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Plasma Ringing Associated with Pulsed Resonance Cones

P. M. Bellan
Plasma Physics Laboratory, Princeton University 

Princeton, New Jersey 08540

ABSTRACT

A temporal wave-packet of frequency w0 '^p-^ <<:
<< co , (jo ) applied to a finite antenna in a magnetically ce pe ^
confined, plasma, is shown to excite an electrostatic field 
consisting of (1) a short-duration resonance cone, and (2) 
a wave-like disturbance which follows afterwards. This latter 
disturbance, which is related to the lower frequency mode of the 
delta-function induced transients discussed by Simonutti, persists 
long after the resonance cone. The phase factor associated with 
the disturbance is independant of coq , and its constant-phase 
surfaces are lines which emanate from the antenna and make a 
small angle 0 with respect to the confining magnetic field B.
0 decreases with increasing time so that "wavelengths" perpen­
dicular to B also decrease with increasing time. The cor­
respondence of the fields obtained by wave-packet excitation 
to those obtained by both CW and delta-function excitations 
is discussed and experimental results are reported.
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I. INTRODUCTION

1-4The CW behavior of resonance cones differs from most 
other plasma waves. In particular, for resonance cones: 
the spatial profile is strongly localized (in fact, almost 
singular); the natural parameter is the angle of inclination 
relative to the confining magnetic field, rather than a 
wavelength; and the associated phase velocities are aligned 
at almost a right angle with respect to the group velocities. 
It is thus reasonable that the transient behavior of
resonance cones should also be quite different.

5Simonutti has shown that a point source antenna driven 
by a short pulse (i.e. a temporal delta-function) excites 
a field having a broad frequency spectrum, and hence a 
spectrum of resonance cones both above and below the upper
hybrid frequency, each propagating along its characteristic

6 7angle. Felsen , Chen and Yen have presented general 
theoretical analyses of transient wave phenomena in plasmas.

In this work we present theoretical and experimental 
studies of the field caused by imposing a temporal wave-packet 
on a localized antenna. This wave-packet excitation is thus 
an intermediate case between the delta-function excitation 
of Ref. 5 and the CW excitation of Refs. 1-4, and in fact, 
by varying the wave-packet length it is possible to observe 
the transition to both of these limiting cases.
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The main result of this work is that a temporal wave- 
packet excites a short-duration resonance cone which is 
!followed by a wave-like disturbance, or "wake." This "wake" 
remains long after the passage of the resonance cone and may 
be thought of as a spatial and temporal ringing of the 
plasma. The constant-phase surfaces of the "wake" are lines 
which emanate from the antenna and make a small angle 0 
with respect to the confining magnetic field B. 0 decreases 
with increasing time so that "wavelengths" perpendicular to 
B also decrease with time. The existence of the "wake" was 
first observed experimentally; however for clarity we will 
first present the theory explaining why it occurs.

II. THEORY

Governing Equations
For simplicity we consider a homogeneous plasma con-. 

fined by a uniform magnetic field and assume: (1)
the wave is electrostatic, and (2) the driving frequency 
is such that <<: <<: wCe,U) e' 30 -'-on an<^ upper
hybrid effects may be neglected. (Here are t*16
respective electron and ion plasma frequencies; mce and
(JOCl are the respective electron and ion cyclotron frequencies).

Let us now calculate the potential 4)(x,t) excited by 
a two dimensional line source A(t), aligned parallel to the 
y axis. From the standard electrostatic cold-plasma two-
fluid equations, together with assumptions (1) and (2), we
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find that the following partial differential equation 

determines (p:

ce
2a—+ u) . 3t2 pl 3 z

'52cp ^ , 2 :
—+ (u) + (jOat2 pe pi

2
4tt 6 (x) 6 (z)

3t
(1)

In order to have a short-duration resonance cone we choose

A (t) = eiaJ°t-t2/T2
(2)

the duration time is thus given by x. (The low frequency 
mode of the two modes discussed in Ref. 5 then corresponds 
to having too = 0 and x 0. )

