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Abst rac t  

E l e c t r o s t a t i c  i n s t a b i  1  i t i e s  occu r r i ng  i n  m i  r r o r - c o n f i  ned i o n  v e l o c i t y -  
d i s t r i b u t i o n s  have been thoroughly i nves t i ga ted .  The e lect romagnet ic  
i ns tab i  1  i ty  of g rea tes t  concern i s  the Al fvgn- ion-cyc l  o t r o n  ( A I C )  mode. I n  
t h i s  work we i n v e s t i g a t e  both convect ive and absolute growth, both i n  
ho~nogeneous plasma and i n  f i n i t e  machines, f o r  a  v a r i e t y  of i o n  v e l o c i t y -  
d i s t r i b u t i o n s .  Good agreement i s  found w i t h  the  r e s u l t s  from the  p a r t i c l e  
s imu la t i on  code "Superlayer".  Q u a s i l i n e a r  e f f e c t s  a re  o u t l i n e d  and a  rough 
c r i t e r i o n  found f o r  the importance o f  Dupree-type broadening. 
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I. In f luence  o f  Mode on M i r r o r  Machine Design 

E l e c t r o s t a t i c  i n s t a b i l i t i e s  occu r r i ng  i n  m i r ro r - con f i ned  i o n  v e l o c i t y -  

d i  s t r i  but ionsl  ;* have been thoroughly inves t iga ted .  The high-frequency convec- 
I 

t i  ve mode p laces an upper 1  i m i  t on machine length .  The d r i f t - c y c l o t r o n - l o s s -  

cone mode places a  l a r g e  lower l i m i t  on machine rad ius ,  so t h a t  i n  2X t h i s  

mode requ i res  a  plasma stream f o r  a d d i t i o n a l  ~ t a b i l i z a t i o n . ~  Both o f  these 

modes are  d r i v e n  by popu la t i on  i nve rs ion  i n  perpend icu la r  v e l o c i t y .  

The study o f .e lec t romagne t i c  i n s t a b i l i t i e s  occu r r i ng  i n  m i r ro r - con f i ned  

i o n  d i s t r i b u t i o n s  i s  s t i l l .  i n  progress. O f  g rea tes t  concern i s  the  A l fven- ion-  

c y c l o t r o n  (AIC) mode. 5 y 6  This i n s t a b i l i t y ,  u n l i k e  the  HF convect ive i n s t a b i l i t y ,  

7 can become absolute;  f u r t h e r ,  t he  s h i f t  f rom convect ive t o  absolute occurs 

a t  ,modest B-values and anisotropy-values (e.g. B - 0.5 f o r  TL:TII - 2 : l ) .  8 

S t a b i l i z a t i o n  v i a  f i n i t e  machine-length thus i s  achieved n o t  by l i m i t i n g  the  

c o n v e c t i v e  amp1 i f i c a t i o n  b u t  r a t h e r  by s p a t i a l l y  c o n f i n i n g  the  mode s u f f i c -  

9 i e n t l y  t o  depress i t s  absolute growth r a t e .  Th is  i s  a 'more severe r e s t r i c t i o n ,  

i n  general.  The A I C  i n s t a b i l i t y ,  u n l i k e  the  drift-cyclotron-loss-cone i n s t a -  

b i l i t y ,  does n o t  r e q u i r e  a hole i n  the perpend icu la r  v e l o c i t y  d i s t r i b u t i o n .  

Thus a d d i t i o n  o f  a  cool-plasma stream i s  n o t  e f f e c t i v e  i n  s t a b i l i z i n g  i t. 

F i n i t e  machine-width in t roduces an e f f e c t i v e  perpend icu la r  wavevector and a 

r a d i a l  g rad ien t  i n  f i e l d  and dens i ty .  ,We can e x p l a i n  the absence o f  v i o l e n t  

A I C  i n s t a b i l i t y i r - t h e  2 X  machine by i nvok ing  the  s h o r t  sca le - l eng th  of the  

plasma i n  terms o f  i o n  ' larmor r a d i i ,  which leads t o  a  d i s c r e t e  s e t  o f  a l l ow-  

ab le  modes w i t h  reduced growth r a t e ,  together  w i t h  the  sho r t  .sca le - rad ius  

which in t roduces a  non-zero k, i n t o  the A I C  d i spe rs ion  r e l a t i o n .  The e f f e c t  

o f  r a d i a l  g rad ien ts  has n o t  y e t  been examined. 



.- 

11. Approximat ions Used i n  study o f  Mode 

The approx imat ions t h a t  a r e  made i n  t h e  s tudy  o f  A I C ' i n s t a b i l i t y  . . f a l l  i n t o  

t h r e e  main approx imat ions t o  t h e  macroscopic f o rm  o f  t h e  plasma, 

approx imat ions t o  t he  mic roscop ic  form o f  t h e  i o n  v e l o c i t y  d i s t r i b u t i o n ,  and 

approx imat ions t o  the  k inemat ics  o f  t h e  mode i t s e l f .  The f i r s t  and second 

groups a r e  o f  course r e l a t e d  v i a  t h e  e q u i l i b r i u m  i o n  dynamics; t h e  f i r s t  and 

t h i r d  groups a r e  o f  course r e l a t e d  v i a  r e s t r i c t i o n s  on t h e  p o s s i b l e  wavevectors 

and p o l a r i z a t i o n s .  

The a c t u a l  plasma has v a r i a t i o n  a long  and across ' t h e  magnet ic f i e l d  l i n e s .  

The l o n g i t u d i n a l  v a r i a t i o n  i s  t r e a t e d  i n  t he  WKB approx imat ion.  We i gno re  

f h e  d e t a i l e d  pe rpend i cu la r  v a r i a t i o n  f rom one f i e l d  l i n e  t o  t h e  nex t ;  i n s t e a d  

we s tudy  AIC p ropagat ion  on a  s i n g l e  " r e p r e s e n t a t i v e "  f i e l d  l i n e .  The perp-  

e n d i c u l a r  v a r i a t i o n  i n  plasma p r o p e r t i e s  we p l a n  t o  i n c l u d e  i n  f u t u r e  t o  

lowes t  o rde r  by l o c a t i n g  t h e  s i n g l e  " r e p r e s e n t a t i v e "  f i e l d  l i n e  i n  a  l i n e a r  

t r ansve rse  g rad ien t .  The f i n i t e  pe rpend i cu la r  e x t e n t  we approximate b.y r e -  

q u i r i n g  a  non-zero k,. 

Recent work on t h e  pe rpend i cu la r  d i f f e r e n t i a l  equa t i on  s a t i s f i e d  by t he  

f i e l d  ampl i tudel O suggests t h a t  the '  va lue  o f  k, i n  questi.on i s  around 

We adopt t h e  more conse rva t i ve  assumption t h a t  a  t r ansve rse  mode p a t t e r n  

e x i s t s  which rough l y  accommodates a  ha l t -wave leng th  w i t h i n  t he  d iameter  of 

t h e  plasma, so t h a t  



There remains t h e  cho i ce  o f  a  c h a r a c t e r i s t i c  Larmor r a d i u s  and c h a r a c t e r i s t i c  

plasma rad ius .  ' The MX plasma i s  expected t o  have a  r e l a t i v e l y  u n i f o r m  c e n t r a l  

r e g i o n  surrounded by  a  r e l a t i v e l y  narrow sheath o r  edge r e g i o n  which i s  1  

o r  2  Larmor r a d i i  wide. For MX, t he re fo re ,  i t  makes sense t o  t ake  R t o  be 
P  

t he  d i s tance  f r om t h e  a x i s  o u t  t o t h i s  sheath and t o  t a k e  f o r  aiL i t s  c e n t r a l  

a x i s  value. The 2X plasma, on t h e  o t h e r  hand, i s  a l l  sheath; t he  f a l l o f f  i n  

d e n s i t y  f rom t h e  a x i s  can be modeled as a  Gaussian and t h e . c h a r a c t e r i s t i c  

l e n g t h  taken t o  be t h e  s c a l e  l e n g t h  o f  t h i s  Gaussian; t h e  Larmor r a d i u s  should 

be taken i n t e r m e d i a t e  between a x i s  and edge va lues  and f o r  l a c k  o f  any s t r i c t e r  

gu ide  we t ake  t h e  geometr ic  mean f o r  convenience. The a x i s  and edge va lues  

of  t he  i o n  Larmor r a d i u s  a r e  taken f rom t h e  l o n g  t h i n  approx imat ion.  
. - 

Be fo re  d e s c r i b i n g  t h e , l o n g i t u d i n a l  v a r i a t i o n  problem i n  d e t a i l ,  we r e c a l l  

t h a t  t h e  AIC mode i n  homogeneous plasma can be e i t h e r  convec t i ve  o r  abso lu te .  

As an example, f o r  a  b i rnaxwel l ian i o n  d i s t r i b u t i o n  w i t h  a  temperature an iso-  

t r o p y  o f  2 : l  t h e  t r a n s i t i o n  f rom convec t i ve  t o  abso lu te  behav io r  occurs a t  a  

0-va lue o f  0.6. A t  a  0-va l l ie  i n f i n i t e s i m a l l y  l e s s  than  t h i s ,  t h e . c o n v e c t i v e  

growth l e n g t h  f o r  7 exponen t i a t i ons  i s  about 30 i o n  Larmor r a d i i .  For ' less 

severe a n i s o t r o p y  t h e  t r a n s i t i o n  occurs a t  h i g h e r  0  and v i c e  versa, b u t  t he  

l e n g t h  of homogeneous plasma r e q u i r e d  f o r  s u b s t a n t i a l  convec t i ve  growth i s  

always a  few, tens  of Larmor r a d i i  and t h i s  remains' t r u e  f o r  o t h e r  t ypes  o f  i o n  

d i s t r i b u t i o n .  Thus 2X and t h e  end p l u g s  o f  TMX a r e  t o o  s h o r t  f o r  convec t i ve  
. . 

