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PREFACE

The proposal documented in this report was submitted to the U.S. Department
of Energy (DOE) in September 1985. It was reviewed by a panel of fusion expcrts
who were generally favorably disposed toward the proposal. The panel observed
that the arguments in the proposal did not prove that the device would operate as
suggested; it was, of course, the object of the experimental program to address that
issue.

Although DOE was apparently also favorably disposed toward the proposed ex-
periment, a limited fusion budget precluded the possibility of proceeding in the near
term. For this reason, the proposal is issued here as a technical memorandum, so
that the information collected will be available should a later, more favorable fund-
ing climate allow reopening of the issues raised in the EBS program plan. Some of
this material was published in the ELMO Bumpy Square Status Report (ORNL/TM-
9110) in October 1984 and is included here only for purposes of completeness. Other

sections provide an abundance of new material not available elsewhere.

R. A. Dory

February 1986

il
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ABSTRACT

The ELMO Bumpy Square (EBS) concept consists of four straight magnetic
mirror arrays linked by four high-field corner coils. Extensive calculations show
that this configuration offers major improvements over the ELMO Bumpy Torus
(EBT) in particle confinement, heating, transport, ring production, and stability.
The components of the EBT device at Oak Ridge National Laboratory can be re-
configured into a square arrangement having straight sides composed of EBT coils,
with new microwave cavities and high-field corners designed and built for this ap-
plication. The elimination of neoclassical convection, identified as the dominant
mechanism for the limited confinement in EBT, will give the EBS device substan-
tially impfoved confinement and the flexibility to explore the concepts that produce
this improvement.

The primary goals of the EBS program are twofold: first, to improve the physics
of confinement in toroidal systems by developing the concepts of plasma stabilization
using the effects of energetic electrons and confinement optimization using magnetic
field shaping and electrostatic potential control to limit particle drift, and second,
to develop bumpy toroid devices as attractive candidates for fusion reactors.

This report presents a brief review of the physics analyses that support the EBS
concept, discussions of the design and expected performance of the EBS device, a
description of the EBS experimental program, and a review of the reactor potential

of bumpy toroid configurations. Detailed information is presented in the appendices.



1. INTRODUCTION

1.1 BACKGROUND
The ELMO Bumpy Torus (EBT) concept was developed in the 1970s to test

the idea of stabilizing a multiple-mirror plasma through the use of electron rings,
while eliminating end losses by closing the device into a toroid. It was expected to
overcome both the end losses of a simple mirror system and the instability inherent
in a simple bumpy torus.

The EBT device at Oak Ridge National Laboratory (ORNL) demonstrated
the existence of a quiescent mode of operation in which the plasma was stabilized
by hot electron rings and the confinement was better than that in single mirrors
of comparable size. Although these design goals were successfully achieved, the
confinement properties of the EBT device remained limited by major radial losses
of particles and energy.

During the last few years, improved diagnostics permitted better measurements
of plasma parameters on EBT, and detailed theoretical calculations helped to iden-
tify and quantify ihe important heating and transport mechanisms. The underlying
physics that limited the performance characteristics was attributed to poor parti-
cle confinement, caused by toroidal effects inherent in the circular torus. These
effects caused substantial direct particle losses, convective losses (because of asym-
metric equipotential surfaces), an inefficient geometry for electron cyclotron heating
(ECH), and less than optimal ring formation.

The ELMO Bumpy Square (EBS) configuration, developed at ORNL by L. W.
Owen in 1982, is one of several concepts (including the Andreoletti torus, the twisted
racetrack, and the snakey torus) proposed to solve the problems of the EBT. As
discussed at the U.S.-Japan Workshop on Advanced Bumpy Torus Concepts in July
1983, common features of these devices include improved particle confinement or
improved centering of drift orbits, reduced neoclassical step size, reduced loss cone
or direct particle loss, and increased confinement efficiency. Detailed studies of
these concepts show that the reconfiguration of the EBT device from a torus into
a square, with stronger magnetic fields at the corners, is feasible and is the logical
direction for further investigation. This judgment was confirmed in the report of
the Magnetic Fusion Advisory Committee Subpanel IX, which stated:

Among the configurations which offer the improvements described above,
the EBS has emerged as the one that can be developed most rapidly and
with the smallest budget. ... Based on contributions of the EBT program to
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fusion development as a whole, as well as the reactor development potential,
the Pancl recommends that the program be carried out even in constrained
budget case. ...

The selection of the EBS concept for experimental testing was based on three
factors:

e its ability to address and resolve critical issues in a cost-effective manner,
¢ its potential contributions to the physics and technology of fusion as a whole,
and

e its intrinsic desirability as a reactor configuration.

The plan presented in this report was developed by ORNL staff members in
collaboration with scientists and engineers from the universities, industrial groups,
and laboratories listed in Table 1.

Table 1. Organizations collaborating on EBS oroposal

Oak Ridge National Laboratory Rensselaer Pulytechnic University
Auburn University Science Applications International Corp.
Applied Microwave Plasma Concepts, Inc. TRW, Inc.
JAYCOR Corp. University of Texas
McDonnell Douglas Astronautics Co. University of Wisconsin

New York University

The reconfiguration of the EBT device into an EBS is summarized in Sect. 1.2.
The physics advantages of the EBS configuration are briefly discussed in Sect. 1.3,
and Sect. 1.4 describes the projected performance. The reactor aspects of bumpy
toroids are addressed in Sect. 1.5, and the contributions of the EBT program to
the development of fusion are summarized in Sect. 1.6. Section 1.7 describes the
organization of the remainder of the report.

1.2 CONFIGURATION

A conceptual design has been completed for EBS, involving removal of the EBT
device and reconfiguration of its components. Plan views of the existing EBT device
and of the EBS experiment are shown in Fig. 1.
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Fig. 1. Top view of the EBT configuration (Jeft) and the EBS reference configu-
ration (right). The diagram shows how the existing EBT mirror coils will be used in the sides of
EBS, which will require new corner coils and microwave cavities. There will be 14 standard cavities
and 6 instrumented cavities for diagnostics.

The straight sides of EBS are: composed of EBT coils, four on each side, installed
between new microwave cavities. The straight sections are connected -by high-field
corners, which will be designed and built for EBS.

The engineering analysis presented in this report is based on corners consisting
of half-width EBT coils, constructed using the design and engineering drawings
developed for the original EBT coils to generate a field with negligible field ripple.
This approach minimizes engineering cost and construction time, but it entails
substantial operating costs for electricity. As described in the appendices, two
alternatives that would reduce operating costs have been studied. The first calls
for more copper in the corner coils, and the second calls for superconducting wire
(already on hand) and requires dewar fabrication and refrigeration. A final decision
will be made followinyg more detailed analysis.

The EBS device his been planned to make maximum use of the facilities de-
veloped to support the EBT experiment. As shown in Fig. 2, EBS will be placed
in the lead-walled enclasure formerly occupied by EBT. A new substructure will
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be installed following removal of the EBT device, and a new microwave duct and
vacuum manifold will be provided. Becausc cach set of eight corner coils will be
powered by a 3-MW generator, an additional 12 MW of power will be required.

The power distribution and cooling water systems will be modified to meet this
requirement.
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1N

LEAD
ENCLOSURE

INSTRUMENTED
r- oq = , Y
CORNER P e CAVIT

colL TR < 1 1
ASSEMBLY AN RING
R ! @ SRR ) MICROWAVE |
i DISTRIBUTION [
: ! MANIFOLD
3 r

v 9;
%! 0!

MIRROR COIL g 5 2

XK
02"

a%e%

e,

2

o'

X

XN
0%’

e,
%%

0,

22

e,

!

e

(2

e
0
it

”
e,
bats
e

o

o,
&

v
o,

055
o,

5

&

s
4%
2203

28 GHz GYROTR
INTERFACE

TOROQIDAL
PLASMA

67070 6 0 4706 0 6 0 0 0 0.0.0.0.0,0, v, o ."'.-.’...-.v‘."...‘i
7202000 0.020,0,0,95%,95 %% 0 e % 0 0 0 s, 1a%6%0%0%a% % Pata o be"

Fig. 2. Plan view of an EBS device within the lead-walled biological shield
enclosure originally used for EBT.

Instrumentation and control (I&C) systems and the microwave network used for
EBT can be adapted to EBS with minimal changes. Diagnostics, data acquisition
systems, and computer systems will also be removed from EBT and reinstalled on
EBS.

The capital investment involved in the reconfiguration of EBT into EBS is.
minimal. The estimated construction cost is $4 million (as of September 1985).

No critical elements, in terms of new or ongoing component research and devel-
opment, are required for the EBS device. Design, fabrication, and assembly can be
carried out using available technology.
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1.3 PHYSICS CONSIDERATIONS

The results presented in this report show that the EBS configuration offers
distinct advantages over EBT in particle coniinement, heating, transport, ring pro-
duction, and stability. These results may be summarized as follows.

1. The drift orbits for all classes of particles (trapped, passing, and transitional)
are better centered in EBS than in EBT, as shown in Fig. 3.
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Fig. 3. Drift orbits (dashed lines) and f dl/B contours (solid
lines? in the reference midplane of EBT (top) and EBS (bottom).
Deeply trapped (v /v = 0), extreme passing (v;/v = 1), and transitional
particles near the boundary between the trapped and passing zones {most
poorly confined drift orbit) are shown. Transitional particle orbits were

absent from EBT (i.e., the worst orbit did not close within the volume) but
are reasonably well contained in EBS.

-
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2. The orbits of deeply trapped particles (v /v -~ 0) and the core pressure
surfaces (§ dl/B contours) almost coincide in EBS and are centered on the minor
axis (sce Fig. 3). Because there is little radial shift in major radius, the hot clectron
rings will be well centered (i.e., they will form in nearly axisymmetric fields) and
will experience less of the radial broadening that occurred in EBT. This should
make it easier to form an average magnetic well and thus to provide strong MHD
stabilization at higher pressures and pressure gradients.

3. The velocily-space loss region for transitional particles (those near the bound-
ary Detween the trapped and passing zones) at high energy is greatly reduced, which
produces improved volume utilization, as shown in Fig. 4. This also provides an
increased radius of confined plasma, a significant reduction in direct particle losses,
more nearly symmetric potential surfaces, and increased microwave heating effi-
ciency. For an isotropic distribution, more than 95% of the particles are confined
(vs ~50% in EBT).

4. The combination of nearly concentric particle orbits and small radial displace-
ments in the high-field corners reduces the neoclassical diffusive losses by an order
of magnitude, as shown in Fig. 5. Monte Carlo calculations show that symmetric
potential surfaces decrease convective losses to an order of magnitude below those
obtained with the asymmetric potential surfaces of EBT, as shown in Fig. 6. The
theory supporting these conclusions is presented in Appendix 10, which provides a
kinetic theory of the formation of the potential by the action of the warm electron
tail population. This theory predicts both the 30% asymmetry of the equipotentials
in EBT and a reduction by a factor of 100 in the asymmetry for EBS.

5. The neoclassical confinement time 7 improves with the global mirror ratio
Mg, which is the ratio between the field in the corners Bcorner 2nd the field in
the straight sides or midplane Bmniq, as 7 ~ Mé This relationship is shown in
Fig. 7. The ability to change Bcorner and Bpiq provides a valuable means of testing
neoclassical confinement over a wide range of conditions in a single device.

6. Because of the high Bcorner 2and the relatively weak curvature there (about
half of the curvature in the straight sides), the core beta limit is largely determined
by the ring-core interaction |i.e., the Lee-Van Dam-Nelson (LVDN) limit| in the
straight sections, not by ba.llodning modes in the corners (provided Mg 2 4), as
shown in Fig. 8. The narrower ring (resulting from the reduced broadening) will
lower the beta for LVDN modes, putting the threshold (100-keV rings) at Bwarm ~
1-2%, which is energetically possible in EBS. In future devices, rings at about

400 keV would be required to raise Bwarm to the ~10% range, or, alternatively,
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Fig. 4. Volumetric efficiency curves for EBT and
EBS as a function of pitch angle at the limiting flux line
in the midplane. These show containment of more than 95%
of the particle in EBS, compared with ~ 50% in EBT. (That
is, the direct loss fraction is less than 5% in EBS and ~ 50%
in EBT for vacuum fields.)
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Fig. 6. Particle transport coeflicient D,as a function of colli-
sionality v/flofor EBT and EBS. Similar curves are obtained for Dr,
K, , and Kt with the same ratio of improvement in EBS over that in EBT.
[Note that r(EBS)/7(EBT) ~ D(EBT)/D(EBS) ~ 5-15.]

multiple-frequency heating could be applied to raise the ring width and the LVDN
beta value.

7. Heating efficiency is much improved in EBS because the heating zone is well
separated from the transitional particle zone. Losses of ECH power are a factor of §
to 10 lower than in EBT, in which the heating effect was mainly concentrated near
the transition boundary between trapped and passing particles, where drifts were
most severe. The difference is shown in Fig. 9.

8. The EBS concept is a step toward a reactor design in the regime leading to
attractive fusion reactors, as described in a recent study (ORNL/TM-9311).2 The
improvement in transport resulting from orbit control leads to an overall size that
is a factor of 2 to 3 smaller than that of earlier EBT designs, as shown in Fig. 10.
Moreover, a recent assessment® of all the candidates for fusion reactors has shown
that the EBS shares with tokamaks, stellarators, tandem mirrors, reversed-field
pinches, etc., the property of adequate confinement to produce energy at a cost
comparable to that of fission energy.
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Fig. 6. Potential surfaces (left) and Monte Carlo results 1Srighi:) for (top)

symmetric potentials and (bottom) asymmetric potentials. For symmetric po-
tentials, only diffusive processes are .present; for asymmetric potentials, strong E x B
drift (convection) is evident. For similar plasma parameters, diffusion lifetimes improve
by an order of magnitude. S
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1.4 PERFORMANCE PROJECTIONS

The performance of the EBS configuration is predicted to be a substantial im-
provement over that of the EBT device, as shown by the comparison of performance

parameters in Table 2.

Table 2. EBT and projected EBS performance data

Parameter EBT EBS
Density, cm~3 1012 1018
Power to thermal plasma, % 20 55

Flectron temperature, eV 80 in bulk population, 1000

400 in warm population

Ion temperature, eV 50 500

TE(gross), ms <0.25 5-30

Bring/Bwell <1 >2

Bplasma, % 0.1 1-2, phase 1
4-8, phase 2

The amount of power delivered to the confined plasma in EBS should be three
to five times higher than that in EBT, using the same sources; additional ECH
sources are available at ORNL. The EBS plasma density should not be limited by
power availability and may therefore approach the microwave cutoff density. The
plasma electrons should reach a temperature near 1 keV, with the plasma ions at
about half that (allowing for charge-exchange losses) until additional ion heating
is applied. Energy confinement times will be in the tens of milliseconds, and beta
values will be about 1-2%.

In a second experimental phase, EBS would be operated with the field in the
cavities (Bring) reduced to about half the nominal 7 kG in order to achieve higher
beta values for testing stability. The field in the corners (Bcorner) Would be held
at full value, 22--25 kG, so that the 28-GHz microwaves would continue to heat the
bulk plasma, while 18-GHz power would be used to form the rings using second
harmonic heating. In this phase, beta values are predicted to be about 4-8%.

Much of the improvement in performance results from the substantial reduc-
tion in EBS of parasitic losses of energy, as shown by the power flow diagram in
Fig. 11. The reduced losses arise from several factors, which are discussed in detail

in Chap. 2. A brief summary of these factors follows.
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Fig. 11. Schematic power flow diagram for EBS and EBT. Parasitic
side losses are substantially reduced in EBS. The numbers are percentages of the
microwave source output power; EBT data are enclosed in circles and EBS data in
squares. )

e Irroroved heating efficiency leads to a strong reduction in direct losses.

¢ A reduction in orbit shifts leads to reduced asymmetry in the ambipolar poten-
tial, which in turn leads to a large reduction in convection losses.

e Improved orbit centering reduces the heat conduction coefficients for ions and
electrons.

e Operation at higher density reduces the proportion of losses from charge ex-

change.

These factors have been considered self-consistently using the WHIST toroidal
transport code with benchmark tests using EBT data. The WHIST runs incorporate
radially resolved analysis of ion and electron ‘thermal and particle transport from
neoclassical processes, inéluding self-consistently calculated ambipolar potential,
and analysis of neutral ;;article %as feesds, ionization rates, and charge-exchange
losses. i

The resulting performance curves e:,re shown in Figs. 12 and 13. Figure 12 shows
contours in the plane of average density vs average temperature for the regions
accessible with varied amounts of microwave power absorbed in the plasma (Paps).

Figure 13 shows the resulting beta values obtained with full-field operation.
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1.5 REACTOR ASPECTS OF BUMPY TOROIDS
A recent study by Sheffield et al.? has determined the general properties of

fusion reactors that could be economically competitive with fission reactors under
circumstances conjectured for the next century. This study shows that supercon-
ducting systems with an aspect ratio less than 15 and with a ratio of magnetic field
in the plasma to maximum field in the coils of about 0.5 must have the following

characteristics to represent attractive reactor candidates:

e beta values of about 10%,
e thermal transport less than 0.3 m2?.s~!, and

e recirculating power less than 15%.

Two additional characteristics greatly ease the design, operation, and maintenance

of a practical fusion plant:

e simple coil and blanket geometry and

e steady-state operation.

The bumpy toroid concept, as represented by the bumpy square and several variants,
has the potential to fulfill all of these criteria, and it has the simplest geometry of
any steady-state confinement system.

At present, the most critical issues to be addressed in reactor studies are opti-
mization of ring heating, to reduce the sustaining power needed in the new improved
confinement geometries, and further reduction of the (effective) toroidal aspect ra-
tio of the device. In the last three years, improvements in field design have led
to reduction of this parameter from 60 to 30 to <15, which is at the edge of the
attractive reactor regime for this configuration.

The generic reactor studies at ORNL? have identified. the scale of reactors with
superconducting coils that should be competitive with alternative power sources
in the future. A simple model can be used to obtain scaling formulae for the key
engineering and technology parameters (R/a, b/a, aw/@, pwn, Pr) of these attractive
devices. A rearrangement of the criteria for a self-sustaining D-T plasma then
permits us to relate the required (#) and x to these enginéering and technology
parameters and obtain ‘

380(R/a)!/4(aw /a)%/* (pun)®/*

>
B2 - (b/a)1/8 BZPA*

(%), (1)
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9.3 % 10 2(b/a)2/# P, )
Xg S % (/‘),‘__l J m?.s !, (2)
(R/a)®/4(aw/a)/i(pun)!/*

[y

where R/a is the aspect ratio, b/a is the ellipticity, aw is the wall radius (= a +
0.2 m), pwn is the neutron flux to the first wall (in megawatts per square meter),
Pr is the fusion power (in megawatts), and f, is the fraction of alpha power lost
by thermal diffusion. .