From Eq. (2) it is easily seen that a boundary condition 
the solution to Eq. (1) must satisfy is: in the limit 
xcp must become the CW solution. From Eq. (26) of 
Ref. 4 this means

Lim<j>~
X -> oo

Z +

- 1 1______
—Kn ((Oq ) 1/2 ' ‘

x z -
'-K„ ('0o)' 1/2

X. Kj. (w0). L Kx (to0) J

+ iiT6 !z +
~K„ (mo)'-,1/2

( KX'“o>J X
| + iTrfi | z - -K., (wQ)

Kj_ (a)0)

1/2
x (3)

where Kn (to) = 1 - (a) 2+to 2)/to2 and K, (w) = 1 - to . 2/to2 + to 2/to 2
pe pi ±' ' pi / pe ' ce
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General Solution of Eq. (1)
We now formally solve Eq. (1) by Fourier analyzing in 

space and time, and obtain

cj) (x, t)

where A 
of A.

/I" V.

dV dkzJ
— uu —oo •<— cc

dk
. 7 ik*x+io)t 4TrAe — —

00 x k 2 K, + k2 K,,
X 7

(4)
(2tt) ~ -00 

1 /2 2 2it / t exp (— (oj—u) ) t /4) is the Fourier transformo'

Proceeding to evaluate the integrals in Eq. (4), we
complete the k^ integration path in the upper half-plane,
and then use the method of residues. (The signs of the
imaginary components of the poles are determined by, on
the basis of causality, assuming that m0 has a small negative
imaginary component. Then, noting that A is peaked about
co , it is seen that the sign of k determines which denom-
inator factor contributes a pole inside the k^ integration
path.) After taking the derivative with respect to x to
obtain the perpendicular field, Ex, the straight-forward
kz integration is performed. Then using the fact

2 2that A is peaked about coo to approximate K± s 1 + co e /^ce and
2 2K„ = -co /to , we findpe '

Ex
■M
3x £+

±ix
2tt 1/2

rz exp j^-(co-coo)2 t2 */4 + icotj
(5)

z ± (0,
(0

* 221/2where (oe = (l+w^ ^ 7 • By performing a time
integration, and then changing to the dimensionless variables
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£= (w-u ) t/2 , 6 = t/x, and a+= (u ± w * x/z)t/2, Eq. (5) can 

be rewritten in a form more suitable for analysis, namely

E dt'= E x +
ioj0t-t^/t ^

where we have defined

I +
e-(5-i3)2 

£ + a +

(6)

(7)

Evaluation of Eq. (7) is now all that is required to complete 
the solution to Eq. (1).

Correspondence to the CW Field 
The solution to Eq. (1) for the CW field (t ->-°°) is easy to 

calculate, since

Lim 1+ ~ t 
T 00 2 z ±

gwhere Z is the plasma dispersion function, evaluated on the 
canonical Landau integration path. This path is shown in 
Fig. 1(a), together with the constant height contours of the 
integrand of Eq. (7). To prove that this choice of path 
satisfies the boundary condition expressed by Eq. (3), we note 
that the argument of Z is large (valid except exactly on the 
resonance cone) and rewrite Eq. (8) as

Lim I +
X -> oo z (w ± w * —) o e z

■ 1/2 Tin — exp [ - (w 2z o 9 OJ * 2 2 „ x/z) T /4]
(9)
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1/2 2Since in the limit a^00/^ exp (-ax ) tt 1/^26 (x) and also 6 (ax) =6 (x) / | a |

we obtain

Mz 6(z ± ^f-x) 
o (10)

Using Eq,. (10) to give I+ in Eq. (6) , and then taking the time 
derivative to obtain E , we see that the result corresponds 
indeed to Eq. (3).

Field During a Short-Duration Resonance Cone
Equations (9) and (6) also give the field behavior for 

short duration (i.e. finite x) resonance cones, but only when
the observation time is during the resonance cone (i.e.
|3| << 1). Thus, during a pulsed resonance cone, the field looks 
like a CW resonance cone, except that the second term in Eq. (9) 
has a finite breadth determined by x ^.