AIC i n s t a b i l i t y  t o  be a  separate i ssue .  Only  abso lu te  AIC i n s t a b i l i t y  need be 

considered. I n  MX and t h e  c e n t r a l  tank  o f  TMX, on t he  o t h e r  hand, t h e  convec- 

t i v e  ATC growth may c o n s t i t u t e  a  problem a t  B values t o o  low f o r  abso lu te  

i n s t a b i l i t y .  

What corresponds t o  abso lu te  i n s t a b i  1  i t y  when t h e  plasma has l o n g i t u d i n a l  

v a r i a t i o n ?  The answer i s  a  d i s c r e t e  s e r i e s  o f  s p a t i a l l y - c o n f i n e d  t empora l l y -  



growing mode-patterns. Each i s  c h a r a c t e r i z e d  by a . f r equency  w  and by s p a t i a l  

t u r n i n g  p o i n t s  s  = ? sT measured f rom the  symmetry p lane  o f  t h e  machine such 

t h a t  9 

+ 
and such t h a t  t h e  r b b t s  k , , ( s ) ,  k,(s) o f  t h e  A I C  d i s p e r s i o n  r e l a t i o n  c o i n c i d e  a t  

s  = ? sT, which r e q u i r e s  

dk << k2, which imp1 i e s  t h a t  t he  va lue  The WKB approx imat ion  i s  based on 

o f  t h e  i n t e g e r  n  i n  ( 2 )  should be l a r g e .  However t he  growth r a t e s  f u r n i s h e d  by  

( 2 )  inc rease  w i t h  decreas ing n, so t h a t  t h e  most impo r tan t  mode f rom t h e  view- 

p o i n t  o f  s t a b l e  machine o p e r a t i o n  i s  a l s o  t h e  one f o r  which t h e  growth r a t e  

es t ima te  i s  t h e  l e a s t  r e l i a b l e ,  namely n , =  0. 

f 
The dependence o f  t h e  wave numbers k,, on p o s i t i o n  i s  f u r t h e r  approximated 

2  a (k- key a(k- ko)2 
6k . =  3 w , .  ( W - W ~ )  + ao (B(s )  - ~(0)) 

where ~~~k~  s a t i s f y  t he  c r i t e r i a  f o r  abso lu te  i n s t a b i l i t y  i n  a  homogeneous ( ) 
plasma w i t h  t h e  p r o p e r t i e s  o f  t he  plasma a t  s  = 0. F i n a l l y  we make t h e  approx- 

ima t i on  , . 



The v a l i d i t y  o f  t h e  approximations ( 5 )  and (6 )  can o n l y  be checked a  p o s t e r i o r i ,  

s ince  they  must h o l d  a l l  t h e  way t o  t he  t u r n i n g  p o i n t s  k sT whose p o s i t i o n s  a r e  

n o t  known a t  f i r s t .  Indeed, t h e  vd lue o f  L i n  ( 6 )  may be chosen t o  vary  w i t h  

sT i n  a  ( n o t  s t r i c t l y  c o r r e c t )  a t tempt  t o  deal w i t h  t he  f o l l o w i n g  forms o f  B(s)  

11 dependence: 

( A )  I o n  i n j e c t i o n  l o c a l  i z e d  near midplane., moderate t o  h igh  B: 

Fig .  ( 1 )  

(B) I on  i n j e c t i o n  un i fo rm over  broader reg ion ,  moderate t o  h igh  8: 

F ig .  ( 2 )  



The l o n g  t h i n  approx imat ion  i s  used t o  r e l a t e  i n t e r n a l  and e x t e r n a l  m i r r o r -  

r a t i o s .  The ambipolar  p o t e n t i a l  i s  approximated by a  l i n e a r  B-dependence: 

We p l a n  t o  es t ima te  convec t i ve  growth i n  a  plasma w i t h  s p a t i a l  v a r i a t i o n  

a long  a  f i e l d  l i n e  by c a l c u l a t i n g  t h e  q u a n t i t y  

where t h e  i n t e g r a l  i s  c a r r i e d  o u t  a long  t h a t  f i e l d  l i n e .  The r e a l  f requenc ies  

w w i l l  be scanned t o  f i n d  t he  worst -case s p a t i a l  a m p l i f i c a t i o n .  Th i s  ca l cu -  r e  

l a t i o n  i s  impo r tan t  f o r  t h e  c e n t r a l  tank  o f  TMX and may be impo r tan t  f o r  MX. 

Now l e t  us cons ide r  t he  approx imat ions made i n  t h e  i o n  v e l o c i t y  d i s t r i b u -  

t i o n .  The dependence on B i s  t h a t  r e q u i r e d  by t he  a d i a b a t i c  cons tan t  o f  mot ion  

2 vA/B. a on-adiabaticity12 i s  ignored.  I n  cases where t he  ambipo la r  p o t e n t i a l  

i s  nega t i ve ,  such as the  c e n t r a l  c e l l  o f  a  t r i p l e - m i r r o r , 1 3  t h e  ambipolar  ho le  

j o i n i n g  t h e  l o s s  cones i s  rep laced  by an ambipolar  p l u g  sepa ra t i ng  t h e  l o s s -  

cones. Th is  makes t h e  d i s p e r s i o n  f u n c t i o n  harder  t o  eval 'uate, and s o  we neg- 

l e c t  t h e  p o t e n t i a l  f o r  a  qu i ck  conse rva t i ve  es t ima te  o f  t h e  B - l i m i t  i n  t h e  

c e n t r a l  tank.  I n  genera l ,  wherever poss ib l e ,  we work w i t h  a n a l y t i c a l l y  t r a c t -  

a b l e  d i s t r i b u t i o n s  hav ing  a t  worst. t h e  form 



a t  t h e  c e n t e r  p l ane  and t h e  form 

a t  o t h e r  p o i n t s  a long  t h e  " r e p r e s e n t a t i v e "  f i e l d - 1  i ne .  I n  (10)  

a,, . = a 
0 1 1  

The d i s t r i b u t i o n  i n  ( 9 )  i s  norma l i zed  t o  u n i t y .  The equa t i on  (9 )  i s  t he  s i m p l e s t  

way t o  combine a  loss-cone, an ambipo la r  ho le ,  and a  marked p ressure  a n i s o t r o p y  

over  and above t h a t  i n t r oduced  by t he  p rev ious  two f ea tu res .  We n e g l e c t  the  

d e t a i l e d  behav io r  o f  t h e  e l e c t r o n s  and t a k e  t he  ambipolar  p o t e n t i a l  as g i ven  by 
- 

( 7 ) .  To p reven t  t h e  l oss -hype rbo lo i d  o f  one sheet  i n  ( 9 )  f rom becoming a  l o s s -  

hype rbo lo i d  o f  two sheets  i n  (lo), which would g r e a t l y  compl i ca te  t h e  AIC d i s -  

pe rs i on  f u n c t i o n ,  we r e q u i r e  

2 2 @ ~ - m t h r ~ a t  
"oh >- Roc - 1  

Then t he  c o e f f i c i e n t  of F i n  (10)  i s  j u s t  t h e  d e n s i t y  norma l i zed  t o  t he  

d e n s i t y  a t  t h e  midplane. 

The " t r a c t a b l e  d i s t r i b u t i o n s "  o f  t ype  ( 9 )  a r e  capable o f  reproduc ing  

c l o s e l y  t he  numer ica l  o u t p u t  o f  Fokker-Planck codes, w i t h  and w i t h o u t  DCLC 

tu rbu lence .  Wi thout  tu rbu lence14 t h e  appearance o f  t he  Fokker-Pl  anck o u t p u t  



. - - -. - . 

i s  t h a t  o f  a  bimaxwel l  . .  i an ,  c u t  by a ramp which slopes'  down t o  . . ze ro  a t  t h e  l o s s -  
. . . . . . . . . - - . . . 

hype rbo lo i d :  

/ 
,+--- / ~ B -  Lypu,6e/o id  

/' 

F ig .  ( 3 )  

Th i s  i s  model led by i n s e r t i n g  i n  (8 )  t h e  va lues 

Wi th  t u rbu lence  and narrow-angle i .n ject ion15 t h e  appearance o f  t h e  Fokker- 

Planck o u t p u t  i s  t h a t  o f  a  h i g h  a s p e c t - r a t i o  b imaxwel l ian,  somewhat d i s t o r t e d  

and a t t enua ted  w i t h i n  t h e  l oss -hype rbo lo i d :  

Th i s  i s  model l e d  by i n s e r t i n g  i n  (9 )  t he  va lues . 



With t u rbu lence  and wide-angle i n j e c t i o n ,  t h e  appearance o f  t he  Fokker- 

Planck o u t p u t  i s  approximated by a  l i n e a r  combinat ion o f  t h e  d i s t r i b u t i o n s  

appear ing in '  F igs .  ( 3 )  and ( 4 ) .  The e f f e c t  of  t h e  t u rbu lence  i s  mere ly  t o  

f i l l  i n  t h e  ambipolar  ho le ,  n o t  t o  broaden t h e  i o n  d i s t r i b u t i o n  i n  v,,. Th i s  

i s  because t h e  Fokker-Planck code models t u rbu lence  due t o  DCLC. Since t h e  DCLC 

mode i s  p e r p e n d i c u l a r l y  p o l a r i z e d  and i s  e l e c t r o s t a t i c ,  i t has a  d i f f u s i o n  t e n s o r  

. -- 

which i s  incapab le  of d i f f u s i n g  p a r t i c l e s  i n  v,,. The e f f e c t  o f  tu rbu lence .due  

t o  t h e  AIC m o d e . i t s e l f  i s  d iscussed i n  Sec t ion  V I I I .  The AIC mode i s  perpen- 

d i c u l a r l y  p o l a r i z e d  and e lec t romagnet i c .  Thus i t s  d i f f u s i o n  t enso r  has a  corn- 

ponen t 

which can d i f f u s e  i ons  i n  t he  v , , - d i r ec t i on .  
- . .- -- --. - ----...__ . _ .  . . __ --. -. 