In the simple model, which approximates well the more detailed calculation
of the generic reactor model, we consider a reactor with electric power output
P. = 1200 MW(e), a gross thermal power P, = 3750 MW (t), and Pr = 3378 MW(t).
The reactor is a simple torus with an average radjal build from the plasma to the
outside of the coils of t = 2 m. The average mass density is p ~ 5600 kg-m~3. The
reactor material volume is given by

M, ~ 27°R[(a + b)t + t%]p (kg) - (3)

The unit cost is taken to be 100 $/kg (direct and indirect), and the fusion island cost
for an attractive reactor is $1000 million (in 1984 dollars). With these assumptions,
we use Eq: (3) to find the minor radius,

20 12 1/2 t
a )2

= \Rransoae T aas o) " 2utbia ™) (4)

Thus, we may calculate a, R, aw, and py, as functions of R/a and b/a. For the

bumpy torus,
. (3:3x109a%(b/a)(8)B] ;. s~1) (5)
XE = M(R]a)2($]T.)* (Tur)?? ’

where @ is the average plasma minor radius, allowing for the bumpiness, and M is a
factor defined as M = 1 for a simple bumpy torus such as EBT and as M = Mg for
a bumpy square, where Mg is the global mirror ratio. The better confinement of
the square configuration is obtained at a smaller aspect ratio (R/a) than that of the
torus (~15 for EBS vs ~30 for EBT). As an example, we take R/a = 15, b/a = 1.5,
B,=6T,R=115m,a=078m,a,/a = 1.26,and pyn = 5 MW.m~2. For these
values, with Tex = 20 keV and (¢/Te) = 3 (as typically observed in bumpy tori), we
find from Eqs. (1) and (2) that we need {8) > 10% and x; < 0.3 m?-s~!, where the
volume-average beta (8) is the plasma preussure normalized to the average magnetic

field B, and x is the average radial thermal diffusivity in the mirror cell.
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Theoretically, an EBS should attain this beta level. From Eqg. (5), the expected
thermal diffusivity for this casc is xp - 0.1 m? -s !, which leaves a margin on
confinement of a factor of 3.

The results of these calculations for a range of effective aspect ratio values are
plotted in Fig. 14, along with corresponding curves for other fusion confinement
schemes. It can be seen that the physics capability of EBS devices to be attractive
reactors is on the same order as that of other devices.
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Fig. 14. Neoclassical predictions for attractive reactors. The EBS margin of
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Introduction
The issucs to be resolved experimentally arc. therefore, the following:

To what extent does x 5 match classical predictions?

What is the level of ¢/T, and can it be varied profitably?
What (§) level can be sustained with good confinement?
Can rings be produced efficiently at an average field of 6 T?

1.6 CONTRIBUTIONS OF BUMPY TOROIDS TO THE FUSION

REACTOR PROGRAM

The contributions of the EBT program to the development of fusion cover a

broad range, including

ECH physics and technology,

nonaxisymmetric transport (ambipolar potential),

heavy-ion beam diagnostics,

steady-state plasma-wall interaction,

stabilization of plasmas by hot electrons and physics of very high temperature
plasmas, and

steady-state, modular reactor concepts.

The EBS program will allow continued contributions in these areas and will also

advance research in the following areas:

kinetic stabilization of plasmas by hot electrons in systems with higher pressures
and pressure gradients,

control of the ambipolar potential,

effect of high fields on confinement,

rf-driven transport,

advanced configuration design, and

improved coupling of ECH to plasma.

The EBT program has been a major driver for the development of a number of

physics areas, including:

stabilization by energetic particles,

three-dimensional equilibrium, stability, and transport (including ambipolar
electric fields), and

ECH.
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For example, in the arca of stability theory, EBT provided the major impetus
for extensive studies of the spatial stability properties of energetic-particle plasmas.
These studies have been fruitful in extending the fundamental theory of stability
and in obtaining fusion-relevant stability criteria for EBT devices, mirrors, and
tokamaks. Also inspired by EBT was the development of a new variational principle
and of detailed eigenmode analyses valid in the previously unexplored regime of
modes that grow on the hot electron curvature drift time scale. The EBT device
served as the motivation for generalization of the gyrokinetic equation to arbitrary
frequencies and relativistic energies. These theories were applied to EBT and have

productive applications to both mirrors and tokamaks.

1.7 ORGANIZATION OF THE REPORT

Chapter 2 of this report presents a description of the experimental program
proposed for the EBS device, and Chap. 3 is an overview of the existing and required
facilities. Resources, cost, and schedule are briefly addressed in Chap. 4. The
opportunities for collaboration with the fusion community are addressed in Chap. 5.

The appendices present a great deal of information gained during studies of
EBS. Detailed discussions of magnetics, single-particle drift orbits, numerical cal-
culations of neoclassical transport coefficients, field ripple effects in the corners, and
field error calculations are presented in Appendices 1-3. Appendix 4 includes discus-
sions of the MHD equilibrium properfies and single-particle orbit characteristics of
EBS, extensions of closed-line magnetic equilibrium theories, vacuum field approxi-
mations, a qualitative discussion of the modifications produced by high-beta rings,
estimates of the parallel electric fields from parallel currents, and the connection of
single-particle drift orbits to equilibrium via the drift kinetic equations.

Discussions of the characteristic instability modes associated with the square
configuration, and their parallels ini other confinement devices, are given in Ap-
pendices 5-7. In particular, the limitations in core plasma beta that result from
ballooning modes (in corners) are analyzed using an MHD formalism in Appendix 6
and a generalized kinetic energy principle in Appendix 7.

The conceptual design of the EBS device is summarized in Appendix 8. The
results of the reactor assessments for advanced bumpy torus configurations, which
include the favorable prospects for EBS, are discussed in Appendix 9. Appendices
10-12 present some new results on symmetrization of the potential and the resulting
improvements to the transport. Finally, Appendix 13 is an analysis of alternative
corner coils for EBS.



2. RESEARCH PROGRAM

The principal objectives of the research program, summarized below, are dis-
cussed further in Sect. 2.1. The research program is described in detail in Sects. 2.2~
2.5.

Stabilization of toroidal plasmas by energetic electron rings. It is
known both theoretically and experimentally that plasma stability is enhanced by
“magnetic wells” or “reversed grad-B.” Energetic electron rings provide magnetic
wells when the ring energy, or beta, is sufficiently high. In EBT, stabilization from
ring effects occurred even before the beta value for average well formation was
reached. The EBS experiment should have substantially higher beta than EBT
because of improved heating efficiency and particle confinement; it should therefore
provide both a clearer test of the principles of stabilization and the capability to
explore the severity of possible limitations, such as unstable coupling between the
ring and toroidal plasmas.

Reduction of thermal losses by drift optimization. In toroidal confine-
ment devices, the particle and energy losses can be controlled by shaping of the
magnetic ficld geometry and by radial electric fields. The EBS is the first fusion
device in which detailed optimization of drift orbits has been incorporated ab tnitio
to control transport. A key factor in assessing and understanding the effectiveness
of orbit improvement is the ability to vary the degree of optimization in EBS by
changing the relative magnetic fields of the corners and sides and by changing the
electric potential through selective heating of particle subpopulations.

Evaluation of reactor prospects for bumpy systems. The bumpy torus
has long presented the prospect of an attractive fusion reactor because of its simple
ficld structure and inherently steady-state nature. Its drawbacks have been twofold.
The first is that, in the circular toroidal form, any reduction of the effects of toroidal
curvature required a large major radius and system output. This problem is sub-
stantially reduced in the EBS concept and is subject to further improvement. The
second drawback has been the need for a continuous feeding of power to the rings,
which is also reduced by better particle confinement in EBS. Both of these improve-
ments are brought about by the isolation of the toroidal curvature in the corners,

which leaves the system sides at an effectively infinite aspect ratio.

20
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2.1 PRINCIPAL OBJECTIVES

2.1.1 Stabilization of Toroidal Plasmas by Energetic Electrons

The beneficial effect on stability of rings generated by ECH has been observed
in EBT, in the Nagoya Bumpy Torus (NBT) in Japan, and in a variety of mirror
devices. This observation has led to interest in using energetic electron rings as a
means to stabilize toroidal devices (such as tokamaks, stellarators, and heliacs) and
open-ended devices. Although simple MHD theory predicts instability in mirror
geometry, the experiments and more sophisticated theory that incorporates kinetic
effe-¢s have encouraged pursuit of the ring stabilization idea.

The EBS device provides a simple geometry for testing this concept, and gener-
ation of rings with sufficiently high beta seems assured. Data from the early Canted
Mirror Facility (CMF) showed that rings in symmetrized geometry could have val-
ues of beta twice those achieved in EBT, with its curved mirror sectors and lack
of symmetry. Moreover, the SM-1 device showed that multiple-frequency heating
could further enhance the ring beta, and theory suggests that symmetrization will
reduce the ring thickness in EBS, which also supports the expectation of higher
beta values.

An important question about stability persists: Are the rings adequately decou-
pled from the toroidal plasma at higher frequencies in the range of the hot electron
precessional drift frequency? The negative-energy drift wave is expected to couple
to background plasma waves or dissipation mechanisms when the diamagnetic well
is deep enough to reverse the hot electron drift velocity. A key task for the EBS
experiment would be to determine the extent to which this coupling affects ring
stabilization of the toroidal plasma. The issue is complicated; if the ring beta is too
high, then an instability could occur, with consequences that are not predictable
with the linear theory now available, and at lower beta values, windows of insta-
bility are predicted. However, with control of profiles it appears possible to avoid
these windows and achieve average well formation or to provoke them in order to
assess their importance.

In summary, EBS offers the opportunity to test the physics of ring stabilization
in a device in which the rings can be produced and controlled in the presence of a
well-confined toroidal plasma.
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2.1.2 Reduction of Plasma Thermal Losses by Orbit Optimization

The principle of orbit optimization has been adopted into the open-ended con-
finement systems program,; in the toroidal systems program, it represents an avenue
for improving the conventional tokamak concept.

The EBS device is a striking example of the benefits to be gained by optimizing
particle drift orbits, and it provides a very simple geometry in which to calculate
and test the principle. Theoretical calculatiins have been made of the reduced
dispersion in magnetic drift orbits for transitional and passing particles and of
the near-perfect symmetrization of trapped-particle orbits. In EBS, the separation
between the electron cyclotron fundamental resonance zone and the trapped-passing
transitional region would reduce the direct losses of cyclotron heating power by
about an order of magnitude below those in EBT.

Symmetrization of the ring electron orbits in EBS would produce a more sym-
metric ambipolar potential. This would lead to still further centering of all the
particle orbits and to reduction of convective losses. Experiments in EBT demon-
strated that the structure of the potential contours is strongly affected by the de-
tails of ring formation, such as the geometry of the cyclotron resonance surfaces.
In toroidal systems, as well as open-ended devices, the exploitation and control of
the potential are now recognized as critical factors in the development of adequate
confinement. Thus, EBS can supply important information on these factors to the
rest of the fusion program.

In addition to the reductions in direct and convective losses, there is a tenfold
reduction in residual diffusive losses in EBS as a result of the improved orbits.

Another key feature of the proposed experiments in EBS is the strong depen-
dence of the loss processes on the ratio of the magnetic fields in the corners to those
in the centers of the mirror sections. The ability to change this ratio provides both
experimental flexibility to select the desired amount of orbit optimization and the

opportunity to verify the importance of improved orbits.

2.1.3 Evaluation of the Reactor Prospects of Bumpy Toroidal Systems

A sequence of experiments on improved bumpy toroids is described in Scct. 2.5.
The philosophy behind this sequence is to move in small but significant steps to-
ward a system with improved confinement and higher beta at a smaller overall
effective toroidal aspect ratio. Other possible lines of development, summarized in
Appendix 9, show that there are many approaches to the challenge of improving con-

finement and performance. Most of the collateral approaches depend on the same
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principles of improvement and optimization, and the course of future development
can bhest be determined after experimental results have validated the concepts.
Earlier physics and engineering analyses and cost sensitivity studies show that
bumpy torus reactors with Bcore Of 6-10%, output power of 1200-1700 MW/(e),
wall loadings of 1-2.5 MW/m?, and a recirculating power fraction (including ring-
sustaining power and all other reactor auxiliaries) of 10-15% are possible. The
advantages identified in earlier EBT reactor studies as important properties of
bumpy toroids have been recognized and adopted by proponents of other confine-
ment schemes. Among these are the steady-state nature of EBT devices, which
strongly reduces the requirements on materials and structures, and the simple mod-
ular nature of the coil systems, which provides ease of accessibility and maintenance.
Recent reports®5 have collated the relevant ingredients for an assessment of
bumpy toroid reactors. However, the orbit improvement properties of the bumpy
square are not fully integrated into these reports. The first of these reports? in-
cludes some analysis of the generic effects of confinement improvement, presented
as “aspect ratio enhancement.” These led to a credible reactor concept with an as-
pect ratio of about 25. This is higher than the desirable values calculated in recent
generic assessments of attractive fusion reactor systems, but it does not include the
optimization offered by the bumpy square concept and related ideas. The more
recent estimates presented in the second report® bring the effective aspect ratio of
bumpy square reactors down to less than 15 and the wall loading up to the range
from 2 to 4 MW /m?, values that are competitive with the optimistic possibilities for

other confinement schemes and with the requirements for attractive fusion reactors.

2.2 STABILITY AND FLUCTUATION MEASUREMENTS

The goal of the EBS experimental program is to make the measurements that
are essential to validate the EBS premises. The first of these premises is that the
energy density of the rings will be higher in the nearly linear geometry and that
the stronger rings will result in greater stability for the core plasma. The second is
that the orbit optimization in EBS will result in reduced transport, which will be
manifest in enhanced parameters for the core plasma.

The initia} experiments will use a few relatively simple diagnostic devices. Later
in the program, advanced measurements will use more sophisticated devices that

can answer more detailed questions about the plasma.
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The first question to be addressed is that of ring formation. Ring diamagnetism
can be used to infer the stored energy; it will be measured with multiple-turn loops
wound directly on the device cavities. Well-known techniques for integrating the
loop signals and compensating for the effects of nearby rings will be used in deter-
mining the stored energy in the rings. The current observed in simple ionization
chambers will serve to demonstrate the formation of energetic electrons, via the
X rays produced by the hot electrons.

Correlation of the ring measurements with density measurements, which can be
made with a single-channel interferometer, can be used to investigate the connection
between the presence of rings and the enhanced confinement. Variation of the field
strength will change the location of the resonant surface and, therefore, the location
and stored encrgy of the ring. This technique for varying the ring parameters can
be used to investigate the interplay between ring and core parameters. Conversely,
the core parameters can be changed by varying the mirror ratio, that is, the ratio
between the field in the corners to that in the center of a cavity. Both techniques
can be used to investigate the ring-core interaction.

The presence of fluctuations can be determined with magnetic or electrostatic
probes, by observation of the phase shift of a microwave interferometer, or with
Langmuir probes. All of these techniques are sensitive to fluctuations in the outer
portion of the plasma and give only limited data. However, these data can be used
with more advanced measurements to investigate the premise that the rings stabilize
the plasma that lies within them.

The next ].evel of diagnostics will use devices that can determine the energy
and/or spatial distribution of the ring electrons. An array of hard X-ray detectors
would be ideal for this purpose. A single detector, optimized for the intermediate-
energy (5- to 50-keV) rings, would be used to investigate the “feed population” from
which the high-energy electrons are formed. Germanium detectors are well suited
to this task. Time-resolved measurements of the synchrotron emission will show
the fluctuations in ring temperature or density.

The spatial distribution of the hot electrons in the midplane can be measured
with three types of beam probes. A heavy-ion beam probe, used primarily for deter-
mining potential distributions, will give both direct and indirect measurements of
the hot electron spatial location. Direct measurements employ multiple ionization of
the primary ions, which requires high-energy electrons. Indirect measurements use
the connection between the hot electron population and the peaks in the potential
profiles.
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A sccond beam probe system uses heavy atoms as internal targets for produc-
ing characteristic X rays. A detector that scans the source region of the X rays
delineates the region populated by energetic electrons.

A third beam probe, using Zeeman spectroscopy, will be used to determine the
magnetic field in the vicinity of the hot electron distribution, thereby giving a direct
measurement of the field modification. The ability to modify the vacuum field is of
central importance to the bumpy torus concept.

Skimmer probes :an be used to provide additional information on the location
of the hot electrons. As a material object enters the hot electron distribution, it
removes a portion of that distribution. Thus, a correlation of the stored energy as
a function of skimmer position gives a measurement of the spatial distribution of
the hot electrons.

2.3 PLASMA CONFINEMENT MEASUREMENTS

For budgetary reasons, EBS experiments will begin with the essential minimum
of diagnostics needed to establish that the hot electrofl rings are stronger than in
EBT, that a quiescent regime of operation exists, and that confinement is substan-
tially better than in EBT. When these points have been established, additional
diagnostics will be attached and activated so that more detailed measuremeﬁts and
correlations can be made. Figure 15 is a diagram of t}‘1e' available diagnostics as
they were installed on EBT. Table 3 lists the planned diagnostics for EBS.

2.3.1 Initial Measurements

The premise that orbit optimization will result in enhanced conﬁnément can be
validated by measuring the core plasma para'meters. Initial mea‘xsurem.ents made
with simple diagnostics can provide crucial information.

A single-channel interferometelz', which measures the line integral of the plasma
density, will quickly determine whether the density in EBS is higher, producing
improved orbit characteristics, than in EBT. It will also tell whether the range of
neutral density for the T-mode is extended in EBS.

[
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Table 3. Diagnostic facilities for EBS

Rings Warm plasma

Initial operation

Diamagnetic loops Thermocouple arrays in mirror throats
Ionization chamber Toroidal pickup coils
Single-channel interferometer
Langmuir probes
RF probes
Residual gas analyzer

After 1 year

Single-channel bremsstrahlung Visible and ultraviolet spectrometers
Single-channel synchrotron Single-channel soft X-ray detectors
emission system (cavity and coil midplanes)
Heavy-ion beam probe
Magnetic loop probes (in one

.corner section)
After 2 years

Bremsstrahlung array Multichannel interferometer
Zeeman splitting probe Thomson scattering system
Intermediate-energy brems-

strahlung detector
Internal target X-ray -

source probe

A second benefit of increased density would be enhanced attenuation of neutral
atoms and molecules. Spectroscopic measurements can provide evidence for the
depletion of neutrals, particularly if the plasma can be scanned radially to permit
the use of Abel inversion techniques.

The best, and most direct, measurement of the symmetry of the electrostatic
potential requires a heavy-ion beam probe; however, plans are to defer the expense
of installing this diagnostic until later in the program. In the earlier stages, some
indication of the potential symmetry will be given by Langmuir probes, which can

be used on the midplar ~ .. a cavity and in the coil plane of the existing split mirror
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coils. With probes in both locations, it will be possible to measure the potential
distribution in the outer portions of the plasma and to obtain evidence of axial
variation as well.

Plasma losses are expected to be asymmetric in the corner regions, where the
plasma will scrape off on the inside. In the straight sections, losses should be
symmetric. Several of the existing EBT coils have provisions for thermocouples
to measure temperature in the coil throats. The symmetry of that temperature
distribution will serve as a measure of the symmetry of the plasma losses.

The sensitivity of EBS to field errors will be checked with an electron beam
probe. During plasma operation, a monitor of toroidal current (e.g., a toroidal
pickup loop) will be used. The level of toroidal current will indicate the presence
and severity of global field errors, which can be compensated by using external coils

to induce errors of the opposite sign.

