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Preface

Undoubtedly. a highlight of the year’s activities of the Mathematics and Statistics Research Department was the
Vostuing Mathematicians Program. Severa! distinguished mathematicians and statisticians visited the department 1
talk about vur research. and theirs, and .o partiapate in our seminar programs. Spending a full week with us were
Richard Burlow of the University of Califormia and Florida State University. Ralph Bradley of Florida State
University . Walter Gautschi of Purdue University. Paul Halmos of Indiana University, Pete Stewart of the University
of Maryland. Rihard Varga of Kent State Univeisity. and Eugene Wachspress of the Knolls Atomic Power
Laburatory . Several other mathematians and statisiicians of note visited the department for one to three days.
Man, of these visitors participated in a new venture. the Mathematics Colloquium Series. sponsored jointly by the
department and the University of Tennessee's Department of Mathematics. A list of these speakers aad titeir topics is
gven mn Part (.

The department was pleased to L.ave Sherwood F. Ebey of the University of the South and Douglas S. Robso~ of
Cornell Unaversaty spend parts of their sabbatical leaves with us. She-woud Ebey worked with the Statistics Sectin
on a number ot statistal problems and helped administer the Southern College University Union Science
Semester. Douglas Robson particspated in the brostatistics program and contributed 10 the solution of 3 number of
impurtant problems in the ORNL Bidlogy and Environmenial Sciences Division.

Robert €. Meacham jorned the department from the University of Tennessee. He complements the Computing
Suppurt Section. which was reorganized unde: the direction of William Lever.

For part of the year Toby Mitcheil was on leave. He spent five months wath the Department of Statistics at the
University of Wisconsin, Madison. and lfivwe months at the National Institute of Environmental Health Sciences at the
Research Tnangle in North Carolina.

The department is proud to acknowledge a singular honor conferred upon one of its members- V. R. R. Uppuluri
was clected 1o membership i the International Stztistical Insttute 1 recognition of his contributions to statistical
rescarch.

vii
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Part A. Mathematical and Statistical Research

1. Stausucal Estimation

K.O.Bowman J E. Cope' D.S Robson B.W.Rust' D.G. Wilson

DISTRIBUTIONAL PROPERTIES OF MAXIMUM
LIKELIHOOD ESTIMATORS OF THE
PARAMETERS OF A MIXTURE OF
TWO NORMALS

An investigator may believe that certain Jdara are a
sample from a mixture of wo or more neimal
distnbutions. This beliet may come from ovbserving a
bimodal or multimedal curve obtained by plotting the
data or from a knowledge of the popujation that
generated the data. As a trivirl example. height
measurements of adult human beings appear to come
from a mixture of two normal distrsbutions. one for
the female portion of the population and cne for the
male. Nontrivial exampies abound and range from the
distrzbution of DNA ‘deoxyribonucleic acid) content
of megakaryocyte cells to the distribution of fish
lengths in a commercial fisherman’s catch. Experi-
mental biologists 2ad commercial fisheries alike wish 10
estimate the parameters and the proportions of the
underlying distributions without attempting to classity
each observation. In addition. thev would like to
obtain reliable estimates at the least cost. that is, from
as few observations as possible.

The problem is. then. to devise an economical
scheme for estimating the means. standard deviations.
and proportions associated with a sample from a mix-
ture of normal distributions and to determiae the
effect of sample size on the reliability of these
estimates.

Bowman and Shenton® have investigated these ques-
tions fo., the moment estimators of the five parameters
of a mixture of two normal distnibutions. We are now

1. Computing Apps. -ations Department.
2. K. O. Bowman and 1.. R. Shenton, “Space of Solutins
for a2 Normal Mixture.” Biometrixg 60, 629 36 t197 Y,

mvestigating them for the manpnam hielihoud esiima-
tors.

Part of the mobivation for this work 1s the desite to
solve a frequently occurnng practical problen:. but in
addinen we expect to extend statistical theors . Man-

tum likelthood estimatoss ave been widely used tor
estimating the parameters of distrihutions hecanse thesr
asymptotic properties have bera eniesively studied
However. fur tinstz sample -azes their propeitics are
unknown. Our study  will -oninbute to a belter
understanding of the maxeaum hikeihood estimators
for small sampie sizes.

Given a data st ¥ = Jv b s =1
assumed (o vome ltom 3 maxture of a0 normal
distnbutiens. the maximum likelihood estimators are
the values {j,. ,. d:. G2. p)of the live parameters
which maximize the Likelihood tunction Ly, . o, u;.
@3, p. X ) defined by

.o which s

" +
L= ul ; exp[ (x, w0 (2ot}

3xa,

1 p ; R
+ ———expf (x, - w2 )" 12023}
Vima,

Setting the partial denvative o) 1. with respect to
cach of the five parameters equa io zero gives five
coupled. nonlinear. homogeneous equations for the
estimators. The mathematical questions are: Wher do
these equatior: have no solution. exactly one solution.
or many solutions: assuming that a solution does exist.
how does one go about finding one: and how does the
sample size influence the answers to the two previous
questions?

We have developed an iterative scheme for solving the
nonlinesr  equations. Using the computer program
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implementing this scheme. we are conducting a Monte
Carlo investigation of the effzct of sample size on the
computed estimators. We repeatedly generate a speci-
fied number of samples from a known mixture of two
normal distributions and compute the maximum likeli-
hood estimators. Aiter a specitied number of repeti-
tions. we compute the first four moments of the
distribunion of estimators. The me2ans of the estimater
values are compared with the parameter values used to
generate the samples. This 1s a rather time-consuming
invesiigation. and although it is well under way. it is
nwt nearly completed.

Preliminary indications are that the masimum likeli-
hond estimaters are not noticeably better for ““small™
sample sizes than are the moment estimators. but we
cannot yet make a quantitative statement.

SUBOPTIMAL CONSTRAINED INTERVAL
ESTIMATION BY MEANS OF
LINEAR PROGRAMMING

The aurrerical solution of Fredholm integral equa-
tions of the form

A' ~ ~
f KU sixts)ds = S+ 1),

J

where (7. s)and y(7) are known functions and &(r)is a
stochastic measuring error. is an important problem in
many vphysical sitiations. The usual approach is to
replace the iniegral equation by a corresponding linear
system.

Kx=y+e. (1

and to assume that the stochastic error vector € is
chnsen from a joint normal distribution with variance
matrix $72, which. without loss of geneiality, can be
assumed to be diagonal. To estimate any integral
quantity of the form

b
=/ =J' w(shxls)ds

a

where w(s) is a known function, one seeks to estimate
the approximating linear functional

o=wix

subject to the constraints imposed by (1). The system
(1) is almost always very poorly conditioned, so it is

passible wo obtain physically meaningful solutions only
by applying a priori constraints on the problem. An
often wery powertul and almost always physically
justified constraint is that the solution x be non-
negative.

In solving such cunstrained estimation problems it is
impurtant to calcnlate confidence-inteival estimates to
get an idea of the amount of uncertainty in the answer.
Rust and Burrus® have shown that the confidence-
interval bounds ¢ and ¢VP can be obtzined a5 the
roots of the equation

e =y .

where p is a constant corresponding to the desired
confidence level and L(9) is the piecewise quadratic
functional

L(»)

=mx'm{(l\'x ~yWSTKx-y)In20. wa=¢} .

A compultational procedure for computing ihese roots
would involve parametric quadratic programming,
which is difficult and very expensive. An alterncte
approach® is to calculate suboptimal approximations
to ¢! and ¢“P. using various linear programming
approximations. These approximati;ns arc obtained by
repiacing the 2-norm constraint,

Kx - y)SHKx - y)< o’ . Q)
with either ap %°-norm constraint,

mgx{h-"'l_l(x - y)l,-}S K, (3)
!

or a f-norm constraint,
el SV Kx - y)<u, 4)

where 7 = (1, 1, ... 1). We have developed and tested
a number of strategies for reducing these approxi-
mating problems ‘o a standard linear programming
tableau; one strategy uses both (3) and (4) to give a

3. B. W. Rust and W. R, Burrus, Mathematical Programming
and the Numerical Solution of Linear Fquations, American
Flscvier. New York, 1972, pp. 162 72

4. B. W. Rust and W. R. Burrus, Suboptimal /fethods for
Solving  Constrained  Fstimation  Problems. DASA-2604
(January 1971).



better approximation to the dlipsoidal constraint
region defined by (2). The linear programming prob-
lems corresponding to this last strategy can be written

O‘::?}z lm} } “‘.T‘ of,‘/x) lll) >0
mn plopl - M

K -7 y )
-K -1 -y

0 Ts \(;/\S wm ?.
0 5! \ye )

where m s the number of rows in K. / is the mth order
identity matrix, and p is a Jummy vector defined by p
= Kx -yl

We are currently studying the following extensions of
this work:

1. improving the bounds by prerotating the constraint
region by neans of the singular value decomposi-
tion,

i~

- allowingz the incorporation of other kinds of a priori
constraints.

3. allowing for errors in the matrix X,

4. computing the bounds corresponding to directly
constructed polytope confidence regions.

RANDOMIZED SAMPLING RATES IN
SPARSELY SAMPLED STRATA

Any stratification plan can ordinarily be improved
for purposes of sampling and estimation by turther
partitioning the population into finer classes of even
greater homopeneity. The requirement that every
stratum be represented in the sample. however. limits
the number of strata to, at most. the number of
elzments in the proposed sample. The need for a
standard error estimate from the sample further
reduces the possible number of strata to. at most. half
of the proposed sample size, since each stratum must

be sampled a1 least twice te provide withinstrata
estimates of variance. This latter need contlicts with
tire primary vbjective of stratification and is commonly
circumvented by the pust facto pairing of singly
sampled strata for purposes of variance estimation.

Randomization oi campling rates amoeng sparsely
sampled strata citers an honest means of circumventing
the “two per stratum™ requirement. An extreme form
of such a scheme would allow all but sne stratum to be
singly campled. provided that this <tratum is randomly
picked. More generally. if kK out of A strata are singly
sampled and the remaining A - & are (say) doubly
sampled. then an unbiased esiimator of sampling error
variance exists when the choice of the & strata to be
singly sampled is a random choice. The variarce of a
stratified sample estimate

[
v‘_\!u! = Z Wh-‘_'h
h=1

in this case becomes

_ LS JRvk 1
var¥ ) = 3 ’,,*( 9 s,°
n

h=1

where S, is th: variance among the .V, elements in
the Ath stratum. An unbiased estimator of this sam-
pling errur variance is then

_ K K +k I
Vaﬂ_"‘";') = ﬁzkh ( ; _) '’

2K N,

where the sum now extends only over those K - &
doubly sampled strata where variance estimates s,” are
available.

The concept of randomized sampling rates applies
also to multistage sampling designs and adapts to more
general probability sampling schemes for randomizing
the rates. Its primary utility. however. appears to reside
in the common situation of sparsely sampled strata.

il



2. Statistical Testing

J.J. Beauchamp K. O. Bowman
L. R. Shenton'

EFFECT OF NONNORMALITY ON THE
DISTRIBUTION OF THE ¢ STATISTIC

Preliminary results from the investigation of the
etfect of nonnormality upon the distribution of the r
stuustic are given in a previous report.’ Table 1 gives
the combirations of skewness (v/3, ) and kurtosis (3 )
values for three of the distnibutions being considered.
Since e VB, znd $: values for the gamma and
Weibull distributions are related to the parameters of
their respective distribution functions, we ar~ consider-
ing 2 meaningful range of parameter values for these
two distributions. In particutar, for the gamma proba-
bility density function. we consider

T x¢ 1
J )= expt - x). x>0,
* ™2
where
28; -3 -6=0,

and for the Weibull probability density function. we
consider

fotxy=ex Texpt-x). x>0,
where

28, - 38, -6<0.

The range of the parameters is ¢ = 1{1)10, 15. 25, and
¢ =1.2(0.2)4.0. Sample sizes of 25, S0, 75,and 100 are
being used in calculating the higher moments of the
distnbution of the ¢ statistic for each of the assumed
nonnnrmal parent distributions. An ongoing study to
appiy new methods of evaluating summaticrs will
make it possible to extend the range of sample sizes to
valucs much less than 25. The basic parent distribu-
tions under investigation cover a wide range of practi-

1. Universty of Georgia,

2. University of California at Santa Barhara,

3. "Effect of Nonnormality on the Distribution of the f
Statistic,” Math. Stat. Res. Dep. Prog Rep. June 30, 1975,
UCOND/CSD-18, pp. 4§ (Oxctober 1975,

M. Sobel?

F. L. Miller.Jr.  D.S. Robson

V_R. R.Uppuluri

cal statistical distdbutions in the lite and phy*ical
sciences.

Although the determination of the highsr moments
of the ¢ statistic from different p-ren® distributions is
helpful in evatuating the effect ol nonnormality, a
more practical consideration is to have knowledge
about the level of significance expected when tabled 1
values are used on samples from neanormal distribu-
tions. A program by Amos and Daniel® allews us to
determine specific pescentage points of interest from
the distribution of the 7 statistic. We have been able to
examine the contours for particular levels of signifi-
cance in the (V/3;. 32 )space from the results of the
above calculations. Figure | shows the actual level of
significance achieved on the distnbution of the s
statistic when the urderlying distribution is a type lor
A distnbution and the tabled 95% ¢ value (r = 1.711)is
used for a sample size of 25. We may conclude from an
examiration of this figure that if an experimenter is
sampling from a type | or A distribution and is using
the tabled ¢ statistic for a one-sided test at the 57 level
of significance, then the actual level of significance
would be between 3 and 7% for a sample size of 25.

4. D. E. Amos and S. L. Danicl. Tahles of Percentage Points
of Standardized Pearson Distributions. SC RR-T1 0348, Sandia
Laboratonies (1971).
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Table |. Combimatwasof \/J, .. corsidered

N,
3 01 ©2 03 04 05 06 o7 08 909 0o 11 12 13 14 15
20 1 B3 13 13 13 L3 RIOKR3 L3
22 13 13 13 i3 13 i3 13 13 13 s
254 12 L3 K 13 o3 L3 or3 w3 13 13 s
26 13 13 13 L3 13 L3 R: L3 03 13 K3 L3
28 13 13 B3 13 013 1.3 13 13 oty 13 13
30 13 13 1.3 13 13 1.3 1 13 13 15 13 L3 13 13
3.2 w2 w2 o t3 13 13 13 13 13 313 13 13 1.3 1.3
34 12 12 1 ! 1 1.3 13 1.3 13 1.3 1.3 I3 13 1.3 13
36 4.2 12 12 12 1 1.3 1.3 13 13 1.3 L3 iy 13 1: 13
38 12 12 1.2 12 1.2 1 1 I 13 13 1.3 1.3 1.3 13 t3
40 12 1} 12 12 12 12 gy ' 1 1.3 13 13 13 13 13
42 12 12 12 12 12 12 12 i K3 13 3 i3 13 13
44 1.2 12 1.2 1.2 1.2 1.2 1.2 12 1 ] 1 1 ] 1 1
2 | = mixture of normal distributions.

2 = Gram-Charlie: type A distribution.

3 = Pearson 1ype | Jistribution.

NEW SYSTEM OF BIVARIATE MODEL FOR THE
DISTRIBUTION OF TWO PARAMETERS

Bowman and Shenton® have conmstrucisd a se: of
contours for the b, and b, joint distributions by
transforming each variate to a normal variate, using
Johnson’s system of transformations. Although this set
of contours shows a 90, 95, and 99% region of true
contents of distributions and a good practical use for
simplicity. it does not contain the smallest region, nor
does it iepresent the equiprobability of a true bivariate
distribution of v/, and b, .

Wz have developed a new model for the general
sampling of two parameters

SVby b2y =wivby by Vb)Y, (1))
where w(-) refers to the 5;- approximation to the
marginal probability density function and g(-; *) refers
tv a conditional gamma distribution. Thus.

wivby)= [3/2m ] {1/ + (b, - 071

Xexp(—'A{th sinh™! [(v/b; -- EW\”’).

kiktby ~1 — by )PtWhoy 3
ip(vh )}

X exp]—k(hy -1}

&b, I\/hl)"‘

“b

5. K. 0. Bowman and L. R. Shenton. " ‘Omnibuy’ Tewmt
Contowrs for Departures from Normality Bas-d on /B, and
b, . Biometrika 62. 143 50 (1975).

where k > 0.p (\Vb;)> C.and £. X. 7.5 are found in
Johnson's table.*

We have shown tnat the new set of contours
constructed by using the new bivanate distribution.
Vb, . b2). approximates almost precisely the true
equiprobability of the joint distribution Vb, and b,.”
Further. the new model can be extended by utilizing a
variety of univariate distributions to approximate a
function of any two parameters x and ». For example:

a. Instead of the gamma density in Eq. (1). we may
use 2 Weibull component. Thus,

fix. vy =lwiade Xk poyfky - 1 - @) L

where

X(x)= k(v -1 - xHpp
fork>0.p(x)>0.y>1+x* .

If fitted by moments. quadrature methods would be
required.

. Another possibility is to use the F-ratio density
instead of the gamma. Thus,

ANy -1 -x*P-Irpig+ )
@ty -1 -x2p*etirprg + 1)

for ~eo<x<ooand y >1 +x? ,

Nlx.v)=w(x)

6. F. S. Pearson and H. O. Hartley. Biometrika Takles for
Statisticians, vol. 1, Cambridge University Press, London,
1972,

7. L. R_Shenton and K, O. Bowman, "' A Bivariate Model for
the Distribution of /B, and b,.” J. Am. Stat. Assoc.. to he
published.



where s >0.p > 0.4 > l.andu p. and ¢ may be
1ken a3 tunctions of X,

< Interchange the roles of x and v and use Johnson's
5, for the margnal ot v and a beta distribution tor
the conditional. Thus,

Pty

P

WO D x)f Ty D !

rr.xr=wyv)

P !U Iy ety

where p >0.4>0.x° <y
and g are tunctions of v.

1. and the indices p

MARGINAL SIZE OF THE ONE-SIDED
FISHER EY.ACT TEST

Discreteness of the hypergeometric distribution pro-
duces small sample irregularities in the opzrating char-
actenstics of a one-sided Fisher Exact Testfora2 X 2
table. Numerical exploration of the power surface has
revealed anomalies such 2s decreasing power with
tncreasing sample size. Power characteristics may be
substantially improved by allowing the conditional size
of the test to increase while retaining control over a
margnal size.

In the context of one-sided. two-sample lests of
homogeneity . only the iwo sample sizes {row totals n,
and ny. say) are predetermined by the experimenter.
who is therefore justified in dropping the condition of
fixed column totals in order to achieve nominal tes:
size conditioned only on sample sizes. One way of
achieving this end is to retain the structure of the
Fisher Exact Test but to implement the test at a
predetermined conditional significance level a,. exceed-
ing the nominal target level a. This conditional size a,
is calculated as the tail probability of the hyper-
geometric distribution determined by both row and
columin totals. The value of a,. is chosen. however, to

ensure only that the H,-average tail probabibty
exceeds a when conditioned on just the row totals.

HYPOTHESIS TESTING

Subel and Upprluri® have developed = sparse- and
crowded-cell test tor the hyputhesis that a set of data
may be described 2s coming from a specified distribu-
tion. Miller and Quesenberry® have evaluated several
statistics for testing ur_formity. and the sparse- and
crowded-cell test has been applied to the aliemative
distributions of the repornt in order to see whether it is
2 worthwhile competiior. The sparse- and crowded-cell
test is easy (o apply in practice because of its simplicit:
of computation. One merely counts the number of
cells with less than a2 given number of occupants or
more than another given number. ¥ this number 1s
greater than some predetermined <onstant. the hypoth-
esis is rejected. The above assumes that the interval is
divided into cells of equal probability.

For the first member of family | of the report.® the
power of the sparse- and crowded-cell test for samples
of size 50 can bz as high as 827 depending on the
crileria for sparseness and crowdedness. For compari-
son. the Watson U* statistic has power 857, the
Cramer von Mises statistic has power 987, and the
Anderson-Darling statistic has power 99%.

The test is appealing both from the viewpoint of ease
of computation and how much power you can get
from such a relatively coarse classification procedure.
We are trying to improve the power of the test. while
not overly complicating the computation, by conside:-
ing also the number of runs of sparse and crowded
cells. This addition of “‘neighbor™ information will
hopefully sharpen the test.

8. M. Sobel and V. R. R. Uppuluri, “Spare and Crowded
Cells and Dirchlet Distnbutions,” dnn. Star. 2. 977 A7
11974,

9. F. L. Miller. Ir.. and C. P. Quesenberry. Statistics for
Testing Uniformity on the Unit Interval. UCOND/CSV-12
(Apnl 1975).




3. Expenmental Design

). A John'

H. M. McQlellan”

T. 3. Matchell

OFTIMAL INCOMPLETE BLOCK DESIGNS

One of the most effective techniques tor increasing
the precision of an expeniment is “blocking.” that s,
the grouping ol the experimental units into refatively
homogeneous Mocks. within each of which a subset ot
the experimental treatments is then applied. The
problem s 10 deiermine the best way ol assigning
treztments to blocks. The classical approach to thes
problem has been to plave ceftain requitements of
“balance™ on the design and to devise Zigebraxc or
geometric methods for constructing designs that satisfy
these requirements. In this rescarch. we take 2 some-
what difteren: approach. based on the application of
soumie wellestablished optimality cntenia.