These t r a c t a b l e  d i s t r i b u t i o n s  a r e  t he  n a t u r a l  candidates f o r  work on . -- 

e xac t  phase - i n teg ra l s  and work on g r a d i e n t  e f f e c t s .  The b imaxwe l l ian  has a l r e a d y  

been used t o  es t ima te  t h e  e f f e c t  o f  f i n i t e  t r ansve rse  e x t e n t  on t h e  AIC mode. 

Considerable t ime  has been spent on o the r ,  more compl i ca ted  d i s t r i b u t i o n  

f u n c t i o n s .  For these, t h e  'AIC d i s p e r s i o n  f u n c t i o n  r e q u i r e s  numer ica l  i n t e g r a t i o n ,  

and co r respond ing l y  i t s  repea ted  e v a l u a t i o n  r e q u i r e s  l a r g e  amounts of  computer 

t ime.  These d i s t r i b u t i o n s  f a l l  i n t o  t h r e e  main c lasses :  t he  Holdren- type 

d i s t r i b u t i o n s , 1 6  dominated by i o n - i o n  c o l l i s i o n s ;  d i s t r i b u t i o n s  whose angu la r  

e x t e n t  i s  a  f unc t i on  of  v e l o c i t y Y 8  chosen t o  model t h e  combined e f f e c t  of e l e c t r o n  
- .. . - . - -. -- - . .- .- . . .  . 

drag and i o n - i o n  c o l l i s i o n s  on an i n j e c t e d  beam; and n u m e r i c a l l y  s p e c i f i e d  d i s t -  

r i b u t i o n s  f u r n i s h e d  d i r e c t l y  by Fokker-Planck codes. 14'15 These d i s t r i b u t i o n s  

w i l l  be descr ibed  i n  more d e t a i l  i n  those  sec t i ons  devoted t o  them. 



- -  _ .._ _ -_., _ .____ ._^__  - - 
F i n a l l y  l e t  us consider  the  approximations made i n  the  k inemat ics o f  the  

mode i t s e l f .  The mode i n  i t s  s imp les t  propagates i n  t he  d i r e c t i o n  

o f  t h e  magnetic f i e l d  i n  a  h!omogeneous plasma, and i s  a  p u r e l y  l e f t - h a n d  

c i r c u l a r l y - p o l a r i z e d  wave. I t  has the  d i s p e r s i o n . r e l a t i o n  

free-space e l e c t r o n  i o n  co ld -  i o n  i s o t r o p i c  n o n - f l  u i d  
c o n t r i  bu- c o n t r i  bu- f l  u i d  con t -  c o n t r i b u t i o n  
t i  on t i  on r i  b u t i o n  

approx i  - 
mated by . . 

EXB d r i f t  . . 

i o n  an i so t ropy  c o n t r i b u t i o n  (16)  

2 The w term i n  t he  free-space c o n t r i b u t i o n  i s  due t o  displacement c u r r e n t  

and has been neglected.  The form o f  the  e l e c t r o n  c o n t r i b u t i o n  i s  j u s t i f i e d  

because the  frequency i s  much lower than the  e l e c t r o n  c y c l o t r o n  frequency and 

the  wave l e n g t h  i s  much longer  than, the  e l e c t r o n  Larmor rad ius .  
. , 

I n t roduc ing  a  non-zero k, means t h a t  one has t o  equate the  determinant  

o f  t he  ' d i spe rs ion  tensor  t o  zero. With cool  e l e c t r o n s ' a n d  low f requenc ies  the  

p a r a l l e l  e l e c t r i c  f i e l d  i s  almost shor ted out,  which mot iva tes  the  f o l l o w i n g  

. t r ea tmen t  o f  the  d i s p c r s i o n  tensor .  S t a r t i n n  from 

s u b s t i t u t e  f o r  EZ and o b t a i n  



Neglec t ing  t h e  second term i n  each element o f  the  m a t r i x  (17) i s  equ iv -  

a l e n t  t o  n e g l e c t i n g  t h e  p a r a l l e l  e l e c t r i c  f i e l d  EZ. On computing those terms . 

one f inds  t h a t  they  may be neg lec ted  prov ided t h a t  

T  
e  - << f3 and - Te << 1  

Ti Ti 

Here f3 i s  the l o c a l  f3 which i s  o f  o rder  u n i t y  o r  g rea te r  f o r  most cases o f  i n t e r e s t .  

The r a t i o  T,/Ti i s  around lo-' f o r  ZX ,  MX and t h e  end-plugs of TMX, thus f o r  these 

machines one may approximate the  ob l i que  d i spe rs ion  r e l a t i o n  f o r  the.  A I C  mode 

by coup l i ng  t o  the .  r i gh t -hand  ( w h i s t l e r )  mode on ly :  

For t he  c e n t r a l  . tank  o f  TMX, on t h e  o t h e r  hand, para1 l e l  -propagat ing ion-sound 
1 

waves can a l s o  couple t o  the  A I C  mode, so t h a t  one must use f o r  t he  o b l i q u e  

A I C  d i spe rs ion  r e l a t i o n  t h e  f u l l  determinanta l  equat ion  

- 
One more compl i c a t i o n  occurs i n  t h e  k inemat ics.  When model i n g  . t h e  per -  

pend i cu la r  s t r u c t u r e  o f  an A I C  d is tu rbance by a  non-zero k,, one must examine 

how t h e  Bessel - funct ion argument (1 ) v a r i e s  a long a  f i e l d - l i n e .  I f  one neg lec t s  
. , 

fanning due t o  quadrupole . f i e l d s ,  and assumes t h a t  the  t ransverse  mode s t r u c -  

t u r e  remains t i e d  t o  f i e l d - l i n e s ,  one can see t h a t  t o  lowest  o rde r  t h e  argument 



(1  ) i s  independent. o f  B f o r  a  del  t a - func t i on  v e l o c i t y - d i s t r i b u t i o n  and va r i es  

1  i ke B f o r  an i s o t r o p i c  Maxwell i a n  (unconf ined)  d i s t r i b u t i o n .  For cont inuous 

d i s t r i b u t i o n s  which a re  p a r t l y  o r  who l l y  conf ined,  t he  v a r i a t i o n  o f  ( I )  w i t h  

B i s  s lower than l i n e a r  and has been neglected.  



111. AIC S t a b i l i t y  Boundaries f o r  T r a c t a b l e  I o n  D i s t r i b u t i o n s '  

I n  equa t i on  ( 9 )  we s e t  o u t  a  c l a s s  of cen te r -p lane  i o n  d i s t r i b u t i o n s  

which a l l owed  f o r  a  loss-cone, an ambipolar  h o l e  and a  p ressure  a n i s o t r o p y  over  

and above t h a t  i n t r oduced  by t he  p rev ious  two f ea tu res .  These fea tu res  a r e  

q u a n t i t a t i v e l y  r e l a t e d  f o r  t h i s  c l ass '  o f  d i s t r i b u t i o n s  as f o l l o w s  

t o t a l  pressure 1  oss-cone-angl e  c o n t r i b u t i o n  . ambipolar  h o l e  
. a n i  so t ropy  c o n t r i b u t i o n  

two-temperature c o n t r i b u t i o n  c o n t r i b u t i o n  of  s lope  
down t o  l oss -hype rbo lo i d  

T h i s  c l a s s  o f  d i s t r i b u t i o n s  i s  convenient  f o r  a n a l y t i c  work. 

It i s  u s e f u l  t o  f i r s t  rev iew some i n f i n i t e  plasma r e s u l t s .  On s u b s t i -  
. . 

t u t i n g  ( 9 )  i n  ( 1  6 ) ,  t h e  A I C  para1 l e l  -p ropagat ion  d i s p e r s i o n - r e l a t i o n  assumes 

t h e  form, conve r~ ien t  f o r  cumputat ion, 



The q u a n t i t i e s  appeari:ng i n  t h i s  d i spe rs ion  f u n c t i o n  a re  normal ized t o  . . 
! 

t he  magnetic f i e l d ,  plasma dens i ty ,  and t o t a l  plasma pressure a t  the  center -  

p lane o f  t he  machine, as f o l l o w s  - 
Zie Bo 

< C1 P ~ Y S  v2 > = 3 W 
- - 

i' - 2  c i o  m .  0 i 

  he c d n d i t i o n  fo ' r  abso lu te  i n s t a b i l i t y  i s 7  t h a t  there  e x i s t  (Klto, No) such t h a t  

and such t h a t  the  co inc iden t  r o o t s  i n  K migra te  t o  i n f i n i t y  on oppos i te  s ides 

o f  the  r e a l  K-axis as W gnes t o  i n f i n i t y  i n  t h e  p o s i t i v e  imaq ina r .~  d i r e c t i o n .  

-. The d e r i v a t i v e  o f  D i n  (25),  as we l l  as a d d i t i o n a l  d e r i v a t i v e s  requ i red  by the  

Newton-Raphson r o u t i n e  which f i n d s  the  s o l u t i o n  o f  (25) ,, are  taken numer ica l l y  

so t h a t  t he  a n a l y t i c .  expression (23) s u f f i c e s .  

