%y

MARCH 1977 by PPP| -1333

THREE-DIMENSIONAL PLASMA SIMULATION
MODELS AND THEIR APPLICATION TO
MAGNETICALLY CONFINED PLASMAS

BY

HIDEO OKUDA

PLASMA PHYSICS
LABORATORY

Bl

RERQTEN

YR R [ e L
v8d iy U Uil

PRINCETON UNIVERSITY
PRINCETON, NEW JERSEY

This work was supported by U. S. Energy Research and Development
Administration Contract E(11-1)-3073. Reproduction, translation,
publication, use and disposal, in whole or in part, by or for the
United States Government is permitted.



DISCLAIMER

This report was prepared as an account of work sponsored by an
agency of the United States Government. Neither the United States
Government nor any agency Thereof, nor any of their employees,
makes any warranty, express or implied, or assumes any legal
liability or responsibility for the accuracy, completeness, or
usefulness of any information, apparatus, product, or process
disclosed, or represents that its use would not infringe privately
owned rights. Reference herein to any specific commercial product,
process, or service by trade name, trademark, manufacturer, or
otherwise does not necessarily constitute or imply its endorsement,
recommendation, or favoring by the United States Government or any
agency thereof. The views and opinions of authors expressed herein
do not necessarily state or reflect those of the United States
Government or any agency thereof.



DISCLAIMER

Portions of this document may be illegible in
electronic image products. Images are produced
from the best available original document.



NOTICE

This report was prepared as an account
of work sponsored by the United States Gov-
ernment. Neither the United States nor the
United States Energy Research and Development
Administration, nor any of their employees,
nor any of their contractors, subcontractors,
or their employees, makes any warranty, express
or implied, or assumes any legal liability or
responsibility for the accuracy, completeness
or usefulness of any information, apparatus,
product or process disclosed, or represents
that its use would not infringe privately
owned rights.

Printed in the United States of America.

Available from
National Technical Information Service
U. S. Department of Commerce
5285 Port Royal Road
Springfield, Virginia 22151
Price: Printed Copy $ * ; Microfiche $3.00

NTIS

*Pages Selling Price
1-50 $ 4.00
51-150 5.45
151-325 7.60
326-500 10.60

501-1000 13.60



“

PRINCE TON UNIVERSITY
Plasma Physics Laboratory

Three-Dimensional Plasma Simulation Models
and
Their Application to Magnetically Confined Plasmas

HIDEO OKUDA

NOTICE
‘| T™is report was prepared as an account of work
sponsored by the United States Government. Neither
the United States nor the United States Energy
R and L Admini ion, nor any of
their employees, nor any of their ocontractors,
*| subcontractors, or their employees, makes any
warmanty. express or implied, or assumes any legal
tiability or il y for the \ !
or usefulness of any information, spparatus, product or
process disclosed, or represents that its use would not
infringe privately owned rights,

Lectures given at the College in Theoretical and Computational
Plasma Physics, March 22 - April 9, 1977 in Trieste.

MASTER N

gt e LINEIMITED
DISTRIGUTION OF THIS DCCUREMT 3 UNLIMI



Three-dimensional plasma simulation models
qsing particles have been described and applied to
the various microscopic proces;es in a plasma in a
magnetic field. The model makes use of the hybrid
approach using eigenfunction expansion in one di-
rection and multipole expansion on a two-
diﬁensional spatial grid introduced in the cross
section of a plasma. The models for cylindrical
and toroidal syétems correctly reproduce the expec-
ted fluctuation spectrum in thermal equilibrium.
Application to the study of anomalous plasma diffu-
sion due to collisionless drift instabilities in a
cylindrical plasma is shown. Some considerations
are given as to how to construct a quasi-neutral
particle simulation model and particle-fluid hybrid
plasma model which eliminate the high frequency

oscillations associated with the electrons.

* ’ .
Lectures given at the College in Theoretical and

Computational Plasma Physics, International Center
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I. INTRODUCTION

Since the pioneering works on one-dimensional plasma
models by Bunemanl and Dawsonz, plasma simulations using
particle models have been developing rapidly in the area of
both plasma physics and fusion applications. Due to the in-
herent nonlinearities associated with plasma dynamics, ana-
lytical approaches are rather limited and simulation meth-
ods can gften provide clues to the extremely complicated
nonlinea; processes in the presence of strong plasma turbu-
lence. Such examples are plasma heating due to parametric
instabilities, ‘anomalous diffusion associated with the con-
vective cells and low-frequency microinstabilities in a
magnetic field.

Particle simulations have also proved important in the
area of fusion applications. Making use of the Monte Carlo.
method for the Fokker-Planck collisions, neoclassical diffu-
sion has been proved for a toroidal plasma. Study of
neutral injection has been done using a simulation model
taking into account the plasma inhomogeneities. 1In these
calculations, the plasma induced self-consistent electric
and magnetic fields are usually neglected.

Most of the self-consistent plasma simulations have
been carried out in reduced dimensions with idealized bound-
ary conditions. While some approximations and idealizations
are inevitable for computer modeling complex plasma behavior

in laboratory experiments, essential features of nonlinear
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plasma processes are often three-dimensional (six-dimensional
phase space) in nature. This is especially true for a plasma
in a magnetic field where the particle motions along and
across the magnetic field often couple each other through
nonlinear interactions. }

It is the purpose of'this lecture to introduce ?ﬁree—
dimensional plasma models for cylindrical and toroidai systems.3
While the models we consider are idealized compared with real
experimental devices, it will be shown that full three-
dimensional simulations may be carried out using the ;resently
available computers for the problems considered. After
describinglthe mathematical properties of the model, £he model
has been applied to various plasma problems, in partieular,
heating and confinement of low-density plasmas in a strong
magnetic field. They‘are lower hybrid wave heating, anomalous
plasma diffusion due to collisionless drift instaﬁilities in
a cylindrieal plasma and trapped particle instabilities in a
toroidal system. These three-dimensional simulations are in
essence equivalent to real laboratory experiments performed
in computers and a great deal of information is available,
some of which is inaccessible through laboratory experiments.

We will then discuss a quasi-neutral particle simulation
model and hybrid plasma model in which high-frequency oscil-

lations associated with the eléctron inertia are eliminated

while keeping the low-frequency ion fluctuations unmodified.



The model is therefore particularly useful for studying the
low frequency oscillations associated with ions such as ion
sound waves.

The summary of this lecture is given in Sec. VIII.

II. CYLINDRICAL PLASMA MODEL

Let us consider a cylindrical plasma model of rectangular
Cross seétion immersed in a strong magnetic field as shown
in Fig. i. The model may be considered to correspond to
linear léboratory devices such as Q-machines or even toroidal
devices wherever applicable. When trying to model laboratory
plasma devices, we note immediately that the presently
available computers are much too small in capacity and too
slow in speed. For example, we may use a 64 x 64 spatial grid
in the cross section of a plasma column for solving the field
equations and for pushing particles. This is a typical size
for plasma simulations in two dimensions. for three-dimensional
plasma models, the éhird direction along the main magnetic
field must be included. Typically the length of the labora-
tory devices for confinement is much longer than the cross
sectional dimension, typically more than ten times, so that
the number of spatial grid in the axial direction would be
much greater than 64 if the same resolution is required along
the field lines. If this is the case, no available computers
can handle full three-dimensional simulations due to their

limited capacity.