We shall assume that 7 replications of each ot r
treztments are to be sorted into b blocks of sive 4.
where & < r. We restrict consideraiion 1o designs in
which every pair of treatments appears together in
either A, o1 X blocks. where A2 = Xy or M =2, ¢
Extensive computer wor<® has previoush imphed that
optimum incomplete black dessgns should have ths
form.

In a2 previous report.* we described 2 method tor
consiructing designs of this type that are )-optimum.
that is. designs that munirize the determinant i the
varance-<ovariance matnx §2 of the trecatment param-
cters. This method unlized a relationstup between €2
and the mnadence mainy ot a regufar praph of degree ¢
with 1+ verices. where 7 s related 10 the desgn
parameters by

Ak ly=mly 1)1 .

where m 15 an nteger. A rather claburate computer
program was writlen to construct the complete set of

1 Unmcraty of Southsmpton

2. UL Sownoe Semester Mtudent Partopant. § aneraly
of the Soath

L ORAL Jabutarory  Graduate Pattwpateen  felhm
v Politcchne Instiute amd State U nncrany

4 1.1 Mahell, “Computer €onstrucisn of Smafl D

opimal’ Incompletc Rlwh Iesgns.”” om0 Session IS]

TR Wiy

S Conaructnm of Doptmal fmmompicte Bk esgns

Math Stat Rer Inp Prog Rep henc 00 1974 QRN 499,
ee 10 L theaember 1974

M. D. Morns®
D.S. Robson
R C. Ward

teeular graphs for all v < P2 except tof the case 5. 1) =
2.5 which wxs o entensineg 1o handle. For eveny
parameter set Ir_ k. ry we theri searched the set of
regular graphs wath the approprate degree 1 te find
thuse that veelded the opumum €2 { sng the dgonshm
described by John* we then atzempted to construct
the design itselt. 1Y no design was found to exnt tor the
optimum 2. we then considered the second best. third
best_and so forth.

This procedure was apphed using three ditferent
defimitions of optimality_ all of which. roughly speak-
ing. have to do with minsmizing the variances of the
estimated treatment effects:

1. Doptimality - minimuze the determinant ot 02,
2. Awopumality | munmimuze the trace ot £2.

3. Foptimality
“

minumize the maximum egenvalue of

Occasionally . the £opumal design dittered 1zom the -
and J-optimal designs. but n all cases the - and
A-optumai designs were the sanie.

We have compiled a hist ot these cptimal desigas and
theur properties” tor all cases in which v <1 2andr <
10 fexcept for the seven cases corresponding to (1. 1) =
12, 2], For the 33 cases in which the optimum design
appears to be new_we have presented it in full”

A -OPTIMAL DESIGNS

Expenmenters are freauenchh interested in determin-
ng. i a leav squares sense. the coefficients of a
polyvnonaal of order 7 in & vanables that approimate a
swt of 2 observations. For example. an evpenmenter
may wani to approvimate the obsenations v by the
second-order polvnomuat in two vanables v, and x;

y = o * J|\; A .":\; LA Y LT YRR 2% TR

where v, 15 the vector whane pth compunent 1s the
product of the pth components of the v, and v,
vectors. The unknown guantities 1o be determined are

& ) A Jehn CComputer Constrtudien ot Binan noome
phetc Bhah Iergns” submatted 1o Ippd Star
T 1) Mituhell and 3 N Vohn Oppimal Jngomplete Rln &

Desigris. RS CabN (1970




the J;'s. This problem can be restated a3 the problem of
determuuny 2 real mrvector §°. mmmnuzing the bucld-
ean kngth ot ;' 1. gaven the real 2 X m matnx X
ami the rea wsector v. The symbolsm A8 = v will
Jdenote thrs hnear least squares problem.

Since the expenimenter v frequenth chouse the
values of the dependent varables at which the observa-
tions are faken. these values (desegn poini<) should be
chosen such that the resulting answers are optimal in
some sense. One such design criterion with statisincal
motnation s the criterion of “Dopuimalitv.” A
D-opumal iesien which minimizes the volume of the
pint confulence regon for the keast squares estimators
of 813 based on maximizing the determinant of XX
amd has oeen investigated by several statsticians. We
have begun an nvestigation of 2 different desagn
crterion calked “A:-opumality . Speafically. 2 K, -
optimal dJesign minimizes the spectral  condition
number of X. The motivation for this criterion is based
on perturbation results for the least squares problem.
These results indicate that the magnitude of the
refative error in the solution vector is essentially
bounded by the sum of e magnitude of the relative
errors in the X matrix and ¥ vector magnitied by the
conditon number of the X matrix. Thus if the
<ondition number is minimized. the bound on the
sofution’s relative error is minimized.

The spectral condition number of X. A:(X). is
defined by

KAX=SH XN IXTH, .

where X” is the Moore-Penrose generalized inverse of X
and [, is the spectral norm (2-norm). For our
purposes. 2 better characterization of the spectral
condition number of X is given by the singular values
of X. which are the positive square roots of the
cigenvalues of X'X. This characterization defines
K:(X) as the ratio of the largest singular value to the
smallest singular value. From this we can easily
determine that K3(X) 2 | and A1(X) = | only when
the columns of X are orthogonal. that is, only when X
represents an orthogonal design. Thus. minimizing the
spectral condition number of X is an attempt to make
X represent more closely an orthogonal design.

We are in the initial phases of this research and have
written a computer subroutine K2ZMIN ihat attempts
to determine K;-oplimal designs with the variables x,
restricted to the unit cube 1 < x, S1.i=1,2,. k.
K2MIN uses a transformation technique and Zangwill's
modification of Powell’s conjugate direction algorithm
to find a local minimum of K3(X) inside the con-

straned repron. Since K2MIN detzrmanes only 2 local
mmimum. there 5 no guarantee that the returned
design pomnts Viedld the gobal miminum for the
sonstrained regon. However, the pussibiity of not
finding the global mimmum cn be reduced by
pertormung  the minimization several Umes. using
widely separated initial design poinis.

Uang K2MIN. we have comstructed a design for a
second-order model in 1wo varialles with six design
poirts. The dessgn has pomts at (1. 1) (0.1, O.1).
(0915, 0915) . ( CAN5 0915 ¢ 1. -0465). and
( 0465, 1) and has 2 K. (X) value of 4.63. These
design pownts are simular to those produced by Box and
Draper® for a Doptimal design. The D-optimal design
has puinrs at (1. 1) 001315, 013150 (1. - 1) (-1 1.
¢ 1. 0.3945). and (-0.3945. -1). This smianty as
well as other properties of K -optimal designs are
expected to be studied in the neas future.

FACTORIAL DESIGNS FOR DETECTION OF
MODEL INADEQUACIES

In the analysis of factorial expediments. a linear
muodel containing only the mean and main effec’s is
often assumed 1o be adequate. This procedure involves
2 tacit assumption that the main effects do not
interact. or that interactions are negligible. While there
may be some evidence to suppor! this assunplion. an
additional test for model adequacy is often desirable.

In the context of analysis of variance, a test for lack
of fit can be made. based on a noncentral X* or
noncentral F statistic. In each case the power of the
test to detect nonnegligible interactions is 2 mono-
tonically increasing function of a quadratic form

B:'18: .

where B, is a vector of interaction terms. and /. is 2
pusitive semidefinite matrix determined by the experi-
mental design. Therefore. by control of the experi-
mental design. and hence the form of 1. the experi-
menter can control (to some extent) the power
properties of this test.

We are concerned with the selection of design classes
and particular designs for which the power to detect
nonnegligible two-factor interactions is high. The
principal criterion for design sclection has been the
trace of /.. tr{L.). maximizing this quantity is equivalent

8. M. J. Box and N. R. Draper, “Factorial Designs, the
XX Cntenion, and Some Related Matters.” Technometrics
13.73 4201971,
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t0 maximinng the average value of §.'/8 n an
appropriate region of the B space. We hawe shown for
vertan desygn sizes that a design is tril Joptimal if and
caly if it 5 orthogonal and of resolution IV. Design
sizes for which these conditions exist have been
denived.

For design sizes which de not allow construction of
orthogonal resolution IV designs. various techniques
have been used 1o find optimal or near optimal designs
For 2 experiments. the class of fold-over designs s
provided excellent results for designs with ZA 1o W
points. (For 2 discussion of fold-owver designs. see Box
and Hunter®) In the case of 3 experiments. two
classes of designs have been mvestigated. Ome is the
class of designs generated by balanced arrays. This class
was introduced and first studied by Chakravarti'®
Another smilar class. which we have formulated
specifically for this problem. is under investigation.
Computer searches and optimization routines arc used
1= find optimal designs within each design dass.

Designs which we find to be optimal or near optimal
with respect to the t(l) measure will be further
examined with regard to more classical measures of

design optimality.

OPTIMAL DESIGN FOR MEASURING SIMPLE
EXPONENTIAL DECAY WITH POISSON
SAMPLING ERROR

If Y(T). ... Y(T) are independent Poisson variables
with mean values E{Y{T)] = a exp(—#T). then for a
sampling design with n; = np; independent replicates at
T;. the wariance of the maximum likelihood estimator

of 3 s (asymptotxcally )

- & i
varSyr = [-aﬁ - Zp,'.’"-u, ?‘n’] '

The variate 1,= T, T; » is measured i “half-life™ vnits
of time:

Ty:=tn 233 .
and 7 is the weighted mean:

&
=i

r=

01~

p,l' T

The (unique) optimal design for minamizing var(3 ) is
2 two-point design with ap rephicates at 7 =0 and m(1 -
pratr =2} = 3688 where tis the zeroof | ¢+ 278
~tin2andp = (1 +28)7' This design achieves

F=2"t11p2.

vart3) = [matiTo 2] ' .

9. G. E. P Box and J. S. Hunter. "The 2P Fractomal
Factoral Deagns. Part 1.” Techsomemes 3. 311 - 51 119610

10, 1. M. Chakravarti. “On Some Methods of Constracton
of Parially Balanced Asrays.” Ann. Meth. Swr 321181 - 85
(196 1).



4. Probabihey
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MINIMAL SUFFICTENT CHARACTERIZATIONS
OF UNIFORMITY

From the vaewpoint of applications of the theory of
stochastic processes to physical processes. for example.
the analvsis by the Moate Carl> method of mestron
and other pastiche transport problems or of other
physical (and social or biclogical) probiemes. the so-
called uniform distribution on the real unit imterval is
of basic mmportance.

For many reasoms. and in particular. because of the
slread; wide use and cven wider applicability of the
Momic Carlo method 10 the solution of phaysical and
other problems arising from nuclear and other energy
programs. it would scem that 3 deeper undersianding
of this basic probability distribution is of rreat
poiential relevance.

A careful study of this distribution has bon made . w
particulas. several results are vbtamed (some of which
are presented below) which characterize this distribu-
tion by sets of conditions which are. in some semse_ as
weak 23 possible.

Let W denote 2 random variable with values in the
real unit interval [0, 1). and let { denote the random
variable uniformly distributed on (0. 1). Let D denote
the “degenerate™ random variable on this interval:
Prob|{D =0] =1 Forexhreal x. let x = [x] + -x-.
with [x] an integer and -x- € [0. I). For random

variables M, and M;. let M, £ M. mean that M, and
M; have the same distribution.
If. foreachu € 0. 1),

) MM u}.
then
MiU.
Also, if. for each integer 7. £0.
o) 4 {nu}.

then M is a mixture of U and D.

I Tenncwee Technolopcal Unwersity
2. Unmweruty of Calsforna at Sants Barbara.

M_Sobel® V.R. R Uppuluri

10

We have showa that i b st secessary that (®)
should hold for each u € (0. 1). In fact. if (*) holds for
a singhe irnational u € [0, 1). the conclusion follows.

We have also shown that it is ot secessary that (*°)
should hold for each = # 0. Ia fact. if (**) holds for
cach prime integer. then the conclusion (ollows.

Neither of these hypotheses cam  be  further
weakened.

Some applacations of these results are (0 the field of

random number peacration and testing.
INFERENCES ABOUT RARE EVENTS

According to Weaver.” a small probability event. or
an improbable event. is called 2 rare event. He observes
that rare evenls are ofien. thowgh not always. inter-
esting. He also mtroduces the concept of 2 surprising
cvent. which implies that the event s rare. though a2
rare event need pot be surprising. This idea ts illus-
trated in tevms of dealing 2 brdge hand (13 Jlaying
cards) and tossing 3 metal disk with three passible
outcomes. At a bridge table, when 2 hand of 13 spades
is dealt. ons may say that an improbable but not 2
surprising event occurred. since 2 dull hand is as likely
(or unkkely) as any of the possible alternative out-
comes of the dealing process. However, for the toss of
2 metal disk. standing on the cdge would te 2
surprising event. since the probability of standing on
the edge is very sm2ll in comparison with the other two
altematives.

In diverse fields of scientific studies, there is interest
in understanading and makimg inferences about rare
events. If observations are made at discrete time
intervals, a rare event may not appear even once. In
such a situation one problem of mterest is to give
cofidence limits for the probability p of observing the
rare event at any trial. A procedure based on a heuristic
aralysis, along with a2 set of tables and a few
well-thought examples, is suggested by Gardiner in an
unpublished memorandum* One can justify this
rigorously as folluws.

One cannot obtain confidence limits on p from the
theory of the binomial distribution. since the estimate

3. W, Weaver. "Protability. Rasity. Interest and Surprise.”
S Mon. 67,390 91 (1948).
4. D. A Gardiner. personal communcation (197)).

X



P (of p) s 2evo. By studymg the problem of rare cvents
i the cwatext of the phenumena of waiting Gawes and
frequencies of events. one caa surpass this diffaculty
As 3 matter of fact. one can find = waitmg time B,
tramdom varabl:) ssociated with the bimomual distn-
butioa. Semce ¥, has 3 groemetnc disicbution with the
Same parameier 7. we can oblam the coafidence bemts
oap.

ln 3 discrete time process. ket N, denote the
frequency of rare events obscrved denng (0.7 3] and
¥, denute the tnal at which we observe the first rare
cvent. Then we have

Proby, =0] < Prob|W, >na} =(1 pr.
which leads 10
Prob(W, =n] =p(1 - pr" ' | m=12 .

In order to find confidence baits for p -t 3 sapfi-
camce level a. we look for 2 probability stztement
isvolving p and W, . Using the relations

Peob (W, < #| = Prob(l’, il p) 2niml  pi]
=i a.
we oblan
Problp <1 o' ®:]=1 o.

Smce Wy > 1. it is rezsonable to suggest 0S p < 1
al' ®asa(l a¥i confidence interval for p. This is the
interval sugpetted by Gardimer as 3 confidence iiterval
for p. Move d=tails may be found in the repost by
Uppuluri and Patil *

We shall now discuss 3 discrete time version of the
“waiing time paradox.” This is in direct analogy with
the waiting e paradox discussed by Feller® in the
case of exponential waiting times and Pri<<cai frequen-
cies.

Suppose in 3 discrete lime process evemis occus in
acordance with 2 geometric  procss where the
expected time hetween consecutive events is equal to
I/p. Say we observe the system at a7 arbitrary but
fixed instant of time r. We discurs the following
question: What is the expectation E(IV;) of the waiting
time W, for the next event” It is understood that the

5. V.R. R Uppuluri and S. A. Patdd, Injcrences About Rare
Evemts, ORNL,CSD-12, (June 1976)

6. W_Feller. An Inrraduction 10 Probebdility Theory end Its
Applicarions, )1. 2d ed.. Wiley, New York, 1971,

1

epoch 7 s mdependent of the imes of vccurrence of
the events. As m the watimg nme parxiox f(or huses
whick amive i accordanoe wath 2 Poiss-a process. two
costradtory amswers stand o rewom. The ™o
answersare Lpaad (1 +(1p)] 2= H(1 +0,) 2. The
paradox can be umderstood mn terms of the followmng:
Mupouram Let the discrete random sanables X, .

X-. be mutually independent with 2 —ommon
prometnn disinbution
Prob|¥, =x]=ptl py ! x=1.2.

Let 0 <: be 2 fixed n2tural numbes ithough afiranihy
hosend.and ket 5; = X; + Uy + + ;_ The clement
Gensity functioa
gt . =12
=g
prgt Vepgt V. x=rei 142

The mean of this dsirbution is giwen by

fa== 1
Efr‘"’_,

v:l

et

For proof. orz may refer to the report by Uppulwri
and Paul *

WAITING TIMES AND INCOM®LETE
DIRICHLET INTEGRALS

The incomplete Dirichiet miepral of type | is
intreduced in 2 previous repon’ as 2 gesmeralization of
the incomplete beta sunction in the following way:

Tintsl)
™ oy —
r Hen - bre

]
N EA L AFN

X “;’ ..‘[’p(l Ay oL

for integers n. 7. and b and or 0 < p < Ifb_lt canbe
seen” that this integral is equal 10 the probabili‘y that

1. “Generatimg Functions of Generalized incomplete Denack-
It Integrals.” Math Stat Res. Dep. Prog Rep Jume 30. 1975,
UCOND. CSD-18. p. 12 (October 1973).

8. M. Sobel ynd V. R. R. Uppulun. “Sparse and Crowded
Cells and Dischler Disitibunions.” 4nn Srer. 2. 977 87
11974).



n 2 mulimomial expeniment with b + | cells (b oells
exch witt. probaxhity p ind one ccll with probabihity
1 - bp). the mmimum frequency m the b cells s at
keast 7 i n indupendent tmals. One way o generalize
thes micgral B by the mtroduction of the parameter /
= follows’

Friue+)

l""-"(l_n)=
Puyiin bre y

ST ..,..*-)'"

X ll  Vdx,
axfei

Ths s a (b iHold mtegral which_ when j = 0. gws
l‘:‘ir. n) and. when j = 1. has 3 probabelstx
mierpretation for e follominy wating{wne random
wariable. ln the multinomial problewm discussed aoove.
let », , denowe the el at which every one of the
cells has at leas: 7 balls i each cell (for the first time).
Then we have the equality of the following probabili-
thes:
Problr, , < n] = Probfmani N, . N.. _ N, )12>7]

=|':'(I.n).

Aftr some integration. one can show
Probls, , =n} = llb!n)l‘:-' Nr.nm).

The ascending factorial moment gencrating function
d'h; " defined by

otry= Efr "or| =£ t " Probls, , =n] .

n=hr
which reduces to
P "1y
“l'= —’—p"'—- (P!."P l""','
where

& [
Cor M= nx;. .x || dx,
. »
I '!:

ml . ....Xh)
A 1
[Me+br) of\%a

.x.>0.

[ ]

CTMOTM( ax, ¢t x, A

The fumctwa CMyr. W) & retesred 0 = the
woomplete Dinchlet miegral of 1y pe 11, From of1). one
<an show that the Jh ascendmg factornal moment of
”, , soyual to

'[;J',] b"lro,ﬂ .Ip ,, redy.
7

[5“'1 Irh,lr,,_,fll G, *3 n-

In the specaal case 1 = |. the random varable 7),
Jeavtes the wanable associated with the coupon col-
lector’s problem.” The moments of the waiting time
7y, ; are kmown 10 be related 10 the harmom senes.
Thus we have new representations such as

j:inq* Pl

& [

);—',=:hq“ P b‘lq‘ Deg.ap® .
a a°

An assocrted wating-time randomr vanable arses in
the cxse of sampling without replacement from a fimte
popwation with b categones. Let there be V obpects m
exh cegory. and ket T, ; denoic the number of
draws necessary to obtam J obyects froz each class.
Ford = 1 it can be shown (hat

Prob|T7, | > 1]

ALIIRY y [Nd o) UNd )
=y et )
I\(h a) 1}y

azl

and the expected values are gven by
. b+ )
EITs ()= 2 ( r '() i
Va r |

For d = 1 and small values of b and V. the
probability distribution and moments of 7, , were
1abulated with the help of Keaven Anderson. For large
values of b and V. one can use the results of the

previous paragraphs as approximations.

9. W. Felier, An Intriducon 100 Probebddity Thearv and I1s
Applcaions. Weey, New York, 1947




5. Continuum Mcchanks

SJ. Cung EH lee' D.N Robmsom® G.C.Seuih® L J. Zapas’

CONSTITUTIVE LAWS FOR
ELASTICPLASTIC MEDFUM

Hall* considers 3 rate- or flow-iype coasutatree bw
for clastnc-plastnc rate-mdependent medram of the form

. Ead
Sy T o
e, AV

where e Y, are rectangular Cartesan csordmates
the mital or reference configunition. the rate potential
F B 2 homogencous fumctioa of degree 2 in the
veloaty gadiemts 3w, X, and i is the partial time
Serivative of the st Kirchhoff stress with fixed X
Chovsing the reizrence state to be the current state and
wsng curvilimear coawcied coordinates P it can be
showe that the above comstitutive 2w follows from the
exssience of an assocated potemtial Fie, ,) of the stram
rate components

1
€, =;- ‘r.:.' to:,)-

In the above equation. # 15 the velocity vector m the
deformmg body. and the comma demotes covariant
dafferentiation. The .cond Kirchholf stress 1s assumed
to be derivable from the potential F by

oF
tad = .
31-_,,»
Using the relation

§od =tal, 7‘7'{, .

we oblain

oF
€ ¢ =Yy .
ol Yo
HNe, ;)

"J.J_a =z

1 Stanford  nweruty

¥ Reactor Desraom. ORN

3 Natewmal Butcow of Sianduds.

4 R Hill. "Swme o Prmcwphs m e Mechames of
Soluds withowt 2 Notural Tme.” J Yok Phvs Solads |.
219 25 (1949
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Smce the cuastitutive law 15 rate independent. Fle, ;) s
3 homogenevus fuaction of degree . Hemoe the above
expression is reduced to

s = 3 2y
“'J_n '}“.J'* '.’)‘.’J'

Thas umphes Hill's relazon.

 terms of convected cocsdmates mith

b =2 -3
2Rz, 1=2A¢€, ;) 7w,

With -*Y known. this establishes that £ is a2 homo-
geneous fun.cion of degree 2imc . .