2.3.2 Advanced Measurements

A second type of toroidal current is of particular interest in EBS. Pfirsch-
Schliter currents are expected to peak near the transitions between corners and
straight sections. The spatial variation of these currents should be determined with
simple forms of magnetic probes. The variations in the magnitude and distribution
of these currents will furnish excellent opportunities for a collaboration between
experiment and theory to elucidate the transport and stability properties of EBS.

As described in Appendix 10, the electrostatic potential in EBS is expected to
be much more symmetric than that in EBT. This will be checked with a heavy-ion
beam probe.

In EBS, the effects of the toroidal curvature on the potential profile can be
checked in stages by using plates to isolate the plasma being measured. For example,
it will be possible to change the effective configuration from a straight multiple
mirror, with no toroidal effects, to a multiple mirror that has curved end sections,

with some toroidal effects, to a full torus, with full toroidal effects.

2.4 HEATING MECHANISMS AND GEOMETRY

The magnetic geometry of EBS, which results in improved drift orbits, has
the added benefit of improving the heating efficiency. The particles that are most
efficiently heated are those that turn near the resonant field location. For large

values of the global mirror ratio Mg, these particles have pitch angles much smaller
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than the loss cone angle, so that heating takes place far from the loss region, in
pitch angle space.

The improved heating efficiency should have a measurable cffect on the electron
distribution function. In EBT, the absence of warm electrons, as measured with
a soft X-ray detector in the coil throat, was one of the principal clues to the con-
finement problem that resulted from drift orbit effects. In EBS, however, particles
should be able to penetrate to the mirror throat regions, and beyond, without en-
countering the loss cone. Thus, a measurable population of warm electrons can be
expected in the mirror throats, and the density of this population will serve as a
measure of the increased heating efficiency,

Another related benefit of the EBS geometry results from the decoupling of the
field strengths in the corners and the straight sections. Although the field strength
in EBT could be varied, which changed the geometry of the ring and the resonant
surface, this variation also changed the mirror ratio between the resonant field and
the field for particles in the loss cone. Thus, it was very difficult to separate heating
effects from conﬁnement‘eﬂ'ects. In EBS, where the confinement is principally due
to the field in the corners, changes in heating efficiency with local geometry (e.g.,
ring size, resonant field locaton) can be more easily studied.

The EBS device also offers several attractive prospects for advanced heating
techniques. For example, multifrequency heating, which was shown to be effective
in a linear geometry, can be used to good advantagé on EBS to enhance the ring pa-
rameters. Two frequencies, 27.7 and 28.0 GHz, are already available from gyrotrons
in separate tube sockets at the EBS site. A demonstration of the effectiveness of
two-frequency heating could be used to make a case for increasing the number of
available frequencies.

Off-resonant heating, in which the incident power does not encounter a resonant
surface, is also an interesting prospect for EBS. This technique has been demon-
strated in linear systems. Upper off-resonant heating results in higher energies for
the ring electrons and in a greater energy spread. These changes, particularly the
energy spread, are useful in alleviating ring microinstabilities, such as whistlers.
Lower off-resonant heating reduces the ring stored energy by increasing the pitch
angle for ring particles. This is not an appealing prospect in open-ended devices,
but it may be very useful in controlling the distribution function in a torus.

The modular nature of EBS makes it easy to install multiple antennas for ion
cyclotron heating (ICH). Initial experiments are likely to use slow-wavelaunch, with

power provided by a variety of high-power transmitters, which are already in place



30 Research Program

and operational. Thesc experiments are attractive because they permit the use of

simpler antennas without Faraday shields.

2.5 ADVANCED BUMPY TOROID EXPERIMENTS

A sequence of experiments that leads from the initial EBS experiment toward
a reactor is outlined in this section, and a possible EBS reactor configuration is
described.

The nearer-term configurations are designed to permit experiments with larger
global mirror ratio, larger core plasma beta, and larger minor radius. The means
for extending the range of these important physics parameters is a step-by-step
approach that maximizes the use of existing hardware.

A wider range of global mirror ratio than that of the initial EBS configuration
can be achieved in two ways. The one that requires the minimum modification uses
trim coils in the mirror cells adjacent to the corners (i.e., in the transition cells).
These trim coils counteract the 1/R fringing fields of the corner coils so that for
all values of Mg the field in the transition coils is more like the field of the other
mirror cells. (Without trim coils, this can be accomplished only for a limited range
of Mg values.) This method of increasing Mg also involves lower magnetic field
B in the straight sides. This offers the possibility of raising the core plasma beta,
which will allow tests of the beta limits associated with stability.

Achieving high beta by lowering B in the sides increases Mg and hence the
diffusive lifetime. Thus, if nT is limited by the diffusive lifetime, then at comparable
power levels nT should be higher than in the initial EBS experiments. Lowering B
by a factor of 2 to 3 (and taking no credit for the increased lifetime) should increase
core beta by a factor of 5 to 10.

The heating technique for exploring high beta uses existing 28-GHz microwave
sources. The fundamental resonances would be placed in the parts of the transition
coils nearest the corners. This type of heating is advantageous because it minimizes
microwave cutoff problems and because the entire device can be heated by illumi-
nating only the transition cells adjacent to two diagonally opposed corners. The
magnetic field can be adjusted so that the resonance is far enough from the lossy
region of phase space to make the heating inefficiencies that occurred in EBT in-
significant. Because the magnetic scale lengths are comparable to those of the initial

EBS configuration, heating efficiency (absorbed power) should be comparable.
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The high-beta experiments vill also require the 18-GHz or 10.6-GHz microwave
sources to heat the rings in . e straight sides. Because the density at the ring
position should be somewhat less than the central value, microwavecutoff should not
be as much of a problem as usual for these lower frequency microwaves. Nonetheless,
this problem depends to some extent on profile, and it may be necessary to start
at low density and use gas puffing (and the long lifetime of the rings, 2 0.1 s) to
avoid it.

Exploring the full range of Mg with lower B in the sides requires a comparably
low frequency for the microwaves (e.g., 10.6 GHz) to produce the same local heating
geometry as that in the initial EBS experiments. This is attractive because lower
frequency microwavesources are more readily available and generally less expensive.
There are, however, lower bounds on the frequency because of microwave cutoff.

To take full advantage of the high Mg at low B, 28-GHz microwaves will proba-
bly be needed to provide upper off-resonant heating. This technique, proven on the
ELMO and CMF devices, raises the hot electron temperature (e.g.; by a factor of 7
in the CMF), which makes it possible to achieve high ring beta without increasing
the ring density to levels near the plasma core density. This avoids the hot electron
interchange mode, which occurs (as demonstrated theoretically and experimentally)
when the ring density is comparable to the core plasma density. Upper off-resonant
heating might also be useful to sustain rings in high-beta experiinents.

The second way of achieving higher Mg is by using elliptical coils in the corners.
The long axes of these coils would be vertical. This configuration reduces the
variation in field line length due to toroidal effects (important for passing particles)
without requiring significantly more coil power, and it allows full magnetic field in
the sides.

Larger minor radius can be obtained through another modification. With the
elliptical coils providing higher Mg, fewer coils are needed for the straight sides,
and a somewhat lower “local” mirror ratio can be tolerated in the individual mirror
cells. (Particle orbits and the associated lifetime improve with Mg, number of
mirror cells, and the “local” mirror ratio of individual cells.) For a fixed separation
between corners, fewer cells per side (and perhaps a lower local mirror ratio) allow
an increase in the diameter of the coils in the straight sides and hence in the plasma
diameter.



3. FACILITY SYSTEMS

The detailed conceptual design report for the reconfiguration of EBT into EBS
has been given elsewhere.® In this section, some of the engineering drawings and

equipment specifications for carrying out this project are presented.

3.1 OVERVIEW
The EBS project will provide for the complete disassembly of the existing EBT

device, demolition of its substructure, and assembly of new and existing components
to form a square configuration. The 24 EBT mirror coils will be salvaged; 16 of them
will be installed between new cavity sections, as shown in Fig. 1. The connecting
corner sections forming the vacuum vessel will be toroidal sectors, each with eight
new mirror coils half the size of the EBT coils.

Each set of corner coils will be powered by a 3-MW generator, so that an
additional 12 MW of power will be required. The power distribution system and
cooling water system will be modified to accommodate the additional needs. A new
device substructure and a new microwave duct and manifold will be installed.

The instrumentation and control (I&C) systems and the microwave waveguide
network from EBT will be installed on EBS without changes, except as required
to adapt to the new configuration. The biological shield, which is shown in Fig. 2,
will also remain unchanged. Figure 16 is an elevation view of the EBS device in the
shielded enclosure, and Fig. 17 is a typical elevation cross section. The relation of
the vacuum vessel to the flux surfaces is shown in Fig. 18, which also illustrates the
construction of the corners. . .

Because EBS is chiefly a reconfiguration of the existing EBT device, the capital
investment involved is minimal. No critical elements are required by EBS (i.e., no
new or ongoing component research and development must be successfully com-
pleted). Design, fabrication, and assembly require only existing téchnology, and no
particular element takes precedence over the others.

3.2 MECHANICAL SYSTEMS

3.2.1 Vacuum System

The vacuum pumping system for EBS will be essentially the same as that for

EBT. A new vacuum manifold will be required to match the square configuration;
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flanges on the new manifold will mate to the three turbomolecular vacuum pumps
and one cryogenic pumping system already installed. The 1&C for the pumping
system will be unchanged, as will the mechanical foreline and tank roughing pumps.

A total of 14 new cylindrical aluminum standard cavities, shown in Fig. 19, and
6 box-shaped diagnostic cavities, shown in Fig. 20, will make up the vacuum vessel
in combination with the mirror coil cases. The diagnostic cavities have large cover
plates on four sides to simplify the installation and removal of diagnostics.

3.2.2 Cooling System

The cooling system for the mirror coils will be modified to accommodate the
heat load imposed by the new corner coils. The number of cooling water paths
will increase from 288 to 532, which increases the requirements for water flow (at
4 gal/min) from about 1200 gal/min to about 2100 gal/min. The existing cooling
water manifolds for the mirror coils will be modified and reinstalled. The cooling
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system for the corner coils is shown in Fig. 21. New manifolds will be fabricated for
the corners. The cooling systems for the 28-GHz, 200-kW, cw gyrotrons will not
require modification.

3.2.3 Vacuum Vessel Support Structure

Figure 21 also shows the support structure for the corner coils. Each corner
assembly and mirror coil case will be directly supported on a stand bolted to the
floor. The individual stands will then be coupled by a concrete collar to distribute all
centering and out-of-plane magnetic forces over the centerline span of the machine.

3.3 ELECTRICAL SYSTEMS

3.3.1 Magnet System

One of the four split mirror coils from EBT will be installed on each side of
EBS. The coils on each side of the square are in series with one another and with
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the coils on the opposite side of the square; they are powered by two dc generators
in series with a combined rating of 700 V and 7140 A.

Each corner assembly contains eight coils, each of which consists physically of
half a straight-side mirror coil (two pancake coils instead of four). The eight coils
are series connected and are in series with the opposite corner; they are powered
by two dc generators in series with a combined rating of 700 V and 8750 A. The
positive and negative copper bus around the machine is in close parallel alignment
to cancel stray field effects.

Space is provided for error field correction coils. Four continuous vertical and
four continuous horizontal coils will be located on 45° planes out from the machine
centerline.

As shown in Fig. 18, space is provided for trim coils next to the corner coil
assemblies. One circular coil, twice the diameter of a mirror coil, can be mounted
inside each of the eight transition cavities to align the hot electron ring position, if
needed. This location optimizes the function of the trim coils while avoiding space

conflicts with other machine systems.
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3.3.2 Microwave Systems

The microwave manifold.will be a 10-cm-diam copper duct square configured
to match the coil-cavity arrangement. The manifold will connect to each straight-
side cavity section through a 10-cm-diam port that has an adjustable iris to control
power distribution. The system is shown in Figs. 16 and 17. Input power from one
or both gyrotrons will be fed into the square manifold at a single point and split
for symmetric distribution at the ports.

3.3.3 RF Sources

No changes in the rf sources will be required for EBS, other than a minor
rerouting of ducts to fit the square geometry. New duct flanges will be required at

the cavity interfaces. The following sources of rf power are in place and operational.

e Two 28-GHz, 200-kW, cw gyrotrons. Each gyrotron is powered by a supply
consisting of two stacked, variable-voltage, regulated supplies. The beam sup-
plies have a rating of 100 kV at 1.0 A, and the gun supplies are rated at 40 kV
at 1.0 A.

e Five transmitters, all capable of ¢w operation at the following levels:

a. 2 to 30 MHz, 100 kW,
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b. 2 to 30 MHz, 200 kW,

c. 175 to 215 MHz, 50 kW,
2 to 30 MHz, 20 kW, and
30 to 60 MHz, 20 kW.

3.3.4 Instrumentation and Controls

Most of the needed 1&C systems for EBS already exist. Additions will be made

primarily in the cooling and generator control systems. The vacuum instrumenta-

tion systems exist and will be installed directly on EBS without change.



4. RESOURCES, COST, AND SCHEDULE

4.1 RESOURCES

Experiments on the EBT -device made use of an extensive set of computer
equipment, plasma diagnostics, and machine facilities. Most of these assets will
be suitable for use on the EBS device. Although many of the diagnostics and other
components have been lent to other experiments (which is a testament to their
utility), they are, in principle, recallable and thus available for the EBS program.
Brief descriptions of these assets follow.

4.1.1 Computers
‘Many of the EBT diagnostics used dedicated computers for data acquisition and

experiment control. These “diagnostic” computers were connected to larger VAX
computers used for data storage and rapid analysis. These, in turn, were linked
through a DCA 355 to the Fusion Energy Division’s central PDP-10 computer.
Terminals and monitors were used to control machine and diagnostic operation, to
provide analysis capability in staff offices, to provide word processing and graphics,
and to enable after-hours computing from remote locations. These assets include
the following:

2 VAX computers 50 terminals with monitors
5 PDP-11 computers 5 hard-copy units
1 DCA-355 1 Versatec printer

4.1.2 Diagnostics

A record of the diagnostic complement on EBT was maintained on one of the
word processing devices. One of the latest of these is shown in Fig. 15.

4.1.3 Machine Facilities

Two motor-generator (MG) sets, comprising four generators, were used on EBT
to provide up to 10 MW. Another pair of MG sets that can provide up to 12 MW
was refurbished using EBT funds but has not been used. The buswork necessary to
deliver power from these sets to the EBS site is in place, and the control circuitry for
regulating their output has been designed and partially constructed. The available
power is more than adequate for EBS.

39
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A closed-ceycle demineralized water system is in place at the EBS site. It is
connected to a cooling tower with a 50-MW capacity, ensuring the removal of the
heat generated by the experiment.

Available power supplies and microwave tubes can provide power at 10.6, 18,
27.7, and 28 GHz. This mix of frequencies allows a very interesting range of ex-
periments. Although it is unlikely that all of the microwave power would be used
simultaneously, it is possible to provide roughly 500 kW of heating to the plasma
using the available sources (two 200-kW, 28-GHz tubes; four 15-kW, 18-GHz tubes;
and three 15-kW, 10.6-GHz tubes).

About half this amount of continuous heating in the ion cyclotron range of
frequencies is available (one 100-kW, 5- to 30-MHz transmitter; one 20-kW, 5- to
30-MHz transmitter; one 200-kW, 5- to 15-MHz transmitter; one 20-kW, 30- to
60-MHz transmitter; and one 1.5-kW, 1- to 200-MHz transmitter).

4.2 COST AND SCHEDULE

The cost of the EBS project is $4 million (as of September 1985). The estimated
completion date is 24 months after project approval.



5. PROGRAM COLLABORATION

The program for EBS is expected to invclve significant collaboration, both
experimental and theoretical, with individuals and groups outside ORNL. Inter-
national collaboration, especially with the Japanese, is expected, as is involvement
of staff from U.S. industry, universities, and national laboratories. The effectiveness
of the planned collaboration can be predicted from the collaborative program for
EBT.

The EBT program involved extensive collaboration with the Japanese, primarily
with the NBT group at Nagoya. There were personnel exchanges, data workshops,
collaborative experiments, and many overseas telephone conversations between the
EBT and NBT groups. This collaboration should continue for the new program.

Various industrial groups planned experiments, built equipment, transported it
to Oak Ridge for installation on EBT, and participated in experiments. This type
of involvement will be actively sought and encouraged for EBS.

Innovative theoretical work, which has had a profound effect on the course of
burnpy torus research, has been done by individuals at other national laboratories
and in university and industry settings. The program on EBS is expected to be

interesting enough to result in continued involvement of this nature.
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1. MAGNETICS, SINGLE-PARTICLE DRIFT ORBITS, AND NONRESONANT ELECTRON
TRANSPORT COEFFICIENIS FOR THE ELMO BUMPY SQUARE

L. W. Owen

The ELMD Bumpy Square (EBS) is formed by four linear arrays of
simple magnetic mirrors linked by 90° sections of a high-field toroidal
solenoid. The EBS is shown to have single-particle confinement
properties that are distinctly superior to those of a standard EBT
consisting of a toroidally linked array of circular mirror coils.
Specifically, EBT-I/S is compared to EBS configurations having 24
mirror sectors with EBT-I/S mirror coils in the sides of the square.
Each corner is formed by eight new circular or elliptical coils that
generate a field with negligible edge ripple, so that trapping in local
minima in the corners does not occur.

1.1 INTRODUCTION

The EBS is one member of a class of closed field line devices,
called bumpy polygons, in which improved confinement results from
localizing the unavoidable toroidal curvature in regions (vertices of
the polygon) where the magnetic field is much stronger than the average
field in the mirror sectors comprising the sides. In a bumpy polygon
the number of symmetry planes is equal to the number of sides or
vertices of the polygon, and the number of field periods is twice this
number. In a sense, the bumpy square is a compromise between the
desirability of a high degree of reflection symmetry (as in EBT) and
the necessity of having the well-centered drift orbits and pressure
surfaces exhibited by the bumpy racetrack, triangle, square, etc., for
the best plasma performance. Since the vertices of the polygon have
the 1/R field characteristic of a toroidal solencid, the magnetic field
in the two mirror sectors adjacent to each vertex (transition sectors)
is not axisymmetric, unlike the nearly axisymmetric field in the other
sectors comprising the sides. For this reason, among others, one would
like to maximize the number of axisymmetric mirror sectors and minimize
the number of transition sectors. EBS is not only a reasonable
compromise between symmetry and confinement, but it also has the added
practical advantage of fitting nicely (with 24 sectors) into the
existing EBT-I/S enclosure. Hence, a reconfiguration of EBT-I/S into
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an EBS would not necessitate a demolition and reconstruction of the
enclosure, as would a 24-sector bumpy racetrack, for example.

