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Summary

The possibility of using intense bursts of heavy
ions to initiate an inertially confined fusion reaction
has stimulated interest in the transport of intense un-
neutralized heavy ion beams by quadrupole or solenoid
systems. We have examined this problem in some detail,
using numerical integration of the coupled envelope
equations for the quadrupole case. The general rela-
tions which emerge are used to develop examples of high
energy transport systems and as a basis for discussing
the Timitations imposed by a transport system on achiev-
able intensities for initial acceleration.

Solution of the Envelope Equations

The enve]oge equations of Kapchinskij and Vladimir-
skij (KV) arel
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where ay beam half-width, height; me = normalized

em1ttance ¥n either plane, q and A are the ion charge
state and atomic weight, N is the number of particles
per unit length, rp is the classical proton radius and
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frequency).
If K(s) is a step-wise function of s, of constant mag-

nitude or zero, Eqns. (1) can be put into dimension-
less form by setting

s=Kk12 and a-= K'1/4e1/2(8y)']/2u:
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of unit amplitude. If S(8) is periodic, the necessary
aperture and the current for a matched beam can be
expressed as functions of Q. For quadrupoles,
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Q and a are defined by K = Teola ° and U is the

maximun value of uy, y for the periodic so]ut1on of
Eqns. (2). Bqis in Teslas, a and e in meters and'I
in electrical amperes.

For a continuous solenoid, let u, = Uy = u, a con-
stant for a matched beam. Equations ?2 y1e1d the rela-
tion Q = 2(u2 - 1/u2), from which one obtains:
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Q, or the correspond1ng Uy Or u, can be regarded as
a free parameter measuring the influence of the space-
charge force on particle motion. In the quadrupole
case the relation between Q and uy depends on the
lattice structure. It is convenient to use the phase
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— , as the
ux uy
space charge parameter, since it has a more immediate
physical s1gn ficance ;gan Q or uy. In Fig. 1 ids
plotted Q/up and um for a FODO Tattice with equal
drift and magnet lengths and a phase advance per period
of 120° at zero intensity. It is evident from the
figure and from the form of Eqns. (4) for the
solenoid case that, on the basis of these simple consi-
derations, there is no 1imit to the current which can
be transported, provided that the aperture can be made
large enough and the variation in individual particle
motion with intensity is tolerable.

advance per period, u =
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Transport at High Energy

As an application of these equations, we consider
a situation in which a beam is extracted from an accel-
erator, passed through a buncher and allowed to drift
some distance to shorten the pulse and increase the
current to meet the targeting requirements. It is
assumed that the rate of increase of current with dis-
tance is sufficiently slow that the transverse motion
will adjust itself adiabatically to the matched condi-
tions if it is matched at the entrance to the channel,
where the current is low. We further assume that the
elements at the end which focus the beam onto the pellet
are adjusted to accept the phase-space configuration of
the peak of the current pulse, which requires that there
be a substantial overlap of the phase space ellipses for
peak and lower intensities. The quantity, n, also shown
in Figure 1, is the fraction of the zero intensity phase-
space area lying inside the higher intensity ellipse,
assuming an emittance independent of intensity. It can
be seen that requiring n to be larger than, say, 50%
sets a definite 1imit on peak current for a given quad-
rupole field. Table I gives four examples: aergy, peak
current and emittance are target requirements<, BQ was
chosen arbitrarily for Uk, and as high as seemed real-
istic for ITg because og %he constraint on n.

TABLE I

Examples of High Energy Transport

+1 +1

Ion Type U238 1127

Energy (GeV) 100 40 40 10
Ipeak(kA) 3.0 1.25 7.8 5
(10" m-radians) 4.0 1.8 3.0 1.6
BQ(T) 1 1 3 3
a(cm) 4.2 3.0 2.1 2.6
utdeg) 107 100 92 44

n .95 .92 .89 .67

Solenoid focusing does not look favorable for the
cases considered. It is not difficult to show that

n=1- % tan'1 %i%—, whence u < 2.5 for n > .50.

Eqns. (4) then demand very high fields and large aper-

tures.

Transport at Low Energy

Equations (3) and (4) indicate that particle current
must be much reduced at Tower energy. Hence, to provide
a final high current, the accelerator system is required
to build up the current by orders of magnitude by some
combination of stacking in transverse space and longi-
tudinal compression.

Additional considerations will affect the applica-
tion of Eqns. (3) and (4). We assume that there is no
need to transport a reduced current as well as the
highest current through the same system, or equivalent-
1y, that the Tower current portion may have a lower
emittance. This would then permit the zero-intensity
phase shift uy to approach the pass-band 1imit of 180°
and u to be made as small as allowed by the aperture or
other considerations. However, a strong field By may
result in quadrupole lengths and drift Tengths that are
too short, relative to the aperture, to permit fields
that are reasonably linear and defined in length (as
was assumed in the analysis). For the strong quadru-
pole case, then, we introduce the additional require-
ment that the ratio of aperture radius to quadrupole
length not exceed a Timiting value R and this results
in the following 1imit on particle current in the FODO
lattice with equal drift and quadrupole lengths:
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and 20 is the cell length in the scaled variable, 6.