Since the bw: of plsucity must apnly m the
presence cf rotations. their influence mwse! not affect
he stress rate term in the constitutive relation: hence.
a Jawvnn or spin-mvarant siess ra1e 1S Jpproprisic.
We use the configuration at 1 35 the reference conligu-
ration and utilize Cantesan coordinates x. It can be
shown that

¢
Dy .
_a_z '"’O‘D,. ’ollel -

where D'D¥ denotes the Jaumann devivative and

(30, %,

—_—r— |

a‘l hl

In the above equation. ©, s defined to be *, = J§,.
where 8, is the Cauchy stress i Cartesan coordmates
x and whete J is the density ratio. Previously the
quanuty °, has been miroduced by Lee® to express
the yreld condition 1n his finnte elastic-piastic theory.
With F(D, ) homogenevus of second order m the stran

D,=

$ ¢t H lee. "Fistw-Paun Deformation a1 Fawrice
Strame. J Appl Mech 3B 1 61199




ates it felows that

[
_a_D" = :l‘ + :ad[)"l)‘,‘ .
Thus_ il we deiwne

G=F+ouDD, .

3 thurd rate potential (7 1s generated as follows:

v‘;n _ A
o,
ELASTIC WAVE DIFFRACTION BY
HALF-INFINITE CRACKS

For reactor design calculations. we are mterested in
the problem of diffraction of 2 plane elastic wave by a2
hali-mfmite crack located on the positive x axis ia 2
two-dimensional clastic medium. Fuithe:. we want to
use the solution of tais probiem to alculate the
secondary diffracuon by 2 different and paraliel
half-mimite crack. Previousty we have stedied 3 finite
crack problem that o be consadered as the mteraction
of two half-mfmitecrack penblems.*

Since the governing equation.s of dynamac elastiaty
<an be decomposed into several wawe equations with
distmxt wave speeds. the mathematical techmiques for
the wave equation can be borrowed in dealing with the
elastic wawe problems It is known that the half-plane
diffraction problem of a - .alar wave equation can be
solved by means of the Wiener-Hopfl technique. A
different approach 10 this problemn has been proposed
as the ray theory. As an extension. the uniform
aymptolic theory of edge diffraction has been
developed by ANuwalia. Lewis. and Boersma.’
Recently the scalar wave diffraction by two paraliel
half-planes has been studied by Jones® using the
Wiener-Hopf technique. Joness result indicates that. in
certain circumstances. the solution based on the
uniform asymptotic theory shows slighy discrepancy to

6 S J (hany. “Deffraction of Plane Dilatatwasl Waves by
abmme Crak.” Q J Mech Appl Verh 28423 43 (1971

7 DS shimwaln, K. M. Lewie and J Bonraa, “Uniform
Asymptotic Theory of Daffraciion by 3 Plane Scrcen.” SIAM S
Appl Math_ 16. 183 307 (1966)

3. D S Jones. "Dnubled Kmfe-Fdge IMTraciion and Ray
Theoty.” Q J Mech Appl Marh 26.1 1841973
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the cxact sulutor. An improvement of the unsform
theory has been made by Boersma.® We are mterested
12 the corresponding problem of clastic wave diftoac-
ton.

The problem of elastic wave diffraction by 2 hal-
mfimte crack can be solwed by the methad of
Wicner-Hopt. as outlmed below. usng the fullowmyg
deimitives and nctation. The one-saded Laplace trams-
form m time s defmed by

€p) = y pt
f 4] Lﬂll‘ dr .
and the two-nded Laplaoe tasfom i x 15 defimed Dy
:‘lmPI:e P ptx)dx .
The subscript + or — with the superscript * s defined
by

r. ’f "¢ Pigx)d .
(1}
0
2= e PSip(x)dx .

On the boundary. stresses of pven magnitude e
apphicd on both surfaces of the crack. By symwaetry .
the displacement is zero along the negative x axs. Thus
the Laplace transtorms of the boundary conditions can
be reduced to 2 refation between the mknowns 7
and #;. where

< =I°. € PR (x)dx .

i ’.':,-‘ Polx)dx .

In the above integrals. the stress cumponent m the
direction of the 5 axis 7,(x) and the vertical displace-
ment #{x) are unknown m their ranges of integration.
The Wiener-Hopf cquation refating 7, and #, is

P Y ) TP
2up - K, =, #°7,.
sy R {]

9. ] Boersma. “Diffracton by Twn Parallel Half-Planed”

Q 7 Mech Appl Math IB 408 19¢197%,

-. L L U™ v U Y
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e

where s;_ 1, . and 53 2-¢ constants determmed by the
mRSMMyf:hi 7). The funcuon Kig)in
the abose eyuation is related to the speed of the
Rayleigh surface wave. Both &, and 7 can be solwed
from the sbowe equation by arguments from the theon
of fuactions of 3 complex vanable.

The taasformed stress components can be expressed
in taams of #,. and the problem redwoes ‘o the
mversion of the Laplace transforms. These mversions
have mtegrals of the type

1 R
I=—{| Axii.m
_mc Axr.g

X exp | - plts® )83 ax)} dy.

wixre 7 is 2 complex vasiable. |i we mtrod=e m the
mtcgrand 2 variable 7. wicre

=6 ¥V g

amd consder the deformation of the comtowr of
wiegration. we have

I =I'D|r.¢_rr Pldr+R .
4

where the polar coordinates 7 and 8 are used. The
mversion of /; can then be obtamed imenediately.

COMPARISON OF A GENERAL RATE FLUID
AND THE KZ FLUD

After the basic formulation was set forth by
Oldroy4.'® many comstitotive equations for visco-
dastic husds were proposed. Because the differential
types have suffered wariows drawhacks. great interest
has been shown i intepal types of constitutive
equations (o descnbe the noalmear rheological phe-
romena such a8 non-Newtomian viscosity. normal
stress.  siress  overshoof. etc.. for  different flow
histories. An interesting question s how the integral
types compare in prodicting nonlineas phenomena. in
this study . we simply want to point out some obvious
differences between BKZ' ' theury and the rate theory
represenied 5 3 generalized wersion of the one pro-
posed by Bud'’ Yamamoto'’ has observed the
inaccuracy of rate thewry 1o predict certain types of

1" ). G OMrnd. "On the Formulalion of Rhendepical
Fquatenm of State.” Mow R Sor A200. 35 A3 (195

15

thevlogcal phenorena and has -jae.tioned its more
resincted relaxation spectrum. We aralyze rate theon
frum 1ts general representation. It appears that many
results an be obtzined equally well without using the
special spectrum of the rate theory. We concude.
therefore. that if 3 rate odel is maccunate to descnbe
certzin rheological phenomenon. it s net m general
due 10 its special spectrum but is 2 general character of
the rate-depencent kemel function.

The coastitutive equations for the mcompressible
BKZ flmd' " are expresied by

o, N= pS,

’ I "G e g - B

-- l'l. Il.!t. T'-’:'I_ 1 - fl B.;l‘l. -’“f- R

whtre o, denotes the siress lemsor. p 15 the hydrostatn
pressure. and [ s ¢ BKZ potential. If we detime JAT)
s the second mvamat of the e of deformmtion
temsor. then the comstitutive equations for the rate
flwid are defincd by

o n= pb,
0!' ple ) ja 0:.[.»,;'11. v 5,)

0% [r,u. - 6,,]} d-.

where p is 2 kernel function.

The difference between the two constitutive models
s reflected from their keme! functions. For BKZ
theory the kemnel function depends on the two
wvosiants [y, and /: of deformation. whereas for rate
theory. it Jeprmis on the imvarant of the rate of
deformation. Furthermore. BKZ theory is expresicd &
terms of the potential {".

For the flow history of stress relaxation after the
stoppage of steady shear. we have derived two rheo-
logical relations cotresponding 1o the two different

11 B Beravem, b Kearsdey. and 1. Zapas. A Stady of
Strese Relavatern with Fmite Stramn.” Trans Sw Rhend 7.
191 (%))

12 RN Bwd and P. ) Carreau. " A Nonbnear Viscorlaerk
Medct (o1 Pol, mer Solations and Melts.” (hem_ Fag S 23,
427 4198

13 M Yamamote, “Rate Dependent Pelaration Specing
and Ther Determmation,” 10 be published
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constitutive equations. By a rheological relation, we
mean a condition that is true only to a specific
rheological mode! for a specific flow history and is
independent of the material property. The rheological
relation for the BKZ theory is obtained as

=-n\i+tn—Jo,
n w3

where o, is the sheac stress. y is the shear rate.and 0y,

aoln

et

1s the first normal stress difference. Similarly, we have
obtained for tke rate theory

a"In

= -2ne, .

a !

which was also c¢btained by Yamamoto using a
modified relaxation spectrum of u. The two relations
are equal if

ao
n_—=0

on £
which gives
ot.m=Cltm.

But.in general. o, is not linearly proportional to 7.

As a different flow history. we have considered
the example of suddenly applied steadv shear. A
theological relation for the BKZ fluid derived by
Bernstein'* is

do

3 (190, t)
— - I SR
an \n o ar

The corresponding theological relation for the rate
model. obtained by eliminating the function u from

4 aas

_;;BT,
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the shear stress o, and the first normal stress difference

6,13 given by
laoln ao.\')
— 1 —13=0.
n of or

It is seen that the difference between the two relations
(Bo,)
1,

or that the rate of change of shear stress is directly
proportional to the shear rate n.

al
a,nl

na 9

00,

* = By
ar

which cannot be true in general.

Further. for suddenly applied shear the difference in
predicting shear stress by the two modelsis

“‘L-‘: Ko(nt. E) dE j; 7t ulk. 0)dE .

where K. (nt. §)is the specific kernel function for BKZ
theory, and u(r. 0) is the limiting value of p(t.2n*) for
n = 0. that s,

-1 R
(r.0)=lim — Kdfnt,t)= GU).
L ’;w " (n

The deviation between the two models is therefore not
zero unless 1 is small. corresponding to the linear case.

14. B. Bernstein. “Time Dependent Bchavior of an Incom-
pressible Flastic Fluid.” Acta Mech. 2,239 53 (1966).
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6. Functional Integration

L. ). Gray

OFF-DIAGONAL DISURDER IN RANDOM
SUBSTITUTIONAL ALLOYS

A theury for elementary excitations in random
substitutional alloys with oft-diagonal as well as
diagonal disorder has been developed. The theory
parallels Mookerjee’s?-® treatment of alloys with
diagonal disorder only. It can be diiided into two
parts: (l) construction of a new (nonrandom)
Hamiltonian such that configuration averages in real
space are equal to inner products in what we shall refer
to as the augmented space and (2) evaluation of the
Green’s function in the augmented space by applying a
recursion method® to the new Hamiltonian. Transtor-
matior: to the augmented snace (which we shall define
shortly) allows one to evaluate the configurationally
averaged. real-space Green’s function directly by com-
puting the Green's function of the transformed
Hamiltonian. This method has many advantages over
other theories for disordered systems. Besides including
off-diagonal disorder correctly, it works -vell in both
the short and long mean-free-path regions. and it
generates a tianslationally invaniant Green's 1enction
that is always analytic. The essential difference
between our treatment and Mookerjee’s involves
writing botl: the diagonal and off-diagonal elements of
the Hamiltonian matrix in terms of functions of an
appropriate set of indeperndent randum variables and
applying the transiorination to the sugmented space in
its most general form. L general. the matrix elements
of the Hamiltonian in real space must be represented
by functions that involve products of Kronecker delta
functions. By treating the Kronecker delta function as
the limit of an expouential function. the transforma-
tion to the augmented space can be easily handled.

The theory is quite general and can be applicd
equally well to phonons. excitons. magnons. ctc. In
order to be mure specific, we investigate the ¢ 2ctronic
properties of a binary A-8 alloy with a ncarest-

. Sold State Division. ORNL.

2. A Mookerjce, “A New Formalism for the Study of
Confrruration- Averaged Properiies of Disordered Systems.” /.
Phvs €6, 120541970,

3 A Mookerice. “Averaged Densities of States in Ihs-
ordered System<,” S Phys (6, 1340 (1971,

4. R. Haydock. V. Heine, and M. J. Kelly. “Flectronic
Structure Based on the Local Atomic Enavironment for
Tight-Binding Bands: 1177 Phvs. C8. 2591 (1975
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T. Kaplan'

neighbor. single-band. tight-binding Hamiltonian. The
Hamiltonian. /1. is given by the relation

”" =(',6" + W” . .l)

The diagunal element ¢; equals either ¢y vreg. and th.
off-diagonal element W, takes on the values W, .
Wyp. of W4y = Wy 4. depending on the occupation of
sites f and /. Also, W, = 01fi=jorif{ and j are not
nearest neighbors. The reiative concentrations of the A
and B constituents are denoted by ¢, andcg = 1 - ¢4
respectively. The theory treats the diagonal elementc,
as an independent random variable with probability
distribution p(c;). Then Wi, can be written explicitly as
a function ofe; and ¢ as

Wii=Waiaile ey dble, eq)
+ Wy gblej ey Ble,. cp)
+ ".B.-\b“'p ‘g ’Mt’j. cy)
+ Wyghle,.cgWle; eq). )

where d(c;. ¢ }is the Kronecker delta function.
We want to evaluaic_the configurationaily averazed
Green’s function G, (€. which is given by the relation

Giar={ ff Conet - Hijec ) Te

X pteywle:y o pley) dey dey . deg 0 13)
where w; is the vector defined such that H;; =
Cwitli;>.

To construct the augmented space as described by
Mookerjee ? proceed as foliows. First, chooe a Hilbert
space ¢ . 3 unit vector vk in 94 and 2 seif-adjoint
operator M such that

I
plepr= - = lim Im{vah el M Tk D> 1)

7 e~c b
Such a relation can always be found for any positive
integrable function p. If the Hamiltoriian is originally
defined on the Hilbert space §2. then construct 2 new
Hilbert space which is the direct product of the spaces
of the random variables and §2. This space is the
augmented space and is defined as

v={eo, 80 e @5 =(ad. (5)




where @ indicates the direct product. In this space, we
define the operator

st 1}
7]

=) PeQ,+3 T, R, . (6)
!

where P, is the projection vperator onto the site 7. T is
the projection vperater onto the pair ol nearest-
neighbor sites rand /.

Q,=lele. . elelMal. {7)

Rj=Wy Uele_ o/ e efele.)

tWopgtiels _ef'e. ejiele. ) 8)

tWgatielafie _wflele )

thgulieie efge_efgele. ).

Fal = e LAY | gt = b(egl M) )

The superscript i on M and /' indicates that these
operators appear in the same position in the direct-
product detinitions of Q; and Rii as ¢; appears in the
definition of ¢ given in Eq. (5). For a binary alioy.
each ¢; has dimension 2 and

"_[a b]
; A (10)

where
U= 0y Yepey .

b= lt’_\‘ ‘R )l\/(‘__\t'; .

l'zl’A+l'B aq.

[

We approximate the Kronecker delta as the limit as 0 —
0 of the exponential

Me . MY=1 0= limexpl el MY ol (1)
AT ;

and find that

ro. —
- ‘-\ ‘,\‘H
fa @ o
Cy C [
L .'\ “ B
‘B CACR
In = . (12
V(' [ «
L AR A
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In the augmented space formalism we then have
G o) = (w, e v0tel -0 w0y . (13)

where

h

Yo =Vo' 0vo @ eyl e . (14

We have defined the augmented space and the
relation between the averaged Green's function and the
matrix elements in this new space. Everything to this
point is exact. The approximation is introduced when
the Green’s function in the augmented space is
evaluated. We choose to use the recursion method of
Haydock, Heine. ans Kelly* as did Mookerjee in his
theory for diagonal disorder. This method generates a
continued-fraction apnroximation to the Green's func-
tion. The accuracy of the approximation is determined
by the number «I levels of the continued fraction
which are evaluated exactly. For ni levels the contritu-
tions from the first 2n moments are included exactly,
while the effects of larger moments are approximated
as a2 background effect. This method is particularly
attractive, since it always generates an analytic Green’s
function.

As an example, we have calculated the density of
states of 2 one-dimensional binary alloy withe,, = 2.5,

ORNL-0WG 76- 14924

DENSITY OF STATES

ENERGY

Fig 2. Calkculation of the density of states by the augmented
space thenry with a recursion level of 9 (-mooth lime) and
exact results (histogram) for 2 one-dimensional elecfronic aliny
withey = -cp = 2.5, k'/\,\ = 05, le = Wgp =08, Wyp =
10.and (4 = (=05,




cg= 25 WL OS5 Wy =Wy, =03 Wy =10,
emd ¢y = ¢y = 0.5, using the augmented space theory
with a recursion fevel of 9. The results of these
calculations are shown in Fig. 2. where they are
compared with essertially exact results obtained using
the Schmidt method.* Note that with only nine levels
in the recursion approxiration, the theory agrees
teasonably well with the exact results. even for this
split-band case. The theory cu:rectly predicts some of
the major peaks in the Jeasity of states and approxi-
mately matches the uneqgual band widths of the two
bands. Four a similar three-dimeasional system. the
exact density of states is considerbiy smoother. and
even fewer levels in the recursion method should be
needed.

19

One lina! comment is necessary. Mookerjee”™ has also
attempted to include off-diagonal disorder, using the
augmenied space formalisin. As he noted. he faiied to
include the courrelations between sites correctly. He
simply replaced the hopping integrals randomly and
thus neglected to noie that it site / contains an A atom,
then #, must equal #,  vr W,y tur alif coupled to
i Similarly. if site / contains a B atom. W, must he
Wya or Wgu. The theory we have presented here
properly accounts for these correlations between sites.

SOH Schmadt, “Dasrdered  One-Dimensaonal Cryvstabh.”
Phyvy. Rev 105,328 (1957),

6. A Moukenre. “Fermion-Fweld Theory and Contiguration
Averaging: Bl Ott Dugona! Disorder and Band (PA”J Pinvs.
C8.294341975).



7. Matrices and Other Operators

R. E. (line!

RANK AND DECOMPOSITION OF THE
DIFFERENCE OF MATRICES AND
GENERALIZED INVERSES

Several results in matrix theory have been obtained
which relate to the problem of solving ank (4 S) =
rank(-1) + k for the integer k. We have shown” how
this problem is closely related to the Moure-Penrose
generalized inverse of A S. These results are
important because of their relation to ill-pused and
singular problems which have recentls generated much
interes”  weast squares and the method of moditication
1or matrices of defective rank are also related. This
wurk has unitied and generalized several areas in the
theary of matrices. Many speaal cas, Jor the gener-
alized inverse of 4 ¥ appear in the literature. We
include all or these under a unified approach based on
our results conceming rank (4 S).

BIQUASITRIANGULAR OPERATORS

Let /1 be 2 comple x separakle Hilbert space and B(#H)
the collection or all bounded vperatorson /1. I I =0
for T2 BtZh and some integer . T 1s called mlpotent.
we denute by v the cdlection of ali nilpotent
operators and by V. thase nilputents T for waich T
has closed range for all k. Recently.* we and. inde-
pendently. Apastol and Stamptli® and Williams® have
shown that every 7 < N s similar to 3 Jordan
operator. Thus. T = XSXY7'_ where § = '?. S, and
each S operates on (M 0 <n <e3 by the matrix

o190 0
001 0
0 10
0 |
0 0

An operator X s called rrungular (respeciv.ely gaasi-
triangular) 1f there exists a sequence of finte rank
sections £ convergng strongly to the identity such
thai iLYE F XE I = 0 drespecuively iXE,
EpXE L - 0). Call X bprriangular (respectively hiquasi-
triangular) if both X and X* are tnangular (respecrively
quasitiiangular). The shove result implies that cvery /
<.V is bitnangular. In this study we have shown that

N, s norm dense in V. Using 2 resubt of Voiculescu.”

R.E. Funderlic’

L.J. Gray  R.C.Ward

we then denve thai the notm cdosure of the set of
bitnangular  operators syuals the set of buan-
tnangular operators. The corresponding resuit  Tor
tnangular and quasitriangular  operators was  fint
proved by Halmos® and later by Apmiad. Folas. and
Voiculescu.”

ON THE EQUATION 5 ,(X) = 4/, , (X)

A 65 an n X o matnix. denote by 4 (LX) the matsix
AY XA S s called the inner dervation induced by
A. The range of the dervatun 3 . R{B ;| consasts of
all matrices 7 such that Z = 8 (V) fr some V. Jv s
known that 1t f12) 1s analy tic on an open set amianmg
the spectrum of 4. then R [8,, 1 = RIS (1. I 43522
operator, RIS, 3,] < cdw !Rlb 11§ . where dw mdicates
the closure 1 the weak operator topology . These facts
abso folluw from an mteresting fiemula

by A, )= 8, (1S,).

where S, denotes the matnx with | n the (1. 7)
lovation and rero elsewhere and

M) 1 )
——=hm AT hS )y A
ou hOh

1t 1s hoped that this formula will aid 1n understanding
denvation range.

