoionize 
with Av= 8. The Q(l) branch autoionizes with Av= -9. 

C 
The s ta te  is either not observed or is badly overlapped with another state.  
When the percept autoionization i s  given for such a state,  i t  may have a 
substantial error of a s  much a s  20%. 

d 
The Q(1) 4pr,  v =  8 state i s  calculated to appear a t  757.64 using 
6, (v=8)  = -0.1065 and E, =I38  493.9 cm-1. An intense peak in  both : 
absorption and ionization is observed a t  this wavelength and i s  assumed 
to  be Q(l)  4pa, v = 8 .  



general trend of increasing autoionization efficiency with decreasing Av i s  
-. 

strikingly obvious, and even the detailed behavior i s  in accord with expectations. 
1 + 1 + 

The analysis of the decay of the C and I1 states (the upper levels 
u u 1 - 

, of the P and R transitions) presents greater difficulties than that of the '5 
states (upper levels of the Q transitions). The dominant competing decay 

modes are autoionizaticjn and predissociation. Both of these decay rates are 

much more sensitive to perturbations than are the fluorescence rates of the 

n- states, and observed erratic behavior of autoionization efficiency as  seen 

in Table 1 i s  not surprising. However, the gross overall behavior of auto- 

ionizing efficiency i s  as  expected, namely for low values of n and consequent- 

ly large values of Av for autoionization, prediss'ociation predominates, while 

for larger n and hence decreasing Av for autoionization, the autoionization 

predominates . 
A full quantitative treatment of the data of Table 1 will require the 

extension of the present quantum defect theory methods to include the effects 

of'-predissociation. This i s  now being undertaken by Dill and Jungen. 
1 

Reference 
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* 
MECHANISM FOR VIBRATIONAL AUTOIONIZATION IN Hz 

P.' M. Dehmer and W. A. Chupka t 

Introduction 

Rydberg states of H that have energies within a few volts of the ion- 
2 

ization threshold autoionize through vibration-electron interaction, that i s ,  

vibrational energy of the ion core i s  converted into kinetic energy of the out- 
1 

going electron. Berry showed that the autoionization rate i s  largest for 

Av= 1 transitions and decreases rapidly for Av= 2 and Av= 3 transitions, with 

the higher order processes accounting for only about 6 or 7 percent of the total 

autoionization rate. On the basis of more detailed calculations, Shaw and 
2 

Berry confirmed the general nature of this rule, but predfered tha,L Irl CI Iew 

cases for which autoionization via Av= 1 is energetically allowed, autoioniza- 

tion actually proceeds substantially (or even predominantly) via Av = 2. 

The present experiment yields new information on the final vibrational 

state distributions for autoionizing Rydberg states in H in the region between 
2 

the ionization threshold and 735 A. In this energy region ions are left in 

vibrational states from v=.O to v= 5. Our work uses the fact that the reactions 

+ + 
H, + He - HeH + H L 

+ + 
HZ + Ne - NeH + H 

have cross sections that are very sensitive to the vibrational state of H 2.j  
Both reaction cross sections increase rapidly as a function of v for v 5 5. 

Consequently, i f  two Rydberg states autoionize leaving very different final 
+ 

vibrational state distributions of H this wi l l  be reflected in the reaction 
2 ' 

rates with He or Ne. Thus, this experiment tests the predictions of Shaw and 

* 
Summary of a paper presented at the VIII Meeting of the Division of Electron 
and Atomic Physics, Lincoln, Nebraska, ~ecember  6-8, 1976. To be 
published in J. Chem. Phys. 

'~hysics Division, Argonne National Laboratory. kres ent address: Department 
of Chemistry, Yale University, New Haven, Connecticut 0 6520. 



Berry concerning preferential autoionization via v= 2 in the presence of an 

available v= 1 autoionization channel. It also determines i f  all the Rydberg 
+ 

states between the v and v +  1 convergence limits in H autoionize to give the 
2 

same final vibrational state distribution, or i f  autoionization via v > 1 gives 

a broader distribution, as might be expected if the propensity rule breaks down 

for these larger changes in Av. 

. Result and Discussion 
+ + 

The relative photoionization cross sections for para-H,, HeH , and 
+ L 

NeH were determined at a wavelength resolution of 0.08 W (FWHM) in the 
0 

region from 805 to 72 5 A,  and the results are shown in Figure 1. The optically 

allowed Rydberg series converging to the various vibrational and rotational 
+ 

levels of H are indicated on the figure. The high resolution photoionization 
2 4 

mass spectrometer used to obtain the data has been described previously. , 

The relative cross sections for reactions 1 and 2 were determined for the 

autoionizing levels shown in Figure 1 by measuring the relative heights above 
1- 

the background continua for the rare-gas hydride ion and the H ion peaks. 
2 

The ratio of the heights of corresponding peaks i s  then proportional to the 
+ 

cross section for the reaction of H in the final vibrational state distribution 
3, 

produced by the autoionization process. The results are shown in Figure 2 .  

Two general results .are apparent from the data shown in Figure 2. 

First, the final vibrational state dist.ribution remains approximately the same 

for all the autoionizing Rydberg states between any two 8; vibrational con- 
+ 

vergence limits v and v +  1,  a s  i s  evidenced by the near constancy of the H 2 
reaction cross sections in these regions. Second, between any two vibra- 

tional convergence limits, autoionization via Av= 1 and Av> 1 gives nearly 

the same final vibrational state distributidn, with autoionization via Av> 1 

yielding a slightly larger fraction of lower vibrational levcls. 

Shaw and Berry predicted that the ratio of the autoionization rates 

k ( ~ v =  2 ) / k ( ~ v =  1) would be 2.8 for the 9pa, v= 5 state and i s  2 . 1  for the. 

10Pa, v=  5 state, as. compared with the more typical value for this ratio of . 
approximately 0.05. The data of Figure 2 show that this i s  certainly'not the 



FIG. 1 (a). --Relative photoionization cross section for para-Hz (top) and rela- 
tive reaction cross sections for formation of N ~ H +  (middle) and H ~ H +  (bottom) 
from the reaction of  para-^$ wph Ne and He. All  data were taken at 78 K and 
at  a photon bandwidth of 0.08 A. 
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+ + 
FIG. 2. --Relative cross section for the formation of HeH and NeH from'the 
reaction of p a r a - ~ 3  (formed -by autoionization) with He and Ne. The points 
"hydride/cH+ are plotted versus the wavelength of the H2 autoionization level. 

9 
,5 

The open circles denote Rydberg states which may autoionize with Av = 1, and 
the closed circles denote Rydberg states which must autoionize with Av> 1. 
The dashed vertical lines indicate HJ 22: vibrational convergence limits, and 
the dashed and solid horizontal lines are the averages of al l  the points be&een 
the v and v + 1 convergence limits which autoionize with Av= 1 and Av > 1 ,  
respectively. (ANL Neg. 209-76-469) 

,104 



. . 
case, since t h e . 9 ~ 0  states in question have ratios a /a + in good 

hydrlde Hz 
agreement with the other values in their respective Rydbetg series. Thus these 

data contradict the predictions of Shaw and Berry regarding significant competi- 

tion from the Av= 2 autoionization process in the presence of a Av= 1 channel. 

From a consideration of the absolute decay rates for these 9pa states deter- 
+ 

mined from the observed half widths of the H autoionizing lines, we concluded 2 
that Shaw and Berry's calculation severely underestimated the decay rate for 

the 'Av= 1 autoionization process. 

The data presented in Figure 2 also show that the reaction cross sections 

for states which autoionize with Av> 1 appear systematically lower than the 

. cross sections for states which autoionize with Av= 1. This i s  especially true 

for the five states above the v =  3 convergence limit that autoionize with Av> 1. . 
A detailed'analysis of the relative cross section data for these states showed 

that autoionization still proceeds predominantly ( 275%) via the minimum change 

in Av, but in these cases, there i s  a slightly broadened distribution of final 

vibrational states. 
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COMPETITION BETWEEN AUTOIONIZATION AND RADIATIVE EMISSION IN THE 
DECAY OF EXCITED STATES OF THE OXYGEN ATOM* 

P. M. Dehmer, W. L; Luken, and W. A. Chupka * 
Introduction 

1 
. . According to the selection rules for LS coupling, i t  is possible .to 

3 
make electric dipole transitions from the P ground state of the oxygen atom 

3 0 ' 3 0  3 o 
to excited electronic states of S , P , and D symmetries. All  of these 

excited states 'may decay by re-emis sion of electromagnetic radiation, and, 
+ 

in addition, those states with energies above that of the ground state of the 0 

ion may also decay by autoionization. At energies between those of the ground 
' + 3 o 3 D ~  

state and first excited state of the 0 ion, there are continua .of S , . , and 
3 0 other symmetries, but there is no continuum of P symmetry. Consequently, 

3 0 3 0 
only the S and D states in this energy range decay rapidly by LS-allowed 

1 2  - 1 3 0 autoionization a t  rates :of the order of 10 sec  . Autoionization of the P 

states is forbidden in  LS coupling, and occurs primarily a s  .a result of spin- 

orbit induced breakdown of LS coupling. Consequently, the autoionization 
3 0 3 0 3 0 

rates of the P states are smaller than those of the S and D states by 
3 

factors of roughly 10 . A s  a result, the (LS-forbidden) autoionization rates of 
9 - 1 these states,  which are of the order of 10 sec  , are comparable to the ., 

(LS-allowed) radiative emission rates for these states,  and i t  is possible to 
2 observe the decay of these states in photoionization a s  well a s  photoemis- 

3 
sion. 

In addition, because the autoionization of these states depends on the 

spin -orbit interaction, the rates of autoionization depend on the total angular 

momentum J of each state. Consequently the lifetimes of these states, and 

* 
Summary of a paper presented a t  the VII DEAP Meeting in Tucson, Arizona 
December 3 -5, 1975. A full report will be published in the Journal of 
Chemical Physics. 
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the branching ratios for autoionization vs . radiative emission, are different 
3 0 

for each P . fine structure- level. A s  ,a result, both the photoionization and 
J 

photoemis sion spectra for these states exhibit unusual multiplet intensity 
3 

distributions. It should be noted that among the states in this category, the 
5 3  0 3 0 

3s" P and 2s2p P states are responsible for the two most prominent 
2 

features in the photoionization spectrum of oxygen. Evidence for similar 

competitive decay phenomena has also been found in the photoemission spectrum 
4 

of the beryllium atom. 

Results and Discussion 

The work described here reports new measurements of relative photo- 

ionization cross sections for a number of excited states of the oxygen atom. 

The data were taken with'a high resolution apparatus a t  wavelength resolutions 
: . . o  

2 
' . A,. 

of 0.04 A (FwHM). . '. In previously reported photoionization measurements, 
- ,  . 

the wavelength resolution (0.16 i, F WHM) was not sufficient to separate com- 
3 0 

ponents of the zp4 3~ -- 3s" P , multiplet having the same value of J". In 
J I' J < "  

this work, al l  but two components of this multiplet are cleanly resolved. From 
'2 
J 

these new data, along with previously reported photoemis sion data, improved 
,. - 3;. 

branching ratios for autoionization vs. radiative emission were determined. 
5 3  0 3 0 < .-.;;,: , .  . 

In addition, the lifetimes of the 2s2p P and 3s" P were determined using 

these (experimental) branching ratios and theoretical 'emission rates calculated 
5-7 

using the non-closed shell many-electron theory (NCMET) of Sinanoglu. 

The lifetimes determined in this manner are found tr> be in excellent agreement 
* 

with values determined by means of beam-foil spectroscopy. 

The lifetimes of several rapidly (LS-allowed) autoionizing states were 

a lso  determined in' this work by observing the lifetime broadening in the mea- 

sured linewidths of these states. 
5 3 0  

The relative photoionization cross sections for the 3s " and 2s2p P 

states are shown in ,Figures 1 and 2, respectiveli. The relative emission 
. . .  , "  . . 

* 
The details are discussed in a paper submitted for publication by the authors 
of this report. 



PHOTON WAVELENGTH ( 8 )  

FIG. 1. --Relative photoionization cross section for 0 I 3s" 3 ~ 0  taken a t  a 
wavelength resolution of 0.04 A (upper trace). For comparison t t e  emission 
spectra for this state taken a t  a wavelength resolution of 0. OZ8 A is also shown 
(lower trace) and i s  descnlbed in more detail in Ref. 3. 
@NL Neg. 209-75-383) 



FIG. 2.--Relative photoionizatJon cross section for 0 I 2szp5 3 ~ 0  taken at  a 
wavelength resolution of 0.04 A (upper trace). For comparison t t e  emission 
spectra for this state taken at  a wavelength resolution of 0. 085 A i s  also 

* shown (lower trace) and i s  described in more detail in Ref .  3 .  
(ANL Neg. 209-75-384) 



3 
cross sections reported pre,viously are also shown for comparison. Relative 

intensities of the fine structure components within each multiplet were deter- 

mined from several scans and the results are summarized in Table 1. 

The fraction of decay by emission B and b y  autoionization B; are given 
e 

by 

~ , a ' )  = c , I ~ ( J " ,  J @ ) / ~ ( J " .  J ' )  I ( la)  

Here g is the relative absorption probability for each line in LS coupling a t  

the temperature appropriate to the experimene (T = 380 K Iur. Lht! du Luio~~itatian 

Experiments and T = for the emission experiments), I and I are the relative 
a e 

autoionization and emission intensities, respectively, and c and c are. 
3 .a0 e 

constants to be determined from the 1/g values. In the 3s" P multiplet the 

(1,l) and ( 1 , O )  lines were only partially resolved in the present ionization 

experiments. In order to obtain an I /g value for the J' = 0 state, a decon-. 
a 

volutian was performed by assuming that the I /g value for the (1,l) 'transition 
a 

is the average of the I jg values for the remaining two states with J t =  1 
a 

(i. e., the (0.1) and (2,l) transitions). The I /g values for these two states 
a 

are in excellent agreement, differing by less  than 0.5 percent. A least squares 
. , 

3 o 
fit determined value of c and c to be 0.314 and 0.606 for the 3s" P state, 

a e 
and 0.451 and 0.504 for the 2s2p5 3 ~ 0  state. The ratios B / B ~  for each J' 

. a 
level are given in Table 1 for both states. 

. States of low principal quantum number which may autoionize in an 

~ s - c o u ~ l i n ~  scheme should have sufficiently short lifetimes for broadening to 
. . 3 0 

be observed in the measured linewidths. Such states are the 4s' 3 ~ 0 ,  3d1 S , 
3 0 3 0 3 0 

and D , and.possibly the 4d' S and D levels. Broadening is clearly 
3 0 3 0 3 0 

observed for the 4s' 3 ~ 0 ,  and the 3d '  S and ,. D states,  while the 4d8 S. 
3 0 

a n d  D s t a t e s  appear to be the resolution width (0.04 i) . The measurgd width 
0 

of the broadened lines (at their half height) is 0. 0525 * 0. 0025 A. . The natural 
. . !  

linewidth is given by : .  
. > . .  . . ' J' 



TABLE 1. Determination of Branching Ratios for Autoionization versus Radiative Emission for 

the 3 s"  3 ~ 0  and 7 . ~ 2 ~ '  3P0 States of Atomic Oxygen. 

Relative Intensity Ratiosb Branching Ratio 

s t a t e  . u ~ , J ' ) ~  A&) iaC i / g 3 0 0  l e / g d  RU') = B ~ / B ~  B~ + B~~ 

13 
a ~ e a k  assignments and wavelengths are from R. E.  Huffman, J. C. Lamabee, and Y. Tanaka. 

b g300 and goo are  the theoretical relative absorption probabilities a t  T = 300°K and T = 

respectively. 

 he error in the absorption intensit ies I i s  approximately 7%. 

i '~mission data from P. M. Dehmer and W .  A. Chupka. The errors in the 1,/g values are 

approximately * 5-7%. 

 he sum of B + B should equal 1.0 for a l l  transitions. See Eq. l a - l c  of the text. 
e a 

~ h c  avcmgc of the ~ ~ / g  values for the  (0.1) and ( 2 . 1 )  sLdLss. 

'obtained by deconvoluting the partially resolved ( 1 , l )  and (1.0) l ines.  

ho '~ f f ec t ive"  I/g values. A measure of the  internal consistency for these  values would be  

t o  calculate the  theoretical 1/g values for th is  unresolved pair using the average 1/g values 

for J' = 1 and 2 obtained from resolved l ines.  This procedure gives effective I/g values of 

1.11 for autoionization and 0.97 for emission, both in good agreement with the  observed values. 



yielding a natural linewidth of 0.034 * 0.004 i. The decay rate k i s  given 

11 -1 . . 3 0 
and i s  equal to 9.6 * 1.1 X 10 sec  for the 4 s '  D state and , . 