The quantity 0’ ~g§
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will depend on the phase ad-

vances, but has a maximum value close to unity.

Two other limitations should be kept in mind. First,
the electrostatic potential in the beam can become com-
parable to the kinetic energy and, second, if Bg or Bq

approaches , ions entering a lens at radius a,

a
will be turned back at Tow intensity for a quadrupole
and at any intensity for a solenoid. Both potential/
kinetic energy and Ba/2[Bp] must be much less than
unity for the paraxial ray approximation used in this
paper to be valid.

For a numerical example, we consider a beam of
U+$ at a kinetic energy of 1.0 MeV and the same nor-
mg ?zed emittance as the 100-GeV example of Table I.
With a strong Bg and no restriction on R, the first
column of Table II shows that a current of 4.65 amperes
can be transported by the FODO system. Restricting R
to about 0.5. reduced the current to 1.0 ampere (column
2); with reduced BQ, a better compromise is found at
2.42 ampere in column 3 but with somewhat larger aper-
ture roughly proportional to the ratio I/B in consis-
ten%y with Eqns. (3) and the approximate cgnstancy of

Q/ug.
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TABLE II

Ion Type U;;8

Energy (MeV) 1.0

5(10'5 m-radian) 4.0

BQ(teS1a) 3.0 3.0 1.5
R 0.68 0.52 0.50
I (Ampere) 4.65 1.0 2.42
a(cm) 41.4 21.5 45.0
uo(deg) 160.0 120.0 160.0
11(deg) 35.3 87.7 44.7

At this energy, the solenoid becomes comparable
in effectiveness with quadrupoles. A choice between
the two will depend on special features of the trans-
port problem to be solved.

Critique of the Envelope Equation Approach

Although the phase-space distribution underlying
the KV envelope equations is not very realistic, the
results are known to provide a useful guide for moder-
ate intensities. However, since we are interested in
understanding beam behavior under extreme space charge
conditions, we have investigated a number of effects
not described by Eqns. (1).

a) Incoherent image forces should be taken into
account in any case other than that of a round beam in
a round pipe, since both economic and focusing field
strength limitations demand that these beams substan-
tially fill the vacuum channel. A simple, if somewhat
academic, test can be made by assuming an elliptical
chamber, confocal with an elliptical beam; in this
situation the image forces are linear,3) but change
the functional form of the space charge terms in Egns.
(1). It was found that even if the chamber coincides
everywhere with the beam edge, the relations described
by Fig. (1) change very Tittle. In the more realistic
case of an elliptical beam in a round pipe, we have
found by numerical computation that the non-linear
part of the image fields is small compared to non-
linear fields due to a degree of non-uniformity one
might reasonably expect in the charge distribution.

Coherent image forces, which attract the beam to
the enclosing pipe, come into play if the beam is
steered improperly or is deflected by a lens placement
error, We find that a coherent motion of the beam is
stable, but with a reduction in phase advance compar-
able to the reduction in the incoherent motion.

b) For a round beam, born in a field free region
but transported by a continuous solenoid, there exists
an infinity of stationary self-consistent phase space
distributions in addition to the KV distribution. We
have examined a broadﬁs class of these distributions
than in previous work™/ and find that in all cases the
spatial distribution tends toward uniformity with in-
creasing current, although the individual particle
motion becomes highly non-linear except for the KV dis-
tribution. Moreover, the dependence of current and a-
perture on A/q, Bs, By and ¢ is as given in Eqns. (4),
independent of the form of the distribution function
in the high-intensity limit. It is not clear to us,
however, whether any of the distributions examined
offers a better description of a real beam than the

KV distribution. It is known that a large sub-class
of these distributions 35 stable for small perturbation
of initial conditions,?/ but we found that the KV dis-
tribution is unstable, with a threshold in current,
for a large number of modes (see also Ref. 4). The
lowest threshold occurs at u = 1.6, which would imply
that Eqns. (4) have a very limited range of validity.
On the other hand, the KV distribution has special
mathematical properties and we prefer to believe that
Eqns. (4) are probably qualitatively correct for more
realistic distributions which are probably stable.

c) Since the Hamiltonian is not a constant of the
motion for a quadrupole transport line, it is not
possible to construct stationary (i.e., periodic) solu-
tions by the technique outlined in the previous para-
graph. As a partial step away from the KV distribution
we examined a "self-inconsistent" problem by tracing
individual particle trajectories in a field with a
Tinear part generated by the periodic solution of the
envelope equation, plus cubic terms appropriate to a
parabolic density profile of the same outer dimensions.
For intensities such that y is less than ~20°, we find
a large growth in amplitude of some particles and the
development of an island structure in their phase
space, indicative of resonant behavior in the periodic
non-Tlinear field. We are thereby led to suspect that
a quadrupole transport system may be subject to un-
stable behavior at high intensity.
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