I Unwervty of lennesee

2. Computing Appinations Depariment

3R B (hine and R L. tunderln. INfierences of
Matrsses 1 The Rank oof a Inflerence of Marrrees, €CN75 1),
Lancruty of Tennevee 11974

4 01 ) Gy, “lordan Reprewentaten tor o Clase ot
Nilpoten: Operatons.” Indigra [nn J o) Verth . 10 be
publivied

S0 Apesool and 1 GO Stampth. On Dervation Rarges.”
o he | ublished

61 Wolhams, “Simslanty Invanants for 2 Qlass of Nilpot-at
Operat 137 1o be published.

7 D Vewubewu, "Noem-[smiuts of Algebran Openion.”
Rev Roww Math Pares et Appl 29. 371 1%41974).

NP R Hulmos, Imarant Subspsces.
Ouolquie Bravubrero de Matematna, 1969

P Apostol, € Fos. amd D Voxokewu, “Some Rosalts
on Non-Ouasitsangular Operaton ). Rev Rovem. Math Pures
ippl Ih. 159 X (1973

Ledture “iotes,
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8. Mathcmatical Softwarc

AN O BRwmman

ALGORITHMS FOR SUMMING INV ERGENT
SERIES WITH PARTICULAR REFERENCE TO
STATISTICAL SAMPLING MOMENTS

Duning the past 12 vean. Shentan aad Bowman have
made a0 crlennve stady of srstenls of datnios that
ate functions of sample muments Fog camplic, T 3
stataslic £ me have wowloped the capaguan taetl) <
e ? 1M : n terms ol ample vize 1 The
SC1CS M3y contipor 3 132 v & an 3 number ol Cawes
and o n " 3 few The Pade apprasch alung with
patten ceovgnttiun atc *he cutrent man approaches
{r summmng 3 divergent wees  An algunthm has becn
developed 1o cumpute and cvaluate 3 tunction F (n).
approumating the Jivcepent serrc: This appeonisnating
Tunstion 12 of the torm

. m* @

Fny>n ['l', ,M)] ¢\ U )Riny .

where ¥, (1) and 3, 1-) atc 1eal poldynormals of Jegrecs
r 1 and 7 tespectivedy . and Rin) s 3 gven summable
Stcltyes  senes with 2 cotrosponading  convcrgent
continued fravtion. The 27 ¢ 1 unhnown voctfioents in
the approvumating function ate determueed trom the
cacfficients of o thiough n 7 in the gven divergent
wunes md me iclated 1o the converpents o1 the
continued fractior desclopment of RKind There 15 also
an anterfaving funciion relating the Sticltjes wnes and
the orthopenal system assoxiatcd with the continued
lction denommators. There are. for any e given
divergent sencs. an infinste aumber of choces of Rier)
whih need not cotrespond 1o 3 welldnown cdewd
form. Questions regarding the sympione vl ot
coninbutary ferms fo the algonthm e consadered
aloag with formal relations between the senes Kin) and
the nterfacing functions

If the divergence «f 3 serres is mute 1apd than (1),
then generalized Burel-Pade summational technigues
are neaded. With 3 view to reineving more mformaton
from divergent statsiical senes, studies are under way
involving algorithms based on appromations of the
form

F ooy =11%0y ¢ nka, () el tnnc (n).

whete §1°C). BK:). and fi() 3p: real poly nomeals in 1
and

i R Shentun®
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The prramcten ate agun Jetermuncd Hrom the cquna:
kenue of Letficenny of jvmcrs ot ean F %) amd the
gnen doncrpent wncs The algenthm noenatne to
tvand-of! crrors, therclote, (ompuiafions reqre prc-
e o1 "0t 100 sgnedicant dipts We have utthized
the wt® ol subtoutmes that will permt anthmeti
vpciabons, uang 3 gicalcr number of upniticant dign
thar ate prosided i the machine structions ol the
1B\ el

The algvathms may abwo apphy to soising 2 problem
anung 2 phywaal muded which imoles antinite
whcs

NORM REDUCTION IN THE MATRIN
EXPONENTIAL ALGORITHM PADEN

In the enginal setaon of the alzunthm’ PADES 1o
vomputing the cxponential of 3 matnny 1, the alge-
tithm shitted the cogn by the average crpenvalue and
then scaled the matny by 2 powmer ot 2 Thas tesulted in
a shutted normalizad matnny with s norm baunded
abuve by 1 That i wan determined such that

tracet 3
<1

R n: mo e

"

A toundmg and trung ation crror analy sis indscated that
the a prion bound tor the norm of the relative crrorin
the expunential ot the shatted normaived matrix was
extremely small However. a reasonable 2 paon bound
was not obtaned tor the crtor in removing the scaling
factor 2 ™ by succesave squarmng. Therelore. the error
w3y monitored duning this step. This ongnal version ot
PADER was cxtenuvely tested. The 1osulis of these
lests were favorable and also indicated that mas: of the
crror owours m the squaning provess. Thus. additional
iechnijues (or reducing the norm of . before scaling
were inveshigated.

' amcrats ot Gevngns

2} G Sallwan, Muliple Prosson inthmene, ORNE O -
6% 4168 T 190y

¥ "Sumernal Computataen of the Matrin baponcnial,”™
Viath  Statr Res Dep Prog Rep June  d0 973
LCOND CSP- IR pp 1% 19(October 1974)



In addiion to shitting the origin by the average
cigemaluc. the revised version of PADES attempts to
mmmize the 1-aorm of A over all pussible diage 1

sundanty  transtormanons.  that is. mingD ' 4DY, .

whete Vs the set of all # X nonsingular diagonal

”
matnwes and B = max (F b, ). Padett and
"Ci€n o1

Reinsch®  describe an afgorithm  calied BALANCE
which attempes this minimization over the set D, atter
some prehminany similznty permutations are made.
The set D, is the set of all 7 X n aonsingular diagonal
matnves with entries restricted to integer powers of the
machine base 3. This set is used in BALANCE o
prevent counding errors during the execution of this
provess. It has been determined that the reduction in
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the scaling factor parameter m is much more important
than the absence of rounding errors in this step in the
computation ol the matrix exponential. Therefore. the
minimization in PADES is over the set D- . which may
be significantiy different from D; on some computers.
sucit 3s the 1BM 360 series.

The error analysis has been revised 10 reflect these
additional steps in the algorithm. PADES cuntinues to
retumn to the user an estimate for the nnimum
number of accurate digits in the norm of the conipsid
cxponential matrix. An estimate for the actual number
of accurate digits is also retumed.

4. B. N. Parkett and C. Remnsch. “Babanang a2 Matrix for
Calculation of Eigenvalues and Freenvectins.” Numer. Wath.
13.293 304 (1969



Part B. Statistical and Mathemarical Collaboration

The mainematics and Statistics Research Depactment collaborates with many divisions of Qak Ridge
National Laboratory and other UCCND and ERDA installauons. Each quarter the individual statisticians
and mathematicians report and document major coliaborations. which are Iisted in Table 2 by division for
fiscal year 1976. Some of these activiiies are summarized in this part of the report.

Tabie 2. Tabuiation of collaborations by statisticians
and mathematicians Juring fiscal year 1976

Dwision Number
Bulogy . ORNL 0
Metals and Ceramaus. ORNE M.
Environmental Scwences, ORNL is
Y-12 Plant 13

Computer Sciemwes Division

Institute Tor Foergy Analysis

Health Physics. ORNL

Reactor. ORNL

Uranium Rewurces Fyaluation Project
Analy tical Chemistry . ORNL
Thermonucicar, ORNE,

Directors, ORNL

Suld State. ORNL

Tennesswer Valkey Authority

Chemistry, ORNL

Comparative Animal Rescarch Laboratory
Oak Ridge Assoviated Universites. Medical Division
Encrgy Research and Development Admmsstranion
Fnergy. ORNL

Neutron Physics. ORNL

Chemical Technology . ORNL
Nuclear Satety Informanon Center
Physws. ORNL

Oak Ridge Gascous Diffusion Plant

T x
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9. Analvacal Chemasery

C.K.Bayme
). Fremt
M. R. Guenn'

SIMULTANEOUS CONFIDENCE LIMITS FOR
COMPARING SMOKING MACHINES

Comparsons of the amounts of tar. otal particulate
matter. micoline. and water from  seven  smoking
machines were made (o detect sigmiticant difierences i
the chemival measurements. There were Tour & pes ol
one-Jung smoking machines. two types of Walton
smoking machines. and a Phipps and Bird smoking
machine. Comparisons were made among the one-lung
smoking machines and between the Waltos smoking
machmes. while the Phipps and Bird machine was
compared with ecach of the other six smoking
machines.

Two problems arise when calculating confidence
intervals and making compansons tor these data. The
first problem arises lrom the necessity to calculate
seven contidence intervals and two sets of six paired
comparisons tor each of the four chemical measure-
ments. When calculating a large number of confidence
ntervals and comparisons, the confidence statement
ckimed for the overall confidence interval and compar-
isor's is less than that for each individual conridence
statement. For example. it 937 confidence intervals
are calculated individually for each of seven means. the
probability that the means will simulroncously be in
their confidence interval will be less than 957, There-
fore. a simultaneous procedure is needed. su il a 9577
confidence statement is claimed for the means or the
comparisons. then each individual confidence state-
ment on 2 mean or a comparison is at least a 957
confidence statement.

The second problem is due to the unequal number of
observations made on the ditferent smoking machines.
The unbalanced data cause problems in calculating the
distributional properties of the test statistics.

A simultaneous procedure for unbalanced data is the
studentized maximum modulus statistic.? The stu-
dentized maximum modulus (I aY” confidence
interval for the mean of the ith machine tie.. ¥, .i=i.
L Tyis

Y, timig  SpvNis) L K

where imil | 15 the upper a point of the studentized
maximum modulus distribution with parameters A =7
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E. L Laviw!
R. B Qunn'
J. R Stohehy !

ai ¢ degreos of freedom. The vanance of F, s
estimated by 8, /N in which §; s the pooled
cstimate of criof trom the seven machines and \| s
the number of measurements taken on the th machine.
The 9377 contidence interzal fur the difference of two
means 1s

i o 08 fa .
L AR N N RVA R S RVA A

HIGR INTERLABORATORY
COMPARISON PROGRAM

The Analytical Chemistry Division with six other
chemical laboratories participated in an interiaboratory
program to determine the “state-of-the-art™ measure-
ment of uranium and thorium in HTGR fuel materials.
Ten sample sets, each consisting of four sample types.
were analyzed. One set was analyzed each month for a
pericd of ten months. Our data were sent to New
Brunswick Laboratory (NBL) and will be compared
with data received from the other laboratories.

Statistical evaluation of the data leads to the follow-
ing conclusions:

1. The analytical procedure for the determination of
uranium is quite satisfactory. The precision among
replicate determinations (within the month) is
adequate for uranium accuuntability. The precision
among the same sample types on 2 month-to-month
basis is not as good but is still sufficient.

2. The analytical procedure for thosium determina-
tions is not as good as desired. The precision is
poorer than that of the uranium determinations,
both on replicates and on a month-to-month basis.
Again. the within-month precision is betier than the
month-to-month precision.

3. Sample preparation. the conversion of the sample to
a solution form amenable to hiavy-metal assay. is
extremely impostant. The poorer precision observed
for both the uranium and thorium determinations
on a2 month-to-month basis indicates errors arising
from difficulties in sample preparation.

1. Analy tal Chenustry Division, ORNL.
2. R G, Milles, Jr., Simultaneous Statistical Inference,
McGraw-Hill, New York, 1966,

'
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VARIATION IN BATCH
CORRELATION COEFFICIENTS

Low and hgh duses of smoke condensate are panted
on the skins of mice to determine whether skin tumors
develop. Visual and histopathological measurements of
this biological activity are then reported as probabili-
nes (PF) thar a2 skin-painted mouse will 27 develop
skin tumors in 536 days. To relate the biological
activity to the chemical comnponents in cigarettes. the
correlation coc*ticients (p's) between the PF values and
the concentrations of different chemical components
are estimated by sample correlation ccefficients (r's).

The concentration of a chemical component in a
batch of smoke condensate is measured as the average
of the detzrminations made on several samples taken
from the batch. Batches of condensate are prepared
periodically . and a selection of four batches is sent to
ORNL for chemica! analyses. The four baiches are
identified as two bicassay batches (Bt and B2). a
compousite batch (C). and an analytical batch (A). The
two bioassay batches are prepared at two different
times for skin pamuing, the composite batch is an
accumulation of condensates from cach production
batch, and the analytical batch is condensate generated
specifically for chemical analyses. Usually four deter-
minawions are made on each batch for each cigarette
and chemical constituent.

The means of the chemical determinations for the
batches have been shown to be significantly different
at the 1% significance level for the 16 chemicals listed
in Table 3. The question under investigation is whether
the significant difference among chemical means
implies a significant difference among correlation
coefficients calculated for each baich.

The sample correlation coefficients can be used to
test the null hypothesis that the correlation coefficients
for all four batches are equal. Hy: p, = p; =p; = p,.
against the altemative hypothesis that at Jeast two of
the correlation coefficients are unequal, H,: p; # p;
for some i and j. To test the null hypothesis. the
correlation coefficients are converted to a random
variabie by Fisher’s = transformation.z=0.5[In(1 +7 -
Il - r]. whick is approximately normally .-
tributed with an approximate mean and a variance of
O5[in(1 + p) - In{1 - p)} and I/(n - 3). The chi-
square lest statistic.

4
¥ = HL -1,

i=

Table 3. Chemical constitwents used 0 study
iations in s

- Total akahnds (w1 > TPMF
Nicotine (wt 7 TPV
Benz|a]anthracene iug p)
Benzo la| pyrene (up/gh
oLresol img, )

m- + pLresol imp g)

Phenol img.'g)

Phenol + cresol img/ )

pH

10, Weak sonds tmeq)

11. Very weak acids tmeq)

12, Toral weak acids (meq)

13. Free fatry acids tmg/g)

4. Obeic-limolew-linolenic acids (mgg)
15. Pimitic acdd (mg/g)

16 Stearic acid tmg; g)

N N R R

STotal particulate matter.

is then used to test the null hypothesis with
4
F= :','/4

and three degrees of freedom.

For example. the correlation values between benz-
[a] anthracene and the low-dose visual PF values give a
chi-square value of v}(3)= 347. The probability that a
chi-square random variable is greater than the value of
the chi-square test statistic is Prob(x* >3.47)=0.32 .
This probability indicates that the null hypothesis
would not be rejected at any significance level less than
32%.

The value of the chi-square test statistic for benz|a] -
anthracene and the low-dose viscal PF values was the
largest test-statistic value for all 16 constituents and all
four types of PF values. Therefore. none of the
correlation coefficients between different batches are
significant at 2 32% significance level or less.

Inferences from these results imply that fewer
batches need to be chemically analyzed for deter-
mining correlations between chemical and biological
duta. However. frequent chemical analysis on different
batches of smoke condensate is necessary to determine
the batch-to-batch variation of a chemical constiiuent
and a better approximation of \he true concentration.
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10. Biological Rescarch

3. Beauwchamp F.L_ Miller_ )t
S. F. Ebey T. 3. Mitchell
D.G. Gousslee D. S. Robson
E. Leach J. E. Tobias
R.C.Meacham  J. Tremt

SPECIFIC DISEASE INCIDENCE IN MICE

The odds ratio analysis described previously’ has
been applied to data from an experiment to study the
effects of prepubertal ovariectomy on survivai and
specific diseases in female RFM mice given 300 R of x
rays. The four experimental “treatments™ were

1. control {no x ray. no ovariectomy ).
2. xray alone,

3. ovariectomy alone.

4. xray +ovariectomy.

Fourteen specific diseases were analy zed.

The data were grouped into 50-day intervals based on
age at death. For each disease D. a distinction was
made between lethal occurrences — deaths from D —
and incidental occurrences - deaths with D. To
compare any two experimental groups. 'wo 2 X 2
tables were constructed for each time interval. In one
of these. the frequency of death fmom D relative to the
number of animals at nsk at the start of the intervel
was recorded for both groups. In the other. the
frequency of deatks with D, bur not caused by D.
relative to the numi.: of deaths without the disease
was recorded. The entire set was then analyzed by the
odds ratio method.

In particular, tests were made of the hy pothesis that
both groups are the ““same’™ with respect to D; that is,
the odds for the disease in one group are the saine as
those in the other group in all of the 2 X 2 tables. The
maximum likelihood estimate of the iog odds ratio A
was obtained with approximately 95% confidence
Limits. The computer program was als. extended to
gpve a likelihood ratio test of the constancy of A ove:
alt intervals.

Although the extremely high incidencz of thymic
I'mpanoma, especially in the irradiated groups, tended
to icxk other effects of the experimental ireatments,

1. Conparateve Anmmal Research Laboratory,

2. Biolegy Dwvision, ORNI

3. "Likeithcon inference for the Log Odds Ratia i Surviva)
Expenments.” Yath Siat. Res. Dep Prox Rep June 30, [97%
UCOND/CSD-IR. pp. § 2 (Octobe; 19740,

D. G. Wilson A W_Hsie
E.B Darden' M. C. Jernigan®
F. Finamore® A L°

M. Francis® P. Mazur?’
J.M. Holland?

there were several instances in which a sigificant
effect of ovaniectomy (or ovariectomy combined with
irradiation) on disease incidence was noted, in addition.
to the expected eftects of radiation alone.

ODDS RATIO COMPARISONS OF
RADIATION-INDUCED LIFE SHORTENING

The odds ratio analysis developed last year was
utilizzd to compare radiation-mduced iife-shortening
effects in a 2 X 2 factorial treatment design. Posttzeat-
ment life span of the cohort of experimental mice was
divided into 50-day intervals. and for any treatment
group u. the odds for dying in the ith interval were
defined as the ratio of the mortality rate. p,,. 10 the
survival rate, q,, = | — p,,;. for that interval. Pairwis»
comparison of (wo treatment groups, say ¢ and b. was
then based upon the assumption that the odds ratio,
Oy = Paiin/Ppar- Was constant over the life span of
the cohort. and maximum likelihood estimates of a,;,
= a,), were computed for each of the six pairwise
treatment comparisons.

The assumption a,,; = a,p. was tested by the
likelihood ratio method and was rejected in five of the
six cases. This result led to closer sciutiay of the model
and to the conclusion that if risk of death changes with
age, then a constant odds ratio can be obtained only
with intervals of infin‘tesimal length, and then only
with Lehmann-type alternatives. An instantaneous
odds ratio is the r:..0 of hazard functions, and if this
ratio is constant, ther the distributicns F,(x} and
Fy(x) of postireatment survival time x are related by

- Fx)= {1 - Fy(x)}%b .

A k-sample distribution-free analysis and goodness-of-
fit test are thesefore being leweloped for this
continuous-time model.

ETFECT OF AGE ON RED-BLOOD-CELL
CLEARING RATE

An experiment was performed on mice to test the
hypathesis that red blond cells {RBC) are retained

xg“.‘.. e S a2t bk k-



longes 18 older arimas. Bood was taken from each of
seven old and seven young mice_labeled with Cr> ' and
punitioned into four lots, which were then inpected
mtravenously into a0 young and (wo old recipsent
mwe per donos. Recipents were bled from the il
twive weekly tor four weeks. and a corrected 3-mm
count was recorded at cach bleeding. A arcidaung
RBC haltdife of approximately 14 Jays was predicied
from earlier work.

The ntended response vzriable was ihe loga.ithmic
rate of RPC clearance 3 measured by the absolute
slope of the linear regression of log coun' on pusi-
ijection time. A maximum likelihood e<timate of the
slopt was itesatively calculated for cack r=cipient on
the tested assumption of only independent Poisson
errors 1n the counts at each bleeding. Young recipients
showed no effect of donor age on this response
variable. while in old recipients the RBC from young
donors had a significantly shorter haif-hfe than old
donor cells when tested by an analysis of variance.

Tiwse counter-intuitive results in both young and old
recipients appear to be artifactual consequences of
nonstationarity in the loganthmic rate of RBC clear-
ance. Departure from lineaiity of regression, though
minor for any individual mouse. exhibited consistent
and statisnically significant patiems within young and
old recipient categories. The pattern of residuals
indicates 3 two-phase clearance which operates differ-
entially in young and old recipients. These data will
next be fitted to a2 twocompariment model by
iterative meitods to test for donor by recipient age
effects.

ENZYME KINETICS

The mechanism of the phosphorylation of histone,
using an enzyme from Chinese hamster ovary cells, is
to be determined experimentally. The reaction equa-
tions for several mechanisms each imply differental
equations, which have been solved in terme of the
initial velocity of the enzymatic reaction.® Statistical
methods are used to determine the mechanism by
festing the models. The initial velocity of the reaction,
that is, rate of formation of the end product. is a
function of the concentrations of the substrates. This
rate is estimated from observations on the amount of
labeled substrate incorporated into the product of the
reaction at successive times early in the reaction.