11 -1 3 0 3 0 
9.9 1.2 x 10 sec  for the 3d1 S and D states. This corresponds to 

-12 
lifetimes of the order of 1 X 10 sec. 

Based on the experimentally determined natural linewidth for states 
* * 

with n r 3,  the natural linewidth for states with n n 4 should be approxi- 
3 

matelv (3/4) x 0.03 4 or 0.01 4 i. The predicted observed linewidth i s  then 
0 

0.0 42 A, which is only slightly larger than the resolution width and probably 

could not be distinguished from a line having the resolution width.. This i s  in 

agreement with the present observation that there i s  minimal lifetime broaden- 

ing for the 4d' states. The statistics of the data for the 4d' states are poorer 

than those for the other states studied a t  high resolution; however, little or no 

broadening i s  observed for these lines as  determined from two separate scans 

of these states. 

The probability of autoio'nization from a discrete state d to a continuum 

state c i s  given by 8 I 9  

in atomic units. Preliminary calculations based on Eq.  4 have yielded the 
1 2  - 1 3 0 

value of 2.4 x 10 sec  for the autoionization rate of the 3d1 S state of 

the oxygen atom. This calculation made use of Hartree-Fock discrete (Is, 2 s ,  

2p , and 3d) orbitals ' ' and a hydrogenic (s -wave) continuum orbital. 
9,12 

. . 

Because of the approximate treatment of the continuum orbital accuracy of 
9 only an order of magnitude is expected in this calculation. Consequently, 

this result i s  in satisfactory agreement with the experimental value of 
1 2  - 1 

1 x 10 s e c  obtained above. 



Conclusions 

The results of this work regarding the production and decay of the 
' 3 0  - 
3s " P state of the oxygen atom are summarized a s  follows. This state can 

be treated initially by the absorption of a photon b y  a ground state oxygen atom. 

Subsequently, i t  can re-emit a photon and return to the ground state.. In addi- 

tion, i t  i s  energetically possible to emit an electron yielding a .ground state 
+ 3 0 .  

0 ion. Within the restrictions of LS coupling, the 3s" P state does not 

h teract  with any of the available continua. However, because of the spin- 
3 

orbit interaction, the nominal 3s" P state contains small amounts (of the order 
3 3 0  5 0  3 o of one part in 10 ) of S , S , and D character, allowing the J =  1 and J =  2 

3 0  5 0  3 0 
-levels to interact electrostatically with the adjacent S , S , and D 

+ 4  0 .  
continua. Likewise, the nominal 0 S ground state contains a small amount 

2 0 3 0 
of P character, giving a small amount of P character to the corresponding 

s -wave and d-wave continua, which can then interact electrostatically with 
3 0 

the dominant component of the 3 s " P state. 
3 0 

The situation for the 3d' P states are similar, but more complex be- 
5 3  0 

cause of their strong mutual interactions. The 2s2p P state i s  especially 
5 

interesting because the 2s2p configuration gives rise to only two LS-coupled 
3 0 l o  

terms ( P and P ), neither of which is found among the (LS-coupled) continua 

energetically available to the 2 s2p5 3 ~ 0  state. Consequently, the spin-orbit 

interaction within this configuration makes no contribution to the observed auto- 
3 o 

ionization rates. However, this state interacts so strongly with the 3d' P 

state (eleu~~uatat ical ly)  that a relatively large portion of the 2 s ~ ~ '  3 ~ 0  state 
3 0 

autoionization rate may result from spin-orbit interaction of the 3d' P state 
3 

with other 2p 3d terms, which then interact electrostatically with available 

continua. 
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ELASTIC ELECTRON-MOLECULE SCATTERING. INTEGRATED CROSS SECTION 
FOR N2 BETWEEN 0 and'l000 e v *  

t Dan.Dil1 and J.  L. Dehmer 

.We present the integrated elas tic cross section for electron-nitrogen 

scattering for incident energi,es 0 to 1000 eV.. . The calculations were based on 

the multiple-scattering model utilizing. fixed-nuclei and Slat,er-exchange ap- 

proximations, and represent the prototype for application of this method to 

larger molecular targets ,for which i t  i s  primarily intended. Within the.limited 

flexibility of the model we are able to reproduce the position of the e r r  shape 
g ' 

at 2 .4  eV and achieve quantitative agreement with absolute mea- 

surements at high incident energies by respectively adopting two potentials 

whose difference i s  at  least partially understood on physical grounds. More- 

over, new insight into the dynamics of electron-molecule scattering i s  

gained by inspecting the decomposition of the total cross section into com- 

ponent symmetries over the entire energy range covered. 

* 
Abstract of a paper to be submitted for publication. 

'~lfred P. Sloan Research Fellow: consultant to the Radiological and Environ- 
mental Research Division. Perrnament address; Department of Chemistry, 
Boston university, Boston, Massachusetts 022 15. 



FESHBACH RESONANCES IN CH3X(X= C1, Br, I). CLASSIFICATION OF 
RESONANCES AND PREDICTION OF RYDBERG. STATES * 

D. Spence 

Using an electron transmission spectrometer we locate' Feshbach 

resonances in the alkyl halides. Combination of data from the acid halides 

and alkyl halides indicate that for structurally related molecules the energies 

of Feshbach resonances EnQQ (m) are related to the appropriate ionization 

potentials I(m) by the relationship, 
E n ~ l  , (m) = A nQQ ,I(m) where E nQ1' (m) i s  the 

nth resonance with excited electrons of angular momenta Q and 1 '  in species 

m, and A 
n i l  I and B n ~  Q 

are constants independent of molecular species. This 

relationship permits easy identification or predictivrl crf resananae enemies in 

chemically related compounds. We show how low Rydberg state energies may , 

be obtained from Feshbach resonance spectra. 

* 
Abstract of a paper to be presented at  the Annual Meeting of the American 
Physical Society, Chicago, 7-10 February 1977. 



CLASSIFICATION OF FESHBACH RESONANCES IN Ne, Af, Kr, AND Xe. * 

"1 D,. Spence 

We show that the energy location E (m) of the nth resonance with 
n11' 

excited electron angular momenta 11 ' in Ne, Kr, and Xe is related to the ap- 

propriate ionization potential I(m) by the equation 

where A 
n11 and Bnl 1 

, are constants independent of atomic species. We show 
3 

how almost all  resonances known in the rare gases ( r ~  50 with & ~ 3  - cores alone) 
2 

can be classified according. to this simple scheme. These results imply that for 

Feshbach resonances, electron-electron interactions dominate over electron- 

ion core interactions. 

- - * p 
Abstract of a paper presented a t  the 8th Annual Meeting of the Division of 
Electron and Atomic Physics, American Physical Society, Lincoln, Nebraska, 
6-8 December 1976. 

LONG-RANGE' ELECTRON EFFECTS IN ELECTRON-IMPACT EXCITATION OF 
AUTOIONIZING STATES . * 

D. Spence 

Exchanges in energy between scattered and ejected electrons following 

near-threshold electron-impact excitation of short-lived autoionizing states 

have recently been discovered. In this Comment we focus on the techniques 

and observations which have served to expose this novel long-range interaction, 
2 - 

with special emphasis on the (2s ) S state, 

* j: 
~ b s t i a c t  of  a paper published in Comments Atom. Mol. Phys . 5 (6), 159-1 72 
(1976). 
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SPECTROSCOPIC AND BETHE CROSS-SECTION DATA FOR SODIUM-LIKE IONS 

* 
Y. -K. Kim and J. -P. Desclaux 

Wavelengths and dipole oscillator strengths for the 3s  -- 3p and 
3s -- 4p transitions of sodium-like ions are computed from the relativistic .and 
nonrelativistic Hartree-Fock wavefunctions. The relativistic wavelength data 
for P v and heavier ions agree with available experimental data to 1% or better. 
A s  expected, the dependence of the oscillator strengths on the nuclear charge, 
Z ,  shows the same qualitative behavior observed in the resonance transitions. 
of the Li sequence. For heavy ions (2 > 40), the sum of the relativistic 
oscillator strengths for the 3p and 4p transitions is 5 to 30% higher than the 
sum of nonrelativistic values. The Bethe cross sections, which contain the 
leading terms of the plane-wave Born approximation, indicate that the rela- 
tivistic cross sections for heavy ions are 10 to 40% smaller than the nonrela- 
tivistic cross sections. 

Introduction 

Spectros.copic data, such a s  excitation energies and dipole oscillator 

strengtlis, (f values), for highly stripped ions are needed in the fusion reactor 

studies both for estimating the energy loss through impurity ions and for plasma 

diagnosis. In particular, the resonance transitions of alkali- and alkaline- ' 
earth-like ions are expected to stand out in the plasma because of their large 

oscillator strengths. 
1 

2 
With computer programs developed by one of us we have calculated 

transition energies and f .values for the 3s -- 3p and 3 s  -- 4p transitions, using 

both relativistic and nonrelativistic Hartree-Fock (HF) wavefunctions . 

Spectroscopic Data 

The excitation energies were- computed by taking the differences in the 

total energies. A l l  orbitals were made self-consistent for each state, and 

therefore, our results correspond to the "relaxed core" calculation. The rela- 

tivistic energies include all one-electron terms from the Dirac Hamiltonian, 

and the Coulomb repulsion and the Breit operators for the two-electron terms. 

* 
Centre dlEtudes Nucleaires de Grenoble, 3 8041 .Grenoble , France. 



Only the average configumtion~values for the Breit operator were computed, 

though the rest of the terms were calculated for.,a specific total angular 
+ 

momentum, J. The f values were computed in the length form, i. e. , .with r 

operator. The matrix. elements. were calculated only between valence electrons, 

retaining contributions from both large and small components . Contributions 

from the core-valence terms, a s  well 'as other relativistic operators (e. g. , 
retardation effect when the transition energy is high), were igndred. The com- 

bined effects of the neglected terms are expected to be a few percent a t  the 

most. 

The transition wavelengths and probabilities calculated from the rela- 
3-6 

tivistic HF wavefunctions are compared with available experimental data 

in Table 1. The f values from Ref. 3 are based on both experimental and (non- 
7 

relativistic) theoretical re.sults. A s  in the case  of the Li  sequence, the rela- 

tivistic HF results agree very well with .available expenlmental data. 

The nonrelativistic hydrogenic formulas show that the excitation energy, 
2 

E,  scales a s  Z , where Z is the nuclear charge, whereas the line strength,. 

-2 
sca1.e~ a.s Z . Hence, the oscillator strength 

is constant in Z. . . 

Both relativistic HF  a able 2) and nonrelativistic HF  a able 3) data show 

very.little of the hydrogenic behavior. ' Qualitative differences between the 

re1ativisti.c and nonrelativistic data for the Na sequence are similar to  those 

observed in the Li  sequence. 8-10 

In Figure 1, we present the sum of the f values as  a function of Z. We 

note that (a). sl - -- pl transitions follow the nonrelativistic pattern, but (b) 
. . - 

2 2 

s i  - p i  - transitions depart drastically from the nonrelativis tic pattern. In the 
2 2 

3s -- 3p3 - transition, the increase in the excitation energy i s  responsible for 
2 

the increase in the f values for high Z. In contrast, in the 3s -- 4p3 - transition, 
2. 

the decrease in the line strength, is responsible for the decrease in the f values 



TABLE ,1, Comparison of the relativistic Hartree-Fock data with empirical and semi-empirical results for. 
the Na sequence. 

Relativistic HF Other resglts . . 
a 

Ion  rans sit ion Wavelength 6) f Wavelength (A) f Reference 

Ar VIII 3s - 3p* - 3P - 4p * 
-. 4p 

a. p* = pLt P =  PJ.  
L 

' b. Vacuum wavelength. 



for large Z. The sum of the,f values tabulated in Tables 2 and 3, however, 

show - 30% difference a t  Z=90, a s  compared to less than 10% for the, Li 

, sequence. 

Bethe Cross Sections 
11 2 

The Bethe parameters, M and In c ,  for the resonance transitions 

were also calculated from the relativistic and nonrelativis tic wavefunctions . 
The plane-wave Born cross section a for the excitation of an ion to a discrete 

state by an electron or proton of velocity v is given by 

2 
where T = $ mv with electron mass m. For incident particles with relativistic 

velocities ( T > 5 keV), a relativistic foqn of Eq. 3 should be used: 

where 
2 

C = M (In c+11.23) . 
In Eq.  4, cx is the fine structure constant. Although Eqs.  3 and 4 are based on 

the plane-wave Born approximation (PWBA), i t  i s  easy to show that the leading 
2 2 term containing M. JM In 4T in Eq. 31 does not change in the Coulomb-Born 

1 2  
approximation. A comparison of some numerical data on dipole-allowed 

transitions indicates that the Coulomb-Born cross sections converge toward 

the PWBA results rather quickly for fast  incident particles. Therefore, the 

Bethe parameters in Tables 2 and 3 would provide a dependable check for the 

asymptotic behavior on the Coulomb-Born cross sections. 

Comparison of the Bethe cross sections for the 3s - 3p excitation of 
31+' 

Mo by electron impact (Figure 2) show that the relativistic cross sections 

are smaller than corresponding nonrelativistic values. The cross sections are 

smaller because of (a) the relativistic contraction of orbitals, i. e. ,  reduced 

geometrical cross sectian.s, .and (b) the reduced range of momentum transfer 



TABLE 2. Relativistic Hartree-Fock Data for the N a  Sequence 

c d d 
a .  E/Z**2 ATOM Z 10> <N: 5*2**2 F .  M**2 LN C 

NA 1 1  35 3P* 0.1201D-02 0.1643D 04 0.3290D 0 0  0.2263D 01 0.1303D 01 
NA 1 1  3 S  3 P  0.1202D-02 0.3285D 04 0.6583D 0 0  0 .45250  01 0.1301D 01 
NA 1 1  35 4P* 0.2179D-02 O.12OlD 02 0.4362D-02 0.1654D-01 0.1108D 02 
NH 1 1  3 5  4P 0.2179D-02 O.2441D 02 0.8868D-02 0.3363D-01 . 0 . 1 0 9 2 D  02 ' 

MG 12. 3s 3P* O.219OD-02 0.8703D 0 3  0.3176D 00 0.1007D 01 0.6917D 0 0  
MG 1 2  3 5  3~ O.2195D-02 0.1741D 04 0.6369D 0 0  0.2015D 01 0.6854D 00 
MG 1 2  3 S  4P* 0.4978D-02 0.1222D 00 0.1014D-03 U.1415D-03 0.3344D 0 3  
HG 1 2  35 4 P  0.4980D-02 0.1927D 00 0.1599DT03 0.2230D-03 0.4291D 0 3  

HL 1 3  35 3P* 0.2847D-02 0.6179D 0 3  0.2931D 0 0  0.6094D 00 0.3952D 00 
HL 1 3  35 3 P  O.2859D-02 0.1236D 04 0 .58910  0 0  0.1219D 01 0.3851D 00 
HL 1 3  3 S  4P* 0.7623D-02 0.3068D 01 0.3898D-02 0.3026D-02 0.2719D 01 
AL . 1 3  3 S  4P 0.7627D-02 0 .582 lD 01 0.7399D-02 0.574OD-02 0.3134D 01 

P 19 3S 3Pe 0.3573D-02 U.4146U IIJ U . 2 4 6 U L I  U U  0.3071D 0 0  0.8427D-01 
P 15 3S 3 P  0.:3604D-02 O.8302D 03 0.4987D 0 0  O.Gl'49D 00 0.6456D-01 

' P 1 5  3 S  4P* 0.1222D-01 0.8669D 01 0.1765D-01 0.6421D-02 -0.3150D 111 
P 1 5  35 4 P  0.1223D-01 0.1667D 02 0.3398D-01 0.1235D-01 -0.3107D 01 

RR 18 3 5  3P* 6.3444b-62 0.2986D 0 3  13.1963D 0 0  0.1536D 00 -0.1429D 0 0  
AR 1 8  3 S  3 P  0.4020D-02 0.5987D 0 3  0 . 4 0 1 l D  00 0.3080D 0 0  -0.1835D 00 
AR 1 8  3 5  4P* 0.1760D-01 0 .13120  0 2  0.3849D-01 0.6750D-02 -0.4336D 01 
AR 1 8  :3S 4P 0.17630-01 0.2514D 02 0.7387D-01 0.1293D-01 -0.4:330D 01 

V 2 3  3 5  3P* 0.3902D-02 0.2233D 0 3  0.1452D 00 0 .70340-d l  -0.3266D 00 
V 2 3  3s 3 P  0.4090D-02 0.4489D 0 3  0.3U60D 0 0  0.1414D 0 0 - 0 . 4 2 5 1 D  0 0  

2 3  3 5  4P* 0.2388D-01 0.1618D 02 0.6441D-01 0.5099D-02 -0.5175D 01 
'v' 2 3  3 s  4P 0.2395D-01 0.3051D 02 0.1218D 00 0.9614D-02 -0.5185D 01 

Initial state. 
Final state, p* - p, , p = p~ . 
In rydberg. 2 2 

In atomic units. 