Fortunately, however, the resolution along the mggnetic
field may be much coarser than that across the field when
modeling a confined plasma in a strong magnetic field. This
is because the important physics for plasma confinemeht is
often associated with the collective oscillations having
very longAwavelengths along the field lines comparablé to
the méchiﬁe length, and short wavelengths across them. Such
examples are lower hybrid waves, drift and trapped paiticle
instabilities and magnetohydrodynamic instabilities. jWhen
modeling these phenomena, one can neglect short waveléngth
flﬁctuations along the fiéld lines and keep only the iOng
wavelength modes. This is done most conveniently by expanding
the field quantities in terms of Fourier harmonics along the
field lines and across them, standard two-dimensional spa-
tial grid is used. As will be shown later, keeping only 10
to 20 modes in the axial direction gives satisfactory results
for the problems considered. Then the number of effective
grid points required for the simulation is 64 x 64 x {lO v 20},
which is much smaller than 64 x 64 x 640, and mayvbe Stored
in the fast core of a computer. The reason why we use
Fourier harmonics instead of spatial grid in the axiai direc-
tion is that too coarse grid &an introduce numerical instabil—
ities due to aliases.-4

Let us now outline the mathematical derivations of the

model. We consider the electrostatic interactions only in



this lecture, although extension to include more complex
interactions is straightforward. Assume a particle has a

finite size given by the gaussian charge density

2
qj (x—xJ) (y-y.)
p. (x,v,2) = exp | - +

J (2W)3/2a a.a [ 2a2 2a2

z X

2

(z-z.)
. @
2a

where (xj,yj,zj) is the location of the center of the j-th
particle, qj is its total charge and ar ay and a, are the
particle size in three directions.

The Poisson equation will be

V2<I> = -47 Z oj(x,y,Z) (2)

J
where the summation over j is over all the particles.
As described in the previous section, let us expand
®(x,y,2) and p(x,y,z) in terms of eigenfunctions exp (ikzz)
where kz = 2nn/Lz. L, is the length of the system which is

z

assumed periodic in z.

N
o(x,y,2z) ='Z b, (x,y) exp (i21rnz/Lz) (3)
n=-N
N
p(x,y,2) = Z P (x,¥) exp (i2wnz/L,) (4)
n=~N '

and N is the number of the modes in z kept in the model.



pn(x,y) is found from Eq. (l).and Eg. (4).

L
z
pn(x,y) = ft-u/ﬁp(x,y,z) exp (—iZnnz/Lz)dz
0 {
2
1 5 o (x-x.)%  (y-y.)?
= —— exp (-k,a,/2) E q. |- % + J

.2T7a_a_L z ] 2a 2a2

X'y 2z j X Y
. @QXp (éxkzzj) (5)

Then the equation for ¢n(x,y) is found from Eq. (2), Egq. (3)

and Eq. (5).

2 2 - :
[ny - (2mn/L,) ] ¢ (x,y) = -4mp_(x,y) (6)
Equation (6) is basically the Poisson equation in two dimen-
sions and may be solved by means of fast Fourier transform
using a two-dimensional spatial grid. To do so, let us again
Fourier transform Eq. (6) with respect to x and y. Assuming

periodic boundary conditions for simplicity,
- [y & am/r?] B k) = -amE (koK) (7)
Xy z n "x'"y n x'"y

where
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X

y
— 1 .
pn(kx'ky) = / pn(x,y) exp [ 1(kxx + kyy)] dx I'dy
0

XYy
0

! 22 . .22 .22 :E:
3

-i(k z. + k x. + k ) ] .
exp [ 1k, 2y xj Y3

Introducing a two-dimensional spatial grid in the (x,y)
plane, (x.,yj) is expanded around its nearest grid point.
Writing x, = n*A + 6x. and yj = ngA + 6yj, where (n?, ng) is
the nearest grid point of the j-th particle, (ij, Gyj) is the
displacement and A is the grid space, exp (—ikxxj) = exp

s X s 3 = -3 y -
( 1kxnjA) (1 1kx6xj) and exp (-ik yj) exp ( 1kynjA) (1

Y
ikyéy.) keeping up to the dipole moments for each particle.

]
Then p_ (k_,k ) will be
n X'y

Lx L
— _ 1 .22 22 22 }ié
Dn(kx,ky) = i;f;f; exp [ (kxax + kyay + kzaz)/2]
' s=1 s'=1
o X _ . y s s , s'm (8)
(pss. lkxdpss' lkyépss') exp [ 12n(lx + 77—)]

where
Psst = Z a; exp (-ik,z)
je(s,s")
‘6 x = }E: ex ’(-ik z.) (xX.-sA)
' OSS' qj p VA j j A
and je(s,s')
8%ge =D ' '
Pogr = qy exp (-1kzaj) (yj-s A) .

je(s,s")



L, and Ly are the length of the system in x and y in terms of

the grid size A and kx = 21r52,/Lx and ky = 27rm/Ly for a periodic
system. We note Eq. (8) is the fast Fourier transforms of

. - X y
monopole Pegt and dipole charge densities Gpss' épss, on the
grid points. It is straightforward to find the potential

En(kx,ky) from Eq. (7) and its inverse transform

L L
X v
T ! - 2 : S : . sm , s &
¢n (sa, s BA) = ¢n (kx,ky) exp [lZﬂ (f_ + 7T—>]

mml  fel x Y

Finally, the total potential will be given by summing over
n as given by Eqg. (3).

Let us now calculate the force on a finite-size particle
which is used in the equation of motion. The electric field

force on the j-th particle will be given by

1
F(x., Y.r 2.) = q../r E(x,y,2) 3
RO I R 3 ~ /2
. . (2m) axayaz
(x-x.) 2 (yfyj)z
exp —( % + 5
2a 2a
X Y
(z-z.)2 .
N i ) dx dy dz
2a;, '

where E is calculated from ® and is assumed to take the form
of
N

E (x,y,2) = 9 E_(x,y) exp (-2minz/L,)
=-N



The z-integration can be carried out to find the force in the

x-direction

q, 2 2 .
Fx(xj,yj,zj) = mla—f:exp (-k az/2) exp (1kzzj)// Enx(x,y)

XY n=-N
2 2
(x-x.) (y-yi)
exp | - % + > dx dy .
2a 2a
X y

Since Enx(x,y) is defined on the two-dimensional grid points,

Fx(xj,yj,zj) is Fourier transformed with respect to (Xj'yj)'

‘ N
- 2.2 o
Fx(kx,ky,z.j) = g E exp (-k,a /2) exp (1kzzj)Enx(kx,ky)
==N '

2 2 2.2
exp [— (kxax/z + kyay/Z)] .
. L}
where Enx(kx,ky) is found from ¢n(kx,ky) directly. F_(sA,s A,zj)
is found from the inverse fast Fourier transform and N

F_(x. .s2.) is found from
X( j'y]' J)

. oF ar
_ X Yy . X . v

F_(x. .72.) = F._(n A,n‘A,2.) + 6x. — + &y.
X( J,YJ, J) < 3 58 J) 5 3% YJ 3y

keeping up to the dipole terms.: The derivatives of Fx are
evaluated at the nearest grid point and are calculated by
finité difference scheme.