Fields Long After (Before) a Short-Duration 
.Resonance Cone

In contrast, the fields long after (or long before) a 
short-duration resonance cone are quite different from the 
CW field. Now 13| >> 1 so that the constant height contours of 
the integrand in Eq. (7) have either the form shown in Fig. (lb) 
for 3 >> 1, or Fig. (1c) for 3 << -1. Standard steepest-descent 
integration techniques show that this integrand has saddle 
points at ^=1.3 and at £2 = -a-i/(23) (the locations of ^ 

and E,2 are indicated in Figs. 1(b) and 1(c)). As shown in 
Fig. lb, when 3 >> 1 (i.e. long after a short-duration resonance 
cone has passed), the Landau path of Fig. (la) can be deformed
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to pass through both ^ and £2- However, as shown in Fig. 1c,
when 8 << -1 (i.e. long before the resonance cone arrives) , the
Landau path can be deformed to pass through E>1 only.

Let us now calculate E for both t << -x and t >> x, keeping
2 2only terms of zero order in the small quantity exp(-t /x ). 

After evaluating the saddle point integrals at anc^ ^2' an<^ 
then substituting for I+ in Eq. (6) we obtain: 
for t >> x [Fig. 1(b)]

x £
+

TOU X

77V exp [- (too ± 03 x/z) 2 /„ x /4 + ioi t x/z ] (ID

*

while for t << -x [Fig. 1(c)]

E ~ 0 . (12)x

Equation (11) shows there exists a wave-like disturbance (or
2 2"wake") which, since it is independent of exp(-t /x ), persists

long after the resonance cone has passed. Because the "wake"
contains the amplitude factor exp(-(o3o ± 03e x/z) x /4) , it is
centered about the resonance cone trajectory, and also has a
radial extent inversely proportional to x. The phase factor,

*exp (^ io3e tx/z), is independent of the generator frequency u)o, 
and most surprisingly, the x-direction wavelength associated 
with this phase becomes arbitrarily short with increasing time.
We note that Eq. (11) is related to the second term of Eq. (10) 
in the following manner: for x00 the amplitude factor in Eq. (11) 
becomes a delta function, which then causes the phase factor to 
have the required expdo^t) time dependence.
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of the Ex profile on t/x. Also, by increasing the rf pulse
length to approach the CW situation (i.e. x“O , it was possible
to observe the relation between the pulsed and CW fields.

Figure 3(a) shows examples of radial Ex profiles for a
sequence of gate delay times. In agreement with Eqs. (12) ,
(11), and (9) respectively, when t << -x the field vanishes,
when 111/x << 1 the field is similar to the CW field (which is
shown in Fig. 3(b) ) , and when t >> x the "wake" develops:.

Figure 4 shows a parametric study of the phase factor of
the "wake". Since according to Eq. (11) this quantity varies 

— *as exp ( + iu>e tx/z), the dependence of the observed x-direction
wavelength! , on t,z,to and w was measured. Figure 4a shows ' x' pe o ^
the inverse dependence of A on t (time calibration as in Fig. 1).X

Figure 4b shows the dependence of Ax on go , obtained by varying
the filament current of the plasma source (a> was assumedpe
proportional to the ion saturation current, the quantity actually
measured; also for the parameters of the experiment, co << go ,

*

so that gos ~ “pe^’ using the rotating axial probe described
in Ref. 9, the linear dependence of Ax on z was verified; this
is shown in Fig. 4c. Finally, Fig. 4(d) shows the independence
°f A relative to go . However, as expected, when go was varied, x o o
the radial location of the "wake" shifted, in the same way as 
a CW resonance cone would for a change in driving frequency.
(The increase in A for go /2ir < 20 MHz occurs because at these lowerX O

frequencies the radial location shifts outward to be in a region 
of reduced density.)