TABLE 3 .  Nonrelativistic Hartree-Fock Data for the Na Sequence 

Hi? 18 35 :3P 0.3907D-02 0.9022D 03 0.5875D 00 0.4641D 00 -13. 1306D 011 
HI? 18 35 4P 0.1752D-01 0.:3979D 02 0.1162D 00 0.2047D-01 -0.4:3:34D 01 

0.2290D-02 
I]. :3752D- 0 1 

a .  Initial s tate.  
b. Final s ta te ,  p* = p,, p = pa. 
c. In rydberg. 2 z 
d. In atomic units. 

FIG. 1. --Sum of f values versus nuclear 
charge Z. A l l  transitions are from the 3s 
state. Dashed curves marked NR represent 
nonrelativistic results. Open circles are 
the f values recommended in ~ e f .  3 .  



.to be integrated over (mainly increase in the minimum momentum . transfer) . 

T( keV1 . . 

owing to a relativistic increase in the excitation energy. Cro'ss sections for - 

0.4 

0.3 

(L 
CU 

0 
o 
I= 0.2 
5 
b 

0.1 

the 3s -- jp, - transitions are affected most by (b) above, resulting in the ratio 
2 

a(relativistic)/a(nonrelativistic) 0.6 - 0.8 for Z > 40. 

The relativistic change of the momentum-trans fer range is reflected mostly in 

the values of In c. A comparison of In c values in Tables 2 and 3 indicates that 

the relativistic effects are discernible (>20%) even for the phosphorus ion 

(Z = 15). It is obvious, therefore, that appropriate relativistic data should be 

used to  estimate dependable cross sections for stripped ions. A l l  qualitative 

conclusions on the Bethe cross sections for the Na sequence presented in 

this report are also true for the Li sequence, according to our (unpublished) 

Bethe cross sections for the Li sequence. 

In(T/R) 

0.1 0.2 0.5 1 2 5 10 
I I I I I  I I FIG. 2. --The Fano plot (equivalent to col- 
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ATOMIC FORM FACTORS AND INCOHERENT-SCATTERING FUNCTIONS OF 
Cs+ AND AU+ 

* 
Sara Dawson, and Yong-Ki Kim 

. +  
Atomic form factors and incoherent-scattering functions of Cs , Cs, 

AU', and Au.were calculated. These data are necessary for estimating total 
inelastic cross for total cross sections ,.for inelastic scattering of 
heavy ions by background gases. 

Introduction 

Recently, R. Martin and R. ~ r n o l d  of Mgonne National Laboratory have 

proposed the release of thermonuclear energy from a small pellet containing a 
.* . . 

U-T gas mixture that is ignited by iast  heavy ions (at approximately 0.5 
1 

~ e ~ / n u c l e o n ) .  Incoherent-scattering functions, S (K) , for heavy ions 
inc + (e. g. , Cs ) are needed to estimate the total cross section for inelas tic scatter- 

ing by-background gases (NZ,  0 , etc.) in a heavy-ion accelerator. Once Sinc(K) 
2 

is determined, the Born approximation may be used to calculate upper limits to 

the desired cross sections. Ionization of the projectile ions will put them 

out of phase with the accelerating field and eventually the ions will be lost 

from the beam. Thus, the pressure of the background gas must be reduced to 

prevent an excessive attenuation of the beam. An accurate determination of 

the vacuum requirement is necessary to estimate the cost of such an accelera- 

tor. 
+ + 

Since both Cs and Au have closed valence shells,  they are not easily 

ionized and so  are good candidates for use in an accelerator. The calculations 

given here are based on Schroedinger wavefunctions; however, for an ion as  

heavy a s  gold, more accurate description requires the Dirac relativistic wave- 

functions. 

* 
Participant in the Undergraduate Research Participation Program, ANL Center 
for Educational Affairs, June 14-August 20, 1976. Present address: Depart- 
ment of Physics, Duke University, ' ~ u r h a m ,  North Carolina 27706. 



4 
Data are available in the literature for the atomic form factors of a 

limited class of heavy.ipns, .but not .for the incoherent-scattering functions of 

heavy ions. Thus, we carried out the present calculations, and the incoherent- 
+ + 

scattering functions for Cs and Au are the first of their kind. 

Backqround 

The atomic form factor, F(K), and the incoherent-scattering function, 

S (K), for an atom or ion are defined a s  follows: 
5 

inc 

where ( ' )  i s  the expectation value in the ground state, N is the number of I:- 

atomic electrons, and is the position vector from the nucleus to the jth 
I 

electron. Th.e momentum transfer K i s  defined in terms of the initial and fin31 - .+ 
momenta, k and k , a s  

0 n 

In x-ray scattering, the following variable is frequently used: 
sin(0/2) - K 

X 4.rr: ' 
He,re X is the photon wavelength and 8 is the angle a t  which the photon 

scatters. 

Applications of F(K) and S (K) to various problems i'n atomic scatter- 
inc 

ing are discussed elsewhere. 5 .  

Results and 'Discussion 
. . 

6 
A Hartree-Fock wavefunction program developed by Desclaux was 

+ .  
used to ciilc,ulate wavefunctions for Cs, CS', A u ,  and Au . Atomic data from . 
these computer calculations are shown in Tables 1-3. For small K, S (K) inc 
has the form 

* .  



TABLE 1. Orbital Energies i n  Rydbergs ' 

AU+ Orbital  cs+ C s  Au 

TABLE 2. Total Energies i n  Hartrees 

CS+ -7553.8141 
CS A -7553.9356 
AU+ -17865.1909 
Au -17865.4099 

Hartree = 27.2 eV 

2 2 . 2  TABLE 3. ( r ) for Valence Orbitals  and Mtot i n  a 
0 

Orbital 



2 
and Mtot is defined a s  
,if: ; 
\ 

4 

where x i s  a Cartesian component of r. 
+ 

Atomic form factors and incoherent-scattering functions for Cs and Cs  
+ 

are given in- Table 4 and those for Au and Au in Table 5. These data are plot- 

ted in Figures 1 and 2. The maximum point in each of these graphs is the 

number of electrons in the atom or ion a s  opposed to the nuclear charge. For 
+ 

example, F(K) of Au has a peak value of 79 a t  K =  0, while that of Au has a 

maximum value of 78. 

The value of F(K) and Sinc(K) are in a sense complementary. Coherent 

scattering, represented by F(K), i s  the major process at low K; a s  the momentum 

transfer increases, incoherent scattering becomes dominant and ,the atomic 
4- . *, 

form factor diminishes to zero. Some incoherent scattering, however, is , 

present, even a t  very low values of K t  and i t  is necessary to go to extremely 

large values of the momentum transfer (K S 100 atomic units) before F(K) 

decreas.es almost to zero. 

FIG. 1. --Atomia form 
factors F(Q) as  func- 

2 tions of Q = (Kao) , 
where K is the mo- 
mentum transfer and 
a0 is the Bohr radius 
(ao = 0.529 fi). 
--- , Au; -.-, 
AU': - , CS; + . . . :. I CS . 



TABLE 4 

COHERENT AND INCOHERENT ATOMIC FORM FACTORS FROM THE HARTREE-FOCK 
WAVEFUNCTIONS 

a.a a.55@0@BiZiZD ffi2 6.B 9.549EOBaBD ffi2 
5. f f i l  8.548396890 B2 @ .66201876D M, a. 5391 26720 52 
i3.62 8.546847730 B2 @.813692@5D EM, 6.5.382583iZD a2 
8.83 0.545349930 02 ffi .9563Bffi46D affi @.5373W78D b32 
a.B4 0,54389755D ffi2 B.lffi9ffi9434D ffil 9.53653587D 52 
0.55 0.542498330 B2 @.1218573@D 01 a.53568188D ffi2 
6.a6 a .  541 l2459D a2 Pi. 134affil43D a1 a ,  53483244D 52 
7 t4.53979777D BP a.IG55983BD B1 8.533987750 a2 
0.a8 0.5385a75ffiD iZ2 B. 156715~3lD ffil 8.5331477BD 82 
a.ag 0.53725159~ a2 a.16739ffis2~ ffii a.s32312e6~ 52 

. i U.536B2798b 62 8.17768671D ffil 
a.ea 5.sas2iff iss~ ffi2 ffi.26635232D 61 
.a .  30 a . s l 6 l s l r eD  a2 0.34ffi3169JD 81 
a .  a .  s a a e s w g ~  a2 a.  gas1 54BffiD 81 
a. 5B a. 581 866890 62 Qi. 466ffi4YBSD 61 
a.66 ffi.4944167aD 02 8.5218331ffiD ffi1 
8.7ffi 8.488185650 B2 a.571831130 ffil 
a.88 8.48830854D ffi2 &.619a1695D ffil 
8.98 8.4767133k3D ffi2 8.66388183D ffil 

9.53148139D 52 ffi.89498535D ffia 
B.52341683D b32 5.16945126D ffil 
0.51577366D'ffiZ ffi.24148799D 81 
6.58852278D a2 5 .3@664B68D 01 
8.591636a4D ffi2 5 .  3661 9561ZiD ffil 
9.495Pi8875D 62 ffi. 42@93424D ffil 
a.48885775D a2 a .~7156681~  a1 
a . w c ~ 2 1 7 6 ~  52 . a.51867954~ 81 
B.47726118D B2 . ffi.562757b33D a1 

1-ffia 8.471390370 a2 ffi.7a444374D ffil 8.47185798D 52 B.6542ffi851D ffil 
e . aa &. geae763s~  ae g. iffiil46e97~ ae a. wxisffi7a~ 52 5 .  92571619D 61 
3. f f i ~  .a. 39gasusa~  a2 a. I 2s I 5 2 8 7 ~  u a. 3991 I 8843~ ffi2 5 . I i 524984D ffi2 
4 a a .  377aa027~ ae a .  1424aa77~ a2 a. ;76siqsa~ b32 5. I 3253659~ 52 
s.@a 8.359314490 a2 a. 15618489D 8.35926388D 82 B.  146243378D ffi2 
6. ffiffi a. 3445631 3D B2 0.16738361 D a2 43.344546810 02 @.15739&62D 62 
7.ffiB E.331821650 82 ffi.i768698&D l3.2 .B.33162013D a2 ffi.166874580 62 
8. affi a .  32@53735D a2 ff i .  18516933D lZ2 a. 32ffi54889D 82 B. 1751 7347D 52 
9.8@ a .  3la36555D a2 ff i .  192621720 W b3.310385Pi5D 62 a.  182625250 62 

1 . 5  B. 351 885620 52 5. 1994465BD 82 8.3B11&8alD 82 a. 189449B6D 82 
18.aB; ~3.2846414ffiD @2 ffi.21173523D U E.2846647YD ffi2 ffi.2b3173554D ffi2 
1 .  a .  27@45136D B2 8.22269985D a2 a.27B46787D ffi2 ffi .21269553D 82 
16.ffi8 8.258868260 BZ B. 23266781D 62 6.25888151D B2 8.222668bgD 82 
18.5a 0.2q725592D a2 ffi.24182746D 52 a.2472a892D ffi2 5.23183141D a2 
BGi.B& 6.237616860 a2 @ .25ffi3&5316D ffi2 8.2376241iZD 62 6 .24&i31B39D ffi2 
2s. ffia a.  e i a i 5 7 2 a ~  ~32 a .esga3836~ az a.21815sss~ 52 5.259ffi5148D 82 
SB.@&; . a.Za3~9746D B e  B.2849463aD E.2 a.2B347983D 52 5.27456Q15D 62 
35. a0 8.192889980 a2 5.29359776D @2 P .192@87820 ffi2 B ,28868d67D 52 
~ a ; .  a~s a. 1 e;296aea~ f f i ~  a .  31 8 3 9 5 2 ~ ~  ffiz a. I 829546s~ a2 5 .3aa4aeia~ 52 
q5.08 a. 175373690 @2 8.32B65494D B;2 a. 17537744D 02 5. 31965843D 52 
sa.aa a.i68896590 82 ffi.329638240 02 B.16867664D a2 0.3196391213 82 
6 .  8.157948670 82 8.34461238D 62 8.15793339D 82 ffi.334618870 62 
7 . 0  a .  1485a923~ ~2 0.35665345~ ffie a. iussi 31a~  ffi2 a. 3 ~ s s s i s s ~  a2 
85.Giffi 9.14ffi281140 82 8.36665633D 62 B.14825183D ffi2 b3.356655570 82 
9a. aa a .  13es.raseo ffie pi. 3752ffi579D 62 a. I 3255866D B2 2.36522595D ffi2 



iaa.aa a . 1 2 ~ 4 4 7 7 9 ~  ffi2 a . 3 s a s s i g ~ ~  ffi2 a.12542535~ a2 5.372663aa~ 82 
20O.ffiffi 8.78347145D 51 a.42.928763D ffi2 E.78366817D 01 ffi.41921506D 82 
3a@.P,a 0.59352663D ffil a.Y5394ffi96D ffi2 0.59374132D ffil 5.44394143D 02 
gaa. aa a .  saasssam ffii a .  47aas s77~  a2 B .  sas3a75a~ a1 a .  gsffiasssi D 52 
58a. a5 a.45ss6299D 51 f f i .  481 7751 7D a2 B .  458623&4D 81 8.471 77499D 52 . 
60G.05 ,4231 7122D a1 a.49ffi71341D ffi2 , a.  Y2305723D .a$ f f i .  48871 355D 82 
78Cli.fi8 P, .  3d549666D ffi1 a .  497771 720 02 0 ,  385561 78D a1 8.4877721 2D 82 
800. a@ f f i  .356084dSD 51 a .  Sffi345294D ffi2 8.356147821) ffil B .49345344D 62 
9 0 ~ .  aa 0 .32657298~  ffii 8 .  ~ 8 8 8 9 5 9 3 ~  a2 E .  3265996~0 ffil 5.498a9651 D 62 

2 FIG. 2.--Incoherent-scattering functions Sinc('Q) a s  functions of L)= (Kao) , 
where K is the momentum transfer,  a0 is the Bohr radius,  and N is the number 
of electrons. --- , Au; - * -  , AU+; - , CS; and . . . , CS' . 



TABLE 5 

COHERENT AND INCOHERENT A TOM I C FORM FACTORS FROM THE HAR TREE - FOCK 
WAVEFUNCTIONS 

b3.B f f i  .79055505D 02 8. 8 8.78B8888ffiD 62  8 . 8 
5. f f i  8.78893321 D ffi2 ' E .61291718D &iB 8. 7792B984D 82 8.84773498D-81 
a . f f i 2  8.787876470 ffi2 8. 72357lffi2D 55 8.77842B86D 82 8. 16084736D 8fi 
B .  ffi3 8. 786829560 52 5.83285612D 8. 77763544D 82  8. 2521 131 1 D  8ffi 
a .  ffi4 8.78579224D 82 E .  938456&;8D 88 ff i .  77665276D 62 8.33469578D ffi8 
a .  as  a .  7 8 4 7 6 4 3 a ~  a2 a. i a~aa579D 51 (4.776072811) a2 0.4165 i627D ffiffi 
5.86 8.78374553D ffi2 0.11453328D ffil C4.77529557D 82 a .  997751 37D 8ffi 
8 .87  8.78273572D 82 E .  12459555D B1 8.774521830 82 8.57823373D 88 
9.68 8. 781 734670 02 6.13447968D 51 8.7737491813 82 8.65883198D 88 
4i.m a .  ~ H G ~ W ~ % O D  a2 a ,  ilrlriseim E;I 0.177zg7999~ ~2 U.'73';115431D OO 

8 .47734278D 82 8.2174.WGGD 82 
8.45485435D B2 8.237855750 82 
8.43433518D 82 ff i .  25388589D ffi2 
8.4 172ffi6760 82 8.26862246D 82 
B.4t3268883D 02 8.26168777D 82 
G.3883866YD 82  8.293168570 82 
ffi.35888366D 82 8.31734721D 82 
a.  33410364~ 432 8. 3 3 6 ~ 9 3 5 4 ~  82 
8. 3128291 8D 82  .8. 3534 31830 82 
8.25422927D 62 8,36789979D 82 
&;. 27783745~ a2  a . 3 a m s s ~ g ~  82 
8.26332756D 82  5.39263963D 82 
8.23899657~ a2  ffi.41352412~ 82 
8.21978571D 52 6.431675970 82 
8.2@430783D 82  6.4477419213 92 
B.19191856D 92 8.46214581D 82 



TABLE 5 (CONTINUED) 

2 FIG. 3 .  --Incoherent-scattering functions sine (Q) a s  functions of Q = ( ~ a ~ )  . ..., Xe; - , CS'; N is the number of electrons. 



