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Three-dimensional plasma simulation models 

using particles have been described and applied to 

the various microscopic processes in a plasma in a 

magnetic field. The model makes use of the hybrid 

approach using eigenfunction expansion in one di­

rection and multipole expansion on a two­

dimensional spatial grid introduced in the cross 

section of a plasma. The models for cylindrical 

and toroidal systems correctly reproduce the expec­

ted fluctuation spectrum in thermal equilibrium. 

Application to the study of anomalous plasma diffu­

sion due to collisionless drift instabilities in a 

cylindrical plasma is shown. Some considerations 

are given as to how to construct a quasi-neutral 

particle simulation model and particle-fluid hybrid 

plasma model which eliminate the high frequency 

oscillations associated with the electrons. 

* Lectures given at the College in Theoretical· and 

Computational Plasma Physics~ International Center 

for Theoretical Physics, March 22 -April 9, 1977, 

Trieste, Italy. 



I. INTRODUCTION 

Since the pioneering works on one-dimensional plasma 

1 2 models by Buneman and Dawson , plasma simulations using 

particle models have been developing rapidly in the area of 

both plasma physics and fusion applications. Due to the in-

herent nonlinearities associated with plasma dynamics, ana-

lytical approaches are rather limited and simulation meth­

ods can often provide clues to the extremely complicated 

nonlinear processes in the presence of strong plasma turbu-

lence. Such examples are plasma heating due to parametric 

instabilities, ·anomalous diffusion associated with the con-

vective cells and low-frequency microinstabilities in a 

magnetic field. 

Particle simulations have also proved important in the 

area of fusion applications. Making use of the Monte Carlo 

method for the Fokker-Planck collisions, neoclassical diffu-

sion has been proved for a toroidal plasma. Study of 

neutral injection has been done using a simulation model 

taking into account the plasma inhomogeneities. In these 

calculations, the plasma induced self-consistent electric 

and magnetic fields are usually neglected. 

Most of the self-consistent plasma simulations have 

been carried out in reduced dimensions with idealized bound-

ary conditions. While some approximations and idealizations 

are inevitable for computer modeling complex plasma behavior 

in laboratory experiments, essential features of nonlinear 



plasma processes are often three-dimensional (six-dimensional 

phase space) in nature. This is especially true for ~ plasma 

in a magnetic field where the particle motions along and 

across the magnetic field often couple each other through 

nonlinear interactions. 

It is the purpose of this lecture to introduce three­

dimensional plasma models for cylindrical and toroidal systems. 3 

While the models we consider are idealized compared with real 

experimental devices, it will be shown that full thre~­

dimensional simulations may be carried out using the presently 

available computers for the problems considered. After 

describing the mathematical properties of the model, the model 

has been applied to various plasma problems, in particular, 

heating and confinement of low-density plasmas in a strong 

magnetic field. They are lower hybrid wave heating, anomalous 

plasma diffusion due to collisionless drift instabilities in 

a cylindrical plasma and tr~pped particle instabilities in a 

toroidal system. These three-dimensional simulations are in 

essence equivalent to real laboratory experiments performed 

in computers and a great deal of information is available, 

some of which is inaccessible through laboratory experiments. 

We will then discuss a quasi-neutral particle simuiation 

model and hybrid plasma model in which high-frequency oscil­

lations associated with the electron inertia are eliminated 

while keeping the low-frequency ion fluctuations unmodified. 

,, 

,, 
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The model is therefore particularly useful for studying the 

low frequency oscillations associated with ions such as ion 

sound waves. 

The summary of this lecture is given in Sec. VIII. 

II. CYLINDRICAL PLASMA MODEL 

Let us consider a cylindrical plasma model of rectangular 

cross section immersed in a strong magnetic field as shown 

in Fig. 1. The model may be considered to correspond to 

linear laboratory devices such as Q-machines or even toroidal 

devices wherever applicable. When trying to model laboratory 

plasma devices, we note immediately that the presently 

available computers are much too small in capacity and too 

slow in speed. For example, we may use a 64 x 64 spatial grid 

in the cross section of a plasma column for solving the field 

equations and for pushing particles. This is a typical size 

for plasma simulations in two dimensions. For three-dimensional 

plasma models, the third direction along the main magnetic 

field must be included. Typically the length of the labora­

tory devices for confinement is much longer than the cross 

sectional dimension, typically more than ten times, so that 

the number of spatial grid in the axial direction would be 

much greater than 64 if the same resolution is required along 

the field lines. If this is the case, no available computers 

can handle full three-dimensional simulations due to their 

limited capacity. 
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Fortunately, however, the resolution along the magnetic 

field may be much coarser than that across the field when 

modeling a Confined plasma in a strong magnetic field~ This 

is because the important physics for plasma confinement is 

often associated with the collective oscillations having 

very long wavelengths along the field lines comparable to 

the machine lenqth, and short wavelenqths acroes them~ Such 

examples qre lower hybrid waves, drift and trapped pa~ticle 

instabilities and magnetohydrodynamic instabilities. When 

modeling these phenomena,. one can neglect short wavel~ngth 

fluctuations along the field lines and keep only the ~bng 

wavelength modes. This is done most conveniently by expanding 

the f~eld quantities in terms of Fourier harmonics along the 

field lines and across them, standard two-dimensional spa-

tial grid is used. As wili be shown later, keeping 9nly 10 

to 20 modes in the axial direction gives satisfactory results 

for the problems considered. Then the number of effective 

grid points required for the simulation is 64 x 64 x (10 ~ 20), 

which is much smaller than 64 x 64 x 640, and may be stored 

in the fast core of a computer. The reason why we use 

Fourier harmonics instead of spatial grid in the a~iai direc­

tion is that too coarse grid can introduCe numerical 1nstabil­

ities due to aliases.
4 

Let us now outline the mathematical derivations of the 

model. We consider the elect~ostatic interactions only in 
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this lecture, although extension to include more complex 

interactions is straightforward. Assume a particle has a 

finite size given by the gaussian charge density 

p. (x,y,z) = 
J 

q. 

( 2 1T) 312 a a a 
X y Z 

exp 
[ 

(x-x.) 2 

- 2a~ + 

+ J 
( z-z . ) 

2 J 
2a2 

z 

. 2 
(y-y.) 

J 

where (x.,y.,z.) is the location of the center of the j-th 
J J J 

particle, q. is its total charge and a , a and a are the 
J X y Z 

particle size in three directions. 

The Poisson equation will be 

-41T L: 
j 

p.(x,y,z) 
J 

where the summation over j is over all the particles. 

As described in the previous section, let us expand 

~(x,y,z) and p(x,y,z) in terms of eigenfunctions exp (ikzz) 

where k = 21rn/L . Lz is the length of the system which is z z 

assumed periodic in z. 