For.the simulations of drift and trapped particle in-

stabilities and lower hybrid heating, ions are pushed using

the full Lorentz force while the electrons are assumed to
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be guiding center particles. A predictor-corrector two-step
method is used. In the finite difference scheme, equations

are written for the ions

t+At/2 t-A ‘ -
JEHot/2 | t-At/2 JEHAE/2 | t-At/2

~] ~3 ] ty 4 =] ~3 t
= D)+
At m; [E (33) 2¢c } x@(xj)
xt+At _ <t
~9 ~9 t+At/2
Lt = T (%)
and for the electrons
v*t+AF _ bt
il il - - & B
28t mg =3
stHAE (At
<2 : ~j - Vt
25t Y5
t+At
t+At t t LI
V.l - V. L) (x. + E .
Al | S | s L | e
At m 2
e
g?+At - x? +LHAt
At 2\Y5 7 Y

Note that the scheme described requires the solution of the

Poisson equation twice per one time step.

III. TEST OF THE CYLINDRICAL MODEL

Let us briefly describe the test of the model and some
of the basic properties asspciated with it. Consider first

a slab system of 64 x 32 x 32 cube. The plasma is assumed
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periodic and homogeneous in a uniform external magnetic field
in z-direction. Initially 212 ions and electrons are loaded
uniformly in the cube. Qe/wpe = 1, mi/me = 25, Te/Ti =1,
ke/A =2, a_=a ='aZ = 1 and wpeAt = 1 were used where Q_,

X y
W7 Ae’ A and At are electron gyrofrequency, electron plasma

pe ,

frequency, electron Debye length, grid space and the integra-

tion step. Both ions and electrons had Maxwell velocity distribu-
tions. Since the plasma is in thermal equilibrium after the
relaxati;n of the initial loading, one can predict the spec-

tral distribution of the electric field fluctuations using

statistical mechanics in thermal equilibrium. It is given by.

B 1 )
8w 1+ kzxg exp (k2a2)
where Ei/Bﬁ is the electric field energy associated with the‘
mode k = (kx,ky,kz) = (2nm/Lx, 2nn/Ly, 2n2/Lz). Figure 2
indicates the time averaged measuremen; from wpet = 0 to
wpet = 50 for comparison to the theory. The measurement agrees
quite well with the prediction shown by the solid curve.
Nine modgs (n = 0, %1, +2, %3, *4) are kept in the calculation
and the fotal energy conservation is about 0.5%.

Several test runs are made to study the noise properties
of plasmas of large volume comparablc to cmall laboratory
devices.a A system of 64 x 64 x 680 cube is chosen and a

64 x 64 two-dimensional grid together with nine modes (n = 0,

tl, #2, #3, #4) is used. The plasma is uniform and tfiply
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periodic with a uniform magnetic in z-direction. Noté that
the size of the system is ten times longer than the cross
section simulating laboratory devices. The parameter; of
the simulations are mi/me = 400, Te/Ti = 4, Ae/A = 2,
Qe/wpe =5, wpeAt = 4 and a, /A = ay/A = 1 and az/A = 25,
Note that the finite size particles are elongated along the
field lines. Only the modes whose wavelengths along the field
lines are very long (k, >> kIP are retained in the model.
This will serve to use a large time step of integratidn since
the highest frequency of the system will be wpe k|(k or wpi
which'is much smaller than wpe itself.5 Electron gyrofre-
quency is also eliminated by using the guiding.center.drift
approximations across the magnetic field.

Figure 3 shows the random fluctuation field energy for

18 and 219 total number of simulation particles.

The noise level is 5 x 10“4 N 10_3 of the kinetic energy and -

the casc of 2

fluctuates around its mean value. The total energy conser-
vation’is found to be quite good, i.e., less than 0.1% and
the system is quite stable in spite of the use of only nine
modes in z. Note that the plasma volume of this exampie is
comparable to that of small laboratory devices such as Q-
machines and that one can simulate quite a few interesting
physics using the present model. The model has been applied
to plasma heating due to lower hybrid waves and anomalous
diffusion associated with the collisionless drift instabil-

ities. The latter is discussed in some detail in Sec.' VI.
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The model described here has been implemented on both
IBM 360/91 at Princeton and CDC 7600 at Livermore. Typicall&,
the code requires 150 ~ 200 K words memory including all the
diagnostics with the particles are stored on the disks. It
takes 50 v 100 pseconds per particle per step on the CDC 7600

which requires several hours for a typical production run.

Iv. - TOROIDAL PLASMA MODEL

Let us briefly describe the simulation model for a to-
roidal system where essentially the same technique can be
used. We first discuss how to solve the Poisson equation
in a toroidal system shown in Fig. 4. Using a cylindrical

coordinate, the Poisson equation takes the form of

2 2
b ) _ ,
+ — = 4np (x, ¢, 2) (10)

2 9 ¢
ad 322

e8]

i=2
L=

@

|

3]

J
+

N L
|

+ 35
0 r

o8
at
a]

where ¢(r,¢,2z) is the electrostatic potential.

Now expanding ¢ and p in the  toroidal direction,

. N
o (r, ¢, z) =~§: b, (r, z) exp (ing)
n=-N
N
. AN .
P, ¢, 2) = 2, (r, z) exp (ing)
n=-N
Eq. (10) is reduced to
220 39 2 220
1 n n 1
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To see how the multipole expansion method works for the
toroidal system, let us calculate Qn(r,z) first. Assuming

a particle has a gaussian charge density in the cylindrical

coordinate,
(r, ¢, z) b [ ((r—rﬁ)z (=0 ® (22
p- r, ’ z = exp - et . s =
] 3/2 2 2 2 ) }
| (2m) azarlja¢ 2ar Zam 2aB
1 27 '
p, (X, 2) = :27/ o(r, 6, z) o " 4
0 .
exp (- n2a2/2) (r-r.)2 (z-z.)2
- P (b Z _J ex 2] + 23 + 1nrb
(2ﬂ) a a - r 2a 2a’ J
z j r Z

where a_r ag and a_ are the particle size in the (r,¢,2z)

2

coordinate.

Fourier transforming @ (r,z) with respect to z, we find

L :
l 2 ' ) Iy
Pn (r,kz) E;d/” pn (r, z) exp (—%kzé)'dé

2 2 2 2 ' .

