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Comparative Tes t  Resul ts  f o r  
Two ODE Solvers -- 
EPISODE and GEAR 

. 

George D. Byrne, Alan C.  Hindmarsh, Kenneth R. Jackson, H. Gordon Brown 

ABSTRACT 

This ts a sequel  t o  the  paper "A comparison of two ODE codes: 
GEAR and EPISODE," and i s  concerned wi th  t h e  . t e s t i n g  'of two super- 
f i c i a l l y  s i m i l a r  ODE packages GEAR and EPISODE. Fourteen b a s i c  
test problems, some wi th  severa l  cases ,  a r e  t h e  b a s i s  f o r  t h e  t e s t -  
ing .  These probiems represent  seve ra l  types -- nonl inear  systems 
wi th  r e a l  and complex eigenvalues,  l i n e a r  systems wi th  va r i ed  
diagonal  dominance, l i n e a r  s c a l a r  problems, s t i f f  and nons t i f f  
problems, chemtcal k i n e t i c s  u i t h  and without d i u r n a l  e f f e c t ,  and 
systems a r i s i n g  from t h e  use of t h e  numerical method of l i n e s .  
Some problems ' a r e  included i n  order  t o  examine t h e  opt ions  and 
e r r o r  r e t u r n s .  The test r e s u l t s  a r e  presented i n  two forms: raw 
output  and a comparative d i sp lay  of opera t ion  counts  and of timings 
f o r  t h e  b e s t  method i n  t h e  GEAR package and t h e  b e s t  method i n  t h e  
EPISODE package. This  allows a comparison of t h e  consequences of 
t h e  f ixed-step i n t e r p o l a t e  s t r a t e g y  (GEAR) f o r  changing s t e p  s i z e  

' aga ins t  the  t r u l y  v a r i a b l e  s t e p  s i z e  s t r a t e g y  (EPISODE). 

We conclude t h a t  EPISODE ' is  genera l ly  f a s t e r  than GEAR f o r  
problems involving wave f r o n t s  o r  t r a n s i e n t s  on t h e  i n t e r i o r  of 
t h e  i n t e r v a l  of in teg ra t ion .  For l i n e a r  o r  simply decaying prob- 
l e m s ,  t hese  r o l e s  a r e  usual ly  reversed.  



1. INTRODUCTION 

Th i s  r e p o r t  is concerned w i t h  t h e  t e s t i n g  and comparison of two sof tware  
t packages, GEAR and EPISODE, f o r  t h e  numerical s o l u t i o n  of t h e  i n i t i a l  va lue  

problem f o r  systems of o rd ina ry  d i f f e r e n t i a l  equa t ions  (ODE'S) of t h e  form . 

I n  t h e  companion . p a p e r  [6], we gave a d e t a i l e d  comparison and descr ip-  

t i o n  of  GEAR and EPISODE from s e v e r a l  a s p e c t s ,  such a s  appearance t o  t h e  user ,  

members of t h e  package, f e a t u r e s  of sof tware  engineer ing ,  and t h e  under ly ing  

a lgor i thms.  There,  we a l s o  poin ted  o u t  t h a t  a t iming comparison of t h e  two 

codes could b e s t  be  made by t iming  t h e  segments of t h e  codes which perform 

similar func t ions  o r  r o l e s .  Here we r e p o r t  on t h e  t e s t i n g  c a r r i e d  ou t  i n  t h i s  

manner. 

I n  Sec t ion  2 ,  we g i v e  a b r i e f  i n t r o d u c t i o n  t o  t h e  t e s t i n g ,  which i s  

fol lowed by t h e  t e s t  r e s u l t s .  Of t h e  f o u r t e e n  b a s i c  t e s t  problems, t h i r t e e n  

a r e  based on t h e  o r i g i n a l  test f i l e s  f o r  GEAR [14]  and EPISODE [16].  These 

test problems a r e  b r i e f l y  descr ibed  i n  Table 1.1. We have at tempted t o  

i nc lude  problems r e p r e s e n t a t i v e  of those  we have seen  i n  p r a c t i c e ,  problems 

o t h e r s  have used, and problems t h a t  t r u l y  e x e r c i s e  t h e  codes. A t  t h e  same 

t i m e  we have a t tempted  t o  keep t h e  s i z e  of t h e  set w i t h i n  reason.  

A summary of t h e  r e s u l t s  appears  i n  Sec t ion  3.  

'EPISODE is  a n  acronym f o r  an E f f i c i e n t  Package f o r  t h e  I n t e g r a t i o n  df 
Systems of Ordinary D i f f e r e n t i a l  Equat ions.  Formerly, t h e  E r ep resen ted  
Experimental.  



TABLE 1.1. The Test Problems 

PROBLEM BRIEF DESCRIPTION 

1 Small to moderate systems with variable stiffness and full 
Jacobian with real eigenvalues. 

: 2 Small system, moderately stiff, and full Jacobian with complex 
eigenvalues . 

3 Scalar mockup of a diurnal chemical kinetics problem, stiff 
and non-stiff cases. 

Calculation of the zeros of the soluti.on of Van der Pol's 
equation with relaxation factors of 100 and 3. 

A solution of a minor variation on the method of lines equi- 
valent of Burgers' equation with four different spatial 
discretizations. 

Small to moderate linear systems of ODE'S with variable diagonal 
dominance. 

Scalar problems with f(y,t) in (1.1) replaced by f ( f ) ,  a piece- 
wise polynomial possessing jump discontinuities in f or in f. 
Various degrees of polynomials arc included, 

A moderately sized linear system obtained from the method of 
lines treatment of a simple diffusion-convection problem. 

A stiff, nonlinear system of three equations from chemical 
kinetics solved over a very long time interval to insure 
integration to steady state and reasonable resolution along 
the way. 

A stiff nonlinear system of two equations arising from a mock- 
up of a three-species diurnal chemical kinetics model. 

A small linear system with various actions taken by the user 
so as to exercise various code options; 

12 A linear scalar problem to demonstrate that the codes can use 
positive or negative stepsize with equal results. 

13 A test of assorted improper inputs. 

The mathematical model of the Field-Noyes oregonator, an 
oscillating chemical system. A small, stiff nonlinear system. 



2. TESTING 

2.0 I n t r o d u c t i o n  

The procedures  f o r  t h e  t e s t i n g  were f u l l y  desc r ibed  i n  [6] and a r e  summa- 

r i z e d  h e r e  f o r  completeness.  For a l l  b u t  problems 11, 12,  13, t h e  comparisons 

are given  i n  t a b l e s  con ta in ing  t h e  parameters  l i s t e d  i n  Table 2.0.1, The out- 

p u t  v a l u e s  f o r  I X  are g iven  i n , T a b l e  2.0.2. The t imings involved a ve ry  f a s t  

machine w i t h  cache memory, t h e  I B M  3701195 a t  Argonne Nat iona l  Laboratory,  i n  

double p r e c i s i o n  i n  a t ime-sharing environment and were c a r r i e d  o u t  as fol lows.  

The sub rou t ines  DIFFUN, PEDERV, DEC, PSET (PSET1 denotes  PSET w i t h  MF = 11 o r  

21, w h i l e  PSET2 denotes  PSET w i t h  MF = 1 2  o r  22, t oge the r  w i t h  t h e  sub rou t ines  

c a l l e d  by.PSET1 o r  PSETZ), and SOL were timed by running t h e  problem w e l l  i n t o  

t h e  i n t e r v a l  of i n t e g r a t i o n ,  o u t p u t t i n g  t h e  r equ i r ed  d a t a  t h e r e  and then  us ing  

t h e s e  d a t a  a s  fol lows.  The t imer  was turned  on, t h e  d a t a  were used i n  1000 

c a l l s  t o  t h e  segment be ing ' t imed  i n  a DO loop,  t h e  t imer was turned  o f f ,  t h e  

t i m e  w a s  t hen  recorded and d iv ided  by 1000. These t imes and a l l  t imes  i n  t h e  

raw d a t a  t a b l e s  a r e  g i v e n . i n  microseconds. (This  procedure accounts  f o r  some 

minor t iming d i s c r e p a n c i e s  i n  t h e  t a b l e s . )  The sub rou t ines  a r e  b r i e f l y  des- 

c r i b e d  i n  Table 2.0.3, and t h e  t iming s t a t i s t i c s  appear  i n  Tables  2.0.4.1 and 

3.0./1.2. 

The computer ou tpu t  of t h e  t e s t i n g  can be overwhelming. Consequently,  . 

f o r  a l l  problems save  11, 12,  and 13, t a b l e s  of comparative r e s u l t s  a r e  given. 

There,  q u o t i e n t s  of corresponding ou tpu t  parameters  a r e  presented  f o r  t h e  

"best" MF choices  of t h e  two ODE s o l v e r s .  For example, under a heading 

G~121EP21 t h e  TOTAL T q u o t i e n t  would invo lve  t h e  TOTAL T f o r  GEAR w i t h  MF = 1 2  

d iv ided  by TOTAL T f o r  EPISODE w i t h  MF = 21. The meanings of  t h e  e i g h t  possi-  

b l e  MF s e t t i n g s  a r e  t abu la t ed  i n  Table 2.0.5. 

The reason  f o r  p re sen t ing  d a t a  i n  t h i s  way is  t h a t  i t  shows c l e a r l y  t h e  

r e l a t i v e  t i m e  spen t  by each code i n  s o l v i n g  a problem by t h e  b e s t  MF choice.  

By b e s t  w e  mean f a s t e s t  w i t h i n  c o n s t r a i n t s  of accep tab le  ERO. Thus, one i s  

a b l e  t o  s e e  a t  a g lance  t h e  r e l a t i v e  merits of a v a r i a b l e  s t e p  s o l v e r  

(EPISODE) and a f i x e d  s t e p - i n t e r p o l a t e  s o l v e r  (GEAR). Fur the r ,  t h e  d a t a  show 

why one s o l v e r  is b e t t e r  o r  f a s t e r  than  t h e  o the r .  Next, we p o i n t  o u t  t h a t  

t h e  b e s t  MF choice  f o r  one package need n o t  be t h e  b e s t  MI? cho ice  f o r  another .  

W e  a l s o  p o i n t  ou t  t h a t  v a r i a t i o n s  i n  EPS can and do l e a d  t o  changes i n  t h e  

b e s t  MF s e t t i n g s  f o r  a s o l v e r  and a g iven  problem. 

Various i n p u t s  used by t h e  codes a r e  g iven  i n  Table 2.0.6. Complete 



TABLE 2.0.1. Descriptiori'of'Outpuf.'Values 

2METH '= Method des igna t ion .  EP denotes  EPISODE, GR denotes  GEAR. The 
two d i g i t s  denote  MI?. (See t e x t . )  

PROB = Problem solved. Problem number followed by c a s e  number. 

EPS = Spec i f i ed  e r r o r  t o l e rance ,  u s u a l l y  lo-', g iven by 
-logl0 EPS. 

I X  = Las t  v a l u e  of INDEX re tu rned  by DRIVE. 

LAST T = Last  v a l u e  of t r e tu rned  by DRIVE. 

NSTEP = T o t a l  number of s t e p s  taken. 

NFE = T o t a l  number of f u n c t i o n  eva lua t ions  excluding any r equ i r ed  i n  
f i n i t e  d i f f e r e n c e  approximations t o  t h e  Jacobian.  

NJE . =  T o t a l  number of  Jacobian  eva lua t ions .  

ERO ' = Er ro r  run  over. ERO = ( E P S ) - ~ ~ ~ ~ { I ~ Y ( ~ ~ ) - ~ ~ I I ~ ~ :  tn = output  

I f  t h e  t r u e  s o l u t i o n  Y (en) i s  un- 

known, then  Y(tn) i s  obta ined  w i t h  EPISODE 

w i t h  EPS = 10'12. The approximate s o l u t i o n  
a t  tn i s  denoted by yn. 

TOTAL T = T o t a l  t ime r equ i r ed  t o  s o l v e  t h e  problem, 

J SETUP = T o t a l  t i m e  r equ i r ed  by PSET and a l l  sub rou t ines  i t . c a l l s .  If 
METH =, 0,3,  JSETUP = 0. I f  METH = I, J SETUP t imes P.SET and 
i t s  c a l l s  t o  PEDERV and.DEC. I f  METH = 2, it t imes PSET and 
i t s  . . c a l l s  t o  DIFFUN and DEC. 

DER TIME = T o t a l  t i m e  spen t  i n  DIFFUN excluding c a l l s  by PEDERV. 

PD TIME = T o t a l  t i m e  spen t  e v a l u a t i n g . p a r t i a 1  d e r i v a t i v e s  o r  f i n i t e  
d i f f e r e n c e s  f o r  t h e  Jacobians  o r  t h e i r  approximants. 

s SOL.TIME = T o t a l  t ime spen t  i n  SOL. SOL TIME = 0 f o r  MITER.= 0,3. 

STEP TIME = T o t a l  t i m e  spen t  i n  TSTEP (EPISODE) o r  STIFF (GEAR) and a l l  
sub rou t ines  it c a l l s .  A measure of  t h e  step-by-step in t eg ra -  
t i o n  process ,  exc lus ive  of t ime spen t  i n  DRIVE. 



TABLE 2.0.2. Table o f ' V a l u e s ' o f ' I X  

normal r e t u r n  

e r r o r  r e t u r n  - e r r o r  t e s i  f a i l e d  a f t e r  reducing  h by l o l o  from i t s  
i n i t i a l  v a l u e  

repea ted  e r r o r  test f a i l u r e s  o r  EPS too  sma l l  f o r  t h e  machine and problem 

c o r r e c t o r  convergence t e s t  f a i l e d  a f t e r  reducing h by l o l o  from i ts  
i n i t i a l  v a l u e  

i n v a l i d  i n p u t ;  EPS < 0.0; N < 0; TOUT n o t  beyond T; i npu t  v a l u e  of INDEX 
was i n v a l i d ;  o r  f o r ,  EPISODE only ,  N was too  l a r g e  

i f  INDEX = -1 on inpu t  .and TOUT n o t  beyond T 

(EPISODE only)  i f  INDEX = 2' on i n p u t ,  b u t  TOUT w a s  not .beyond T 
3 

f o r  t e s t  problem 9 only ,  I Z yi - I I EPS 
i=l 

TABLE 2.0.3. Package Subrout ines  Timed 

USER SUPPLIED SUBROUTINES 

DIFFUN Computes $ = f  (y,  t ) .  Cal led  by TSTEP (EPISODE) o r  by STIFF (GEAR). 
i j 

PEDERV Computes t h e  Jacobian  ma t r ix  [a f  ( y , t ) / a y  ] when MF = 11 o r  21. 

MEMBERS OF THE INTEGRATION PACKAGES 

DRIVE The d r i v e r .  Manages t h e  step-by-step i n t e g r a t i o n  p roces s  and p r i n t s  
e r r o r  messages. C a l l s  TSTEP (EP1SOUE) o r  STIFF (GEAR) and INTERP. 

INTERP The i n t e r p o l a t i o n  r o u t i n e ,  p rovides  output  v a l u e s  a t  t = TOUT. 

TSTHP (EPISoDE)} Performs s i n g l e  s t e p  of i n t e g r a t i o n  and c o n t r o l s  l o c a l  e r r o r .  STIFF (GEAR) 

COSET Provides  c o e f f i c i e n t s  needed. I n  GEAR t a b l e  lookup is  used. I n  
EPISODE v a r i a b l e  s t e p  n e c e s s i t a t e s  c a l c u l a t i o n .  Cal led  by TSTEP o r .  
STIFF. 

ADJUST (EPISODE only)  ' Cal led  by TSTEP. Ad jus t s  h i s t o r y  a r r a y  t o  o r d e r  
q-1 when o r d e r  of i n t e g r a t i o n  drops  from q t o  q-1. 

DEC 

SOL 

PSET Ca l l ed  by TSTEP o r  STIFF when Mi? = 11, 12,  21 o r  22. S e t s  up t h e  
m a t r i x  P = I-hBoJ, where I i s  t h e  i d e n t i t y  and J i s  t h e  Jacobian ,  Bo 
i s  formula dependent and h i s  t h e  s t e p  s i z e  a t  some t .  j tn.  , P i s  then  
processed f o r  l a t e r  s o l u t i o n  of l i n e a r  a l g e b r a i c  systems as p a r t  of 
t h e  chord (modified Newton) c o r r e c t o r  methods. 

Ca l l ed  by PSET. Performs LU decompositions of  P. 

Cal led  by TSTEP o r  STIFF when MF = 11, 12,  21 o r  22. Solves l i n e a r  
systems w i t h  P processed p rev ious ly  by DEC. 



TABLE 2.0.4.1 

TIMING STATISTICS' IN MICRO-SECONDS 

PRO6 CASE , D I FFUN PEDERt' DEC PSET 1 FSET 3 



TABLE 2.0.4.2 

PSET 1 CASE DIFFUN PEDERV DEC 



TABLE 2.0.5 

Nonstif f integrations formulas , functional (simple) 
iteration for the corrector. 

Nonstiff integration formulas, chord (or modified 
Newton) method with analytic (closed form) 
Jacobian for corrector iteration. 

Nonstiff integration formulas, chord method with 
finite difference approximation to the Jacobian 
for corrector iterations. 

Nonstif f integration formulas, chord method with 
a finite difference diagonal approximation to the 
Jacobian for corrector iteration. 

Stiff integration formula, correction as in 10. 

Stiff integration formula, correctiv~l as in 11. 

Stiff integration formula, correction as in 12. 

Stiff integration formula, correction as in 13. 



TABLE 2.0.6. Inputs t o  the ODE Packages 

N Number of ODE'S i n  t he  system. 

T@ I n i t i a l  value of T ,  t he  independent va r iab le .  

H0 I n i t i a l  s t e p  s i z e  t o  be attempted. mei  INDEX = 3 on input ,  H@ is 
the  maximum of 1 hl t o  be attempted, where h  i s  the  s t e p  s i z e .  

Y@ Dependent va r i ab l e  Y .  

TOUT The:next output value of T. I f  INDEX = 3, TOUT i s  ignored. 

EF S Lucal r r r u r  Lulera~ice pa rueLe r .  Tl~e s u l v e i 5  attenipC t o  keep the 
RMS ( root  mean square) of the  l o c a l  e r ro r  ( r e l a t i v e ,  absolute ,  o r  
semi-relarive) below EPS. 

IERROR (EPISODE only) e r r o r  control  ind ica to r  

IERROR = 1, absolute e r r o r  control .  

IERROR = 2, r e l a t i v e  e r r o r  con t ro l .  

IERROR = 3, semi-relat ive e r r o r  con t ro l ,  i . e .  

11   ERROR^ I / [YMAXi I IImS 5 EPS , where 
i i 

max{ I Y ,  I : to - < tv 5 tn) f o r  yo # o 
YMAX = 

m a x { l ~ t ~ ,  1: t t < t } f o r  Y; = U 
0 - - n 

\ 

i 1 2  N T 
[V ] denotes a  vector v = [v ,v ,..., v ] , 

Yv the  approximate so lu t ion  a t  t v ' 
i s  the  i n i t i a l  time, 

tn i s - t h e  .current  time, and 
i 

EKROR~ i s  a  measure of t he  l o c a l  e r r o r  i n  Y . 
MF Method f l ag .  See Table 2.0.5. 