The data obtained here were compared with. those published earlier for 

neutral atoms and almost identical results were obtained. In Figure 3, our 
4 + 

results for Cs  were also compared with the data for xenon. The calculations 
. . 

are seen to be similar, demonstrating that the number of electrons in the atom 

or ion is the dominant feature in determining the shape of these curves. 
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COMPARISON OF THE BORN AND GLAUBER CROSS SECTIONS FOR THE 
2s + 3p TRANSITION OF H 

t F,. T. ~ h a n ,  * t  C. H. Chang, M. Lieber, and Y. -K. Kim 

Minima in the generalized oscillator strength for the 2s -- 3p transition 
of H deduced from the Glauber approximation are found to shift from the Born 
approximation results in qualitative agreement with known experimental data 
on the resonance transitions of rare gases  and Hg. 

Introduction 

The Born cross sections for discrete excitations often show undulations 

in angular distributions arising from the zero minima in the corresponding 

generalized oscillator strength (GOS) . The structure in the GOS comes from a 

combination of the nodes in the initial - and final-s tate wave functions of the 

target atom and the nodes in  the transition operator. ' Predictions from the 

Born cross sections have been verified qualitatively in many experiments. * 
In the Born approximation, the GOS a s  a function of the momentum 
+ 

transfer, K'h, is independent of the incident energy, and hence the positions 

of the minima and maxima in the GOS remain fixed a s  incident energy is varied. 

The minima in the Born GOS occur when the-transition matrix element changes 

sign, and therefore, the GOS vanishes a,L the minima. 

. ,. Experimental data,  however, differ from the Born results i n  three aspects:  

(a) the "experimental" GOS does not vanish a t  the minimum, (b) the magnitude 

of the GOS a t  the minimum increases a s  the incident energy is reduced (down 

to -- 15 t i m e s  the excitation energy), and (c) the position of the first minimum 
+ - 

(expressed in  K )  is shifted toward smaller K a t  intermediate to  low incident 

electron energies ( <  500 eV). Owing to  the low intensity'for large angle scat-  
+ 

tering, subsequent minima a t  higher K have not been observed in any experiment 

s o  far. 

* 
Participant, Center for Educational Affairs Faculty Research Participation Pro- 
gram, June l-August 23, 1976. 

' ~ e ~ a r t m e n t  of Physics, University of Arkansas, ~ a ~ e t t e v i l l e ,  Arkansas 92701. 

'see Ref .  3 and references therein. 



Recently, the Glauber approximation was shown to produce cross 

sections in excellent'agreement with various electron-impact data on small 

atoms a t  lower incident energies where the Born cross sections compare poorly 
* 

with the experiment. One drawback of the Glauber approximation is that 

various integrals needed for the transition matrix element are so  complicated 

that in practice only analytic (Roothaan-type) wavefunctibns can be used. 

Unfortunately, high-quality , analytic wavefunctions for excited states are 

scarce, and production of such wavefunctions are costly compared to numer- 

ical  wavefunctions . 
To provide for a sensitive test of the  Glauber approximation a t  lower 

incident energies, we studied the dependence of the minima and maxima of the 
G "Glauber" GOS on incident energies. The "Glauber" GOS, f (K) , is deduced 

from the Glauber cross section, using the same relation a s  that between the 

Born cross section and the Born GOS : 
n 

G where do /dn i s  the differential cross section in the Glauber approximation, 

E / R  is the excitation energy in rydbergs, a. is the Bohr radius. The momentum 
, . 

4 

transfer, Kh , i s  defined in terms of the incident-electron momentum before and 
+ 

after the collision, and kth . , , respectively: 

Contrary to the Born GOS, the Glauber GOS is dependent on the incident energy. 

To avoid uncertainties from approximate wavefunctions, we chose the 

2s -- 3p transition of H I  which i s  the simplest case  for which the GOS has 

minima both in. the Born and Glauber approximations . 
The Born GOS 

The GOS in the Born approximation is defined a s  

* 
See, for instance , Ref.  4 and references therein. 



4 . . . . 

where r is the position vector of the bound electrons, and m i s  the magnetic 
. 5  quantum number. When appropriate expressions for the wavefunctions are 

substituted in ~ q .  3, we get ' .  

2 
where E/R = 5/3 6 for the 2 s -- 3p transition, Q = ( ~ a ~ )  , and X = 5/6. Note 

B 
, that only the m = 0 substate of 3p contributes to f  when ris taken as  the 

axis of quantization. The Born GOS has two minima at the roots of 

i .e. ,  a t  Q = 0.139 and 1.16. 

The Glauber GOS 
b The Glauber cross section ,da / d ~  i s  given in terms of the scattering 

G 
amplitude F : 

where the amplitude is defined, in turn, a s  

- 1 
where q = (ka ) - . Customary assumptions.and definitions of variables of the 

0 6 4 4 

Glauber approxi~rlation, . . are adopted in Eq. 6 aiso. For instance, b and K are 
4 4 4 

perpendicular, to k, and s i.s the projection of r (of the bound electron) on the 
4 

plane perpendicular to k. With the axis of quantization along the amplitude 
G 6 

F for m = 0 vanishes, and FG for m = +1 and -1 are the same. Hence, Eq .  5 

becomes . . . . 



G 
The scattering amplitude,, F , can be expressed in a closed ,form, .though 

7 
complicated, in terms of a generating function: 

- 4 4 

where + i s  the azimuth of K in the plane containing b and K, and the generating 

function I is given by 

with the hypergeometric functions, zF1 ' After some manipulation, one can 

reduce I(X, K) to a form suitable for the high incident energy limit, (q -- 0) : 

2 2 
where x = X and 

and 

In the limit q h 0 ,  the substitution of E.q. 1 0  into Eq. 7 produces 
G B 

[ f (K) IT= = f (K) , a s  expected. For lower incident energies, one can calcu- 

late the minima' and maxima of the Glauber GOS by taking the roots of 
G 2 

af / a ( ~  ) = 0 after substituting Eqs. Sa, 7, and 8 into 1. The resulting 

expressions are too cumbersome to reproduce here , but the trajectories of the 



-1 
minima and maxima of the Glauber GOS a s  functions of T= (ka ) are pre- 

0 
sented 'in Figure 1. The values of the Glauber GOS a t  the first minumum and 

the following maximum is listed in Table 1. 

Conclusion 

First of al l ,  since the Glauber amplitude is complex (Eqs. 8 and 9) ,  the 

minima in the Glauber GOS do not vanish, and this is in accord with experi- 
* 

mental observations. Secondly, not only do the positions of the minima 

change a s  the incident energy is reduced, but a lso  the number of minima ap- 

parently depends on the incident energy. At very high incident energy, the 

Glauber GOS reduces to the Born GOS, with corresponding maxima and minima. 

A s  is shown in Table 1, heights of the GOS a t  the extrema increase a s  the 

incident energy is reduced to -- 15 times the threshold energy (1.89 eV) and 

the heights reduce a s  the incident energy is lowered further. The increasing 
8 

heights are in qualitative agreement wiih the experimental data on the reso- 

nance transition of Hg. There are, however, no experimetal data to check the 

decreasing heights . 

FIG. 1. --Trajectories of the minima and 
maxima in the generalized oscillator . 

strengths a s  a function of the momentum 
transfer (in a.u.) Kao and = (kao)-I, 
where kao. is the incident electron momentum 
in a. u. The outermost curve marked 

are the lower and (JQ0) and (Kao) ma? 
upper l i m i t s  of the momentum transfer. , 

* 
. For the bes t  illustrations of the energy dependence..of the experimental GOS, 

see R e f .  8 .  



TABLE 1. Values of the Glauber GOS at the First Minimum and 
Maximum 

rl T / E ~  Qmin Qmax E max 
( X  (X 10-2.) 

0.10 720 0.137 0.635 0.295 0.962 . 

0.15 320 0.134 1.367 0.289 1.054 

0.20 180  0.130 2.287' 0.282 1.176. 

0.25 115.2 0.125 3.307 0.274 1.322 

0.30 80 0.120 4.334 0.266 1.483 

0.35 58.8 0.114 5.287 0.257 1.651 

0.40 45 0.108 6.099 0.249 1.818 

0.45 35.6 0.102 6.726 0.241 1.975 

0.50 28.8 0.0962 7.152 0.233 '2.116 

0.75 12.8 0.0698 6.770 0.193 2.488 , 

1.0 7.2 0.0501 4.841 0.152 2.412 

1.1 5.95 0 , 0 4 4 0  4.163 0113$ 2.339 

1.2 5 0.0392 3.598 0.121 2.270 

1.3 4.26 0.0343 3.126 0.107 ' 2.213 

1.4 3.67 0.0305 2.742 0.0956 2.171 

1.5 3.2 0.0271 2.427 0.0852 2.142 

a ~ / ~  = incident energy in units of the excitation energy (1.89 eV) 

With the remarkable progress in measuring the electron-impact cross 
9 

,sect ions of the metastable hydrogen atom, we may not have to wait long for 

a n  experimental verification of the Glauber theory in greater detail, although 

the second and third minima and maxima are too small in magnitude for experi- 

mental detection. 
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SYSTEMATICS OF ZERO-ENERGY PHASE SHIFTS FOR ATOMIC IONS 

' * * 
C. E. Theodosiou, J. L. Dehmer, U. Fano, and M. Inokuti 

In an ongoing study to map out the gross systematics of properties of 
atomic ions, we have employed the Hartree-Slater model to calculate the zero- 
energy phase shifts for atoms between He and Rb a t  a l l  s tages of ionization. 
The results,  presented here a s  phase-shift surfaces,  indicate several pro- 
nounced trends in the electronic structure of atomic ions. 

' . At an  ionization threshold there is a union between discrete s ta tes ,  

usually characterized by their quantum defects and treated by spectroscopic 

methods, and continuum states ,  usually characterized by their scattering 
1 

phase shifts and treated by collision theory. Quantum defect theory, among 

other things, shows that the apparent discontinuity between these two mani- 

folds of s tates  can easi ly be removed by suitable renormalization. This reveals 

the Rydberg series  to be an appendage to the continuum s o  that the most basic  

wave function parameters, phase and amplitude, vary smoothly through 

threshold. In particular, the quantum defect a t  the limit of the ' ~ ~ d b e r g  series  

and the zero-energy scattering phase shift are related simply by 

In approaching the problem of mapping out the behavior of phase shifts a s  a 

function of both atomic number and ionic charge, we decided to begin by 

limiting the scape of the study to a single standard energy. We have chosen 

a s  our standard energy the ionization limit where the asymptotic local kinetic 

energy of the one-electron states  equals zero. Consequently, our discussion 

pertains directly to properties of nearby s ta tes  both below and above the 

threshold for ionization. These data are presented a s  absolute quantum de- 

fects,  ~ ( Z Z ) ,  in  Figures 1-3 for 0 5 P 5 2 ,  1 5 Z 5 37, and 0 5 z 5 Z - I .  

The .gross behavior of the three surfaces in Figures 1-3 is understand- 

able .once one identifies np a s  the phase shift .relative to the regular solution 
Q 

* .  
Department of Physics, University of Chicago, Chicago, 1l.linois 60637 



of a hydrogenic field of charge z + 1. Consequently, p is zero along the iso- 
I 

electronic cut z =  Z - 1, corresponding to a single electron moving in a pure 

Coulomb field of charge Z. Elsewhere on the p (Z,z) surfaces one must con-, 
B 

sider the strength of the attractive core potential V (r) , where ' 

CORE 

since i t  i s  the additional attraction of the partially screened nuclear field in 

the ionic core which induces the phase .difference between the ionic wave- 

function and the hydrogen-like function characteristic of a pure Coulomb field 

with the net charge of the ion. Generally speaking, isonuclear cuts exhibit 

decreasing p with increasing ionic charge brought on by an increasing refer- 
1 

ence phase. For an isoionic cut, the reference phase is fixed 'and p increases 
P 

with increasing Z a s  the core potential becomes more attractive with increas- 

ing nuclear charge. 

Comparing the three surfaces in Figures 1-3, i t  i s  clear that for a 

given (Z, z) ,  p1 > pp + l. This is a consequence of the repulsive centrifugal 

potential, B (I + l)/r2, implicit in V TOTAL 
(r) above, which causes the net 

'CORE 
(r) to decrease with increasing angular momentum. Put another way, 

lower angular momentum electrons approach the nucleus more closely during 

their penetration into the core and, therefore, accumulate more phase shift. 

For instance, s electrons can penetrate with finite probability all  the way to 
' 

the K shell, whereas p, d,  etc, electrons can penetrate only into the L, MI 

etc. shells. 

The 'most outstanding substructures on the surfaces in Figures 1-3 are 

the creases along the isoelectronic paths Z - z = 10 or 28. These electron 

numbers correspond to the closing of the L and M shell, respectively, accord- 

ing. to hydroqenic ordering of subshells , and do not correspond to the most 

stable neutral electron numbers of 1 0  and 18. A s  discussed in more detail 

below, the delicate balance between Coulomb interactions and centrifugal 

forces in neutral atoms that results in the filling of levels according to the 

Aufbau principle shifts very rapidly toward hydrogenic ordering with the re- 



FIG. 1. --s -wave, zero-energy 
quantum defects for a l l  atomic 
ions with 1 5 Z  5 37. 
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moval of one or two electrons (for the ranges of Z treated here). Consequently, 

nearly al l  atomic ions will exhibit their greatest local stability a t  the magic 

numbers 10, 28, 60. This closed-shell sfability will be reflected in many other 

atomic parameters which will be discussed elsewhere. In the case of zero- 

energy phase shifts, ions in these isoelectronic sequences represent the s tart- 

ing points for upturns in the function pl(Z, z)  with increasing 2. This i s  most 

clearly observed in the 1 = 1 , 2  surfaces and is due to the starting of a new 

shell in the core which adds to the phase shift producing 'capacity of V 
CORE' 

~ u e '  to th'e generally larger penetration of lower 1 wavefunctions, reflected in 

their larger phase shifts, .  the magic-number crease i s  less  pronounced for low 

1 than for high 1 .  The crease i s  most dramatic a t  the N= 10 isoelectronic cut 

for 8 = 2 ,  where p. remains vanishingly small until the n=  3 shell begins to f i l l .  
2 

Owing to the large centrifugal repulsion for 1 = 2 ,  d waves have finite penetra- 

tion only a s  far a s  the M shell. Consequently, the core must contain an M 

electron before the 1 = 2 phase shift departs appreciably from the hydrogenic 

limit. For the case  of f waves, departure from p. - 0 is delayed until Z - z > 60, 
3 

which accounts for the absence of an 1 = 3 surface in this report. 

The third level of substructure i s  the jagged and, for 1 = 2 ,  step-like 

variations in the isoionic curves z = 0 , l .  The z = 0 curve has been discussed 
2 3 

extensively by Manson and Fano e t  a l . ,  and the jagged structures have been 

accounted for. Generally they derive from the delicate balance between 

Coulomb interactions and centrifugal forces in neutral atoms, which causes 

the subshells to f i l l  in an irregular fashion a s  the periodic table is traversed. 

The order of filling obeys the Aufbau principle fairly well although there are 

several exceptions. Thus, the 4s subshell fills before the 3d except for 

Z = 2 4 /29 ,  where a 4s is transferred to the 3d shell to achieve the enhanced 
5 10 

stability of a d or d configuration. These discontinuities in the order of 

filling result in discontinuities in a l l  atomic properties, even those involving 

deep inner shells,  and are clearly reflected in the zero-energy phase shifts. 
4 

For 1 = 2 ,  the balance among the forces acting on the electrons i s  known 

to produce a potential barrier on the fringes of the electron distribution 

(r 1 2  a.  u.) . This potential barrier separates the inner atomic well from the 



weaker Coulomb attraction outside the atoms so  that a bimodel potential is 

formed. This causes the stair-like variation in IJ. (Z, 0) a s  the d wave cannot 
2 

smoothly penetrate the core with increasing Z. Rather, i t  is held outside the 

core in the outer well until the inner well can support a n  entire loop of a d-type 

wavefunction. This occurs one atomic number before a d subshell becomes 

occupied in the ground state  and is accompanied by a sudden increase in phase 

by - .rr a s  a loop of the wavefunction rapidly penetrates the classical ly for- 

bidden region a t  the position of the barrier. 