- 2- 2) .- 4.
- exp ( kzjz/ n a¢/ 2: 3 [7i(n¢j+k22)] exp[—(r-rj)2/2a§J
(2i) erz 3 rj

' 2~ 2) , \
) exp (- k a / -n a / E: aj exp[ (n¢ tk niAz)](l—lkzdzj;
(2m) 72 ayky,

2,,.2 1
- exp [—(r-rj) /Zar] ;3
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While the trigonometric functions are not the eigenfunc-

tions in the radial direction, let us calculate Dn(kr,kz) to

determine the charge density on the radial grid in terms of

the multipole expansion method.

R .
— 1 .
Ph (kr’kz) = Py (Rl+s, kz) exp 1krs)ds
Ry
exp(—k2a§/2—n2a2/2—k§a§/2) '
= z 2 i 2: qg. exp [-i (n¢, +
21|LRL r. J J
z -
J
VA N L - 3 . T
kznjAz)] (l—lkzﬁzj) exp | lkr(Lj Rl)]
2.2,,2.2, 22 L, Lp . r .. .z
) exp [~ (kfaj+kial+n a¢)/2] Z Z (nggr—ik Spg =ik 8 )
2rL_L r
Rz s=1 s'=1 s’
exp (—i21rs£/Lz) exp (=12 s't'/LR)
z r
: = n.Az + 8§z., ¥r. = R, + n:Axr + 6r., k_ = 2n/L_,
where zj ;P2 3 3 1 3 ( 3 Z / z
_ z,r . .
kr = 2n2'/LR , and Pegt and Gpsé, are the nearest grid point

and dipole charge contributions at the grid point (s, s')

weighted by the exp (—in¢j) defined by

Pagt = z : qj exP(-in¢j)

je(s,s"')

GO:S. =:E: qj exp(-in¢j) (zj-sAz)
je(s,s'")
and
Gpr ' =::£: q. exp(-in¢.) (r.-R -s'Ar)
-8g 3 j 7Ry

je(s,s")
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inverting the finite Fourier transform of pn(kr,kz)

with respect to kr, the Poisson equation finally becomes

2 2
d 1 d n 2
(S )], ok e, kG

d r dr r-

This equation (11) has been solved by using the cubic spline
technique which is accurate up to (Ar)3.

Let us calculate the force on a finite-size particle.
The electric field force on a particle at (rj,¢j,zj) is given

by

)~l
J J J J z r

(ro, 6., 22) = q-/ E (r, ¢, 2)(2m %

a r.a
J ¢

b

2 2 2 2 2 2
exp [—(r—rj) /Zar - (z—zj) /2az - (¢—¢j) /2a¢} rdrdjdz

where E is calculated from ¢ and is given by, for example,

N
E (r,¢,z) = z En(r,z)exp(inq))
n=-N

then

< 2.2 -1
(rj, ¢j’ zj) = Z qj exp(-n a(b/Z) exp(in<bj)(21raraz) / Enz(r, Z)

n=-N
2,,_2 2 2
) exp[-(z-—zj) /2a; - (x-1) /2ar}drdz

i i §f it ect to (r.,z.)
Fz(rj,¢j,zj) is Fourier trangformed with resp (:]‘ 5
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N .
- 12.2,,2.2, 22 . .
Fz (kr’ ¢j, kz) = 2: qj exp [ (kzaz+krar+n a¢)/2] qj exp(ln?j)
=-N

Enz (kr’ kz) . (12)
The force on the j-th particle is calculated from the inverse
transform of Eq. (12) and then expanded around the nearest
grid point. Writing rj = njAr + Grj and zj = njAz + 8z.,
F, (x5, ¢ ) = F_ (n} 2 s Py

r., ¢., 2. = n.A r P, . . me—— .

z 3 i i z 3 r' [)J nJAz) + 8r 5t (SzJ 5

The evolution of the system is obtained by pushing ions
with the Lorentz force (9) and integrating the guiding center
drift equations for electrons. The electron guiding center

equations are given by

dr  (v-B) CExB 1 s
- = B + - (——‘+ \Y ) B x VB
at B2 B2 Q B2 m ”
. e
dvl_l_ E-B
Lo _-a=® _ 1 g =
dt m B m_B B-V(uB) FH
e e
2 -
mv,
y = B = constant
where
V-]}
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The integration scheme used is a two-step predictor-
corrector scheme because the standard leap-frog scheme is not

applicableﬂ Symbolically,

r = r + 2At v (¥, t)

“'n+l *'n—l ~n n
V”l"l+1 = VHn_l + 24t FH ({nr tn)
£, T+ (y (x o t)+ v (T, tn+l)) N/ 2

V”n+l = v”n + (I"H (l:n, tn) + F“ (fn+l' tn+l)) At/2
Note that this scheme requires two solutions of the Poisson

equation per one time step.-

V. TEST OF THE TOROIDAL MODEL

+

In the toroidal model thé imposed magnetic field is taken

to be B = ¢ B + & B , where

076" ¢ o
_ 5 (0) ,
B(b(r) —B¢ Ro/r )
=, (0)
B, =89 /q ()R =——r§f¢ (1- E2
0 o TR T %) —7)
q RO 2a

and

r =R + rcos 0
o
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The coordinate (r,6) measures the position in the cross
sectional plane of the torus with r the distance from the
minor axis and 6 measured from the toroidal plane to the
inside. R0 and a are the majof and minor radius respectively,

(0 is the safety factor and BéO) the toroidal field at

and gq
the minor radius. The plasma is assumed to be bounded due
to the conducting walls which reflect particles.

Initially the plasma density and temperature profiles
are taken to be gaussians with, e.qg.,
-T2 /ca2

l/C) :

2 e
2(l-e_

n(r) = —
Ca
The constant C characterizes the degree of nonuniformity.
The plasma is locally Maxwellian. Figure 5 shows the fluc-
tuation spectrum averaged over the r-direction for different

modes of

The size of the torus is taken a = 16, R, = 40. There are
9 modes (n = 0, %1, #2, *3, %4) in the toroidal direction ¢

and 32 x 32 spatial mesh was employed in the r-z cross sec-

tional plane. The other parameters of the run are 214

particles for each species, Qe/m = 4, 'I'e/Ti = 10, mi/me = 100,

pe
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A

De 2, a (isotropic particle size) = 1 and wpeAt = ;,

CTi = CTe =.0.25, Cni = Cne = 0.5, where Qe is the elec-
tron gyrofrequency at the minor radius, wpe is the average

electron plasma frequericy, C,., and Cn denote temperature

T
and density nonuniformity and-Te/Ti = 10 at the cente; of
minor radius.

As we can see, the aqreement between the thenretical
predictions and the numerical results averaged over w;et =
50 v 100 is quite satisfactory for short-wavelength modes.
The long-wavelength modes generated by the VB drift of the
ions have not yet reached the equilibrium, because the compu-
tations was too short for the electron flow along the field
lines to compensate the ions. The theoretical fluctuafion

spectrum averaged over the radial direction for a finite-

size pérticle system is given by

2)|* , (Mo d

. X

rdx E(réﬁl 8 /(gLR) = 7mx f 7 2 7 2..2,.2
v D 0 1+(y +x )expl(y +x ya /AD]

where y2 = (nz/Rg + 22Ak§) Ag and is shown by the solid line.