INDEX Ind ica tes  t he  type of c a l l  t o  DRIVE. It has the  following values 
and meanings: 

1 f i r s t  c a i l  f o r  the  problem 

0 c a l l  other than f i r s t  -- normal continuation 

-1 c a l l  o ther  than f i r s t  -- user has r e s e t  N ,  EPS, and/or MF 

2 c a l l  o ther  than f i r s t  -- in tegra to r  i s  t o  h i t  TOUT exact ly ,  
. w i t h  no i n t e r p o l a t i o n . t o  output value of t 

3  c a l l  o ther  than f i r s t  -- c o n t r o 1 . i ~  t o  be returned t o  use r ' s  
c a l l i n g  program a f t e r  each s tep  



desc r ip t ions  of t h e  codes and motivation f o r  timing by r o l e  o r  funct ion a r e  

given i n  141, [ 6 ] ,  [14], [16], and [17]. F ina l ly ,  t h e  legend f o r  t h e  graphf- 

c a l  d a t a  i s  a s  follows: 

Y@ is t h e  so lu t ion  vector  (dependent va r iab le )  

T is the  time (independent va r iab le )  . 

and unless  noted otherwise i n  the  graphs, 

YQI (1) is  denoted by - 
YQI(2) is denoted by 

' ' Y#(3) is  denoted by - - - 
YQI(4) 'is denoted by - - - . 

and YQI(.5) is  denoted by - - - - - 
The remainder of t h i s  chapter  is  devoted t o  a t reatment of the  t e s t  

problems, one by one. . . 

2 . 1  Tes t  Problem 1 

This test problem is a v a r i a n t  of problem 12 i n  [18] and can be  des- 

cr ibed a s  follows: For N . >  - 1, def ine  t h e  NxN symmetric un i t a ry  matr ix  
. . 

U = [ u  ] b y .  
i j  

-. 
Note t h a t  1 u = 1. Let B = diag(B B . . . , B  ) be' a r e a l  matrix.  . Then t h e  

4 =1 i j 1' 2' N 
system of. 6 ~ ~ ' s  can be given by 

. 
(2.1.2) y = Uz - UBw 

. . 

with . .  ! 

We take  t h e  i n i t i a l  condi t ions .  t o  be  
. r .  . . 



(2.1.4) 
i 

y (0) = -1 , 

so t h a t '  the  so lu t ion  can be shown t o  be 

(2.1.5) y = Uw 

with 

This system involves t he  time' constants  I B - l l  i and it can be made a r b i t r a r i l y  

s t i f f  by forcing t he  condit ion'  0 < min 1 Bi ( << max 1 Fi 1 . The Jacobian matrix 
i 

f o r  the  system, J = [.ayi/ayj], is  given by 
i 

The f i v e  cases f o r  which t h i s  t e s t  problem was run a r e  described i n  

Table 2.1.1. There, we have noted t ha t  the  eigenvalues A i  of t he  Jacobian 
. . 

matrix s a t i s f y  A + - 1  f3,l a s  t + - and hence the  s t i f f n e s s  r a t i o  
i 

TABLE 2.1.1. The Five Cases f o r  Problem 1 
ASYMPTOTIC 

CASE N 

1 4 

STIFFNESS 
I B i l  . RATIO 

3 
(10 , 800, -10, .001) lo6  

2 4 ' C l O  , 800, -10, .001) l u R  5 

t ~ h e  no ta t ion  n(m) here denotes t h a t  t he  value m i s  repeated n 
times i n  the  s e t  of 6 ' s .  

max}Re(Ai) I / rninlRe(A ) I i s  asymptotically maxi Bi 1 / min ( B i  1 .  The output 
i i i 

i i 1- 

poin t s  f o r  t h i s  example were taken t o  be a t  t = lon,  k = -2 ,-I,. . . ,3. The 



maximum number of allowable function calls, NFEMAX, was set at 5000 and a run 

was terminated when this value was exceeded. The time interval was 

1 
In Fig. 2.1, the solution for Case 1 is plotted. In this graph y. and 

2 
y are superimposed, since the particular scale .selected does not give suffi- 

cient resolution between them. The stiffness of the problem would lead us to 

expect that the METH = 1 and MITER = 0 options would of ;en fail. Further, 

the fullness of the Jacobian matrix indicates that the MITER = 3 would not be 

a good choice for either GEAR or EPISODE. Because EPISODE uses variable step 

size methods, as opposed to the GEAR fixed step size-interpolate methods, we 

- would expect to see the following results for a smooth problem like this. 

EPISODE will take fewer steps than GEAR in solving the problem at the cost of 

more Jacobian evaluations, more LU decompositions, and computation of the 

coefficients of the integration formulas as opposed to tab.le look-up as in 

GEAR. See [6] for a detailed comparison. The raw data in Tables 2.1.2.1 -. 

2.1.2.5 support these claims and demonstrate that when GEAR begins to evaluate 

the Jacobian fairly often, the step size strategy tips the running time advan- 

tage away from GEAR. Also, note the  orr rob oration of Krogh's warning [18] . 

that failure to keep the error tolerance smaller than min(B. I can lead. to 
i 1 

trouble. please see Tables 2.1.3.1 - 2.1.3.5 for a comparison of the best 

runs with GEAR and the best runs of EPISODE for each of the five cases. 

I-~ere and elsewhere, we use the notation MF = 10*METH + MITER as in the codes. 
This interpretation of METH and that of Table 2.0.1 can be distinguished by 
context. 
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HETH PROB EPS 

EP10 1 2 3 
E P l l  1 2  3 
EP12 1 2 3 
E P l S  1 2  3 
EP2a 1 2 3 
EP21 1 2  3 
EM2 1 2 3 
EP23 1 2 3 
EPlB 1 2 6 
E P l l  1 2 6 
EPl2 1 2 6 
E P l S  1 2 6 
EP20 1 2 6 
EP21 1 2 6 
EP22 1  2 6 
EP23 1 2  6 
EPl0 1 2  9 
E P l l  1 2  9 
EP12 1 2 9 
EPl3 1 2 9 
E P 2 0  1 2 9 
EP21 1 2 9 
EP22 1 2 9 
EP23 1 2 9 

OR16 1 2 3 
GRl1 1 2 3 
GR12 1 2  3 
GR1S 1 2 3 
CR20 1 2 3 
GR21 1 2  3 
OR22. 1 2 3 
GR23 1 2 3 
OR10 1 2 6 
GRll 1 2 6 
OR12 1 2 6 
GR13 1 2 6 
2 1 2 6 
CR21 1 2 6 
OR22 1 2 6 
CR23 1 2  6 
a 1 0  1 2 9 
M l l  1 2  9 
m i 2  1 2 9 
OR13 1 2 9 
GR20 1 2 9 
GR21 1 2 9 
OR22 1 2 9 
OR23 1 2 9 

LAST T NS T E P  NFE NJE E R 0 TOTAL T J SETUP DER T I  .1E Pli TlME SOL T I M E  STEP T 

a .+isfi-ai 
338 .163D 5ffi 
257 .163D f f i f f i  

la52 .822D a2 
f f i  .285D-61 

56 .446D f f i @  
56 .446D 88 

1454 .134D ffi3 
f f i  .2ffi8D 91 

316 .163D ffil 
264 .162li ffil 

1642 .451Li B3 
6 .2315 81 

64  .855D ffil 
66 .855D ffil 

1 a 2  w 
D .768D f f i f f i  

396 . Z ~ ; D  a1 
295 . 3B2D ffil 

1121 .652D ffi4 
a .268D ffil 

116 .538D 61 
2ffi3 .713D ffil 

1446 .174D ffi4 

a ,3491s-ffii 
85 .359Is ffil 
50 . S59D 61 

8ffi9 .254D ffi3 
. f f i  .392D-81 

31 .11ffiD ffil 
31 . i i f f i~  a1 

1157 .lffi8D 63 
f f i  .'559D ffil 

333 .371D ffil 
276 .795D ffil 
771 .17ffiD 64 

O .669D ffil 
53 .467D ffil 
48 .467D 91 

11.37 .117D 64 
a .179D 91 - 

389' .12BD 02 
277 .2lSD .02 
697 .228D 04 
6 .445D, 91 

81 .5ffi9D> a1 
8a . S92D E l  

842 as  



PROB EPS I x  LAST T 1 NFE 

59832 
881 
8 36 
685 

5951 
825 
167 

1111 
5aas 
5aai 
4295 
4 3832 
'5B91 

51 1 
546 

3418 
5aa4 
'5aal 
3599 
3799 
5aOl 
1246 
1196 
3315 

59a4 
4 34 
423 

4413 
56a1 
226 
214 
7aa 

5affil 
4479 
1656 
4381 
5aa4 
452 
,531 
3797 
5652 
'%a4 
379a 
4276 
5aa1 
1369 
1445 
4986 

NJE 

a 
2 3a 
228 
191 

a 
177 
69 

396 
a 

2 35 
,199 
699 

a 
87 
9 1 

16/21 
a 

405 
35 1 

l2a3 
a 

115 
117 

1686 

a 
5 7 
57 

589 
a 

35 
35 

eia 
a 

39 3 
136 
629 

a 
48 
46 

1204 
a 

377 
3a3 
725 

a 
1 aa 
91 

928 

E R O  

. 34 7D QL4 

.935D at3 

. ~ S S D  aa 

.1BQD 64 

.378D-@l 

.1aafi m 

.261D 0&i . 1 aaD 94 

.197D E l  

.879D ffia 
,7671) 
.423D a6 
.255D 61 
.647D a1 
.649D 01 
.448D a5 
.76BD-ffil 
.217D 631 
.582D Bi l  
.146D 65 
.5&i3D-01 
.873D 91 
.868D 61 
.115D a4 

.2ffi6D-01 

. 39711 aa 

.764D 5ffi 

. 4a6D Bi4 

.123D-01 

.11ED Pi1 

.11m a1 

.534D W 

.676D a1 

.922D 

.227D 51 

.222D 86 

.698D a1 

.188D a1 

.298D D l  

.192D 53 

.471D-01 

.39ffiD 62 

.163D a1 

. l B l D  a5 

.683D-81 

.635D 61 

.487D 61 

.848D 63 

TOTAL T 

. l @ l D  a7 

.332D a6 

.S47D B6 

.2&i5D 96 

. l am a7 

.3D2D lZ6 

.881D l3S 

.28@iD 66 

.lffi6D 87 

.256D 57 

.217D 67 

.131D 87 

.986D &i6 

.188D 96 

..2llD a6 

.829D k36 

.117D 97 

.265D @7 

.14YD a7 

.98SD 96 
,112D a7 
.443D 66 
. 442D 66 
.829D Pi6 

.769D 96 

.116D 96 

.122D 86 

.687D 66 

.742D a6 

.713D 65 

.739D 95 

.116D 66 

.749D 96 

. I1 SD 87 

.421D 66 

.686D E6 

.746D 66 

.149D 66 

.168D @6 

.582D a6 

.918D 96 

.l2lD a7 

.952D 86 

.71&iD E6 

.934D 86 

.414D 66 

.4SBD 66 

.744D ffi6 

J SETUP 

.a 

.581D 95 

.827D 85 

. a 

. a 

.447D 65 

.258iD 95 

.a 

.a 

.593D QS 

.722D ffi5 

. a 

.a 

.226D as 

. 33ffiD ffi5 

. Q 

.a 

.1B2D 66 

.127D 66 . a 

.a 

.295D 65 

.424D a5 

. 9 

.a 

.144D 95 

.2137D 95 . a 

. 9 

.883D a4 

.127D &is 

.a . a 

.992D 65 

.493D ffiS 

.a 

.a 

.121D 95 

.167D 15 

.a 

. 9 

.952D 65 

. l l E D  96 

. a . a 

.252g 65 

.339D a5 

.a 

DER TIME 

.248D 66 

.437D ffi5 

.41SD as 

. 34ffiD BS 

.248D ffi6 

.4ffi7D a5 

.823D '64 

.551D as 

.248D 66 

.2480 E6 

.298D a6 

.213D 56 

.248D a6 

.253D 65 

.271D 85 

.169D a6 

.248D .a6 

.248D a6 

.178D ffi6 

.188D 66 

.248D a6 

.618D 635 

.593& as 

.164D 66 

.248D ki6 

.215D 15 

.2laD as 

.219D 96 

.248D 916 

.1B9D 85 

.18i6D BiS 

.347D Bi5 

.248D 66 

.222D 66 

.821D 65 

.217D 66 

.248D Bi6 

.224D 95 

.26SD 65 

.188D 66 

.248D a6 

.248D 66 

.188D 96 

.;?I213 a6 

.248D) 66 

.679D ffi5 

.716D QS 

.263D a6 

PD TIME 

.9 . 

.3a51i a5 

.452D a5 
,947D 64 . a 
. ~ S S D  as 
.137D ffi5 
.196D a5 
.a 
.311D &is 
.395D 85 
. S4 7D BiS 
. a 
.115D as 
.18ffiD a5 
,794 D 05 
.a 
.537D a5 
.696D 85 
.596D a5 
.a 
.152D 95 
.2S2D 55 
.836D a5 

.a 

.755D BY 

. I1  3D 95 

.292D a5 

. a . 464 D a4 

.694D QY 

.l&i4D 05 

.a 

.52lD 65 

.27ffiD 05 . SE7D 65 

.a 

.636D a4 

.912D ffi4 

.597D a5 

.a 

.5ffiED lt5 

.6ffiID 65 . 359D BS 

.a 

.133D 435 

.18BD a5 
,456D 65 

SOL TIME 

. a 

.398D a5 

.377D ffi5 

.a 

.a 

.375D a5 

.75ffiD a4 . ffi 
, a 
.226D a6 
.19ffiD 96 
.a 
.a 
.231D B5 
.246D 435 
. a 
.a 
.226D' 96 
.16SD 96 
.a 
.a 
.56SD a5 
. SYED 65 
.a 
.a 
.196D 95 
.191D 05 
.a , 

. a 

.999D 94 

.96SD a4 

.a 

. a 

.2D2D ffi6 

.748D 65 . a 

. a 

.2WD 95 

.24@D 65 

.a 

.a 

.226D 66 

.171D a6 

.a 

. a 
,618D 95 
.653D 95 
.a 

STEP T 
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PROB EPS IX 

1- 5 3 -1 
1 5 3  9 
1 5  3 9 .  
1 5 3. -1 
1 5 '3 -1 
1 5 3 . 9  
i s 3 . a  
1 5 3 1 1  
1 5 6 - 1  
1 5 . 6  ' a  
1 5 6  IZ 
1 5 6 - 1  
1 5 6 - 1  
1 5 6  9 
1 5  6 9 ,  
1 5 6 - 1  
1 5 9 - 1  
1 5 9  a 
1 5 9 - 1  
1 5 9 - 1  
1 5 9 - 1  
1 5 9  a 
1 5 9  a 

' 1  5 9 -1 

LAST T 

.239D @l 

. l9aD a4 

.1 09D 94 

.595D 91 

.22lD a1 

. 1@9D a4 

. l f f i f f i D  I4  

.137D ffia 

.197D E l  

. 1 BED a4 

.1aaD a4 

.284D 92 

.217D 91 

.16ffiD 94 

. 1 O9D @4 

.949D 92 

.187D 61 

. l a m  a4 

.373D 63 

.552D a2 

.178D a1 

. l P a D  ffi4 

. l f f iED 64 

.568D 91 

NSTEP 

2929 

NFE 

5ffia1 
1 a8 
108 
619 

5aa4 
113 
11 5 
822 

saai 
1889 
1ffi89 
3743 
5ffia4 

31 7 
31 7 

3551 
5Ba1 
1866 
1732 
3925 
5aa3 

932 
929 

36B3 

,375D Bffi 
.2WD f f i f f i  
.234D Dffi 
. l f f iBD 84 
.1@8D ffil 
.4SBD affi . 43ffiD 6ffi 
.1 ffiffiD 64 
.32ffiD BB, 
.166D f f i @  
.166& ffiB . 1aaD 67 
.169D Bil 
.336D e l  
.336D B1 
. 1ffiffiD. a7 
.777D affi 
.SBc)D a1 
.3ffi4D ffil 
.827D a4 
.869D '61 
.286D ffil 
.286D ffil 
.139D a3 

.525D ffi2 

.751D 82 
,751 D 92 
.13ffiD lffi 
.571& ffi2 
.6ffi9D 92 
.6B9D 92 
.117D a3 
.568D a2 
.484D 82 
.484& 82 
.271D ffi3 
.141D ffiS 
.144D a3 
.144D a3 
,114D 63  
..856D 82 
.781D ffil 
.781D ffil 
.145D a3 
.348D 63 
.395D a3 
.395D 93 
.Y12D ffiS 

TOTAL T J SETUP DER TIME 

.269ri ffi7 

.581D ffi5 

.581D ffi5 

.333D ffi6 

.P69D 67 

.648D 65 

.6ffi8D ffi5 

.442D a6 

.269D 47 

.586D 46 

.586D 46 

.2ffilD a7 

.269D 67 

.171D ffi6 

.171D ffi6 

.191D ffi7 

.269D 67 . 1ffiffiD 87 

.9XD 46 

.211D 67 

.269D 47 

.5@2D 46 

.SBffiD ffi6 

.194D ffi7 

PD' T IME 

.D 

.352D ffi6 

.452D 56 

.9SlD ffi5 . f f i  

.4ffiSD ffi6 

.517D 86 

.861D €55 

. 4 

.822D ffi6 

.1B5D 67 

.455D 66 . lz 

.495D ffi6 

.635D 86 

.783D ffi6 . f f i  

.152D ffi7 

.177D 87 

.581D 86 . f f i  

.8Y8D ffi6 . 1llzD ffi7 

.753D 56 

SOL T I M E  

. f f i  . S71D ffi5 

.371D 55  

.a 
, 9 . S89D a5 
.389D ffi5 
.a . f f i  
. S78D 66 
.378D 96 
. f f i  
. f f i  
. l l8D ffi6 
.115P 86 
. f f i  

.0 

.648D B6 

.6k31D 96 

.a 

.a 

.323D ffi6 

.S22D 56 

. f f i  

. 9 

.112D 56 

.989D 55 . 5 . f f i  

. W I D  as 

.871D' 55 . f f i  

.a 

. Y46D 86 

.565D i36 
:4 . 4 
.I8713 96 
.187D 56 
.a 
. 4 
.174D 57 
.764D 56 . f f i  
.a 
.519D ffi6 
.535D 56 
. f f i  

STEP T 

. SY8D 97 

.78i7D 56 N 

.717D 56 t, 

. 348D .97 

..S52D 7 

.657D 96 ' 

.7S9D 56 

.S36D 57 

.451D 57 

.27SD 57 

. S84D 57 

.348D 57 

.379D 97 

.127D 57 . 

.1 S9D 97 . S48D 97 

.U58D 97 . . t@2D 98 

.472D 97 

.379D 57 

.456D 97 

. SOYD 97 . S36D 57 

. S83D 97 



TABLE 2.1.3.1. A Comparison of the Best Runs with GEAR and the, 
Best Runs with'EPISODE 'for 'Test 'Pto~lem.'l, 'Case 1 

EPS = EPS = loe6 EPS = lo-' 
~ ~ 2 1 1 ~ ~ 2 1  GR21lEP21 GR22/EP21 

TOTAL T 

. . 

- =  '444 .835 - 4*71 .= 1.78 , ' 

3.92 
ERO - = .523 .532 2.65 7.49 

. . 

113 
NSTEP - = 1.16 

309 - = 1.33 795 - 0 1.26 
9 7 232 630 

NFE - =  144 .973 - =  315 1.05 912 
148 35 6 

- -  .972 
938 

NJE - =  21 .467 - -  41 - .641 _ -  
4 5 6 4 

59 - .634 
93 

9 SETUP 900530 .465 Pi *0103 .G3G .0214 - ,911 
.0114 .0162 .0235 

DER TIME -00714 = ,973 -= 1.05 - =  
.00734 .0177 

.972 
.0465 

PD TIME *00278 = -466 = -640 -= 
.00596 .00848 

*0117 .951 
.0123 

SOL TIME 00646 = .971 -- *0169 - 1-06 t 

.00665 .0160 
*0412 .972 
.0424 

STEP T -=  *0369 .681 - =  *111 .854 - =  
.0542 ,130 

*280 .843 
,332 



TABLE ,2.,1.3.2. A Comparison of the Best Runs with GEAR and the 
, .,Best Runs with EPISODE for Tesf'Problem 1, Case 2 

EPS = lom3 EPS = EPS = lo-' 
GR21lEP21 GR22lEP21 . a .. GR21lEP21 

TOTAL T . 