4. W W Cicland, “Steady State Kinctics,” pp. 1 650 The
Fnzvmes. 38 od.. vol. 2. cd. by P D Bover. Academic Press,
New York, 1970,

The howe of concentrations o the substrates
hotone {H) and adenusine 3" triphusphate (ATP) was
cntical. Statstical principles and brologicsl knowledge
were fequisd tu allow the dilutins of the substrates
t0 be prepaied accurately and to ensure that the kewels
of comcentration for cach substrate. to be used n
factonal combination. efficiently ncluded the rang: of
the design space without exceeding the hmits of
validity of the models.

The equation

FAH
"TKK, +K,A+A,H+ AH

15 2 rate equation which includes several bireactant
mechansm models expressing the imiial velociiy 1 as 2
function of the corcentrations of histone (H) and ATP
(A). The censtanis describing ditferent mechanisars are
1. the maximum velocity of the reaction. and the As.
which are functions oi the rate constants in the
reaction equations.

The rwdei was linearized in the reciprocals of the

variables:

I Ka | Kh l A.mkh( l )
—_t—f -} —1- + — I
I 1\A ¥ \H [ AH

Weighted le.st-squares procedures were used., since the
errors in estimating 1/r are large refative to 1+ and are
not homogeneous. The variances are approximately
proportional to 1/1%; therefore. weights proportional
to the estimate i lead to efficient estimates of the
parameters. These analyses are extremely sensilive tc
the weights. which is not the case with many other
types of statistical analyses.

The significance of the product term. 1/AH. in the
linearized model led to the conclusion that the class of
the mechanism is one of three sequential models. The
analyses further suggested that the correct model is the
special case in which K, = K. Additional statistical
analyses of the four experiments are in progress to
obtain a more conclusive test of the three models. The
analyses will include refined estimates of the weights as
well as a comtined analysis of the four experiments.

ESTIMATING THE VOLUME OF A CELL

A step in the preservation of fertilized ova is to
replace the water in the cell with glycerin. Because of
the difference in their molecular weights, wate; passes



out through the cell membrane more readily than
gycenin enters the cell. This causes a rapid decrezse in
cell volume. followed by a stower increase to the
ongnal volume. In order (o characterize the dvnamics
ol cell-volume change, the process is interrupted. and
phetographs are caken of the largest area seen while the
tocusing plane of 2 macroscope is shifted through the
cell.

We assume that this largest cross sectioa, or slice.
contains the center of the cell. Further we assume that
the noncircularities obsetrved on the slice are represent-
ative of those that would be found by 1aking any other
slice through the center of the cell. Given the above.
the first siep of the aigorithm developed is to find the
venter of mass ol the largest slice. This is done by use
of the Stokes theorem. a device for corverting area
mntegrals into line integrals around the toundary. We
kave an estimate of the boundary obtained by use of a
digtizer to find couvrdinates of points spaced around
the outside ot the cell. The coordinates are then shifted
so that the center of mass is at (0. 0). Several diameters
are then found. and the velumes computed f-om these
diameters arz averaged to give the final estimated
volume. Another way to compute the volume. which
may be slightly more accurate but also more expensive.
is to compute the volume of solids of revolution of
several “semicircles”™ and then o average these
volumes. This will be tested if the volume obtained by
using diameters is not sufficiently accuraie.

LENS OPACITY STUDY

Preliminary results from the analysis of data from
extensive experiments on the effect of different types
of radiation upon the eyes of mice have been sum-
marized.* The time - percent-lens-opacity relation pre-
viously presented® made it possible 10 compare the
different types of radiation as well as the two methods
of delivering this radiation, that is, in one intense dose
(acute) or in dose segments over a period of time
(chronic). During this period it was found that the
estimated percent lens opacity at 300 days post-
treatment was a biologically meaningful “response™ to
use in deriving a dose-response relationship for cach
radiation group. A linear relation in log radiation «id
log estimated response at 300 days posttreatment was
found to he adequate for descrihing the dose-response
phenomenon for cach combination of radiation type
and method of radiation delivery. A measure of the

5. “Lens Opacity Study,” Marth. Stat. Res. Dep Prog. Rep.
June 301975, UCCND/CSD-1R. p. 32 (October 1975),

relative bivlopaal ¢elfectiveness (RBE) of the acute
ncutron and x-1ay radiation groups was found by
examining the ratio of doses foi the two greups that
yicld equal respoases. The dependence of this RBE
measure upon duse wat found. and an approumate
expression for the variance of RBE 25 a2 function of
dose was alsu denved. Additional comparisons among
the regression coclficients were used to compare other
expennmental treaiment groups.

CHOLESTEROL IN RABBITS

An expenment on rabbits was conducted to measure
the effectiveness of ascorbic sulfate in reversing the
formatwn of cholesterol depusits (plagues) on the
inner walls of blood vessels. The normal diet of rabbits
contains no cholesterol. after seven weeks or a
high-cholesterol diet. 3 of 23 rabbits died. The remain-
ing 20 rabbits were paired on the basis of biweekly
serum cholesterol levels. and ascorbic sulfate injections
were given daily to one member of each pair beginning
in the tenth week. Biweekly serum cholesterol readings
were continued. and after an additivnal ten weeks. the
surviving rabbits were sacrificed for plaque measure-
ments.

Mortality occurred diring the course of this experi-
ment. and though cholesterol couid not be directly
implicated ihrough pathology in each instance. there
was a definite association between serum cholesterol
level and mortality. A rank sum test of this association
was devised in order {0 avoid parametric assumptions.
if the .V, rabbits alive at ihe ith bleeding are ranked
with respect to cumulative serum cholesterol and if S;
is the sum of the ranks of the d; rabbits that then dic
before the (i + 1)th bleeding. then the expectation and
variance of S; under the hypothesis of no et{ect are

Eg A5 =d (v, + 1)2

Py (S =0V, dv, + 12,

A normal score value of

2AS,  Ey (8] IV G a8

was calcu'ated for the 11 deaths among the 23 rabbits.
Thus the association between serum cholesterol and
mortality was signiticant at a prabability of 0.002.

There was no significant difference in the number of
deaths in the treated and control groups. Treatment
comparison will be compieted when the playue meas-
urements becomc available.
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MATRIX STORAGE REDUCTION IN
CALCULATION OF THE DENSITY OF STATES

One step in the calculation of the density of states
for random substitutional alloys with off-diagonal and
diagonal disorder is the computation of all the
eigenvalues of a large. sparse matrix. To use the mos:
stable numerical technique for this isk. one is
currently required 1o store the matrix in some compact
form in order to concurrently have all the necessary
information about the matrix elements in contral
memory. Two of the most common compact forms are
the bandwidth and the profile storage schemes.

Recently. a new efficient algorithm® for reducing the
bandwidth and the profile of a sparse matrix by
permuting the rows and columns was obtained. This
algorithm was used to reduce the storage required by
the matrix generated in calculating the density of states
of a body-centered cubic alloy composed of potassium
and rubidium. The original matrix was of order <59
and had a bandwidth of 243, which would have
required 396K bytes of storage with the bandwidth
storage scheme and 480K bytes with the protile
scheme. The algorithm. which effectively renumbers
the atom: in the cubic alloy, reduced the bandwidth to
77. requiring only 283K bytes of storage with the
bandwidth scheme and 178K bytes with the profile
scheme. This reduced the amount of central memory
used {or matrix storage by a factor of about 3.

AN EIGENVALUE PROBLEM IN ELECTRON
SCATTERING CALCULATIONS

In the development of fusion reactors iike the
Tokamak. energy levels and lifetimes or cross sections
of the gas containing the plasma. as well as the plasma
itself. are of interest to thermonuclear researchers. It is
through this information that energy losses and energy

1. Chemnstsy Division, ORNI.

2. Soldd State ivision, ORNI..

3. Computing Apphcations Depantsent,

4. Noman F. Gibbs, Willlam . Pooie, Jr., and Paul K.
Stockmeyer. “*An Algorithm fer Reducing the Bandwidth and
Profile of a Sparse Matrix,” SIAM S Numer, Anal 13,236 S0
11976).
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trznsfers along with the mechanisms iavolved in these
changes of energy state are studied. One of the
techniques used to calculate cross sections of atoms
anvolves calculations of electron scatlering.

A promising method for calculations of elastic and
inelastic ebectron scattering of atoms is the matnx
variational method described by Nesber.® In this
meth-:d the extenal orbitals. zs well as the target
states. ae represented by expansions in kawwn func-
tios. This reg!aces the solution of a system of coupled
integrodiffeiential equations in the close-coupling
method (a2 popular method for eleciron scattering
cafculations) by some algebraic matrix manipulations.
A crucial step in these manipulations is the determina-
ticn of m "inearly indenendent sclution vectors of an .V
X N homcgeneous linear system of equations repre-
senting the asymptotic partial wave functions. The
OAF (optimired anomaly free) variational method is
used to determ.ne these solutions and the associaied
vanational coetficieat and reactance mairices.

In the first st2p of the OAF method. the ¥ X ¥
linear system must be traiisiormed by a unitary
similarity transformatica into an upper quasi-iriangular
matrix with the diagonal blocks. which must be
dimensioned either | X 1. corresponding to a real
eigenvalue. or 2 X 2, cofresponding 10 2 compiex
conjugate pair of eigenvalues. ordered by increasing
cigenvalue magnitude down the diagonal. Since the
matrix is not aiways diagonalizable. an eigenvalue-
eigenvector decomposition of the matnx cannnt be
used to accomplish this task. Also. standard eigenvalue
algorithms for matrices that are not diagonalizable
transform the matrix into an upper quasi-triangular
matrix with the diagonal blocks unordered. There exist
some extremely slow algorithms. like the unshifted QL
a'gorithm. which produce the desired results. but these
are completely unacceptable because of their ineffi-
ciency. Thus. new efficient mathematical software has
been developed to accomplish this numerical task.

The following five subroutines are required to pro-
duce the desired results: ORTHES. ORTRAN. SCHUR.
SORTEV. and SWAP. The first two subroutines arc

S. R. K. Nespet. "Matrix Vartatonal Method.” Compur.
Piivs. Commuz 6,275 87 (1974).
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from the Argonne cigenvalueeigenvector package
EISPACK. SCHUR is a modification of subroutine
HQR2, which is also from EISPACK. SCHUR reduces
an upper Hessenberg maurix to upper quasi-triangular
torm with the diagonal blocks unordered. but does not
compute the eigenvectors of the matrix as does HQR2.
SORTEV and SWAP are new subroutines developed for
this project. Subroutine SORTEV determines which
two adjacent diagonal blocks should be interchanged to
achieve the end result of having the eigenvalues ordered
in increasing magnitude down the diagonal. Subroutine
SWAP, which is the heart of the ordering algorithm,
actually performs the interchange.

Subroutine SWAP interchanges diagonal blocks and
uses only unitary similarity transformations. To inter-
change 2 1 X 1 block with 2 1 X 1 ¢2 X 2)block. one
({iwo) rotation(s) is (are) required. as expected. But to
interchange a 2 X 2 block with arother 2 X 2 block. a
ditferent approach is required. The double-shift QR
iteration is used 1o accomplish this interchange. Theo-
retically. one dout le-shift QR iteration wsing the upper
2 X 2 diagonal block as the skift should result in
interchanging the two diagonal blocks. Because of
rounding error. it is possible. but unlikely, that two
iterations may be required. SWAP performs one itera-
tion and performs a second iteration if it is required.
Each iteration requires three elementary unitary trans-
tormations: three penmutations are required as a
preliminary step before the first iteration. Thu, six
unitary transformations are usually required for this
interchange, and there exists a possibility of nine such
transformations being required.

Calculations by the matrix variational method of
both elastic and inelastic electron scattering of Lydro-
gen have been made. using the above subroutines.
These subroutines are performing their function accu-
rately and efficiently, and the fin2l calculations are in
good agreement with known data.

HYDRATION AND DEHYDRATION ON THE
SURFACE OF METAL CRYSTALS

The chemical process by which water reacts with
metal ions on the surface oy a metal crystal has
suggested several interesting pr-. lems concerning prob-
abilities.

The idealized physical situation consists of a square.
bounded. two-dimensional lattice in which the points
of the lattice represen! metai ions. The lattice point is
said to be closeq if it has an attached hydroxyl ion. If

the metal ion lacks an attached hydroxyl. the latuce
puint is said to be open. The process by which
hydroxyl ions are attached to the metal ions involves
the reaction of a2 water molecule with a pair ¢f adjacent
metal ions. It is assumed that there is always an oxygen
ion available on the surface to combine with the H, 0
molecule to produce a pair of hydroxyls attached to
the lattice at adjacent points. Further assumptions are
that the process begins with all points open and that
there is sufficient water available so that eventually alt
sites (a site is a pair of adjacent points) will be
approached by a water molecule. The order in which
sites are approached by water molecules is completely
random. Because the reaction must occur at a pair of
adjacent open points, there will exist isolated open
points when the process is complete. The following
problem is of interest: What is the average (expecta-
tion) of the fraction of closed yoints at the end of the
process’

As a preliminary step, the assumption was made that
all reactions would occur on SW-NE Jiagonal lines of
the lattice. This situation is mathematically more
tractable ard apparently is of some chemical signifi-
cance. This reduces the problem to a process occurring
on a one-dimensional lattice.

Let u,, denote the average number of reactions {each
involving a pair of open points) that will occur in a
one-dimensional lattice of n points. The sequence u,
was found to satisfy the recursion formula

(-Duy=(n 2, | +1+2u, ;. )

with initial conditions uo = u;, = 0. This recursion
formula was used to obtain a table of the expectations
u,, for values of n from I to 100.

By defining the generating function

U=y ",

n=0

the recursion formula (1)implies that U(r) satisfies the
differential equation

d lu d U ?
. d [_‘3] o [L] o, o
dt ! dt ! 1 1

Let g(r) = U(1)/1r. Then (2) becomes

]
£in=rlg(n] + —* 2elg(n) . 3)
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The initiai conditions impiy £(0) = 0. The solution to
3)is

[ R — . 2
) 2“_’);“ e -0y
It foliows that
vty = — (1-e2)
o) Y ’

If U(r) is expanded in powers of 7.u, can be written

n=23 .

_"}::' (DE Tor — k-
k=1 k! '
where uo =u, =0.

From (4) we can deduce that

up
lim —=0.5(1 —¢7?).

n—oo n

which is approximately equal to 0.4323. The physical
meaning of this is that for 77 large. about 86.46% of the
metal ions in a row of length n would be expected to

have a hydroxyi ion attached at the completion of the
process when no further bonds are possible. A similar
situation exists in polymer chemistry. The limit ¢ -2
for the (raction of isolated open points had been
previously obtained by Flory® and again by Cohen and
Reiss.” This work prevides an alternate mathematical
approach to the problem.

Obviously, the reverse provess of dehydration of the
surface involves the same mahematical model. The
pioject will continue with the study of the process of
applying hydration and d<hydratior. altemately and in
succession several times. 15zr2 is interest in studying
the kinetics of this process and in determining the
expectation of the fraction of closed points cn the
genuinely two-dimensional lattice. The problem will
also be studied by using other plane lattices. such as a
hexagonal lattice. Where analytical methods fail to
provide an exact answer, the process will be studied by
Monte Carlo techniques.

6. P. J. Flosy. “Intramolecular Reaction between Neigh-
boring Substituents of Vinyl Polymers.” J. Am. Chem. Soc. 6).
1518 (1939).

7. E. R. Cohen and H. Reiss, “Kinetics of Reactant
Isohation: One-Dimensional Problems.” J. Chem. Phys. 38, 680
11963).
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ENERGY MODELING AND ANALYSIS

For an economic model. a homogeneous function F
of energy. labor. and capiial variables. which satisfies a
linear system of first-order partial differential equa-
tions, was sought. Algebraic manipulation reduced the
equations to

ud F=rvo F=wo.F=F.

where u. v. and w are functions whose form i sot
completely specified. That is, the functions which
combine to make up u. r. and w are to be chosen so
that the original equations represent plausible eco-
nomic activity.

For the equations to have & continuously differen-
tiable solution. the mixed partial derivatives of F must
be equal. This requirement imposes the following
conditions on the functions u. v, and w:

a ()= 9, (hu):
9. (1:w)=a(liu):
8}.(lv’u’) =a.(1v).

If these conditicns are satisfied. then the solution can
be obtzined by a straightforward sequence of integra-
tions. Uniortunately the underlying functions that
were the investigators® first choice gave rise to u. v, and
w functions which did not satisfy the necessary
conditions. The search for acceptable corstituent
functions was reinitiated witi these criteria in mind.

EFFECT OF ENERGY DECISIONS
ON THE ECONOMY

Von Neumann’s uniform growth model of an econ-
omy results in a generalized eigenvalue pioblem Ax =
ABx. The elements of the 4 and B malrices represent
input-output coefficients and capital equipment coef-

I. Instizute for Fnergy Analy sis.
2. Departments of Fconomics and Frviconmental Fngi-
necring. Cornell University.
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ficients respectively. These coeflicients indicate the
amount of various raw materials. manutactured prod-
ucts. and capital equipment that is necessary to
produce a particular item in the economy per unif
time. The growth rate of the economy is given by the
largest eigenvalue of the problem. This eigenvalue will
be real. simple. and positive. Before decisions are made
concemning energy-related problems. one would like to
predict the effect of these decisions upon the econ-
omy. The results of this project will give such a
prediction.

The mathematical problem can be formulated as the
problem in perturbation theory of determining the
largest eigenvalue of (4 + eF)x = MB + eF)x. where
HEY is approximately equal to 4]l aad 1A is
approximately equal to [Bll. Denoting the largest
eigenvalue of Ax = ABx by A,, there exists, for
sufficiently small €, a simple eigenvalue A," which is
the largest eigenvalue of (A4 + ef)x = A(B + eF)x and
=an be represented by the convergent power series

YD VR Y IR Y L T

By algebraic manipulations and the use of known
linear-algebra theorems, expressions can be found for
the first- and second-order perturbations of A,.
Denoting »;7Bx; by g, and y,T(E - N\ Fix, by ;.
where x; and v, are the right and left cigenvectors,
respectively. of the eigenvalues A; of the problem Ax =
ABx. these expressions are

Y

k|=—_.

£1

1] Z xrllnxlrl Ay
ky =— —_] — 3 TEx, .

a3, - X)) g,

Currently. algorithms are being developed and modi-
fied to compute k, efficiently. These algorithms are
the combination shift QZ algorithm te compute the
eigenvalues and the inverse iteration algorithm to
compute both the left and right eigenvectoss. If the
value of k; is required, algorithms will be developed or
maodified to determine this value.
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THERMAL RESISTANCE OF JUVENILE CRAYFISH

Three groups of juvenile crayfish. which were repre
sentative samples from a larger population of interest.
were acclimated at 15. 20, or 25°C respectively. A
random sample of ten crayfish was taken from each
group. subjected to an elevated test temperature for a
predetermined length of time. and retumed to the
original acclimation temperature tor a period of 72 hr.
ai which time the number of dead crayiish was
recorded. This procedure was repeated for diiferent
combinations of elevated test temperatuizs and ex-
posure times. Two goals were achieved in the analysis
ol the resulting 72-hr mortality data, utilizing the
linear logistic model’:

1. characterizatior of the distribution of the mortality
data,

2. determination of the influence of exposure time
and elevated test temperature on the mortality
observations within an acclimation temperature
group.

The maximum likelihood estimates of the parameters
in the model were used to estimate the expected
frequencies of crayfish dying at different test
temperature --exposure time configurations. From the
expected frequencies a goodness-of-fit chi-square sta-
tistic was used to evaluate the adequacy of the model.
The results of this test for each acclimation tempera-
ture group indicated that the linear logistic model
accurately described the data. The estimated param-
eters in the logisiic moczl were utilized to construct,
within each acclimation temperature group. contours
of constant mortality as a function of elevated 1emper-
ature and exposure time. These contours furnished a
visual comparison of the acclimation temperature
groups and demonstrated the influence of clevated test
temperature and exposure lime upon mortality as well.
The results of this analysis will be valuatle in the
design of future experiments.

1. Favironmental Science< Diviion, ORNS.

2. Reactor Division, ORN1..

3. D. R. Cox, Analvsis of Binarv Dara. Mcthuen. | ondon.,
1970.
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INFLUENCE OF ADULT DENSITY ON A
CALANOID COPEPOD ZOOPLANKTER

Zovplankton play 2 mzjor role in Iqualic ecand stems.
serving as 2 link in the tood chain between pnmary
producers and fish. Although research has been con-
ducted on extenal environmental parameters that
regulate populations of zooplankton. little elTort kas
been expended on internal mechanisms of population
control. Qur purpuse of this project was to take the
data® on density of adult organisms and to determine
whether this parameter affected the number of young
(lutch size) produced. A study® on the pupulation
dynamics of Diapromus clavipes 1ound reproduction to
be an area of the lite cycle requiring further study.