Note that for z =  1, the jagged structure persis ts ,  although it is. dimin- 

ished, and by z  = 2 it is gone. The stair-like structure for 8 = 2 ,  however, has 

completely vanished for z  = 1 since the additional charge is enough to  shift the 

balance between Coulomb and centrifugal forces resulting in a monotonic 

potential a t  r - 1 - 2 a . ~ .  

We express our gratitude to  Dr. J. -P. Desclaux for providing his . 
Hartree-Slater program, which we used to  generate atomic-ion potentials. 
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t U. Fano and Mitio Inokuti 

Cross sections for inelastic collisions of fast  electrons have long been 

acces sible to rather dependable calculation .by the (first) Born approximation. 

This approximation fails a t  lower energies, notably in the range of thel cross- 

section maxima and nearer the threshold. Alternative methods of calculation 

have been applied in this range, but with only limited success,  owing, we 

think, to our poor understanding of the basic features of the low-energy col- 

lisions. [For example, i t  is often difficult to disentangle effects of two kinds 

of approximations; schematization of the ~amil tonian (such a s  the hse of a 

phenomenological potential) on the one hand, and an analytical or numerical 

approximation of i t s  solution on the other. ] However, our qualitative under- 

standing has recently progressed considerably to a point where we may attempt 

a t  leas t  a sketchy survey of the whole problem. Our immediate objective is to 

point out the areas in which one can proceed confidently by current techniques 

,.A 

and those where further development work seems in order. 

In low-energy collisions, the incident and target electrons intermingle 

to such an extent that we feel i t  neces s a w  to treat them a s  a sinsle many- 

electron complex, except for the cases of high incident angular momenta in 

which the incident electron fails to penetrate the target. An ionizing collision 

i s  then represented by a state of the continuous spectrum of this complex, which 

evolves from an initial channel with a single electron outside the target to a 

final channel with two detached electrons. 

Detachment of two electrons from a complex has been poorly studied 

thus far. Accordingly, current computing methods are inherently incapable of 

* 
Summary of an Argonne topical report, ANL-76-80 (June 197 6). 

t~epar tment  of Physics, The University of Chicago, Chicago, Illinois 60637. 
Also Appointee, Faculty Research Participation Program, ~ e n ' t e r  for Educa- 
tional Affairs, ANL. Work performed in part through Contract No. COO-1674- 
119. 



calculating .the probability of this transition from the initial channel to the 

final .channel under general conditions. However, a new R-matrix approach 

proposed here should permit one to characterize the 'critical central sta'te of the 

transition by an effort comparable to a few-configuration SCF calculation of 

discrete spectral levels. It is suggested that such calculations alone might be 
, . 

adequate'to e'stimate total ionization cross sections to about 10 to 20%, and 

that they could be programmed (at this level of accuracy) with a rather modest 

,. . effort. When the initial target itself an ion of sufficiently high charge, the 

transition probability should be amenable to evaluation by a first-order per- 

turbation theory. ,' 

We treat collisions of electrons with both neutral atoms and ionized 

atoms with considerable emphasis on the latter. However, most of our con- 

siderations will apply to molecules and to molecular ions as  well. 

A' comprehensive framework for our discussion is provided by cross- 
1 , 2  section 'formulas employed extensively by Seaton, and also from 'a comple- 

mentary point of view, by Platzmanl s school (as described in Ref. 3). ~ h e i e  
. . 

formul'as represent cross sections a s  sums of numerous terms, and we shall map 

out which of the terms can be calculated appropriately by various methods for 

various ranges of incident energy, types of transitions, or properties of target 

species. The formulation also lends itself to applications of sum rules rang- 

ing from familiar ones to others whose existence is merely suspected a t  this 

time. 
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BORN-APPROXIMATION CALCULATIONS OF THE ENERGY AND ANGULAR DISTRI- 
BUTION OF ELECTRONS EJECTED BY PROTON-IMPACT IONIZATION OF HELIUM 

* t D. H. Madison, R. Calhoun, S. T.  ans son, * and . , 

A. ~ s e z a n e s  

Cros s sections for the energy and angular. distributions of electrons 
ejected by proton-impact ionization of helium have been calculated in the Born 
approximation. Results are presented for incident energies from 1 . , keV to 
200 MeV. 

Electron spectroscopy is a powerful tool which can be used to obtain 

information on the details of ion-atom collisions. In addition, the energy and 

angular distribution of ejected electrons i s  of importance in numerous areas 

including plasma physcis, atmospheric and space physics, and radiation 
1-3 

physics. Recent work has shown Bom-approximation .calculations of 

proton-impact ionization using fairly good non-hydrogenic atomic wavefunctions 

for initial discrete and final continuum states to be rather good for ionization 

of helium in most ranges. The major exception i s  for small angles in the proton 

energy range from -- SO keV to several MeV where another process, i .e. ,  charge 
4, 5 transfer to the continuum is of great importance. 

In this paper extensive results are presented for the energy and angular 
\ 

distribution of electrons ejected from helium by proton-impact ionization over 

a range of incident energies from 1 keV to 200 MeV. The calculations were 
6 

performed using nonrelativistic Hartree-Slater wavefunctions with no core 

relaxation via a formulation described in Refs. 1 and 2. 
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TABLE 1. Doubly differential cross sect ion d o / d ~ d ~  measured in units of 
m2 ev-l steradian-1 for proton-impact ionizatio of helium. In the heading 
E(RYD) denotes the kinetic energy of e jected electrons and THETA (DEG) is 
the angle of elec.tron ejection measured in degrees from the incident proton 
direction. Each page shows a different proton kinetic energy, T, which is 
indicated in  the heading. The FORTRAN notation is used: e. g. , 2.46 E-26 
means 2.46 x 

PROTO& ENERGY = . 001  MEV 



PROTON ENERGY = .005 MEV 

115 
120  
I P S  
1 3 0  
135 
l0.C 



PROTON ENERGY = - 0 1 0  MEV 



PROTOR ENERGY = - 0 2 0  M E V  



PROTON ENERGY = ..050 MEV 



PROTON ENERGY = .070 MEV 



PROTON ENERGY = . .. 1 0 0  MEV 



PROTOR ENERGY = .300 MEV 

THETA (DEG) 
0 f .OSE-23 4.75E-P4 i .57E-24 7.42E-25 4.32E-25 2.12E-25 1.41E-25 1.06E-'25 
5 1.05E-23 4.78E-24 1.58E-24 ,705OE-25. 4.37~-25 2.15E-25 1;43~-25 1.08E-25 

10 1.04E-23 4.97E-24 1.42E-24 7.74E-25 4.54E-25 2.266-25 1.52E-25 1.16E-25 
15 l..OAE-23 5..01E-24 1.69E-24 .8.15E-25 4.8.3E-25 2.45E-25 1.68E-25 1.325-25 
.? 0 1.11E-23 5.2lE-24 1.79E-24 d.78E-25 5.28E-25 2.75E-25 1.93E-25 1.57E-25 



PROTOPJ ENERGY = .SO0 MEV 

THETP (D.EG) 
G 6.14F-?4 3.62F-24 7.P9E-25 3.42E-25 1.83E-25 7.52E-26 4.13E-26 2.03E-26 

. 5 6.17E-26 2.65E-24 7.95E-25 83.4hE-25 1.85E-25 7.62E-26 4.20E-26 2.07E-26 
10  , 6.26E-24. 2.70E'-24 R.1SE-25 3.56E-25 1.91E-25 7.94E-26 4.41E-26 2.21E-26 
15 6.40E-24 2.75E-24 R.4YE-25 3.74E-25 2.026-25 8.51E-26 4.79E-26 2.48E-26 
? 0 6.61E-24 ?..93E-24 R.996-25 4.00E-25 2.19E-25 9.4lE-26 5.40E-26'2.91E-26 



PROTOK ENERGY = 1,000 MEV 

THETA (DEG 
0 3.01E-24 1.21E-24 3.38E-25 1047E-25 6.94E-26 2.83E-26 1.46E-26 1.89E-27 
5 3.03E-24 1.22E-24 3.40E-25 1.47E-25 6.89E-26 2.65E-26 1.31E-26 2.86E-27 

10 3.oORE-24 1.246-24 3.46E-25 1.49E-25 6.87E-.26 2.38E-26 l.lOE-26 4.77E-27 
15 3.17E-24 1.2RE-24 3.58E-25 1.53E-25 7.17E-26 2.49E-26 1.18E-26 5.58E-27 
2 0 3.30E-24 1.34E-24 3.77E-25 1.60E-25 7.7YE-26 2.91E-26 1.46E-26 6.13E-27 



.PROTON ENERGY = 2.000 MEV 

THETA (OFTG) 
3 1.52E-24 '5.96E-25 1.SAE-25 .5.91€-26 2-80E-26 9-61E-27 5.52E-27 3.67E-27 
5 1.53E-24 6.00E-25 1.59E-25 5.99E-26 2.85E-26 9.68E-27 4.97E-27 2.54E-27 

1 0  1.56E-24 6.11E-25 3.62E-25 h.18E-26 2.97E-26 9.76E-27 4.01E-27 6.676-28 
15 1.61E-?4 6.31E-25 1.67E-25 6.41E-26 3.07E-26 9.98E-27 3.97E-27- 5-43E-28 
3 0 1.6eE-24 6.59F-25 1.74E-25 5.72E-26 3.21E-26 1.06E-26 4.92E-27 1087E-27 



P.ROTON ENERGY = 5.000  MEV 



PROTON ENERGY = 1 0 . 0 0 0  M E V  



PROTON ENERGY = 2 5 . 0 0 0  MEV 



- PROTObd ENFRGY = 50.000 MEV 

THETA (OEG) 
0 7 ;72~-26  2.47E-26 5.906-27 2.206-27 '9.56E-28 2.79E-28 R.50E-29 4.35E-29 
.5 7.77~-26 2.4%-26 5.96E-27 2.22E-27 9*62E-28 2.83E-28 9.376-29 4.51E-29 

10 7.93~-26,2.56E-26 6.1%-27 2.27E-27 9.87E-28 3.00E-28 1.056-28 4.67E-29 
15 8.19F-26 2.6915-26 h.41E-27 2.36E-27 1 .03~-27  3.16E-28 1.17E-28 4.79E-29 
2 0 8.56.~-26 2.84E-26 6.80E-27 2.48E-27 1.08E-27 3.25E-28 L.25E-28 4.87E-29 



PROTON ENERGY = 100.000 MEV 

THETA (DEG) 
0 3.17E-26 1.1AE-26 P.95E-27 1.14E-27 4.76E-28 1.57E-28 5.79E-29 8.65E-30 
5 3.20E-26 1.19E-26 2.98E-27 1015E-27 4077E-28 1.54E-28 5.57E-29 8.71E-30 

10 3.32E-23 1.23E-26 3.07E-27 1.176-27 4.85E-28 1.54E-28 S.58E-29 1.17E-29 
15 3.51E-26 1.30E-26 3.23E-27 1.22E-27 5.06E-28 l .h lE-28 6.09E-29 1.59E-29 
2 1) 3.77E-26 1.40E-26 3.4%-27 1029E-27 5038E-28 1.72E-28 6.62E-29 1.67E-29 



PROTON ENERGY = 200.000 MEV 

THETA (DEG 
0 1.5TE-26'6.10E-27 1.72E-27 5.86E-28 2.50E-28 8.24E-29 3.49F-29 8.04E-30 
5 1.59E-26 6.17E-27 1.73E-27 5.89E-28 2.49E-28 7.93E-29 3.16E-29 8;OSE-30 

1 9  1.65E-26 6.40E-27 1.78E-27 6.03E-28 2.52E-28 7.64E-29 2.80E-29 8.06E-30 
'1 5 1.76E-26 6.78E-27 1.85E-27 6.29E-28 2.63E-28 8.00E-29 3.02E-29 8007E-30 
2 0 1.91E-26 7.31E-27 10956-27 6068E-28 2.81E-28 8.75E-29 3.52E-29 8;09E-30 



Table 1 presents the doubly differential cross section (DDCS) for 

proton-impact ionization of helium. The cross section is differential in the 
2 

energy and solid angle of the ejected electrons, i.e., we present d cr/dedn, 

where E is the ejected electron energy. The DDCS is given in units of 
2 -1 . - 

m e V  steradian The results given span the space of electron ejection 

angle, 8 = O 0  to 180°, ejected electron energy, E = 1 Ry (13.6 eV) to 24 Ry 

(326.4 eV) and proton energy, T = 0.001 MeV to 200 MeV. To obtain cross 

sections for values of.G,. E ,  T not presented, we expect that graphical inter- 

polation would provide reasonable (1 0-20%) approxilnatiolls . 
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t Hans Bichsel and Mitio Inokuti 

The specific ionization j (the number of ion pairs per unit pathlength) 

for high-energy protons in a pure gas can be calculated from the follo.wing 

data: 1. the total ionization cross section, 0. (E ), for a proton of energy, 
1 P 

E 2. the distribution a(€,  E )de of kinetic energy E of secondary electrons 
P' P 

in an ionizing collision; 3. the mean energy W(E) for an ion pair for an 

electron of energy E.  For a gas of unit molecular density, the number j of 
1 

ion pairs directly produced by protons is a .  (E ), the number j of ion pairs 
I P 2 

due to secondary electrons is given by 

and 

If the stopping cross section S(E ) of the gas for protons is known, then one 
P 

obtains the "differential: W value" a s  

If w (E ) is established for the entire range of E , one may calculate 
P P 

the (integral) W value a s  

where I is . the (first) ionization energy of the gas. However,. our calculation 
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is restricted to w (E ) a t  high E . 
P P 

Equations 1-3 have been used to evaluate w (E ) for Ar, CH4, and N2. 
1 P 

It may be noted that Jacobi and Stolterfoht used the same set  of equations dif- 

. ferently; they estimated j from the knowledge of j and W(E ). ,Our results 
2 1 P .  

are summarized below. 

For E = 1 MeV, we obtain j = 1.25 by the use of a (E ) evaluated 
P .  2-4 1 i P 

through integration of Toburen's a(€, En). We obtain j, = 2.05 by using 
l' .5 

L. 2-4 
the Toburen data and a semiempirical expression 

which reproduce several theoretical calculations for E much greater than the ion- 

i ~ a t i o n  energy, W and 'U being constants with the energy dimension. (For Art 
5 a 

we take U = 11 eV.) A s  a consequence, we arrive a t  w = 30.2 eV. 

The total ionization cross section a, (E-) has been measured directly, 
1 P 

too. 6-8 The results in R e f s .  6-8 are larger than the integrals of the Toburen 

data by about 2 5%, and lead to j . = 1.57. If we renormalize the Toburen data 
1 

and use them in Eq. 2 ,  we obtain j = 2.57. Thence, we have o = 24.1 eV. 
2 9 

This value is somewhat closer to the experimental result, w = 26.6 * 0.5 eV 

for 3.6-MeV protons. 

For E = 1 MeV, the Toburen data lead to j = 1.66. We have calculated 
P 1 

j . by use of the' Toburen data and two sets  of W(E) values. First, the experi- 
2 

mental data by Waker and' ~ o o z "  give j = 1.55, and thence 0 = 28.5 eV. 
2 

Second, W(E) of Eq. 4 with U = 9 eV gives j = 1.99 and thence w = 25.1 eV. 2 
The first result is closer to experimental W values ranging from 29 e V  to 31 eV, 

although the distinction between w and W should be borne in mind. No experi- 

mental o values seems to be available. Calculations for E = 0.3 MeV give 
1 0  P 

= 27.7 eV by use of the data of Waker and Booz , and w = 24.1 e V  by use of 

Eq. 4. 



; Again for E = 1 MeV, we obtain j = 1.33 from a, (E ) derived from the 
. .  , 2-4 1 1 P 

Toburen data . . The combination of the Toburen data  and the Cole measure- 
11 

ment of W(E) leads  to  j 2  = 1.43, and thence w = 32.4 eV.  This is somewhat 

lower than the  known W value of about 36 eV. (No experimental w value is 

available.)  The use  of Eq. 4 with U = 9 e V  leads  t o  j = 1.83 and w = 30.3 e V .  
2 

Finally, we d i scuss  estimates of uncertainties in  the data. The un- 

certainty, of the stopping cross  section may be  2 to 4%, and that of the directly 

measured p. (E ) may be  about 10%. The absolute uncertainty for a ( € , E  ) is 
2-4 P 

stated a s  25%. The uncertainty ic measured W(E) is difficult t o  assess. 