In addition to the superior core plasma confinement properties
exhibited by EBS, a numver of other potentially useful and important
advantages can be cited. The hot electron rings that are necessary for
macrostabil ity in EBS, just as in EBT, are exceedingly well centered,
since they are formed in a near-axisymmetric field. For the same
anisotropy in EBS, there should be little or none of the radial
broadening of the ring that occurs in EBT-I/S because of dispersion in
the magnetically confined trapped particle drift orbits. Hence, it may
be easier to form an average magnetic well in EBS. The geometry of the
EBS configuration suggests the possibility of using very interesting
heating techniques that would not be practical in a standard EBT.
Access at the corners permits a long path length for parallel neutral
beam injection, and the lack of magnetic moment conservation at typical
beam energies should quickly isotropize the hot ion distribution.
(Simultaneous co- and counterinjection is necessary so as not to drive
a parallel current in the plasma.) In an EBS that utilizes an
EBT-S-like magnetic field (1 T in the mirror cavities), slow wave ion
cyclotron resonance heating (ICRH) and 60-GHz - electron cyclotron
resonance heating (ECRH) can be launched from the high-field corners
with the rings sustained by 28-GHz second harmonic heating.

1.2 MAGNETICS

In Fig. 1.1 the innermost, outermost, and central magnetic field
lines in EBS configurations with circular (top) and elliptical (bottom)
coils in the corners are displayed. Each of the five EBT-I/S coils in
each side is approximated by two circular filaments, and each of the
eight coils in each corner is approximated by a single circular or
elliptical filament. (Only those filaments within a single field
period are displayed.) The sector length or coil spacing in the sides
is 40 cm, and the angular spacing in the corners is (90/7)°. The major
radius of the corner sections is 44.2 cm, with the axis of each corner
section displaced radially outward by 2.5 cm from the axis of the
sides. This displacement is necessary to form the rings in the
transition sectors on the same flux |ines on which they are formed in
the axisymmetric sectors. Depending upon the strength of  the
solenoidal field in the corners, the transition sector length is
typically larger (by 3 to 5 cm) than the length of the other sectors.
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elliptical (bottom) coils in the corners.
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Alternatively, a "trim coil" in each transition sector is required to
line up all of the rings if the relative fields in the corners and
sides are to be varied. (It will be shown later that this is a very
desirable feature of the EBS configuration that permits a rather broad
variation of the confinement properties of the device.)

Magnetic field lines (dotted) are shown in more detail in
Fig. 1.2, along with mod-B contours (solid) in the equatorial plane of
EBS. In particular, one observes that the small outward displacement
of the corners discussed above results in the symmetrization of mod-B
in the midplane of the transition sector with respect to the machine
axis or the magnetic field lines. It is also seen in the corner
section graph that there is no significant field ripple, even on the
outermost flux line that just grazes the coil cases in the equatorial
plane of the mirror cavities.

In Fig. 1.8, the normalized magnetic field strength is plotted as
a function of arc length along the central field line in EBS for two
values of the "global" mirror ratio Mg. The cavity mirror ratio is the
same as that in EBT-I/S (N 1.88) and is determined by the mean coil
radius and spacing. The global mirror ratio is defined as the ratio of
B at the corners to B = B, at the center of the reference sector
midplane. Presently available motor-generator sets, cooling tower
capacity, and electron cyclotron heating (ECH) frequencies that could
be dedicated to EBS permit a variation of Mg R 3-8 with circular coils
in the corners. The upper limit corresponds to an EBT-I-like field
(18 GHz) in the sides and the maximum field (N 8 T) in the corners. If
elliptical coils were used in the corners (see Fig. 1.1, bottom), then
the maximum global mirror ratio would be limited to Mg M 4.7, with an
additional 8 MH of dc power required to obtain Mg & 6 (since the turn
length is approximately two-thirds larger than that for the circular
coils).

1.3 SINGLE-PARTICLE DRIFT ORBITS AND PLASMA PRESSURE SURFACES

We now turn from magnetics to a discussion of single-particle
drift orbits and plasma pressure surfaces in EBS. For the EBS
configuration with circular coils in the corners and Mg N 4, Fig. 1.4
shows core plasma pressure contours and extreme passing particle
(V“ = V) drift orbits in the reference sector midplane. For 2 small
minor radius, it is seen that the pressure contours are centered at
x N -1.5 cm, whereas for a large minor radius, the contours are almost
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Fig. 1.2. Mod-B contours (solid) and magnetic figld lines
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circular coils in the corners. Small outward displacement of the
corners’ (top) symmetrize the mod-B in the transition sector
(middle). This allows rings to form on the same flux lines on
which they are formed in the axisymmetric sectors (bottom).
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exactly centered on the minor axis (x ¥ 0). Although not shown, the
drift orbits for transitional particles that turn in the corners are
also approximately circular, unlike those in EBT-I/S that tend to be
"fat" banana orbits shifted to the inside of the torus.

The utility of the longitudinal invariant J, plotted as a function
of radius in the equatorial plane, is illustrated in Fig. 1.5. The
variation with pitch angle of the radial position of the minimum of J,
RMIn» is 2 useful measure of drift orbit centering and dispersion in
the plasma interior. In addition, if it has been determined that the
drift orbits are approximately circuiar, then level lines on J
determine the center and the diameter (or approximate area) of a given
drift orbit without the necessity of computing J over the entire
reference plane. In Fig. 1.6 curves of Ryyry (V/V), with V /V defined
at the midplane center, are shown for EBS with circular or elliptical
coils in the corners and compared to the curve for EBT-I/S. Also noted
by an arrow is the radial position of the minimum of § dZ/B for each
case. Several points should be noted in these graphs. For EBS, little
or no dispersion is apparent until the midplane V"/V is large enough
for the particle to turn in the corners. The peak of the transitional
particle Ryyry is much lower and its width much smaller than for
EBT-I/S. Also, because the global mirror ratio Mg is larger than the
cavity mirror ratio in EBT-I/S, the peak occurs at larger V| /V, where
there are fewer particles (assuming constant density along field
lines). Likewise, the centering of passing particles is much better in
EBS than in EBT-I/S. Perhaps most striking in EBS is the improvement
in the centering of the core plasma pressure contours (U = § dZ/8
contours), denoted by Uyry. The scaling of Uypy with Mg is also very

fevorable; Uypy « (MG)"I'25 with circular coils in the corners and

UyIn = (MG)"I'5 with elliptical coils. Extreme passing particle drift
orbit centering is also seen to scale as an inverse power of Mg;
Ryyin (Vy/V = 1) « (g)™°-2% (circular) and « (Mg)™:® (elliptical).
These effects are a direct result of concentrating the toroidal
curvature in the high-B corners of EBS. The reason that elliptical
coils give better results than circular coils is apparent in Fig. 1.1.
An important effect of the high-field corners is to minimize the
difference in length between the inner and outer field lines. This is
obtained most efficiently by vertical fanning in the corners, rather
than by a radial compression of the flux. Hence, corner coils which
are elongated vertically are expected to be superior to circular coils
in centering drift orbits and pressure surfaces, as indeed they are.
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Fig. 1.5. RyyN is 2 useful measure of drift orbit dispersion
in the plasma interior. It represents the radial distance from the
minor axis of the center of that drift orbit (for a particular

pitch angle) which has the largest inward shift toward the major
axis of the torus.
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coils in the corners for two values of the global mirror ratio.
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However, as mentioned previously, the dc power requirements increase
with elongation for copper coils. A fixed amount of dc power for the
corners, therefore, sets an upper limit on the elongation for a given
desired global mirror ratio. It should be stressed that elliptical
coils are not necessary to test the EBS concept. If an EBS with
circular coils in the corners performs as predicted, then the circular
coils can be later replaced with elliptical ones in a second phase of
the experiment. In fact, a staged experiment such as this is the most
desirable alternative because it minimizes schedule, initial cost, and
risk, as well as permitting a range of operating fields in which
neoclassical transport rates can be varied by as much as a factor of 4
(discussed later).

1.4 VOLWETRIC EFFICIENCY

For the cases considered in Fig. 1.8, the volumetric efficiency or
filling factor for EBT-I/S is compared to that for EBS in Fig. 1.7.
The volumetric efficiency reflects the confinement of particles at a
large minor radius corresponding to the limiting flux |ines which just
graze the coil throat. It is particularly useful as a measure of
direct particle losses caused by wunconfined drift orbits which
intercept the walls of the vacuum chamber. The volumetric efficiency
is defined as the ratio of the area of the drift orbit that passes
through the limiting flux line in the midplane for a given pitch angle
to the area intercepted by the limiter. The limiter is taken to be a
circle in the midplane defined by projecting the coil throat along flux
lines. In Fig. 1.7 V,/V is defined at the center of the reference
sector midplane. As seen in Fig. 1.8 in the Rjyry curves, the width of
the transitional particle "notch® in F is much smaller and much
narrower for EBS than for EBT-I/S. The passing particle volumetric
efficiency is also four to five times as large for EBS. Since the
particles with V"/V S 0.7 are trapped in a near-axisymmetric field in
EBS, there is no dispersion in F until penetration into the 1/R field
of the corners begins to occur.

Figure 1.8 shows the effect on F of defining V /V on the limiting
flux line, rather than at the midplane center. In these curves, for
example, particles with V,/V = 0 are trapped in the midplane and drift
on a mod-B contour in the midplane, whereas in Fig. 1.7 such particles
have appreciable V| at the limiting flux line (since B at the midplane
limiting flux line is less than Bg,, where V,/V is defined).
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Figure 1.8 reflects the fraction of the available plasma volume
(defined by the limiting flux lines) within which particles of a given
pitch angle are confined. The quantity Figgg = 1 - [ F(V,/V) d(V,/V),
with V"/V defined as in Fig. 1.8, is the direct loss fraction for an
isotropic distribution in the vacuum magnetic field. The curves in
Fig. 1.8 show Figgg ¥ 47% for the EBT-I/S vacuum field and Figgg < 5%
for EBS.

1.6 DIFFUSION STEP-SIZE AND TRANSPORT COEFFICIENTS

In this section we discuss and compare an approximate diffusion
step-size and nonresonant electron transport coefficients for EBT-I/S
and EBS configurations. Figure 1.9 shows isometric plots of the square
of a diffusion step-size as functions of kinetic energy and midplane
V,/V. The step-size is defined as

)

=—3
(AX) - QB + QE

where Vy is the vertical drift velocity induced by toroidicity, {lg is

the poloidal drift frequency due to the bumpy magnetic field, and I is
the poloidal E XB/B%? drift frequency due to the ambipolar electric

field. Vy and {lg are functions of particle kinetic energy and pitch

angle, and () is characterized by the parameter

Wo

_detl [BYy g s
kT,

Rg

for EBT-I/S. Here (Rg/Rp) is the ratio of the magnetic to electric
field scale lengths. In Fig. 1.9, W, = 3 is assumed, and Vy and (g are

calculated from the gradient of the lorgitudinal invariant J, evaluated
at a radial posi%ion near the hot electron ring in the reference sector
midplane. The terms (AX)2 in Fig. 1.9 and (AX)2f (&axwellian) in
Fig. 1.10 have been normalized to unity at their resped¢tivte maxima for
EBT-I/S. Hence, the results for EBS are relative to tHosd for EBT-I/S.

Note that (AX)Z for EBS is extremely small for V,/V <08, reflecting

the small dispersion of trapped particle drift orbitsiabout the average
drift surface. .



A1-15

ORNL-DWG 84-3160 FED

EBT-1/S

....

Ry
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particle kinetic energy to ambipolar potential well depth.
[ed|/kT 8 1 is assumed.



A1-16

ORNL-DWG 84-3161 FED

1.0 2%
3
@
EBT-1/S o
>
L
=
[V
N—-\
x
d
% ey - 4.00
< R TR ettt o L UL
0 e s
1 5=
King S 0.50
7
¢ N, 2 N
ER Gy / o AT
e 4 R
%/ {.0 §
-
-
i
=
b 3
!
=
NA
x
d

Fig. 1.10. The square of the diffusion step-size, shown in
Fig. 1.9, is multiplied by a Maxwellian distribution function.
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Nonresonant electron particle and energy transport coefficients
for EBT-I/S and EBS have been evaluated and compared in Figs. 1.11 and
1.12. The coefficients are given in refs. 1 and 2 in terms of
integrals over energy and pitch angle. A particle- and
energy—conserving BGK collision operator is assumed. Rather than using
approximate analytic expressions for V, and (g, we evaluate these
quantities numerically, as discussed above. The longitudinal invariant
J and the bounce or transit time T are evaluated for each pitch angle
by integrating along field lines in the vacuum magnetic field. The
drift velocity (in terms of midplane magnetic field Byp)

is then decomposed into vertical and poloidal components to get V, and
Qg as functions of V| /V. Figure 1.11 shows the particle transport
coefficient D, as a function of collisionality v/, for EBT-I/S and
EBS. Here v is the collision frequency and )y is poloidal precession
frequency

kT
Q, =—F.
o r'eBM PRB

Similar curves are obtained for DT, Kn' and KT, with the ratio of the
transport coefficient for EBS to that for EBT-I/S approximately the
same in each case. In Fig.1.12 the ratio of D, for EBT-I/S to D, for
EBS is plotted as a function of the global mirror ratio in EBS. This
curve shows the striking result that neoclassical transport in EBS
should improve as the inverse square of Mg (i.e., confinement time
should increase - as MZ). For the configuration with circular coils in
the corners, available dc power and ECH frequencies should permit about
a factor of 4 variation in the neoclassical transport rates (since it
is possible to vary My from about 3 to 6).

-

1.6 CONCLUSION

The results discussed in this report indicate that a
reconfiguration of the EBT-I/S device into an EBS offers the very
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configuration with circular coils in the corners and Mg ® 4.
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exciting possibility of (1) obtaining an order of magnitude improvement
in the neoclassical confinement time, (2) using interesting new heating
techniques that would not be possible in a standard bumpy torus,
(8) significantly improving ECH efficiency and energy confinement
through better centering of drift orbits, (4) testing neoclassical
scaling by varying the effective aspect ratio via the global mirror
ratio, and (5) improving stability by forming the hot electron rings in
a nearly axisymmetric geometry that is more favorable to obtaining an
average magnetic well than in toroidal geometry. Each of these
possibilities can be investigated in an EBS in which the corners are
constructed with EBT-I/S half-coils (eight per corner), the sides use
EBT-I/S full coils, and presently available motor-generator sets,
cooling tower capacity, and ECH frequencies are utilized.
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2. RIPPLE EFFECTS IN ELMO BUMPY SQUARE

N. A. Uckan

The allowable magnitudes of the magnetic field ripple in the
high-field toroidal solenoids (corners) of the ELMO Bumpy Square (EBS)
are calculated. The enhanced transport coefficients associated with
the ripple-induced drifts are compared with the ELMO Bumpy Torus (EBT)
neoclassical diffusion coefficients.

2.1 INTRODUCTION

The EBS geometry consists of |inear segments of simple mirrors
that are linked by sections of high-field toroidal solenoids (corners)
as shown in Fig. 2.1. 1In this configuration the toroidal effects are
localized in the corners. For an experimental-size device (similar in
size to an EBT-S), EBS has been shown to have single-particle
confinement properties and plasma volume wutilization that are
distinctly superior to those of a standard EBT of comparable
size.l Numerically calculated transport coefficients-  (from
single-particle drift orbits) indicate that the neoclassical
confinement time should be a factor of 5 to 15 larger [depending on the
global mirror ratio My = Boorner/Bside (Midplane)] for the EBS than for

an EBT of comparable size.l?

In order for neoclassical losses to be dominant, ripple-induced
losses from the toroidal solenoid sections (corners) should be smaller
than the neoclassical losses from the straight sections. The ripple is
produced by the finiteness of the number of coils in the corners. This
ripple will introduce additional particle trapping and, if large
enough, may be the main factor determining the transport of particles
and energy in the region of low collision frequencies.® In the
phenomenon known as ripple trapping, the particles become trapped in
the field minimum between coils (between coils that produce the
toroidal solenoid field in the corners) that are localized in the
toroidal direction and experience a unidirectional toroidal drift that
leads to the ripple diffusion. A similar phenomenon occurs in other
toroidal configurations (i.e., tokamaks). We note that the ripple
trapping affects only a relatively small group of particles, namely,
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those with v, (parallel velocity) so small that they can be trapped in
the ripple.

In general, the ripple modulation & (magnitude of field ripple)
varies both ‘radially and poloidally. The poloidal variation has the
effect of reducing or completely eliminating the ripple well depth on
the inside of the toroidal sections, with the precise degree of
reduction depending on the shape of the coils and the position of the
plasma within the coils.®+* For simplicity, we will neglect the
poloidal variations, with the result of overestimating the ripple
effects. :

In our examples we will consider an EBS configuration whose sides
are constructed from EBT-I/S mirror coils (five mirror coils per side
with a mirror ratio of ~1.9) and whose corners are 90° sections of a
toroidal solenoid in which the field is produced by (1) four EBT-I/S
mirror coils or (2) eight half-size EBT-I/S coils per corner.
Figures 2.2 and 2.3 show the innermost, central, and outermost magnetic
field lines in the equatorial plane for these two cases, respectively.
The inner and outer field lines are defined by the clear bore in the
throat of a mirror coil in the sides. The central field line defines
minor axis or magnetic axis of the device. '

2.2 MAGNETIC FIELD MODEL

Figures 2,4 and 2.5 show the magnetic field strength as a function
of arc length along the magnetic axis of a four- and eight-coil per
corner EBS, respectively. The on-axis mirror retio in the sides is
seen to be 1.9, and the global mirror ratios [B.onner/Bsiqe (Midplane)]
for these particular cases are 3.4 and 3.85, respectively. In both
cases the corner coils have the same total number of ampere-turns.
Although the field ripple is apparent for a four-coil per corner case
(Figs. 2.2 and 2.4), the ripple is practically zero for most of the
plasma cross section for an eight—coil per corner case (Figs. 2.3 and
2.5). A variation of field ripple as a function of normalized radius
is shown in Fig. 2.6 for both cases and is summerized in Table 2.1.

For high-field toroidal corners, a simple model for the magnetic
field is

B

B
-——"9 | -
B = T 7€ cos B B¢ , 0, 1-28(r,0)cos N¢] , (2.1)
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Fig. 2.2. Magnetic field lines in the equatorial plane of an EBS
with a four-coil corner. Each side of the EBS configuration consists
of a linear array of five EBT-I/S mirror coils, and the corners are
formed by 90° sections of toroidal solencids in which the field is
produced by four EBT-I/S mirror coils. Current in straight section
coils is 7.25 kA and in the corner coils 9 kA.
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Fig. 2.3. Magnetic field lines in the equatorial plane of an EBS
with eight coils per corner. The corner field is produced by eight
half-size (ampere-turns) EBT-I/S coils. Total ampere-turns are the
same as in Fig. 2.2.
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corner (dashed line).