N 

~(x,y,z) =· L ljln(x,y) exp (i21Tnz/Lz) 

n=-N 
N 

p(x,y,z) = L pn(x,y) exp (i21Tnz/Lz) 

n=-N 

and N is the number of the modes in z kept in the model. 

( 1) 

(2) 

(3) 

(4) 
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Pn(x,y) is found from Eq. (1) and Eq. (4). 

1 pn(x,y) = 

= 

Lz J P(x,y,z) exp (-i2rrnz/Lz)dz 

0 

1 
exp (-k 2a2/2)~q. [-

z z. ~ J 
j 

(x-x.) 2 

2a2 
X 

• fiXp ( ,..ik :Z • ) { 5) 
z J 

Then the equation for ~.(x,y) is found from Eq. (2), Eq. (3) 
n 

and Eq. ( 5) • 

[ V2 
- {2rrn/L >

2
] ¢ (x,y) = -4rrp {x,y) xy z . n n (6) 

Equation (6) is basically the Poisson equation in two dimen-

sions and may be solved by means of fast Fourier transform 

using a two-dimensional spatial grid. To do so, let us again 

Fourier transform Eq. (6) with respect to x and y. Assuming 

periodic boundary conditions for simplicity, 

- (<k2+k 2 ) + (2rrn/L ) 2 ]. ~ (k ,k ) = -4rrp {k ,k ) {7) 
xy z nxy nxy 

where 
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p (k ,k ) = 
n x y 

1 
LL 

X y 
;x;y pn (x,y) exp [-i (kxx + kyy) J dx dy 

0 0 

1 
exp [- (k2a2 + k

2
a

2 
+ k

2
a

2
)/2 J L = q. 

L L L X X y y z z J X y Z 
j 

exp [ -i (k z. + k X. +ky.>]. 
z J X J y J. 

Introducing a two-dimensional spatial grid in the (x,y) 

plane, (x.,y.) is expanded around its nearest grid point • 
J J . 

W . . X" s: d y" s: h ( X Y) . r1t1ng x. = n.u + ux. an y. = n.u + uy., were n., n. 1s 
J J J J J J J J 

the nearest grid point of the j-th particle, (ox., oy.) is 
J ) 

displacement and !:!, is the grid space, exp (-ik x.) = exp 
X J 

(-ik n~b,) 
X J 

( 1-ik ox . ) and exp (- ik y . ) = exp (- ik n~!:!,) ( 1 -
X J y J y J 

ikyoyj) keeping up to the dipole moments for each particle. 

Then p (k ,k ) will be n x y 

L L 

the 

k;a;)/2] t t 
s=l s 1 =1 

where 

pss 1 =L q. 
J 

ex:p (-ik z.) 
z J 

jE(S,S 1
) 

X =L (-ik z.) (x.-sb,) :opssl q. exp 
J z J J 

and jE(s,s 1
) 

tSp~s~ ==L I 

q. exp (-ik ~.) (y .-s b,) . 
J z J J 

jE(s,s 1
) 
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L and L 
X y are the length of the system in x and y in terms of 

the grid size b. and k = 2n.R./Lx and k = 2nm/L for a periodic 
X y y 

system. We note Eq. (8) is the fast Fourier transforms of 

monopole pss' and dipole charge densities op:s' opy ' on the ·ss 

grid points. It is straightforward to find the potential 

~ (kx,k ) from Eq. (7) and its inverse transform n y 

' A:' (sb., s b.) 
'~'n 

Finally, the total potential will be given by summing over 

n as given by Eq. (3). 

Let us now calculate the force on a finite-size particle 

which is used in the equation of motion. The electric field 

force on the j-th particle will be given by 

F(x., y., z.) 
-; J J J = qj J ~(x,y,z) 3/2 (2n) · a a a 

X y Z 

1 

[ ( 

:(x-x.) 2 (y-y.) 2 
exp - J + J 

2 2 2a
2 

ax Y 

+ (z::()] dx dy dz 
where '§ is calculated from ci> and is assumed to take the form 

of 

N 

E' (x,y,z) = L ~n(x,y~_. exp (-2ninz/Lz) 

n=-N 

'). 

.. 
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The z-integration can be carried out to find the force in the 

x-direction 

Fx (X • , y . , Z • ) 
J J J 

= 27Tqja t exp 
ax 

Y n=-N 
(-k

2
a

2 
/2) exp (ik z.) ff E (x,y) zz ZJ nx 

[ ( 

(x-x.) 2 

exp - 2 + 
2a 

X 

dx dy 

Since E (x,y) is defined on the two-dimensional grid points, 
nx 

F (x.,y.,z.) is Fourier transformed with respect to (x.,y.). 
X J J J J J 

N 

F (k ,k ,z.) = q. "" 
X X y .] J L.J exp (-k

2
za

2
z/2) exp (ik z.)E (kx,ky) z-J nx 

n=-N •. 
' 

I 

where E (k ,k) is found from~ (k ,k) directly. F (s~,s ~,z.) nx x y n x y x J 

is found from the inverse fast Fourier transform and 

Fx(x.,y.,z.) is found from 
J J J 

3F 
( ) =(X y ) X F x.,y.,z. F n.~,n.~,z. +ox. --- + 

X J J J X J J J J ()X 

3F 

oyj af 

keeping up to the dipole terms.· The derivatives of Fx are 

evaluated at the nearest grid point and are calculated by 

finite difference scheme • 
. ' 

For the simulations of drift and trapped particle in-

stabilities and lower hybrid heating, ions are pushed using 

the full Lorentz force while the electrons are assumed to 

.. 
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be guiding center particles. A predictor-corrector two-step 

method is used. In the finite difference scheme, equations 

are written for the ions 

t+!::.t/2 t-!::.t/2 t+!::.t/2 t-!::.t/2 
_Y.-Li----~-:-t-y.......L.i --- = ~ [E (X~) + _Y.-Li ___ --:+2::--y~J.r..... --- X B (X~) ] 

u m. - -J c - J 
1 

t+!::.t -- t 
X. -X. 
- J - J 

lit 

and for the electrons 

*t+!::.t t-!::.t 
v ill - viii e t = - Ell (x.) 2/::.t me -] 

*t+!::.t t-!::.t 
~· - x. 

-] t 
2/::.t = v. 

-] 

t+!::.t t t * *t+!::.t 
viii. - viii Ell (~j) + Ell x. e J = - -

!::.t m 2 
e 

t+!::.t t 
*t+!::.t) X. - x. 

- J. ~J 1 (v~ !::.t = 2 + v. 
-) -) 

Note that the scheme described requires the solution of the 

Poisson equation twice per one time step. 