If we assume that the calculated w(E ) is uncertain by 20% or  so ,  we 
P 

a m i s t  conclude that W(E) , given by Eq. 4, is consistent with experiment for Ar 

(but not for CH4 and N2). The experimental W(E) for CH and N give better 
4 2 

w(E. ) results.  
P 
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ELECTRON ENERGY DEGRADATION IN MOLECULAR HYDROGEN 

* 
D. A. Douthat 

We have calculated the degradation and the subexcitation spectra in 
dilute molecular hydrogen produced by monoenergetic source electrons with 
energies of 2 and 1 0  keV. The cross-section data of Gerhart were re-examined 
and refined. A new code for computation of degradation spectra is discussed, 
and sensitivity of the results to variation in the input data i s  examined. A 
previously discovered scaling of the yield of ions is also examined for this 
case.  

1,2 In our earlier work on helium, the primary purp'ose was to demon- 

strate the possibility of accurate calculations of complete electron degradation 

spectra (DGS) in the media for which reasonably complete inelastic-collision 

cross-section data are known. We were also concerned with some systematics, 

e. g., the slow variation of the mean energy per ion pair with the source energy, 
1 

To . In view of recent progress - in both experiment and theory - much ac- 
3-5 

curate.data are now being acquired and analyzed for a variety of gases. 

There have also been several recent studies of electron energy degradation 
6 

and energy deposition, including applications to mixtures and to partially 

ionized H 
7 

2 ' 
Very extensive studies by Sato and co-workers (see Ref. 6 and 

Ref. 8 and references therein) based on schematic cross sections (obtained 

from a binary-collision model) exist for more complex gases and mixtures. 

Although it is difficult to assess  the accuracy of these results, they are none- 

theless very interesting a s  a first step. 
3 

The present calculation is based on Gerhart's data which were com- 

piled from a variety of experimental and theoretical sources. Gerhart' s data 

analysis included extensive consistency checks a s  a means of assessing the 

trustworthiness of the experiments. The final data were required to meet a number 

* 
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of constraints, including several sum rules. Furthermore, al l  cross sections 

possess the correct high-energy ( ~ e t h e )  form. This approach to the degrada- 
I 

tion problem was suggested by Platzman and has been recently reviewed by 
9 

Fano and Inokuti e t  al.  10 

, ' There were several aims of this calculation. They included the pro- 

vision of data on molecular hydrogen (for complete degradation and subexcita- 

tion spectra and primary yields), systematic exploration of the sensitivity of 

these spectra and yields with respect to variation of the input cross sections, 

and further testing of scaling properties1 l1 associated with the DGS. We 

intend also to utilize the data in this report in studying the systematics of 

irradiated systems and in computation of electron thermalization times. 

Since our calculations extended to higher energies than did Gerhart's, 
7,12-15 

we found some inconsistency in his data. However, other studies of H2 

employed cross-section data that were subjected to fewer internal and external 

checks than those used by Gerhart. 

~ e t h o d  of Calculation 

Our code for the computation of electron degradation spectra represents 
1 a modification of the earlier version and is much faster. In fact, we are able 

to compute complete degradation and subexcitation spectra and all  primary 

, yields in 1.3 minutes f ~ r  T = 10 keV on the CDC Cyber 73 system (1.2 million 0 
operations/sec). The required computation time depends on T a s  In T (vs. 0 0 
T in .the earlier code). 

0 * 

We feel that the Spencer-Fano approach to the.study of primary yields 

now recommends itself for two reasons: (1) The DGS, as  we demonstrated 

earlier, provides a more informative viewpoint than any other method in current 

use.  addition, A. R. P. Rau has recently found16 that knowledge of the DGS 

provides, in. principle, a complete description of the irradiated system, in- 

cluding fluctuations in, the yields; (2) Our code compares well in speed with 

the fastest. method for determining primary yields now in use, i. e. , the con- 

tinuous slowing down approximation, and is considerably faster than any other 

method of comparable accuracy. 



While the more expensive stochastic methods (such a s  the Monte- 

Carlo method) may provide the only tractable solution i f  additional 'variables 

such a s  angle or depth of penetration a r e  under consideration, 17-" the use 

of stochastic methods in determining primary yields seems less  desirable than 

direct numerical solution of either the Fowler equation or the Spencer-Fano 

equation. In any case,  the yields should be equivalent since the early work 

of Knipp, Equchi, Ohta and ~ a g a t a "  effectively demonstrates the equivalence 

of Fowler-equation results and stochastically computed yields. (The equi- 

valence of yields computed from the DGS and the Fowler equation was recently 
10 

provided. ) In view of these connections, the recent numerical comparisons 
14 

of Gamey and Green reflect the expected equivalence of yields based on 

the various exact methods. 
. . The accuracy of our method was checked by comparison of the mean 

energy per ion pair computed in 3 ways: (1) from the DGS, (2) from solution 

of the Fowler equation, and (3) from the subexcitation spectrum. Methods (1) 

and (2) agree within about l%'and are lower than method (3) by about 4%. A s  
23 

an additional accuracy check, the energy balance equation (Platzman ) i s  

satisfied to within 0.6% with a source energy T = 2 keV and 3.7% for T = 1 0  
0 0 

keV. 

There remain two obvious sources of error in the calculation: (1) error 

in the use of the Spencer-Fano approximation (which is used for T > 600 eV) 

and (2) error due to remaining inconsistencies in the cross-section data, e. g. , 
the 5 to 10% difference between values of the stopping power computed from 

the cross sections for energies between 2 and 10 keV and the Bethe result for 

the stopping power (which i s  used implicitly in the Spencer-Fano approximation). 

Modification of Gerhart' s Data . 

Since this calculation extended beyond the energy range of Gerhart's 
n 
L 

data, we found that his value of M, and c, are inconsistent with his choice 
1 1 

of the ~ a ~ ~ - ~ o l d e n ' ~  total ionization data, below 1 keV. We chose to modify 

the data in two ways, referred to a s  I and I1 and representing "extremes" with 

regard to the total ionization cross section, a, (T ) .  For case  I, we chose 
1. 



2 .  
M = 0.721 and c. = 3.825, which give a smooth junction of the Bethe result  

i 1 

for (T) and the  Rapp-Golden data a t  1 keV. A reduction by about 28% in each  
i 

of the excitation cross  sect ions was  required in order t o  sa t i s fy  both the. IKP 
25 

sum rule 'for the total inelast ic  collision cross  section and the oscillator- 

. , strength moment S (-1). We a l s o  chose the differential ionization c ross  section 
-3.1 

da(T,E)/dE=C(T)E.  f o r T ~ 3 0 0 e V , w h e r e E i s t h e e n e r g y t r a n s f e r ,  Choice 

of the exponent a s  -3.1 gives a continuous curve for the stopping power through 
2 

300 eV. For c a s e  11, we used the Gerhart values  of M = 0.623 and c.  = 1.63. 
i 1 

This choice suggests  a reduction of the Rapp-Golden data by  a factor of 0.7665 

i f  the ~ e t h e  form is assumed t o  be valid for T around 1 or 2 keV. ,For T < 300 

e V  ~ G ( T , E ) / ~ E  = C(T) E -3.1 was  again used. Different values  from those of 

Gerhart were required for the functions +(E) and C(T) in  the form for (do~,E)/dE 

with T > 300 eV. (The product of these  functions partitions the differential 

ionization c ross  section into the hard and soft components .) 

Neither the c a s e  I nor the c a s e  I1 modifications produced perfect agree- 

ment between the high-energy stopping power computed directly from the c ros s  

sections and the Bethe,result. The differences were smaller for the  c a s e  I 

data - about 5 to  10 % for the region 1 - 10 keV. 

Results 

Figure 1 displays the DGS for source energies T of 2 and 10 keV. The 
0 

r i se  a t  low energies and the smoothness a re  familiar features. (Structure near  

the source energy is not shown. ) The two curves for T = 2 keV represent the 
0 

results from c a s e  I and cas,e I1 data. The differences are substantial ,  ranging 

from 20% a t  100 e V  to  50% a t  16 eV. More detailed data ,  e. g., the  value of a 
-a 

in the low-T form  do(^, E ) / ~ E  = C (T) e are  less important. We found earlier 
26 

tha t  changing, a from 2 to 3 produced a '  change of only 10% in the DGS of helium 

near  the ionization threshold and smaller changes a t  higher energies. In other 

words, the current 10 to 20% spread of values in  measured total  ionization 
24,27-29 

cross sect ions leads  to  far greater uncertainty in computed spectra 

and yields  than does a 10-20% uncertainty in  the shape of the secondary 
?10,31 

electron ejection cross  sections.  Furthermore, the  sensit ivity of the 



FIG. I. --Degradation 
spectra for Hz gas a t  
0 C and 1 atmosphere. 
To = 10 keV, Case I 
data, I 

To = 2 keV, Case I 
data, ---------- 
TO = 2 keV, Case I1 
data, --------. 

16'~ ' , I I 
I 1 

3 4 5 6 7 '  8 9 10 
In TeV 

yield: results is also higher than expected. The case  I data give a mean 

eneigy per ion pair of 35 eV, while 'case I1 data give 49 eV a t  T = 2 keV. 
3 0 

The possible importance of collateral ionization remains unsettled by these 

calculations. 

Figure 2 displays the "quasi-invariance" of !he ionization yield with 

respect to the initial energy T This behavior was demonstrated empirically 
1 

0' 
for helium and a theoretical explanation was provided by Fano and Spencer. 

11 

A s  we would expect from the absence of inner-shell. electrons, quasi-invariance 

is also exhibited for Hz. 

Table 1 gives the yield N per source electron for each state s ,  the 
s 

total energy N E initially utilized in exciting N states with excitation energy 
S S ,s 

E , and the corresponding percentage of the source energy T that N E 
s 0 S S 

represents. 
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FIG. 2. --Differential 
distribution in energy of 
the ionization yield a s  
explained in R e f s  . 1 1 and 
1. The area under each 
curve is the reciprocal of 
the mean energy per ion 
pair. Curve (---) cor- 
responds to To = 2 keV; 
and curve (---- ) to  
To = . I0  keV. 

' . . . TABLE 1. Various Yields for TO = 10 keV Calculated Erom c a s e - I  
. . .  

' c r o s s  sec t ions  

Transition N (per primary) Es Ns , eV Energy absorbed,  
s 

% of total  

Lyman 96.8 1210 11.7 

Werner 112.1 1457 14.0 

Slow ,H (2s) 
. . 

29.6 453 4.4 

~ a s t  H (2s) ' . , 5.3 175 1.7 

' , 
Remaining 12.2 177 1.7 

Ions 295.6 4759 45.9 

Triplets '. 102.6 1036 10 .0  

Subexcitation electrons 295.6 975 9.4 

. Total 10370,eV 

I '  
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TOTAL CROSS SECTIONS FOR COLLISIONS BETWEEN ATOMIC PARTICLES AT 
HIGH VELOCITIES 

Mitio Inokuti 

. . General principles governing elas tic and inelas tic collisions between 
particles with electronic structure are presented . The treatment presumes re1 - 
ative translational velocities far exceeding the mean orbital velocity of 
'electrons in either of the colliding particles, and closely follows the Bethe 
theory for the co~l is ions  of a structureless particle with an atom or molecule. 
For illustration , numerical results are given for collisions between two hydrogen- 

. .  . .like ions. 

Introduction 
1-3 

' The well-known Bethe theory treats collisions of a structureless 

charged particle with an atom or molecule a t  high relative velocities. Con- 

siderations of the impact of more general atomic particles, i .e . ,  particles ' 

having internal electronic structure, do not seem to have .been put forth sys- 
4 

tematically , although Bohr explained qualitatively that electrons orbiting 

' around the particle a t  speed less  than the'particle speed will be efficiently 

stripped off upon collisions with an  atom or molecule. 

Following is an initial report of new work aimed a t  extending the Bethe 

, theory to collisions between particles with electrolis for application to radiop- 

= logical physics, heavy-ion physics, and plasma physics. 

Basics 

Consider the collision 

where A and B represent atomic particles (atoms, molecules , or ions) in their 

: electronic ground state. The suffix m or n denotes an electronic state, either 

discrete or continuum. Throughout the discussion, the relative velocity v of 

colliding partners is 'taken a s  much greater than the mean orbital velocity of 

electrons in either A or B. 



For definiteness, le t  us take a s  A and B atomic ions that have nuclei 

with charges Z e and Z e ,  a s  well as  N and N electrons, respectively. The a b a b 
total Coulomb energy of the interactions between A and B is given a s  

* 
where Kis the vector distance from nucleus A to nucleus B, r, is the positlon 

+ I 
of the jth electron in A measured from nucleus A, and r is the position of the k 
kth electron in B measured from nucleus B. An alternative expression i s  

where <is a variable of the Fourier integral. M e n  one applies the tirst-order 

perturbation theory (i. e. , the first Born approximation) , the cross section for 
5 

the process is given a s  

2 - 8 2 
where a = h /m e2  = 0.529 X 1 0  cm, and v = h/e = d l 3 7  = 2.188 X 1 0  

8 
0 e CI 0 

cm/sec. The factor (v /v)' may be expressed a s  
0 

4 2 
in terms of the Rydberg energy R = mae /2 h = 13.6 eV and of the symbol 

U 

1 2  - 
T = z m  v , m being the electron (rest) mass, used in Ref. 3 .  Further, h K 

e e 
is the momentum transfer in the collision, and i t s  magnitude i s  given by 

2 2 1 

(Ka0) = 2 (M/m ) (T/R) { 1 - m E/2 MT -- (1 - m E/MT)' cos 8) , 
e e e (5) 



where . M  i s  the reduced mass of the colliding particles, 8 i s  the scattering 

angle, and E i s  the sum of electronic excitation energies E and E in A and 
m n 

t B, respectively. Finally, + (K) is a matrix element between eigenstates of 
m 

particle A - 

Similarly, 

.- + - 
+n (K) = (n 1 zb - exp (i K rk) 10) 

k = l  

for particle B. Notice that + (K) is a property of particle A only and + (K) i s  
m n 

' 
a property of particle B; in other words, + (K) and + (K) refer to different m n 
particles and are independent of each other. To remind us of this distinction, 

I adhere to the stipulation that suffixes m and j always refer to particle A and 

the suffixes n and k to particle R throughout the present article. 
' 

'For brevity of presentation., the present discussion will be restricted to 

nonrelativis tic veloci,ties v. Extension to relativistic velocities is straight- 

forward insofar as  one excludes extremely relativistic velocities for which 

radiative effects such a s  coupling with Bremsstrahlung become appreciable. 

This .qualification is the same a s  in the Bethe, theory for structureless charged 
. . 

particles (cf. Sec. 2.3 of Ref. 3). 

. The goal of the present analysis is to integrate Eq.  3 over all possible 
I .  

, . . . momentum, transfers (or alternatively, over all scattering angles 8) and thereby 

to derive compact cross -section formulas for high (but nonrelativis tic) v. 

' T h e £ i r s t s t e p d e a l s w i t h t h e b e h ~ v i o r o f +   and+ (K)atsmallK. 
, . m n 

The familiar Taylor expansion of the exponentials, together with the ortho- 

gonality of eigenstates , leads, to 

and.  



where 

and. 

Therefore, ' one obtains 

and t 

in accordance with Ref .  3 (p. 3 13). 

Equations 8-1 3 refer to particle A. Similar equations hold for particle 
. . 

B; one obtains them by replacement: Z - Z N - N b ,  m --n, and j - k. 
a 2 b' a 

The different behavior of 1 + (K) ( or 1 + n ( ~ )  I a t '  small K makes i t  
m 

necessary to treat three c lasses  of collisions differently: (1) elastic col-, 

lisions , ' i. e. , m = 0 and n = 0; (2) singly inelastic collisions, i. e. , either 
a m # 0 and n = '0 or m = 0 and n # 0; (3) doubly inelastic collisions, i.e. , 

The meaning of the labels m and n for the electronic 'states of atomic 

.particles must be made more precise. In what follows, i t  i s  assumed that the 

. 'atomic particles are either spherical or randomly oriented in the initial state. 

~urthermore, one always implies by labels m and n that the customary summation . 

over magnetic quantum numbers of the final state of the atomic' part icleis  to be 

carried out. (In other words, the rotational symmetry i s  assumed for each 
2 I 2 

atomic particle. ) Under this stipulation. ( + (K) 1 or I +,(K) I i s  an even 
m . 

function of K. ~ h u s ,  i t  is justified to use the variable , ' 



2 
for concise expression and regard t h e  1 + ( a s  a function of Q. I n  what follows., 

2 2 
t the notations I + '(Q).I and ( + n ( ~ )  I will be used. Thus, ',one may rewrite 

.m 
:Eq,. 3 a s  

withthe use of Eq. 4.. 