Given as i n p u t  B,,, Blo, and n, one may use (22) t o  f i n d  any one o f  R 
oc 

ao./aol, and aoLvEh i n  terms of the o the r  two. Th is  a l lows one t o  exp lore  



t h e  two-dimensional  space o f  macroscopic plasma parameters 6, and B,, ( o r  a l t e r -  

n a t i v e l y  i v e r a g e  6  and a n i  s o t r o p y - r a t i o )  w h i l e  h o l d i n g  t o  some hypo thes is  

r ega rd ing  t h e  mic roscop ic  s t r u c t u r e  of  t h e  i o n  v e l o c i t y  d i s t r i b u t i o n .  For  
. .- 

i ns tance ,  one may s e t  Roc = my n = 0, v2 = 0, and e x p l o r e  t h e  s t a b i l i t y  o f  oh 

t h e  AIC mode as a  f u n c t i o n  o f  B and p ressure  a n i s o t r o p y  f o r  t h e  case o f .  a  

2 - 
b imaxwe l l ian  i o n  d i s t r i b u t i o n .  One may s e t  voh = 0, aol/aoll - 1, n  = 0, and 

exp lo re  t h e  s t a b i l i t y  o f  t h e  A I C  mode, aga in  i n  t h e  2-dimensional  6 -an i so t ropy .  

domain, f o r  t h e  case o f  a  sha rp -cu to f f  loss-cone i o n  d i s t r i b u t i o n .  I n  f a c t  

these two types o f  d i s t r i b u t i o n  rep resen t  some k i n d  o f  extrema f o r  t h e  A I C  

mode. B a r r i n g  q u i t e  p a t h o l o g i c a l  types o f  v e l o c i t y  d i ' s t r i b u t i o n  e.g. w i t h  

p a r t i c l e s  p i l e d  up a g a i n s t  t h e  l o s s  boundary, i t  i s  found t h a t  f o r  most 

reasonable d i s t r i b u t i o n s  t h e  AIC mode i s  l e s s  s t a b l e  than  i n  t h e  b imaxwe l l ian  

case and more s t a b l e  t han  i n  t h e  sharp loss-cone d i s t r i ' b u t i o n .  I t  i s  un fo r t una te  

t h a t  t h e  behav io r  o f  t h e  mirrormode i s  j u s t  t h e  opposi te ,  a t  l e a s t  f o r  cen te r -  

p lane  onset .  

When e x p l o r i n g  t h e  6,  - - B,, p lane  i n  t h e  manner desc r i bed  above, one must 

bear  i n  mind t h a t  f o r  n  > 0 t h e  r e l a t i o n  (22)  r e s t r i c t s  t h e  areas o f  t h e  p lane  

t h a t  can be reached. 

To make t h e  above c l e a r e r ,  we show graphs of t h e  61 - 61, p lane  on which 

a r e  marked t h e  AIC convec t i ve -abso lu te  t r a n s i t i o n  and t h e  onset  o f  t h e  mirrormode. 

F igu re  ( 5 )  i s  drawn f o r  a  b imaxwe l l ian  d i s t r i b u t i o n ,  F i g .  ( 6 )  f o r  a  sharp l o s s -  

cone. 

The computer code t h a t  t r a c e s  o u t  t h e  boundary i nco rpo ra tes  two impo r tan t  

r unn ing  checks: a  check t h a t  t h e  t o p o l o g i c a l  c r i t e r i o n  f o l l o w i n g  (25)  i s  s a t i s f i e d  

and a  check on t h e  importance o f  convec t i ve  growth. 







Two a n a l y t i c  r e s u l t s  which a re  n o t  o n l y  p h y s i c a l l y  i n t e r e s t i n g  bu t  a l s o  

use fu l  f o r  checking codes a re  t h e  l i m i t s  o f  t h e  A I C  d i s p e r s i o n  r e l a t i o n  f o r  

h igh  and zero anisot ropy.  The h igh-an iso t ropy  l i m i t  i s  t h e  f l u i d  l i m i t ,  as 

can be seen by r e f e r r i n g  t o  t h e  d e f i n i t i o n  o f  C 0  i n  (24) .  Using t h e  asymptot ic  

expansion o f  t h e  ~ c f u n c t i o n  i n  (23) -and t h e  r e l a t i o n  between parameters expressed 

i n  (22),  one ob ta ins  the  f l u i d  A I C  d i s p e r s i o n  r e l a t i o n  ' i n  normal ized form 

Th is  d i spe rs ion  r e l a t i o n  appl i,es t o  any h i g h l y  a n i s o t r o p i c  i o n  d i s t r i b u t i o n .  

The zero-anisot ropy"  form o f  (23)  i s  even more e a s i l y  ob ta ined 

This  d i spe rs ion  r e l a t i o n  does n o t  app ly  t o  a r b i t r a r y  i s o t r o p i c  d i s t r i b u t i o n s .  

now move on t o  t h e  e f f e c t s  o f  f i n i t e  plasma rad ius .  We use Equat ion 

(20) t o  s tudy 2X and M X y  and invoke a  non-zero perpend icu la r  wavevector (see (1  ) 

and t h e  accompanying. d iscuss ion) .  

We regard t h e  va lue o f  k ,  - as a  g iven  r e a l  parameter, as i f  c h a r a c t e r i z i n g  

t h e  perpend icu la r  mode p a t t e r n  i n  a  wave guide. We proceed t o  l ook  f o r  convec t ive  

o r  abso lu te  growth i n  the p a r a l l e l  s p a t i a l  d i r e c t i o n .  From t h i s  p o i n t  on, t he  

problem i s  one-dimensional . The r i gh t -hand  s i d e  o f  ( 2 3 )  i s  rep laced by a  some- 

what more compl i c a t e d  'expression, namely, t h e  r e s u l t  o f  s u b s t i t u t i n g  a  bimaxwell i a n  

i o n  d i s t r i b u t i o n  i n  t h e  l e f t - hand  s i d e  o f  (20)  and normal iz ' ing accord ing t o  (24) .  

This  express ion i s  t r e a t e d  as a  d i s p e r s i o n  f u n c t i o n  r e l a t i n g  W and K,,, w i t h  

K, e n t e r i n g  as a  parameter. E x p l i c i t l y  (23) i s  rep laced by 





0 K: = 2x - ; -  1  where we t ake  a = 2 f o r  2 X  
f310 

and a = 1  f o r  MX as d iscussed 
i n  Sec t i on  11, 

and where t h e  d e f i n i t i o n s .  (24)  a r e  again employed. 

The ' r e s u l t s  o f  e x p l o r i n g  A I C  s t a b i  1  i ty  i n  t h e  B ,  - B,, p lane  the% appear 

as i n  F.igure ( 7 ) .  T h e  convec t i ve -abso l  u t e  boundary i s  s h i f t e d  t o  a1 low h i g h e r  

a n i s o t r o p y  a t  a  g i ven  8. The boundary curves over  a t  h.igh f3 because t h e  r a t i o  

o f  machine w i d t h  t o  Larmor r a d i u s  decreases s w i f t l y  t he re .  

.We now move'on t o  t h e  e f f e c t s  o f  f i n i t e  plasma- l eng th .  We use (1  j th rough  

( 6 )  t o  o b t a i n  t h e  f o l l o w i n g  es t ima te  f o r  t h e  growth r a t e  depress ion  due t o  f i n i t e  

1  engt  h  

Subsc r i p t s  on D i n d i c a t e  d e r i v a t i v e s  which a r e  a l l  taken a t  t h e  c e n t e r  p lane .  
- 

T ~ P  d e r i v a t i v e  w i t h  r espec t  t o  B i n c l u d e s  t h e  s e l f - c o n s i s t e n t  d e n s i t y  v a r i a t i o n .  

Th i s  es t ima te  i s  i n  terms o f  t h e  norma l i zed  q u a n t i t i e s  (24)  w i t h  t h e  a d d i t i o n  o f  





Again the  long t h i n  approximation has been used. ( 6 )  has been f i t t e d  

t o  the  requirement t h a t  

The d e r i v a t i v e  w i t h  respect  t o  i s  taken numer ica l ly .  This  requ i res  

f i n d i n g  the  A I C  d i spe rs ion  f u n c t i o n  f o r  p a r a l l e l  propagation, away f rom the  

midplane, which i s  obta ined by s u b s t i t u t i n g  (10) i n  (16) .  Denote the  c o e f f i c i e n t  

of F  i n  ( l o ) ,  which i s  t he  dens i t y  r e l a t i v e  t o  the  midplane dens i t y ,  by N. Then 

The q u a n t i t i e s  appear ing  here a re  de f ined by (1 1  ) and (24) w i t h  the  a d d i t i o n  o f  

Graphs s i m i l a r  t o  F ig.  ( 5 )  and F ig .  ( 6 )  may now be obta ined w i t h  (30) taken i n t o  

account, The r e s u l t s  are shown i n  Figures (8)  and (9);  







F i n a l l y ,  we compute t h e  convect ive-absolute boundary i n  B l  - Bll space 
f 

- 
b r i n g i n g  i n  both f i n i  t e -w id th  and f i n i t e - l e n g t h  s t a b i  1  i z a t i o n .  The express ion 

(30) f o r  ' t h e  f i n i t e - l e n g t h  g rowth- ra te  depression i s  employed. The f u n c t i o n  

D i s  t h a t  d isp layed i n  (28), except t h a t  f o r  c a l c u l a t i n g  t h e  numerical  d e r i v a t i v e  

w i t h  respec t  t o  one requ i res  t h e  o f f - cen te r -p lane  form 
1 

The . r a t i o n a l e  f o r  us ing  t h e  same values o f '  X and x as a t  t h e  mid-plane 

was discussed a t  t h e  end o f  Sec t ion  11. The convec t ive-abso lu te  boundaries 

ob ta ined are  d i sp layed  i n  F igure  (10 ) .  