III. TEST OF THE CYLINDRICAL MODEL 

Let us briefly describe the test of the model and some 

of the basic properties associated with it. Consider first 

a slab system of 64 x 32 x 32 cube. The plasma is assumed 
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periodic and homogeneous in a uniform external magnetic field 

in z-direction~· Initially 212 ions and electrons are loaded 

uniformly in the cube. ne/wpe = 1, m./m = 25, 
1 e Te/Ti = 1, 

A.e/t:; = 2, ax = a = a = 1 and wpe /;;t = 1 were used where ne' y z 

wpe' A.e' /:; and t:;t are electron gyrofrequency, electron plasma 

frequency, electron Debye length, grid space and the integra-

tion step. Both ions and electrons had Maxwell velocity distribu-

tions. Since the plasma is in thermal equilibrium after the 

relaxation of the initial loading, one can predict the spec-

tral distribution of the electric field fluctuations using 

statistical mechanics in thermal equilibrium. It is given by 

where E~/8rr is the electric field energy associated with the 

mode k = (kx,k ,k ) = (2rrm/Lx' 2rrn/L , 2rri/L ) . Figure 2 
- y z y z 

indicates the time averaged measurement from w t = 0 to pe 

w t = 50 for comparison to the theory. The measurement agrees pe 

quite well with the prediction shown by the solid curve. 

Nine modes (n = 0, ±1, ±2, ±3; ±4) are kept in the calculation 

and the total energy conservation is about 0.5%. 

Several test runs are made to study the noise properties 

of plasmas of large volume comparable to cmall laboratory 

devices. A system of 64 x 64 x 680 cube is chosen and a 

64 x 64 two-dimensional grid together with nine modes (n = 0, 

±1, ±2, ±3, ±4) is used. The plasma is uniform and triply 



-12-

periodic with a uniform magnetic in z-direction. Note that 

the size of the system is ten times longer than the cross 

section simulating laboratory devices. The parameteri of 

the simulations are m./m = 400, Te/Ti = 4, Ae/~ = 2, 
1 e 

Qefwpe = 5, w ~t = 4 and a /~ = a /~ = 1 and az/~ = 25. pe X . y 

Note that the finite size particles are elongated along the 

field lines. Only the modes whose wavelengths alonq the field 

lines are very long (k~ >> kll) are retained in the model. 

This will serve to use a large time step of integration since 

the highest frequency of the system will be wpe kl(k or w . p1 
which is much smaller than w pe 

~ itself. Electron gyrofre-

quency is also eliminated by using the guiding .center drift 

approximations across the magnetic field. 

Figure 3 shows the random fluctuation field energy for 

the case of 218 and 219 total number of simulation particles. 

The noise level is 5 x 10-4 ~ 10- 3 of the kinetic energy and 

fluctuates around its mean value. The total energy conser-

vation is found to be quite good, i.e., less than 0.1% and 

the system is quite stable in spite of the use of only nine 

modes in z. Note that the plasma volume of this example is 

comparable to that of small laboratory devices such ai Q-

machines and that one can simulate quite a few interesting 

physics using the present model. The model has been applied 

to plasma heating due to lower hybrid waves and anomalous 

diffusion associated with the collisionless drift instabil­

ities. The latter is discussed in some detail in Sec.: VI. 
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The model described here has been implemented on both 

IBM 360/91 at Princeton and CDC 7600 at Livermore. Typically, 

the code requires 150 ~ 200 K words memory including all the 

diagnosti9s with the particles are stored on the disks. It 

takes 50 ~ 100 ~seconds per particle per step on the CDC 7600 

which requires several hours for a typical production run. 

IV. TOROIDAL PLASMA MODEL 

Let us briefly describe the simulation model for a to-

roidal system where essentially the same technique can be 

used. We first discuss how to solve the Poisson equation 

in a toroidal system shown in Fig. 4. Using a cylindrical 

coordinate, the Poisson equation takes the form of 

where ~(r,~,z) is the electrostatic potential. 

Now expanding~ and p in the·toroidal direction, 

<P ( r, ~ , z) 

P(r, ~, z) 

Eq. (10) is reduced to 

N 

=.I: ·~. n ( r, z) exp (inc;') 

= 

n=-N 

N 

"""" i...J n 
(r, z) exp (in~~) 

n=-N 

2 
n cf> + 
2 n 
r 

- 4np • 
n 

(10) 
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To see how the multipole expansion method works for the 

toroidal system, let us calculate ~ (r,z) first. Assuming 
n 

a particle has a gaussian charge density in the cylindrical 

coordinate, 

p. (r, <j>, z) = 
J (2n) 3 12 

a a. r .a,~, 
Z J::' J ~I 

l f 211 
-in¢ p (r, z) = · P(L·, ¢, z) c d¢ 

n 2n 
0 

2 2 
= exp (- n a</>/2) q. [ ((r-r.)

2 

L ...:...2 exp - _2_J_ + 

2 
( z-z.) 

J 
2 

(211) a a 
r z . r. 2a 

J J r 
2 2a 
z 

where ar' a¢ and az are the particle size in the (r,¢,.z) 

coordinate. 

Fourier transforming ~ (r,z) with respect to z, we find 

= 

= 

(-ik z) dz z . 

2 2 2 2 
exp ( -k a /2-n a,~ /2) [ J 
-
___ z~~z _____ ~.!..,J __ """"' q. exp -i (nQJ. +k n~ tlz) ( 1-ik ()z.) 

3/2 L...J J J z J . z J 
(2·rr) a L r z j 

· exp [-(r-r.)
2
/2a

2 J _l_ · · 1 r r. 
- J 

,f 
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While the trigonometric functions are not the eigenfunc-

tions in the radial direction, let us calculate P (k ,k ) to·· n r z 

determine the charge density on the radial grid in terms of 

the multipole expansion method. 

where·z. 
J 

= Ll~RPn (R1 +s, kz) exp (-ikrs)ds 
R 0 

2 2 2 2 2 2 . exp(-k a /2-n aA/2-k a /2) 
= q. exp -1 (n4,. + z z .,, r r L [ . 

2nLRL r. J J 
z J j 

S
1 =1 

<n 1 -ik l)(lr I -ik o2 
1 } ss r ss z ss 

r I 
~ 

z r 
= n.Az +oz., rJ. = R1 + n.Ar +or., k = 2ul/L, 

J J J J z z 

kr = 2nt'/LR , and pss' and op:~~ are the nearest grid point 

and dipole charge contributions at the grid point (s, s') 

weighted by the exp (-in~j) defined by 

and 

p~~· ,_ ·- =L q. exp(-in~.) 
J J 

j£(s,s') 

op:s. = L qj exp(-in~j, 
j£(s,s') 

(z .-si\z) 
J 

=L q. exp(-in~.) (r.-R
1
-R'6r) 

J J J 
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Inverttng the finite Fourier transform of p (k ,k ) n r z 

with respect to k , the Poisson equation finally becomes r 

(r, k ) = -4·np (r, k ) 
z n z ( ll) 

This equation (11) has been solved by using the cubic spline 

technique which !s accurate up to (~r) 3 • 

Let us calculate the force on a finite-size particle. 