.Elastic Collision 

The total collision cross .section for elastic collision is given as  

Q 
2 max 2 -2 

.o = 4.na 
:OO 0 (R/T) l 0 l ? a o ( ~ )  1 1 +bO (Q) I Q dQ 

according to Eq. 15, where + (Q) and + (Q) are ground-state expectation 
a0 bO 

values .[Eqs. 6 and 73 for A and B,  respectively. The lower limit of the Q- 

integration is zero because .the minimum value of the momentum transfer for 

elastic collision is zero. The upper limit is given by 

2 
Qmax 

= 4 (M/m ) .(T/R) . 
. e 

2 
From the low-Q behavior of ) +  (Q) 1 (Eq. 12)., o n e  immediately sees  

a Q 
that is divergent unless Z = N or Zb = Nb,  i:e. , unless one of the col- 

0.0 a a 
liding particles i s  neutral. This observation is not a t .a l l  surprising; indeed, 

the Rutherford scattering has a divergent total -cross section owing 'to the long- 

range Coulomb force. Therefore, we shall assume that B is neutral, i. e. , 
2 

Z = N however, A may .be either neutral or charged,. Then, 1 +Ob (Q) I = 
2 

b ;  
O(Q ) for small Q, and thus the integrand of Eq. 15 i s  analytic for Q 2 0. 

Because Qmax a s  given by Eq. 17 is large, i t  i s  appropriate to write 

the integral of Eq. 16 in two terms 

. , 1-1 .. 
O Qmax 

The' first term is independent ,of T.. the second term may be evaluated approxi- 

mately as 



Consequently, one obtains 

~ o t e  that the right-hand side is very nearly independent of T, the second term 
- 3 

being extremely small because m /M is 10 or smaller. 
e 

Sinqly Inelastic Collisions (for Individual Excitation) 

To be specific, let us consider the case in which A becomes excited 

but B remains unexcited (i. e. , m # 0 and n = 0). The total cross section. .is 

given as  

Qmax 2 2 -2 
0 = 4aa0 (WT) / 10 (Q) 1 2 . 1 + 0 b ( ~ )  1 Q d~ . .. 

mO ma (19) 

Qmin 

Here, the lower limit of the Q integration is nonvanishing; i t  has the value , 

2 
Qmin 

= (E 2 / 4 ~ ~ )  [ 1 + + (m E /MT) + O( (meEm/MT) 11 , 
m e m 

exactly the same a s  the value for inelastic collisions of A with a structureless 

particle [ cf. Eq. 2.17 of Ref. 31 . Similarly, the upper limit i s  given by 

Qmax = 4 (T/R) (M/m e .  ) [ 1 - f (meEm/MT) + 0 ( (meEm/MT) ) ]  . (2 1) 

To analyze the T dependence of the integral, i t  i s  convenient to write 



According to Eq.  8., the function 4p (Q) behaves like Q. a t  small Q. Accordingly, 

the integral in Eq. 19 may. be separated into three terms as  

Q .. 
max ' 

J - I + ma (Q) ( 2, 1 bOb(9) 1 Q - " ~ Q  

The first term has precisely the same form as  in the standard Bethe theory for 

a structureless particle with net charge Zb - Nb. Therefore, the value of the 

first term of Eq. 23 can be expressed.as 
. . 

2 
according to Eq. 4.18 of Ref .  3 ,  where M i c  the cquarcd dipolc moment 

m 
. (measured in atomic units) 



and c and y are parameters defined b y  ~ q s  . 4.14 and 4.19 of Ref .  3. 
m m 

The second integral of Eq. 23 is now being considered. The integral 

is analytic for Q 2 0, and therefore m i y  be separated into three parts a s  . . 

The first part is obviously independent of 'T. The second part may be evaluated 

b y t h e  useof  Eqs. 1 2  and 13 a s  

To evaluate the third part, one must only recall the high-Q asymptotic. behavior 
2 1 +, (Q) 1 = o ( Q - ~ )  or smaller and tp (Q) = Nb + o ( Q - ~ )  . a s  given by Rau and 

Fano. Therefore. 

00 
-2 . -3 , j* (+,(Q) 1 d Q )  Q dQ = 0 (Qmax (27) 

Qmax 

an extremely small contribution. Combining Eqs. 26 and 27. one arrives a t  

Q max 2 
2 (2, - N ~ )  J ).o,(Q) I V(Q) Q - ~ ~ Q  

'min 

Similarly, the las t  integral of Eq. 23 i s  given a s  



. .  . Q 
max . . 

2 2. 1 19, (9) 1, r (Q). Q - ~ ' ~ Q :  

Qmin. 

Consequently, the cross section for the singly inelastic collision takes 

the form 

Total' Cross Section for Sinqly Inelastic Collisions. 

The sum of a of Eq. 30 over all  m # 0 may be called the total cross 
mO 

section a for singly inelastic collisions:. The method of Inokuti, Kim, and * 0 
~latzman? 18 may be readily extended to the evaluation of a 

*o ' The basis of 

the ,method is, a sum. rule (Eq. 3.17 of. Ref. 3). 

where S (Q) is the incoherent-scattering function of A and i s  defined in  
inc , a 

terms of the ground-state expectation values (denoted by ( . , ..) ) a s  

Considenlng the limit Q -- 0 of Eq. 3 1 ,  one obtains 



7 
The sum C m Z O ~ m 2  is called the total squared dipole matrix element and i s  

, . 
denoted by Mtot , a 2. (See Eq. 3.18 of Ref. 3 . ) :  ' 

Let us consider the summation of Eq. 30 over m # 0. The first line of 

the right-hand side is precisely the same a s  the Bethe dross section treated 

in Refs .  7 and 8. Therefore, one may immediately write 

7 (3 4) 
has been defined already, and c where ' Mtot, a tot, a is given by , 

M~ tot, a l n c  tot = [ I ~ , . - I ~  - 2~( -1 )1 ,  . 
The quantities I and 12, a s  well a s  L(-1), are properties of A discussed in 

1 .  
Ref .  7 (and also in Section 4.3 of Ref. 3). The summation zrnZOYm has been 

(1) by use  of the notation in Ref. 3. In other words, expressed a s  - 7 Sa 

where f (Q) is the generalized oscillator strength for the transition 0 - m in A. 
m / I \  

~ c c o r d i n ~  to Ref. 8, s,"' (1) may be replaced by N a to  a good approximation, 

a s  will be done hereafter in the present treatment. [ The above evaluation of 
' 1 

y has a lso  neglected a contribution of the small magnitude - p  (me/M)Nat Cm#o m 
which arises from the second term of Eq. 4.19 of Ref. 3.1 

The summation of the second line of Eq. 30 is simpler, and proceeds a s  

follows : 



where use has been made of Eq. 13 and S (1) is defined by 
a 

f . being the dipole oscillator strength for the transition 0 --m in A. According 
m 

to the well-known sum rule (Eq. 3.29 of Ref. 3), S (1) may be evaluated a s  
a 

where is the momentum of th'e jth electron in A. 
I 
The summation of the third line of Eq. 30 gives 

.. , 

again by the use of Eq. 31. 

Finally, one may combine E q s .  34, 37, and 40 to arrive a t  
2 

0 b 
in(4c (T/R) ( ~ * ~ / 4 n a  = (Z - Nb) [Mtot, a tot,a T/R) - t Na VT] 

Doubly Inelastic Collision 

m e n  both atomic particles A and B become excited (or ionized) after 

a single collision, I call  that collision doubly inelastic. The cross section 

for exciting A to state m and B to state n is written a s  

2 
L C m a ~  2 -2 

0 m = 4 m 0  (R/T) 1 1 9 , ( ~ ) ) ~ ( 0 , ( ~ ) l  Q d Q I  

Qmin 



according to Eq. 15. The lower limit of the integration is given by 

2 
Qmin 

= [ ( E  + E  ) / ~ R T ]  { 1  + i m  (E + E  )/MT m n e m  n 

and the upper l i m i t  by 

Qmax = ~ ( T / R ) ( M / ~  ) {  1 + O(m (E + E )/MT)') . e e m  n , . (44) 

2 2 
Because l+,(Q) 1 and (+n(Q) 1 both behave like Q for small Q (as ' 

seen in Eq. 13), the integrand of Eq. 42 is well-behaved near Q = 0. The same 
-8 

integrand decreases a t  leas t  like Q for large Q, according to the result of 
6 

Rau and Fano, s o  that the upper limit of the integration may be extended to 

infinity without introducing an appreciable error. Thus, one may write the 

integral a s  

Qmax oO ' Qmin 

S = S - S  
Qmin o 0 

to obtain 

L 

Qmin 
- 14 (01 l 2  I + ~ ( Q )  I ~ Q - ~ ~ Q  

0 
m 

The first term in the square bracket is independent of T, and the second 

term, may be evaluated by the use of the low-Q behavior of I +  1 ' s (Eq. 13) a s  



where use has been made of Eq. 43, and f and f are dipole oscillator 
m n 

strengths of A and B, respectively, for transitions 0 -- m and 0 --n. . 

For large T/R, a is almost proportional to WT, with a small cor- 
mn 

rection given by the second term of Eq . 45 or by Eq. ' 46 .' , 
Let us now consider the sum of a over al l  m#O and n#O. .Using 

mn 
Eqs. 31, 45, and 46, one may write the total cross section, a,,, for doubly 

inelastic collisions a s  

where S (p) and S (p) are the moments of the dipole oscillator strength defined 
a .. b . .  

(Section 3.3 of Ref. 3) by 
. . 

and :. 

The second term in the square bracket of Eq. 47 i s  always negative. 

Collisions Between Two Hydroqen-Like Atomic Ions a s  an Example 

When the colliding atomic particles A and B have one electron each, 

a l l  the quantities appearing in the present treatment may be readily evaluated. 

For this purpose, one should note the following analytic results: 



2 -4 C Q = s inc, a (Q) = 1 -.(I + a ~ )  
m+o 

C I $ ( Q ) I ~ = ~ ~ ~ ~ , ~  (Q) = 1 - (I + b ~ ) - ~  a 

n#o 

where 
2 

a = 1/(42 ) , 
a 

(54) 

and 

A s  a corollary of Eqs. 52 and 53, one may also note that 

and 

For simple presentation, I give below only the leading terms of the 

cross sections a 00 , uO*, and a**. In the following equations, I imply by the 

notation . . . . terms of the order of magnitude R/T or smaller. 

For consideration of elastic collisions, i t  is presumed that B i s  neutral, 

i. e . , Z = 1 and therefore b = 1/4. (Otherwise the total elastic-collision 
b 

cross section diverges .') Substituting Eqs. 50 and 51 into Eq. 18 and carrying 

out elementary integrals, one obtains 

2 
= za co - 22 C + C 2  + .... # 

a 1. 
(5 8) 

where 

Co = 7b/3 t .(59) 

3 2 2 3 2 -4 
= (12a +19a b-26ab + 7b ) b  (b-a) /3 

C1 . , 

and 



Despite their appearance, Eqs. 60 and 61 are nonsingular a t  a = b, a s  

they ought to be. Indeed, one can readily verify that C'  -- 3 1b/30 and 
1 

C2 
-- 7,lb/105 a s  a -- b. In other words, for a = b = 1/4 (i. e. , for collisions 

between two hydrogen atoms), ~ 4 .  58 reduces to 

In another limit a -- 0 (i. e. , Z >> I ) ,  both C1 and C2 tend to 7b/3. a 
In other words, Eq.  58 reduces to 

a result readily obtained from the Bethe theory for collision of a structureless 

' particle having net charge Z - 1 with a hydrogen atom. 
a "  

~ o i -  sinqly inelastic collisions leading to excitation of A only, sub- 

stitution of Eqs. 51 and 52 into Eq.  41 gives 

where 
- 2 D = Z [ ln(~/R)  +0.449469 - 2  Z a I  1 

0 a 

according to Ref. 7 ,  

3 2 2 3 4 
. +.2(a4-5a b+lOa b -1Oab +2b )(b-a)-'ln(b/a)] , (6 6) 

and 

Here again, D and D are .nonsingular a t  a = b. In fact, D -- 101b/30 
1 2 1 

and ~ ~ - - . 5 8 b / 3 5  a s a - b .  When b--0 (i.e., when Z i s s o  large that B may b 



be regarded a s  virtually structureless), D -- 0 and D -- 0; in other words, 
, .  - 1 2 

Eq. 64 reduces to the result of the standard Bethe theory. 

The total cross section for doubly inelastic collisions is obtained by . . 

use of Eqs. 47, 52, and 53. The result is 

X (b-a)-71n(b/a)l + .... . (68) 

This expression tends to 533b/105 a s  a-b. 

Commentary on Collisions Between Hydroqen.Atrn~,.~ 

Let us  review the results of the previous section in the special case of 

two hydrogen atoms, i. e. , Z = Z = 1. First of al l ,  for each class of collision, 
a b -1 2 the cross section is proportional to T for large T. The quantity (~/~)0/4/4na~ , 

n 
J 

which may be called the collision strength, is shown in Table 1. 

Second, the doubly inelastic collisions are the most probable (with 

' over 50% relative,probability) , singly inelastic collisions next most probable, 

and elastic collisions the least  probable, a s  noted by Bates and Grif ing . 1 u , 1 1  

To understand why this order of different cross sections arises, let us start 

with Eqs. 50-53, which give probabilities for each of the hydrogen atoms to 

stay either excited or unexcited after a collision with a given Q. To put the 

TABLE 1 .  Collision Strengths ( ~ / R ) u / 4 n a ~ ~  for Two Hydfogen Atoms at Large T  

Class of collision Collision strength Percentage 
- 

Elastic collisions 

Singly inelastic collisions 
resulting in excitation of 
either one of the two atoms 

, 

Doubly hielastic collisions 533/420 = 1 . 2 6 9 0  5 4 . 3 9  

100; 0 0  Total 7/3 = 2 . 3 3 3  



-2 content of those equations simply, the probability w Q dQ for one hydrogen 
0 

atom to stay unexcited is given by 

2 
w = ( 1 4 )  , 

0 

where 

f = (1 +Q/4)-2 . 
- 2 

Ukewise, the probability w,Q dQ for one hydrogen atom to become excited 

is given by . 

2 
w*= 1 - f  . 

By subtraction of Eq. 69 from Eq. 71, one obtains 

w*-w = 2 f ( l  - f )  . 
0 

The right-hand side of .Eq. 72 is non-negative because 0 5 f 1 according to 

Eq. 70. Therefore, w, 5 w 
0 ' 

Moreover, the equality holds only when f = 0 '  
I-. 

or f =  1 (i.e., when Q=O or m). 

Now, each cross section for collisions between two hydrogen atoms 

is, in essence, an integral of the product of w's. Because w, 5 w0 a t  a l l  
2 2 

Q . ~ O ,  i t i s  obvious thatw, 5 w  w s w  a t  al l  Q S O .  Consequently, the * 0 0 
doubly inelastic collisions are the most probable, the singly inelastic col- 

lisions the next, and the elastic collisions the least  -the conclusion we 

wanted to understand. 

Commentary on Collisions Between an Ion and a Neutral Atom 

Let us start with a simple example, namely collisions between H and 
+ 2 

He (i. e.  , Z = 1, Z = 2). Table 2 shows the collision strength (~/~)a/ .rra 
a b 0 

for different classes of possible collisions. Every class of collisions, except 
* + 

those leading to H + He , has a collision strength tending to a constant a t  
* + 

large T. The collisions resulting in H + He ,have a collision strength 



+ TABLE 2 .  Collision strengths for col l i s ions  of H and He at large T. The 
asterisk signifies any of the poss ible  excited s ta tes ,  either discrete 
or ionized. 

Final states of the colliding Collision strength Percentage 
particles a t  T/R=IO 

H + He+ (e last ic  coll isions ) 1.045 . . 19.09 

H* + (He+)* 0.5777 10.55 

Total I ~ ( T / R )  + 3.1713 100.00 

increasing with the logarithmic T dependence and, therefore, dominate a t  

large T. The reason for -the logarithmic T dependence i s  familiar in the Bethe 

theow; i t  arises from the dipole interactions with long range, i:e., a t  . 

small momentum transfer. 

The dominance of. the inelast ic collisions due to any charged particle 

is universally true for any pair of colliding partners a t  high relative speed, a s  . 

pointed out by Bohr. 
4 

Commentary on the Dependence of Cross Sections for Collisions between 
Hydrogenic Ions upon Nuclear Charges Z and Zb a 

T have generated .a considerabl~ number of numerical data for collision 

strengths in a variety of cases by use of Eqs. 58-68. It is not easy to sum 

up a l l  of the data in a few words. In an attempt to give an idea of systematics 

of the data, I present Figures 1-3.  A l l  inelastic cross sections behave . - 

- 2 
l ike Z for large Z . Every curve in Figures 1-3 shows the behavior mon-. 

a a 
otonic in both Za and Zb. 