'he error for the total energy conservation at the end of the
calculation (wpet = 100) is about 1%. This may be due}to too
large time step of integration, too few particles per Debye
sphere, the reflecting boundar§ walls which exert external
force on the particles. Because the toroidal model is more
complicated than the slab modél, the former takes about 50%

more computations than the latter.
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VI. APPLICATION OF THE MODEL

After testing the three-dimensional models in cylindri-
cal and toroidal geometries, the models have been used for
the study of lower hybrid heating, anomalous plasma diffusion
due to collisionless drift instabilities and trapped particle
instabilities in toroidal geometry.

Here we report our recent results of numerical simula-
tions on collisionless drift instabilities using large scale
fully three-dimensional cylindrical plasma models developed
earlier. Theoretical interpretations of the observed results
on plasma turbulence and diffusion are also given. Drift-
wave turbulence has been of current interest in toroidal con-
finement devices such as tokamaks,6 stellarators,7 and internal

ring devicese’g

because of the strong correlation between the
observed density fluctuations and anomalous plasma transport.
The simulation model used is a straight cylinder in a
uniform external magnetic field Bo along the z direction with
its length Lz/oi = 640, p; = (Ti/mi)l/z/szi being the ion gyro-
radius. In the cross section, a 64 x 64 (L2) spatial grid
is used for numerical computation with its physical length
L/Di = 32. The plasma is periodic in z while it is surrounded
by a conducting wall at the boundary of the cross section.
Initially both ions and electrons are Maxwellian velocity
distributions with Te/Ti = 4., Initial plasma density is taken

to be ne(r) = ni(r) = ng exp (-4r2/a2) with the average den-

sity given by Qe/wpe =5, mi/me = 100, a = L/2 and there is
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no initial temperature gradient. Seven Fourier modes n = 0,
+1, +2, and.*3 are kept in the z direction with kz =;2nn/Lz.
Linear theory predicts that the collisionless drift inétability
(universal mode) is strongly unstable for n = t1 and becomes
stable rapidly with increasing |n| due to the onset of ion-
Landau damping. This situation is commonly observedfin Q-
devices. 1In terms of physical size, the simulation plésma is
certainly smaller than a tokamak plasma but may be 1érger than
a conventional Q-device and one can study quite a few problems
with the model using realistic plasma parameters.

Let us first look at the gross behavior of the insta-
bility. Figure 6 shows the particle diffusion, heat transfer,
electron velocity distribution, and radial mode struqture
associated with the instability. While ions and eleqtfons
diffuge more or less together in the early stage,'we see

charge separation built up at a later stage due to the
difference of radial éEe/B drifts of ions and electrons where
Ee is the azimuthal electric field associated with the drift
wave. As is shown later, this charge separation generates
strong two-dimensional electric fields which in turn excite
large amplitude convective cells (w = 0, k||= 0). The ob-
served anomalous particle diffusion is mainly due to drift
instabilities at the early stage and at the later stage it is
due to nonlinearly excited convective cells, which enhance

diffusion even when the drift instability is gquenched.
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The electron-parallel temperature T rapidly decreases

el .
for r/a > 0.5 due to inverse-Landau damping and increases for
r/a < 0.5 due to the absorption of wave energy associated with
the radial convection. The electron-parallel velocity distri-
bution steepens due to the inverse-Landau damping.lO Ion-
perpendicular temperature Ti* increases due to the accelara-
tion across the magnetic field associated with the short-
wavelength turbulence due to the convective cells. Ion-parallel
temperature Tiilchanges little because ion-Landau damping is
weak. A typical drift-wave radial mode structure (n = 1,

m = 3) |e¢(r)/T,| shows a peak near r/a = 0.5 at the early
stage, consistent with the initial density profile. After
reaching the maximum amplitude of 10% at wpet = 1040, it

begins to level off due to nonlinear excitation of convective
cells (n = 0).

Figure 7 shows more detailed diagnostics of the insta-
bility; spectral distribution |E2(m)| and |E2(n)| and power
spectrum Pmn(w,r) with respect to ke and kz where m is the
azimuthal mode number with k, = m/r. ]Ez(m)l indicates
typical»spectral profile for drift turbulence as seen in the
experiments;6 it peaks around kepi = 0.3 v 0.6 corresponding
tom= 2, 3, and 4 modes for this case. The amplitude de-
CIE&S&S.IdPidly for kepi > 1 (m > 8). The shape of the
spectral distribution does not change much in the nonlinear

stage except for the shift of the peak of the spectrum toward

low m numbers. This is due to the nonlinear excitation of
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convective cells which tend to coalesce into larger éells.
|E2(n)|, on. the other hand, indicates a drastic chanée when
the %nstabi}ity develops into a nonlinear regime. At earlier
timeg, we sée the spectrum is peaked at n =1 kkz = gn/Lz)
and Qecreases rapidly with increésing n. This is quite réa—
sonable because the growth rate for n = 2 and 3 are ﬁuch
smaller. The n = 0 modes, which may be called convecﬁive
cell modes (kz = 0, w = 0), also grow as the drift insta—
bility grows and eventually they dominate over the drift
ins;ability. Note that this is not the ambipolar fiéld (m =
n = 0). The excitation of convective cells is clearly seen
in the power spectrum plots Pmn(w) at r/a = 0.5 where we see
both drift modes (n # 0, w # 0) and convective cells (n = 0,
w=0). Form=3 modes,.power spectrum indicates the
ampliﬁude of drift mode (n = 1) is much larger than the con-
vective cells (n = 0), while for m = 1, convective cells are
much stronger than the drift mode.

The physical mechanism of the excitation of convective
cells is the following. Consider a drift-wave fluctuation
¢$(r,0,z,t) = ¢mn(r) exp [i(wt - m6 - kzz)]. Both ions and
electrons will move through the CEe/BO drift in the radial
direction. For a linearly unstable drift-wave v, << w/kz
<< Vg is satisfied so that the electron CEe/Bo drift tends
to be averaged out on the time scale of drift wave because of
the.free streaming along the field lines. On the other hand,

ions are essentially cold and respond to CEe/Bo drift which
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in turn generates local charge separation and therefore a st;ong
radial electric field. In fact the ion cE x B flows from a |
two-dimensional vortex or convective cell as studied earlier in
detail.ll The number of convective cells is much more than

that of unstable drift modes and the nonlinear interaction

among convective cells can easily lead the plasma into a

strong turbulence state due to very effective CE x l_§/B2 mixing.
It is natural to expect ke < k. for such a strong turbulent
regime. Among the modes, due to nonlinear excitation, only

the k||= 0 modes are important for anomalous plasma diffusion
due to their long lives.ll It should be emphasized12 that

the convective cells in a two-dimensional nonuniform plasma

are linearly stable and have small amplitudes unless they are
driven by some means such as drift instabilities in the present
case for a collisionless plasma.