I V .  R e l a t i o n  t o  t h e  super layer  Code 

I n  Sec t ion  I 1 1  t h e  s t a b i l i t y  o f  t h e  A I C  mode was examined i n  f i n i t e  plasmas 

s i m i l a r  t o  those occur ing  i n  r e a l  and p r o j e c t e d  experimental  dev ices.  I n  t h i s  

s e c t i o n  t h e  s t a b i l i t y  o f  t h e  A I C  mode w i l l  be examined i n  "plasmas" o f  t h e  type  

occu r r i ng  i n  p a r t i c l e .  s imu la t ions ,  i n  p a r t i c u l a r  s imu la t i ons  o f  t h e  "Super layer"  

se r i es .  l7 We show a  good agreement between t h e  d i  spers ion-re1 at ion-based p re -  

d i c t i o n s  o f  t h e  B, - B l l  graphs and the  ac tua l  s t a b l e  o r  uns tab le  behavior  o f  

t he  "Super layer"  computer runs. Th is  agreement s t rengthens our  conf idence i n  

t h e  p r e d i c t i o n s  o f  t h e  f3,  - B,, grap.hs f o r  s t a b l e  o r  uns tab le  operat ions.  i n  t h e  

MX device. 

The main d i f f e r e n c e s  between t h e  experimental  plasmas and t h e  Superlayer 

"plasmas" s tud ied  a r e  f o u r  i n  number. F i r s t l y ,  t h e  Superlayer runs s tud ied  

a re  1-dimensional i n  t h e  d i r e c t i o n  o f  t h e  magnetic f i e l d  so e f f e c t i v e l y  t h e  

"plasma" has i n f i n i t e  w id th .  Secondly, t h e  "plasma" i s  s e t  up t o  be very  

s h o r t  - , u s u a l l y  between 1  and 5 Larmor r a d i i  i n  leng th .  T h i r d l y ,  t he re  i s  

no s e l f - c o n s i s t e n t  magnetic f i e l d  depression - t h e  e q u i l i b r i u m  magnetic f i e l d  

i s  cons tan t  and t h e  ions  are  conta ined by an e f f e c t i v e  " p o t e n t i a l " .  Fou r th l y ,  

the e l e c t r i c  f i e l d  p o l a r i z a t i o n  i s  cons t ra ined t o  he l i n e a r .  L e t  us see how 

these d i f f e rences  a re  r e f l e c t e d  i n  t h e  computat ion o f  s t a b i l i t y  boundaries 

i n  t h e  BI - €3. p lane.  

F i r s t l y ,  t he  f i n i t e - w i d t h  d i s p e r s i o n - f u n c t i o n  ( 3 5 )  i s  r u l e d  out ,  and a1 1  

computations a re  r e s t r i c t e d  t o  t h e  p a r a l l e l - p r o p a g a t i o n  d i s p e r s i o n - f u n c t i o n  (33) .  

Secondly, t h e  f i n i t e - l e n g t h  s t a b i l i z a t i o n  i s  s t rong  so t h a t  t h e  s t a b i l i t y  

boundaries l i e  i n  reg ions  of h igh  an i so t ropy  ( e - g .  one may a t t a i n  € 3 1  : B,, = 10 : 1  

a t  BL = 0.5 if given a  plasma 1  Larmor o r b i t  l ong ) .  



T h i r d l y ,  t he  WKB est imate o f  growthrate depression (30) must be rev i sed  t o  

Here DN i n d i c a t e s  a  d e r i v a t i v e  w i t h  respect  t o  dens i t y  alone. The form 

o f  t he  bimaxwel l ian v e l o c i t y  d i s t r i b u t i 0 n . i ~  no t  a f f e c t e d  by t h e  e f f e c t i v e  

2 2 
" p o t e n t i a l  "; o n l y  t h e  dens i ty l ,var ies  a long t h e  f i e l d  l i n e  as exp ( - Z  /LN) say. 

The magnitude o f  t he  B - f i e l d  as mentioned e a r l i e r  i s  a r t i f i c a l l y  he ld  constant.  

Thus t h e  d e f i n i t i o n  i,,, = LN/ai needs no re ference t o  a  vacuum f i e l d ,  and the  

s t a b i l i t y  boundary f o r  f i x e d  iN does n o t  curve over  a t  h igh  8,. 

Four th ly ,  one ~ i ius t  f i n d  the  form o f  D ' i n  an a r t i f i c i a l  un iverse  where 

cu r ren t  i n  o n l y  one perpendicular  d i ' r e c t i o n  ac ts  as a  source o f  t he  vec to r  

p o t e n t i a l .  This  form i s  

Here t he  D on the  r igh t -hand-s ide  i s  t h a t  o f  (33) w i t h  B = 1  b u t  w i t h  N a l lowed 

t o  vary f o r  purposes o f  t a k i n g  the  numerical d e r i v a t i v e  i n  (36) .  

The appearance o f  the  r e s u l t i n g  graphs i n  t h e  B, - f i l l  plane i s  shown i n  

F ig .  (11) .  Po in ts  i n  8, - B , ,  space corresponding t o  s p e c i f i c  Superlayer runs 

are  marked together  w i t h  the  values o f  iN employed and t h e  observa t ion  o r  non- 

observa t ion  o f  A I C  i n s t a b i l i t y .  The agreement i s  remarkably good and strengthens 

nur  b e l i e f  t h a t  diaqrams l i k e  Fig.  (10)  a re  an appropr ia te  guide t o  t h e  choice 

of dev ice  parameters f o r  s t a b l e  o p e r a t i  on. 

I d e a l l y  one wquld wish t o  recompute the  boundarie's appearing i n  F ig .  (10) 

us ing  more s u i t a b l e  i o n  v e l o c i t y  d i s t r i b u t i o n s ;  exact  para1 l e l  phase i n t e g r a l s ,  





. . and fornls of D ( K , ,  , W )  i nco rpo ra t i ng  n o t  on l y  non-zero k? - b u t  a l s o  e x p l i c i t  

r a d i a l  g rad ien t  terms. I n  sect ions V through V I  I var ious  phys ica l l y -mot iva ted  

ion-ve l  o c i  ty d i s t r i  b u t i o n - f u n c t i  ons a r e  described, together  w i t h  the  cond i t i ons  

f o r  t h e i r  use, t h e '  forms o f  D t o  which they g i ve  r i s e  and the  - s t a b i  1  i t y  

boundaries t h a t  r e s u l t  f rom t h e i r  use. I n  sec t i on  V I I I  t h e  e f f e c t  o f  A I C  t u r -  

bulence on the  i o n  d i s t r i b u t i o n  f u n c t i o n  i s  described. The cons idera t ion  o f  

exact  phase i n t e g r a l s  and e x p l i c i t  g rad ien t  terms i s  l e f t  t o  a  l a t e r  paper. 



V .  D i s t r i b u t i o n s  o f  the  Holdren Type . . 

The c o l l i s i o n a l  o r  ~ o l d r e n ' ~  d i s t r i b u t i o n  i s  an a n a l y t i c  approximation. t o  

t he  steady-state behavior o f  ions  dominated by i on - ion  c o l l i s i o n s  and unaf fec ted  

by ambipolar p o t e n t i a l .  ~ a l d w i n l ~  has shown t h a t  i o n - i o n  c o l l i s i o n s  can outpace 

e l e c t r o n  drag o n l y  i f  

On the o the r  hand, ambipolar p o t e n t i a l  can be neglected o n l y  i f  

Thus there  i s  ha rd l y  a  tempera ture- ra t io  f o r  which the ,Holdren d i s t r i b u t i o n  

i s  appropr ia te .  , ' ~ u r t h e r ,  . . the Holdren d e r i v a t i o n  assumes a  magnetic square 

we1 1, whereas r e a l  m i r r o r  plasmas steepen t h e i r  own we1 1s near the machine 

midplane. Thus the  Holdren d i s t i i  b u t i o n  has main ly  h i s t o r i c a l  i n t e r e s t ,  

as being an 'ear ly .  . a t tempt  . t o  t ake  account o f  d i f f u s i o n  by cons t ruc t i ng  a  

f u n c t i o n  s l o p i n g  smoothly down t o  a loss-boundary. The i o n  v e l o c i t y  d i s -  

tri b u t i o n  i s  e x p l i c i t l y  

a t  the center  p lane and 



at other points along the 'representative" field line. In (41) 

.-, . . - Rc - Roc Bo/B 

The distribution (40) is normalized to unity by choosing 

Note that the ion distribution described by (40), (41) is delimited by a 

loss-cone, is the product of a function of velocity only times a function of 

angle only, and reduces to a distribution of type (9) for the special case 

m = 1, ROC = 312. For this class of distributions the relation corresponding 

to (22) i s ,  for any m, 

On, substituting (40) in (16), the AIC parallel-propagation dispersion-relation 

assumes the fur..nls, valid at the midplane, 

I 



(m = 1 )  

(47 

I n  (46 ) '  and (47) t h e  d e f i n i t i o n s  (24) a re  used except t h a t  now 

The expressions . (46) ,  (47) can be used t o  p l o t  convec t i  ve-absol u t e  s t a b i  1  i t y  

boundaries i n  the. 6, - BII plane f o r  i n f i n i t e  homogeneous plasma. The r e s u l t i n g  

curves l i e  between the  corresponding curves f o r  t h e  b imaxwel l ian and .cu t -  

maxwel l ian d isp layed i n  sec t i on  111. 

The i n c l u s i o n  o f  a non-zero K, i n  (46),  (47) has n o t  f u rn i shed  any expres- 

s i on  s u i t a b l e  f o r  repeated computat ion i n  a  reasonable t ime. The s t a b i l i z a t i o n  

o f  t he  AIC mode 'due t o  f l n l t e  & " i ce  w i d t h  has t h e r e f o r e  n n t  been i n v e s t i g a t e d  

f o r  i o n  d i s t r i b u t i o n s  o f  t he  Holdren type. 