The electric field force on a particle at (r.,¢.,z.) is given 
J J J 

by 

f -3/2 -1 
F (r., ¢., z.) = q. E (r, rp, z) (2rr) (a a r.ap) 

J J J J - zrJ< 

exp [- (r-r.) 
2 
/2a 2 - (z-z.) 

2 
/2a

2 
- (r/>-rl,.) 2 

/2a
2
1 
J rc1rdrj,cJz 

J !' J z J () 

where E is calculated from ~ and is given by, for example, 

N 

E
2 

(r,¢,z) = L E (r,z)exp(in¢) 
n 

n=-N 

then 

N 

F
2 

(r., "'., z.) J 'f'J . J = L: q. 
J 

n=-N 

· exp[-(z-z.) 2/2a
2

- (r-r.)
2
/2a

2
Jdrdz 

J z J r 

F (r "' z ) 1's Fourier tran .. ~f.· .. ormed with respect to (rJ.,zJ.) 
Z 

• , 'f' • , • --
J J J 

.. 
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(12) 

The force on the j-th particle is calculated from the inverse 

transform of Eq. (12) and then expanded around the nearest 

grid point. Writing r. = n.6r +or. and z. = n.6z +oz., 
J J J J J J 

F (r., (p., z.) 
z J J J 

The evolution of the system is obtained by pushing ions 

with the Lorentz force (9) and integrating the guiding center 

drift equations for electrons. The electron guiding center 

equations are given by 

dvll_ __ 
dt 

_ _g_ 
m 

e 

2· 
mv.L 

lJ = 28 

where 

E·B 

1 

·Q B2 
e 

(lJB 2) 
~+VII 

e 

B 
1 

m B ~ • 'i/ ( 11 B) -
e 

constant 

~ x VB 



-18-

The integration scheme used is a two-step predictor-

corrector scheme because the standard leap-frog scheme is not 

applicable. Symbolically, 

vii n+l = vlln-1 + 2ilt Fll ( l" 1 t ) ··n n 

En+l 
..-: r + (¥ ( r I tn) + Y. <fn+l I tn+l)) /~t/2 -n n 

vlln+1 = vlln + ( Fll u- I t ) + Fll <Yn+1 1 tn+1)) 6t/2 -n n 

Note that this scheme requires two solutions of the Poisson 

equation per one time step. · 

and 

V. TEST OF THE 'l'OROIDAL MODEL 

In the toroidal model the imposed magnetic field is taken 

B (r)=B(O) R/r 
4> 4> 0 

- co) 
_ ( 0 ) _ rB A. 

B =rB /q(r)R = :'" 
8 4> o (O)R 

q 0 

r = R + r cos 8 
0 

-2 
r (1--) -2 

2a 
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The coordinate (r,6) measures the position in the cross 

sectional plane of the torus with r the distance from the 

minor axis and e measured from the toroidal plane to the 

inside. R and a are the major and minor radius respectively, 
0 

and q(O) is the safety factor and BJO) the toroidal field at 

the minor radius. The. plasma is assumed to be bounded due 

to the conducting walls which reflect particles. 

Initially the plasma density and temperature profiles 

are taken to be gaussians with, e.g., 

n(r). 

The constant C characterizes the degree of nonuniformity. 

The plasma is locally Maxwellian. Figure 5 shows the flue-

tuation spectrum averaged over the r-direction for different 

modes of 

The size of the torus is taken a = 16, R = 40. There are 
0 

·9 modes (n = 0, ±1, ±2, ±3, ±4) in the toroidal direction ~ 

and 32 x 32 spatial mesh was employed in the r-z cross sec-

14 tiona! plane. The other parameters of the run are 2 
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2, a (isotropic particle size) = 1 and w ~t = ~, 
pe 

CTi = CTe =:0.25, Cni = Cne = 0.5, where ne is the elec­

tron gyrofrequency at the minor radius, w is the average pe 

electron plasma frequency, C and C denote temperature T n 

and density nonuniformity and· Te/Ti = 10 at the center of 

minor radius. 

As we can see, the aqreement between th~ t.hP.cwP.t i.r.i'll 

predictions and the numerical results averaged over w ~ t = 
pe 

50 ~ 100 is quite satisfactory for short-wavelength modes. 

The long-wavelength modes generated by the VB ·drift of the 

ions have not yet reached the equilibrium, because the compu-

tations was too short for the electron flow along the field 

lines to compensate the ions. The theoretical fluctuation 

spectrum averaged over the radial direction for a fin~te-

size particle system is given by 

2 
IE(r,n,.t) I 

a·n 
T I (·-L ) 
2 R 

= _l_JnAo 
2n>.

0 
0 

dx 
2 2 2 . 2 2 2 

l+(y +x )exp[ (Y +x )a />- 0 1 

where y 2 = (n 2;R2 + ~ 2~k 2 ) A0
2 and is shown by the solid line. 

0 z 
The error for the total energy conservation at the end of the 

calculation (w t = 100) is about 1%. This may be due to too 
pe 

large time step of integration, too few particles per pebye 

sphere, the reflecting boundary walls which exert external 

forc.e on the particles. Because the toroidal model i? more 

complicated than the slab model, the former takes about 50% 

more computations than the latter. 
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VI. APPLICATION OF THE MODEL 

After testing the three-dimensional models in cylindri-

cal and toroidal geometries, the models have been used for 

the study of lower hybrid heating, anomalous plasma diffusion 

due to collisionless drift instabilities and trapped particle 

instabilities in toroidal geometry. 

Here we report our recent results of numerical simula-

tions on collisionless drift instabilities using large scale 

fully three-dimensional cylindrical plasma models developed 

earlier. Theoretical interpretations of the observed results 

on plasma turbulence and diffusion are also given. Drift-

wave turbulence has been of current interest in toroidal con­

finement devices such as tokamaks, 6 stellarators, 7 and internal 

ring devices 8 ' 9 because of the strong correlation between the 

observed density fluctuations and anomalous plasma transport. 

The simulation model used is a straight cylinder in a 

uniform external magnetic field B along the z direction with 
0 

its length L~/pi = 640, pi= (T.i./m.i.)l/2 /~.i. beinq the ion qyro-

radius. In the cross section, a 64 x 64 (L2 ) spatial grid 

is used. for numerical computation with its physical length 

L/P. = 32. The plasma is periodic in z while it is surrounded 
1 

by a conducting wall at the boundary of the cross section. 

Initially both ions and electrons are Maxwellian velocity 

distributions with T /T. 
e ~ 

to be ne(r) = n. (r) = n 
. 1 . 0 

= 4. Initial plasma density is taken 

2 2 exp (-4r /a ) with the average den-

sity given by Qejw = 5, m./m = 100, a = L/2 and there is · · pe 1 e 
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no initial temperature gradient. Seven Fourier mode~ n = 0, 

±1, ±2, and,±3 are kept in the z direction with kz = 2Tin/Lz. 