Figure 8 shows the formation of convective cells and ion
diffusion due to nonlinear interactions among cells. Plotted
are the guiding center orbits of the test ions initially
sampled to form a ring at r/a = 0.5. At early'times, the
test ions respond to CEe/Bo drift and one sees that several
m modes are excited. As the instability develops, ion motion
becomes highly nonlinear and tends to form vortex structure
as clearly seen in the figure.' Small cells eventually coa-
lesce into larger cells and the ions diffuse across the entire
plasma column.

In order to confirm the importance of convective cells

on plasma diffusion, we carried out another simulation with
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the same parameters except that the two-dimensional modes
(kz = 0) are articifially suppressed in the code. Figure 9
indicates the electron diffusion with and without kz =0
modes.' At early stage (wpet = 1000), diffusion is mainly
due to drift instability and little difference is observed
for bofh cases. At the later stage, however, diffusiQn
without convective modes is substantially smaller thag the
other case and diffusion stops completely as the drifﬁ insta-
bility saturates and the finite density gradient 1s méintained.
For thg other case, convective cells eventually flattéh the
density profile completely even when the drift instability has
been qﬁenched by nonlinear effects. This observation has an
important significance in the understanding of anomalous
diffusion in laboratory experiments. While the conveétive
cells are marginally stable,l.2 drift or trapped—pérticle
instabilities can excite the convective cells which Lhen
cause large diffusion even when the drift instabilities satu-
rate nonlinearly. in a steady-state experiment, where the
energy input such as that due .to ohmic heating and par@icle
recycling balances with the anomalous diffusion, it is likely
that the diffusion due to drift instabilities is smalliand
the st;ady state is establish&d by balancing the energ&
source with the convective diffusion.

The observed diffusion coefficient is smaller thah but
notifoo far from the usual estimate of D, = Y/ki for the ini-

tial diffusion due to drift instability and at a later stage,

£
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is also in good agreement with the convective cell diffusion
formula when the enhanced level of fluctuations are used. |

It is interesting to compare our results with recent
laboratory experiments in toroidal devices. The recent FM-1
results8 indicate that for very strong shear (LS/Ln = 7),
the power speétrum shows a well-defined peak near the drift
frequency. vAs the shear is reduced, a new peak appears near
w * 0 and further reduction of shear results in a turbulent
spectrum with no well-defined peaks.8 The two-peak spectrum
shqwn in Fig. 6 resembles that of FM-1l. A similar result is
reported in thg Culham Levitron experiment.9

While our power spectrum is not as broad as those in
the toroidal experiments with weak shear, the spectrum in
the simulation is measured in a transient state from initial
linear phase to the final turbulent state while the labora-
tory experiments measure fully developed steady-state turbu-
lence driven externally. Furthermore, the spectrum in the
laboratory experiments is averaged over different k||modes
and the plasma radius. The simulation spectrum will be
monotonic if such averaging is carried out.

Figure 10 shows the time development of the electric
field energy associated with the drift wave (n = 1) and
the convective modes (n = 0). We find eeveral drift modec
(m = 3, 4 and 5) grow to large amplitude with the expected
growth rate in agreement with' the linear theory. The con-

vective modes also grow at about twice the growth rate of the
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drift mode starting at a somewhat later time. This is an
indication that .the drift and convective modes are strongly

coupled and the latter are driven unstable by the former.

Based on these observations, a theory is developed to
show that the nonlinear interaction of drift waves can re-
sonantly excite convective cells at the wavelength com-

parable to the ion gyroradius where drift waves are highly

13

dispersive and the growth rate is the maximum. The ob- v

aew

servations are consistent~with the.theoretical considera-
- . Ty L e T o

.~tiqns;
We have simulated the same example keeping 11 modes in

z (n=20, 1, . . ., +5) and found the results essentially

the same. We have also included a magnetic shear in the sim-

ulations and found the convective cells persist tor moderate

strength '‘of shear(Ls/Ln < 25).
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VII. "QUASI-NEUTRAL AND HYBRID PLASMA MODELS

In the preceding sections, three-dimensional plasma
models in magnetic fields have been developed, tested and
applied to plasma confinement studies. Except for the guid-
ing center approximations for the electron transverse motion
across magnetic field, full dynamics has been followed for
ions and electrons. The highest frequency of the fluctuations
in the model is therefore associated with the electron motion
along the field lines whose characteristic frequency is given
by w ~ wpeklrk or wpi.s This frequency is substantially
smaller than tlLe electron plasma frequency for the case of
k|(k* << 1 and one can use mpeAt considerably larger than 1.

On the other hand, when one is interested in low frequency
phenomena such as drift or trapped particle instabilities or
ﬁagnetohydrodynamic oscillations, it may be a good approxi-

mation to discard the high frequency oscillations associated
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with the electron inertia while keeping the ion dynamics and
low frequency electron dynamics unmodified. |

Whether or not it is possible to construct such a model
depends on the problems considered. Furthermore whether or
not such a model correctly simulates real plasma dynahiés
must be carefully examined for each case since the sméll de-
parture from the charge neutrality gives rise to strong
electric fields thch modifywparticle dynamics.

Here we will briefly describe two different methods for
elimiﬁating high frequency space charge oscillations,:one
of which is a discrete particle model and the other péfticle—
fluid.hybrid model. We first consider a discrete plasma
model and then discuss briefly the hybrid model.

In order to develop a-particle simulation model which
eliminates the high frequency oscillations, let uéAcpngider
the simplest example first; namely, the one-dimensional
ion sound wave in a thermal plasma. Assume a low frequency

L}
ion-density fluctuation n; from its equilibrium state ngs

Associated with this density fluctuation is the low frequency
electrostatic potential ¢ in which the electrons quickly

reach the well-known Boltzmanq law

n, = n_ exp (§¢/Te) . ' (13)
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The resultant potential is then determined from the Poisson .

equation
2 2 _ _
3 ¢/3x = 41re(ni ne) . (14)

Ion-density fluctuation may be determined from the cold fluid

equations

i d -
3t + —a—}—(- (n.V ) = 0
, (15)
Bvi dvi _ e 39 .
ot 1 9X m. 9X

Linearizing Egs. (13) and (15) and assuming a phaser
exp (iwt - ikx) for the linear quantities, density fluctua-

tions for the electrons, the ions, and the dispersion relation

are
n/n_ = e4/T, (16)
n./n_ = (k2/62) (e/m.) ¢ (17)
1 O h R
and
(k2 + k§)¢ = 4nen;

(o /0y 0 (18)
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where ke is the electron Debye wiwe number, kZ = 4"noe2/T .
e
Equation (18) gives the well-known dispersion relation for

the ion wave

2 _ 22 _ .2
w =k cg = k Te/mi

2 2
for k= <« ke . When the dispersion relation is used in Egs. (16)

) 1]
and (17), it is easy to show that the quasineutrality ng, = n,

is satisfied automatically.

it is clear in the preceding argument that the key as-
sumption for the éharge neutrality is given by Eq. (13) or
Eq. (16) where the massless electrons follow the ioné‘adia—
batically so as to screen the resultant potential.' Note that

the quasineutrality n, n, is the consequence of Eg. (16).