ERO 

NSTEP 

NFE 

NJE 

J SETUP , ' 

900782 = -555 
.0141 

DER TIME 

PD TIME -00411 = -554 ~ ~ 0 9 5 2  = 1-12 -= 
.00742 .00848 *0107 .694 

.0154 . . 

900918 = 1-30 SOL TIME . -= *0202. ;971 - =  
,00705 .0208 '0554 1..03 

.0536 , 

sorEp i i ;  -- .054.5 - -  - .941 . .  . - -913 - =  
.0597 .I53 ' 3 4 8  .857. 

.406 



TABLE 2.1.3.3. A Comparison of the Best Runs with GEAR and the 
Best :Runs with 'EPISODE 'for 'Test 'Probla '1; .Case 3 

- 3 -9 
EPS = 10 * 'EPS = lo-6 ' EPS = 10 ,, 
GR21/EP'22 ~~21/EP21 ~ ~ 2 1 / E P 2 2  

. , .... . .,. . . . 

TOTAL T -- ' *0713 - :809 
.0881 

ERO 

NFE - 220 1.32 - -  452 - .885 - =  
167 511 

1369 1.14 
1196 

35 - =  48 .552 
100 

NJE - = .507 8 7 
- = .855 

6 9 117 

-.00883 - .353 - =  .0121 .550 .0232 .594 
;J SETUP - -=  

-0250 ,0220 .1)63.4 

'0109 = 1-32. DER TIME -=  *OZz4 .886 -= 
.00828 .0253 

.0679 1.15 

.0593 

900464 = 339 000636 = *553 .0133 .573 
PD TIME -=  

.0137 .0115 .0232 

00990 = 1.32 - =  '0204 .883 SO618 1.14. 
SOL TIME -=  

,007 50 .(I231 .0540 

STEP T -=  *0611 ,785 - =  .762 - =  *376 .926 
.406 .0778 .I72 

* 
EP21 failed with INDEX = -1. 

** 
EP21 gave very similar results. 



TABLE 2.1.3.4. A Comparison of the Best Runs with' GEAR and the 
Best 'Runs 'with 'EPISODE 'for :Test 'Probl& '1; 'Case 4 

EPS = EPS = , , , EPS = lo-' 
GR21/EP21 GR21/EP21 G~21/EP21 

TOTAL T - -  *I7' - 1.15 
.149. 

ERO - =  61*8 41.5 
1.49 

NSTEP 

NFE 

NJE - =  26 .619 - 45 - - .692 86 
6 5 

- = .896 
4 2 96 

J SETUP -=  *0484 .618 - =  *0839 .693 -- 
.0783 .I21 

'160 - .894 
.I79 

DER TIME . .  
.0354. -=  -=  '0840 1.52 - =  
.0214 .0551 . . 

*234 1.59 
.I47 

SOL TIME 

STEP T , 



TABLE 2 . 1 . 3 . 5 .  . A C o m p a r i s o n  of the B e s t  Runs with'GEAR a n d  the 
B e s t  ' R u n s  'wit l i 'EPISODE 'for ' T e s t  ' P r o b l a  1 C a s e  5 

EPS = EPS = 
G ~ 2 1 / E P 1 1  GR211EP21 

EPS = lo-' 
GR211EP21 

TOTAL T 

ERO 

NSTEP 

NFE 

NJE 

J SETUP 

DER TIME 

PD TIME 

SOL TIME 

STEP T 



2.2  Test Problem 2 

A variation of problem 1, a l s o  described, by Krogh [18],  i s  the 

following : 

U is  defined by (2 .1 .1)  , 

and 

The Jacobian matrix for  the system is 

and asymptotically,'  the eigenvalues are B ?B i, - 1 B3 1 , and - 1 B4 1 . The exact 
1 2  

solut ion for t h i s  example i s  

where 



(2.2.10) 

(2.2.11) 

and 

For this problem, 

6 so that the stiffness ratio is 10 , asymptotically. The output points were 
k 

t = 10 ,, k = -2,-;b,...,3. The results in Table 2.2.1 indicate that the non- , '  

stiff and mildly stiff 'options in EPISODE do not perform as well as those in 

GEAR. Again MITER = 0,3 are poor choices (the problem is stiff and the 

JacvLiau w l r t x  is full). The total running times for EPISODE and GEAR are 

within about 10% of one another. In Pig. 2.2.1, we see t h a t  the solution  ha^ 

a transient at about t = . 3  and hence expert that EPISODE would hnndlc that 

situation with less difficulty than GEAR. A comparison of the best runs' with 

GEAR and the best runs with EPISODE for problem 2 is given in   able 2.2.2. 
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TABLE 2 . 2 . 2 .  A C o m p a r i s o n  of the B e s t  R u s ' w i t H ' G E A R ' a r i d  the 
B e s t  R u n s  w i t h  'EPISODE ' for ' T e s t  ' ProbI&i 2 

TOTAL T .0668 - .971 -=  
. , .0688 

NSTEP 

NFE 

NJE 

J SETUP 

DER TIME 

PD TIME 

SOL TIME 

STEP T 



2.3 Test Problem 3 

 his test problem was motivated by a study of concentrations of minor 

chemical species in the earth's atmosphere. ' Some of these concentrations are 

governed by photqchemical reactions which vary diurnally (with the sunlight 

present), as a square wave with a 24-hour (86,400 second) period.. The reac- 

tion rate increases from its minimum to its maxim* value very rapidly, holds 

the maximum value for about twelve hours, then quickly assumes its minimum 

value for about twelve hours, and the cycle is repeated. The simple one- 

dimensional model described below is a mockup of such a chemical process. For' 

further remarks about such problems, see 52.10 and [4], [6], [7], [9], [16], [17]. 

The ODE can be given by: 

exp(-Cwlsin at), sin wt > 0 
(2.10.1) E(t) = 

10, sin wt 5 0 , 

and 

(2.10.4) ~(0) = H(O) 

By inspection, the exact solution of the problem is seen,to be 
. . 

The Jacobian is the 1x1 matrix 

.For the data in Tables 2.3.1.1 - 2.3.1.2, , 

(2.10.7) 
-18 -19 A = 1 0  , C = 4 ,  D = 1 0  , w P  ~143,200 

and the interval of integration was 432,,000 seconds (or 5 days). Output was 



:a 08s t 
98 CIC82' 
98 t 
L8 a252: 
F8 ULBE 
58 QZ6t ' 
58 Q6Lt' 
L8 UFhZ' 
98 acts. 
58 at~s. 
58 acis: 
L8 QhZt 
L8 QZ5t ' 
58 azw 58 QZhZ' 
La Q52t ' 
98 BbFf ' 
98 agzz. 
98 a~ct' 
98 acz9. 
98 ascL 2 
98. Q5fS' 
98 EEL ' 
98 a689' 

L8 QLtZ: 
98 Ufff 
98 Uh6ta 
L8 0162' 
L8 QZ9f' 
58 flEtZ' 
58 058Z' 
Lfl Q,08za 
La azgt' 
98 crttt. 
98 a68 t ' 
LB CrEht' 
LB azei: 
58 a~s~ 58 QZLZ' 
L8 Qhht' 
98 Uhhh' 
98 QZ52' 
98 ahst' 
98 UZZL* 
98 0668' 
98 Qt89' 
98 a588. 
98 aBtL- 

' 8: 
98 Cl5Et 
98 QfEt' 

8. 
8' 

98 UZSZ' 
98 a59~ 

a. 
a* 

58  ass^ 
58 098s: 

8 
8' 

98 U5Z t ' 
98- 02: t ' 

8' 
8' 

58 azst 
58. Q88t ' 

a. 
8' 

5B CfSZ9' 
58 Ut99' 

a. 

98 QZEh' 
98 azt:. 
98 ClZEh' 
a8 aza t 
28 GEES' 
za U~GE 
68 UZ8E ' 
a8 azata 
98 a2~tr' 
98 UZEt:' 
98 azrt:. 
88 Uttt' 

86% 
L826 
Ft86 
8tS5 
ate: 
tZ8 
: 28 
8h62 
ShE t: 
589h 
888tr 
6Q6Z 

t8 a925 
aa uzga- 
aa azaz. 
8B Uttt' 
98 UZEh ' 
98 .U2Eh' 
96 .UZEh ' 

95h t 
ZZht 

6E9h 
92L t, 
?Bas 
EBBS 

aa astt. 
Ear UFEE' 
ta UE~Z: . 
?a (369-3. 



HETH PRGB EPS ix  LAST T NSTEP NFE NJE E R O TOTAL 7 j SETUP DER TIME pij TIME 30i TIME STEP T 

EPla 
E P l l  
EPI.2 
EP13 
EPZffi 
EP21 
EP22 
EP23 
EPIB 
EPl  I 
EP12 
EP13 
EP2G 
EP21 
EP22 
EP2 3 
EPl  Bi 
EPl I 
EP12 
EP13 
EP26 
EP2 1 
E P 2  
EP2 3 

GRlBi 3 
G R l l  3 
G R 1  3 
GR13 3 
GR26 3 ' 
GR21 3 
GR22 3 
GR23 3 
GRIa '3 
GRl l  3 
GR12 3 
GR13 3 
GR20 3 
GR21 3 
GR22 3 
GR23 3 
GRlB 3 
GRl l  3 



generated every 43,200 seconds (twelve hours).  Two cases  were run: 

Case 1, B = 10 
8 

-5 Case 2, . B  = 10 . 
See Figs.  2.3.1 and 2.3.2 f o r  graphs depic t ing t h e  na tu re  of t h e  so lu t ions .  

For Case 1, t h e  t i m e  constant  r = I /B = is  very small i n  comparison wi th  

t h e  l eng th  of t h e  i n t e r v a l  of in tegra t ion ,  432,000 seconds. Hence, t h e  problem 

is very s t i f f .  Case 2 i s  t h e  non-st iff  v a r i a n t  of Case 1, i .e.  T = 1/33 = 10 
5 

i s  of t h e  same order of magnitude a s  t h e  l eng th  of t h e  i n t e r v a l  of in tegra t ion .  

Case 1 ( t h e  s t i f f  case) is  the  type of s t i f f  problem f o r  which w e  might 

expect EPISODE t o  outperform GEAR, except poss ib ly  f o r  MF = 23. W e  would a l s o  

expect.METH = 1 and MF = 20 opt ions  not  t o  perform wel l  f o r  e i t h e r  code. The 

reason f o r  t h e  l a t t e r  statement is  c l e a r  -- t h e  problem i s  very s t i f f .  The 

former remark bears  explanation. I n  solving t h e  nonlinear system f o r  t h e  

cor rec t ion  i n  both GEAR and EPISODE, an  approximation t o  t'he Frech6t d e r i v a t i v e  

F' (yn,tn) = Pv = I -  ( h v l / ~ O , v , ) ~ v ,  v , v l  5 n is  used. When MITER = 3,  K 
i j v ', 

i s  a diagonal approximation t o  J = [DyV(0) /~y ] and i n  both codes v' = n ,  
- v 

i . e .  t h e  s c a l a r  c o e f f i c i e n t  of P i s  updated a t  each s t ep .  Since J i s  1 x 1 ,  
v v 

then P is  a l s o  a f u l l  1x1 matrix and is simply a f i n i t e  d i f fe rence  approxi- 
V 

mation t o  a d i r e c t i o n a l  de r iva t ive  involving t h e  Jacobian matrix.  I n  t h i s  ' 

problem, some of the  r e a l  d i s t i n c t i o n s  between EPISODE and GEAR a r e  again  

c l e a r l y  observed -- EPISODE is a t r u l y  v a r i a b l e  s t e p  s i z e  code, while GEAR 

changes s t e p  s i z e  by in te rpo la t ion  [ 4 ] , [ 6 ]  and t h e  codes use  d i s t i n c t l y  d i f -  

f e r e n t  e r r o r  analyses.  These a r e  manifested by t h e  d a t a  f o r  MF = 2'1,22 f o r  

which v1 = v and K = Jv. o r  K is a f i n i t e  d i f fe rence  approximation t o  J v V v ' 
respect ively .  Note t h a t  GEAR only succeeded with MF = 23 and f a i l e d  with 

INDEX = -1 o r  -2 f o r  a l l  o the r  MF choices.  

For Case 2 ( t h e  non-stiff case ) ,  both codes gave s u b s t a n t i a l  e r r o r  run 

over (ERO), but  i t  remains a t  about t h e  same order of magnitude f o r  a l l  va lues  
2 3 -6 of EPS f o r  both codes ( ~ 1 0  o r  10 ) . Further ,  f o r  EPS = 10 ,lo-', t h e  non- 

s t i f f  opt ions  of GEAR a r e  up t o  30% f a s t e r  than those i n  EPISODE, whi le  t h e  

s t i f f  opt ions  i n  EPISODE perform b e t t e r  than those  i n  GEAR. This  example 

a l s o  shows how s t i f f n e s s  ( v i a  t h e  s e l e c t i o n  of values  f o r  B) can a f f e c t  t h e  

performance of ODE codes. See Tables 2.3.2.1 - 2.3.2.2 f o r  a comparison of 

the  f a s t e s t  runs with GEAR and the  f a s t e s t  runs w l L h  EPISODE. 



PROB. 03 - STIFF 



PROB. 03 - NONSTIFF 



TABLE 2.3.2.1.. A Comparison of the Best Runs wifh'GEAR and'the Best 
' 

Runs with'EPISODE 'for 'Test 'ProGl&h '3; 'Case 'I '(Stiff) 

TOTAL T 

ERO 

NSTEP 

NFE 

NJE 

J SETUP 

EPS = 
GR231EP23 

-- 1452 - 1.79 
812 

- =  2691 2.06 
1307 

- =  384 .842 
456 

0 - 
0 

DER TIME .I42 - 2.05 
.0692 

PD TIME 

SOL TIME 
0 - 
0 

EPS = EPS = lo-' 
GR23/EP23 G~23/EP23 

7973 - = a,. 59 
4 / 6 1  

. . 

10172 - = 1.25 
8148 



.TABLE 2.3.2.2. A .  Com$arison of the ~est'.Runi 'with 'GEAR:and the Best 
Runs 'with 'EPISODE 'for ' T e s t  'Probld '3; 'Cage '2 ' (Nonstiff) 

. .  . , .  . ,  

EPS = 
G R ~ O / E P ~ ~  

EPS = 1 0 - ~  
~ ~ 1 0 / E P 1 0  

EPS .= lo-' 
G R ~  3 /EP 13 

ERO 

. NSTEP 

' NFE 

NJE . 

J SETUP 

DER TIME 

PD TIME 

. . 

SOI; TIME 



2.4 Test  Problem 4 

T h e  Van der  Pol  o s c i l l a t o r  [I]  is t h e  b a s i s  f o r  t h i s  example and can be 

given by 

(2.4.2) x(0) = 2 , 

and 

(2.4.3) i ( 0 )  = 0 . 

For Case 1, TI = 100 and f o r  Case 2, TI = 3. This problem requ i res  t h a t  t h e  

'second order problem be replaced by a system of t w o ' f i r s t  order  ordinary 

d i f f e r e n t i a l  equations by s e t t i n g  

so. t h a t  

1 T 
The point  [y  (0) , y 2 ( ~ )  lT [2,0] l ies  on t h e  l i m i t  cycle  b f  t h e  i n i t i a l .  

va lue  problem (2.4.5) r egard less  o f , t h e  choice of TI. The ob jec t  of t h i s  prob- 
1 l e m  was t o  f i n d  t h e  zeros of y ( t ) , . w h i c h  sounds deceptively simple. I f  t* 

denotes a zero of y1 and t denotes an  output  t i m e  near t*, then w e  used out 
Newton's formula and took 



t o  be t h e  'approximate va lue  of t h e  zero  t*. The r e l a t i v e  phase s h i f t  was then  

measured by s e t t i n g  

and it is this e r r o r  t h a t  is t o  be  i n d i r e c t l y  c o n t r o l l e d  by t h e  i n t e g r a t o r .  

This  problem is comprised of two cases :  

Case 1, 0 = 100 

Case 2, n = 3 . 
. For both  cases ,  appropr i a t e  v a l u e s  of t* were found by us ing  EPISODE w i t h  

EPS = 10-12, l o c a t i n g  t h e  zeros  v e r y  accura t e ly ,  and r e t a i n i n g  va lues  obtained 

from t h e  r i g h t  hand s i d e  of (2.4.6). Values f o r  t* a r e  given i n  Table .2.4.1., 
. .. 

TABLE 2.4.1. Values of t* 

CASE 1 CASE 2 
T l  = ,100 n = 3  

81.1723778705497 3.60761267698567 
162.590913432667 8.03716042148430 
244.009448787067 12.4667081698911 
325.427984460614 . ' 16.8962559182921 

  he tactics f o r  f i n d i n g  tout and thus  tz i n  (2.4.6) v a r i e d  w i t h  t h e  

choice  of va lue  of n.. The reason t h a t d i f f e r e n t  t a c t i c s  were used is  a prag- 

mat ic  one -- t h e  t a c t i c s  work. A more thought fu l  explanat ion  can be  obta ined  

a f t e r  examining Figs .  2.4.1 -.. 2.4 ..6. F igures  2.4.1 and 2.4.2. g i v e  t h e  phase 

p l ane  p l o t s  f o r  Case 1 (n = 100) and Case 2 (n = 3) where t h e  comparison of 

scales is  q u i t e  dramatic .  I n  p a r t i c u l a r ,  t h e  va lues  of y2 ( o r  YO(2) i n  t h e  
1 

graphs)  and t h e  =ate of change of y2 i n  comparison w i t h  y ( o r  YO(1))  are 

q u i t e  d i f f e r e n t .  The graphs of t h e  s o l u t i o n s  (Figs.  2.4.3 - 2 . 4 . 6 ) ' f u r t h e r  

i n d i c a t e  th; d i f f e r e n c e  between t h e  two c a s e s  a n d .  i n  t h e  r eg ions  of  v a l i d i t y  > 

of '  t h e  Newton i t e r a t i o n .  They a l s o . i n d i c a t e  that t h i s  problem i s  n o t  s o  easy  

as i t  might f i r s t  seem. 
. . 
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PROB, 0 4  -- CASE 2 -- . F I  RST COMPONENT 



, 
I n  Case 1, EPISODE and GEAR were allowed t o  select t h e i r  own s t e p  s i z e  

from t h e  i n i t i a l  t i m e  u n t i l  a n  in t e rmed ia t e  time t < t* by us ing  INDEX = 1 
1 ,  

i n i t i a l l y  and INDEX = 0 t h e r e a f t e r .  Then t h e  i n t e g r a t o r  was  r equ i r ed  t o  
1 1 r e t u r n  t o  t h e  main program a f t e r  each  s t e p  u n t i l  y ( t  )*y ( t I )  0 ,  t hen  

ou t  
t h a t  v a l u e  o f  tout is used i n  (2.4.6). New va lues  a r e  ass igned  t o  t* and tI 

and t h e  p roces s  is repea ted .  

I n  Case 2 ,  b o t h  GEAR and EPISODE were r e q u i r e d ' t o  t r y  t o  h i t  t h e  output  

t imes  t* i n  Table  2.4.1 v i a  t h e  u s e  of INDEX = 2 a f t e r  t h e  i n i t i a l  s t e p s  w i t h  

INDEX - 1. 

I11 buPll c a s e s ,  culuyuLaL1u11 wau Lrrlulnated xlear Llle l a s ~  1luLed values 01 

t* i n  Table 2.4.1 and d a t a  were g a t h e r e d ' a t  o r  n e a r  t h e  s e v e r a l  t* l i s t e d  

t h e r e .  

For Case.1, GEAR s u f f e r s  much l a r g e r  ERO than  EPISODE. However, t h i s  

couXd b e  a t t r i b u t a b l e  i n  p a r t  t o , t h e  manner i n  which t h e  t* were obta ined .  

The o p t i o n s  MF = 10,20 were always unsuccessfu l .  For Case 1, NFEMAX was 3500 

f o r  EPS = 7000 f o r  EPS = and 14000 f o r  EPS = lo-'. 