The se l  f - c o n s i s t e n t  l o n g i t u d i n a l  v a r i a t i o n  (41 ) o f  t he  Holdren d i s t r i  bu- 

t i o n  leads t o  t he  of f -mid-p lane AIC d ispe rs ion  f u n c t i o n s  



2 N 1 :  W 2 ; 1  W 
K,, . , D(K,,, W )  = - + - - t -  - 

No l  B(w - B) No 1  60; 
W - B  

The norma l i zed  q u a n t i t i e s  used here  a r e  those  d e f i n e d  i n  (24) ,  (31 ) and 

( 4 2 )  - (44)  w i t h '  t h e  a d d i t i o n  o f  

- [3 t o  rn terms 
. . Nm - No 7 2 ... I 

The exp'ressions'  (491, (50)  can be uscd t o  i n v e s t  i g a t . ~ !  f i n i t e - l e n g t h  s t a b i l  i z a t i  on 

o f  t he  AIC mode i n  2X and MX. One makes t h e  WKB approx imat ion  and t h e  p a r a b o l i c  

z-dependence approx imat ion,  so t h a t  t h e  equatTon (30)  i s  aga in  used. The 
. . 

p r e d i c t i o n s  f o r  a n i s o t r o p i e s  and t o t a l  betas a t t a i n a b l e  i n  s t a b l e  o p e r a t i o n  a r e  

d i sp layed  i n  F igs.  (12)  and (13) .  
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V I .  D i s t r i b u t i o n s  Whose Angular Spread i s  a  Funct ion o f  V e l o c i t y  

The c lass  o f  d i s t r i b u t i o n s  descr ibed i n  t h i s  sec t i on  i s  a  g e n e r a l i z a t i o n  

o f  t he  " t r a c t a b l e "  d i s t r i b u t i o n s  discussed i n  sec t i on  111. The under ly ing  

two-temperature maxwel l ian f a c t o r  i n  t h e  expression ( 9 )  i s  re ta ined;  t he  l oss -  

hyperbolo id f a c t o r .  i s  replaced by a  f a c t o r  which goes t o  zero on a  boundary 

which approaches v,, = Q as v  gets l ? rne :  . . .. . - - . .. - 

d i r e c t i o n 3  
o f  i o n  
v e l o c i t y  I . 
t r anspor t  / 

F ig .  (14) 
... . 

Th is  shape o f  i o n  d i s t r i b u t i o n  i s  intended1' t o  descr ibe the  plasma i n  a  

reac tor ,  where the  e lec t rons  have Lillie t o  warm up t o  0.1 Ti o r  g rea te r .  Then, 

a i  discussed by ~ a l d w i n , ' ~  i on - i on  c o l l  isiuos becomc dominant i n  the  main 

( thermal ) body o f  the  d i s t r i b u t i o n ,  whereas e l e c t r o n  drag remains dominant i n  

t he  ho t  ( i .n jec ted)  t a i l .  E x p l i c i t l y  t he  mathematical form chosen t o  represent  

the  d i s t r i b u t i o n  a t  the  midplane i s  



Note t h e  c- lose resemblance between (54)  and ( 9 ) .  Indeed (54)  reduces t o  

( 9 )  on s e t t i n g  c . = 0. . The equa t i on ,  r e l a t i n g  t h e  parameters appear ing i n  (54)  

t d  t h e  o v e r a l l  pressur'e an i ' so t ropy  i s  now 

As expected t h i s  reduces t o  (22)  f o r  c  = 0. On s u b s t i t u t i n g  (54)  i n  (16) ,  t h e  

A I C  p a r a l l e l - p r o p a g a t i o n  d i spe rs i on - ' f unc t i on  assumes t h e  forms, v a l i d  a t  the  

midplane, 



Here the  d e f i n i t i o n s  (24) a re  used,except t h a t  now 

1  + (2n + 1 )  c) 1-112. + 314 
- (I + (2n + 1  )c) n  + 312 
- 

'0 n  K (1 + (2n + 3)  c) n/2 + 514 . ' 'on n  ! 

The contour  o f  i n t e g r a t i o n  need be deformed ( a l t e r n a t i v e l y  t he  po le  c o n t r i -  

. bu t i ons  need be e x p l i c i t l y  added) o n l y  i f  t h e  r e a l  phase v e l o c i t y  1 i e s . w i t h i n  

t h e  i o n  d i s t r i b u t i o n  and t he  imaginary p a r t  o f  t h e  phase v e l o c i t y  i s  l e s s  than 

zeroa  More e x p l i c i t l y ,  the cnmbinat ion o f  t he  c o n d i t i o n s  

requ i res  t h a t  t h e  i n t e g r a t i o n  contour  i n  t h e  t -p lane  be deformed as fo l l ows ;  

remember t h a t  Re (cO) i s  negat ive;  
, ... .. 

2  - c t  - I n  t h e  above diagram t, and t2 are  t h e  r o o t s  of t e  - cO.  



The expressions (56),  (57) can be used t o  p l o t  convect ive-absolute s t a b i l -  

i t y  boundaries i n  t he  B, - fill plane f o r  i n f i n i t e  homogeneous plasma. 

F i x  a l l  b u t  one o f  t he  f ree parameters appearing on the  r i gh t -hand  s ide  

o f  (55 ) .  The mo'st s t r a i g h t f o r w a r d  choice i s  t he  choice which i s o l a t e s  the  

e f f e c t  o f  the .boundary-narrowing i.1 l u s t r a t e d  i n  F ig .  (14) .  This  choice i s  

n = 0 ;  v = 0; Roc = a; ao,/ cou oh = 1 

The remaining parameter c  then describes the  r a p i d i t y  o f  onset o f  t h a t  

boundary-narrowi ng. spot  checks on these boundaries y i  e l  d  p o i n t s  l y i n g  be- 

tween the corresponding curves f o r  the  bimaxwel 1 i an and cut-maxwel 1 i an d i  s-  

played i n "sec t i on  111. 

The i n c l u s i o n  o f  a non-zero K, i n  (56), (57) has n o t  f u rn i shed  any expres- 

s ion  s u i t a b l e  f o r  repeated computation i n  a reasonable t ime. The s t a b i l i z a t i o n  

o f  the  A I C  mode due t o  f i n i t e  device w id th  has t h e r e f o r e  n o t  been inves t iga ted .  

The s e l f - c o n s i s t e n t  l o n g i t u d i n a l  v a r i a t i o n  o f  the d i s t r i b u t i o n  (54) w i t h  

i nc reas ing  magnetic f i e l d  leads t o  a. f i n i t e  c u t o f f  i n  v,. Thus the re  i s  a 

q u a l i t a t i v e  d i f f e r e n c e  between the  form o f  the  i o n  v e l o c i t y  d i s t r i b u t i o n  a t  

t h e  midplane and the form o f  the d i s t r i b u t i o n  away from the  midplane. This  i s  

a physical1.y u n s a t i s f y i n g  fea tu re  o f  t h e  form ' (54) .  

E x p l i c i t l y . t h e  d i s t r i b u t i o n  f u n c t i o n  o f f  the midplane i s  

when square bracket ,  i s  posi  t i v e ,  zero otherwise. Here one uses ( 1  1 ) w i t h  the 



. . 
a d d i t i o n  of - 

The f u n c t i o n a l  form o f  t he  ' d i s t r i b u t i o n  i s  qua1 i t a t i v e l y  d i f f e r e n t  away from 

the  midplane. One cannot express (60) as a  m u l t i p l e  o f  t he  f u n c t i o n  (54 )  w i t h  
. 

app rop r ia te l y  ad jus ted  parameters, as (10) was expressed i n  terms o f  ( 9 ) .  How- 

ever some s i m p l i f i c a t i o n  occurs on t a k i n g  a  l i n e a r  dependence o f  p o t e n t i a l  on 

B as i n  (12), chosen t o  y i e l d  p e r f e c t  confinement f o r  the  t r a c t a b l e  d i s t r i b u t i o n  

(10) .  I n  o the r  words, assume 

then (60) becomes 

This form o f  v a r i a t i o n  a long f i e l d  l i n e s  w i l l  be used t o  est imate the  

f i n i t c - l e n g t h  s t a b i l i z a t i o n  o f  the  A T C  mnde. 

On s u b s t i t u t i n g  (63)  i n t o  (16),  the  A I C  pa ra l l e l -p ropaga t ion  d i spe rs ion  

func t i on  assumes . t h e  forms, v a l i d  away from the  midplane, 



H e r e  t h e  d e f i n i t i o n s  (11 ) ,  ( 2 4 ) ,  (31 ), (58) a re  u i e d  except  t h a t  now 



The f a c t o r s  o f  (1  - G) i n  the  denominators o f  (64) ,  (65)  a re  p laced so as 

t o  f a c i l i t a t e  comparison w i t h  t h e  d i spe rs ion  func t i ons  (23),  (33) ,  t o  which (64), 

(65) reduce f o r  c  = 0. The f a c t o r s  o f  (1  - G) i n  (67) ,  (68) f a c i l i t a t e  compari- 

son w i t h  t he  c o e f f i c i e n t .  o f  F i n  ( l o ) ,  which c o n s t i t u t e s  the  d e n s i t y  r e l a t i v e  

t o  t h e  midplane dens i t y .  

The expressions (64) ,  ( 6 5 )  can be used t o  i n v e s t i g a t e  f i n i t e - l e n g t h  

s t a b i l i z a t i o n  o f  t he  A I C  mode i n  2X and MX.  Make the WKB approx imat ion and 

the  p a r a b o l i c  z-depelidence approx imat ion so t h a t  equat ion (30) i s  'again used. 