The effect of electrons can be seen more clearly from Eq. (18)
wheretthe potential due to lon-density éluctuation ie Debye-
screened by the electrons and this is the physical interpre-
tation of the quasineutrality.

In the usual particle simulation model, both ions and
eiectrons are pushed according to the equation of motion to-
gether with the Poisson equation to determine the potential.
In such a model, it is clear that the charge neuLLalify,

Eg. (16), is not satisfied in general, since the electrons
do not always follow the ions because of their inertia. 1In
facﬁ, it is well known that the electron and ion density

fluctuations are predominantly out of phase, which generate
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very strong electrostatic space ch;rge oscillations at the
plasma frequency. This high frequency oscillation is so
strong in numerical simulations that it can mask the weak ion
sound wave easily for many cases.

It is clear, from the preceding argument, that one way
to guarantee the quaSineutrality in the simulation is to
assume that the electrons form a Deby-shielding cloud around
the ion-density fluctuations. The Pbisson equation is then

together with the equation of motion for the ions

i _ e
! dt—'m.E
i
dx.,
-1 _ v
dt i

to determine the ion density. Note that in this formalism,
the contribution from the electrons is given totally by k§¢ r
which is valid as long as they are adiabatic. When the con-
tribution of the nonadiabatic electrons becomes important.
then Eq: (19) should be modified accordingly. This is a more
difficult proglem and the solution appears to depend on the

problems considered.



Note also that there is no approximation made for the
ion dynamics in the model so that the model should be very
useful to study the nonlinear behavior of plasmas associated
with ion dynamics.

The linearization of the electron Boltzmann distribution
used in Eqg. (19) is valid as long as the density fluctuation
n;/nO is a few percent. When ni/nD becbmes larger, then the
linearization is not appropriate and one has to use the non-
linear Poisson equation given by

n)

Vg = 41reni - 4TrenO exp (e¢/Te) .

It is possible to solve this by iteration for this case.
First, the solution for the poténtial ¢,s using the linearized
density fluctuations, is fouqd from Eq. (19). Then the cor-
rected pofential ¢ is found by using ¢o in the eleclron
Boltzman distribution to solve for ¢. One can iterate this
procedure a few times until the solution converges.

So far we have only considered the one-dimensional ion
sound wave. It is clear that the model can be extended to
many different cases in multi-dimensional simulations as long
as the electron contribution is primarily adiabatic, which
is the characteristic property for low frequency oscillations.

The electron density fluctuation for the electrostatic

waves in a magnetic field may be written as, in general,14

v
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(2 9]

41ren; = ki 2: eXP('kivi/Qé)In(kivg/Qi)

n=-oo -
I n)-ug JU—ITQe,
' [l+ 72K v Z‘(72k v )]"" (20)
z' e Z e
where the magnetic field is in the z-direction, w* = (cTeky/eB)

(d 2n n/dx) is the diamagnetic drift frequency due to plasma
inhomogeneity in the x-direction, Z is the plasma dispersion
function,15 and the electron distribution function is assumed
to be aﬁ isotropic Maxwellian.

2.2, 2

For low-frequency w << Wog! long wavelength kyve/ge << 1

oscillations and kz # 0, Eq. (20) is reduced to

" w - w* h! 2
4w en, = {l + 77—;;—32 L (77*?;—7;)]ke¢° (21)
For the small phase velocity w//? kzve << 1, Eq. (21) reduces
to Eq. (16); and therefore, Eq. (19) should be valid as long
as the nonadiabatic effect is ignored.

Needless to say, there are many cases where the small
non-adiabatic effect arising from the Landau or collisional
damping can cause ins£abilities, in which case, those non-
adiabatic electrons should be included in the simulation.

Note also, nowhere have we assumed n,6 =n, explicitly in the

model, and this is very important, since n, is not exactly equal to
n, for the unstable plasmas when ¢ grows to large amplitude.

Such an example is the case of anomalous diffusion due to

drift instabilities.
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Two examples of the model are given in the following. One
of them is the propagation of the ion sound wave and the other

is the fluctuations in a magnetic field.

1. Propagation of the Ion Sound Wave

In this first example, we have considered the propaga-
tion of ion sound waves in a thermal plasma and confirmed
that the model correctly produces the expected ion s@gnd
fluctuations. The simulation is carried out in one dimension
using an electrostatic dipole code. As described in the pre-
vious section, only the ions are pushed and the modified
Poisson equation (19) is used.

Figure 11 shows the results from such a run. We use
Te/Ti.= 10,=mi/me = 100, @peAt'= 2 (At is the integration
time step), Ae = A = a (A is the grid size and a is the par-
ticle size) and 6400 ions. Figure ll(a) shows the time
correlation function of the fourth Fourier mode and Fig. ll(b)
is the power spectrum of the same mode. We see a coherent
wave at the expected frequency' of the ion sound wave. Note
that there is no electron plasma oscillation in the model
and the electric field energy is less than 16_4 of the’ par-
ticle energy. The two peaks in Fig. ll{(b) correspond to the
sound wave propagating both directions in space.

Figure 12(a) shows the numerically determined dispersion
relation for the above example. Note the agreement with the

i

theory
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ke (1 +37./2 T )

s (1 + kzxzekzaz) 1/_2

is excellent. Figure 12(b) indicates similar results from

the second run using o eAt = 10 (@piAt = 1) and Ae = 0.2 A

p
with the other parameters unchanged. This run is to confirm
that large time step, such as wSAt 2 0.2 and small Debye
length Ae < A, may be used in the model since there is no
plasma oscillation in the model.

It is clear from these runs that the plasma oscillations
are completely eliminated and that one should be able to use
At several ordgrs of magnitude greater than that employed
in the conventional code when realistic parameters are used.

Note that there was no grid instability16 observed for

small Debye length.
2. Fluctuations in a Magnetic Field

Let us consider the propagation of low-frequency ion
fluctuations in a magnetic field. When an external magnetic
tield is imposed on a plasma, motions across the magnetic
field are prohibited and the quasineutrality is maintained
as the electrons follow the ions along the field lines. It
is clear then that the flute-type mode, kz = 0, for example,
may not be quasineutral. Furthermore, whetﬁer or not the
plasma is quasineutral in a magnetic field is not a trivial
question in an inhomogeneous plasma where the low frequency

turbulence generated by the drift-type instabilities causes
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the anomalous diffusion of ions and electrons which are in

general not the same and, therefore, charge separations

are built up to maintain the ambipolarity.13

The electrostatic dispersion relation for small amplitude

ion oscillations in a magnetic field is given by

(e8]

m = m* w-ngq.