A2-9

Table 2.1. Ripple variation in the corners of EBS

Norma!ized Ripple amplitudes, %
radjus?
r/a Four-coi | /corner Eight-coil/corner

-1.0 3.5 0
-0.5 2.5 0
0.0 4.0 0
+0.5 8.5 ~()
+1.0 ~25.0 ~0.5

“Here a is the last field line that just grazes the coil throat in the
straight sections (a ™ 11 cm).
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where r and © are polar coordinates in the minor cross section of the
corners, ¢ is the angular coordinate (toroidal angle) along the
magnetic axis of the corners, € = r/R, is the inverse aspect ratio of
the toroidal corner (R, is the major radius of the corner), N is the
number of coils in the corners (a four-coil per corner case corresponds
to an N = 12-coil torus and an eight—coil per corner case corresponds
to an N = 28-coil torus), and &(r,6) is the ripple well depth
(modulation), defined as ‘

- B,
§(r,0) = _max " min ~ AB 9.9
(r.8) (Emax + By Jcorner  \Bg Jcorner 2.2

(see Fig. 2.7 for definitions). The radial component of B, necessary
to satisfy v *B =10, is small (on the order of B. ~ 8B, sin N¢).
Thus, the field strength in the corner is approximately

B 2 By, & By[1 - € cos & - 8(r,8)cos N¢] . (2.3)

2.3 CRITICAL ENERGIES (ref. 3)
2.3.1 Threshold Energy

The threshold energy is defined as the energy above which
particles execute more than one bounce motion in a ripple before being
scattered out of the loss region (v, < 5172y ,) associated with ripples
(Fig. 2.8). This energy can be obtained by setting

Tef£(scattering) = 7(bounce) (2.4a)
or

Vet (scattering) = v(bounce) , (2.4b)

where
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Vg0 Ya(
v = -2y (2.5a)
eff (A9)2 8
_ Yo 12 _ N ey12
v(bounce) = ) (8) = R, (8) . (2.5b)

Here vgy is the 90° collision frequency, v is the particle speed, L is
the length of the ripple well (L = 2R /N), and the fraction of
particles that is ripple trapped is equal to (8)172. Combining
Egqs. (2.5a) and (2.5b) in Eq. (2.4b), we have

Y90 <12 _WN '
8 =8 Q“Ro ’ (2.8) .

which gives the threshold energy (bemperature)las (in cgs units with
temperature in electron-volts)

2
Typ = 827 (RN—°)‘ (8 x 10723n,)12 (ev) . (2.7)

For the four-coil per corner case, considering plasmas with
mid-10'2 en™ density and R, ® 40 cm, the threshold energy is about
30 eV (10 eV) at the plasma center (edge). For the eight-coil per
corner case, T,p 125 eV at the plasma edge and is several orders of
magnitude larger at the plasma center.

2.3.2 Critical Energy

The critical energy is defined as the energy above which particles
will reach the wall if they are trapped in the ripple. When a particle
is trapped in a ripple (T > Ty,), its guiding center drifts along a
contour of constant B. Because mod-B contours are not closed in a
toroidal field, the particles are not confined unless they are
scatbtered out of the ripple loss region before they can reach the wall.
Thus, the critical energy can be determined by setting

Teps(scattering) = t(drift) = a/vynisy » (2.8)
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where

€T 48 T (eV)
Ydrift = eBR, L B (gauss) R, (cm) (cn/s)

(2.9)

For ions this gives a critical energy (in cgs units with T in
electron-volts) of

BRya \2%°
T*.i'x(lo‘” 3 ne> : (2.10)

S

The critical energy is a factor of (mi/me)l/s (4.5 for a
hydrogen plasma) larger for electrons. Again, considering the four-
coil per corner case, Ty ; (r =10) ~ 600 eV and Ty ; (r =a) & 250 eV.
Corresponding electron temperatures are higner (by a factor of ~4.5).
For an eight-coil per corner case, T*'l (r=2) ~1.5keV and
T, | (r=0)» Ta, | (r =a).

The critical ‘energy defined by Eq. (2.10) is for a zero electric
field. In the presence of a finite electric field, if the particles
are trapped in the ripple and if their energy exceeds the energy given
by Eq. (2.10) (T > Ty), the particle orbits are not necessarily open
because of the E X B precessional drift, which balances the vertical
(toroidal) drift.® The shift in particle drift orbits is

Ax = Vdrift/ﬂ ’ (211)
where
_ cE cl
Q=5+ &B_R, (2.12)

with R, = - (3 #n B/or)~!. For particle orbits to be closed, Ax € a/2,
or, conversely, for particles trapped in the ripple to drift to the
wall,

Ax 2 3/2 . (2.13)
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Combining Egs. (2.11) and (2.13) gives a critical energy in the
presence of an electric field above which particles will reach the
wall:

Ty > a(eE/r) .
1 __a
(%o ch>

For weak ripples, .rR, in the corner is very large (approaches
infinity). With approximately E ~ Ap/f;, where Jp is the electric
field scale length (which is on the order of plasma radius), Eq. (2.14)
reduces to

Tag R (ng%) M %"i : (2.15)

Here € is the inverse aspect ratio (e ~1/3-1/5). Thus, only if
Teg % (3-5)Ad will particles be directly lost.

From Eqs. (2.10) and (2.14) we define for ions

(2.14)

Terit, i = max(Te, ;& Tag) (2.16s)

and for electrons

Terit,e = max(T*‘e ; T#E) - (2.18b)

2.4 RIPPLE-ENHANCED DIFFUSION-SIMPLE ESTIMATES

From the critical energies (Typ, T,.;) defined earlier we can see
that the ripple collisionality regime can be divided into three
regions, as shown in Fig. 2.9. The upper collision frequency point
(v> vNSa/Q/Ro), above which transport losses diminish to zero, is the
point at which the plasma particle temperature decreases below the
threshold energy (T < Tyh). In the middle range of the collisionality

regime (pv8/Ra < v < vN63/2/Ro, where p is the gyroradius), transport
coefficients scale as U™ because the particles are scattered out of
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the loss region before they can drift out of the device. To convey the
spirit of simple diffusion estimates, we give a rough picture of the
random walk process.

The average step-size taken by a ripple-trapped particle is

5
(8)° ~ vgriy * 3¢f = Varifs " Vg (2.179)

The froquiticy with which such steps are taken is

WBep = vgo/s (2.17b)
The fraction of particles participating in this ripple trapping is

0 =812 (2.17¢)
Thus, the diffusion coefficient associated with ripple trapping is

0B ~ [(@0B]2 « oy + 10

3722
& grirs

2.18
Vo (2.18)
Finally, in the absence of electric fields, at very low collision
frequencies (v < pv8/R,a), the particle temperature increases above the
critical energy, and all particles trapped in the ripples will drift to
the wall without being scattered out of the loss region. The
corresponding diffusion coefficient is

D ~ vgga? . (2.19)

We compare these ripple-enhanced diffusion coefficients with the
conventional EBT neoclassical aiffusion coefficients to determine the
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allowable range for the magnitude of the field modulations (ripples).
The neoclassical diffusion coefficient for EBT is given by

DNC ~ (Ax)2 —1-—“1;/? , (2.20)
+
where
Bx = vgrisp/ -
In the collisionless regime
Vot ee \2
ONC o g (86)2 = vog (drafb> _ (2.91)
For D® ¢ DNC, that is,
2
o2 Varity o fVariteY
Vg0 0\ a
we find
872 ¢ (v/a)?
or
8 < (vt . (2.29)

For v/l ~ 0.1, the magnitude of the ripple well depth should be
& < 4.5% in order for ripple losses not to be dominant. For very low
col lision frequencies (v/Q ~ 0.01), one requires & ¢ 0.2%. HWe see from
this example that for the four-coil per corner case the ripple losses
wiil dominate. However, for the eight-coil per corner case the overall

enhanced losses due to ripple will have a negligible effect on plasma
confinement.
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3. FIELD ERROR CALCULATIONS IN AN
ELMO BUNPY SQUARE (EBS)

N. A. Uckan, D. K. Lee, and T. Uckan

A closed field line device, such as an ELMO Bumpy Torus (EBT) or
an ELMO Bumpy Square (EBS), is very sensitive to small perturbations in
the magnetic field. Numerical calculations of field errors due to
single-coil misalignments indicate that the field |ine closure is most
sensitive to angular misalignments of the coils in both EBT and EBS.
Errors in absolute spatial positions are found to have very small
effects, provided there is no corresponding angular misalignment.
Statistical analysis of errors from N coils (where N = Ng + N, with Ng
the total number of coils in straight sections and N, the total number
of coils in high-field curved corner sections), assuming the errors in
gll N coil alignments are randomly distributed in a Gaussian fashion,
is found to be in reasonable agreement with the numerical calculations.
A specific example for an EBS configuration is given. Each side of
this EBS configuration consists of a [inear array of five EBT-S coils,
and the corners are formed by 90° sections having eight half-size
(one-half number of turns) EBT-S coils with a ratio of currents
Teorner/Isige ® 1.2-1.4. Calculations indicate that a misalignment of
1 cm in one coil yields an error 8B/B < 107, whereas a misaligmment of
1° in one coil orientation results in an error 8B/B~ 107*,
Corresponding errors in EBT-S are 8B/B < 107'° for 1 cm misalignment of
one coil and 8B/B ~ 10~* for 1° misalignment of one coil orientation.

3.1 INTRODUCTION

An ideal ELMO Bumpy Square (EBS) is a closed field line system
with zero rotational transform and no toroidal current, characteristic
of an ideal ELMO Bumpy Torus (EBT). This current-free equilibrium
configuration is sensitive to the system magnetic field asymmetrics
(perturbations). If large enough, these field perturbations or field
errors (8B/B) can cause!™ (1) field lines to spiral out of the
confinement volume, thereby degrading confinement; (2) establishment of
toroidal current and therefore enhanced fluctuations; and (3)
distortion of equipotentials of the ambipolar potential well.

In practice, the field errors are unavoidable due to small coil
misalignments during installation, imperfection in coil winding, etc.
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Here, we (1) describe the numerical scheme used in the evaluation of
both 8B/B and field line closure, (2) discuss which classes of
perturbations (spatial or angular) are dominant, and (3) describe the
statistical analysis of errors from all coils.

3.2 FIELD ERROR CALCULATION DUE TO SINGLE-COIL MISALIGNMENT

As pointed out, the field errors can arise from many different
sources: coil misalignment, imperfect winding effects in a coil,
magnetic fields from buswork and leads, and field perturbations due to
the presence of magnetic materials. Although all these sources can
cause significant error fields, we will discuss only the first effect
in this paper. We will evaluate the amount & that a field line
centered at the magnetic axis (starting in the coil throat) misses
connecting with itself when followed once around the torus. For
perfect coils installed with no misalignment, this number should be
zero. We note that the choices of magnetic axis and coil throat
location for the starting point have to do with the fact that field
errors will be more critical in regions of large magnetic field and
large radii of curvature!™ [(8B/B) w~ p/Rg ™ (BRc)'l, where p is the
gyroradius and R, is the radius of curvature[. Shown in Fig. 3.1 is
the geometry of an EBS configuration indicating the coil arrangements
and coordinate system used. An EBS configuration has four symmetric
planes and eight field periods. Specific coils involved in the
calculations within one field period are designated by A through G in
Fig. 3.1.

In our examples we will consider an EBS configuration whose sides
are constructed from EBT-S mirror coils (five mirror coils per
side — coils such as A, B, and C) and whose corners are 90° sections of
a toroidal solenoid in which the field is produced by eight half-size
EBT-S coils per corner. Figure 3.2 shows magnetic field lines in the
equatorial plane (X-Y plane) with specific dimensions. The mirror
sector length (or the coil spacing) in the sides is Ly = 40 cm, and the
- major radius of the corner sections is R.gpner & 44 cm, with the axis
of each corner section displaced radially outward by (A shift). . ep
2.5 cm from the axis of the sides. This displacement and the length of
the transition sector (Ly.) are adjusted so that the rings in the
transition sector (the sector connecting the simple mirror field to a
1/R varying toroidal field) form on the same flux lines as in the
axisymmetric sectors. Depending on the ratio of the currents in the
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Fig. 3.1. Geometry of an EBS configuration indicating the coil
arrangements (top view). Coordinate system used is shown (X and Y axes
are indicated; Z-axis points out of the paper —right-hapd coordinate
system). Specific coils involved in the calculations A through G are
indicated, which represent the coifs in one field period. In an EBS
there are four symmetry planes and eight field periods.
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Fig. 3.2. Magnetic field lines in the equatorial plane (X-Y
plane) of an EBS are shown for one quadrant. A through G coils and
their mirror images G” through A’ are shown along with specific
dimensions used in the calculations. Here L, = mirror sector length,
Ltp = transition sector length, R.,pper = redius of the corner, and

(8shift) copner = (center of coil D — center of coil A) = Xp, - Xpo-
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corner coils to the currents in the straight section, the transition
sector length is typically larger (~2 to 4 cm) than the length of the
mirror sectors. For I.. nner/Iside ™ 1.2-1.4, Ly, ~ 42-44 cm. In our

example, we have I, . o /Toiqo ™ 1.4 and Ly, ™ 42 cm,

In numerical calculations, the mirror coils (i.e., coils A, B, and
C) are approximated by two circular filaments, and the corner coils
(i.e., coils D, E, F, and G) are approximated by a single circular
filament. The field |ine geometry shown in Fig. 3.2 is calculated with
finite coil dimensions from EFFI, which do not differ from those of
circular filament appr'oximation.6 The code evaluates &R (86X, &Y, &2Z) in
a coil plane by integrating the field line equations through one full
period around the machine (360° in ¢). Theoretically, & vanishes for
the ideal positions and orientations of the coils. Actual numerical
results obtained from the code usually range from 1073 to 1071° em for
|&|. Therefore, the accuracy of the code seems sufficient for the
purpose of the present study.

There are five degrees of freedom associated with each coil: three
for the position of the coil center and two for the angles of the coil
plane. The five corresponding coil errors are denoted by AX, AY, AZ,
A8, and Ap, where © is the angle between the Z-axis and the projection
of the coil normal to the X-Y plane, and ¢ is the angle between the
coil plane (which is coplanar with the Z-axis) and the X-axis in the
X-Y plane (Fig. 3.3).

Table 3.1 lists the field |ine displacement &R cbtained with only
one coil perturbed and with only the error involved in coil position or
orientation. The field line displacement is measured in the center of
the coil plane of the A coil (X-Z plane with coil center at X =X,
Y=0,Z=2,=0). Figures 3.4 and 3.5 show directions and relative
magnitudes of field line displacement in a circle of radius 11 cm
(radius of the clear bore under the coil) in the coil plane for A6 = 1°
and for Ap = 1°, respectively.

The results of the calculations indicate- that the field line
closure is most sensitive to angular misalignment of the coils (40 and
Ad). In these cases, an assumed angular error of 1° causes
6B/B ~ 2.22 x 10™*, We note that in EBT-S a similar angular
misalignment of 1° (A6 or ©¢) causes similar error fields
(88/B ~ 2.2 x 107%),

Of equal significance is the effect of the errors in © and ¢,
which are essentially orthogonal; A® causes a vertical displacement of
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Fig. 3.3. Two angles of the coil plane. Orientation of X, Y, and
Z coordinates are shown, with the same orientation as in Figs. 3.1 and
3.2.
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Table 8.1. Results of perturbations to one coil%

Coi Field line displacement
perturbed Perturbation 5X (mm) 8Z (mm) 88/8

A A8 = 1° 80 -2.82 2.92 x 107*
A M = 1° -2.81 N O 2.22 x 10~*
G A6 = 1° 80 -1.17 9.92 x 10~°
¢ M = 1° -1.21 0 9.54 x 107°
B AX =1 cm 1.1 x 102 0 8.67 x 107
B AY = 1 cm 8.2 x 10~2 0 4.89 x 10~7
B AZ =1 em 0 1.7 x 102 1.34 x 10°%
B AI/T=102 34x10* 0 2.68 x 107°

@ Field line displacement is measured in the center of the A coil plane
(X-Z plane). Calculated lack of field line closure &R (8X, 8Z) and
corresponding field error 8B/B = |&|/C, where C is the circumference
(field line length)
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Fig. 3.4. Arrow plot showing the direction and relative magnitude
.of field line displacements in the plane of A coil for 40 = 1°. The
largest magnitude is 2.82 mm at the coil center (0,0).
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Fig. 3.5. Arrow plot showing the direction and relative magnitude
of field line displacements in the plane of A coil for Ap = 1°. The
largest magnitude is 2.81 mm at the coil center (0,0).
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the field lines (Fig. 3.4), and A causes a horizonta! displacement of
the field lines (Fig. 3.5).

Errors in absolute position are much less sensitive, provided
there is no corresponding angular misalignment.

3.3 STATISTICAL ANALYSIS OF ERRORS

In the previous section, we determined that the dominant
misalignment contributions to field errors were in the two angles © and
¢. Since the proper determination of angular alignment will require
fairly stringent positional alignment also, we will discuss only the
angular errors and assume that nonclosure of field lines arising from
positioning errors is small relative to the angular ones.

First, we will consider only the variations in 6. The total
number of coils in the sides is Ng = 20 (five coils per side) and in
corners N, = 32 (eight coils per corner). For one coil (side or
corner), we have the expression

5B/B = Col® .

If we assume that the errors in all 20 straight-side coils are
distributed normally with one Gaussian distribution and that the errors
in all 32 corner coils are distributed normally with another Gaussian
distribution (both of which have a mean error of zero and an rms error
of B.ys), then the problem is exactly equivalent to the one-dimensional
random walk problem. Each magnet error AO contributes a step-size
(SZ)j to a field line, where | =s(side), c(corner). For small

individual displacements, the problem can be treated as a linear
superposition of steps of varying size and direction with an rms
step-size determined by 6, .. For N steps, the rms displacement

82y = N'72 82 ;

then,

5B\ _ (6B , (8B
B B~ \B Jorner B fside

/5B _N12
(B )corner = Ne"™ (Celrns). -
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and

5B
(_i;‘—)side = Nisa (Ceerms)s ‘

Thus,

(%% = [(32)'?Cq + (20)1"*CosOpps

where (Opnc)e = (Bppe)g is taken.

The same arquments apply for errors in the ¢ direction. Since the
errors in ¢ and O cause the same magnitude change in 8B/B (i.e.,
Ce=C¢, from Table 3.1) but are perpendicular in direction, the
expression for the total field error is simply

SCHO

which yields

'%B': [(32)! 2o, + (20)!Cqg] (67ps + ¢Fns)' 7

where ¢png is the rms error in ¢. The sbove expession is velid if the
errors in ¢ and © are uncorrelated, which seems to be the most
reasonable assumption to make. Finally, if we assume the rms errors in
the ¢ and O directions to be equal, then

'SFB= [eco. + (40)1'2(:65]erms ‘

From Table 3.1 we have
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Coc = 9-54 x 107°  and Cpg = 2.22 X 107* .
Thus,

5B -3
B - 2.17 x 10 e,.ms ,

where 6., is expressed in degrees.

The question remains, "What is the inherent &B/B that can be
tolerated?" (That is, what is the field error inherent to the device
construction without global correction?) In the EBT-S device the
inherent field error is 8B/B ~ 5 x 107*, which can be corrected to a
level of &B/B~ 10~* with the global field error correction
coils.1+37 That is, the global field correction coils correct 80% of
the inherent device field error in EBT-S. (We note this occurs only
when the 8B/B > 7 x 10™* plasma properties start to degrade.”) Based
on the EBT-S experience!’’ and the fact that coil alignment errors
produce fairly uniform field errors across the plasma (Figs. 3.4 and
3.5), we assume that similar levels of field errors (SB/B & 107*) will
be required in EBS and that the global field error correction coils can
correct 80% of the inherent device field error. Thus, the inherent
field error criterion (that is, five times that for the net field error
8B/B 5 X 10*) will yield the required values for Oppg  Solving

8B -3 —4

—B—=2.17X10 e,.ms=5x10 .
we have

erms = 0.23° .