I n  Case 2,  a l l  MF s e t t i n g s  worked and EPISODE g e n e r a l l y  r a n  more s lowly 

t h a n  GEAR. P l e a s e  see Tables  2.4.2.1 and 2.4.2.2 f o r  t h e  raw d a t a  and 

Tab le s  2.4.3.1 and 2.4.3.2 f o r  a comparison of t h e  b e s t  runs  w i t h  GEAR and 

t h e  b e s t  runs  w i t h  EPISODE. 



METH 

E P l a  
E P i  1 
EP12 
E T l  3 
EP2a 
EP21 
EP22 
Ee2 3 
EP10 
E P l  1 
Eqin 
EP1 3 
EPLa 
EP2 1 
EP22 
EP23 
EP10 
E P i  1 
EPl2 
EP13 
EP28 
EP21 
E P ~ Z  
EP23 

GRia 
GRi 1 
GR12 
.GR13 
GR2a 
GR21 
GR22 
GR2 3 
GR10 
GRl 1 
GRi2 
GRi 3 
GR20 
GR2l 
OR22 
GR2 3 
GRla 
OR1 1 
GRIP 
Mi 3 
SRL0 
GR21 
OR22 
W 2 3  

PROB EPS IX LAST T 

.549D a1 

.324D 93 

.324D 83 

.183D 54 

.525D 91 

.321D 93 

.322D a3 

.368D 4 3  

.112D a2 

.325D 63 

.325D 93 

.326D 63 

.118D 92 

.325D 13 

.325D Pi3 

.325D 93 

.245D .a2 . 

.325D a3 

.325D 93 
,325D 63 
.215D 62 
.325D 633 
.325D a3 . 325D 93 

.619D a1 

.565D fi3 
,567D 63 
.216D 96 
..631D P i  
.484D a3 
.563D '33 
.Y57D a3 
.127D 92 
:579D 83 
.488D 93 
.326D 93 
..l27D a2 
.57aD a3 
.57fiD 93 
.325D 93 
..258D 92 
.:57BD 93 
.57aD 63 
.325D 93 
.220D 92 
.575D a3 
.57aD 63 
.Y88D a3 

NS TEP 

2b5 3 
248 
316 

2676 
2676 

296 
32 1 
1 74 

4&91 
1313 
1568 
1496 
4161 

891 
818 

1344 
7492 
7861 
6119 
4341 
792 3 
2294 
9243 
2869 

2b355 
999 

' 952 
2413 
2611 3 

978 
1182 
7a5 

411s 
2452 
2861 
1774 
4976 
3972 
2844 
2325 

13734 
8298 
7552 
4896 
8ZZ6 
9759 
8355 
791 4 

NFE 

3591 
531 
6 7ffi 

3164 
3591 
65 3 
683 
369 

7992 
2622 
3951 
2737 
7 m i  

. 1655 
1683 
2668 

149ffi4 
l27B8 
llf f i44 
849ffi 

14a91 
4363 
4241 
5351 

3591 
2129 
2ffi72 
32 78 
3583 
21 38 
291 7 
1385 
7991 
33% 
2883 
3165 
78ffi1 
3883 
3838 
391 8 

14a91 
12176 
9417 
8937 

14864 
la848 
9993 

ia i i s  

NJE 

a 
147 
166 
337 

a 
163 
1 72 
96 

a 
319 
362 
555 

f f i  

22a 
229 
697 

a 
1 l2B 
1 @a9 
1197 

9 
3ffi6 
299 
686 

a 
222 
229 
22 3 

a 
292 
228 
185 

a 
325 
281 
369 

0 
329 
288 
456 

45 
881 
879 
681 

f f i  

929 
621 
8 36 

E R G  

. f f i  

.727D 61 

.722D 91 

.461D Pi4 

. a 

.2EffiD a2 

.I7913 92 
B3 

. f f i  

.3lSD ffi2 

.279D 62 

. 549D a4 

. a 

.115D ffi3 

.1ffi7D a3 

.575D 92 

.a 

.825D 92 

.752 D a2 . i22D as . a 

.358D 63 

.359D 63 

.16YD ffi3 

. a 

.7360 ffi3 

.742D 93 

.153D 63 

.a 

.488D 83 

.739D 63 

.4ffi6D 83 

. 9 

.751D 66 

.5aEiD 66 

.141D ffi4 . f f i  

.75ffiD 66 

.751D 96 

.295D 93 

.It 

.751D 89 

.751D 69 

.Y34D 64 . 9 

.751D 69 

.751D ffi9 

.59l D ffi9 

TOTAL T 

. 496D 96 

.119D B6 

.154D 66 

.886& a6 

.491D ffi6 

.l27D a6 

.151D ffi6 

.6ffi3D ffi5 

.985D ffi6 

.6ffi9D 8/6 

.749D a6 

.553D a6 

.987D ffi6 

. S65D 66 

.376& 66 

.516D 66 

.229D 67 

.4E9D 67 

.277D ffi7 

.183D a7 

.218D 67 

.1BZD 67 

.lffilD 67 

.11BD 97 

.363D 66 

.319D a6 

. 321D a6 

.517D ffi6 

.352D 66 

.321D ffi6 

.367D ffi6 

.183D ffi6 

.7SffiD ffi6 

.784 D a6 

.661D 66 

.461D 96 

.718D 66 

.936D 86 

.9ffiffiD 96 

.591 D .96 

.211D a7 

.266D 97 
,246D 67 
.132D 67 
.148D 87 
.278D 97 
.245D 07 
.2ffiSD 97 

DER TIME 

.419D a5 

.636D 94 

.8ffi3D a4 
,379D 65 
.Y19D 95 
.782D M 
.818D a4 
.442D ffi4 
.839D ffi5 
.514D 65 
.365D 95 
. 328D ffi5 
.839D ffi5 
.198D 95 
.2@2D ffi5 
.32ffiD 65 
.168D a6 
.152D a6 
.132D ffi6 
.1ffi2D 96 
.168D 06 
.525D a5 
.5ffi8D 95 
.641D Bi5 

.419D ffi5 

.254D a5 

.248D 85 

.393D ffi5 

..429D 65 

.256D 65 

.242D a5 

.166D ffi5 

.839D a5 

..399D ffis 
..345D 95 
..367D ffi5 
.,,839D ffi5 
i465D B5 
..469D ffi5 
.Y69D 95 
.168D 66 
.145D 96 
.113D a6 
.963D Pi5 
.168D ffi6 
.13ffiD ffi6 
.l2ffiD a6 ' 

.l2lD ffi6 

F D  TIME 

. a 

.iZffi7D 64 

.383D BY 

.48i4D 64 . f f i  

.229D ffi4 

. Y l Z D  94 

.115D 84 . f f i  
,44913 a4 
.867D 64 
.6650 ' a4 . a 
.3ffi9D ffi4 
.549D a4 
.835D 84 
.a 
.157D 65  
.242D ffi5 
.1Y3D 85 . f f i  
.4S&iD 64 
.716D ffi4 
.822D ffiY 

.a 

.312D 94 

.549D a4 

.267D a4 

.a 

.284D 64 

.546D Bi4 

.222D 64 . a 

.457D ffi4 

.673D 94 

.Y42ri BY 

.a 

.45ffiD ffi4 

.69t3D 94 

.5Y6D ffi4 

.a 

.12YD 95 

.2llD as 

.816D 94 . f f i  

.129D 95 

.149D 65 

.10ffiD' 65 

SOL TIME 

. a 

.129D 65 

.163D a5 . f f i  

.a 

.159D a5 

.166D ffi5 . f f i  . a 

.6S9D a5 

.743D a5 

.a . 9 

.4ffi3D a5 

.#lffiD ffi5 

.a 

.a 

.318iD 66 

.269D ffi6 

.a 

. a 

.1ffi6D a6 . la3D ffi6 

.a 

.a 

.517D 95 

.5ffi5D ffi5 . 8, 
- 9  
.521D a5 
.491D 65 
. f f i  . a 
.812D ffi5 
.7ffi2D Pi5 
.a 
.a 
.946D a5 
.935D Pi5 . a . a 
.294D 96 
.2SffiD 96 
.a . 
.a 
.26YD 96 
.24YD 96 . a 

STEP T 

.414D 96 

.19YD Pi6 

.136D ffi6 

.673D 96 

. ( l lOD Pi6 

. l l l D  96 

.132D Pi6 

.492D 95 
,8390 96 
.5;29D 66 
.663D '66 
. 469D a6 
.8.32D a6 
.316D 96 
.328D 96 
.429D 96 
.199D 657 . S66D 97 
.&OD 17 
.155D 97 I+ 
.186D 97 
.877D 96 p 
,872D ffi6 m 
.931D 96 h~ 

c. . & l D  Pi6 . 
.27PiD 96 IQ 
.276D 96 C 
.3YffiD 66 
.282D 96 
.27SD 96 
.31PiD 66 
.145D 96 
.591D 656 
.6Y3D Pi6 
.55ffiD 96 . S83D Pi6 
.577D 96 
.757D ffi6 
.7365D Pi6 
!491D Pi6 
.163D 97 
.219D Pi7 
.2ffi3D Pi7 
.l l2D Pi7 
.119D Pi? 
.223D 97 
.198D .Pi7 
.162.D 97 
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TABLE 2.4.3.1. A Comparison of the Best Runs with GEAR and the Best 
Runs of EPISODE for 'Test 'Proljl&ni'4; ' C a s e  'I ' (Stiff) 

-3 - 6 -9 EPS = 10 , EPS = 10 , EPS = 10 , 
, GR23lEPll GR231EP23 GR13lEP21 

TOTAL T - =  1.54 
.I19 

ERO 

NSTEP 

NFE 

NJE 

J SETUP. 

DER TIME = 2-61, -- *0469 - 1-47 -- *0963 - 1.84 
.00636 .0320 .0523 

PD TIME .00222 = = -654 ' -008_1_6 _ 1.90 
.00207 .00835 .00430 

SOL TIME 0 
.0129 

STEP T 

* 
Please see raw data in Table 2.4.2.1 for other possible choices. 



TABLE 2 . 4 . 3 . 2 .  A C o m p a r i s o n  of the B e s t  Runs Qith.:.GEAR a n d  the B . e s t  
Runs of EPISODE 'for ' T e s t  ' P r o b l e m  '4 ;  ' C a s e  '1  ' (Noxisf i f f )  

EPS = 10-3 EPS = EPS = 10-9 
GRlO/EPl l  GR12/EP13 ~ ~ 1 1 / ~ ~ 1 2  

TOTAL T 

ERO 

NSTEP 
. . 

NFE 

NJE 

J' SETUP 

DER TIME 

PD TIME 

SOL TIME 

STEP 'T  



2.5 Test Problem 5 

The numerical method of lines (MOL) is a powerful tool for the approxi- 

mate solution of parabolic partial differential equations at least in one 

spatial dimension. The basic idea of this procedure is to carry out a spatial 

discretization via Galerkin' s procedure, collocation, finite differences , or 
finite elements and to thereby obtain a system of ordinary differential equa- 

tions. This system ,of ODE's is then solved by an.ODE code which selects time 

steps of -appropriate leng'th and the correct order to efficiently solve the 

system of ODE's for a specified error tolerance. It is this automatic selec- 

tion of step size and order which makes MOL such a powerful tool. (See [7], 

[201, [211, [231, 1241.) 

With this in mind, we now describe the underlying partial differential 

equation. Burgers' equation [2] for u = u(x,t) is 

with subscripts denoting partial differentiation. An exact solution can be 

shown to be 

The initial and Dirichlet boundary conditions are taken directly from (2.5.2). 

Note that the solution is a travelling wave whose speed is dx/dt = 112.. 

Thc simplest method of spatial discretization is to discretize along the 

x-axis with a uniform mesh and to replace all spatial derivatives in (2.5.1) 

by (say) centered finite difference analogues. Thus, if we take 

then one system of ODE's for the MOL approach to solving (2.5.1) is 



where (2.5.5)-(2.5.7) a r e  taken d i r e c t l y  from (2.5.2) and where ui = ui ( t ) .  

Although t h e  problem (2.5.4)-(2.5.7) is  of t h e  des i red  form, t h e  exact  solu- ' 

t i o n  i s  not known. Consequently, we now modify t h e  system t o  obta in  one which 

has  an  exact  so lu t ion .  This modificat ion i s  not  usual in thp. r.nnstrr,lrrJon of 

method of l i n e s  sslutions, s ince .  the so lu t ion  o f  tho parabolPc grobleiii Ir;r 

c e r t a i n l y  unknown un less  one i s  t e s t i n g .  

i Let f .  (u) , u = [ul .u2. 
T . . . ,%I be defined by t h e  r i g h t  hand s i d e  of 

'(2.5.4) . Next de f ine  

A system of N ODE'S whose so lu t ion  i s  g ( t )  can then be given by 

. 
The vector  g ( t )  - f ( g ( t ) )  can be regarded a s  t h e  s p a t i a l  d i s c r e t i z a t i o n  e r r o r  

associa ted  wi th  the  funct ion 8. For l a r g e  N ,  we would expect t h i s  e r r o r  t o  be 

small .  The Jacobian matr ix  is  t h e  t r id iagona l  matrix defined by 



. . 
N+l - vhdre it is understood that yo = g and y . . 

0 . - g~+l as defined in (2.5.8) . 
. :  

; I .  

:' ' . In generating the raw data in Tables 2.5.1.1 - 2.5.1.4, we took v = .05, 
. ' I  

. f .'and: for Case 1, N = 20; Case 2, N = 30; Case 3, N = 40; and Case 4,,N = 50. 
, . ... . 
.. ,  or purposes of keeping track of function evaluations, we note that the system 

' !  hi& a tridiagonal Jacbbian matrix and so for MITER = 1 (or 2), each Jacobian 

eyaiuation can be equated to 3 (or N) f evaluations. The data in Tables 2.5.1.1- 
. , 

2i5.1.4 show the effect of increasing N on various statistics including running 

times, error run over, and number of steps. Please note that the eigenvalues 

!bf  :the Jacobian matrix are altered when N is changed [22], [25]. Even so, we 

,; note that this problem is apparently mildly stiff, since all ME' settings work,, . 8 

I I 

while MF = 21 is generally the best. The surfaces graphed 2n Figs. 2.5.1 and 

2.5.2 represent a solution surface (with N = 20) obtained by treating y(t) as 
% _  

though . it were u(t) , the approximate solution to (2.5 .l) . In all ' cases EPISODE 

I.. ohtperforms GEAR, often by a substantial margin, with respect to both error 
' 

. ,  

i : 'run over and total time. This may be attributed to the wave front (transient) 
: .  : 

j ,  which must be negotiated in the midst of relatively flat stretches of the so- . . (  

: : lution curves. Output points were t = .5j, j=1,2,.. .,8 and ERO.was determined 
j 

lf rom 
4 ,  . , ,  4 

I '  

i. i i .  
ma~{ll'[{~~-g (Itj) }/{YMAX (tj) *EPSl] IIm: j=1,2,. . ..,8} 

where y is the approximate solution at t t. is the j-th output point,.and . 
j j' J 

YMAX is defined in Table 2.0.6. A summary of.the'best runs with .GEAR and. 

EPISODE is given in Tables 2.5.2.1 - 2.5.2.4. 
Finally we remark that this - is a test problem and that sitch banded sys- 

tems as this could be solved more cheaply with GEARB [15] or EPISODEB- [5]. 

Indeed, this is done in packages such as PDEONE [23] and DISPL 1201. 



METH PROB EPS IX LAST  T N5TEP NFE NJE  E R 0 TGTA i  T A SETUP DER TIME PD TIME SOi TIME STEP T 
EPIB 5 
EPll 5 
EPl2 5 
EP13 5 
EP20 5 
EP21 5 
EP2 5 
EP23 5 
EPla 5 
EPll 5 
EF12 5 
EP13 5 
EP2B 5 
EP21 5 
EP22 5 
EP23 5 
EPlB 5 
EPll 5 
EP1 5 
EP13 5 
EP28 5 
EF21 5 
EP-3 5 
EP23 5 

a 
13 
13 
159 
a 
11 
11 

196 
8 

3 3 -- 
33 -- 
?a8 
a 
19 
13 
374 - 
a 
5 1 
5 1 .- -. -. 'ss 
8 
3 7 
3 7 
328 

GR16 
GRl I 
GR12 
GR13 
GR2B 
GR2 1 
GR22 
GR2 3 
GRI5 
GR11 
GR12 
GR13 
GR2a 
GR2 1 
GR22 
GR23 
GRlB 
681 1 
GR12 
GR13 
GR28 
GR21 
GR-22 
GR23 

sfis 
191 
191 
11 19 
777 
172 
1 72 
1245 
100 
377 -. ,-. -. 
SCS 
1783 
986 
42&i 
424 
1476 
208 3 
5% 
6 3  
3618 
1258 
1125 
1125 
-2713 



METH 

EP10 
E P l  1 
EPlB 
EP13 
EP2B 
EP21 
EP22 
EP2 3 
EPl 
EPl 1 
E P l  2 
EPl3 
EP2a 
EP21 
Em2  
EP2 3 
E P l O  
EPll 
EP12 
EP13 
EP20 
EP2 1 
EP22 
EP23 

GRta 
OR1 1 
ORi2 
GRi 3 
GR2a 
ORE 1 
DR22 
DRZS 
GRla 
GRl 1 
OR12 
GR1S 
GRZ0 
GRZ 1 
GRZ2 
OR23 
CRia 
BRi 1 
GR12 
OR1 3 
GR20 
GRZ 1 
GR2Z 
GRZ3 

PROB EPS IX LAST T 

.4affiD 91 

.4@@D 61 

.4&3BD 91 

.MOD a1 

.4B5D 91 

.YffiaD 91 

.MaD 61 

.4l@D 81 

.craffiD 91 

.+@ED a1 . 4B9D 91 . YOBD 91 

.4affiD 91 

.45PD 61 

.4a@D ffil 

.4aaD a1 

.4aaD a1 . 4@@D 91 .  