The data consisted of observations on clutch size.
female size. adult density. and water temperature from
samples collected in 2 pond. representing a closed
ecosystem. during a full vear’s reproductive cycle.
Pegression analyses revealed that adult density does
have a significant effect (P < 0.05) upon clutch size
during the entire reproductive cyvcle. A linear regression
model used 10 approximate the observed clutch size
contained terms related to adult density. water temper-
ature. and female size. The initial number of 8
parameters in the model was reduced by more than
307 through a statistical variable selection procedure
without significantly reducing the multiple correlation
coefficient R?. Various pa-titions of the data set over
density values and seasonal perinds yielded additional
insight on the influence of density. The statistical
analysis indicated that adult density values greater than
2.25 adulis liter do have a significant effect (P < 0.05)
upon the clutch size during late winter as well as early
spring. These results have been usetul in the design of
laboratury experiments to further examine the role of
density in regulating clutch size by giving an indication
of (1) factors to be considered. (2) basic vanation to be
expected. and (3) density range to be examined.

4. C. W Gehrs, "Aspects of the Population Dynamics of the
Calanowd Copepod, Diapromiss clavipes Schacht.” Ph.D. Thewus,
University of Oklahoma, 1972

S.C W Gelrs and AL Robertson, “Use of Ffe Tables i
Analvzing the Dynamics of Copepod Populations.” Fealogy
56,665 72¢1975)
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NATURAL CONCENIRATIONS OF TRACE
ELEMENTS IN AQUATIC ORGANISMS

Ervironmental contamination from towe trace ek -
ments has emphasized the need tor baseline data on
concentrations of elkements in bioloacal compartments
of natural syvstenws. Larvae of a detntus-feeding aquatic
insect. collected trom an umpolluted spnng strearm.
were anaivzed for 30 ekemenis betore and after gut
evacuation to determine the concentrations in the zut
relatve te wholebody  concentrations. Limear regres-
stons of the concentration of each element on mean
dn weght per 1imdividnal were calculated tor larvae
with the gastromtesunal (Gl tract both tilled and
evacuated in order to test tor sigmiticant relatonships
between organism size and concentrauion. The analyvses
for the chromuum und aluminum concertrations with
Gl tracts evzouated resulted in signiticantly (2 < 0.C1)
negative relationships. However. there was a signifi-
cantly (P < 001) negaiive slope estimate Jor the
chromium concentration with Gl tracts tilleg. No other
slopes were significantly  different from zero (P >
0.05). Changes in chromium and aluminum concentra-
tions with gut evacuation 5 a function of imial dry
weight were also calculated. Regression analysis was
used to show that the change in chromium concentra-
tion with gut evacuation was not significantly ditterent
from Zero (P > 0.05) over the entire size range of
individuals. However. tor aluminum there was a highly
significant (P < 0.01) decrease iy concentration over
the entire range of larvae analyzed. The percentage of
element body burden associated with gut contents was
calculated as the ratio of gut burden to initial
whole-body burden. Initial body burden of chromium
and aluminum was based on an individual of the same
initial dry weight. using the final concentrations as
calculated from previously mentioned regression equa-
tions. Approximations to the variance of this ratio
were made by using the information on the individual
variance components.

INCORPORATIGin GF CHROMIUM BY SOYBEANS

incorporation of ch..mium derived from conling
tower dnft was studicd in vegetation along root uptake
and foliar absorption pathways. Upiake and transloca-
tion to nonroot parts was determined from soybeans
cultured in a3 potting medium contaminated with
cooling water from tower basins at the Oak Ridge
Gaseous Diffusion Plant (treatment 1). Translocation
from foliage to stems and roots was determined
similarly from plants subjected 1o toliar contamination

(rreatment ). In sddineon. confrol piants were sub-
jected to contamunation at only  normal background
levels (treatment 3).

The data consisted o measured chromium concentra-
tons m the foliaz: and roots of soybean plants
sampled from ¢ac” of the three treatment groups
during the expenim ntal peniod. However. no observa-
tions were avatlable from the folhiw compunent of
plants n treatment 2. The dry werght of the foliage
from each sampled plant was als recorded. A linear
regression model was tound to be adequate for
describing the logarithm of the observed chromium
concentiation as 2 function ol “davs since treatment™
(X;) and “loliar dry weight™ (X:). The adequacy of
the model was determmed trom lack-ot it tests on the
vbserved concentrations tor each plant component and
treatment group combination. Regression analvses
were used o test for significant effects of the vanables
X, and X: upon the observed chromium concentra-
uons. The statistical analyses detected differences in
the behavior of chromium concentration from the
foliar and root components of soybeans as well as
difterences in the kvel of chromium concentration for
different modes of contamination.

SPATIAL AND TEMPORAL VARIATIONS IN CO-
EFFLUX BY WHITE OAK ROOTS

An experiment has been conducted to examine the
release of '*CO; by the 1ot system of a ** C-sucrose-
tagged white oak tree. T.: CO, . which evolved from
the forest floor. was measured as an indication of
vaniations in root distribution and substrate movement.
During a 30-day interval, CO: ('*C and '2C) efflux
was measured at six sampling stations in each of three
concentric circles {with radii 0.5, 1.0, and 1.5 m). The
purpose of analyzing these data was (1) 1o determine
the dependence of CO: efflux upon sampling time.
station location. and other biologically meaningful
factors: (2) to examine the variation among the CO,
efflux observations for significant changes: and (3) to
use the above information to recommend sample sizes
for future experiments.

Nonparametric statistical procedures were used to
determire that the CO, efflux level did change
significantly (P < 0.01) over the experimental period
analyszed. However. the only significant (P < 0.10)
location effect upon the CO; efflux level was the
distance from the sample tree.

The variation among the observatic.is at a fixed dis-
tance Irom the sample tree on a particular date was not
found 1o be a function of distance from the sample



sice. Howowi. thaic w@ 3 wowitiaeni
change mn this varauon over the expenmental periad.
These analyses were used to esumate the number of
samples needed (0 csumate the (O, ettlun level en-
pected within specified himits as a tunction of the vana-
uon among the vbserved CO: etflun values.

A bnear regression model furmulated 1o desenbe the
CO; ettluxn data accomted for 677 of the total
vanation 1n CO; eftlux with 3 coeffickent of vanaaon
ol 297 The madel expresses (0. efflux a5 2 function
of the etfects of other wegetanon. muoisture. and
bivlogially meanmgiul meeractions. The  vnginal
model. which contamed 16 terms. was reduced 1o 12
terms by applying 2 forward-selection provedure using
2 025 Jevel of sigificance. The final regression model
was used to construct cofitours of constant estimated
CO. efflux as 2 functuon of location relative 1o the
sample tree. The statistical analvses have been used
planning expeniments related to forest floor respara-
tron.

P .o vl
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LARVAL FISH. POWER PLANTS. AND
BUFFON'S NEEDLE PROBLEM

Ekectrical power producing plants. both nuclear and
nonnuclear. nse large volumes of water for cooling 1n
the condensation portion of the power production
cyclke. The water 15 uwsually taken from an adacent
body of wate: into the plant by means of intake pumps
which have impeller blades that determine the rate of
flow and volume of water being used. The water may
contain small larval fish that pass through the prelinm-
nary screening devices and are then possibly killed 1f
hit by one of the impeller blades.

The study of the effects of power plants upon
aquatic lifz is of major importance. and plans are in
progress at ORNL 1o build a working model of the
power plant condensation cycle in order to study these
effects through controlled experiments. Our goal was
to construct a2 mathematical model to predict the
probability of a larval fish being killed due to impinge-
ment upon the impeller blades.

The problem was formulated as 2 Butfon needle-1vpe
problem by considering a fish as a line scgment and
projecting this line segment onto 2 cross section of the
intake tube. The geometry for a Tour-blade pump 1s
depicted in Fig. 3.

The inner circle of this figure represents the hub of
the impceller. The four radial scgments represent the
cutting edges of the impeller blades. The probabiliny
that a fish dies was defined as the probability that a
random line  segment  falls the radial
segmenls.

on one of

Fig. 3. Cross section of the intake tube.

There were four random vanables to consider: two
lowate the center of gravity  of the fish in the
crosssectional plane. and two determine 1ts spatial
onentation. We assumed that the location and spanal
orientation variables were umiformly and independ-
ently distributed. Thus the sample space was a region
of four-dimensional space. and it was possible 1o derive
an infegral for the probability of rhe fish bemg kilied
by hitting one of the impeller blades. The integral
depended upon the following parameters: R,. the
radius of the hub. R. the radius of the tube: [, the
length of the larval fish: and 7. the number of blades.
In attempting to calculate the desired probability. we
needed to evaluate an mntegral of the form

f" f.' " sim '(‘- :'; ﬂ) dO dx .

(L) ()]

The diameter of the experimental tube is 12 . The
diameter of the tube In power plants is two to three
times larger. Since the length of larval fish would range
hetween 0.25 and 0.5 in.. /. 2R would be small: hence.
we aan replace sm Vi(x sin @) 2R} with the linea
approximation (x sin ©) 2R. The solution for the
probabiliry of a fish being killed by the impeller blades
reduced 1o

I'=3nl JJ(R tRa).



where RO R, 1. and 1 are the marameters dotined
above .

The wshdine of this mathemancal model tor descnb-
ing the probabihiy of murtality due to the impeller
blades will be tested exvpenimentatly at ORNIL.

JOINT ACTION OF TOXIC SUBSTANCES

The efrect of resoranol and o-methviquinoline on
the mortality of Iphnig mugne has been evaluated
trom the results of an expenment using several
concentrations of these organics applied jointly.

The basic expenimental procedure was to subject a
hnown number of Duphnia magne to 3 toxic eaviron-
ment and observe the mortality after a 48-hr periad.
The toxic environments were dilutions (6. X, 10, 12,
14, and 167) of 3 toxic mixture in water. There were
tive toxic mixtures: pure resorcinol. pure 6-methyl-
quinoline. and mixtures of resorcinol and 6-methyl-
quinoline in the ratios 1:3. 1:1. and 3:1. The range of
dilutions. 6 to 1677, was selected to cover the expected
4%-hr LC<,, value. that is. the concentration tor which
it would be expected that 307 of the animals would be
dead in 4% hr.

Probit analysis was used to estimate the LCq,'s and
their 937 confidence intervals for each 2t the ftive

- avnale wer sae du P S Y
toxes runterss. The snshvsomdia sl flaXiuics vi

the compounds in the ratias of 1:3_ 1:1. and 3:1 were
less toxse than etther of the pure compounds. Abso. it
waxs determined that the etfects of the cuncentrations
of the compounds were not additive that amtag-
onistic interactions ovcur when resoranol 5 dominant
and that infra-additive interactions occur when
o-methylguinoline s dominant.

An altermative analysis using the linear logistic model
is now in progress. In this analysis the probabality that
an organism dies s approximated by the following
function of the resorcinol concentration (v ) and the
6-methylquinoline concentration (x» ):

exp M
I +exp M

where

- .
M=y #x) +3.x; #3,,,%7 tdoaxa” 3,00, .

It is hoped that this model will be general enough to
allow specific hypotheses to be tested about the
presence or absence of antagonistic or svnergistic
interactions.
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LEUKEMIA INCIDENCE IN
HIROSHIMA AND NAGASAKI

A new set of radiation dose esumates has been
zomputed for Hiroshima and Nagasaks blast suraivons
in the Radiation Effects Research s'oundation sample.
These estimates are for bone marrow dose and are
more useful thar the Tentauve 963 Dusimetny.
T65D. estimate of skin dese tor determining the
relationship between radiation insult and lkeukemia
incidence.

Certain empirizal functions have been used in prior
studies to describe the relationship between keukemia
incidence and skin dose as estimated from the To65D
data. These same functions have now been used to
describe the relationship between keukemia incidence
and estimates of bone marrow dose. Frem these
relationships have come new esumates of risk. ex-
pressed as expected number of leukemia cases per rad
ol expousure. which agree more clesely with other risk

i. Health Phy sy Dviaon. ORNL .

2. H. Yamuda and . D). Jones. Aa Fxammaetion of |1 Bomb
Swurvnors Exposed to Fallour Rain and a Comparison 15 g
Sim lar Control Populatsewr. ORNL TMAINT T (October 1975,
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F.L Miller Ji. G.D. Kerr!

estimates such 2 hose obtained 1rem anky bosing sproti-
dvhics.

RADIATION SYMPTOM INCIDENCE
IN BLACK-RAIN VICTIMS

Some residents of Hizashima and Nagasaks were
subpected 10 a black, oty ram whuch teli shortly atter
the expiosions. A report® was written detahng the
increased maidence (relanve 1o 3 control group mam-
taned by the Raduatwon Ettects Research Founde-
ton) of radaten-induced symploms among  these
people.

When the vicims and the controls were surther
categurized according to the amount f blast Jose
received. the ratios of the number of viciims to the
number of controls Jdiftered marhediy from one blasi
dose category (o another. That 5. the black-ram
factor and the blast dose factor were confounded
with one another.

In an attempt to isolate the effect of bla-h ran
trom the effect of blast dose. the expected n mbers
of symptom incidences were computed for e h of
26 svimntoms under the hypothesis that black ran
had no effect. In 25 of the 26 cases the ob.erved
incidence exceeded the expecied.
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ANALYSIS OF DIFFUSIVITY DATA

Measurements of the diffusivity of oxveger m -
Zucaioy have been made to estimate the constant N,
and the actvation enery @ for the oxsdation ate
muodel

D=D.,c UR’—. (18]

where £ 15 the ondation tate constant tcm” sech. R s
the 225 constant (| 957 cal mole - K. and 7 s temper-
ature § K. The oxadation zate maodel 15 lmearnized by
aknz ganthms to getin D =In D, M1 RN.and
estimates of In D, and (0 are obtaned by the methods
ol least squares.

The 'eastsquares estimators [a D, and ¢ are un-
hased sstimators of In D), and . but D, = exptin Dy )
15 2 hased esumator of D, . Even if D, was corrected
tv be an unbiased estimator and bown the unbizsed
esttmators tor 1), and Q wete substituted wto Eg. (1),
the resulting estimate of the vwidation rate constant
would be 2 biased estimare because of the cofrelation
between the two estimates. 1y and (. Unbiased ests-
mates ol the oxidation rate constant can be made from
the predicied values of the lineanized model. To esu-
mate the values of 1 from the predicteg values. I D.
we use the fact that 16 D s normaly distributed uvider
e assumption that the logarithms of the vbservations
are normally distributed. Hence. exptlt D) has a log-
nermal detnbution with mean D evplvartia ) 2.
Then the unbiased estimate of D at the (1 Ty temper-
ature is

Dy = exptli Dy) -exp| Var(li D) 2] .

VARIABILITY OF VOLUME PERCENT
ESTIMATES OF PYRITE IN COAL

The precision of estimates of the volume percent of
pyrite in a specially prepared coal specimen was
investigated to determine the degree of =ffort required
to obtain precise estimates from subsequent specimens.

G. M. Govdwin! P. Patnarca’
L. A Hoamns'
W._ L. Harper®
R. L Huddleston™ VK. Sikka'
WS Lackey i W.F. Thumpson®
Yurek!

R.E. Pawel'
R._A. Perkins'

The estimates were vbtamied by image analysis. using 2
Quantimer. The Quanumet measures volume percent
by proxcting 2 magnified image of 2 hnear surtace arca
wnto 3 prcture tube with 309.000 picture ponts ané by
<ounting the numbec ¢ picture points of pynte. coal.
and the epoxy binder projected. The estimate of the
volume percent for the area 1s the ratio of the number
of pyne pomts (o the number of pvate plus coal
puorats.

As 2 base ineasurement. approumately 3800 areas
were measured on th speamen. yvielding an estimaie
of 01315 vol = of pynite in the cval. Smce the general
purpuse of the study was o recommend the number of
areas (v be measured to obtain precise estimates. 2 map
of the results of the 4800 point count measurements
was sampled to obtain esumates based on much smaller
sets of area mesurements. A serics of samples taken
from the center of the map produced disapposnting
results. with an estimate of 0.0784 vol 7 for 223 areas
and estimates of 0. 1068 and 0.1508 vol 7 for about
700 areas each.

in addition to this sampling study. the coal specimen
was cut in hall and a new series of estimates was
obtained. using both the previows and mewly cut
surfaces. based on 800 and 400 areas. The estimates
based on 800 areas varied from 0.0473 10 0.1420 vol
. while the estimates based on 400 areas vaned from
00974 10 0.2478 vol =.

As a result of the vanation in these esimale. the
measurement fapes of the point counls were reex-
amined v test the assumption that the pyrite was
randomly distributed throughout the coal specimen.
This investigation indicated that the assumption was
{alse and that the pyrite 12nded to occur in varying size
clumps. with over half the areas containing no pyrite.

Since the magnitude of an estimate was found to
depend almost solely on the number of the sparsely
distnibuted large clumps of pyrite which appeared in
the sample of areas measured and since the major cost
of the measurement process is the setup cost. the

| Metalsand Ceramics Diviston. ORNL.
2. Y-12 Development.
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RLUMARRdZtUN Was fu COpICIcy Jurney e suriaves
of subseyuent ciai specimens of simular sparse py nite
content. a3 was mmtally done with the spevimen s
question.

VARIATION AMONG HEATS OF
TYPES 304 AND 316 STAINLESS STEEL TUBE

The kirge heatdo-heat vambtion assaviaied with
mechamical properues of steels 15 ol gromiag concern
among metallurgesis. OF current miterest are matenals
sach 25 types 16 and 304 stanbess steel andd 2% Oy
I Mo 3livy steel. whah are used in steam generators fur
nuchear rexctors. To understand this vanaton amung
heats better and W emphasize the need for properls
designed cxpenments. Japanese data'* were sekected
for analvss.

Using analvis of vanance technigques. an estimate of
heat-to-hear vanation. denoted a,:,. itowm mine heats of
matend was ahubated for wensile and creep properiies
of types 304 and 316 stambess steel_ In ths section we
discuss the tensile promertues. vl strength (YS.
kg mm™ ) 2nd ultimate tensike strength (LTS kg mm® ).
and the loganthm ¢ the creep properiv. rupture lite
i, hr.

The cxpected mean <quare (FMS) for the random
effect of heat on tensibe Jeoperiss is

EMS z0° ¢ n,n,’l .

where

number of temperature kevels.

(] --=
]

CITOf YaMMNC.

3 Dasa Shrorsom the Flesated Temperanurs Properfies of 15
(r S Mt Sanless Steel tor Bewler omd Hear Fxohamper
Scomiess Tubes. SUS 27 HTB. NRIM Creep Data Sheet N 8
Natonal Rescarch Institsie tor Metale, Tokyo, Japan ¢1972)

4. Deta Sheets on the Flevared Temperspure Properiies of 15
Cr 12 N1 Mo Stanless Sieel for Bodler sl Heat Fxchanger
Seamiess Tubes, SUS 32 HTR. NRIM Crexp Data Shee? Nov &,
Natronal Rescarch Institule for Metals, Tokso, Japan 11972,

3

Trus £MS 15 based un the assumption [hat tensike
peaperties are an additive runction ot 2 fived rempera-
ture zifect and 2 random hear cltect. The —orrespond-
ing EMS foi the lpnathm of raptare hie n

EMS=0" + Gy

where 1, = number of stress lewcls and +° . i 7,
arc o defined atove. In ths e the lowanidm or
rupture hife B assumed to be an additnve junitiee (2t 2
fi~od temperature ettect. 2 fined siress (wizhun terapes -
ature) cflect. 3 randoin heat ettect. and 2 temperatire-
by heat mmteraction. Estimates of the mean squaies
heats and of the heat-to-heat wanation are Inted i
Table 4.

Toillustrate the ¢ffect of heats vn the unceriamty -t
the true salue. we omut o0 and compute the 937
confidence wntenval sbvun 2 siage Test hased >olkeh ok
heat-to-heat varaton.

mechanical property 27, <<y );i, -

ahete 444 18 the cntcal 1 ovalue 27 the 093
contidence fevel 1or an appropnate number of degrees
of ficedom. Abso 2 simalar expressios is used for the (F
= 090, X = 093 tolerance s 1o retlest the seatter
in data due sokely to vanation amonz heats

mechamaal property ¢ Ky oy .

where K B the tokerance factor based on the
proporion P the confidence kevel 2. and an
approprate nuimber of degrees of freedem. Results of
these calculations are gven in Tabke =,

DELTA-FERRITE IN PRODUCTION
STAINLESS STEEL MPE WELDS

Numeral and pictorical summanes were used o
analyze 14H9 paired fernte measurements collected by

Table 4. Estimates of mean squares amd heat-in-heat vaniatinn

Ixpe 30d stambess steel tube

Trpe 21 danless sieel Tube

Mcan wuate
UlSdhe mm* ¢ T30
YS the mm P AERTE
loerr GYSLE

SIS wltimaic fenake sirength
yS vicld sirength

r
1, ropture Iife

LT Mcan wuare L
§ 447 IR Ins 1.49%
2 069 I8 RRe LREY]
nnsdTn "njges LU I



Table 3. Confaden c luwts and soleraace hnsts

fooe Wad susmaes . aoed tube Tize Sim tamiess sIoct tubks

Todberamce lumats based on heat-30-heat vartun

L A S R S R T LIN- 38 mm % taae
I S ias T om T aa YNV- S Sarmmt T S
RERRer 2 Ter Ay oa-ss 31T
r 1 4
IS Slteryto Toma voomstn
IV i om0 D Tty

e Jouni Tk Group o Control of Stasnkess Stexl
Wehanz: Matenay The purpose of the stiady was e
Jwmipare Jetla-fernfe confent » meeassred by fernite
aumber i the fither metal weld pad (FW) with that
the raedtant prod-wtron weid (P9

Three wehding pricones were wsed 10 pon several
tormn and combinations of tvpes M4 30N and 3o
stamnbess steel FW values ranged trom e 15 ahike
iwrrite content for the base nwtal weldments ranged
tom 25 1o 1750 For FW salues ks than 14, the
median PW pumber correspwnded reasonabiy well 1o
the FW number. although there exests 5 wide scatter of
P results at cach FW kevel. Thas ssallustrated in Fiz. 4
aith “bov and wlisher™ plots suggested by Tukey © for
displas ng data.