This  work has n o t  been done by us y e t .  



V I I .  Numer i ca l . 1~  Spec i f i ed  ~ i s t r i  bu t ions  

There e x i s t  computer codes14 which f o l l o w  the  e v o l u t i o n  o f  i o n  v e l o c i t y  

. d i s t r i b u t i o n s .  under t h e  combined i n f l u e n c e  o f  e l e c t r o n  drag, i o n - i o n  . c o l l i s i o n s  

and d r i f t - cyc lo t ron - l oss -cone  turbulence.  These codes reach a  steady s ta te .  

The i o n  v e l o c i t y  d i s t r i b u t i o n  i n  t h i s  steady s t a t e  i s  t h e  numer i ca l l y  spec i f i ed  

d i s t r i b u t i o n  r e f e r r e d  t o  above. Th is  d i s t r i b u t i o n  w i l l  va ry  from run  t o  run, 

a f f o r d i n g  a  way . to  cover t h e  B, - Btt plane. However t h i s  cover ing  i s  n o t  

unique, s ince  (as w i t h  t he  d i s t r i b u t i o n s  descr ibed i n  sec t ions  I V Y  V,  V I )  a  

g iven p o i n t  i n  ,the €3, - ,fill p lane can be reached i n  more than one way -- i n  

t h i s  case, by more. than one. se t  o f  s t a r t i n g  c o n d i t i o n s  f o r  t he  computer code. 

Nevertheless, a  s c a t t e r i n g  of d i s c r e t e  p o i n t s  i n  t h e  B, - BIt plane, each 

w i t h  A I C  s t a b i l i t y  i n fo rma t i on  attached, i s  expected t o  be a  use fu l  ad junc t  t o  

t he  cont inuous s t a b i l i t y  boundaries drawn e a r l i e r  . f o r  a n a l y t i c  d i s t r i b u t i o n s .  

The d iscuss ion  o f  t h i s  sec t i on  does n o t  i nc lude  the  e f f e c t  o f  t h e  A I C  

a c t i v i t y  on t h e  ' d i s t r i b u t i o n  f u n c t i o n .  The s e l f - c o n s i s t e n t  t reatment  o f  A I C  

turbulence,  ion .  v e l o c i  ty-space d i f f u s i o n ,  A I C  s t a b i  1  i z a t i o n ,  and f i n a l  A I C -  

compat ib le  d i s t r i b u t i o n s  i s  o u t l i n e d  i n  Sect ion V I I I .  

The ~okke r -P lanck  code14 fu rn i shes  an i o n  v e l o c i t y  d i s t r i b u t i o n ,  speci - 

f i e d  up t o  t h e  p a r a l l e l  d i s t r i b u t i o n  o f  t h e  f i r s t  few perpend icu la r  moments. 

L e t  a,, a,ll be any converl i e i ~ t l y  chosen i nve rse  sca le  t ~ m p e r a t u r e s ,  then the  

code fu rn i shes  a i l l idplane d i s t r i b u t i o n  



Th i s  i s  an adequate d e s c r i p t i o n  o f  t he  i o n  v e l o c i t y  d i s t r i b u t i o n  as f a r  as t h e  

para1 l e l  -p ropagat ing  A I C  mode i s  concerned. S u b s t i t u t i n g  (69)  i n  ( 1  6 )  one 

o b t a i n s  t h e  form, v a l i d  a t  t h e  midplane, 

Here t h e  norma l i zed  q u a n t i t i e s  a r e  those o f  (24)  and (70) except  t h a t  now 

When e v a l u a t i n g  D i t  i s  necessary t o  deform t h e  con tour  o f  i n t e g r a t i o n  ( a l t e r -  

n a t i v e l y ,  t o  i n c l u d e  t h e  p o l e  c o n t r i b u t i o n  e x p l i c i t l ' y )  i f  t h e  r e a l  p a r t  of  t he  

phase v e l o c i t y  l i e s  w i t h i n  t h e  I o n  d i s t r i b u t i o n  and t h e  imag inary  p a r t  i s  

nega t i ve .  Th i s  occurs i n  a l l  p h y s i c a l l y  meaningfu l  cases. 



Fig.  (16)  ' 

Th is  requ i res  extending the  f u n c t i o n  enclosed i n  square brackets i n  (71 ) 

i n t o  t he  complex plane. To do so requ i res  t h a t  Go and GI be expressed i n  

terms o f  some bas i s  o f  a n a l y t i c  f unc t i ons .  We choose the  bas i s  t o  be a  s e r i e s  

of p a r a l l e l - v e l o c i t y  Maxwel l ians o f  decreasing temperature. Then the  d i spe r -  

s i on  f u n c t i o n  (71) becomes the sum o f  a s e r i e s  o f  Z1- func ' t ions  o f  i nc reas ing  

argument, w i t h  c o e f f i c i e n t s  t h a t  do n o t  depend on Klly W. 

Represent t h e  f u n c t i o n  as a  sum o f  odd Legendre polynomials  i n  t h e  5 
para1 l e l  energy: 

Some experience and judgement goes i n t o  choosing the  sca le  f a c t o r  c; as y e t .  

we have no r i go rous  way o f  .do ing  it. Use the  f a c t  t h a t  t he  odd Legendre po l y -  

nomials form an orthogonal bas is  on the  i n t e r v a l  (0, 1  ) t o  determine t h e  

c o e f f i c i e n t s  



For purposes o f  c a r r y i n g  ou t  t h i s  i n t e g r a l ,  take  the  data p o i n t s  s p e c i f y i n g  G P  

and i n t e r p o l a t e  l i n e a r l y  i n  the space o f  t h e  v a r i a b l e  o f  i n t e g r a t i o n  

Now t rans form l i n e a r l y  t o  a  bas is  o f  Maxwel l ians. For  known a  
mp ' 

where A ! ~ )  = x b ( ~ )  a 
m m j  ' J 

The express ion (78) w i l l  .be used t o  o b t a i n  numerous d i s c r e t e  p o i n t s  ' i n  t h e  

B, - B,, plane, each w i t h  A I C  s t a b i l i t y  i n fo rma t i on  attached, as p r e v i o u s l y  

discussed. Of  course t h e  sum over  ,j w i l l  be t runca ted  us ing  the  r e s u l t a n t  . 
e r r o r '  i n  D as a  guide. 

The s p e c i f i c a t i o n  o f  the  midplane v e l o c i t y  d i s t r i b u t i o n  by the  moments (69)  

does n o t  p rov ide  enough i n f o r m a t i o n  t o  c o n s t r u c t  t h e  A I C  para l l e  I-propagar1 on 

d ispe rs ion  f u n c t i o n  at' a  f i n i t e  d i s tance  away from t h e  midplane. Thus t h e  

q u a n t i t y  DB i n  equat ion  (30) cannot be computed as a  numerical  d e r i v a t i v e .  How- 

ever t h e  moments (69)  con ta in  enough i n fo rma t i on  t o  c a l c u l a t e  t h e  d e r i v a t i v e  



, 
D i  d i r e c t l y :  

The ambipolar p o t e n t i a l  i s  p rov ided a long w i t h  the  i o n  d i s t r i b u t i o n  as 

ou tpu t  of t h e  Fokker-Planck code. I n  terms o f  the  many-temperature Maxwel l ian 

decomposit ion (77),  one has 

This  w i l l  a l l o w  t h e  WKB frequency s h i f t  t o  be est imated f o r  t he  same p o i n t s  

i n  the  f3, - fill plane as were taken i n  (78).  Those p o i n t s  w i l l  t hus  have , 
I 

a t tached t o  them A I C  s t a b i l i t y  i n fo rma t i on  p e r t i n e n t  t o  2X and MX. 



V I I I .  D i f f u s i o n  and S t a b i l i z a t i o n  

The preceding '  seven sec t i ons  have d e a l t  w ' i th  t h e  1  i n e a r  s t a b i l  i t y  

of  t h e  A l f ven - i on -cyc lo t ron  mode. I t  i s  seen t h a t  s imp le  models o f  

m i r r o r  plasmas p r e d i c t  abso lu te  i n s t a b i l i t y  a t  d i s c o u r a g i n g l y  smal l  

a n i s o t r o p i e s  l i k e  5:1 whereas r e a l  m i r r o r  machines l i k e  ZX f u n c t i o n  

h a p p i l y  a t  a n i s o t r o p i e s  es t imated  t o  r u n  as h i g h  as 50 : l .  I t  i s  

tempt ing  t o  t r y  and e x p l a i n  t h i s  by say ing  t h a t  n o n l i n e a r  e f f e c t s  

f l a t t e n  o u t  t h e  d i s t r i b u t i o n  i n  t h e  resonant  reg ion.  i n  such a  way as 

t o  r e c o n c i l e  a  zero  wave growth r a t e  w i t h  a  low p a r t i c l e  l o s s  r a t e .  

Such a  s e l f - c o n s i s t e n t  s t eady -s ta te  occurs i n  t h e  case o f  d r i f t -  

c yc l o t r on - l oss -cone  tu rbu lence .  I n  t h e  case of  A I C  t u rbu lence  t h e  

3-dimensional  n a t u r e  o f  t h e  mode makes such a  s teady -s ta te  harder  t o  

a t t a i n .  

Consider a  model o f  AIC t u rbu lence  i n  which t h e  power spectrum 

i n  k-space c o n s i s t s  o f  a  l i n e - d e n s i t y  d i s t r i b u . t i o n  a long  t h e  kz -ax i s .  