.MID ffil 

.4aaD a1 

.YeOD a1 

.4OffiD 651 

.4BOD a1 

.4Ob3D 61 

.4aaD a1 

.,4ffiED 61 

.40ED a1 . G a Q D  61 

.4@BD 81 

.49ED E l  

.MBD 91 

. 4 a a ~  a i  

.4aaD a1 

.MOD ffil 

.Y@aD 431 

.4aaD a1 

.4&iED 91 

.4O@D a1 . 4I@D P i  

.MBD a1 . 4OlD ' a1 

.4mD 61 

.4aaD ol 

.291D 61 

. + a a ~  a i  

.45OD a1 

.495D a1 

.277D .It1 

N S T E P  

893 
91 
9 1 

314 
1518 

48 
48 

32 1 
888 
251 
251 
664 
984 
142 
142 
76 1 

1455 
477 
5a7 

1283 
984 
415 
415 

1319 

1238 
170 
179 
9a8 

1141 
132 
132 

1181 
1 942 

388 
4ae 

1473 
1882 

362 
362 

1721 
1248 

7affi 
738 

1954 
l28ffi 
1974 
1974 
1998 

N F E  

158ffi 
177 
177 
71 1 

1786 
84 
84 

768 
1529 
410 
416 

1585 
1773 
-1 
261 

1835 
2616 

658 
657 

3663 
1 496 
465 
465 

3iaa 

1889 
26.2 
262 

2682 
1 761 
295 
2ffi5 

2699 
1947 

549 
576 

3922 
1858 
426 
426 

39a5 
2 364 

884 
944 

4451 
21ffi7 
1139 
1139' 
a438 

N JE 

a 
g4 
24 

203 
a 

l a  
1 f f i  

313 
f f i  

3a 
36 

477 
. f f i  

18 
18 

61 1 
6 

44 
46 

652 
f f i  

3 7 
37 

745 

f f i  

16 
16 

486 
f f i  

l a  
l a  

631 
5 

3 7 
36 

59 3 
.a 

23 
23 

6 9 9 ,  
f f i  

55 
59 

55 1 
f f i  

6 1 
6 1 

56 3 

E R G  

.645D @a 

. ~ W D  a9 

.4@D 0B 

.58ffiD 61 

.695D 6ffi 

.137D ffil 

.137D 91 

.141D a2 

.167D ffil 

.689D B6 

.689D f f i f f i  

.134D a2 

.251 D ffil 

.915D 91 

.915& ffil 

.353D ffil 

.358D a1 

.988D 86 

.429D f f i f f i  

.181D ffi3 

.191D L&2 

.537D ffil 

.537D 91 
,4920 O2 

.544D 91 

.167D a2 

.167D 62 

.367D 83 

.117D 43.2 

.885D 61 

.885D ffil 

.182D ffi3 

.563D a2 

.375D a2 

.S75D 02 

.63ffiD ffi3 

.138D ffi3 

.115D 93 

.115D ffis 

.672D ffiS 

.18ffiD 92 

.581D O2 

.577D 02 

. S59D 64 

.567D .ffi2 

.174& 53 

.174D 53 

.l2lD 64 

TOTAL T 

.158D ffi7 

.4B4D ffi6 

.868D 96 

.9ffi3D 66 

.174D .a7 

.188D ffi6 

.382D 66 

.914D Pi6 

.16SD 87 

.892D 66 

.151D a7 

.I9713 a7 

.187D a7 

.Y62D ffi6 

.832D 86 

.23SD B7 

.247D 67 

.159D a7 

.254D ffi7 

.366D ffi7 

.101D ffi7 

.116& ffi7 

.109D 87 

.385D 87 

.177D a7 

.SffiSD 66 

.799D ffi6 

.2l 3D 57 

.167D 87 

.MID 656 

.586D a6 

.276D 67 

.184D ffi7 . l l2D a7 

.106D' t37 

.354D ffi7 

.187D 07 

.888D 66 
,132D 97 
.4@4D ffi7 
.239D 67 
.196D 67 
.321D ffi7 
.475D ffi7 
.231D ffi7 
.25lD a7 . 361D 87 . Y7ff iD a7 

J S E T U P  

.a 

.861D a5 

.698D &;6 . f f i  

.a 

.S59D 85 

.291D a6 

. f f i  

.a 

.1ffi8D 56 
-8733 86 
. f f i  . f f i  

.646D 65 

.524D 96 

. f f i  . a 

.150D 436 

.134& a7 

.a 

.a 

.lS3D @6 

.1ffi8D It7 

. a  

. a 

.574D ffi5 

. 465D B6 

. f f i  . . f f i  

.359D 85 

.291D 56 

. f f i  

. f f i  

.13SD a6 

.1ffi5D B7 . f f i  . f f i  

.826D 65 

.669D 66 . f f i  
, f f i  

.197D ffi6 

.172D ffi7 . ffi 

. I  
,219D 86 
; 177D ffi7 
.a 

DER T I M E  PD T I M E  SOL T I M E  

. 8, 

.115D ffi6 

.115D ffi6 

.a . f f i  

.54SD 65  

.543D 65  

. f f i  

.a 

.268D ffi6 

.268D 86 

. a . a 

.131D ffi6 
1 S l D  .ffi6 
. f f i  . f f i  
.43@0 ffi6 
.429D ffi6 
.a . f f i  
.3ffi4D B6 
.3ffi4D a6 
. f f i  

.a 

.171D 66 

.171D 66 

. f f i  . f f i  

.1 S4D ffi6 

.134D 66 . f f i  

. f f i  . S53D ffi6 

.376D ffi6 . ffi . f f i  

.278D ffi6 

.278D 66 . f f i  . f f i  

.578D 96 

.617D 66 

. f f i  

.a 

.745D 66 

.745D 86 

.a 

. - . .- 
STEP T 

. . 
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TABLE 2.5.2.1. A Comparison of the Best Runs with GEAR and the Best 
Runs with EPISODE for'Problem 5; Case 1 (N = 20) 

EPS = EPS = loe6 EPS = 
GR21/EP21 G R ~ I / E P ~ ~  G~11/EP20 

TOTAL T 

ERO . 

NSTEP 

NFE 

NJE 

J SE'l'Ul' 

- =  .727 2 1 - = 1.11 3 7 - 
11 19 . 0 

.0137 
-= .729 .  . -- b0359 - 1-10 .0633 
.0188 .0325 0 

DER TIME -- -0750 - 2-09 = 1-88 - =  
.0358 .0872 .254 .756 

.336 

PD TIME 

SOL TIME 

STEP T 



TABLE 2.5.2.2. A Comparison of the Best Runs with GEAR and the Best 
' Runs of EPISODE 'for 'Problem '5; Case 2 '(N '= '30) 

EPS = 10 -3 ' EPS = EPS = lom9 
~R21/EP21 GR21/EP21 GR11/EP21 

TOTAL T. 

ERO 

NSTEP 

NFE 

NJE 

J SETUP 

DER TIME 

PD TIME 

SOL TIME 

STEP T 



TABLE 2.5.2.3.. A Comparison of the Best Runs with GEAR and the Best 
Runs with EPISODE for Probleni 5; 'Case '3 ' (N '= .40) 

EPS = EPS = EPS = lo-' 
GR21/EP21 GR21/EP21 GR21/EP21 

TOTAL T. -=  *585 2.14 
.274 

ERO 

NSTEP 

NFE 

NJE 

J SETUP 

DER TIME 

PD TIME 

SOL TIME 

STEP T 



TABLE 2 . 5 . 2 . 4 .  A C o m p a r i s o n  of the B e s t  Runs with'GEAR a n d  the B e s t  
Runs w i t h  EPISODE 'for 'Problenh ' 5 ;  ' C a s e  ' 4  . (N '= '50) 

. . 

EPS = EPS = EPS = 
GR21/EP21 GR21 /EP21 GR211EP21 

TOTAL T 

ERO 

NSTEP 

NFE 

NJE 

J SETUP 

DER TIME 

PD TIME 

SOL TIME 

' STEP T' 



2.6 Test  Problem 6 . . 

This is a r e l a t i v e l y  simple system of 'ordinary d i f f e r e n t i a l  equations 

which can be given by 

wi th  A = I + EU, I t h e  NxN i d e n t i t y  matrix,  E = . - d / ~ ,  and U. the  NxN matr ix  

wi th  each element equal  t o  1. The exact  so lu t ion  t o  (2.6.1) i s  

I n  terms of d ,  we have 

i N+1 y ( t )  = (i - T)exp(-t) + ( y ) e x p [ - ( 1 - d ) t ]  
- .. 

f o r  i=1,2,  ..., N ,  a s  t h e  system of ODE'S, t h e  i n i t i a l  da ta ,  and t h e  exact  solu- 

t i o n ,  respect ively .  The o r i g i n a l  idea  w a s ' t o  vary the  diagonal'dominance of 

t h e  Jacobian matr ix  -A and t o  study t h e  m e r i t s  of MITER = 3. 

The twenty-four cases  f o r  t h i s  problem a r e  described i n  Table 2.6.1 and 

t h e  corresponding r a w  d a t a  a r e  presented i n  Tables 2.6.2.1 - 2.6.2.24. To 

keep t h e  number of cases  reasonable, only EPS = 1r6 was used f o r  Problem 6. 

For d = 0,  t h e  Jacobian matrix is  diagonally dominant and the  dominance de- 

creases u n t i l  I dl = 1 and the  system is not  diagonally dominant. The eigen- 

va lues  of t h e  Jacobian matrix -A a r e  seen t o  be -1 and d-l ,  wi th  t h e  l a t t e r  

of m u l t i p l i c i t y  N-1. Because t h e  l eng th  of t h e  time i n t e r v a l  i s  1000, t h e  

problem may be considered t o  be  mildly s t i f f .  The graph of t h e  s o l u t i o n  of 

Case 1 0  is given i n  Fig. 2.6.1. The da ta  i n d i c a t e  t h a t  &EAR performs 

genera l ly  b e t t e r  than EPISODE, but  t h i s  is  no s u r p r i s e  s ince  t h e  Jacobian 

matrix is  a constant .  Also, as w e  would expect ,  MITER = 3 becomes less 

e f f e c t i v e  as ]d l  inc reases  from 0. However, a s  f a r  a s  t o t a l  time is con- 

cerned, MITER = 3 i s ' a  good choice i n  GEAR f o r  a l l  cases.  I n  EPISODE, MP = 13 
k i s  not  a s  e f f e c t i v e  a s  one might expect.  Output was taken a t  t = 1 0  ., 

k = -2,-1,...,3. A comparison of the  b e s t  runs with GEAR and t h e  b e s t  runs 
I 

I 

with  EPISODE is given i n  Tables 2.6.3.1 - 2.6.3.6. 



TABLE 2.6.1. Values of N and d for 24 Cases in Test Problem 6 

Case 

1 

2 

3 

4 

5 



ha oaa t ' 
ha QBBt ' 
ha am t 
hB QBB t ' 
ha @OB t ' 
ha aaa t ' 
*a aas t 
tia aaa t 

BE t 
t? t 
tF t 
1 9C2 
88 
t 9: 
t 9z 
t fizz 

mat 
fig am t 
fig aas t . hB crag.? ' 
ea am t 
68 QfiBt' 
ha aaa t . ha aa8 t 

fin aae t 
h8 CrBB t ' 
ti8 Q84 t ' 
fiB QBBt ' 
t;a aas t 
fig amt 
ha agfl t ' 
hB QBBt ' 

ha aae 
aaa t 

hB UBB? ' 
tia am t 
ha QQBt ' 
ha QBB?' 
ti8 QB9t ' 
ha QBBt ' 



4 t 
fi t 
lit 
0 
fit 
lit 
41 
8 

tft 
tEt 
tf t 
8982 
LB t 
L0t - La t 
fib02 

86 
86 
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L tzt 
58 
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fia aaar fig U88f ' 
t:B a8af ' 
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tE t 
tl t 
t9EZ 
88 t 
t 9: 
t 9E 
h9ZZ 
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E 6 fig a~at 
E 6 t:a aaat 
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tfl gfPT' 
88 09t6' 
88 09~s: 
88 
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PROB. 06 



TOTAL T 

ERO 

NSTEP 

TABLE-2.6.3.1. Test Problem 6, Cases 1,2,3,4, EPS = 
Comparison'of tlie'Fastest'Ruxi6'of EPISODE and . . 

. the Fastest 'Runs 'of 'GEAR 'for 'Test 'Problh 6 

CASE 1 CASE 2. CASE 3 CASE 4 
~Rl3/~P23 GR23/EP23 GR13/EP23 iGRl3/EP23 

J SETUP 0 - 
0 

.000238 = .4b9 ' PD TIME *Ooo214 = .468 *000295 = .468 *000386 ,= *.469 . 
.000457 .000507 .000630 .000823 

0 SOL TIME 5 0 - 0 - .  0 - 
0 0 0 t 

STEP T 



TABLE 2.6.3.2. Test Problem 6, Cases 5,6,7,8, EPS = 
A Comparison'of'the Fastest Runs of EPISODE and 
the Fastest Runs of GEAR for Test'Problem 6 

CASE 5 CASE' 6 CASE 7 CASE 8 
~~11/EP21 ~R13/EP23 GR13/EP23 ~R23/EP23 

TOTAL T - =  *0274 .714 -=  .542 -- *0443 - -735 -=  
.0384 .0518 .0603 

*0674 .745 
.0905 

ERO 
,636 - =  131 - =  '598 ,1196 - =  4.89 '661 .I35 - =  
4.85 5.00 

.2h3 
4 . 9 8  

NSTEP - =  95 .941 - =  94 .718 - =  lo7 ,907 - =  
101 131 118 

121 .968 
125 

NFE - =  125 .880 - -  134 - .680 - =  168 .908 - =  
142 19 7 185 

lg2 .950 
202 

NJE - l6 = .471. - =  l7 .386 - =  21 ' .500 - =  
34 44 42 

22 .489 
4 5 

0 *00123 =m 469 0 - .  0 
J SETUP . - 

.00262 0 0 

*00178 = ,877 = .679 WOO331 = -909 = -950 
DER, , .00203 .00312 .00364 .00520 

PD TIME 
.000370 = .471 *000269 = -386 '000566 = .488 
.000786 .000697 .000827 .00116 

0 *00314 = .880 - - 0 0 - 
.00357 0 0 0 

-= *0230 .680 -- *0245 - -544 -- -=  .0390:'.- . 736 
STEP. T 

.0338 .0450 .0530 . 
*0611 .778 
.0785 



-,6 
TULE 2.6,3,.:3. .- ....................... P.rob3.w 6 ,  C.as.es . . . . . . .  :9,,'110,, Il., 12,  .EPS = '10 ., 

- A '<Con'ip&-r-&son . .  , . . - . .  of: che : ~ ~ , s $ ~ . s : t  -l&&is ,G:f 'iEP.2S.ODE ' 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

and GEAR f ,or 'TBBS "P.i@B%em 6. 
. . . . . . . . . . . . . . . . . . . . . . . . .  - 

C.AS.E 9 ,CASE ,lo . CASE 11 . , ,CASE 2 2  
.GGR13 /-EP.1 '" GU3/'EP2-1 GR13,/.EP23 GR13/EP23 

NPE 

- -  ....... - l5 . ,500 7 - -  . . NJF ,588 . - =  23 .742 - =  
30 ' 29 31 

29 . a 7  
4 7 

0 
.- 

0 "00281= $587 - - - - ... ........ ..... . . . . . .  
0 

4 .  - J SETUP ,00232 .(I0445 .02:19 ' :. 0 

.08238 - .16 DEE TTW , -- - - ...... . .. .. 
,00193 - - - .- -. - , - 00372  = 05. .*00599 = 1.04; 

.. ,00206 - - - - -  . ,00260 "" .00js-& .00574 



TABLE 2.6.3.4. Test Problem 6, Cases 13,14,15,16, EPS = 
A Comparison of the Fastest Runs of EPISODE 
and GEAR for Test Problem 6 

CASE 13 CASE 14 CASE 15 CASE 16 
GRll/EP21 GR13/EP23 ~Rll/EP13 GR231EP23. 

TOTAL T -= *0249 .585 -- 00417 - .735 -= *0685 .800 - =  
,0426 .0567 .0856 

*Io6 .938 
.I13 

ERO 

NSTEP . 

NFE 

. NJE 

- -  - .706 - -  226 - .919 - -  134 - .583 - =  
163 246 230 

318 1.20 
266 

- -  l5 - .469 - -  38 - .594 - -  - -  
3 2 64 64 

44 - .579 1 6 -  .250 , 76 

0 J SETUP *oo116 = .470 - .0113 - 0 
.00247 0 0 0 

PD TIME .000347 - .469 - *Q00602 = -596 *00116 = .921 *00113 1 .577 
.000740 .00101 ,00126 .00196 

0 *00289R ;705 - .0179 0 
'Irn .00410 

- 
0 I) 0 

.STEP T -- *0220 - -577 -=  -=  -- *0954 - -966 *03'* .718 .O"l :835 
.0381 .0504 .0768 .0988 



TABLE.2.6.3.5. Test Problem 6, Cases 17,18.19,20, EPS = lo'", 
: A'comparison of.. the Fastest Runs of EPISODE 
. and GEARfor Test Problein..6' . . : 

CASE 17 CASE 18 CASE 19 CASE 20 
GRll/EP21 GRll/EP21 , . GR21/EP21 " .~R13/EP23 

ERO - =  '701 .342 - =  .320 - =  2*53 ,675 - =  
, 2.05 2.82 . 3.75 

5*08 3.85 
.. .. 1.32 

NFE - -  146 - .874 201 - 1.03 - -  204 - 1.10 - -  
. . 167 19 5 185 409 - 1. ii 

. 3zo 

NJE - -  l7 - .548 - =  20 .690 - =  2o .645 - =  
. 31 , 29: 31 

76 .724 
105 

*00131 = -548 *Oo307 = -690 - .0142 - -648 0 J SETUP - 
.00239 .00445 .0219 0 

PD TIME ,000393 - - .548 *000625 = .690 *00145 = .647 = .726 
.000717 .000906 . .00224 - .00270 

STEP T -=  *0266 .673 -- *0526 - -846 - =  - -  .0941 
. .0395 . .0622 

- .906 -941 . ' ,.I27 
. . .loo . , .  

. .. , 



TABLE 2.6.3.6.,' Test Problem 6, Cases 21,22,23,24, EPS = 
A Comparison of theBest Runs of EPISODE 
and GEAR for Test Problem 6 

CASE 21 CASE 22 CASE 23 CASE 24 
GR23 /EP23 GR23/EP23 GR13/EP23 GR23/EP23 

- =  *0239 .882 -=  *0280 .751 -- -= .0356;- .804 
TOTAL T .0271 .0373 .0443 

'0618 .972 
.0636 

- =  '603 .210 - =  lw8O .645 - =  'lg4 3.08 3.84 
ERO 3.70 

- = .222 
2.87 2.79 17.3 

NSTEP I= 99 1.30 - -  98 - 1.11 92 - = 1.08 - =  
76 8 8 85 

1.31 
8 7 

NFE 
133 - = 1.17 - =  l3' 1.04 - =  128 1.06 - =  
114 126 121 

156 1.33 
117 

NJE -= l5 .517 - -  l5 - .469 - -  2o - .645 16 
29 3 2 31 

- = .471 
34 . , 

PD TIME 
.000214 - ..517 - *000238 = -469 *000394 = .646 *000412 = .471 
.000414 .000507 .000610 .000875 

0 SOL TIME 5 
.. - 

' STEP T -= .829 -- *0234 - .731 -=  *0308 .806 -= 
.0234 .0320 .0382 

*0553 1.01 
.0549 



2.7 Test Problem 7 

This 'is a scalar problem of quadrature type and was meant to test EPISODE 

and GEAR for effectiveness in handling discontinuities. The problems are of ' 

two types: those with jump discontinuities in $ and those with jump discon- 
tinuities in f. The initial value problems can'then be given by 

where to = 1 for all 0 5 t 2 2, d 2 1, and B2 5 0. 

Define B1 = BZ/d and B3 = B1 - 1 - fi2/(d+l) SO that the solution to 

(2.7.1) can be given as 

~hus, the solution is a polynomial of degree d for 0 - < t - < 1 and degree d+l 

for 1 < t 5 2. Further, at t = 1, has a jump discontinuity of height B2. 

The pr~blem'involvin~ a jump discontinuity in f can be given by 

where d 2 1, B2 > 0, B1 = 1, and to = 1 for all t. The solution to (2.7.3) is 

with B3 = B1 - 1 - dB1 - B2. Note that f has a jump ofheight B2 at t = 1 and 

that the solution is a polynomial of degree d, for 0 ( t -5 1 and a polynomial 



of degree 1 for 1 < t f  2. 

Table 2.7.1 illustrates the 16 cases used to.generate the raw data in 

Tables 2.7.2.1 - 2.7.2.16. The output points were taken to,be t = 0.5, 1.0,' 

1.5, and 2.0 and only MF = 10 was used. For consistency, these data are . . 

reproduced in the quotient form for comparison in Tables 2.7.3.1 -. 2.7.3.16. 

This example is interesting since it clearly demonstrates that even if 

EPISODE requires fewer function evaluations and/or fewer steps than GEAR, 

EPISODE may require more solution time, and that time is evidently spent in 

subroutines COSET and ADJUST. 