Lin~ar theory predicts that the collisionless drif~ instability 

(universal mode} is strongly unstable for n = ±1 and becomes 

stable rapidly with increasing lnl due to the onset of ion-

Landau damping. This situation is commonly observed:in Q-

devices. In terms of physical size, the sim~lation plasma i.R 

certainly smaller than a tokamak plasma but may be larger than 

a conventional Q-device and one can study quite a few problems 

with the model using realistic plasma parameters. 

Let us first look at the gross behavior of the insta-

bility. Figure 6 shows the particle diffusion, heat transfer, 

electron velocity distribution, and radial mode structure 

associated with the instability. While ions and electrons 

diffuse more or less together in the early stage, we see 

charge sepa~ation built up at a later stage due to the 

difference of radial cE 8/B drifts of ions and electrons where 

E8 is the azimuthal electric field associated with the drift 

wave. As is shown later, this charge separation generates 

strong two-dimensional electric fields which in turn excite 

large amplitude convective cells (w = 0, kll = 0}. The ob-

served anomalous particle diffusion is mainly due to drift 

instabilities at the early stage and at the later stage it is 

due to nonlinearly excited convective cells, which enhance 

diff~sion even when the drift instability is quenched. 

~ 
. ' 
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The electron-parallel temperature Te II rapidly decreases·. 

for r/a > 0.5 due to inverse-Landau damping and increases for 

r/a < 0.5 due to the absorption of wave energy associated with 

the radial convection. The electron-parallel velocity distri-

b . d h . d d . 10 ut1on steepens ue to t e 1nverse-Lan au amp1ng. Ion-

perpendicular temperature T.~ increases due to the accelara-
1 

tion across the magnetic field associated with the short-

wavelength turbulence due to the convective cells. Ion-parallel 

temperature Till changes little because ion-Landau damping is 

weak. A typical drift-wave radial mode structure (n = 1, 

m = 3) le~(r)/~el shows a peak near r/a = 0.5 at the early 

stage, consistent with the initial density profile. After 

reaching the maximum amplitude of 10% at w t = 1040, it pe 

begins to level off due to nonlinear excitation of convective 

cells (n = 0). 

Figure 7 shows more detailed diagnostics of the insta­

bility; spectral distribution IE2 (m) I and IE2 (n) I and power 

spectrum Pmn(w,r) with respect to k
9 

and kz where m is the 

azimuthal mode number with k 9 = m/r. IE2 (m) I indicates 

typical spectral profile for drift turbulence as seen in the 

experiments; 6 it peaks around kePi = 0.3 ~ 0.6 corresponding 

to m = 2, 3, and 4 modes for this case. The amplitude de-

creases ~d~ldly fur k
9

p. > 1 (m ~ 8). The shape of the 
. 1 

spectral distribution does not change much in the nonlinear 

stage except for the shift of the peak of the spectrum toward 

low m numbers. This is due to the nonlinear excitation of 
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convectiv~ <;:ells which tend to coalesce into larger cells. 

2 
IE (n) 1, on the other hand, indicates a drastic change when 

the instabi~ity develops into a nonlinear regime. At earlier 

times, we see the spectrum is peaked at n = 1 (kz = 21T/Lz) 
: 

and decreases rapidly with increasing n. This is quite rea-

sonable because the growth rate for n = 2 and 3 are much 

smaller. Then= 0 modes,which may be called convective 

cell modes (kz = 0, w = 0), also grow as the drift insta­

bility grows and eventually they dominate over the dr,ift 

inst.apility. Note that this is not the ambipolar field (m = 

n = 0) . The excitation of cqnvective cells is clearly seen 

in the power spectrum plots P (w) at r/a = 0.5 where we see mn 

both drift modes (n ~ 0, w ~ 0) and convective cells (n = 0, 

w = 0). For m = 3 modes~ power spectrum indicates the 

amplitude of drift mode (n = 1) is much larger than the con-

vective cells {n = 0), while for m = 1, convective c~lls are 

much stronger than the drift mode. 

The physical mechanism of the excitation of convective 

cells is the following. Consider a drift-wave fluctuation 

¢(r,B,z,t) = ~ {r) exp [i(wt- me- kzz) ]. Both ions and 
mn 

electrons will move through the cE
8
/B

0 
drift in the radial 

direction. For a linearly unstable drift-wave v. << w/k 
~ z 

<< ve is satisfied so that the electron cE 8/B
0 

drift tends 

to be averaged out on the time scale of drift wave because of 

the free streaming along the ~ield lines. On the other hand, 

ions are essentially cold anq respond to cE 8/B
0 

drift.which 

.. 
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in turn generates local charge separation and therefore a strong 

radial electric field. In fact the ion cE x ~ flows from a 

two-dimensional vortex or convective cell as studied earlier in 

detai1. 11 The number of convective cells is much more than 

that of unstable drift modes and the nonlinear interaction 

among convective cells can easily lead the plasma into a 

strong turbulence state due to very effective c~ x ~/B2 
mixing. 

It is natural to expect k
8 

~ kr for such a strong turbulent 

regime. Among the modes, due to nonlinear excitation, only 

the kll = 0 modes are important for anomalous plasma diffusion 

d h . 1 1' 11 h ld b h . d 12 h t ue to t e~r ong ~ves. It s ou e emp as~ze t a 

the convective cells in a two-dimensional nonuniform plasma 

are linearly stable and have small amplitudes unless they are 

driven by some means such as drift instabilities in the present 

case for a collisionless plasma. 

Figure 8 shows the formation of convective cells and ion 

diffusion due to nonlinear interactions among cells. Plotted 

are the guiding center orbits of the test ions initially 

sampled to form a ring at r/a = 0.5. At early times, the 

test ions respond to cE
8

/B
0 

drift and one sees that several 

m modes are excited. As the instability develops, ion motion 

becomes highly nonlinear and tends to form vortex structure 

as clearly seen in the figure.· Small cells eventually coa-

lesce into larger cells and the ions diffuse across the entire 

plasma column. 

In order to confirm the importance of convective cells 

on plasma diffusion, we carried out another simulation with 
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the same parameters except that the two-dimensional modes 

(kz = 0) are articifially suppressed in the code. Figure 9 

indicates the electron diffusion with and without k = 0 
z 

modes. At early stage (w t = 1000), diffusion is mainly 
pe 

due to drift instability and little difference is observed 

for both cases. At the later stage, however, diffusi~n 

without convective modes is substantially smaller than the 

other case and diffusion stops completely as the drift insta­

bility saturates and "the finite density gradient 1s m~intained. 

For the other case, convective cells eventually flatten the .. 
density profile completely even when the drift instability has 

been quenched by nonlinear effects. This observation has an 

important significance in the understanding of anomalous 

diffusion in laboratory experiments. While the convective 

12 
cells are marginally stable, drift or trapped-particle 

instabilities can excite the 6onvective cells wltlch Lhen 

cause large diffu~ion even when the drift instabilities satu­

rate nonlinearly. In a steady-state experiment, where the 

energy input such as that due .to ohmic heating and particle 

recycling balances with the anomalous diffusion, it is likely 

that the diffusion due to drift instabilities is small and 

the steady state is established by balancing the energy 

source with the convective diffusion. 