These olots are created by firsi determming the
median and hinges (see Fig. ) from an ondered wt ot
daia and then finding the “whisiker” and extreme
pnts aocordmgy . The median 1 the middle value of
the order sef. while the hinges correspond 10 the
middke valucs between the meadian and extremes. Thus.
2 must. 07 of the data tall mnude the nterval
spanaed by the Hespread. It hinge pomnts are included.
then ai least 307 of the observations are contained n
the ivterval. All poants that fall sutade the H-spread
plus | step are plotted. Unusual plots_such as i Fig. 4
under FW 13 ll attemtion 1o, and sammanse
important distrihutional aspects of . the observations.
Here. no upper “whisker™ 15 shown. hecause a1 least
237 of the data are equal "o 17. In this situation the
upner hinge and the mavimum value within one step of

S W Tukey. Feplovatory Dars Anchsis. Addison Woides
Reading, Mass 1970

the upper hinge are buth equad to 17 In the extremry
e vhere ail values e 2 data set are the sanwe. tikre s
e "oy e Twhisder.” st 2 mxedian.

Menursment  techogues  were completely
cortoumdad with ditferemces between territe ritker and
prodintion pumibkers. That . e techmgxs
tmaMe-wap- and chenucal amalvss Schactiker diagrani)
weie Bed sobely T BB nwasarements. whike the re-
maninz nree techniques (sevemn gege clevometcr. and
12rite soope b Bete used wiely o PR memurenwnits
Aker. finse metinnds were partalh contounded with
dats . arge md thickness of metal.

Results from the “range readme”™ sevem gree and
“dial wading” chooeeter and termite soope methods
were comparsd  separatzly with  results from e
diad reading maenc-g2er and the empuncatly determuned
Shaitler Jdiagrzm. Ths compaason 5 made by
hwmz at the distnbution of difterences gven i Fig.
3. As expected. the Jalqeabng results (Fig. 30)
cxhubated less soatter.

DETECTING A DEFECT BY
VARIANCE COMPONENTS

Whik snalvsmg he varation of thaknesses in 2
dittusion cxperniment. 2 large vanance ¢wmponent due
o sample posalion n the expenimenial apparatin was
Jetested.  Subseguent  expeniments to explain  thes
pusition vanation indicated that certam regons of the
cypenmental apparatis merc not heating properls.

In an owdation rate expennment. the thknesses of
the oxude laver and alpha laver are measured r nimes at
each of mr posiions on 2 sArcomum tube. An il
posstion on the Arcomum tube 1 chosen rasdomily
and the tube 1s rotated ¢ 1o cach new posilion.

The values for 7 and 7 can ne chosen to control the
sanance of the average of the thichness measurements
tew cach expersiment. It the sanance of the individuat
measurements increases with temperature. a reasonahle
numbe; of add:iional measurements may be made with
increasing femperatures to ensure that the vanances of
the averages arc constant over ail semperatures. The
numbe. ot additional measarements will depend on the
rate of increase of the vanances.

The warance components of v o are examined by
using the analy sis-ol-vanance ( ANOV A) model.

I.II‘:”".I’P ’l'"‘. ",

1.}
where

r=0. rp= b, cmok bl r
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Fig 4. Distribution of ferrite numbers on production welds. (5) Disttibulion (4 Key
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In the model. each measurement v, 1 the sum of an
overall mean. u. 2 random component due to the ith
cxpenment. £, 2 random component due to the jth
position within the ith experiment. P, ,,. and 2 random
zrror component. €, . The random componenis, £,.
Piv- and ¢, . are assumed to be mutually independent
with mean sero and wriances 0f. 03, ,. and al
respeclively. The variance componenits are estimated
by equating the expected mean squares.* EMS. (o the
corresponding mean squares in the ANOVA (Table 6)
derived from the model.

6. S. R. Scarke, Lineor Models. Wiley. New York. §971§.

Measurernents were made on the thichness of ihe
oude and alpha layers on ten expenments at 00 C
and 15 expenments 2t 1300°C. For each expenment
two measurements were made at each of four
positions. The estimates of each vanance component
are summarized in Table 7.

The estimates of the experimental ‘arance
component 53 are much larger than the cstimates of
the other two variance components. The larger value 1s
to be expected. bzcause each experimert represents the
oxidation accumulated over a2 given peri.d of time.

The cstimate for the position variance component
Bps) represents the variation in thickness at different

g
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Table 7. Vanaace compomnt cxoumtes

Vaiumce component Onade 2190 Oade st § 3 € Alphg 2t 900 ( Alphs at 1 3im ¢
S T 264.186. 3n 2620 I8 4432
';;!n BTl 1977 14 18%) 95354
= 0.259% 01643 o 3611 0Ilen

pusitions around the arconium tubing. Although ihis
variation is pot zero at 900°C_ it is smaller than the
estimated measurement vasiation 3. for both the oxale
thickness and alpha thickness. For 1300°C the
cstimated position  variations for buth the oude
thickress and alpha thickness are considerably larger
than the cstimaied measurement varation. The
explanation for this inciease with an mcrexse in
temperature is not chear.

To investipate the pusilion variation. ar cxperiment
wxs conduwted at 1FUC i which thicknes
TesuteTents were made on 2 mumber of different
pusitions  corresponding (o the Arconium  ample
onentation in the fumace. By plotuing tuciness vs
furnace position. two cold spots relaiive 1 the acmmal
temperature were dentificd 3t the bmges and opeming
of ihe fumace. Subsccoent tuckness measurcments
wete chammnated fromr these two arens m order fo
reduce the posstton vanaiion. Therefore. by analy neg
the componcnts 2Rtion o e Duckngs
mersurements. 3 defect m the expermental apparates
wr fosad amd acounted v m subsequcal
O ISWICICRLS

o!

AMERICAN WELDING SOCIETY
MEMBERSHIP SURVEY

A survey 15 being conducted 1o etier undersiand the
makeap of the Ancrican Wekling Societs memivershup
Preizmnary sesulic from an tad resporse of 210
members m the Howston avea a:¢ bamg anah /cd
Duin; June 1970 4 revped questionazee will be
drsinbaied to 300 memibkers 1n another repon. Results
from these mitial masheg will be wsed 10 mepare 2
questtonnane (or dsinbulion to the Scuels s 2X.0N0
members.

VARIATIONS IN OXIDATION RATES
DUE TO TEMPERATURE VARIATIONS

For a fived temperature T the ovde thickness § of
Zarcaloy 1 assumed o be refated (o the ime 7 of
exposure (o steam by the equation

£ =K(Tw+a. 1

The intercept a is a < astant. and the slope K(F) B 2
fumction of temperature gven by

KiN=A4c 2KRT

wivere 4. . and R are constanis and T is temperature.
The sior~ s a2 constant jor a tived temperatuic:
however. :f temperature cannot be mexsured exactly .
the slope will vary from experiment 1o expeniaxent.
The effect of temperature vanations on cstimating the
slope and mtercept in Eq. (1) 15 2 difficult problem to
swive anabocalh. An approumate solution can be
obtaned by simulating ndom lemperatures m the
ange of T ¢ 100 and then cakulaung the
correspon-ng slopes and micrcepts.

Thes was dune by geneiating nonrally disinbuled
andom  wmperatures wth mean T and siandard
destatun [0 196 tor ten &fferent umes (7,5 = 1. 2.

. 10) and :hen estimating the stope and mtercept by
he keastagquares rethod One thowand slopes and
microepts acre geneiated w thes manmer for exch of
the scren temperatures. 00_ 1000, 1100. 1200 1 500,
1400. 35d [5G0°C The results of thes sevvulation show
hat ihe cstzmated siopes do mot san mawch with
tempeistare  sanshons  bat that the otimated
micrcepts do vany toprecably | cspecalih 21 the hower
TeT T uees.

PLRMEABILITY OF HTGR GRAPHITE BLOCKS

Duning the fabrrcation of ! rods for the HTGR.
prich m the mainy of the fuel rods volatihze: nd
diffuses theough the wehbmg of the graphite block (sec
Fig. 6) wmio the coolant holes. If the permeaivhiy of
the webbng 5 (0o low. the prtch matenals canmol
escape. and thes results 2 hugn prich<oke yield for
the fuel rod. Therefore. the piichcoke yreld » relaied
10 1he pereabihity properties of the graphite hiock

To study thee permeabibity properties. air flow
measurements vieie made on | 46 holes r ten different
grapinte blocks. An analysis of this data indicaled 2
wide vanation n the permeabihiy wlues among the
blocks. Withir each block. vanavon in permeabihiy
values can be at1ibus. ! ' two factors. The donmmant
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Fig. 6. Fort St. Vrain (uel element.

factor is the position of a fuel hole in the graphite
bleck, and the second factor is the geometry of a fuel
hcle in the graphite block. The geometry cffect is the
re.ation of a fuel hole to its surrounding coolant holes
ang other fuel holes. Five Jdifferent types of geometry
are identified.

The statistical analysis of the permeability
measurements on ten graphite blucks indicated four
sources of permeabilily variation, which account for
97% of the variation of the measurements from an
overall mean. The Jjour sources: (1) block-to-block

variation, (2) geometry-type variation, (3) hole
location variation, and (4) block and type interaction
variation were all significant at the 1% level for the
¢ mbined data set of the ten biocks.

Each individual block was then analyzed to study the
cifect of the geometry type and hole location. The
geomelry-type effect was significant at thel7 level in
ali but one block. An estimate of the sum of the
geometry effect and the overall mean was made for
each type. These estimates are called adjusted
geometry-type means and represent the permeability

[RVRUF Aoy S
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response due to different geometry types without the
influence of hole location.

Hole location effects are represented by contours of
fixed values of the permeability response. These
contours indicate that the responses are slightly
elliptical but are no! centered in the middle of the
block. The values of the permeability responses
decrease in a2 nonuniform manner as the holes are
located farther from the center of the block.

EVALUATION OF CHARACTERISTICS
OF KELVAR YARN

An experimental design has been devised to evaluate
the uniformity of denier and tensile strength within
and among spools of Kelvar yam. The design calls for
four spools of yarn to be selected at random from the
lot of spools, for ten lengths to be s<lected at random
within cach spool, and for five measurement regions to
be defined within each length for a total of 200
measurements each for denier and tensile strength. The
design was constructed to give 95% power of detecting
a substantial excess of among-spool, over within-spool.

45

varizhility when testing equality of variance at the 5%
level of significan~..

In addition to the evaluation of the denier and tensile
strength varial ility, a preliminary evaivation of
chemical variability is required. The design for the
chemical znalysis was constructed as a subsample of
the primary design and utilized only four lengths per
spool and two measurement regions per length for a
total of 32 sets of chemical measurements.

This configuration wili have 95% power of detecting
among-spool variability 2.5 times as large as
within-spool variability when equality of variance is
tested at the 5% level of significance.

The spools to be sampled have been designated. a
procedure has been established for the random
selection of the lengths within the spools for the denier
and tensile strength evaluation. and the subsample has
been specified for the preliminary chemical variability
evaluation.

The implementation of the experimental design has
been scheduled, and the statistical analysis of the
subsequent data will i.llow the completion of the
study.
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A MAGNETOHYDRODYNAMICS PROBLEM

We have obtained a solution for a time-independent
magnetohydrodynamics problem posed in a torus of
rectangular cross section. Our motivation was a desire
to broaden the class of time-independent problems for
which closed-form solutions exist as well as a need to
generate initial values for computer codes to solve
time-independent problems with similar geometry. The
problem consisted of partial differential equations for
pressure and magnetic field: grad p = (curl B) X B, giv
B = 0 in cylindrical polar coordinates for (r. ¢. 2)
interior to the torus — that is.

ro —a<r<rota, 0€o<2r. -b<:=<b;

and boundary conditions:
Plro 2a.0.2)=pir.o.26)=0,
Bro u.9.2)=B.(r.0.26)=0.

A number of assumptions. motivated by the physics
of the problem. reduced the equations to a single
second-order linear partial differential equation in two
variables with homogeneous boundary conditions. This
cquation in turn separated into two second-order
ordinary differential equations similar to that for a
harmonic oscillator. One of these was immediately
solvable. and the other yielded to a finite difference
scheme. In this respect we fell somewhat short of the
goal. 1o obtain a closed-form solution. but a usable
computational solution was obtained.

CREEP POTENTIAL FOR TIME-DEPENDENT
INELASTIC DEFORMATION

In his formulation of inelastic stress-strain relations
for metals. Rice® has proposed that the inelastic strain
can be expressed from a potential function 2, the
creep potential. as

k’g; . .
-
90X,

{. Computing Appheations Deparinizaf,

2. Reactor Division, ORNL.

3. J. R, Rice, “On the Structure of Stress-Strain Relations

for Time-Dependent Plastic Deformation in Metals.” J Appl.
Mech 37,728 37 ¢1970).

where £ aud X,, are inelastic strain rate and stress
tensors 1espoitively. In the above expression, 2 is a

history'. The cxistence of the potential 2 can be
deduced from the microstructure of the metal. A
sample of material is known to be compused of
microscopic grains. randomly oriented. Inelastic detor-
mation of the solid may be determined by the inelastic
deformation of the grains. Suppose that the sample is
subject to 2 homogeneous stress state Y. The macro-
scopic strain tensor £ associated with the displacement
u is defined by requiring that X E, be the specific
work corresponding to the given surface displacement
of the sample for any siress state X7 that is.

(k0 = (s "

where FV is the volume of the small sample with surface
A and where n; is the direction cosine of the normal to
the surface. Equation (1) can be reduced to

E; =:—L %(u,u'; +nu)dA )
Independent of the given stress ¥°. Eq. (2) can be
r-garded as the volume average of the microstrains of
the grains within the sample.

From the reciprocal theorem in elasticity. the work
of load set (*) on displacement set (**) equals the
work of foad set (**) on dispiacement set (*), where
(*) and (**) denote any two solutions of the elastic
field equations. Hence.

ol Ed L Y
(Z,E; W~ S oA~ dA

(L KV - o) nAu’ dA.

Licshipy 7 "
where Au denotes the inelastic slip of the grain. Let us
take (*) as the elastic field associated with £°. so that
Au® = 0. We chcose (**) as the residual field left on
unloading. that is, £** = 0 and £** = FP. The right
side of the above ennation is zero, and we therefore
have

YRR = l a'nAu di
7y T

———
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for arbitrary elastic £ and its associated a7 Since the
plastic deformation for cach grain is due to shearing
strain, the above equation: can be r=duced to

1
It -': uhp)"?d'

b tg: e

where + and 7 are shearing stress and strain respec-
tively.
Physical considerations of dislocation suggest that

7 =¥ (1. current state) .

We obtain. tuerefore,

. 1
F(X)dy. = — y(r)d<]d¥V .
" v l-rl hp) r |
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whence the existence of € 35 be denved: that is.

%:ay
ax,

In the above equation.

1
UZ)=—

- w()dV .
I

1" ¢ddip)

w(f)i':; Mo

With the existence of creep potential. the known
results in time-independent plasticity can be consist-
ently generalized to the time-dependent case. Using
this formulation. further understanding of the plastic
deformation of .aetals can be expected.



17. Sampling Inspection, Quality Control, and Life Testing

C.K.Bayne W.E.Lever J.E.Tobias C.E.Knight.Jr.' D.R.Johnson®

ACCELERATED LIFE TEST

An accelerated life test was designed to yield an
estimate of the probability that a unit will survive to at
least 2 specified time 7 under an operating stress which
is a small fraction of the failure stress. The test will be
conducted under a series of stresses that are mu-h
greater than the operating stress but are still only a
fraction of the failure stress. The failure stress is
detined as the mean stress required to cause immediate
failure of the unit when that level of stress is applied.

A literature search indicated the Weibull distribution.

FuaS.magr=1 — expl-Ogty™} .

would be a reasonable choice for the time-to-failure
distribution when the shape parameter m is constant
over all test stresses 5 and the scale parameter Ag 15 2
function of the ratio of the test stress S to the failure
stress So. Two models proposed for Ag were

Ag = kP? {power law model) .
Ag =k exp{nP) (exponential model) .

where P = §/S,.

While few datz were available for the unit in
question. data on the time to failure were available for
a similar unit for stresses in the range of 60 to 907 of
failure stress. The time-to-failure distribution of the
similar unit is believed to be of the same type as that of
the unit in question but with at least a 107 shorter
mean time to failure.

A method proposed by Nelson® was used to estimate
the parameters m, k. and n and to test the fit for both
the power law and exponential models. For the range
of stresses in which data were available. statistical tests
indicated that both models fit the data. In addition.
both models predicted that at least 957 of the units
would last longer than the specified time T with 95%
confidence under the low operating stress. but the

1. Y-12 Development.

2 Metah and Ceramics Dwvision, ORNIL.

Y. W. B. Nelson, Statistical Methods for Accelerated life
Test Data  The Inverse Power law Model. No. 71.C-011,
General Flectnic Company  Technmical Informa .on Scrics
(197m.

exponential model produced more conservative pre-
dictions.

Utilizing the data available on the simila; units. an
accelerated life test was designed. assuming the time-
to-failure distribution is the Weibull distribution with a
constant shape parameter for all stresses less than the
failure stress and with a sale parameter of the
exponential model form. The design allocates the test
units budgeted for the study equally among five
equally spaced stress ratios.

This design does not meet a recently proposed
optimality criterion.* since thai criterion calls for only
two stress ratios, one of which would likely requirea
test period much longer than the threeyear period
proposed for this test. In addition. the proposed
oplimum test would not allow a comparison between
the two models proposed tor the scale parameter.

The test units are to be manufactured and tested
according to the specifications of the experimental
design, with subsequent statistical analysis of the data
following the completion of the test period.

LIMITS ON FUEL ROD LENGTHS

The tolerance limits of the lengths of fuel rods are /.
% O (in inches). A number, n, of these fuel rods are
stacked so that the total length is within a tolerance of
nl. 5 (in inches). It is necessary to estimatz the value
of © for a given value of & so that the total length of
the stack is within the interval nl. * §. witl, a
probability of 1 -- a. for small values of a.

We assume that the lengths of fuel rods are inde-
pendent and normally distributed with an expected
value I.. In addition. we assume that a proportion, at
least 1 - 7. of the fuel rods have lengths which fall
within the intr:nal (1. - ©, 1 + O): that is.

Pob{l. -O<L,<L+O}=1 1y i=1.2 _.n.

From this second assumption we can derive € in terms
of the standard deviation o of the process

H:UZT'«z. ‘l)

4. W. O. Mccker and W. B. Nelon, (harts for Optimum
Accelerated Life Tests for the Weithull and Fxireme Value
Distributions. No. T4CRD247. General Flecttie Company
Techmcal Information Series (1974),



wheic Z,, 3 b ike quanuie of the standardized normal
variate such that

Poblz > 2. (=72,

From the first assumption of normality . th: random
variable

n
(Z L, nl),’ov’n
=1

is also 2 normally distributed random variable with a
mean of zero and a vanance of one. Using thi: random
variable. the 1 - a conlidence interval for tne total
length is derived from

Problnl. - Z,.yov/n <TL <nl.
+Z°,10\,/n} =]  a.

This implies that the standard deviation of the process
is

a=8/(Z, . (B4

Substituting Eq. (2) into Eq. (1). we find © for known
values of y. a@.and by

O =(5Z, YUZ, . (3)

For example. we plan to stack |5 fuel rods of length 2
+ O inches. We kaow that only v (7 = 003,001,
0.001) of the fuel rods will be rejected it they have
lengths greater than 2 + © inches or less than 2 - 6
inches. We require values of € such that

n
Prob}30 - 5 <Y 1, <30+5}=1 -a.
i1

when a =0.05.0.01.and 0.001.

The © values are listed in Table 8 as a function of 6.
For example. it =0.15.y=0.001.and @ =0.01. then
©=0.3296 =0.329(0.15)= 0.0494. That is. the length

Table 8. Values of & for varinus values of o and v

>

y 0.08 0ol 0.00]
0n.ns 0h.2584 1964 01544
n.ol 03408 102882 0303
00Ny n3336 03295 0258
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of each tuel rod must be within a tolerance of £0.0494 in.
We should note that if @ = 7. then © = b V1§ =
0.2585. which is ndependent of the size ot the
contidence intervals. Under the nosmality assumption.
it we have a high degree of confidence that the lengths
of the tuel rods will be within the tolerance range of 2
0.2355 . then we have the same high degree of conii-
dence that the total kength will be within the tolerance
range 30 £ H.

AVERACT JUTGOING QUALITY FOR
MODIFIED CONTINUOUS SAMPLING PLANS

The Oak Ridge Y-12 Plant uses madified versions ot
Dudge and Torrey’s CSP-1 and CSP-3 saitipling plans in
some of their quality contro! programs. Since the ¢xact
versions were not used. the average outgoing yuality
{AOQ) and the average fraction of unifs inspected
(AFI) functions werz rot known. The forms of thess
functions are required to correctly estimate the effect
of this phase of the quality control program.