TABLE 2.7.1.  The Cases for  T e s t  Problem 7 

Case Problem B -2 B -1 d - 



METH PROB EPS IX LAST T NSTEP NFE NJE E R C TOTAL T J SETUP DER TIM PD TIME SOL TIME STEP T 
-I 

EPIO 7 1 3 . a  . 2 a a ~  a1 22 36 a .sai~effi  . ss ;~aq .a .el8a~ ES . ffi . f f i  D 
.49@D a4 m 

EPla  7 1 6 b3 -2affiD a1 3 7 54 ffi .25GD Z l  .917D a4 .a .72ffiD @J' . f f i  . ffi .76m 64 F;; 
EP1@ 7 1 9 6 .2GiaD ffil 56 76 ffi .2ffi&D Z1 .141D B5 .a . l f f i l D  lW .a . ffi .118DBS , 
G R ~ &  7 I 3 a . e a a ~  a1 2 1 2 7 a . 6 8 6 ~  m . 3 5 4 ~  a4 .5 .36ffi~ a3 .a . a . 2 6 1 ~  64 V 
G R l B  7 1 6 .2@~3D91 6ffi 75 5 .378D E l  .927D ffi4 .a .lQffiD W . f f i  . f f i  .74BD @I y 
G R l G  7 1 9 .2aafi 61 113 133 ffi ,22713 El .I6813 65 .ff i  .177D @I .ffi . B .l23D 65 r 

METH PROB EPS Ix LAST T NSTEP NFE NJE E R Oi TOTAL T J SETUP DER TIME PD TIME SOL TIME STEP T + 

D 
EPl0 7 2 3 @ . P a B D B l  15 2 7 & .151D ffil .SBBD 54 :a .574D ffis ..O . f f i  .417054 
EPla 7 2 6 ffi .2ai3D 61 34 49 & .9a9D BB .'lffi9D 55 .a .1WD ffi4 .O .a  .896D 64 rn 
1 7 2 9 & .2OOD O l  44 65 .973D B1 .143D B5 . f f i  .128D M .O .a .liZSD ffi5 , 

METH PROB EPS Ix LAST T EISTEP WFE E R Cl TOTAL T J SETUF DER TIME FD TIME SOL TIME 

. E .a  

.5 . a 

. ffi .5 

. E . a 

.a .a 

.a . f f i  

STEP T ' -  

. ffi  .744D ffi2 

. ffi . lS4D ffi= 

. . .181D BJ 

METH PROB EPS IX LAST T NSTEP NFE E R O TOTAL T J SETUF DER TIME FD TIME SOL TIME 

. f f i  .a  

. ffi  , f f i  
.5 . f f i  

. ffi . a 

.a .a 

.6 ' .a  



d 
E P l B  7 .5 3 f f i  .2ffiffiD 61 22 36 a ,526D Bffi ,625D 154 .B  .48ffiD ffi3 .0 . I t  . .5@QD 64 w 
EPlB 7 5 6 f f i  .2ffiffiD 61 3 7 54 f f i  .l38D a1 .99ffiD 84 . f f i  .72GD Bi3 .B . &; .823E Pi4 
E P l f f i  7 5 9 f f i ,  .2ffiffiD ffil 56 76 5 .1B5Dffil .143D@5 . f f i  I 1  4 .B - 6 .  .12YC;85 , 
GRlB 7 5. 3 f f i  .2BffiD 61 29 42 ,2681) 61 .'583.D 84 . f f i  .568iD B3 -0 . f f i  .469D BiY > , 
G R ~ B  7 '  5 6 B . ~ @ G D  01 73 92 . 8, .265D 61 .l26D a5 . f f i  . l Z S D  64 .B . E .948D W m' 
BRIffi 7 5 9 B .25ffiDffil 125 145 .258D B1 .189D a5 .@ .153D Bi4 .B . f f i  . lS9D Bi5 ', 

METH PROB EPS IX LQST T NSTEP N F E  NJE E R O TOTAL, T J S E T U P  DER T I M E  PD T I M E  SOL T I M E  STEP T 

EPlB 7 6 3 f f i  .=ED 61 18 34 6 .556D Bffi ,646D a4 .a .723D ffi3 . f f i  . f f i .  .511fi k34 W 
2 

EPlB 7 6 6 f f i  .mBD B1 37 57 f f i  .993D f f i f f i  ,124D E5 .B .121D ffi4 . f f i  . f f i  .113DffiS 
E P ~ B  7 s 9 f f i ,  . i?~i f f i~f f i l  54 75 a . 4 9 s ~ f f i f f i  . i 7 i ~ a s  .a . 1 5 9 ~  a4 . a . a . I S B D  ffis , 
GR10 7 6 3 f f i  .=BDffil 23 S4 B 3 I .58sD 64 .a .723D 6 3  .Bi . B .$171i ffi4 Y. 
GRlB 7 6 6 B .=BD 61 52 6 3 f f i  .2ffi9D @ I  ' .95t?iD W .8, .134D 64 . f f i  .a .8WE 64 y, 

. GRlB 7 6 9 f f i  .2@ffiD E l  84 9 7 B .175D @ I  .161D ffi5 .B  .2@6D ffi4 . f f i  . Oi .131DBS cn 

EPlB 
EPlB 
E P l B  

GRl O 
BR1.B 
GRlB 

METH 

E P l  B 
E P i a  
E P l  f f i  

CRIB 
GRla 
BR15 

PROB EPS Ix LAST T NSTEP N F E  NJE E R O . TOTAL T J SETUP DER T I M E  PD T I M E  SOL T I M E  STEP T 2 
7 7 3 f f i  .2BBD 651 22 38 f f i  .125D ffil .74ffiD 64 . . f f i  .8Pi8D 63  .a . Bi .6B4D B4 
7 7 6 B .25ffiD ffil 42 63  B .193D 81 .144D a5 .a .134DM . f f i  . 13 .127D 65 
7 '  7 9 B .2ffiffiD B1 62 85 @ .827D 61 .2ffi8D ffi5 . f f i  .181D 84 .O . f f i  ,182D fi L ' 
7 7 , 3 6 .2@BD ffil 56 1ffi6 f f i  . 1 ~ 1 ~  6.2 . I Z I ' D  BS .B .225D BY .Pi . &i .969D ffi4 m: 
7 7 6 B .Z@BD BI 77 113 a .srso ffii . ism as .a a 4 . D . f f i  . 1 2 8 ~  I S  t' 
7 .7 9 B .2affiD ffil 114 161 f f i  .768D El .228D 65 . f f i  .342D ffi4 .D . B .186D B5 

N F E  NJE E R O TOTAL T J S E T U P  DER T I M E  

67 E . l a f f i D  ffi2 .8WD ffi4 . f f i  .142D B4 
145 f f i  ,114D 62 .265D-B5 . f f i  .3ffi8D 64 
155 .. f f i  ,956D ffil .259D BS , f f i  .3290 Q4 

PD T I M E  SOL T I M E  STEP T 

. ffi .a .7ffi8E I 4  & 

.I3 . f f i  . I450 65  
, 63 . f f i  .263P 65  h, 

.0 . B > .646Ca L34 , . f f i  . f f i  .174D B5 -& . ffi .a .2171! as 



N J E  E R O  T O T A L T  J S E T U F  D E R T I M E  P D T I M E  S O L  T I M E  STEP T 
--I 

.0 . 6 5 6 D  04 

. ffi . 1 1 8 D  0 5 -  

. (t .17ffiD a5 
N - . 0 . 4 4 8 D  ffi4 u, . 0 . l l S D E S  N 

. L?3 . 1 7 7 D  05 -&; 

METH PROB E P S  LX . LAST T N S T E P  N F E  

B 1 f f i  . 8 4 4 D  04 .0 . 7 Z d D  03 . B  
0 .26@D-ffi< . I 4 3 3  lZ5 .ff i  1 4 .a 
ffi . 3 2 5 D  BB ..2820 W . ffi . 1 7 2 D  W .0 

METH PROB E P S  :X L A S T  T N S T E P  NFE N J E  E R O TOTAL T J S E T U F  DER T I M Z  P D  T I M E  S O L  T I M E  S T E P  T 
-I 

. ffi . 6 1 4 D g 4  

. B . 1 0 9 D  ffi5 & . ffi . 2 3 3 D  05 
N . 
- ,  

. G . 4 1 7 D  64 ?. 

.0 . lffiBD ffi5 m: 

. G 6 05 r. 
a 

METH PROB E P S  I X  LAST T N S T E P  NFE N J E  E R G TOTAL T J S E T U P  DER T I E  P D  T I M E  S O L '  T I M E  S T E P  T -* 

METH PROB E P S  I X  LAST T N S T E P  N F E  
. . 

N J E  E R G TOTAL T J S E T U F  DER TIM: F D  T I M E  S O L  T I M E  , S T E P  T _I 

ffi . 3 5 1 D  61 . 8 9 6 D  04 .0 . 9 1 4 D  iZ3 .ffi 
. 1 9 8 D  lL4 . a  ffi . 7 2 6 D  B 1  . 2 1 7 D  05 . ffi  

ffi G 1  . 3 0 1 D  85 .a . 3 G 5 D  ID! .a 
ffi . 8 2 5 D  Z1 . 7 2 9 D  B 4  .@ . 1 5 7 D E 4  .0 
ffi . 7 9 & D  B1 . 1 7 2 D  a5 . f f i  . . 3GSD Dl ...a 
ffi . 9 7 8 D  el , 2 5 8 D  b3-5 .ffi . 4 G i D  LW . a  . - 



PROB EPS IX LAST. T NSTEP NFE .NJE E R O  TOTAL T J SETUP DER TIME PD TIME SOL TIME STEP T 

PROB EPS IX NFE NJE E R O 

6 I a . Y I I D  aa 
85 ffi .l2lD a1 ' 

152 ffi .I6913 61 

TOTAL T DER TIME PD TIME SOL TIME STEP T LGST T NSTEP 

X T H  PROB EPS Ix LRST T NSTEP NFE NJE E R O TOTAL T J SETUP DER TIME PD TIME SOL TIME STEP T 

3 1 0  7 is s a . Z ~ D  an 3a 52 a , 3 8 7 ~  a1 , 8 5 6 ~  a4 . .a . a .78iD 04 &. . I ISD a4 .a . 
Z P I ~  7 15 6 a . 2 o a ~  an 5s a . 1 6 a ~  a2 .imp as .a . I ~ S D  a4 .a .a , 1 4 8 ~  95, , 
1 ~ 1 0  7 1s 9 ' a .eom an la4 149 85 a .769D a1 .288D. as .a , . s a s ~  94 . a . E .eusD as -\ 

DR10 7 1 5  3 5 .265ffiD91 ' 3 5  69 .562D 81' .719D 64 .a .15ffi~ a4 .a . .  .a .563D a4 
eRia 7 15 s f f i  .eaffi~ a1 77 123 a . 7 3 s ~  a1 . I S ~ D  as .a . 2 6 8 ~  a4 .a . a . 1 2 6 ~  as g 
BRIO 7 is s a .2~ff i~  a1 las 16s . :582D a1 .ilaslj as .a , 3 6 1 ~  a4 .a .a .165D as 

MTH PROB EPS I X .  LAST T NSTEP NFE NJE E R 0 TOTAL T J SETUP DER TIME PD TIME SOL TIME STEP T i 
3 

fPl0 7 16 3 1 .2i3@D @I 37 6 1 5 .297D 61 .125D a5 .a .13SD a4 .a . ffi w .IffiSD Pi5 r 
EPIO 7 1 6  6 1 .2&3D& 78 111 . a .3SSD@l ,293D.BS .a .242D W .O .a .219D Pi5 " 
fPlO 7 1 6  9 O .2aED&U 112 IS1 ' 6 .3@6D 61 .358D 65 .a .329D a4 .a . &i .273D Pi5 _h, 

G R l a  7 16 3 ffi .2Z@D 61 37 - 7 6  a .967D 61 .7SQiD 64 .a .I650 a4 .I3 .a V .6Pi4D 04 N 
GRIO 7 16 6 ' 6 .2Z&D 91 88 147 b3 ,874Dal .178DE5 .a . S2ffiD a4 .o . E . .143D 435 
~ ~ 1 . 8  7' 16 9 o . 2 5 1 ~  a1 158 245 . 9 ,116D a2 .338D BS .a . ,533D ffi4 . B  .a .278D 435 cn 



TABLE 2.7.3.1.. A Compar ison  o f  GRlO a n d  EPlO f o r  T e s t  P rob lem 7 ,  C a s e  1 

TOTAL T 

ERO 

NSTEP 

W E  

DER TIME 

STEP T 

EPS = 
G ~ 1 0 / E P 1 0  

EPS = EPS = 
G R ~ O / E P ~ O  G R ~ O / E P ~ O  

TABLE 2.7.3.2.  A C o m p a r i s o n . l . 0  f o r  T e s t  P rob lem 7 ,  Case 3. 

TOTAL T 

ERO 

NSTEP 

NFE 

DER TIME 

STEP T 

EPS = 
GRlO/EPlO 

EPS = EPS - 
GRlO/EPlO 



TABLE 2.7.3.3. A Comparison of GRlO and EPlO for Test Problem 7,.Case 3 

EFS = EPS = EPS = lo-' 
GR~O/EP~O GRIO/EP~O . GR~O/EP~O 

TOTAL T *Oo500 = .762 . -=  *0129 .915 -=  
.00656 .0141 

.990 
.0198 

ERO - =  . 9*05 2.63 - =  12*8 5.22 - =  
3.44 2.45 

3.75 
2.88 

21 - = 1.17 - =  1.42 102 
NSTEP 43 

- = 1.67 
1.8 61 

NFE - -  45 - 1.29 95 - = 1.51 - =  
3 5 6 3 

145 1.71 
8 5 

DER TIME .000956 = 00202 = 1.51 -00308 = 1.70 
' .000744. .00134 .00181 

STEP T *00396 = -760 --  .0104 - -839 - =  
.00521 .0124 

'0161 .9,25 
.0174 

TABLE 2.7.3.4. A Comparison of.GRl0 and EPlO for Test Problem 7, Case 4 

EPS = EPS = EPS = I-O-~ " 
GR~O/EP~O .. . GR~O/EP~O G R ~ O / E P ~ ~  

ERO I 9.38 - =  loo6 .711 - =  - = 2.38 
3.94 14.9 

low6 4.09 
2.59 

NSTEP - =  21 1.31 - =  86 1.79 - =  
3-6 48 

lo4 1.58 
66 

42 1.91 142 2.03 , NYk - =  -- I 154 - = 1-71 
2 2 70 9 0 

DER TIME *000893 = 1.91 000302 = 2 -03 000327 = 1.71 
.000467 .00149 .00191 

STEP T 000386 = ,975 : : -=  *0156 . 1-07 - =  
.00396 .0146 

*Olg3 ,906 
.0213 



TABLE 2.7.3.5. A Comparison of G R l O  and EPlO f o r  T e s t  Problem 7, Case 5 

EPS = EPS = EPS = lo-g 
G R I O / E P ~ O  G R ~ O / E P ~ ~  G R I O / E P ~ O  

TOTAL T 

ERO -- 2*68 - 8.22 - =  2*65 1.92 - =  2*58 2.50 
.326 1.38 1.03 

NSTEP - =  29 1.32 7 3 - = 1.97 - =  
22 37 

125 2.23 
5 6 

NPE 
42 ' .  
-- - 1. .1,7 92 - = 1..70 - =  
36 54 

145 I., 91 
7 6 

- 0 5 6 0  = 1.17 *OO123 = 1 - 7 1  ..00193 - ' DER TIME - 
.000480 .000720 .00101 

STEP T e00469 = -938 *00948 = 1 - 1 5  -=  
.00500 .00823 

*0139 1.12 
.0124 

TABLE 2.7.3.6. A Comparison of G R l O  and EPlO f o r  T e s t  Problem 7,  Case 6 

EPS = 
-9 

EPS = EPS = 1 0  
GRIOIEPIO G R ~ O / E P I O  G R I O / E P ~ O  

TOTAL T *00583' = .go2 *00990 = .798 -- *016' - ,942, 
.00646 .0124 .0171 

ERO --  '*O0 - 5.40 - =  2'*09 2.10 - -  
.556 .993 

- 3.54 
,495 

NSTEP 

NFE 

DER TIME *000723 = 1 - 0 0  900134 = 1-11 *00206 , 1 - 3 0  
.000723 ,00121 .00159 

STEP T *00417 = -816 *Oo802 = -710 -= 
. .00511 .0113 

*0131 .873 
.0150 



TABLE. 2.7.3.7.; A Coiupi=isoi: of 'GR10 and -EP10 for Test .~roblein. '7, Case. 7 

EPS = 
. GR~O/EP~O 

TOTAL T 

ERO 

NSTEP 

NFE 

DER TIME 

STEP T 

EPS = 
GR~O/EPIO 

EPS = lo-' 
GRlO/EPlO 

TABLE 2.7.3.8. A Comparison of GRlO and EPlO for Test Problem 7, Case 8 

TOTAL T 

ERO 

EPS = EPS = EPS = lo-' 
GRIO/EP~O GR~O/EP~O GR~O/EP~O 

NSTEP 

NFE 

= ,965 
.00875 

-- l0*O - 5.13 
1.95 

- =  32 1.28 
25 

- =  67 1.76 
38 

DER TIME . , = 1.76 
.000808 

STEP T 



TABLE 2.7.3.9. A Comparison of  GRlO and EPlO f o r  T e s t  Prpblem 7,  Case 9 

EPS = loe3 EPS = EPS = lo-' 
G R ~ O / E P ~ O  G R I O / E P ~ O  G R ~ . O / E P ~ O  

- TOTAL T 

ERO 

NSTEP - - 35 - 1.00 - -  loo - 1.49 - =  
3 5 ti 7 

162 1.67 
9 7 

. . , s  

NFE 

DER TIME *000675 = -927 *00167 = 1 .35  *00254 = 1.48  
.000728 .00124 .00172 

STEP T *00i48 = .683 -- moll5 - -975 -= 
.00656 .0118 

*0177 1.04 
.0170 

TABLE 2.7.3.10. A Comparison.of G R l O  and EPlO f o r  T e s t  Problein 7 ,  Case 1 0  

EPS = BPS - lo-' EPS = lom9 
(;RlO/EP10 G R ~ O / E P ~ O  G R ~  0 / ~ p . 1 0  

TOTAL T *00479 = -630 - =  .942 -= . fln7hO .0139 
*0255 .914 
,0279 

ERO - =  "09 .790 - =  '855 1.07 - =  
1.38 .796 

2*89 1 .61  
1.80 

WSTEP - -  25 1.00 - 71 = 1.37 - =  I-43 1 . 3 1 ~  
25 52 107 

NFE - -  41 - .854 9 6 - = 1.26 - -  184 - 1.24 
4 8 7 6 148 

DER TIME 



TABLE 2.7.3.11. A CompatiS6xi 6f 'GR10 And, EPlO f d t  'Test ' ~ t d b l &  7,  Case 11 

EPS = . 