Since the treatment here is statistical in nature (as is the
alignment of the coils), the actual &B/B is not specified exactly by a
specification of O.,c. Rather, it has a Gaussian distribution; the
probability that 8B/B will be less than 5 x 107" is about 88%, and the
probability that it will be less than 10~ is over 95§. When corrected
with global correction coils, the probability that 8B/B will be less
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than 107* is about 88% and the probability that it will be less than
2 x 107 is more than 95%.

Because drift orbits in EBS are much better centered than those in
EBT-S, the effect of field errors on particle orbit displacement might
be expected to be more pronounced in EBS than in EBT-S. In this
regard, if we choose to be more pessimistic in the field error
criterion in EBS than in EBT-S, we can assume that the inherent field
error should not exceed 8B/B ~ 2 X 10~ (instead of 8B/B » 5 x 107%).
Under this pessimistic assumption,

O.ns(pessimistic) 2 0.1 .
With this value of 6.,c, the probability that inherent 8B/B will be

less than 4 X 10~ is greater than 95%, and when it is corrected, 5B/B
is less than 8 X 107>,
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4. INTRODUCTION TO MAGNETIC EQUILIBRIA AND SINGLE-
PARTICLE ORBITS IN THE SQUARE CONFIGURATION
OF EBT — A TUTORIAL

C. L. Hedrick and L. W. Owen

Here we discuss the ideal magnetohydrodynamic (MHD) magnetic
equilibrium properties and single-particle orbit characteristics of the
square configuration of ELMO Bumpy Torus (EBT). The intent is to make
this aspect of the theory accessible to those unfamiliar with the
general aspects of EBT theory. In particular, we attempt to include
sufficient detail to enable the interested reader to reproduce the
analytic development without excessive effort. Recognizing that many
will not have the time or inclination for such an effort, most of the
main features are discussed briefly in the introduction. The more
formal developments, as well as what we have found to be useful
interpretations of the mathematics, are contained in the body of the
text. So as not to obscure the basic arguments unduly with algebraic
detail, lengthy mathematical developments have been relegated to
eppendixes.

4.1 INTRODUCTION

For any magnetic containment configuration, one begins by
examining its ideal MHD equilibrium and single-particie containment
properties. Here we examine these properties for the square®
configuration of EBT (see Fig. 4.1). The equilibrium and orbit
properties form the basis for the "higher-order" calculations of
transport, heating, and stability.

The starting point for our analysis is a calculation of the
pressure surfaces. As is wel! known for closed line scalar pressure,
the pressure surfaces are the same .as surfaces of constant §dl/B
[ref. 2]. 1In Appendix 4A the Grad-Lortz algorithm®® used to calculate
finite-beta, tensor pressure equilibria for the hot elettron rings is
extended to permit finite core beta (assumed small compared to ring
beta). It is agein found that the core scalar pressure is constant on
constant § d4/B surfaces.

For vacuum magnetic fields, analytic approximations are developed
for § dé/B in detail. In a midplane of one of the mirror cells
composing the sides of the square, the pressure contours are found to
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EBT.
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be shifted circles (shifted toward the "major axis"). The pressure is,
of course, constant along field lines, so that the entire pressure
surface is shifted inward from the axis of the coil configuration.

The inward shift for the square configuration is qualitatively
similar to that obtained for the circular EBT configuration. For both
configurations the shift decreases with increasing local mirror ratio
(or bumpiness) and number of mirror cells. The square configuration
exhibits an additional inverse dependence on the global mirror ratio
(ratio of the maximum B on-axis in the corners to the minimum B on-axis
in the sides). This dependence of the square configuration on global
mirror ratio is what is exploited in reducing the inward shift of the
pressure surfaces (and the inward shift of passing and transitional
particle orbits).

Havang discussed the shift of the pressure surfaces in the absence
of rings, we qualitatively discuss how §dl/B (and hence the core
pr'essure) is changed when the hot electron rings produce a substantial
change in § df/B.

Preparatory to considering single-particle orbits, we first make
an estimate of the ratio of the parallel electric field to the
perpendicular electric field. To do this we first use equilibrium
considerations to determine the parallel current. Using Spitzer
conductivity, we obtain an estimate of the parallel electric field. We
find that E /E, is proportional to vg/w.e and is inversely proportional

to eld /T. Since vg/w,, is so small (e.g., 10® to 10~%), we conclude
that the parallel electric field is negligible and that to a high level
of approximation tlie potential is constant along field iines.

The connection between the MHD fluid equations and single-particle
orbits is provided by the kinetic equation. 1In Sect. 4.4 the MHD
relation between pressure and fdl/B is redeveloped using the drift
kinetic equation. The average over velocnty space and a flux tube are
shown to lead to b x ¥ ¢ df/B. Then ¢ df/B is interpreted as a kind of
average drift surface. This kinetic approach also permits a treatment
of certain nonideal effects, which can usually be omitted for magnetic
equilibria (but not for transport) because of quasi neutrality.

The treatmeht of orbits is divided into two major portions: (1)
analytic and qualitative discussions and (2) discussion of numerical
results. In the qualitative section we discuss the motion of low- and
high-energy particles. The high-energy particles are further
subdivided into trapped, passing, and transitional particles. For the
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extreme |imits of pitch angle (v = O~and v, = v), simple expressions
are given for determining the drl#t orbits for all energies.

The trapped particles that exist in the nearly axisymmetric sides
have drift orbits which are circular, with virtually no shift relative
to the coil axis. Passing particle orbits are also circular in cross
section but are shifted inward. The trick of introducing "reverse
toroidal curvature" in the transition between the sides and th2 corners
to further reduce this shift is discussed in 2 qualitative way. The
qualitative -behavior of high-energy transitional particles (the worst
contained particles) is discussed. The analytic argument for
neglecting a class of particles that have been found to be small
numerically (for two decades) is discussed. (Their number is
exponentially small.)

In Sect. 4.8 numerical results of orbit calculations are presented
for both the square and circular EBT configurations. The nearly
circular character of the orbits suggests an approximation that is
equivalent to the standard aspect ratio expansion for a circular EBT.
Using this approximation, numerical estimates of the step-size for
diffusion as a function of energy and cosine of the pitch angle are
given for both the square and circular configurations. Numerical
estimates of the neoclassical |ifetimes for both the square . and
circular configurations are given. The square lifetime is typically an
order of magnitude larger than that of the circular configuration.

4.2 MHD BEQUILIBRIUM CONSIDERATIONS

Fundamental to the analysis of any plasma is that charge be
conserved:

o)<} .3 =
at+v j=0. (4.1)

As shown in Appendix 4A, this concept, together with the fluid pressure
(or momentum) balance equation :

§ XB =Vp | - (4.9)
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and V *B =0, leads in steady state to the requirement that the
pressure p is a function of § d//B. This means that the surfaces of
constant pressure can be determined by determining the surfaces of
constant ¢ d¢/B.

Since both the pressure and ¢ df/B are constant along field Iines
[e.g., B *V¥p =0, which follows by dotting Eq.(4.2) with B], it
suffices to determine contours of constant § dZ/B in some surface which
cuts all the field lines. For concreteness we will choose this surface
to be a midplane of one of the approximately identical mirror cells
that meke up a side of the square configuration.

To calculate § dZ/B analytically we make use of approximations to
the magnetic field of the square configuration of EBT. We assume that
there are N mirror cells per side and that all these cells are
identical except for those adjoining the corners. In the identical
mirror cells the magnetic field on-axis is taken to be By in the
midplanes. Under the coils where the identical cells join, the
magnetic field is given by M By, where M, is the local mirror ratio.

For the mirror cells adjoining the corners, the magnetic field
on-axis is again taken to be By in the midplane. Where a side joins a
corner, the magnetic field is taken to be MgBy, where My is the global
mirror ratio. Within the corners we approximate the magnetic field by
that of 2 toroidal solenoid (that is, constant along circuler! field
lines and having a 1/R dependence across field |ines).

As shown in Appendix 4B the contribution to § d4/B from a single
half-cell is :

Uy g.(l_EfJL §1 +-;—52[1 + (1[3)2]; , (4.3)

where L is the distance between a midplane and an adjacent coil plane
for a mirror cel! and

R M-
8 = bumpiness parameter = M1

with

M = mirror ratio .
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The radius in the midplane is denoted by rg.
The contribution of all four sides to § dé/B is given by

2
Ug g = 45 20 - 10 - 8L [1 +-1-6'f(1 +-ﬁ>]

Bo 2 L2

2(1 - 8a) ©re
+——Ba'—G— L[l +—%—8‘2_(1 + L_;s):l; . (4.4)

The first term in Eq. (4.4) comes from the 2(N - 1) identical
half-cells per side, whereas the last term comes from the two
half-cel|s per side that are adjacent to corners.

The contribution to § dZ/B from a single corner is given by

- Rdl _=xR
Uc_fo B " 2B (45)

In the corners,

0 Ro
B = MGBOGR—> = MGBO(RO + Xc) (46)

so that for X /Ry << 1,

R X
U X 0 (1+2-£). (4.7)

To relate X, in a corner to rg in a side we make use of conservation of
magnetic flux. The flux within a circle of radius rg in the side is
given approximately by nrgBo. As this flux tube passes into the
corner, its radius is reduced because of the stronger magnetic field.
In the corner the flux is given approximately by ﬂP%MGBQ. Equating

these expressions for the flux we find that r, = rs/M31/2. In the
equatorial plane, r, = X, and rg = Xg such that
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Xe = XS/MGI/Z , (4.8)
where
r2=Xg + )% . (4.9)

Combining Eqs. (4.7) and (4.8), we find that the contribution to
§ dé/B from all four sides is

21Rg Mg
4, o 1+ . 4.10
¢ MgBo ( M2 Ro) 419

From Eqs. (4.4) and (4.10) we find that

o(N - 1)(1 - §)L 22
¢%=4§ e L P+%ﬁ0+tfﬂ

2(1 - 8p)L @l
+———Bo G [1 +-%—52G(1 + |_2S>B

21R, N )
+ 1+ . (4.11)
”GBo,( Mg 2Rg

The contours of constant § d//B are readily obtained from
Eq. (4.11) if we rewrite it in a form to emphasize rg = Xg + yg and Xg.
Thus,

X2 +y2 + 26X = C; = constant , (4.12)

or

(X + 02 +y2 =C; + €2, - (4.13)
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where
¢ = L , (4.14)
2nf (1 ~ 8 )Mg2NF
1.1 M_l , (4.15)
N st - &)

Equation (4.13) is the equation of a circle shifted inward (toward the
major axis) by € (Fig. 4.2).

The inward shift of the pressure surfaces for the square
configuration is qualitatively quite similar to that which occurs for
the circular configuration of EBT. For example, the shift is reduced
by having a larger number of mirror cells (aspect ratio in the circular
configuration). The major difference is the appearance of the global
mirror ratio Mg. E

The additional dependence on global mirror ratio permits
considerably better centering of the plasma. For example, if M_ =2 so
that 5|_ =1/3, N=6, and Mg = 4, then

-%e 0.05 . (4.18)

For M_ =2, L is approximately equal to the coil radius, which in turn
is comparable to the plasma radius. Thus, €/L is approximately (by a
factor of 2) the ratio of the shift to the radius.

To this point we have omitted the effect of the hot electron rings
on § df/B. MWe next consider the qualitative effects of a substantial
hot electron ring on the pressure surfaces for the core plasma. As
shown in Appendix 4A, the core pressure surfaces correspond
(approximately) to the surfaces of constant ¢ df/B.

Because the magnetic field of a hot electron ring falls off
rapidly with distance, the primary effect is on the field in the sides
of the square configuration. The effect of the hot electron rings on
f d¢/B for a single mirror cell is illustrated in Fig. 4.3. For the
substantial ring shown it will be noted that the slope of J'dl/B is .
steepened for the inside half of the ring and reversed on the outer
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Fig. 4.2. Pressure surface in the midplane of one of the mirror
celIs composing the sides of the square configuration. Since pressure
is constant along field lines, the pressure surface follows field
lines, contracting in cross-sectional area in regions of higher
magnetic field. For both circular and square configurations § is
reduced with increasing local mirror ratio (bumpiness) and number of
mirror cell. The additional dependence of § on global mirror ratio for
the square configuration is exploited to reduce the inward shift of the
pressure surface.
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rg, MIDPLANE MINOR RADIUS

Fig. 4.3. § dZ/B vs minor radius in the midplane when substantial

ring beta occurs. The departure from the vacuum curve (dashed) occurs
at radii where ring pressure exists.
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half of the ring. We can express this formally by expanding the
contribution to § d¢/B from a single half mirror cell about some
midplane radius rg,

Uy & Uy(rd) + UG(rd) (F3 - ) (4.17)

and noting that Uj(rd) is simply related to the slope (especially at
the relatively large radii occupied by the ring).

To determine the contours of § dZ/B we could now proceed to repeat
the type of analysis that led from Eq. (4.3) to Eq. (4.14). To gain a
qualitative understanding we need only note that we would again obtain
an expression for § d/B similar to Eq. (4.11) except that the
coefficient of rs would involve UM(ro) instead of the factor arising

from Eq. (4.3): g-al —-(-1—:—-)-] The equation for the pressure

contour would again be that of a circle shifted by €. In place of
Eq. (4.14) we would obtain

¢« 1/05(r3) . (4.18)

By referring to Fig. 4.3 we see that Eq. (4.18) indicates that the
contours of pressure, while approximately circular, would not be
concentric. Proceeding from small radius to large, the inward shift of
the contours would be reduced as one encountered the steeper gradients
in Uy associated with the inner half of the rings. On the outer half
of the rings, where Uj has the opposite sign from the vacuum value, the
shift would be outward instead of inward.

Near the peak in the ring pressure, where Ug(rg) © 0, the analy5|s
leading to Eq. (4.18) fails since it is necessary to retain Ui (rp)
omitted in Eq. (4.17). However, the situation is a familiar one whlch
produces banana- or crescent-shaped contours in § df/B (for an analysis
of a similar topology see Appendix 4F). The simplest expectatuon for
the core pressure across the separatrix.(largest banana) is that it be
constant. Thus, we expect that the core pressure will show a flat spot
near the peak of a well-developed ring pressure.
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4.3 PARALLEL CURRENT AND ELECTRIC FIELD
As indicated in Appendix 4A, the Lortz and modified Grad-Lortz

algorithms for computing core scalar pressure equilibria (in the
presence of anisotropic rings) use the relation

] =v¢x¥p, (4.19)
where j and p are core plasma quantities and § is defined as

<= j(’;i’g— . (4.20)

The zero in £ is conveniently taken to be one of the symmetry planes
which passes through the center of a side or which passes through the
center of a corner. The magnetic field is normal to these planes, and
in these planes any paralliel component of current vanishes.

It is convenient to first focus on a corner. We will take § to be
zero in the center of a corner. We will also take this as the zero in
toroidal angle ¢. Using the same approximations for the magnetic field
used earlier (circular field lines, etc.), we find that

¢ .
— »;m - Rb R4l
s-fORdda/B-.B' R (4.21)
Recalling that B @ 1/R we find that
ve =%(2¢eR + &) - ‘ (4.22)
Within a corner the pressure is a function of minor radius so that

vp :%Eér. : | (4.93)
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Inserting Eqs. (4.22) and (4.23) into (4.19) and making use of

ép X ér = —é¢ sin 6 = —B sin 9 ,

(4.24)
e¢Xer.=—ée,
where O is poloidal angle, we find that in a corner
= - =48 (94 sin 6D + ¢ 4.9
I =-84r (24 sin + 8g) . (4.25)

The pzallel current appearing in Eq. (4.25) has a simple
interpretation. In the center of a corner (¢ = 0). the current is
purely poloidal and the lines of j are circles. As we move away from
the central symmetry plane, the current is still a collection of
approximately circular filaments, but the circles are no longer
perpendicular to B. These cocked circular filaments of current have
components parallel toB which are largest in magnitude at the top and
bottom (6 = +w/2) and zero in the equatorial plane (8 =0,m). As ¢ is
changed from zero to tmw/4 (where the corners join the sides), this
cocking of the current relative to the magnetic field increases. The
maximun ratio of the magnitude of i the parallel to perpendicular
currents occurs at ¢.= /4 and is

.
- =—sin 6] .
WA <TJJ.JLT) gisin ©l P
{

Since the central plane of a side has j, =0, it follows from
continuity that the sides must undo the cocking that occurs .in the
ends. In other words, the increase in the magnitude of j, that occurs
in the corners as one moves away from the center of a side must be
reversed somewhere in the sides. ’

It follows from Eq. (4.19) that the parallel current in the sides
occurs because V¢ and Vp are not coparallel (except at the central

plane where ¢ =-%-§ dé/B). The reason they are not coparaliel is that
whereas & is very nearly symmetric about the axis of the bumpy cylinder
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the pressure surfaces are shifted away from the axis (e.g., inward
toward the major axis). As indicated in Appendix 4C, this leads to two
types of axial variation of the parallel current. One type of
variation is sinusoidal and occurs in the circular EBT configuration.
The second type of axial variation is approximately linear in arc
length. This second type of variation is cancelled by distributed
toroidal effects in the circular configuration. In the square
configuration, the second type of axial variation continues to build up
until the side joins the end. The two types of axial variation along
the side, as wel! as the behavior in a corner, are illustrated in

Fig. 4.4.

Because of finite resistivity there will be a paraliel component
of electric field associated with the paralle! current. That is, the
ambipolar potential will vary along the field lines. It is thus of

some interest to estimate E, /E.
To estimate E|| we use the relation

j" =0 E" ’ - (426)
where the Spitzer conductivity is given by .
2 " ?
o =-=--%_ ' (4.27)
Ve Me

and vy is the electron Coulomb collision frequency. To estimate E; we
note that the radial variation in the potential in EBT-I/S (and many
other toroidal devices) is comparable to T. That is,

Te
E, =h-2, (4.28)

where a is the plasma radius and h is comparable to unity (e.g., within
a few factors of 2).
Fromj XB =Vp we estimate that
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4, ARC LENGTH

Fig. 4.4. Variation of B and j, vs arc length £. The oscillatory
part of j, (solid curve) also occurs for the circular configuration.
The: other part of j, occurs in polygonal configurations such as the
square. The zeros in j, occur at symmetry planes.
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. nTe

1= 2.8 (4.29)
so that

. nTe

ip = kklﬁk-ia—B', (4.30)

where k is the ratio of j, to j, (e.g., |k] < %/2). Combining
Eq. (4.30) with Eqs. (4.28) and (4.29), we obtain

wl, YeTe

By =% K Wee €2 (4.31)
so that

E v

El 4 Wee
or

Byl e ' (4.32)

El 8rn fee

Now Ug/t,e is a very small number. For example, using EBT-S-like
12 ~.3 .
parameters of n = 10" em™ and T, = 100 eV, v, is tens to hundreds of
kilohertz, whereas the electron cyclotron frequency is tens of
gigahertz. Thus,

-}’i: 0(10°%) . (4.33)
ce

Since Vg « n/Te3/2, even for reactor conditions v ff., is
0(10-° - 10°%).
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From the above we conclude (1) that the electron conductivity
along field lines does not permit substantial variation of the
potential along field lines and (2) that assuming the potential is
constant along field lines is an excellent approximation.