To confirm the relation of the transient field to the CW 
field, the rf pulse length was increased to several hundred 
nanoseconds. It was then found that the CW field was obtained
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By introducing the angle 0 = tan 1 x/z ~ x/z, it is seen that
_ *the phase varies as exp (+ io)e t0) so that the surfaces of constant

phases are lines, 0=const., passing through the antenna (this
approximation breaks down as approaches the upper hybrid
frequency). For the situation described in Ref. 5 the amplitude
factor is a constant because w =0 and x 0; thus the lowero
frequency mode in Ref. 5 is determined solely by the phase factor. 
The temporal Fourier transform of the phase factor is a function 
of frequency and angle, and in agreement with Ref. 5, for a given 
frequency this function has its maximum amplitude at a 0 corres­
ponding to the angle of the CW resonance cone having the same 
frequency.

III. EXPERIMENTAL MEASUREMENTS

The experiment was performed on the Princeton L3 machine 
(n - lO^ cm \ Te ~ 2-5 eV, B~ 1-2 kG, plasma diameter approxi­

mately 10 cm. He gas, other parameters given in Ref. 9).
Short (x ~ 100 nsec) rf' bursts, an example of which is shown in 
Fig. 2a, were applied to a single ring of the multiple ring 
structure described in Refs. 9 and 10. The resulting fields in 
the plasma were picked up by a radially traveling probe 
having two tips, radially separated by 1 mm. A subtracting 
transformer gave the difference signal (i.e. E ) between theX
two tips; this signal was then amplified and fed into a PAR 162 
boxcar integrator. Figure 2(b) shows the amplified E obtained 
when the probe was located inside the resonance cone, while 
Fig. 2(c) shows the marker for the 5 nsec wide boxcar gate.
By plotting the boxcar output vs. probe position for different 
gate delay times, it was possible to determine the depemdence



-11-

when the boxcar gate was inside the long pulse, but the "wake"
field was obtained when the gate was located after the turn-off
of the long pulse. The rf pulse length was also varied to check

* o ofor the exp (-(wo ± toe x/z) x /4) dependence of the "wake". 
Qualitative agreement was observed, in that the wake had a 
larger radial extent for very short pulses, but quantitative 
measurements could not be made due to difficulties in maintaining 
a Gaussian profile for arbitrary pulse lengths.

IV. SUMMARY

During a pulsed resonance cone the field is similar to that
of a CW resonance cone. However, after the pulsed resonance
cone has passed there exists a long lasting wave-like disturbance
or "wake". The constant-phase surfaces of the "wake" are lines
which emanate from the antenna and make a small angle with
respect to the confining field B. This angle decreases with
increasing time so that the wavelengths perpendicular to B also
decrease with increasing time. The "wake" phase is independent
of the driving frequency and the components of its temporal
Fourier transform behave like resonance cones. For very short
wave-packets the wake field corresponds to the fields described 

. 5by Simonutti, while for long wave-packets the field becomes the 
CW field. Experimental measurements are in good agreement with 
this description.
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(c) /9«-l

763409
Fig. 1(a). Constant height contours for the integrand of 

Eq. (7) for 3=0, heavy line is Landau integration path, H and 
V designate hills and valleys, © is the pole at £ = -a-j-; (b)
corresponding contours for 3>>1, integration path can be de­
formed to pass through the saddle points at both £i and ^2 
(c) contours for 3<<-l, integration path can be deformed to 
pass through the saddle point at £-]_ only.



< L

-800 -400 0 400 800
t (nsec)

763410
Fig. 2(a). Waveform imposed on ring anetnna, u)0/2tt = 50 MHz; 

(b) corresponding signal received by the double-tip probe when 
located at the resonance cone peak; (c) boxcar gate position.
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t = -200 nsec

CW FIELD

763411
Fig. 3(a). Ex (boxcar output) vs. probe radial position 

for sequence of gate delay times, times are relative to the origin 
of Fig. 2, and driving signal is that shown in Fig. 2(a); (b)
CW resonance cone field.
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200
t (nsec)

wpe (ARB. SCALE) f (MHz)

_1 763408
Fig. 4(a). Ax vs. time, time origin as in Fig. 2; (b)

Ax-1 vs. oope, Wpe variation obtained by changing the plasma 
equilibrium; (cT Ax vs. z obtained using rotating axial probe; 
(d) Ax vs. (jj0. In (a)-(d) solid lines indicate the behavior 
predicted by Eq. (11).