~ ~ 1 0 / E P 1 0  ' 

TOTAL T 

ERO 

NSTEP 

EPS = EPS = 
G R ~ O / E P I O  ' G R ~ O / E P ~ O  

NFE - =  68 1.62 - =  1.34 - =  
42 8 8 

1.34 
135  

,00148 DER TIME = 1.62 *00257 = 1 - 3 4  . ' *00394 = 1 - 3 4  
.000914 .00192 .00294 

00656 = . -927 . - =  ,0123 .848 ,. .0193 STEP T ' , - = .766 - +  

.00708 .0145 .0252 

TABLE 2.7.3.12. A Comparison of G R l O  and EPlO f o r  Tes t  Problem 7,  Case 1 2  

EPS = 'EPS = EPS = 
GR~OIEPIO . . G R ~ O / E P ~ O  G R I O / E P ~ O  

TOTAL T 

ERO 

NSTEP - 35 = 1.46 
2 4 

NFE - 72 = 1.71  = 1 - 5 3  . - -  
4 2 y 184 - 1.31  

14U 

. r 
900157. 1.72 DER TIME *00303 = 1 - 5 3  *00401 = 1 . 3 1  

#P00914 .00198 .00305 

.00625 
STEP T , = .a82 -=  .751 -=  

.00709 .UlS9 
'0214 .a23 
.0260 



TABLE 2.7.3.13. . A  Comparisori'of'GR10 and EPlO f o r  Tes t  Problem 7,  Case 1 3  

EPs = EPs = EPS = lo-' 
G R ~ O / E P ~ O  G R ~ O / E P ~ O  G R ~ O / E P ~ O  

TOTAL T *Oogo6 = -915 -- - -961  -= 
.00990 .0154 

'0417 1 . 8 5 .  
,0225 

ERO - =  . I 35  -= *497 5.00 - =  
1.18 .0994 

. I56  . 
.920 

NSTEP - 6o - - 1.33  - 96 = 1.35 - -  
4 5 71 

281 - 2.68 
105 

NFE - O0 = 1.19 - =  1.19 - =  
6 7 99 

2.36 
1/10 

DER TIME *Oo106 = 1 - 2 0  *00156 - 1 - 1 9  .00438 = 2.37 
.000886 .00131 - .00185 

$ 

STEP T *00698 = 3 1 7  -- *0107 - -856 - =  
.00854 .0125 

'0315 1.75 
.0180 

81'BLE 2.7.3.14. A COmpariBOiI O f  G R l O  and EBlO  f o r  T e s t  Problem I ,  Case 1 4  

EPS = EPS = EPS = lo-' 
GR~OIEP~O G R I O / E P ~ O  GRIO/EP~O 

TOTAL T 

ERO 

NSTEP 

NFE 

DER TIME 

STEP T 



TABLE 2.7.3.15. A Coniparison of G R l O  and EPlO f o r  T e s t  Problem 7 ,  Case 1 5  

TOTAL T 

EPS = 
~ ~ 1 0 / E P 1 0  

EPS = EPS = 
GR~O/EPIO G R ~ O / E P ~ O  

ERO -=  5*62 1 . 4 5  -- 7*36 - .460 - =  
3.87 16 .0  

5*82 .757 
7.69 

NSTEP - -  35 - 1.17 - - 77 - 1 . 3 1  - =  
3 0 59 

lo5 1 . 0 1  
104 

NFE - =  69 1 . 3 3  - -  123 - 1.45 - -  
52 8 5 

- 1.19 
140  

DER TIME WOO15o = 1.33 WOO268 = 1 - 4 5  *00361 = 1 - 1 8  
.00113 .00185 .00305 

000563 = , 721  ' -=  .0126 ,851 - =  STEP T 
.0148 

.663 , 
.00781 .0249 

TABLE 2.7.3.16.  A Comparison o f  G R l O  and EPlO f o r  T e s t  Problem 7 ,  Case 1 6  

TOTAL T 

ERO 

NSTEP 

NFR. 

DER TIME 

STEP T 

EPS = 
G R ~ O / E P ~ O  

EPS = EPS = loe9 
~ R l 0 / E P 1 0  ~ ~ 1 0 / E P 1 0  



2.8 Test  Problem 8 

Here w e  consider a diffusion-convection problem [4] ,  [17] and t r e a t  i t  by 

t h e  numerical method of l i n e s .  (See . the i n i t i a l  d iscuss ion i n  52.5.) This 

problem d i f f e r s  from Test  Problem 5 i n  severa l  ways: t h e  PDE is l i n e a r ,  the  

exact  s o l u t i o n  of t h e  system of ODE'S i s  unknown, t h e  Jacobian matr ix  i s  con- ) 

s t a n t ,  t h e  problem is not s t i f f  f o r  N = 20, and a no flow condit ion is  imposed 

on one boundary. The so lu t ion  represen t s  a t r a v e l l i n g  wave whose steepness 

and speed a r e  both c .  

The parabol ic  problem i n  u = u ( x , t )  can be given by 

Again, w e  use 

and c e n t r a l  d i f fe rences  t o  obta in  t h e  system 

The boundary condit ions i n  (2.8.1) a r e  replaced by 

The graph i n  Fig. 2.8 is a representa t ion of t h e  approximate so lu t ion  t o  

(2.8.1) and was obtained by t h e  numerical s o l u t i o n  of (2.8.3) sub jec t  t o  

(2.8.4) with N = 20. A s  one might expect ,  the  raw d a t a  i n  Table 2.8.1 and 

t h e  comparison i n  Table 2.8.2 i n d i c a t e  t h a t  f o r  a given va lue 'o f  EPS, t h e  f a s t -  

est.GEAR so lu t ion  is  about 30% - 40% f a s t e r  than t h e  f a s t e s t  so lu t ion  obtained 

by EPISODE, and t h e  ERO values are'  roughly comparable. 
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HETH 

EPlPl 
EPl I 
EP12 
EPI 3 
EP2ffi 
EP-3 1 
EP-32 
EP2 3 
EPl0 
EPl I 
EF12 
EP13 
EP25 

GRl0 
C R l  I 
BR12 
GR13 
GR2a 
GR2l 
GR22 
GR2 3 
GRIffi 
GRI I 
GRl2 
GR13 
GR2a 
GR2 1 
GR22 
6R2 3 
GRlffi 
GRI 1 
GR32 
GRk 3 
'GR,3&' 

;!$; 
CR2 3 
. , 

PROB EPS IX 

8 1 3  ffi 
8 1 3  ffi 
8 1 3  6 
8 1 3  0 
8 1 3  ffi 
8 1 3  0 
8 1 3  0 
8 1 3  k3 
8 1 6  ffi 
8 1 6  6 
8 1 6 . 8  
8 1 6  0 
8 1 6  8 
8 1 6  8 
8 1 6  ffi 
8 1 6  8i 
8 1 9  a 
8 1 9  a 
8 1 9 . f f i  
8 1 9  8 
8 1 9  6 
8 1 9  8 
8 1 9  ffi 
8 1 9  ffi 

8 1 3  &i 
8 1 3  0 
8 1 3  8 
8 1 3  0 
8 1 3 . ' a  
8 1 3  0 
8 1 3  0 
8 1 3  6 
8 1 6  1 
8 1 6  6 
8 1 6  ffi 
8 1 6  Bi 
8 1 6  a 
8 ' 1 6  0 
8 1 6  5 
8 1 6  ffi 
8 1 9  8 
8 1 9  Bi 
8 1 9  a 
8 1 . 9  l3 
8 1 9  Bj 
8 1 9  0 
8 1 9  &i 
8 1 9  a 

LAST T 

.258jD-a2 

.35ffiD-02 

.35ffiD-62 . 25BD-l32 

.25ffiD - 62 
,258iD-Bj2 
.25ffiD-a2 
.258jD-G2 
.256D-ffi2 
,256D-8-3 
-256D-62 
.25ffiD-ffi2 
,2510-8 
.25ffiD-82 
.25ffiD-02 
.25aD-52 
.25ffiD-82 
.25@D-a2 
.25l3D-62 
.25l3D-132 
,258D-52 
,2580-62 
,2581)-02 
.251D-a2 

:25ED-I32 
.25ffiD-62 
-255D-82 
.25PiD-E2 
-25aD-a2 
.35ffiD-l32 
.25ffiD-8-3 
-255D-92 
.25ffiD-62 
.25BD-62 
.25BD-B 
.25ffiD-02 
25fiD-82 

,258iD-ffi2 
.258D- l33 
.25&iD-02 
.25PiD-62 
.258iD-D2 
,258iD-a 
.250D-a2 
,250D-52 
256D-ffi2 . ,25&iD-82 -. 258D-fi2 

NSTEP 

24 
19 
19 
35 
25 
25 
25 
41 
8 7 
45 
4l3 
9 1 
64 
64 
6 4 

186 
138 
86 
86 

2&58 
181 
181 
181 
935 -- 
19 
19 
19 
44 
25 
25 
25 
38 
49 
45 
45 
62 
6 7 
65 
65 
81 

182 
79 
79 

179 
177 
178 
178 
186 

NFE NJE E R 0 

.258D 81 

.537D ffia 

.537D 86 

.62813 a1 

.6aYD B1 

.348D @'I 

.348D Bil 

.837D ffi2 

.293D E l  

.672D affi 

.672D l36 
, 1 2 5 ~  a 
.718D 51 
, 4 6 8 ~  a1 
.468D ffil 
.574D 82 
.138D 83 
.512D ffil 
.513D 01 
.544D a2 
.203D ffi2 
.18D 82 . l82D 62 
.725D a2 

.564D 61 

.246D 61 

.246D 01 
2B6D 82 
.293D 81 
,2550 B1 
.255D a1 
.923D E l  
.38ffiD 61 
.164D GI 
.I640 51 
.158D B 
.662D E l  
.667D 01 
,667D 51 
.779D t3l 
. t iBlD a1 
.268D B i  
.268D 61. 
. 815~  a i  
.213D 82 
,1970 @2 
..I970 
.18D a2 

TOTAL T 

,143D 85 
.348D ffi5 
.375D 85 
,282D 65 
.147D 85 
.417D 85 
.45&D 65 
.289D G5 
.717D 55 
.983D 85 . IlBD 66 
.732D 85 . :,2313 a5 
.1IZ5D 86 
.116D ffi6 
.789D 65 
.133D a6 
.197D 136 
.219D 86 
.213D ffi6 
.156D 86 
.3@4 D ffi6 
.321D ffi6 
.196D 66 

.1ElD 85 

.264D 55 

.296D 85 

.259D 85 
,135D 85 
.36BD ffi5 
.398D 85 
,223D 85:. 
.384D a5 
.775D 85 
.818D 65 
.586D ffi5 
.371D 85 . IED 86 
. I  BED Pi6 ' 

.564D 85 

.757D 85 

.147D 86 

.156D 66 

.I376 66 

.Il lD 86 

.24BD 66 

.251D 86 

.142D 86 

J SETUP 

. a 

.1G8D 85 

.159D a5 . 0 . a 

.9@0D a4 

.13D 85 

. 8 

.a 

.19ED L35 
,2913 65 
.a 
.a 
.18BD a5 
.265D 85 
.a . a 
.3436D 65 
.45@D a5 
.a 
.a 
.3Y2D ffi5 
.%SD 85 . a 
.a 
.54m ag 
.7940 B4 . 8 . ffi 
.72ED 54 
.1&i6D 85 
.a 
.a - . l05D Bi5 
.159D 85 . a . ffi 
.14QD 85 
.212D a5 
.a 
.a 
.14(JD 05 
.212D 85 
.a 
, L3 
234D a5 . W4D 85 
. B 

DER TIME 

. la713 84 

.934D 03 

.934D 83 
, 3 1 5 ~  a:, 
.114D 84 
,166D BLi 
.166D 84 
288D 84 
.384D ffi4 
.342D 
.242D 84 
.657D a4 
.-349D Big 
.294D a4 
.394D 64 
.688D 84 
.567D ffiY 
.WD a+ 
.432D 64 
, 1 4 2 ~  a5 
.661D a4 
.7fi5D ffi4 
.7@5D ffiq 
.132D a5 

.124D aq 

.124D ffiq 

.I2413 04 

.33D 84 
.. 166D 5q 
.159D 84 
,15913 a4 
.%ID ffiq 
.28aD Pi4 
.263D 84 
.263D 04 
.56JD a4 
.363D aq 
. 3 6 3 ~  a4 
.363D ffi4 
.761D 84 
.533D B6 
.398D a+ 
.398D E& . l33D 05 
.747D 8& 
,7470 84 - 
.74 7D a:, 
.136D a5 

PD TIME 

.a 

. I  S9D a4 

.415D a4 

.968D ffi3 

.a 

.116D 84 

.3Y6D 64 
,79513 a3 
. 8  
.254D a4 
.761D a4 
.114D &i4 
.0 . 
.231D 64 
.692D a4 
.149D 84 . a 
.393D 54 
.116D 65 
,21413 64 . a 
.439D Pi4 
.131D Pi5 
.214D a4 

.a 

.693D a3 
,2870 54 
,72613 a3 
.5 
,924D a3 
.277D E4 
.55?iD 63 
.a 
.135D Pi4 
.415D 64 
.795D 83 
.a 
.185D a4 
.553D 64 . 1 aaD .a4 . a 
.185D 54 
.55SD 84 
.124D BY . a 
.38j@D 64 
.899D 84 
.865D 83 

SOL TIME 

.a  

.9BlD BY 

.90lD a4 . a 

.a 

.163D 85 
,1630 85 
.a 
.a 
.2SD a5 
.239D 05 . a 
.a 
.251D a5 
.&ID a5 
.a . a 
.4P9D 65 
.429D 85 
.a 
.a 
.7BSD a5 
.763D 85 . a 
. a 
.121D Pi5 
./ID 85 
.a 
, a 
.156D Bi5 
.156D 05 . a 
.a 
.26ffiD 85 
.268D 85 
.a 
,a 
.368iD a5 
,366D a5 . a 
.a 
.395D 55 
.395D .a5 
.a . a 
.745D 85 
.745D 05 . k3 

STEP T 

.116D 05 

.318D 15 

.347D a5 

.243D 65 



TABLE 2 .8 .2 .  'A ~o&tirisdxi 'of .the F a s t e s t  R u n s  w i t h  GEAR a n d  the 
' ' F a s t e s t  . R u n s  'with 'EPISODE ' for ' T e s t  'ProbI&b 8 

EPS = EPS = EPS = 
GRlO/EPlO GRlO/EP20 G R ~ O / E P ~ O  

TOTAL T 

ERO 

NSTEP 

NFE 

*00124 = 1 - 1 6  DER TIME 
. oo280 = 1 - 1 2  

= ,958 
.00107 .00249 .00567 

STEP T = 736 -- *0243 - -686 -= 
-0354 .  

*0672 . 5 7 9 .  
.0116 .I16 



2.9 Test Problem 9 

This nonl inear  problem descr ibes  a chemical ' react ion of t h e  type 
" 

and has been discussed i n  [ l o ] ,  [17],  [19]. The nonlinear system of ODE'S 

appears deceptively easy t o  so lve  and i s  given by 

i 
.Here, y denotes t h e  concentrat ion of the  i - th  chemical species .  Note t h a t ,  

ji = 0 so  t h a t  i:=lyi = 1 f o r  a l l  t .  The problem i s  s t i f f  and t h e  steady T i = 1  1 2  
s t a t e  (asymptotic) va lues  of t h e  so lu t ion  can be shown t o  be y. = y = 0, 

y3 - 1. The Jacobian matr ix  i o  , 

4 whose steady stste (asymptotic) eigenvalues a r e  0, 0, and -10 . 
10 1 .  5 

W e  solved t h i s  problem f o r  0 5 t 2 4-10 , s ince  y r .005 f o r  t = 4-10 , 
i .e.  steady s t a t e  is  achieved only f o r  very l a r g e  values  of t. Also, i f  

3 i liiilY -1 I > EPS, a t  an output po in t ,  then t h e  index ( I X  i n  the  da ta )  was set. 

t o  -9 and t h e  next  run was begun. Graphs of t h e  so lu t ion  a r e  given i n  

Figs.  2.9.1 and 2.9.2. The raw da ta  given i n  Table 2.9.1 and t h e  comparison 

i n  Table 2.9.2 point  up severa l  items of i n t e r e s t :  the  problem i s  indeed 

s t i f f  and d i f f i c u l t  t o  solve  e f f i c i e n t l y  on t h e  given time i n t e r v a l  and wi th  
k 3 i 

output  a t  4-10 , k=1,2,. . . , lo ;  t h e  conservation c r i t e r i o n  11 - y -1 I < EPS is 
i-1 .: 



PROB. 09 



PROB. 09 - 2ND COPIPONENT 



MEJH PRO8 EPB IX LAST T NSTEP NFE NJE E R 0 TOiRi T J X T U P  DER TiME PD TIME 50i TIME STEP T 

EPlB 9 
E P l l  9 
EPl? 9 
EPi3 9 
EP2B 9 
EP21 9 
EP22 9 
EP23 9 
EPlB 9 
E P l l  9 
EP12 3 
EP13 3 
EP2a 3 
EP21 9 
EP22 3 
EP23 3 
EPlB 3 
E P l l  3 
EPI2 9 '  
EP13 9 
EP2B 3 
EP21 9 
EP22 Q 
EP23 9 

GRIB 3 1 
GRl l  3 1 
GR12 9 1 
GR13 9 '  1 
GR2B 9 '  1 
GR21 9 ! 1 
GR22 9.. 1 
GR23 9 .  1 
GRlB 9 1 
GRl l  9 1 
GR12 9 1 
GR13 9 1 
GR2B 9 1 
GR21 9 1 
GR22 9 1 

GRl l  9 1 
GR12 9 1 
GRl3 9 1 
GR2a 9 1 
GR2l 9 1 
G R 2  9 1' 



TABLE 2.9.2. A Comparison of the Fastest Runs of EPISODE and 
the Fastest Runs of GEAR for Test Problem 9 

EPS = EPS = EPS = lo-' 
~~22/EP21 GR211EP21 G~21/EP21 

TOTAL T - =  .851 - =  *Io7 .379 - =  
.I54 ,282 

*266' .727 
.366 

ERO 

F 

- =  730 .952 - =  570 .465 1270 
NFE 1226 

- = .853 
767 1489 

- = '  .378 - -  62 - .278 - -  'I - .538 NJE 225 223 169 

J SETUP .578 - =  000633 = -224 *0919 = .537 
,0230 .0282 .0173 

DER TIME *0°852 = ,952 = -465 -= 
.00895 ,0143 

, .851 
.0174 

PD TIME 
-00297 = .716 *00114 = -277 *oo160 = -538 
..00415 .00411 .00312 

SOL TIME - =  *0270 .954 -=  *0210 .464 - =  
.0283 .0453 

*0469 .853 
,0550 

STEP T - =  .801 -= *0954 .370 - =  
.I41 .258 

*235 .704 
.334 



a poor one f o r  e r r o r  con t ro l ;  MITER = 2 can be troublesome; and t h e  in tegra-  

t o r s ,  both were badly deceived. One reason t h a t  t h e  i n t e g r a t o r s  were badly 
. . , . 

d e c e i v e d . i s  t h a t  f o r  l a r g e  t ,  a minor e r r o r  i n  t h e  matrix can switch an 

eigenvalue from zero t o  some p o s i t i v e  value.  See [17].  Neither EPISODE nor 

GEAR would be a c l e a r  cu t  choice f o r  t h i s  problem, s i n c e  EPISODE suffered ve ry  

bad e r r o r s  f o r  EPS = and GEAR d id  a s  badly when EPS = loe6. 



2.10 Test  Problem 1 0  

The system of equations given here  was solved a s  p a r t  of a s e n s i t i v i t y  ' 

a n a l y s i s  of t h e  Chapman mechanism [ 9 ] .  The symbolic representa t ion f o r  t h e  

f o u r  r eac t ions  i s  

where k denotes t h e  reac t ion  r a t e  f o r  i=1,2,3,4; M denotes some molecule re- 
i 

quired t o  c a r r y  off  excess energy, hv ind ica tes  a photq-chemical r eac t ion ,  and 

0, 02, and 0 represent  t h e  oxygen s i n g l e t ,  oxygen, and ozone, respect ively .  3 
I n  t h e  &ample, t h e  concentrat ion of 0 denoted by [02] ,  w i l l  be held constant ,  

2 ' 
t h e  r a t e s  kl and k2 a r e  f ixed and k and k vary d iu rna l ly .  I f  f' = [O], 3 4 
y2 = [03] and y3 = [0  1, the  system of ordinary d i f f e r e n t i a l  equations i s  

A 

2 

wi th  

i = 3,4 
0 , sinwt - < 0 



Graphs of the  solut ion of t h i s  problem appear i n  Figs. 2.10.1 and 2.10.2. 

The former i s  given on a sh i f t ed  logarithm sca l e  and con t ras t s  the  behavior 
2 of y1 and y , while the  l a t t e r  shows how y2 (or [0  1) increases  slowly. Note 

1 3 
how y (or [o])  o s c i l l a t e s  between la rge  daylight  values and small nighttime 

values. Although t h i s  problem only involves three chemical species and j u s t  

two of these have concentrations varying i n  time, i t  does have fea tures  of 

l a rge r  problems. The Jacobian matrix i s  not a constant ,  the  diurnal  e f f e c t  

is  present,  the  o sc i l l a t i ons  a r e  f a s t ,  and the  time i n t e rva l  used is f a i r l y  
5' 4 long, 0 - < t - < 8.64 10 . Data were taken every 6 hours or '2 .16 10 seconds. 