1+ 212 + 2l2 Z [1+exp(—)\)1n()\) 72k—v‘ Z(7ﬂ‘v—.l)J=° (22)
k )\e k )\i n=-o i ) i

2 2 _,.2.2,.2 .
for kype << 1 and w/kzve << 1 where )\ = kyvi/Qi . The inter
esting case is for kz/ky << 1 and the solutions of Eq. (22)
are well-known electrostatic ion-cyclotron waves (ion Bern-
stein modes)
A

w = n

n, (1 + In(x)e_ ) n-1; 2, .

and the low frequency ion acoustic mode

and the drift made

= *
w = w
C

in an inhomogeneous plasma. Note that the lower hybri@
oscillations w =z wpi and the oblique electron plasma oscil-

lations w = mpekz/k are not the solutions of Eq. (22) since
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they are shielded by the electrons.

To test the dispersion relation, a frequency spectrum
for the fluctuations is measured using a 2 1/2-dimensional
model5 with the modified Poisson equation (19). The para-
meters for the simulations are: 64 x 64 grid, 128 x 128 ions,
mi/me = 2500, Qe/wpe = 5, Te/Ti = 4,vxe/A =1, wpeAt = 50

172 = 0.02. Note that the choice of the

and kz/ky = (me/mi)
time'step gives Q; At = 0.1, which is small enough to resolve
cyclotron harmonics. Note also the large mass ratio and the
time step in the present simulation.

Figure 13 shows the power spectrum for the propagation
of different vglues of kz/ky and ky in a homogeneous plasma.
It is clearly seen that several ion-cyclotron harmonics are
generated slightly above the cyclotron frequency and its har-
monics. For k*pi < 1, the maximum peak of the spectrum is h
at the cyclotron frequency and it shifts to higher harmonics
for klpi > 1. There is also one low frequency oscillation well
below the ion-cyclotron frequency represeﬁting the low frequency
ion sound branch. These frequencies agree well with the
linear theory. The field energy was only 0.1% of the ion
kinetic energy in spite of the use of only four particles per
cell. Since the electrostatic ion-cyclotron harmonics are
correctly simulated in this model, one can use the model,
for example, to study the ion beam-induced cyclotron insta-
bilities associated with the neutral injection into a tokamak.17

Figure 14 shows the power spectrum of the fluctuations

in an inhomogeneous plasma using the 2 1/2-dimensional model.
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in addition to the ion-cyclotron harmonics, iow frequency
drift oscillations can be seen clearly in the figure. The
observed ffequency is larger than the ion sound frequency in a
homogeneous plasma shown in Fig. 13 and is close to u = wé B/ (2-8)
as predicted from the linear theory where B8 ='e_ho(A)‘. The
parameters of the simulation are the same as before except

for the inhomogeneous density’profilé in the x-direction,
which is taken as a hyperbolic tangent,5 The observation of
low frequency drift oscillations w << Q4 using realistic plasma
parameters is quite encouraging and the model may serve as

an important tool for the study of nonlinear development and
the anomalous diffusion due to drift instabilities in three-
dimensional cylindrical and toroidal simulations.3 These
calculations using the 2 1/2-dimensional model took one half
hour or so on IBM 360/91 for each case.

We shall not discuss here how to include the nonadiabatic
electrons due to collisionless Landau damping or collisional
effects, although they are apparently important for the
specific problems considered. Generally speaking, how to
treat the nonadiabatic electrons is a subtle problem and ap-
pears to depend on the cases considered. Some examples can
be found in Ref. 18.

We shall now briefly discuss the hybrid approach tb
plasma simulation, namely, fluid electrons and discrete
parﬁicle ions. In this model, the electrons are assumed

some sort of resistive fluid obeying the generalized Ohm's
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law. Quasi-neutrality is often assumed (ne = ni)_and the
electron inertia is neglected to disregard the high frequency
oscillations..lg’20
Obviously the validity of the model has a number
of restrictions. First of all, the electrons must be in a
collisional regime in which the mean free path is shorter
than the wavelength of interest and the collision frequency
larger than the characteristic frequency. For tokomak plasmas
which are low density and high temperature, these conditions
are likely not to be met. On the other hand, plasmas in
pinch devices are in higher density and lower electron tem-
perature and therefore it may be pretty safe for the use of
electron fluid model even though amonalous transport coeffi-
cients are often usea to get reasonable agreement between
simulation and laboratory experiments.lg’20
When the plasma density in a tokamak becomes much higher
than the present one, a particle-fluid hybrid model may be
used. Even for present-day tokamak , it will be a powerful
tool to study phenomena such as resistive tearing mode in-

stabilities where the kinetic effects of the ions can be

conveniently included by the discrete particle models.

VIII. CONCLUSIONS

We have developed three-dimensional plasma models for
cylindrical and toroidal systems by employing the combination

of eigenfunction expansion in one direction and the multipole
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expansion using a two-dimensional spatial grid. Tests of the
models correctly reproduce the expected fluctuation spectrum
for a plasma near thermal equilibrium. Application of the
model to the anomalous diffusion due to collisionless dr;ft
instability is given.

Furthefmore some conéiderations are given for the quasi-
neutral particle model'and the particle-fluid hybrid ﬁodel.

The impact on plasma physics and controiled fusion from
the present day computer simulations is already significant
and it is clear that the numerical simulation approach will
be essential in both nonlinear plasma theory and fusion
applications in the near future when larger and faster com-

puters will become available.
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Fig. 1. A sketch of the three-dimensional model. Two-

dimcnsional spatial grid is used in (x, ¥) plane and the

expansion in terms of Fourier series is used in the z-direction.



-46~

10’
- ' ' ' ' l .
i y
—|oy
_z\
~ | E
B [e o)
10”!
- ]
B =1
1072 ' l | ! |
0 ! 2 2 5 4 5 6
k=(m¥/4+n°+1%)2
762093

Fig. 2. Time averaged fluctuation spectrum of the elec-
tric field energy for a mode k = (2nm/Lx, 2nn/Ly, 2ﬂ£/Lz).
Agreement between the measurement and the theoretical pre-

diction is good.
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Fig. 3. Random thermal fluctuations of the field energy

normalized by the kinetic energy.
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10 of the kinetic energy when the total number of simulation

particles is 10> ~ 10°.
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The noise level is.10"% ~

100
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Fig. 8. Plot of the guiding center orbits of test ions
initially sampled to form a ring at some fixed %. Note the
development of convective cells and the coalescence into

larger cells.
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Fig. 9. Comparison of electron density diffusion with

and without convective cells (k||= 0).
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Fig. 11. Correlation function of the electric field for

the fourth mode (a) and its frequency spectrum (b).
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Fig. 13. Frequency spectrum for the ion fluctuations in

a homogeneous plasma in a magnetic field kz/ky‘= 0.02 and

kyni = 1 (a) and kypi = 1.5 (b).



k

Kk
z'y

10.0 ;

Py w)

4.0 .

20

50 60 70

00— T T T I T

(b)

8.0 —

6.0 -

a0} ' : _

2.0

0 10 20 30 40 50 60 70
W/ﬂi

762377
Fig. 14. Frequéncy spectrum in an inhomogeneous plasma.

= 0.02 and kypi = 0.5 (a) and kypi = 1.5 (b).

v

4