The observed diffusion coefficient is smaller than but 

not too far from the usual estimate of D£ = y/k~ for the ini­

tial diffusion due to drift instability and at a later stage, 

:r; 
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is also in good agreement with the convective cell diffusion 

formula when the enhanced level of fluctuations are used. 

It is interesting to compare our results with recent 

laboratory experiments in toroidal devices. The recent FM-1 

results8 indicate that for very strong shear (Ls/Ln = 7) , 

the power spectrum shows a well-defined peak near the drift 

frequency. As the shear is reduced, a new peak appears near 

w ~ 0 and further reduction of shear results in a turbulent 

spectrum with no well-defined peaks. 8 The two-peak spectrum 

shown in Fig. 6 resembles that of FM-1. A similar result is 

reported in the Culham Levitron experiment. 9 

While our power spectrum is not as broad as those in 

the toroidal experiments with weak shear, the spectrum in 

the simulation is measured in a transient state from initial 

linear phase to the final turbulent state while the labora-

tory experiments measure fully developed steady-state turbu-

lence driven externally. Furthermore, the spectrum in the 

laboratory experiments is averaged over different kll modes 

and the plasma radius. The simulation spectrum will be 

monotonic if such averaging is carried out. 

Figure lOshows the time development of the electric 

field energy associated with the drift wave (n = 1) and 

the convective modes (n ~ 0) • We find Eeveral drift modec 

(m = 3, 4 and 5) grow to large amplitude with the expected 

growth rate in agreement with· the linear theory. The con-

vective modes also grow at about twice the growth rate of the 
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drift mode starting at a somewhat later time. This is an 

indication that.the drift and convective modes are strongly 

coupled and the latter are driven unstable by the former. 

Based on these observations, a theory is developed to 

show that the nonlinear interaction of drift waves can re-

sonantly excite convective cells at the wavelength com-

parable to the ibn gyroradius where drift waves are hi~hly 

d . . d th th . th . 13 1spers1ve an e grow rate 1s e max1mum. The ob-

servations are consi-stent,,"with the theoretical considera­
·. "::~. ·~--·:J--: .- • .. "' . . . ' 

We have simulated the same example keeping 11 modes in 

z (n = 0, ±1, ..• , ±5) and found the results essentially 

the same. we have also included a magnetic shear in the sim-

ulations and found the convective cells persist tor moderate 

strength·of shear(L /L < 25). 
s n -



-29-

VII. "QUASI~NEUTRAL AND HYBRID PLASMA MODELS 

In the preceding sections, three-dimensional plasma 

models in magnetic fields have.been developed, tested and 

applied to plasma confinement studies. Except for the guid-

ing center approximations for the electron transverse motion 

across magnetic field, full dynamics has been followed for 

ions and electrons. The highest frequency of the fluctuations 

in the model is therefore associated with the electron motion 

along the field lines whose characteristic frequency is given 

by w ~ w kl(k or w .• 5 
This frequency is substantially pe p1 

smaller than tl.e electron plasma frequency for the case of 

kl(k~ << 1 and one can use wpe6t considerably larger than 1. 

On the other hand, when one is interested in low frequency 

phenomena such as drift or trapped particle instabilities or 

magnetohydrodynamic oscillations, it may be a good approxi-

mation to discard the high frequency oscillations associated 
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with the electron inertia while keeping the ion dynamics and 

low frequency electron dynamics unmodified. 

Whether or not it is possible to construct such a model 

depends on the problems considered. Furthermore whether or 

not such a model correctly simulates real plasma dynamics 

must be carefully examined for each case since the small de-

parture from the charge neutrality gives rise to strong 

electric fields which modify.:particle dynamics. 

Here we will briefly describe two different methods for 

eliminating high frequency space charge oscillations, one 
I . 

of which is a discrete particle model and the other particle-

fluid hybrid model. We first. consider a discrete plasma 

model and then discuss briefly the hybrid model. 

In order to develop a particle simulation model which 

eliminates the high frequency OSCillations, let US·Cpnsider 

the simplest example first; namely, the one-dimensional 

ion sound wave in a thermal plasma. Assume a low frequency 

ion-density fluctuation n. from its equilibrium state n , 
1 0 

n. ~ n + n. 
1 0 1 

Associated with this density fluctuation is the low frequency 

electrostatic potential ~ in which the electrons quickly 

reach the well-knowh Boltzman~ law 

' ne = n exp (e~/T } o . e 
(13} 
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The resultant potential is then determined from the Poisson 

equation 

- 4ne(n. - n ) 
~ e 

(14) 

Ion-density fluctuation may be determined from the cold fluid 

equations 

( 15) 
dV. dV. a'" 
--~+v __ 1. = e"' 
at i ax m. ax 

1. 

Linearizing Eqs. (13) and (15) and assuming a phaser 

exp (iwt - ikx) for the linear quantities, density fluctua-

tions for the electrons, the ions, and the dispersion relation 

are 

and 

I 

n /n e o 

I 

n./n 
~ 0 

I 

4nen. 
~ 

(16) 

(17) 

(18) 
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2 47rn e. /T • o e 
where ke is the electron Debye··wa~e-.-.nuinber, k; = 

Equation (18) gives the well-known dispersion relation for 

the ion wave 

for k
2 

<< 

2 
w 

When the dispersion relation is used in Eqs. 

and (17), it is easy to show that the quasineutrality ne = ni 

is satisfied automatically. 

It is clear in the preceding argument that the key as-

sumption for the cha~ge neutrality is given by Eq. (13) or 

Eq. (16) where the massless electrons follow the ions adia-

batically so as to screen the resultant potential. Note that 
I I 

the quasineutrality n. = n is the consequence of Eq .. (16). 
l. e 

( 16) 

The effect of electrons can be seen more clearly from Eq. (18) 

where the potential due to ion-cleu::;.ily fluctuation ie: Debye-

screened by the electrons and this is the physical interpre-

tation of the quasineutrality. 

In the usual particle simulation model, both iuns and 

electrons are p1,1shed according to the equation of motion to-

gether· with the Poisson equat~on to determine the potential. 

In such a model, it is clear that the charge neul£ality, 

Eq. (16)·, is not satisfied in general, since the electrons 

do not always follow the ions because of their inertia. In 

fact, it is well known that the electron and ion density 

fluctuations are predominantly out of phase, which generate 
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very strong electrostatic space charge oscillations at the 

plasma frequency. This high frequency oscillation is so 

strong in numerical simulations that it can mask .the weak ion 

sound wave easily for many cases. 