As an aside we note that these parallel electric fields can |ead
to azimuthal components of the electric field. For the bumpy torus
configuration this can lead to convection — called Pfirsch-Schliiter
diffusion in tokamaks and stellarators. However, this particuiar form
of transport applies primarily to very cold end-collisional plasma
configurations in which the mean free path is small. For a dansity and
temperature comparable to that found in EBT-I/S, the transit
frequencies are such that vgTp R 2 X 1072, Thus, particles experience
very few collisions per transit of a one-half field period. The
tertiary Eg X B drifts from toroidicity are oppositely directed across
symmetry planes and, hence, cancel over a full field period (e.g., two
halves of a side or the two halves adjacent to a corner). Estimates of
the displacement per transit of a half period are very small and
considerably smaller when the cancellation over a full period is taken
into account.

4.4 KINETIC TREATMENT

We now connect the foregoing fluid treatment with particle drift
motion via the kinetic equation. Our starting point is the drift
kinetic equation’ for species j:

of;

E-‘-+v" °ij +vp ‘ij = Cj R (4.34)

where C: represents scattering by Coulomb collisions, microwave fields,
etc., as well as the particle source (e.g., ionization of neutrals).
The drift velocity is given by

2 A v,2 v,2 X '
vp = ny bX(—J:‘,—v £n B+ 2 "2 lc>+E B. (4.35)

2°j B v v g2

Multiplying Eq. (4.34) by dv and integrating (see Appendix 4D)
yields
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i

“ oy - 0@ B m)] = [,

S+ ¥ e (nj<v>;h)

.|B
+ij [GJB

E XB
B2

(4.386)

where we have assumed that f; is isotropic to lowest order. The
density, pressure, and velocity space average of v, are denoted by nj,

Py and <v”>j. We note for future reference that the factor

multiplyingVp; in Eq. (4.36) arises from the velocity space average of
the VB and curvature drifts.

We notice that if we multiply Eq. (4.38) by ej and sum over

species, we obtain the charge-conservation equation [Eq. (4.1)]. The
first term in Eq. (4.38) leads to the time derivative of the charge
density, whereas the second term leads to. the divergence of the
parallel current. The remaining terms, which arise from vp * Vf, lead
to the divergence of the perpendicular current.

Now the term involving <v,> in Eq. (4.38) can be written:

3 nilv, >
(nj<v">jm =By (—1—5‘1—#) , (4.37)

where we have used 3-—B/B and V *B = 0. Since nj, <v">j, and B are

single valued, this suggests that we divide Eq (4.36) by B and
integrate over £. This yields

on: ' e
O g9l g, . |-b
U5 +¢ B %pj [ejBx v lnB+n)]

E xB
B?

+

. [an - n;(V In B +n)]; = §%fd3v ¢, (4.3)

where
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§&L . (4.39)

US¢5

As shown in Appendix 4E, Eq. (4.38) can be written in the form
On; Uxb
.« @
Uae t VP CeJ-B )

E XB
B2

* (Wn; + 0oy = gf J e (4.40)

+

We now multiply Eq. (4.40) by €] and sum over species. Assuming
steady state we obtain

x b
VP‘(’UB >=0. (4.41)

where

p = 2 pj , (4.42)
J

-

and we have assumed quasi neutrality so that
p=Lemn: ¥0 (4.43)
i I

and the terms involving E X B venish.
Equation (4.41) can be rewritten as

Wpxw)+b=0. (4.44)

Since neither ¥p nor YU have components in the direction of G, we can
equally well write Eq. (4.44) ss
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Vpxw =0, (4.45)

which means that the gradient of p is in the direction of the gradient
of U. That is, the pressure can be written as a function of
Us § d//B. (As an aside we note that it is possible to estimate the
size of the terms involving the charge density. For e$/T of order
unity and aspect ratio of order 10, these terms are on the order
1% — if one includes bumpiness.)

Tracing the origin of Eq. (4.45) we see that the factor
multiplying Vp in Eq. (4.41) came from the flux tube average of the
velocity space average of the curvature and VB drifts (but not the
E XB drift). We are thus led to write Eq. (4.41) in the form

VD e Vp =0, (4.46)

where Vp is the average of the magnetic drifts. This formulation, that
the pressure is constant on an average drift surface, is potentially
useful for dealing with deviations from the assumptions made herein
(e.g., an anisotropic pressure tensor).

Equation (4.48) also allows us to draw an analogy to toroidal
systems with rotational transforms. For systems with a large fraction
of passing particles and rotational transfer, the dominant motion
perpendicufar to the minor axis of the torus is provided by V, < Vf.
The "“average particle® then is, to lowest order, confined to a flux
surface. For the closed line systems with no rotational transfer
discussed here, the average drift surface plays the same role as the
flux surface — both are the surfaces followed by an average particle.

Thus, in both cases, it is natural to assume that all macroscopic
equilibrium quantities are, to lowest order, constant on the surfaces
followed by the average particle. Determining the next-order effects
(e.g., through transport calculations) demands that one consider the
deviations from the average. That is, one must know the details of
single-particle motion (discussed qualitatively in the next section).
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4.5 SINGLE-PARTICLE ORBITS — BASIC ANALYIS AND IDEAS

In this section we discuss the qualitative behavior of certain
limiting cases and give, where possible, simple formulas for
calculating drift motion.

We begin with relatively cool particles. From the expression for
the drift velocity given in Eq. (4.85), we see that it mv?/2 is
sufficiently small (e.g., mv2/2 <<|ed]) then the dominant drift motion
is provided by the E x B drift. These relatively cool particles drift
on potential surfaces. This follows from

ExB) _ 5. EXD) (4.47)

Vo evp Vb e
D =T T B2

which states that wp has no component perpendicular to the potential

surface.

We next consider relatively hot trapped particles. " We begin with
deeply trapped particles — particles with vy =0 in a midplane of one
of the mirror cells making up the sides of the square configuration.
For these deeply trapped hot particles, Eq. (4.35) reduces to

2
~ mvy a
vp _—J-—2ejB bxV ZnB . (4.48)

To a high level of accuracy b is normal to the midplane and V Zn B lies
in the midplane. Thus, Eq. (4.48) states that vy lies in the midplane,
and by dotting Eq. (4.48) with VB we see that this type of particle
follows a contour of constant B. Since the magnetic field is nearly
axisymmetric in the sides, the contours of constant-B are nearly
concentric circles and, hence, so are the orbits.

Hot particles which are not quite so deeply trapped are no longer
confined to the midplane but bounce back and forth between turning .
points where e/u = B (i.e., v, = 0). These particles again drift on
surfaces which are nearly circular in cross section since the magnetic
field is nearly axisymmetric. However, the net drift per bounce tends
to be lower for less deeply trapped particles. This is most easily
seen for low beta, whereV, /n B~ &. From Fig. 4.1 it is obvious that
the curvature becomes less in magnitude as one moves away from the
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midplane (it is of opposite sign under a coil in the sides).
Consequently, the less deeply trapped particles must average the
smal ler values of local ¥B drifts (or even ones of opposite direction)
along with those they encounter passing through the midplane.

Numerically the drift surfaces for any EBT configuration are
readily determined from the longitudinal adiabatic invariant

J = § mv,df , ‘ (4.49)

where the limits of integration are between turning points (v, = 0) and
v, is given by

12

vy = (2/m) (€ - e - puB)172 (4.50)

with & the ambipolar potential, p the magnetic moment, and e the total
energy (kinetic plus potential).

For deeply trapped particles in the circular or square
configuration, one can take the limiting form of Eq. (4.49) to obtain a
simple result which does not involve integration. This result is more
simply obtained by setting v, =0 in Eq. (4.50). Since the total
energy € is constant, we obtain

ed + uB = constant . (4.51)

Notice that for low kinetic energy (small w) the drift contours are
those of constant potential, wheress for large kinetic energy the drift
contours are mod-B contours. For any known (or postulated) ¢ one can
use Eq. (4.51) to determine the drift contours for deeply trapped
particles of any kinetic energy.

We next consider passing particles and begin with relatively hot
particles with p=0 (so v =v,). For these hot, passing particles,
Eq. (4.35) reduces to '
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mv2 A
0 u;#b XK (4.52)

As a passing particle traverses the mirror cells composing the
sides of the square configuration, it sees the alternating curvature of
the field lines. Thus, a particle that starts in a midplane first
rotates about the axis of the side in one direction and then as it
approaches the coil region rotates in the opposite direction. This
rotation in the opposite direction continues until the particle begins
to approach the next midplane region where the direction of rotation is
again reversed.

The result, after traversing a field !ine between two adjacent
midplanes {or two adjunct coil planes), is that the particle has
rotated about the axis with the sign of rotation associated with the
midplane. The reason that the midplane rotary drift dominates can be
seen from Eq. (4.52). The velocity is proportional to B so the
angular speed is proportlonal to (rB)™'. The magnetic flux is constant
along a field line and in the axisymmetric sides is approximately

proportional to r2B. Thus, (rB) is proportional to B!”2 and the
angular speed is proportional to B2, Since B is smaller nesr the
midplane than near the coi! plane and the angular speed is proportional
to B2, the midplane motion dominates.

As a hot passing particle traverses more mirror cells, this motion
is repeated. After traversing N cells it has rotated through N times
the angle it rotated through in one mirror cell. Eventually the
particle reaches the side where its local drift is vertical. After the
particle passes through the corner, it enters a second side and begins
the rotary motion about the axis of the side and then enters a corner
and drifts vertically.

It all this drift motion across field lines is projected into a
single plane (via field lines), one obtains a picture something like
that shown in Fig. 4.5 for an extremely large gyroradius particle. For
@ particle with a more typical gyroradius the length of the vertical
and circular segments of drift are so short that the eye cannot
distinguish the segments. This limiting case of a continuum is ideally
handled through the use of Iong;tudlnal adiabatic invariant J.

For passing particles J can again be defined by Eqs. (4.49) and
(4.50). The only difference is that integration follows a closed field
line through one circuit (i.e., once around the "square torus"),
Again, as in the case of trapped particles, the integrals are quite
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Fig. 4.5. (a) To depict the drift motion of a high energy passing
particle, it is convenient to project the orbit into a single plane via
field lines. (b) It is also helpful to simultaneously follow the
motion parallel to the field lines. The numbers in (2) and (b) refer
to times (t] < tg <***< ty4). At the spatial points corresponding to
these times the character of the curvature (b) and curvature drift
changes. Between 3 and 4 the particle drifts vertically in a corner
(and again between 11 and 12). Along the sides a passing particle
rotates in opposite directions as it experiences different signs of
curvature — indicated on the circular ares in (a).

ORNL-DWG 84-~3489 FED

Fig. 4.5(c). The solid curve represents a more complete view of
the orbit shown in 4.5(s). In order to make the detailed interaction
of sides and corners visible, an exceedingly large gyro radius has been
used in 4.5(a), (b), and (c). More typically, one complete toroidal
circuit consists of thousands of line segments and circular arcs and is
indistinguishable to the eye from the continuum |imit described by the
longitudinal adiabatic invariant J (dashed).
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suitable for numerical integration. There is also a relatively simple
limiting case from which the interplay of E X B and curvature drift can
be studied.

For passing particles with u =0 (i.e., the extreme Iimit), v, is
constant and, hence, Eqs. (4.49) and (4.50) reduce to

J= ()% - ed)!? §dl . (4.53)

For high-energy particles (e >> |ed]), the shape of the drift surfaces
is dominated by 4 d/, which is associated with the transit average of
curvature drift. For low kinetic energy, € - ed ™~ 0 and the shape of
the drift surfaces is dominated by the potential.

Using the same approximations used to evaluate 4 df/B earlier, one
can also evaluate § df. One again finds that the drift contours are
shifted circles. The shift is found to be of the form

fa—L 4.54

o7 MG (-5
The constant of proportionality is fairly sensitive to the transition
between corners and sides, and the analytic approximations introduced
here for field |ine shape inadequately model these details.

This sensitivity to the transition can be exploited by introducing
some "reversed toroidal curvature® in the mirror cells adjacent to the
corners. One can qualitatively understand the improvement in orbit
centering this produces from either the standpoint of § df or from the
drift motion. The inward shift in the contours of § df is caused by
the fact that the outer field lines are longer than the inner field
fines. By introducing "reversed toroidal curvature" one tends to
overcome this effect. At first one might think this would be a
negligible effect. It is the fact that the reversed toroidal curvature
occurs in the lower magnetic field of the sides that produces the
effect. This is most easily understood in terms of the drift motion.

The inward shift of ¢ df is associated with the vertical drift
produced by toroidal curvature in the corners. Equation (4.52) shows
that this drift is proportional to B. Introducing reversed toroidal
curvature at lower B produces an oppositely directed vertical drift
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that is larger in magnitude, thereby cancelling more of the undesirable
drift of the corners.

In practice, it is relatively simple to produce reversed toroidal
curvature. One simply increases the major radius of the corners
slightly, keeping the coils for the sides fixed. The fringing field of
the larger major radius corners automatically provides the reversed
toroidal curvature in the adjacent mirror cells. The results of
numerical calculations for such a coil configuration are shown in
Fig. 4.5.

We next consider particles which are transitional between the
purely trapped and purely passing populations. Here, we will primarily
confine our discussion to hot transitional particles so that we can
approximate € - eb ™ ¢ and concentrate on the magnetic drifts.

Along a given field line the maximum value of B, Byay, is attained
half way through any of the corners. A particle on this field line is
trapped if e/ < Bysy and passing if €/ > Bypy. However, Byay varies
inversely with major radius, so that as particles drift across field
lines they can change from trapped to passing. Because the mod-B
contours in the center of the corners are vertical lines, the trapped
passing boundaries in configuration space are also vertical lines. To
the inside of such a line a particle will be trapped and to the outside
a particle with the same value of €/ will be passing.

On the basis of our previous discussion one might guess that a
transitional particle drift orbit would be reasonably well centered and
approximately circular on the inside (where it is trapped) and not as
well centered on the outside (where it is passing). This is
qualitatively correct except for an exponentially small class of
particles which nearly stall in the center of a corner.

To stall, a particle must cross the vertical trapped-passing
boundary while in the corner. Although it is true that the projection
of their drift motion crosses this boundary, most transitional
particles do not actually cross the boundary while in the corner
because they have a finite displacement per transit. _

To analyze nearly stalled particles we need to estimate how much
time they spend nearly stalled in a corner. We begin by noting that
the transit time

df df
Ty = §-V—H—= G gfm (4.55)
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is singular when €/u = Bypx. Near the center of a corner

12
B = BMAX 1 —‘l—_; . (456)
The contribution to Ty from points near B = Bysy is given by
o (P

o J o (a. 22

where

110 = (1%6)1/2 , (4.58)

A=1- IJ"BMAX/G ’ (4.59)

and we have noted that uByay/e =1 - A 1.

The singularity in the transit time for A = 0 is due to the term
proportional to log(1/A) in Eq. (4.57). Physically this term arises
from stalling. Hence we define

L 1
Tstall =3y log(p) - (4.60)

While a particle is nearly stalled, it will drift vertically with
the local drift velocity vp, and move a distance vp,Tgi, |- One way of
gaging the importance of this behavior is to compare this distance with
the circumference of a drift orbit in the absence of stalling, 2nr.
Thus, we define the ratio of distances
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_ distance traveled when stalled
h= circumference of orbit (4.81)

or

h o= ¥De Tstall

S (4.82)

For fixed h (e.g., 1/10) we can use Eqs. (4.60) and (4.82) to
determine the value of A. This allows us to estimate how many
particles are nearly stalled. We find that

v
|og(21\-) - &L"ETDUC— . (4.83)

Now the local drift velocity is vp, = mvﬁ/eBR so that

b = exp[-4x {{r/oy)h] (4.84)

where the parallel gyroradius is given by

Py = mv,/eB . | (4.65)

The ratio r/p, tends to be very large. We can put a lower bound
on it by recalling that the adiabatic invariant W ceases to be
conserved for

PL. 1 :
L S 20 (4.66)

Thus, one should take the magnitude of the argument of the exponential
in Eq. (4.84) to be greater than

80«% h. (4.67)
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Since R/L is of order unity we see that, except for very small h (which
then has a minimal effect on the orbit), the argument of the
exponential is quite large and the number of particles involved, A, is
exponentially small. For example, if h=1/10 and R/L 2 1, then
A = exp(-8m) ™ exp(-25).

Transitional particles have been studied numerically for both the
circular and square EBT configurations using the time-dependent guiding
center equations. These calculations, starting with Gibson et al. in
1964,% have consistently showed that one has to prepare a particle
extremely carefully in order to observe nearly stalled behavior at all.

Gibson et al.® suggested a procedure using J for transitional
particles that works very well for a circular EBT (but ignores the
exponentially small class of nearly stalled particles). This procedure
can be extended to the square configuration. One redefines the limits
of integration for J for passing particles so that the integral extends
for the central symmetry plane of a side to the central symmetry plane
of a corner (this integral is then 1/8 of the original integral, which
was for a full circuit). For particles which are .not trapped in the
local mirrors of the sides but are trapped between ends, one defines
the limit of integration for J to be between the central symmetry plane
and the turning point near the corner. In this way J is made to be
continuous (although its derivetives are not) at the trapped-passing
boundary, and standard numerical methods can then be used to determine
the drift surfaces. The results of such a numerical calculation are
shown in Fig. 4.6.

4.6 SINGLE-PARTICLE ORBITS — SOME NUMERICAL RESULTS

Here we consider the results of numerical calculations and those
results that suggest approximations which permit still further
numerical and analytic calculations.

 Figure 4.7 shows the results of calculating drift surfaces for
trapped, passing, and transitional particles for the circular
configuration and square configuration. For reference purposes these
orbits are for highly energetic particles for which the electric field
can be neglected; § d//B is also shown. It will be noticed that all
orbits are approximately circular. The trapped particles are shifted
least while the passing and transitional orbits are shifted inward. It
will be noticed that the square configuration gives better centering
for all three classes of orbits. Perhaps most noticeable is that the
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Fig. 4.6. Drift surfaces in a midplane for a high—energy
transitional particle in a square configuration. The last closed
contour within the volume passes close to the axis of the side. This
is in contrast to the circular EBT-I/S configuration, which does not
contain any high-energy transitional particles.
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circular configuration does not have any transitional orbits that close
within the volume, whereas the square configuration does.

Since detailed orbit irformation for all velocity space,
_interesting as it may be, is difficult to convey or comprehend quickly,
several different measures of orbit qualities have evolved over the
years. One measure is simply the shift of an orbit from some reference
point. Since the orbits for a given point in velocity space (e and w)
are not always concentric, the convention has been to use the case of
an orbit of zero radius. This is readily obtained by finding the
minimum in the longitudinal adiabatic invariant J. This shift is
commonly referred to as Ryn-

Figure 4.8 shows Rjyry for both square and circular EBT
configurations. Two features are noticeable. One is that the square
configuration produces less of a shift for all pitch angles than does
the circular configuration. The second is that because the global
mirror ratio exceeds the local mirror ratio in the square configuration
there are fewer transitional and passing particles for the square
configuration. Thus, not only are the orbits better centered but also
there are fewer of the particles whose shift is largest.

A second measure of orbit quality is the area of the last closed
drift orbit. This area is often normalized to the area of the shadow
of the limiter (coil throat) or to the area occupied by the hot
electron rings. It is sometimes referred” to as the volumetric
efficiency and sometimes as the filling factor.