I n  Table 2.10.2 the  raw data  fo r  t h i s  problem'are given and a comparison 

i s  given i n  Table 2.10.3. A t  f i r s t ,  we would i n t u i t i v e l y  expect EPISODE with 

MF = 21 t o  perform much b e t t e r  than o,ther EPISODE options o r  GEAR, on the  

ba s i s  of r e s u l t s  f o r  problem 3. (See 92.3.) 

TABLE 2.10.1. Values of NFEMAX f o r  Test Problem 10 

EPS 

10'~ 

Problem 3 

5,000 

10,000 

20,000 

NFEMAX 

Problem 10 

15,000 

30,000 

75,000 



P 
I-' 
4\ 

PROB. 10 

N 

I-' 
0 

I-' 





Bt EZtf9 
at zztf:, 
Bt tZ83 
Bt BZtl:! 
at Ettf:! 
Bt Zttf:, 
at tttf:, 
Bt Bttf:, 
Bt EZY3 
Bt ZZtl:, 
at tztr:, 
Bt C5ZtJ9 
Bt Ettf3 
at zttf:, 
Bt ??a9 
Bt attf:, 
Bt EZtf3 
at za:, 
06 tZd9 
Bt 272tl:, 
Bt Etd3 
at Zttf:, 
Bt tttf3 
at Bttf:, 

98 am: 98 QLhd 
9B 0tZt' 

8' 
98 flf62' 
98 QLL_t: 98 Qcgc 

8' 
98 ECt' 
98 CrBf 1' 
58 Q829' 

8' 
98 flEtt' 
98 QhtZ' 
98 QLZ? ' 

8' 
5B fl5fh' 
58 flh28' 
58 flt2h' 

m. 
58 flftZ' 
98 Qtft' 
5fl QL7R ' 

ifla 

fig59 
ZE5.7 
49t:~ 
8 
t:g89 
2E8f: 
ZfiLS 
B 
StLZ 
LEE t 
2911 
8 
t:ht:Z 
L6f Z 
5851 
8 
z68 
98 
658 
8 
Z9h t 
t:t:f? 
989 t 
a 



TOTAL T 

ERO 

TABLE 2.10.3. A Comparison of the Best'Runs of 
. . EPISODE and GEAR, Test Problem 10 

-3 EPS = 10 , EPS = lo-6 EPS = lo-' 
,~~21/~P21 GR21/EP21 ~~21/EP22 

NSTEP - =  5619 1.27 -= 14992 1.43 -= 
4428 10507 

41058 1.31 
31413 

NFE - -  - 1.15 22919 - 1-38 -- -= 
7979 16594 

56423 1.35 
41794 

NJE - =  751 .874 - =  15" 1.25 - =  
859 1263 

3581 1.41 
2532 

J SETUP -= *0790 .874 - =  1.25 - =  *377 .792 
.0904 .I33 ,476 

DER TIME 

-= *0368 ,874 -= 1.25 .l76 .713 
PD TIME - =  

.,0421 .0620 .247 

SOL. TIME - =  *238 1.14 - =  *597 1.38 - =  
,208 .432 

1.35 
1.09 

STEP T 

* 
The times for MF = 2l'and MP = 22 are comparable. 



The.table above shows several distinctions between the solutions of prob- 

leis 3 andi10. The substantial increase in NFEMAX for problem 10 gave fewer 

failures for excessive functional evaluations with METH = 2. The contrast in 

statistics also indicates that the system is substantially more expensive to 

solve than the single equation, which is no surprise. Another imp,or.tant dis- 

tinction lies in the way error was controlled. (More.about choice of error 

control is given in [17] and a forthcoming report.) In all previous problems 

semi-relative error control (IERROR = 3) was used. However, in problem 10, 
-20 

we 'used another type of error. Here YMAX(1) was set to max( 1 Y (I) 1 ,10 ) in 

DIFFUN by accessing COMMON/C;EAR~/YMAX(~) or cOMMON/EPCOM~/YMAX(~) and insert- 

ing the lines 

YMAX(1) = D M 1  (DABS (Y (1) ) ,PLOOR(l) ) 

YMAX(2) = DMAX2(DABS(Y(2)) ,FLOOR(2)) 

in DIFPUN. Here PLOOR(1) = PLOOR(2) = loe2' and the long (double) precision 

version is given above. In the user's main program, IERROR = 3 for the call 

to EPISODE or the usual call is made to GEAR, since the setting of YMAX in 

DIFFUN overrides the internal calculation of YMAX. This particular type of 

error criterion has been found to be useful and effective for solutions that 

are widely varying in magnitude. The run times for the codes with MF = 21,22 

are very close for EPS = 1 0 ~ , 1 0 ~ ,  while MI? = 21 is slightly faster for 

EPS = lom6, 

Note that the number of function evaluations (NFE) for EPISODE is always 

less than the corresponding number for GEAR.and that the number of Jacobian 

evaluations for EPISODE is less than that for GEAR for EPS = 10-~,10-~.  hat 
is, we can see the 'interplay among variable step size and fixed step size- 

interpolate code f,eatures such as number of steps, number of function 

evaluations, look-up or calculation of coefficients, and Jacobian evaluations. 

The reason that GEAR performs competitively with EPISODE here, where it did 

not for problem '3, case 1, is evidently that the steepness of the diurnal 

fronts is not a$.  great in problem 10. By ~ershgorin' s theorem [25] , 
8 

max(X I /min(h I is about 6 while in problem 3, case 1, .I af/ayl = 10 . 
i i i i  



2 . 1  Test Problem 11 

This problem is of a s u b s t a n t i a l l y  d i f f e r e n t  na tu re  than t h e  previous 

ten.  The purpose is  to  exerc i se  severa l  opt ions  of t h e  two codes. I n  t h e  

beginning, t h e  problem is 

The exact  so lu t ion  i s  

$ = exp(-t) 

. = -. Olexp (-t) + 1.0101exp (-100t) - .0001exp(-10000t) 

2 :, = exp (-10000t) 

A t  t h e  s t a r t  ( t  = 0 ) ,  W = 10, EPS = H@ = 10-8 and semi-relat ive e r r o r  

i s  bsed. . A t  t h e  successive output po in t s ,  . the  following ac t ions  w e r e  taken; 

A t  t = .01, M was reduced from 3 t o  2 and INDEX was set t o  -1. From then 

on, Y3 was set t o  0 i n  j2 and t h e  t h i r d  equation i n  t h e  system of ODE'S was 

ignored. 

-6 
A t  t = - 04 ,  EPS was increased from 10 t o  and I N D E X  was  teser t o  -1. 

A t  t = .07, INDEX was set t o  2 and t h e  ODE solver  was thereby required 

t o  h i t  t = .1 exact ly  and t o  give d a t a  there .  

A t  t = .1, MF was switched from 10 t o  21 and INDEX was reset t o  -1. 

A t  t = .2 ,  INDEX was set t o  3 t o  fo rce  t h e  i n t e g r a t o r  t o  r e t u r n  output  
, . 

a f t e r  each s t ep .  1NDEX.was r e s e t . t o  3 a f t e r  each s t e p  and when t 2 1, in te -  
' . 

gra t ion  was ha l t ed .  I n  Tables 2.11.1 and 2.11.2 output  f o r  both EPISODE and 

GEAR a r e  given. 

Neither code had any d i f f i c u l t y  i n  performing a s  requested; 



-- -. TE j~ PR0&.EM 11. . 1 t k T  OF SPECIAL FEATURES 

FINAL STATISTICS,. :235 STEPS, 





2.12 Test Problem 12 

This concerns 

whose exact so lu t ion  i s  

This WAS solved with GEAR and EPISODE with EPS = a l l  e ight  choices 

of MI? and a l i ' t h r e e  values of IERROR. Next, 

whose exact so lu t ion  i s  

w a s  solved f o r  t he  same choices of EPS, MF, and IERROR. The object  of this 

procedure was t o  ve r i fy  tha t  in tegra t ion  of (2.12.1) with negative h was 

equivalent  t o  in tegra t ion  of (2.12.3) with pos i t ive  h. The r e s u l t s  which 

were taken a t  every .1 second were i den t i ca l .  Both codes p e r f n r m ~ d  satis- 

fno tor i ly .  



2.13 Test Problem 13 

Here we are concerned with testing various error halts in the two codes 

EPISODE and GEAR. The underlying problem is 

The following illegal or inappropriate inputs were used: 

a) N = 0. 

b) EPS = 0. 

C) H@ = (with [TOUT-To] > 0). 

d) INDEX = -4. 

e) EPS = and 80 = were input to yield a halt for too 

strict an accuracy requested. 

-10 6 
f) EPS = 10 , HB = lo7, and TOUT = 10 were input to force a halt 

' 

after 10 reductions of H. 

- 6 g) Integration with correct input (BPS = 10 , Ho = INDEX = 1) 

was performed until TOUT = 0.1. Next, DRIVE was called with 

INDEX = -1 and TOUT = .100001 to force a return from DRIVE with 

INDEX = -5. 

h) A call to DRIVE was then made with INDEX = 2, TOUT = .100001 to 

force a return with INDEX = -6. 

i) Finally, DRIVE was called with INDEX = -1 and TOUT = 1 but for 

t > .3, PEDERV returned.1000 for the.Jacobian matrix instead of .-I. 

This caused a termination for excessive function evaluations with 

TNDEX = -I at t = .728 for GEAR aild at t - ,603 for EPISODE. . 

In each case, the integrator printed the appropriate message and correct- 

ly set the error flags. 



2.14 Test Problem 14 

Here we treat a model for an oscillating chemical system described in 

[ll]. The basic idea is this: a chemical reaction takes place in such a way 

that the concentrations of the three chemical species vary periodically in 

time. In dimensionless form [ll] the system becomes 

where 

The initial data which we used were 

and are due to Enright [lo]. 

The problem was solved for 0 - < t - < 303, since that is the approximate 

length of one period for the solution. A graph of the solution is given in 

Fig. 2.14 and vividly illustrates the stiffness, oscillations, and range of 

the solution. Output was taken at t = 1,2,3,4,49,99,149,199,249,299,300,301 
i 

and 303. The error criterion was pure relative error for l y  I > 1 and pure 
i absolute error for l y  I - < 1. This was achieved by accessing the YMAX array 

through GEAR2 (for GEAR) or EPCOM2 (for EPISODE) and setting 

for 1=1,2,3 in.DIFmTN. This overrides the internally computed value of 

YMAX(1) for semi-relative error, which is always used by GEAR and is used by 

EPISODE when IERROR = 3. Here, NFEMAX = 5000 for EPS = N F W  = 10,000 

for EPS = and NPEMAX = 20,000 for EPS = lo-'. The raw data in 





Table 2.14.1 indicate that with MF = 21, GEAR required about 75%-85% of the 

running time used by EPISODE and, for EPS = lo-', GEAR was much. more accurate. 

. - A  comparison of the fastest MF settings for GEAR and EPISODE is in Table 

2.14.2. The MF = 21,22 choices were very close in performance. The very 

large ERO values for EPISODE with EPS = lo-' are attributable to a phase shift 

of the numerical solution at one or more of the spikes. Control of such 

errors will be discussed elsewhere. The choice of the end point (t = 303) 

prevents the second set of spikes in the solution (Fig. 2.14) from being 

encountered. . This explains in part why EPISODE shows none of the advantage 

over GEAR that might be expected from the description of the problem and 

Fig. 2.14. 
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3. SUMMARY 

In 52, the problems solved in this comparison were described, raw data 

were given, and comparative results were presented. The comparative results 

were constituted of tables showing quotients of the numbers of certain opera- 

tions for GEAR divided by the number of similar operations for EPISODE; and 

. ' quotients of certain timings of GEAR functions divided by the corresponding 

.timings of EPISODE. These comparative results then give figures for the best 

performing MF settings for the two ODE packages for each choice of EPS and for 

each case of each problem where such comparisons make sense. (They do not 

make sense for problems 11, 12, and 13.) These comparative tables still re- 

quire that 128 cases be examined! In Table 3.1 we summarize the comparative 

results by simply calling the ODE packages even for 

(3.1) .go - < (TOTAL T QUOTIENT) 5 1.11. , 

GEAR the winner for TOTAL T QUOTIENT < .9 and EPISODE the winner for TOTAL T 

QUOTIENT > 1.11. This procedure gives 57 cases to GEAR, 35 are even and 

EPISODE wins 36 times. Several observations can be made. GEAR performance 

on the linear systems in problems 6 and 8 was superior to that of EPISODE and 

together with the quadrature-type problem 7, accounted for 41 of GEAR's 57 

successes. Problem 7 clearly demonstrates the cost of the overhead of a var- 

iable step method, as in EPISODE, as opposed to a fixed step-interpolate 

method, as in GEAR, especially when the variable step method requires fewer 

function evaluations and steps. On the other hand, there were some surprises. 

0ne.reason for running problem 5 with N = 20,30,40,50 was to find a crossover 

point of the TOTAL T quotient from EPISODE'S favor to GEAR's -- we did not 
find it. Other surprises were the evenness of the two packages for problem 

10 and GEAR's comparative success with 14. 

We again caution the reader that -+lo% may be as close as we could get to 

an accurate timing. Thus, we provide another summary in Table 3.2 where the 

inequality (3.1) has been replaced by 

(3.2) . .75 2 (TOTAL T,QUOTIENT) < 1.33 - . . 

and the thresholds for success for GEAR and EPISODE have been correspondingly 



TABLE 3.1.  Tabulation of Better Choice of Code Based on TOTAL T 
TOTAL T < QUOTIENT and EVEN for .90 2 UOTIENT - 

GEAR I EVEN EPISODE . 

* 
' ~ h e ' e n t r ~  n-rn denotes problem n,  case y. Selected on basis  of ERO: 



TABLE 3.2. Tabulation of Better Choice of Code. Based on TOTAL T,- 

QUOTIENT and EVEN for .75 2 t 

. . . . I'  h he entry n - m  denotes problem n, case, m. 

* 
.Selected on the basis of EKO. 

EPS 

lo-6 

GEAR 

1- 1 
7-1 
7-9 . 
7-10 
7-14. 
7-16 
8 

6-1 
6- 2 
6-3 
6-4 
6-5 
6-6 
6-7 

I 6-8 
6-9 
6-10 
6-11 
6-13 
6-14 
6-17 
7-16 ' 

8 
. .9*  

3-2 
4- 2 
7-15 
8 
9 

EVEN 

1-2 7-5 
1-3 7-6 
1-4 7-8 
1-5 7-11 
2 7-12 

4-2 7-13 
7-2 7-15. 
7-3 10 
7-4 14 

1-1 6-24 
1- 2 7-1 
1-3 7-2 
1-4 7- 3 
1-5 7-4 
2 7-5 
3- 1 7- 6 
3- 2 7-7 
4-1 7-8 
4- 2 7-9 
6-12 7-10 
6-15 7-11 
6-16 7-12 
6-18 7-13 
6-19 7-14 
6-20 7-15 
6-21 1'0 
6-22 14 
6-23 

1 1  7-5 
1-2 7-6 
1-3 7-7 
1-5 7-8 
2 7-9 

3-1 7-10 
4-1 7-11 
5-1 7-12 
7-1 7-14. 
7-2 7-16 
7-3 10 
7-4 14 

EPISODE 

3-1 
3-2 
4-1 
5-1 
5-2 
5-3 
5-4 
7-7 
9" 

5-1 
5-2 
5-3 
5-4 

1-4 
5-2 
5-3 
5-4 
7-13 



altered. GEAR was the winner.in 29 cases, 79 cases were even, and EPISODE 

won 18 times. 

The smallest TOTAL T quotient was .416 for problem 6, case 11; second 

smallest was .542 for problem 6, case 6; second largest for problem 5, case 4, 

EPS = with a value of 2.25, and largest for problem 3, case 2, 

EPS = Mas 2.57. 

The gist of all these results is that GEAR outperforms EPISODE on most 

'simply decaying or linear problems where the cost of function evaluations is 

low and/or where step size adjustment is not critical to success. EPISODE 

performs 'better than GEAR on most prob1.ems in.vnlving wave fronto and/or non- 

linearitles: Although many questions have been answered by this testing, 

there are anomalies: The two integrators could not control the error for 

problem 9, but for different values of EPS!. . Some problems move, from column 

to colunin in Table 3.1 as EPS decreases! 

Now we turn to a different' type of summary of the results. In Tables 

3.3.1 - 3.3.3, the differences in time for the two packages are given in the ' 

' form [TOTAL T(EPIS0DE) -TOTAL T(GEAR)]. The values used to form these differ- 

ences are from the values for the best runs used in the comparison tables of 

the test problems. Inspection of ~ a b i e s  3.3.1 - 1 - 3 . 3  leads ts tho following: 

the largest positive differences in the tables are .45 a.nd . k  for problem 3, 

case 2, and problem 10, respectively; these values both.exceed the sum 

of all the differences for all EPS and all cases for problems 6 and' 7; 

if the differences are summed over all problems and all cases they are 

-1.18 for EPS = -2.80 for EPS = -5.80 for EPS = lo-', and -9.77 

for the sum over all cases, and all EPS. That is, for most problems invdlving 

fair amounts of execution time (stiff problems of moderately large size with 

waves or fronts) EPISODE outperforms GEAR by a substantial enough margin that 

the advantage gained by GEAR on inexpensive and small, non-stiff or simply 

decaying stiff problems is offset. 
.. . 

To the user, our advice is now a bit comp.licated. If he is doing 

parameter studies in modeling and simulation and these studies include reason- 

ably large problems with waves or fronts on the interior, he can probably save 

human time and machine time by using EPISODE. If he is running production 

jobs,with problems which are inexpensive and simply decaying, linear, or 



SUM OVER 
PROB CASE - - EPS = EPS = EPS =. ALJ. EPS 

SUB TOTALS 
(PROBLEM 1) 

SUB . TOTALS 
(PROBLEM 3) 

-.316 - .lo9 .28 . -. 145 
. 

4 1 -. 064 -. 075 -.30 -.439 

SUB TOTALS 
(PROBLEM 4) 

SUB TOTALS 
(PROBLEM 5) 

* 
MAR suffered serious ERO, aec Table 2 . 9 . 2  and [17]. 

. t ~ ~ ~ ~ O ~ ~  suffered serious ERO, see Table 2.9.2 and [17] . 



TABLE 3.3.2. [TOTAL T(EPIS0DE) - TOTAL T(GEAR) ] PROB 6 EPS = 

CASE 1, CASE 2 CASE 3 CASE 4 CASE 5 .CASE 6 '  CASE 7 CASE 8 

.0122 ' .0101 . .0149 .0186 .0110 .0237 .016 . .0231 

CASE 9 CASE 10 CASE 11 CASE 12 CASE 13 CASE 14 CASE 15 CASE 16 

CASE 17 CASE 18 CASE 19 CASE 20 CASE 21 CASE 22 CASE 23 CASE 24 

.0140 .0109 .006 .020 .0032 .0093 .0087 .0018 

SUB TOTAL, PROBLEM 6, ALL CASES: ,367 

TABLE 3.3.3. [TOTAL T(EPIS0DE) - TOTAL T(GEAR)l PROB 7 

CASE - 

TOTAL 
PROBLEM 7 

EPS = 
SUB TOTAL 
OVER ALL EPS 



non-stiff, he should use GEAR. If the runs are with problems with intermittent 

transients, he should use EPISODE. These recommendations are based in part 

on three years of use of EPISODE' for diurnal chemical kinetics problems [8], 

where GEAR did not function as well, and on comments from several sophisticated 

users, including Dr. R. P. Dickinson and Professor J. V. Wait. 

Finally, test .results by Bushard and Thompson [3] have led to their 

recommendation that EPISODE be used at Babcock and Wilcox for the kinds of 

stiff systems which they solve. Enright and Hull [lo] on the other hand 

recommend .that GEAR be used for the simple-chemical kinetics problems they 

tested, including variants of problem 9 and 14. 
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