It is clear, from the preceding argument, that one way 

to guarantee the quasineutrality in the simulation is to 

assume that the electrons form a Deby-shielding cloud around 

the ion-density fluctuations. The Poisson equation is then 

modified to 

( 19} 

together with the equation of motion for the ions 

dv. e l. E dt = -
m. 

l. 

dx. 
l. 

dt = v. 
l. 

to determine the ion density. Note that in this formalism, 

the contribution from the electrons is given totally by k!¢ , 

which is valid as long as they are adiabatic. When the con-

tribution of the nonadiabatic electrons becomes important, 

then Eq. (19} should be modified accordingly. This is a more 
I 

difficult problem and the solution appears to depend on the 

problems considered .. 
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Note a.J..so that there· is no approximation made for the 

ion dynamics. in the model so that the model should be very 

useful to study thE· nonlinear behavior of plasmas associated 

with ion dynamics. 

The linearization of the electron Boltzmann distribution 

used in Eq. (19) is valid as long as the density fluctuation 

' 
ni/n0 is a few R~fcent. Whe~ ni/n

0 
becomes larger, t~en the 

linearization is not appropriate and on~ has to use the non-

linear Poisson ~quation g~ve~ by 

., 
'iJJ..ej> = 4rren. - 4rren exp (eej>/T ) . 

1 o e 

It is possible to solve this by iteration for this case. 

First, the solution for the potential cp , using the linearized 
. 0 

density fluctuations, is foun,d from Eq. (19). Then the cor-

rected potential cp is tound by using cp .Lll Llu:::! tdt:::!c Ll:on 
0 

Boltzman distribution to solve for cp. One can iterate this 

procedure a few times until the solution converges. 

So far we have only ~nnRidered the one-dimens16nal ion 

sound wave. It is clear that the model can be extended to 

many different cases in mul~i-dimensional simulations as long 

as the electron contribution is primarily adiabatic, whi~ll 

is the characteristic proper~y for low frequency oscillations. 

The electron density fluctuation for the electrostatic 

b . . 1 14 waves in a magnetic field m~y e wr1tten as, 1n genera , 

'~ . ,. 

•· 
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00 

= k
2 

'"""exp{-k
2

v
2/n2

) I (·k
2

v
2;n2

) eLJ ye en ye e 
n=-oo 

Ill- IJl* 
e 

/2 k v z e 
( 20) 

where the magnetic field is in the z-direction, w* = (cT k /eB) e y 

(d ~n n/dx) is the diamagnetic drift frequency due to plasma 

inhomogeneity in the x-direction, Z is the plasma dispersion 

function, 15 and the electron distribution function is assumed 

to be an isotropic Maxwellian. 

For low-frequency w << w , long wavelength k
2

v
2;n2 

<< 1 ce y e e 

oscillations and k ~ 0, Eq. (20) is reduced to z 

., 
4 ·n e ne = [1 + 

(j) -Ill* 

Tl: k v 
z e 

(21) 

For the. small phase velocity w/12 k v << 1, Eq. (21) reduces z e 

to Eq. (16); and therefore, Eq. (19) should be valid as long 

as the nonadiabatic effect is ignored. 

Needless to say, there are many cases where the small 

non-adiabatic effect arising from the Landau or collisional 

damping can cause instabilities, in which case, those non-

adiabatic electrons should be included in the simulation. 

Note also, nowhere have we assumed n = n. explicitly in the e . J.. 

model, and this is very important, since n is not exactly equal to 
e 

n. for the unstable plasmas when ~ grows to large amplitude. 
J.. 

Such an example is the case of anomalous diffusion due to 

drift instabilities. 
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Two examples of the model are given in the following. One 

of them is the propagation of the ion sound wave and the other 

is the fluctuations in a magneti~ field. 

1. Propagation of the Ion Sound Wave 

In this first example, we have considered the propaga-

tion of ion sound waves in a ~hermal plasma and confirmed 

that the model co:rrectly prodqces the expected ion ~9und 

fluctuations. The simulation is carried out in one dimension 

using an electrostatid dipole code. As described in the pre­

vious section, only the ions aFe pushed and the modified 

Poisson equation (19) is used. 

Figure 11 shows the re:;ml:ts from such a run. We use 

T /T. = 10, · m./m = 100, w t.t. = 2 (lit is the integration e 1. 1 e .pe 

time step) , ~ = l:l = a (l:l is the grid size and a is the par­e 

ticle size) and 64 00 ions. Fi~u.re 11 (a) shows the tiiiJe 

correlation function of the fourth Fourier mode and Fig. ll(b) 

is the power spectrum of the same mode. We see a coherent 

wave at the expected frequency:of the ion sound wave. Note 

that there is no electron plasma oscillation in the model 

and the electric field energy is less than 10-4 of the' par­

ticle energy. The two peaks in Fig. ll{b) correspond to the 

sound wave propagating both di~ections in space. 

Figure 12(a) shows the numerically determined dispersion 

relation for the above example~ Nute the agreement with the 

theory 

.\ 
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kc (1 + 3T./2 T ) s 1. e 

is excellent. Figure 12(b) indicates similar results from 

the second run using w ~t ·= 10 (w .~t = 1) and A = 0.2 ~ pe .pl. e 

with the other parameters unchanged. This run is to confirm 

that large time step, such as w ~t ~ 0.2 and small Debye s 

length A < ~' may be used in the model since there is no 
e 

plasma oscillation in the model. 

It is clear from these runs that the plasma oscillations 

are completely eliminated and that one should be able to use 

~t several orders of magnitude greater t~an that employed 

in the conventional code when realistic parameters are used. 

N h t th .d . t b•l•t 16 b d f ote t a ere was no gr1. 1.ns a 1. 1. y o serve or 

small Debye length. 

2. Fluctuations in a Magnetic Field 

Let us consider the propagat.ion of low-frequency ion 

fluctuations in a magnetic field. When an external magnetic 

tield is imposed on a plasma, motions across the magnetic 

field are prohibited and the quasineutrality is maintained 

as the electrons follow the ions along the field lines. It 

is clear then that the flute-type mode, k = 0, for example, -- z 

may not be quasineutral. Furthermore, whether or not the 

plasma is quasineutral in a magnetic field is not a trivial 

question in an inhomogeneous plasma where the low frequency 

turbulence generated by the drift-type instabilities causes 
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the anomalous diffusion of ions and electrons which are in 

general not the same and, therefore, charge separations 

are b 'lt . t . th rob' 1 't 13 
u1 up to ma1n a1n e a 1po ar1 y. 