Each component mode o f  t h i s  d i s t r i b u t i o n  causes d i f f u s i o n  i n  v e l o c i t y  

space, l o c a t e d  on t h e  p lane  o f  i ons  resonant  w i t h  t h a t  mode and 

d i r e c t e d  a long  a rcs  o f  c i r c l e s  cen te red  on t h e  phase v e l o c i t y  of t h a t  

modezo. The f o l l o w i n g  diagram i l l u s t r a t e s  t h i s  f o r  p o s i t i v e  w and 

p o s i t i v e  k,,. 



resonant  r e g i o n  f o r  i ons  phase v e l o c i t y  

The pa ra l . l e l - p ropaga t i on  d ispers ion-d iagram f o r  AIC waves y i e l d s  

p h a s e - v e l o c i t i e s  and resonant  i o n  v e l o c i t i e s  t h a t  bo th  decrease i n  

magnitude as k I t  i nc reases .  



phase-ve'l o c i  t i e s  resonant  * ion  resohant  i o n  p h a s e - v e l o c i t i e s  
f o r n e g a t i v e k ,  v e l o c i t i e s f o r  v e l o c i t i e s f o r  f o r p o s i t i v e k ,  

p o s i t i v e  k,, nega t i ve k ,, 



We adopt. t h e  convent ion  t h a t  w has a p o s i t i v e ,  r e a l  p a r t .  Then 

20 
I t h e  equa t ion  d e s c r i b i n g  t h e  process i l l u s t r a t e d  i n  F ig .  (19 )  i s .  

accord ing  t o  quas i  1 i n e a r  theory ,  

A 

A a. Dk - c f >  say 
a v a; 

Here t h e  s p a t i a l  s p e c t r a l  energy dens i t y .  E ( k , , )  i s  def ined t o  be 

t h e  mean square e l e c t r i c  f i e l d  i n  a u n i t  w a v e v e c t o r ' i n t e r v a l .  

~ ( k , , )  ACE ' > / ~ k , ,  
0 

Car ry i ng  o u t ' t h e  i n t e g r a l  over  k, ,  



Here k,, = k l l ( v )  and w = w(v)  a r e  f i x e d  by t h e  requi rements D(kll, w) = 0, 

k,,v,, - w + w = 0. I c i I 

Here t h e  temporal  s p e c t r a l  energy d e n s i t y  . ~ ( w )  i s  d e f i n e d  t o  [ l o  
be t h e  mean square e l e c t r i c  f i e l d  l y i n g  i n  a  u n i t  frequency i n t e r v a l ,  

as measured i n  t h e  l a b o r a t o r y  frame 

The temporal  s p e c t r a l  energy dens i  t.y ~ ( w )  i s  t h e  same q u a n t i t y  
v  11 

measured i 'n  a  frame moving w i t h  p a r a l l e l  v e l o c i t y  v,,. It i s  t h e  mean 

square e l e c t r i c  f i e l d  l y i n g  i n  a  u n i t  i n t e r v a l  o f  D o p p l e r - s h i f t e d  

f requency 

The s p e c t r a l  d e n s i t y  appear ing i n  (83)  i s  thus j u s t  t h e  energy 

d e n s i t y  o f  t h e  temporal  process exper ienced by a  p a r t i c l e  moving w i t h  

p a r a l l e l  v e l o c i t y  v,, eva lua ted  a t  t h e  resonant  f requency w C i  T h i s  

i s  what one would expect  p h y s i c a l l y .  

I f  t h e  AIC t u rbu lence  i s  s t r o n g  enough ( j u s t  how s t r o n g  w i l l  

emerge f rom t h e  ca! c u l  a t i o n )  resonance broadeni  ng2' w i  11 t ake  p l ace  

and t he  6 - f u n c t i o n  o f  (81 ) must be rep laced  by 



where the  broadening i s  g iven  by 

A 
A 

and D i s  g iven  by i n t e g r a t i n g  (81 ) over k , ,  w i t h  t h e -  broadened 
A 

&- func t i on .  O f  course, t h i s  procedure i s  c i r c u l a r .  We break t h e  c i r c l e  

by s t a r t i n g  w i t h  6 - func t i on  i n  (81) ,  i n t e g r a t i n g  over  k,, t o  o b t a i n  

(84),  and pu t t . ing  the  r e s u l t i n g  d i f f u s i o n  tensor  as def ined by (85) 

i n t o  (90) .  We do n o t  need t o  eva lua te  (89) f u r t h e r  than t o  no te  t h a t  
A 

i t  has u n i t .  area and w id th  ' o f .  t h e  o rder  o f  w.  This  w id th  i s  e x p l i c i t l y  

and i s  a f u n c t i o n  o f  v ,  as w e l l  a s  o f  v,,. To es t imate  when t h e  broadening 

becomes impor tan t ,  rep lace  v ,  - * by <v,  - '> and consider  t h e  spec t ra l  energy 

t o  be r e s t r i c t e d  t o  some frequency i n t e r v a l  6w about wci as seen by 

resonant p a r t i c l e s  w i t h  some p a r a l l e l  v e l o c i t y  v,,. Also, d e f i n e  t h e  

mean square o s c i l l a t i o n  v e l o c i t y  due t o  t h i s  energy band. 

Then 



where [6w] i s  t h e  range o f  f requenc ies  as measured i n  t h e  frame o f  
v  11 

a  resonant  p a r t i c l e .  Any d e s c r i p t i o n  o f  t h e  process i n  F i g u r e  (19) 

which neg lec t s  Dupree broadening t h e r e f o r e  breaks down when 

where dv,, i s  t h e  range o f  resonant  v e l o c i t i e s  covered by t h e  AIC 

s p e c t r a l  w id th .  

The resonance broadening a l s o  has t h e  e f f e c t  of '  damping t h e  

wave growth. 'Replace t h e  propagator  appear ing i n  t h e  l i n e a r  d i s p e r s i o n  

r e l a t i o n  

by a  more exac t  propagator  i n c l u d i n g  b o t h  a  l i n e a r  growth r a t e  and a  

d i f f u s i o n  term, say t h e  propagator  



Now the  A I C  d i spe rs ion  re1,at ion f rom ( 1 6 )  i s  o f  t h e  form 

f ree -  e lec -  i o n  c o n t r i b u t i o n  
space t r o n  
con- con- . 
tri- tri- 
b u t i o n  b u t i o n  

Also wci appears i n  t he  i o n  c o n t r i b u t i o n  o n l y  i n  t he  resonant 

denominator (un fo r tuna te l y ,  w  appears a1 so i n  t he  re1  a t i o n  between 

Bo and Eo). Thus, t h e  A I C  d i s p e r s i o n  r e l a t i o n  can be made t o  i n c l u d e  

bo th  the  f i n i t e  growth r a t e  and t h e  e f f e c t  o f  i o n  d i f f u s i o n  by w r i t i n g  

The d e r i v a t i v e '  w i t h  respec t  t o  wci i nc ludes  no s e l  f i c o n s i s t e n t  change 

+ f i 3 t 3  
i n  f. . I n  a d d i t i o n  t o  the f a c t o r  e des-cr ib ing . o r b i t  d i f f u s i o n  

induced by turbulence,  the  propagator  (97)  should a l s o  i n c l u d e  i n  t h e  
-&2 

i n teg rand  a  f a c t o r  e  say which descr ibes average o r b i t  s h i f t s  

induced by turbulence.  These average s h i f t s  i n  p a r t i c l e  o r b i t s  

however, l ead  o n l y  t o  r e a l  s h i f t s 2 '  i n  mode f requencies and so a r e  

n o t  i m p o r t a n t , f o r  t h e  purposes considered here. 



For  f u t u r e  work w i t h  o b l i q u e l y  p ropagat ing  waves, we 'quote here  

23  , t h e  fo rm o f  t h e  q u a s i 1 . i n e a r ' d i f f u s i o n  ope ra to r  w i t h  non-zero k ,  - . 

The r e a l  q u a n t i t i e s  a, b, c  a r e  t h e  peak magnitudes o f  t h e  x-,  y-, 

and z - d i r e c t e d  e l e c t r i c  f i e l d s  f o r  t h e  mode indexed by when t h a t  

mode i s  norma l i zed  t o  u n i t  average f i e l d  and %, i s  r o t a t e d  t o  l i e  

a long  t h e  x -ax i s .  
, - - . - - 

Wave i s  c i r c u l a r l y  p o l a r i z e d  i n  i o n  sense when a  = b  = 1, c = 0. 

I f  E-vec to r  t r a v e l s  i n  oppos i t e  sense around e l l i p s e ,  use nega t i ve  b.  

If E-vector  i s  l o c a t e d  i n  (+-)  x-z  quadrant,  use nega t i ve  c .  The form 

o f  t h e  d i f f u s i o n  equat ion  corresponding t o  (81)  i s ,  i n c l u d i n g  a l l  r e -  

sonances, and assuming t h e  t u r b u l e n t  spectrum t o  be symmetric about  

t h e  kz -ax i s  ; 



a<f> = 
at. 

. . 

Theargument o f  t he  Bessel f u n c t i o n  i s  k , v ,  - - / wci The s p a t i a l  

spec t ra l  energy d e n s i t y  i s  de f i ned  t o  be the  mean square e l e c t r i c  f i e l d  

l y i n g  i n  a u n i t  3-uni t dimens'ional wavevector i n t e r v a l .  

I n t e g r a t i n g  over  k,, we o b t a i n  t he  equat ion corresponding t o  (84)  ; 



Here wQ = wQ(v,, k ) and kIlk = k , ,k(v l , ,  kl) a r e - f i x e d  by 

D(k,,, k , ,  - w) '  = 0 .  k,,v,, - w + kwci = 0 (104) 

The p o l a r i z a t i o n s  o f  these modes a r e  then  descr ibed  by at, bQ, ce, as. 

i n  (99) .  O f  course, these p c l a r i z a t i o n s  have t o  be found ' i n  the  course 

o f  s o l v i n g  (104) .  
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