Concluding Remarks 

The foregoing treatment rests on the validity of the first Born approxi- 

mation. It is generally believed that the first Born approximation will be valid 

for collisions a t  sufficiently high velocities, i. e. , velocities far exceeding 

the mean orbital velocity of electrons within colliding particles. For collisions 

between, ions (i. e . , when Za # Na and Zb # .Nb) in  particular, the net Coulomb 

force between the colliding partners may distort the trajectory appreciably 



FIG. 1. --The collision strength (T/R)~**/ 
4naO2 for doubly inelas tic collisions between 
hydrogenic ions with nuclear charges Za and 

Zb. Each curve shows the collision strength 
for fixed Zb (as indicated) as  a function of 
Za. A l l  curves are independent of the relative 
speed so  long a s  i t  is sufficiently high, and 
approach a za-2 behavior for large Za. 

FIG. 2. --The collision strength (T/R) a* /4.rra0 2 

8 for singly elastic collisions between hy rogenic 
ions with nuclear charges Za and Zb. Ion A be- 
comes excited or ionized, and' ion B remains un-' 
excited after the collisions. The collision strength 
contains a logarithmic dependence of speed v, and 
the plotted values are for v/vo = 1 0 ,  where vo = e2/h 
is the Bohr speed. Each curve shows the collision 
strength for fixed Zb (as indicated) a s  a function of 
Za. All curves approach a za-2 dependence for 
largo Za. 



'. FIG. 3. --The collision strength (T/R) oO0/4na0 2 

for elastic collisions between a hydrogenic ion 
with nuclear charge Za with a'hydrogen atom 
(Zb = 1). The curve shows the collision strength 
a s  a function of Za and is independent of the rela- 

. . tive speed so  long a s  i t  is sufficiently high. 

. . 

even a t  high velocities; then, a Coulomb-Born approximation for the relative 

motion will be required. Furthermore, the validity of the first Born approxi7 

mation i s  likely to depend also upon the magnitude of momentum transfer, a s  
3 

that is the case  for electron collision with atoms and molecules. For col- 

li sion s between heavy particles, the' role of the momentum transfer a s  a' cri- 

terion for the first Born approximation does not seem to have been studied in 

detail. In this respect, I suggest the following approach, which follows a 

highly successful development in electron-collision studies (cf. Sec .. 3.1 of 

Ref. 3). Suppose one measures the differential cross section do /dw per 
mn 

unit solid-angle element dw for the collision 

a t  various scattering angles and a t  various T. From the resulting data one ' 
1 

evaluates 

and checks whether is a function o f  Q only. If the  first Born approximatior 
mn 



holds, @ is not only a function of Q, but also must factorize into zmn 2 1 +, (Q) ( and 1 + n ( ~ )  ( according to Eq. 15. This factorization can be probed 

either by taking data for alternative sets  of m and n of the same colliding 

partners A and B, or by studying alternative combinations of A and B. Actually, 

the determination of du /dw for a completely specified se t  of m and n takes mn 
multiple coincidence measurements which would be prohibitive in time and 

effort. But the suggested idea also applies to more modest experiments in 

which one determines the final state m of particle A only, for example. Then, 

one may obtain the sum m , although Q no longer will be uniquely deter- 
n mn 

mined .owing to i t s  dependence on E (Eq. 5). Nevertheless, the resulting 
n 

uncertainty in Q may be insignificant sometimes, for example, when B i s  an 

electronically loose system such as  a negative ion. 

The foll'owing remarks pertain to earlier studies relevant to the present 

treatment. Perhaps the earliest work on atom-atom collisions a t  high relative 
5,lO-13 

.velocities was carried out by Bates and co-workers. (See Chapter 

23 of the treatisel4 by Massey, Burhop, and Gilbody for fuller documentation.) 

Attention of that series of work was focussed chiefly on cross sections for 

individual classes of collisions (i. e .  , for selected sets  of m and n) , in contrast 

to a comprehensive survey of all collision consequences and their relative 

probabilities -the goal of the present treatment. Later detailed studies on 
+ 

individual collisions of simpler particles such a s  H I  He , and He, are 

abundantly found in the literature. 
1 4  

The sum-rule method for collisions between aton~ic: pa r t i c l c~  was men- 

tioned by Bates and Griffing, lo a s  well a s  by McDowell and Peach, lS and was 
16 

later developed by Victor and by ~ e v y .  ' Recently ~ i l l e s ~ i e '  has applied 

the same method very successfully to collisions of H- with H and He. A l l  of 

the findings in these earlier studies lo-'* of the asymptotic behavior of cross 

sections are, consistent with the general conclu~ion of the present treatment. 

Finally, the present article has been intended to illustrate a close con- 

. nection between electron collisions with atoms and molecules, on the one hand, 

and interatomic or intermolecular collisions, on the other hand. The basis of 

this connection l ies  in Eq. 2 ,  whicli faclrjl-izes interactions between A and B 



e 4 

into functions of electron coordinates r .  of A and r of B. A t  l e a s t ' i n  the . 
1 k 

1 domain of validity of t he  first  Born approximation, the cross  sect ions for col- 

l i s ions  between A and B factorized in to  individual properties of A and B (Eq, 

3), and e a c h  of those  properties may be studied by electron coll isions with 

A o r  B. This point of view warrants extensive s tudies  in  the futui-e. Indeed, 

th i s  general idea h a s  been successful ly  explored in  several  examples by Green 
19-21 

and co-workers and by  Huo. 
2 2  
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CHEMI-IONIZATION REACTIONS IN ACCELERATED URANIUM-02 CROSSED 
MOLECULAR BEAMS * 

C. E. Young, P. M. ~ e h m e i ,  R. B. Cohen, * L. G. Pobo, t 
and S. ~ e i e r t  

Chemi-ionization and electron transfer reactions in accelerated uranium- 

atom-oxygen-molecule collisions have .been studied by cross molecular beam 

techniques: 
+ 

U + O2 .4  UO + e,  associative ionization (1); 
2 

U + O2 - UO+ + (0 + e),  rearrangement (reactive) ionization (2); 

U + O2 - U+ + (0 + e) , electron transfer (3). 2 

Cross sections for the three ionization channels were measured as  a function of 

relative collision energy from 0.2 to 60 eV. The thresholds observed for chan- 

nels (2) and (3) , which are closed at  thermal energies, are in good agreement 

with values calculated from thennochemical data. The cross section for as-  

sociative ionization varied inversely with vr, the relative collision velocity;' 

as predicted for weak autoionizing transitions. With the use of a rough ab- 
+ 

solute calibration and a l/vr extrapolation to lower energies, the U 0 2  cross 

section was found to be in agreement with the previously reported value meas- 

sured with thermal beams. In the case of rearrangement ionization, the cros's 

section rose rapidly.at threshold, peaked near the threshold for the electron 

transfor process, and then declined with increasing collision energy.. .The 

electron transfer cross section increased with a power-law dependence of the 

excess energy above threshold throughout the range investigated. The maxi-' 
2 

mum absolutk cross section measured was 1.4 X cm . The dynamics of 

ionization processes (2) and (3) were elucidated from the energy dependence 

* 
A full report is given in 1. Chem. Phys . 64, 306 (1976). 

t~hemistry Division. A major part of the work was done in the Chemistry 
Division . 

* 

*visiting Scientist from the Chemistry Department, Illinois 1istitute of Tech- 
nolugy , Chicayo, Illinois 6061 6. Present address: The Aerospace Corporation, 
E l  Segundo, California 90009. 



of the cross sections and from measurements of the angular and kinetic energy 

distributions of the product ions. The results support the conclusion that re- 

arrangement ionization proceeds by a " spectator-stripping" mechanism. Both 
+ + 

the UO from this reaction and the U from electron transfer are scattered 

predominantly in the' forward direction. 

SURVEY OF CHEMI-IONIZATION REACTIONS IN ACCELERATED ATOM-O2 
CROSSED MOLECULAR BEAMS * 

C. E. Youl;g, R. B.  ohe en;' P. M. Dehmer, I,. G. Pobo, and 

The chemi-ionization reactions, associative ionization, and rearrange- 

ment (reactive) ionization, and the electron transfer reaction have 'been investi- 

gated in the crossed-molecular beam collisions of more than 20 accelerated 

(by sputtering) metal and nonmetal atoms with 0 molecules. The observations 
2 

support a generalization on the scope of these chemi-ionization reactions and 

their relation to electronic structure, namely that associative and rearrange- 

ment ionization reactions do not occur for collision partners for which the thermo- 

dynamic threshold energy for electron transfer i s  Lower than the thresholds for 

the chemi-ionization. On the other hand, rearrangement and associ:tive ion- 

ization may be prominent reaction channels when their thermodynamic thresholds 

are less  than that for electron transfer. 

* 
A full report is given in J. Chem. Phys . 65, 2562 (1976). 
t Chemistry Division. A major part of the work was done in the Chemistry 
Division. 

*visiting Scientist from the Chemistry Department, Illinois Institute of Tech- 
nology, Chicago, Illinois 60 6 16. Present address : The Aerospace corporation, 
E l  Segundo, California 90009. 



EXACT NU.MERICAL SOLUTION OF THE SCHROEDINGER EQUATION WITH T ~ E  
. LENNARD-JONES POTENTIAL 

* t  * S . Tani and Y.. . M. Jan 

The series solution of a differential equation in an immediate neighbor- 
hood of an irregular singularity has a finite convergence radius. For the 
Lennard-Jones potential, devised a s  a model for ~ i + - ~ e  scattering, the con- 
vergence radius is so  small that the repulsive potential is still  extremely 
strong a t  a point near the convery ence limit. Consequently, any standard 
numerical method cannot start from such a point. In the domain intermediate 
between the convergence limit of the series and the starting point of a stand- 
ard numerical integration, the solution involves a part that varies rapidly. A 
special numerical method has been developed to deal with the solution in this 
domain. 

1 + 
Tani .and Inokuti examined the low-energy Li -He scattering, using 

the Sutherland potential. It is believed that the results obtained there are 

good qualitative representations of the general features of the system, in 

spite of the fact  that the Sutherland potential has a sharp spike right outside 

i t s  hard core,. The spike i s  narrow but unrealistic in shape. In order to check 

this point, we have recently investigated the same problem using the more 

realistic Lennard-Jones (8.4) potential. In the course of this investigation; we 

developed a method of precision integration for the Schroedinger equation with 

a singular potential, and encountered a problem that does not appear to have 

been fully discussed before. 

Using the same notations a s  employed in Ref. 1, L11e partial-wave 

Schroedinger equation may be written a s  

The .strength of the short-range repulsive singular potential is determined by 

an additional parameter c ,  whose numerical value is 
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This value is s o  chosen a s  to satisfy the condition that the system a t  zero 

energy and zero angular momentum is precisely a t  the midpoint between the 

seventh and eighth zero-energy bound states. The value of the parameter g is 

a s  i t  is in Ref. 1. 

Since the singularity a t  r=  0 'is irregular, we have to develop the Laurent 

series for the wavefunction + of Eq.' 1. The standard method of dealing with the 
. . 

Laurent series is to set the wavefunction in the exponential form 

+ =  expo  , 
2 

and ,sulve the Kiccati equation 

Quantum mechanics of a system with a singular potential was discussed by 
3 

Case in his classical paper, and some other aspects, for example the non- 

analytic property in potential strength, were further studied by Tiktopoulos. and 
4 

Treiman and others. Mathematical study of a differential equation in an im- 

mediate neighborhood of an irregular singularity is presented in Incets book. 
2 

The series solution of 0' may be assumed to take the form 

The four coefficients a (n= 0, 1, 2 ,  3) are n 
2 -1 

a = - 5 ( 2 C  , 0 

The general term for n which is larger than three satisfies the equation 

it may be determined through an arbitrary n with a straightforward calculation 



with a ,computer by. substituting previously-determined coefficients on the 

right-hand side. 

The computer result shows that, for n larger than 50 or so, the a 
n 

alternates in sign and i ts  magnitude starts to increase steadily. That the 

magnitude of a does not increase until n becomes a t  least  a s  large a s  50 is a 
n 2 

consequence of a large parameter (255 ) -- 54 in the denominator of Eq. 8. For 

most parameters of the Schroedinger equationl, the ratio of two adjacent terms 

is of the order. of -1.6 for n around 100: 

On'that score, we guess that the convergence radius p of series 6 is of the 
0 

order of 0.6, i.e., 

Assume that the asymptotic form of a for very large n takes the form 
n : 

n n .  
a = (-1) X C(n) + An , n (1 1') 

where X is a constant and A is a small fluctuating term that tends to zero a s  
n 

n tends to infinity, 

l i m  A = 0 - ,  
n-00 n 

and the quantity C(n) is slowiy varying but tends to unity as  n tends to 

infinity: 

l i m  C(n) = 1 . 
n--00 

Then i t  may be shown that Eq. 11 is consistent with Eq.  8. However, we will 

have to undertake further work before we can derive a formula of the type of 

Eq. 11 forcefully a s  a consequence of Eq. 8. 

The wavefunction + of Eq. 4 starts to oscillate in the outer region where 

the attractiv.e potential dominates and will have a node at some finite distance 

from the origin. At a node of the real function +, the logarithm a' must diverge. 

This proves that' the series for a' cannot represent an entire function i .  but i t s  

convergence radius must be finite. \ 

Suppose we choose a point p =p within the convergence radius of the 
a 
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series for a t ,  

and determine the value of a' a t  that point by using Eq. 6: 

Clearly the repulsive potential is still  very . . strong a t  that point s o  that a 

standard method of numerical integration, such a s  the Runge-Kutta method, is 

not applicable. Therefore, we must develop a special numerical method that 

deals with the solution in t h e  intervening region. 

In the intervening region, we assume that the function a' is of the . 

form 
2 -4 -1 2 -1 

a ' =  55 p = 2 p  - 5(25 ) + @(PI , (1 6) 

where the value of the function m at p = p i s  determined by the series solu- 
a 

The function m is a rapidly growing function. The value of a i s  small when 

p . is sufficiently small, but its value a t  the starting point of the standard 
a - 

numerical method is. substantial. .The differential equation satisfied by @ is 

. A s  compared with the original Riccati equation (Eq: 5), the singular 
2 4 -8 

term of the highest order 5 E p has been eliminated from Eq. 18, but there 

is still a singular term 5e2p-4, akin to the original irregular singularity, left. 
- 2 

To eliminate any term which is more strongly singular than p , we factor an 

exponential function out of 

= exp [2A] 0 , 
with the exponent A 



The function A satisfies the equation 

The differential equation to be satisfied by C? is 

C? ' + exp (2A) Q 
2 

- 2 
In Eq. 2 2  any term which i s  more strongly singular than p has been eliminated. 

The only problem that remains with Eq. 22  i s  that the exponential factor, 

exp(2A), varies over a wide range a s  p varies from the starting value, p , a 
through the end of the intervening region. To tackle this problem, we inte- 

grate the differential, Eq. 22  step by step over a relatively small range of p 

in which the relative change of the exponential factor exp (2A) remains within 

a certain bound. 

Suppose the value of a of Eq. 1 6  is known a t  p = p , ,  
1 

@(pi)  = mi . (2 3) 

Then we try to integrate Eq. 2 2 ,  by way of i t s  modified version, in the interval . L 

Let us assume that a takes the form 

a (p) = exp [2Bi] 3 (P) , (25) 

where 

The differential equation to be satisfied by c?, is closely similar to Eq. 2 2 ,  
1 .  

but the exponential function will be replaced by exp [2B.] ; 
1 



Since we have 

the initial value of Q~ is 

Since there is no term whose behavior is problematic in Eq. 27, it may be 

integrated numerically using the Runge-Kutta method in the interval defined by 

Eq. 24. We monitor the value of B as the deviation of p from p grows. If' 
i i 

the condition 

\ 
is satisfied for the first time a t  p = p + y while repeating the Runge-Kutta i i 

. .  . cycles, then we evaluate the value of a t  p = p from 
i . a  

= i + 1 = exp [2Bi (pi + )I fii (pi + l) 

The w thus determined will be used a s  the initial value for the next interval 
i + l  

'i+ 1 
r p r  

P i+l  + ' i+l  = ' ' i + 2  (244 

The parameter r in the inequality (30) may be chosen a s  4.60, say;  then the 

variation of the exponential factor in Eq. 27 will be limited by 

-4 4 
exp(-9.20) = 10 < lexp(+2Bi) 1 < exp(9.20) = 10 ,. (31) 

The standard numerical integration of the original Schroedinger equation (1) may 

start from p = pb, say. The logarithmic derivative of the wavefunction at 

may be determined by the method shown above with a high precision. 
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