The modified version of the CSP-1 plan used by the
Y-12 Plant is as follows:

1. Qualifviig peried: Inspect 1007 of the units con-
secutively as produced until i units in succession are
tound free of the defect of interest.

2. Normal inspection period: When / units in succes-
sion are found free of the delect ol interest.
discontinue 1007 inspection and randomly inspect
only a fraction f of the units. but do not allow
uninspected sequences greater than & umits. Thatis.
if an uninspected sequence of A units occurs. the
k + 1 unit will be inspected.

. It a unit is found to have the defect ol interest
during the normal inspection period (2). revert to
the qualitying period (1).

v

The modified plan differs from the CSP-1 plan becausc
of the restriction forbidding uninspected sequences
greater than k. The Y-12 plan can be described asan/ +
k + | state Markov process. where i + | states are
inspection states and k states are umi specied states.
The transition matrix M associated with the process is
of the form

(I!, 1 ]7’, 1 Q Q

q\, 0 rh 0
M={fqly D pAg (0 D

qaly, 0 pi. 0
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where ¢ = 1 pis the probability a unit comes to the
tpection stanon with the defect ot terest. /, 1s an
wWentity matnx of rank s, 1 is 2 unit column vector of
length . and O 15 2 matrix of zens ol the appropriate
dimensions.

The matnx ¥ 5 ergouic. and the forms of the AOQ
and AFI tunciions can be tound in tenns of ¢ from the
steadyv-state probability vector associated with M. The
AOQ 1tanction is found by summing the steady-state
probabilities of the uninspected states and multiplying
this sum by the probabiiity ¢ that 3 unit has the detect
of interest.

The steadv-siate probability vecter J is found by
solving the equation § = M. Let 3 = ¢, ;_ ). where 3, =
) - -8, )are the probabilities assoxiated with
the gualitying period (D) and ; =43, . .. .3, ,Yaee
the probabilities associated with the normal inspection
period (2). Then the states associated with all of 3, and
4, 4 are the inspection states. and the remaining states
are the noninspection states. So the AOQ is of the
tormy

Kk
AOQ‘I)=‘IZ J:J -
7=l

The equations for the steady-stzte probabilities are
found 1o be

o 3 [lu _ﬁ*"](
o9yl pPtpl——vn—"ro :
s \

'Jl.izpj'sl.u' FEL -

0P Y00

Ba, =01 ¥dyo. izl k:

1

t 3
I = J|, *Z ,52_’ .
=0

=0
Then
k k
LA, thad, 1 WY
=1 7=l

P pleoa oy
T+p(1 Nt (1 ”‘l]

Thus the forms of the AOQ and Akl functions :n terms
of ¢ can be seen to be

gttt P - a - PRy
L+ptl Pl - -pF)

A0y =

AFl) =1 - AOQUy )y -

The moditied version of the CSP-3 plan used by the
Y-12 Plant is as tollows:

1.and 2. are asin CSP-1.

3. Conditionel requalifving period: It a unit is found
o have the defect of interest during the normal
inspection period. revert to 1007 inspeciion until x
units in succession are found to be clear of the
defect of interest. However. if a unit is found with
the defect of interest. revert immediately to the
quahiying period (1).

4. Conditioncl normal inspection period: 1f the next x
units are tound to be free of the defect of interest.
revert to normal inspection as in (2). but if any of
the next v units inspected have the defect of
interest, revert immediately to the qualifying period
(1.

. It the next v units inspected are free uf the defect
of interest. then revert to the normal inspection
period /1) without restriction.

A

The Y-12 version of the CSP-} plan differs fiom the
regular CSP-3 plan in wwo ways: (1) the restriction
forbids uninspected sequences greater than k., as in the
Y-12 version of CSP-1:(2) the conditional requalitying
period has been altered to allow the x units to be
inspected sequentially. with a decision to be made after
cach inspection. The CSP-3 plan calls for the x units to
be inspected as a batch. and a decision is made only
after ali x units have been inspected. regardless of the
results of the individual inspections.

The Y-12 sampling plan can be describedasani + &k +
v+ vk + 1)+ 1 state Markov process withi + x + v +
I inspection states and A(y + 1) states in which units
are not inspected for the defect of interest. The
transition matrix M associated with the process is of
the following form:

L:‘M-:n [P S SO
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The raatrix 3 is again ergodic. so forms of the AOQ
and AFl functions can again be tound n terms of ¢
from the steady-state probability vector 8. where g =
. -
Let E = ‘9!- ": g,\- [ LS P N 8 where =
By g — - By ) is associated with the qualifying
period (1), _d: AP e - - By 1) 18 Bsexiated with the
normal mspection period (2). gy =43, ... -3y, )is

associated with the conditional requalitving period (3).

and the 5_1_‘,, FBy.00- - By where 1=1 v,
are assiciated with the v piiases of the conditional
normal inspection period (4).

The states assaciated with all 3y . 3y 32 n.and 3 ;.
where /=1, . v.are the inspection states. and the
reinaining states are the noninspection states. So the
AOQ is of the form

.‘.

)
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The equations for the steady-state probabilities are
found to be
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By summing the noninspection probahilitics we find
that

l\()m Y] )
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18. Uranium Resource Evaluation Rescarch
V. E.Kane

URANIUM RESOURCE EVALUATION PROGRAM

The Umon Carbide Uranum Resource Evaluation
(URE) Program is part of an ERDA national study 10
evaluate the uranium potential of the United States.
For the Union Carbide study . approximately 130.000
stream sediment. stream water.  groundwater. and
botanical samples from a 12-state regica in ihe central
United States are collected. The statistical support for
this program encompasses the entire etfori: field data
collkection. laboratory method studies. and the data
intezpreiation necessary tor the formulation of regional
geovhemical models.

The basic URE sampling design oomsists ol pilot
survey studies. sampling widespaced regions (100 sq
miles). and selected sampling ol closespaced regions
(10 sq miles). The data interpretation must address two
main questions in the justification of the sampling
design. First, is the sequential sampling approach an
ettective design for the identification of anumalous
urapium  regions? Second. is the measurement of
clements. in addition  to uranium. beneficial? The
traditional approach is uniform. close-spaced {4 1o 654
miles) sampling with only the measurement of uranium
concentrations.

The above two problems are interrelated in that the
multivaniate data, opposed to the univariate uranium
data. should aid in the formulation of a more precise
geochemical model. The data. x,, fori=1. ...V and
for j = 1. .. p. for the wide-spaced sampling consist of
.V samples with p measurements per sample. The basic
problem is to identify sampling locations that are
similar in uranium-rclated measurements. The relation-
ship among groups cof elements can be assessed by
simple. partial. multiple. and caronical correlations as
well as by R-mode factor analysis. The final geo-
chemical model would combine the derived station
assugiations with the geologic formations. A result of
this type of analysis appears in Fig. 7. where the
station associations were obtained from a cluster
analysis. In the figure. stations whose locations are
plotied with the same symbol have similar mulii-
clement concentrations. The shaded arcas represent
those that are thought 10 he geologically similar. Other
association methods inciude Q-made factor analysis,
pattern  recognition  technigues. multidimensional
scaling. and discriminant apalysis. Similar techniques
are used to interpret the combined wide- and close-
spaced samples. In the analysas of all the element
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concentrations. the presence of censored data. which
anses when the conceatration is known only to be
below the kboratory detection himit, presents a
problem.

Statistical analysis s also used in the evaluation of
tield provedures such as total and M-alkalinity compari-
sons as well as in laboratory studies. Laburatory
problenss include the design of water sampie stability
studiss to Jetermine whether element concentrations
are altercd by storage. Experimenial design techniques
were used to compare water sample treatment methods
and to compare different uranium measurement
methods.

B NS S R ) - VY

oA 4 .

Fig. 7. Cluster analysis of well water in Karnes and Wilon
Counties, Texas.
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Part C. Educational Activities

The Mathematics and Statistics Research Department participates in numerous ¢ducational activiites noth
academic and professional. This vear the department has been hosi 1o 2 sequence of distinguished reszar hers in
mathematrcs and statistivcs who have made short visits 1o Oak Ridge. In add:tion the department has been a
cosponsor. with the mathematics department of the University of Tennessee. of a continuing series ol colloguia.
Members of the depariment have organized seminars at Oak Ridge and have both organized and spoken at sympuosia
and colloquia at Oak Ridpe. at Los Alamos. at the University of Tennessee. and at other colleges and universitics
through the Oak Ridge Associated Universities (ORAL') Traveling Lecture Program. Department members have also
served as part-lime university lecturers. thesis advisors for doctoral candidates. and supervisors for st:dents in the
ORAU Summer Student Program and other similar programs. Several department members mainfain a continwny
relationship with the University of Tennessee Oak Ridge Graduate Schouol of Biomedical Sciences. Finally. the
department hosts academicians on sabbatical leave.

FIRST ERDA STATISTICAL SYMPOSIUM

The First ERDA Statistical Symposium. organized by Dunald A. Gardiner of the Mathematics and Statistics
Research Department. Ronald K. Lohrding of the Los Alamos Scientific Laboratory. and Wesley L. Nicholson of
Pa-ific Northwest Laboratories. was held at Lus Alamos on Nov. 3 5, 1975, The symposium was attended by 9™
st-.tisticians and other scientists representing ERDA. NRC. and 10 ERDA laboratories. ¢ universities. and 11 other
contractors.

The purpose of the sympusium was to bring together those statisticians who comprise the ERDA statistical
community so that they might meet one another. present results of their research. and discuss their problems. An
important feature of the program was the description of several unsolved. real-life problems which were lai2r
discussed at length in sessions planned for that purpose. The proceedings of the symposium. including the
Ciscussions, were published in March 1976

Four papers were presented by the staff’ of ihe Mathematics and Statistics Research Depariment. Charles K.
Bayne spoke on “Design Problems for the HIGCR™": K. O. Bowman described **Studies on the Distribution of s /b .
b: in Normal and Nonnormal Sampling™™. Forest L. Miller. Jr.. presented “*Diclectric Breakdown in Liquid Helium™:
and V. R. R. Uppuluri spoke on “"Random Matrices and Random Ditterence Equations.” John J. Beauchamp. D. A.
Gardiner. David G. Gosslee, and W. E. Lever of the Mathematics and Statistics Research Department { MSRD ) served
as moderators.

The Second ERDA Statistical Symposium will be held at Oak Ridge National Laboratory on Oct. 25 -27_1976.

DEPARTMENTAL SEMINAR SERIES

C. K. Bayne. J. J. Beauchamp. D. G. Gosslee. V. E. Kane. and D. S. Robson organized a weekly seminar on
pattern recognition. There were two participants from outside the department. A review of the literature on the
riathematical and statistical aspects of pattern recognition was conducted with each participant preparing and
making one or more presentations. This seminar began in January 1976 and ran through May 1976.

1. Proc. First ERDA Star. Symp.. BNWL-1986 (March 1976).
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L3 Geay and Fo L Mller. Ji. organized 3 weekly seninac on stochastic provesses. The matertal studied came
trom -4 Fone Cowre i Mochastte Procosa . by SO Kadin and B M. Tastor. Patiaipants were mamly from our own
Jdepartment but also included one from the Reactor Division and one from the eaviieanental Sciences Division of
ORML. The senunar also beyan in Januany and ran through May

Fugene L. Wachspress. dunng 2 epe-week visit frem Knolls Atomue Power Labutatony, gave a four-session
seminas based on his book 4 Ruromad Foure Flement Baso. Ths semmas ook place the first week of Apnl 1976,

R. C. Ward presented a five-session senmnar titled “Solving Least Squares Proble.as.” The seminar was based on a
numertcal analysis appraach to the problem. Computanonat errors and stable algorithms were the prancipal topics
Jicussed. Numencal examples were presented to illusirate specitic points. This seminar stasted June 131976, and
met tor tive weeks.

The department also sponsaored 3 number of presentations given by both department members and visitors.
These speakers” names and the topics of their talks are listed at the end oi ths section.

SPEAKER PROGRAMS JOINTLY SPONSORED WITH THE UNIVERSITY
OF TENNESSEE M \THEMATICS DEPARTMENT

V. R. R. Uppuluri of MSRD and Larry Husch of the Mathematics Depariment at the University of Tennessee
arranged 2 joint colloguium program during the 1973 76 acaderic year. The colloguium schedule was coordinated
with the department’s program of sisiting mathematicians and statisticians so that each visitor was a colloquium
speaker. The Est of speakers and the topics of their talks appear at the end ot this section.

R. C. Ward of MSRD. with A. Berman and R. J. Plemmons of the Computer Sciences Department of the
University of Tennessee. coordinated a weekly series of talks on numerical linear algebra during the winter and
spring of this vear. The speakers” names and the topics ot their talks are listed at the end of this section.

VISITING UNIVERSITY FACULTY

A. Berman ol the Mathe:natics Department of the Technion in Haifa, Israel. after having been a visiting assoviaie
professor . the departments of mathematics and computer sciences ai ihe University of Tennessee. is spending the
sumrier with the department. e is working with R. C. Ward on matrix theory problems.

S. F. Ebey of the Mathematics Department of the University of the Soutn. Sewanee, Tennessee. has been a gues'
ot the department while on sabbatical teave during the 1975 76 academic year. During the fall he worked with D.
G. Guosslee on several consulting assignments from the ORNL Biology Division. and also with V. R. R. Uppuluri on a
proiect with Loren Fuller of the ORNL Chemistry Division. Since January. Dr. Ebey has served as director of the
Southern Colleg2 University Union (SCUU) Oak Ridge Science Semester. a training program for undergraduate
science and mathematics students from participating schools_ In this capacity he organized and supervised a seminar
series for SCUL students and also taught an evening course on “Scientific Inference and Statistical Methods.”

J. W Heidet ol the Mathematics Department of the University of Tennessee. Knoxville. spent a sabbatical year in
the department from July 1974 until September 1975, He wexzked mainly with researchers from the ORNL Biology
Division.

D. S. Robson ot the Biometrics Unit of Corneli University. Ithaca. New York. spent a six-month sabbatical leave
with the department. from Januzry through June. as a statistical consultant to the ORNL Biology Division.

C. P. Quesenberry of the Statistics Department of North Carolina State University, Raleigh. spent the month of
June 1976 visiting the depariment. He worked with F. L. Miller. Jr.. on goodness-of-fit problems.

SUPERVISION OF STUDENTS

Max D. Morris. a Ph.D. candidate in statistics at Virginia Polytechnic Institute and State University. worked on
factorial designs tor the detection of model inadequacies under the direction of T. J. Mitchell and C. K. Bayne. This
work is discussed in detail in Part A of tais report and will not be summarized here.

ORAU SUMMER STUDENT RESEARCH TRAINEES

Keaven Anderson, lowa State University. Ames. worked with V. R. R. Uppuluri on computing moments and
distributions of waiting times for quota fulfillment sampling. Populations with k classes of objects, n, objects in the
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ah dass. 1 = 1.0 (K, were mvestigated. and 2 “quott.” J,. was assigned to each dass. Quotd were aifled by
sanphing from the entire populaten one obyect at 2 tiune. The random sanable of interest was the number Gf cheens
sampled from the entire pupulation the first timie 3ll class quotas were titled.

Chrs Waguespack. Nicholls State University . Thabodaux. Loussiana wreete o Monte Carlo program 1o
approximate the disinbuntons. An algorithm which reduced the ainount of computation necessary for compating the
distributicns was developed.

Tables of distributions and moments were made for the speciai cose mwhich w, = and Jd, = dr = 1.2
k. R. R. Coveyou helped to derive a formula tor the mean waimg ame in this speciai case.

Keaven Anderson also worked with F. L. Miller. Jr. consultin: wiih the Heslth Physics Division on findiny
confidence intervals tor thy lfference of two independznt. weighted Porsson random vanables. A method 1o
finding intervals without approximating the Poisson distnbation was vutlined. This method involved tfinding the
shortest acceptance regon for any given pair of Poisson parameters.

Carul Horowitz. Carleton College. Northiield. Minnesota. worked with F. L. Miller_ Jr.. on siatistics for testing
uniformity in the unit interval. Computer programs were written and used to evaluate the pertormance of eight
ditferent test statistics with 21 alternative distributions. Power tests were performed with sample sizes ranging trom
210 50.

Chris Waguespack. Nicholls State University. and Beth Wilkinson, Georzia Institute of Technolopy. Atlanta.
working with R. C. Ward. developed two computer programs to test algorthms for solving the algebraic eigenvatue
problem Ax = Axv. One program was siesigned (o test algorithms tor -1 real and symmetric. and the other program was
designed to test algorithms for A real and unsymmetnc. In additior 1o generating test cases of differing degrees of
numerical difficulty. the programs were designed to help evaluate algorithms by printing the results of variows
accuracy tesis performed on the computed eigenvalues and eigenveciors.

SCUU-OAK RIDGE SCIENCE SEMESTER STUDENT PARTICIPANT

Helen Mary MuClellan. University of 1he South. Sewanee. Tenaessee. worked with R. C. Ward on 2 method for
determining experimental designs which are optimal with respect to computational precision. The optimainty
criterion minimisz. d was the condition pumber of the least squares matrix determined by the design points and the
mathematical model. A computer program was written to implement a Newton-tvpe iterative schemie to converge to
the set of optimal design poiats in a specitied region. This work is dzscribed in more detail in Part A of this report.

ORAU TRAVELING LECTURERS

Three departirent member: parlicipalcd in the ORAU Trave'ing Lecture Program this last yvear. They were D. G.
Gusslee. V. R. %. Uppuluri. and 2. C. Ward. The tities of their talks and the focations where the lectures were given
are listed at the end of this section.

S-CONTRACT PROGRAM

Professor S. A. Patil. Mathematics Department. Tennessze Technelogical University . Cookeville. waorked with the
department under an S contract with the Oak Ridge Associated Universities. In association with V. R. R. Uppuluri
and Paul Rubel of ORNL. he is working in the area of Nuclear Safety. A report on inferences about rare events was
prepared.

CONSULTANTS

. M. Anselone. Oregon State University.

.. H. Lee. Stanford University.

. P. Quesenberry . North Carolina State University.
. R. Shenton. Universiiy of Georgia.

. Sobel, University of California. Santa Barbara.

. L. Solomon, Cornell University.
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A. Solomon. University of the Negev. “Numerical Approaches to Solution of the Plateau Problem.” Aug. 29, 1975.

R. S. Varga. Kent State University. “lierative Methods for Solving Multi-Dimensional Finite Element Problems.”
Aug. 6. 1975,
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Total

Ward R. C.
Wison. D. G.

Beawchamp. ). ).
Uppuluri. V. R. R.

Bowman. K. O.
Chang. S. 3.
Rust.B.W.*

Gandimer. D A.
Miler F_ L Sr.
Mitchell T_§.
Robson.D. S.

Lever W_F.

Bayme. C. K.
Coveyou. R R.

*Computing Appiications Department.



http://pvnudk.il

Part E. Professional Activities

Mcmbers of the Mathematics and Statistics Research Departnwent participate m the activities of several
protessional and academic institutions. Some ol their contcibutions ate vinlined below.

C.K. Bayne
Member:

J. J. Beauchamp
Instructor:

Representative:
Moderator:

K. O. Bowman
Panehist:

S.3. Chang

Visiting Assoviate Professor:

D. A. Gardiner
President-Elect:

Professor:
Chavuman:

Member:

D. G. Gusskee
Lecturer:

Member:
Moderator:

1.). Gray
Mcmber:

W_E. Lever
Mcmber:

Techutometries Prize Commitiee

Division of Mathematics and Saence. Roane State Cemmunity College
ORNL In-House Traning Program
Research Paper Session. First ERDA Statistical Symposium

Women in Science Program. National Scrence Foundation
Departirent of Matenials Engitcening. University of lowa

Oak Ridge Chapter of Sigma Xi

Department of Mathematics. Umversity of Tenncssee

Commitice on Membership. Dues. and Publications. Amerncan Statistical
Assaxiation

Board of Ditectors of the Amencan Statistival Associabon

Executive Commitice of Section on Physical and Engineenng Saences.
Amencan Statistical Association

Commaittee on Statistis of the Southern Regronal Fducational Board

Mathematics and Statistics Committee. University of Tennessee

International Editonial Boatd, Communicarions in Statistics

Editor:al  Advisses  Board. Jowmal o Statitwal  Computaten and
Simudation

Oak Ridge Graluate School of Bomedical Scxences. University  of
Tennessee

Finance Commuttee for the 1976 Internanional Biometrics Conference
Rescarch Paper Session. First ERDA Stanstical Symposium

ORNL Ph.D. Recruitment Program

Teclmometnes Prize Commitiec
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F. L. Mddiec. Jo.
Lecturer:

V. R.R. Uppulun
Chatrman:

Levturer:

R.C.Waed
Lecturer:

D. G. Wilson
Levturer:

Traveling Lecture Program. Oak Ridge Assaciated Universities

Mathzematics Section. Tennessee Academy ol Sciences

Traveling Lecture Program. Oak Ridge Associated Universities

Irstitute of Mathematical Statistics and the American  Statistical
Assoviation

Oak Ridge Gradumate School of Biomedical Sciences. University of
Tennessee

Traveling Lecture Program. Oak Ridge Associated Universities

Department of Mathermatics. University of Tennessee