The electrostatic dispersion relation for small amplitude 

ion oscillations in a magnetic field is given by 

u>- n ~. J 
Z ( 112 k v.l.) = 0 (22) 

. l. n=-oo 

for k 2
p

2 
<< 

Y e 
2 2 2 1 and w/k v <~ 1 where A = k v./n .. 

z e y 1 J. 
The inter-

esting case is for k /k << 1 and the solutions of Eq. (22) :z y 

are well-known electrostatic ion-cyclotron waves (ion Bern-

stein modes) 

and the low frequency ion acOU$tic mode 

w = k c z s 

and the drift mode 

w = w* c 

u - 1; 2, ... 

in an inhomogeneous plasma. Note that the lower hybri~ 

oscillations w ~ wpi and the oblique electron plasma oscil­

lations w = w k /k are not the solutions of Eq. (22) since 
pe z 
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they are shielded by the electrons. 

To test the dispersion relation, a frequency spectrum 

for the fluctuations is measured using a 2 i/2-dimensional 

model5 with the modified Poisson equation {19). The para~ 

meters for the simulations are: 64 x 64 grid, i28 x i28 ions, 

m./m = 2500, n lw = 
1 e e pe 

and k /k = {m /m.) 1 / 2 
z y e 1 

time step gives n.~t· = 
1 

cyclotron harmonics. 

5, T /T. = 4, 
e 1 

= 0.02. Note 

0.1, which is 

Note also the 

time step in the present simulation. 

Ae/~ = 1, wpe~t = 50 

that the choice of the 

small enough to resolve 

large mass ratio and the 

Figure 13 shows the power spectrum for the propagation 

of different values of k /k and k in a homogeneous plasma. . z y y 

It is clearly seen that several ion-cyclotron harmonics are 

generated slightly above the cyclotron frequency and its har-

monies. For k~pi ~ 1, the maximum peak of the spectrum is 

at the cyclotron frequency and it shifts to higher harmonics 

for k~p. > 1. There is also one low frequency oscillation well 
1 

below the ion-cyclotron frequency representing the low frequency 

ion sound branch~ These frequencies agree well with the 

linear theory. The field energy was only 0.1% of the ion 

kinetic energy in spite of the use of only four particles per 

cell. Since the electrostatic ion-cyclotron harmonics are 

correctly simulated in this model, one can use the model, 

for exampl~, to study the ion beam-induced cyclotron insta­

bilities associated with the neutral injection into a tokamak.
17 

Figure 14 shows the power spectrum of the fluctuations 

in an inhomogeneous plasma using the 2 1/2-dimensional model. 
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In addition to the ion-cyclotron harmonics, low frequency 

drift oscillations can be seen clearly in the figure. The 

observed frequency is larger than the ion sound frequency in a 

homogeneous plasma shown in Fig. 13 and is close to w = w* S/(2-S) 
e 

as predicted from the linear theory where ·s = e -;.I (;.) The 
0 

parameters of the simulation .are the same as before except 

for the inhomogeneous density'profilJ in the x-direction, 

which is taken as a hyperbolic tangent. 5 The observation of 

low frequency drift oscillations w << ni using realistic plasma 

parameters is quite en~ouraging and the model may serve as 

an important tool for the study of nonlinear development and 

the anomalous diffusion due to drift instabilities in three­

dimensional cylindrical and toroidal simulations.
3 

These 

calculations using the 2 1/2-dimensional model took one half 

hour or so on IBM 360/91 for each case. 

We shall not discuss here how to include the nonadiabatic 

electrons due to collisionless Landau damping or collisional 

effects, although they are apparently important for the 

specific problems considered. Generally speaking, how to 

treat the nonadiabatic electrons is a subtle problem and ap-

pears to depend on the cases considered. Some examples can 

be round in l{ef 0 10 0 

We shall now briefly discuss the hybrid approach to 

plasma simulation, namely, fluid electrons and discrete 

particle ions. In this model, the electrons are assumed 

some sort of resistive fluid obeying the generalized Ohm's 

.I 
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law. Quasi-neutrality is often assumed (ne = ni) .and the 

electron inertia is neglected to disregard the high frequency 

.11 . 19,20 osc1 at1ons .. 

Obviously the validity of the model has a number 

of restrictions. First of all, the electrons must be in a 

collisional regime in which the mean free path is shorter 

than the wavelength of interest and the collision frequency 

larg~r than the characteristic frequency. For tokomak plasmas 

which are low density and high temperature, these conditions 

are likely not to be met. On the other hand, plasmas in 

pinch devices are in higher density and lower electron tern-

perature and therefore it may be pretty safe for the use of 

electron fluid model even though amonalous transport coeffi-

cients are often used to get reasonable agreement between 

. 19 20 
simulation and laboratory exper1ments. ' 

When the plasma density in a tokamak becomes much higher 

than the present one, a particle-fluid hybrid model may be 

used. Even for present-day tokamak , it will be a powerful 

tool to study phenomena such as resistive tearing mode in-

stabilities where the kinetic effects of the ions can be 

conveniently included by the discrete particle models. 

VIII. CONCLUSIONS 

We have developed three-dimensional plasma models for 

cylindrical and toroidal systems by employing the combination 

of eigenfunction expansion in one direction and the multipole 
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expansion using a two-dimensional spatial grid. Tests of the 

models correctly reproduce the expected fluctuation spectrum 

for a plasma near thermal equilibrium. Application of the 

model to the anomalous diffusion due to collisionless drift 

instability is given. 

Furthermore some considerations are given for the quasi­

neutral particle model arid the particle-fluid hybrid model. 

The impact on plasma physics and controlled fusion from 

the present day computer simu~ations is already significant 

and it is clear that the numerical simulation approach will 

be essential in both nonlinear plasma theory and fusion 

applications in the near future when larger and faster com­

puters will become available. 
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Fig. 1. A sketch of the three-dimensional model. Two-

dimensional spatial grid is used in (x, y) plane and the 

expansion in terms of Fourier series is used in the z-direction. 
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Fig. 2. Time averaged fluctuation spectrum of the elec-

tric field energy for a mode k = (2Tim/L , 2Tin/L , 2TI~/L ) . - X y Z 

Agreement between the measure~ent and the theoretical pre-

diction is good. 
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Fig. 7. Time variation of (a) spectral distribution 

IE2
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Plot of the ~uiding cente~ orbits of test ions 

initially sampled to form a rihg at some fixed z. Note the 

development of. convective cells and the coalescence into 

larger cells. 
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Fig. 9. Comparison of electron density diffusion with 

and without convective cells (kll = 0). 
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. Fig. 10. Time development of the drift modes (n = 1) and 

convective cells (n = 0). Note the convective cells grow faster 

than the drift waves starting ~~mewhat later time. 
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Fig. 11. Correlation function of the electric field for 

the fourth mode (a) and its frequency spectrum (b). 
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Fig. 12. Dispersion relation from the measured frequency 

and the comparison with linea~ theory. 
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Fig. 13. Frequency spectrum for the ion fluctuations in 

a homogeneous plasma in a magnetic field k /k = 0.02 and z y 
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Fig. 14. Frequency spectrum in an inhomogeneous plasma. 

k k = 0.02 and k p. = 0.5 (a) and k p. = 1.5 (b). 
z y y l y l . ;;;.. 