Figure 4.9 shows the area of the last closed drift surfaces (for
both circular and square configurations) vs (Vu/v)midplane' Notice

that the area of the trapped particles (v, /v =0) is larger for the
square configuration than for the circular one. This occurs because
the trapped particles experience 'virtually no toroidal effects and,
hence, are better centered in the square configuration than in the
circular one. Also notice that the areas are larger for the square
than for the circular configuration — consistent with the earlier
figure for Ryyry. (Here it should be noted that because the orbits are
not concentric Rjyry reflects the shift at small radii, and the area
tends to reflect the better centering that usually occurs at larger
radii.)
Because the volume element in velocity space is

v
e!%de d(}?)midplane ’
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we can use Fig. 4.9 to get a single scalar measure of orbit quality.
In the absence of an electric field the orbits are independent of
energy and we can simply visually integrate the area as a function of
(Vu/v)midplane' One quickly verifies that the square configuration, in
the absence of electric field, contains roughly 90% to 95% of the
particles, whereas the circular configuration contains about 50%.

We now turn to obtaining measures of orbit quaiity in the presence
of an electric field (or for particles with energies for which the
electric field is significant). Here we shall be content with
discussing the primary features.

We have already noted that the orbits at large energy are
approximately shifted circles. This suggests that we express the
longitudinal adiabatic invariant J as a part dependent only on minor
radius and one dependent on r cos ©6. (Recall how we obtained shifted
circles for the contours of § dZ/B in a midplane.) On the other hand,
we know® that the bounce- or transit-averaged drift velocity is given
by &wp> =9J x b/(eBr). The part dependent on minor radii only will
lead to a poloidal-directed velocity (call it ). The part that
depends on X = r cos B will lead to virtually directed velocity (call
it Vy)‘ We are thus led to write

ap = rﬂée + vyéy . (4.68)

. This equation is a standard way of expressing the toroidal effects
(aspect ratio expansion) for the circular EBT configuration. It is
also a natural way to express orbits in the square configuration: the
sides lead to fI and the corners lead to v,. If v, and {1 can be
regarded as constant, then the resultant motion is"a circle. The
center of the circle is at

M = vy/Q . (4.69)
To illustrate the effect of electric fields we write

Q = Qg + Oeyg (4.70)
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and similarty for v,. The part of {I arising from curvature and grad-B
drifts, (g, has a simple dependence on energy: {Jgy « €. The dependence
on pitch angle, like RJMIN and the area, is best determined
numerically. The part of Q arising from E X B, {fxg, is of course
independent of velocity space.

Anticipating the role this measure of orbits plays in calculating
diffusion coefficients, we note that typically one expects
D ~ <w(AX)2>, where the average is over velocity space. Figure 4.10
shows (AX)2 vs energy and (Vn/v)midplane for both the square and
circular configurations. Notice that at low energy the step-size is
small and that it becomes large at larger energy. (The assumed form of
the electrostatic potential confines low-energy particles, as discussed
in the previous section.) At higher energy the transitional and
passing particles develop significant values of (AX)2,

The high values of (AX)2 can be somewhat misleading for two
reasons. Une reason is that the expression for the step-size given in
Eq. (4.69) can break down. This expression assumes that Q is
relatively independent of position. However, it is often the case that
{) passes through zero as a function of r (especially at low to modest
energy). One way to test whether Q goes to zero locally or globally is
to examine its derivative with respect to radius. Thus, one writes

Q=Q(rg) +0Q°(r - rg) + oeee - (4.71)

When Q(rg) is zero, then the topology of the orbits is no longer that
of nested circles. 1Instead, a separatrix forms and crescent- or
banana-shaped orbits form within this separatrix. The width of the
separatrix (maximum banana width) then becomes the appropriate measure
of step-size. 1In this case, Eq. (4.69) should be replaced by

M « (vy/Q')I/Z . (4.72)

(See Appendix 4F for the development of this estimate.) Figure 4.10 has
assumed that ” ~ 0 when Q ~ 0, which is not necessarily the case.

The second reason that Fig. 4.10 can be misleading is that it
obscures the fact that very few particles tend to be at the large
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Fig. 4.10. Square of the displacement from the mean, (AX)2, vs
kinetic energy and (Vn/v)midplane' The, nonzero electrostatic potential

was chosen to confine particles at low energy for both configurations.
Note that the deviation from the mean is considerably suppressed by the

square configuration.
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energies where the large step-size occurs. Figure 4,11 illustrates
this point by displaying (AX)2f(e), where f(e) is a Maxwellian. Notice
that the effect of the high-energy particles, when weighted by the
number present, is not nearly so pronounced.

From Fig. 4.11 one could obtain a reasonable estimate of the
diffusion coefficient (2t low collisionality) by simply integrating
(AX)2f. Rather than do this we have chosen to use the formalism of
Spong, Hedrick, and Hastingslo'11 to calculate the diffusion
coefficient for both low (D ~v) and high (D~ 1/u) collisionality.
Figure 4.12 shows the diffusion coefficient for both square and
circular EBT configurations for electrons. Notice that there is about
an order of magnitude difference in the two transport
coefficients — leading to the conclusion that the neoclassical [ifetime
in the square configuration can be an order of magnitude larger than in
a circular configuration of comparable size.

4.7 SUMMARY

A detailed exposition of the fundamental equilibrium and orbit
ideas and formulas relevant to EBTs (especially the square
configuration) has been given. The equation that governs the core
scalar pressure surfaces has been developed from both an MHD and drift
kinetic approach. Analytic approximations for the pressure surfaces
have been developed which are in qualitative agreement with numerical
calculation.

Simple expressions for orbits have been given where possible and
approximations developed where the full expression requires numerical
calculation. A brief survey of typical numerical orbit results has
been given for both the square and circular configurations of EBT.
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APPENDIX 4A

Here we develop an extension of the closed line magnetic
equilibrium theories of Lortz (scalar pressure);2 Grad;3 Hedrick,
Guest, and Nelson;* and Hall and McNamara.® This theory assumes that
the magnetic field of the scalar pressure core plasma is sufficiently
small that it is unnecessary to modify the fields and currents
associated with the hot electron rings and the coils. In the limit of
zero ring pressure this extension reduces to the theory of Lortz? and
is then exact.

Since in many problems of interest the ring plasma pressure is
considerably larger than that of the core plasma, we begin by reviewing
the available theories for treating the ring magnetic equilibrium
problem (without core). The ring plasma is highly anisotropic and thus
should be described in terms of a tensor pressure. Grad® showed that
by assuming the tensor pressure was separable (into a factor which was
constant along field lines and a part which varied with B) a "constant
of the motion" existed (analogous to § dé/B for scalar pressure), which
greatly facilitated the computation of magnetic equilibria. The
algorithm of Grad has been used successfully to compute finite-beta,
tensor pressure equilibria by Owen®+12 for circular EBT configurations.

For nonseparable tensor pressure, algorithms exist*:® for
computing magnetic equilibria. These algorithms would also permit
simultaneous inclusion of nonseparable tensor pressure and core plasma
(scalar or tensor pressure). The principal difference between Grad’s
separable case and the general case is that a simple constant of the
motion does not exist (or at least has not been found), and one must
solve a partial differential equation (in flux line coordinates: alpha,
beta) or calculate the longitudinal adiabatic invariant J for a large
number of variables. Since the constraints imposed by the constant of
the motion in the separable case enter as a side condition, it seems
likely to us that the more general case would not' pose any
insurmountable numerical problem. It also seems highly likely to us
that the actual numerical implementation of these algorithms would
require upward of two man-years for each distinctly different
configuration.

In numerically implementing Grad’s separable case for the circular
EBT, heavy use was made of the symmetry properties to reduce the core
storage requirements. The square EBT configuration has fewer symmetry
planes and, hence, would require more core storage (e.g., by a factor
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of 5). However, the square configuration does have an approximate
symmetry that can be exploited.

Since the rings form in the nearly axisymmetric bumpy cylinders
that make up the sides of the square, the magnetic field of the rings
can be calculated quite accurately assuming axisymmetry. This two-
dimensional problem in terms of an elliptic partial differential
equation of a flux function®s!® is much simpler numerically than the
three-dimensional problem (by one to two orders of magnitude). Should
asymmetric corrections prove necessary, they could be obtained using a
variant of Grad’s aspect ratio expansion for the circular EBT
configuration.

To treat core plasma equilibria we write

B :BO +Bl , (4A 1)
i =jp*iy

where By is due to the coils and rings, By is due to the core plasma,
and similarly for j. We have in mind that the field of the rings comes

from solving jring XB=V <P and that the core pressure does not

ring
change this relation. If the field of the core significantly modifies
the magnetic field near the rings, then one would in principle need to
recalculate the ring equilibrium to maintain the relation between ring
current and pressure. This suggests that the theory developed here
might form the basis for a larger iteration scheme that includes both
ring and core —a point we do not wish to dwell on here.

The magnebtic equilibrium equations to be solved for the core
plasma are then

jl XB :Vp » (4A.2)
V XBI =j1 » (4A.3)
VeB; =0, (4.4)

where p is the scalar pressure of the core.
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It follows from Eq. (4A.3) that
V°j1=0, (4A.5)

which is charge conservation, in steady state, for the core plasma.
Just as ¥ *B =0 implies that a Clebsch representation exists for the
magnetic field (B8 = Va X VB), Eq. (4A.5) implies that

AL RALE (4A.8)
Since Eq. (4A.2) implies that
j+Vp=0, (48.7)

a natural choice for either ¢ or m in Eq. (4A.8) is p. Choosing n = p,
Eq. (4A.8) becomes

J1 =98 XVp . (4A.8)

We now note that

j1J_=;%B X (j; xB) . (4A.9)
Inserting Eq. (4A.2) into Eq. (4A.9) yields

i1J_=;%B XVp . (4A.10)
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Inserting the other expression for j;, Eq. (4A.8), into Eq. (4A.9)
yields

jth:;%B x [W¢ x vp) xB] ,
or

11,0258 x [1pB < 79) -7 - 7p)] . (44.11)
However, from Eq. (4A.2) B * Vp = 0 so that

jthzg%B XVp@B * V&) . (4A.12)
Comparing Eq. (4A.10) and Eq. (4A.12) we see that

Boeve=1. (44.13)

Introducing the arc length £ along a field line, Eq. (4A.13) can
be written

d¢fad = 1/B (4A.14)
with the solution

$(e.p.4) = ¢ple,p) + fjo d2’/B(e,B,2°) (4A.15)



A4-46

where we have introduced flux line coordinates o and B (Vo X VB =B)
which have the property that they are constant afong field lines
B*Va=B-V8=0).

Notice that if L is the length of a closed field f{ine then
¢(o,B,dy + L) is not equal to ¢p(e,B). Physical quantities such as j,
and p must, however, be single velued. Inserting Eq. (4A.15) into
Eq. (4A.8) we find that

j1(e,B.lp) =gy X Vp (4A.18)

and

j1o,B,4g + L) =9¢y X Vp =+ (Vd)%> XVp . (4A.17)
Imposing jq(a,B, 4y + L) =31(a.B,lp) yields

Vp XV =0, (4A.18)

where

U=ddm . (44.19)

Now p and U are only functions of o and B (they are constant along
"a field fine) and are constant on surfaces formed by field lines.
Equation (4A.18) implies that Vp and YU are in the same direction so
that the surfaces of constant pressure p are the same as the surfaces
of U = constant. Thus, the pressure may be regarded as a function of
U= ¢ de/B.

We now express By in terms of ¢. We can rewrite Eq. (4A.8) as

j1 =V x (&¥p) . (4A.20)

However, from Eq. (4A.3) j1 =V X B so that
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vV X (Bl—gvp) =0
from which it follows that By - ¥p =V or
By =Vo+ &p . (4A.21)

From Eq. (4A.4), V By =0, we see that & satisfies the Poisson
equation

V2o = -V * (Fp) . (4A.22)

Now all EBT configurations are designed to make use of Grad’s
theorem® that symmetry across a plane guarantees closed field Iines.
In the circular EBT configuration the midplanes and coil planes are
symmetry planes. In the square configuration the planes that cut the
sides at their centers are symmetry planes. The planes that cut the
corners at their centers are also symmetry planes. In a symmetry plane
the magnetic field is normal to the plane, while the current and
gradient of the pressure lie in the symmetry plane.

It is convenient to take £ = Zy = 0 to correspond to a symmetry
plane and to set &y of Eq. (4A.15) to be zero so that Eq. (4A.15)
becomes

¢(o,B2) = jg d2” /B(a,B,4") . (4A.23)

We are now in a position to describe an iteration procedure.
Starting with an initial guess for B (like By) we calculate ¢ from
Eq. (4A.23). This automatically yields U = § dé&B. We then set up the
pressure in the symmetry plane (consistent with ¥p X YU = 0) and map
the pressure along magnetic field lines to points off the symmetry
plane. We next use p and ¢ to form the right side of the Poisson
equation for ¢, Eq. (4A.22), and solve the Poisson equation for .
Using Eqs. (4A.1) and (4A.21) we calculate a new value of B. Using the
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new value of B we can recalculate ¢ (and U) and the pressure and the
driving term in the Poisson equation, solve the Poisson equation for &,
and calculate still another value of B;j. This procedure is repeated
until a sufficiently converged solution is obtained.

For many purposes (e.g., low-to-modest core beta), it is not
necessary to compute the change in the magnetic field produced by the
core plasma. For these cases all we may require is the fact that the
pressure is a function of ¢ df/B and, perhaps, the core plasma current.
Equations (4A.8) and (4A.23) provide a convenient way of determining
the parallel component of the current and can be used to determine the
perpendicular component although Eq. (4A.10) may be more convenient in
some instances.

Finally we should note that the iteration scheme suggested here,
although probably adequate, is not necessarily the most efficient one.
Alternative iteration schemes have been suggested for the Lortz problem

(no ring present) by Grad** and McNamara.l® These should be equally
applicable to the approximate theory developed here for cases involving
a significant ring beta.
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APPENDIX 4B

Here, a small radius, vacuum magnetic field approximation is
developed for the contribution to § d/B from a single-mirror one-half
cell.

The distance between a midplane and an adjacent coil plane is
taken to be L. The strength of the magnetic field in the center of the
midplane (r =z =0) is denoted by By. The mirror ratio on-axis
(r = 0) is denoted by M, so that the magnetic field in the center of
the coil plane (r=0;z=1L) is MBy. It is convenient to define a
bumpiness parameter & by

(48.1)

For the field due to the coils alone there are no currents in the
plasma volume, and B satisfies

B =Vd. ‘. , (48.2)

Keeping only the two lowest harmonics, the magnetostatic potential is
given by

B
o= 7 _05 [z --E—sin kz Io(kr)] , (48.3)

where

k=L . (48.4)

It is also useful to express the magnetic field in terms of a flux
function :

B =V x¥V0. (48.5)
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For vacuum fields { satisfies the equation

RALE gfzi‘— -22:"’- —l—g—=o (4B.86)

Although we could derive the general solution to Eq. (4B.8), here it is
simpler to observe that

_1loy _ o
Bz =Tar "5z (48.7)
1 od
B = -+ 020, (48.8)

From Eqs. (4B.7) and (4B.8) we see that ¢ = z corresponds to ¢ :—— r2

and that & = sin kz Ip(kr) corresponds to ¥ = rI;(kr)cos kz. Comparlng
to Eq. (4B.3) we flnd that

B
=-1—_i§[-é— 2 - %rll(kr) cos kz] . (48.9)
The components of the magnetic field are

By :—(18_0—6) [1 - 8 cos kz Io(kr)] , (4B.10)

B = ( B_ 8)6 sin kz Ij(kr) . (48.11)

Note that for r =0

B=B,=—"%1\{1-28 cos kz) ,
z ( )
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S0 that B = By at r=2z=0. At r=20, z =1,
B = (1+8)By/(l -8) =MBy so that the choice of parameters § and By
is consistent with the specifications made earlier.

To obtain qualitative information we will use a small radius
approximation and expand in the bumpiness parameter 8. For small r the
modified Bessel functions in Eqs. (4B.10) and (4B.11) yield

B

B, g(T:%[l - 8 cos kz(1 +%k2r2)} , (4B.12)

Bo (1 .
B"g—(l—ﬁ) 8 sin kz-2—kr . (4B.13)

Now, since dz/d? = B,/8B,

df _dz, [1- 6) dz (
df _dz , 48.14)
BB, \ Bo [1 -8 cos kz(1 1 K2 r?)]

4
To facilitate the integration of Eq. (4B.14) we next expand in &:

df ., 1-6 1,22
_dz< By X1+dcoskz(1+-zkr)

+ 82coskz(1 +%k2r~2)2 + ] : (4B.15)

However, since we have neglected terms of order k*r* in Egs. (4B.12)
and (4B.14), we should not retain them in Eq. (4B.15). Thus,

%ﬁ' dz (lf—oé> [(1 + 8 cos kz + 8%cos?kz)

+ k2r2<%6 cos kz +-é—62<:oszkz>J . (4B.18)
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Note that the field lines are "bumpy" so that r varies with z.
However, from Eq. (4B.5) we see that the flux function ¢ is constant
along field lines since

B +Vp=0.

Thus, if we express r?[in Eq. (4B.16)] in terms of ¥ and z, we will
have the desired result.

We begin by noting that we only require r2 in Eq. (4B.16) to first
order in & and ¢ (formally, 1 or r2 may be replaced by k2 as the
expansion parameter here). Thus, we only need the leading term of
Iy(kr), and Eq. (4B.9) becomes

B
v—0 (L2 5 2
P T35 (é r -5 cos kz> )

2 2001 - 8) 1
o= Bo 1 -8 cos kz ’ (48.17)

or

2 al‘M—lBo’—a)— (1+6 cos kz) . | (48.18)

Now the field line labeled by ¥ could equally well be labeled by its
value of r in the midplane, rg. Now, from Eq. (4B.17)

2 = %‘g , (4B.19)

so that Eq. (4B.18) becomes

P rg(l - 8)(1 + & cos kz) . (48B.20)
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Inserting Eq. (4B.20) into Eq. (4B.18) we obtain

9 dz 1-8 1 + 8 cos kz + 8%cos?kz
B By

+ {1 - 6)k2r§ (%8 cos kz +-§-62 cos2kz>] .

We notice that since cos?kz =%(1 + cos 2kz),
cos 2kz terms to be
harmonics in ¢, ¥, and B. Thus,

dé’ ., 41 -5 12 ’
ng_f;dz WX( +28>+6coskz

+%{-6(1 - 8)k2r§(cos kz’ +%6)] ,

or

Thus, the contribution of a one~half cell to §

L

consistent with omitting second

(4B.21)

we should omit\the

and higher

(48. 2é)

(4B.23)

d?’/B is given by

. rs ¢
freL, L[(l—ézﬁ)(l Loy L2 a)(li” SRS
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APPENDIX 4C

Here we develop the contribution to the parallel current from a
single-mirror one-half cell for low beta. The parallel current arises
because the pressure surfaces are displaced inward from the axis of the
(vacuum) magnetic field.

We may formally obtain the required MHD equations from Appendix 4A
by noting that if the field of the rings is negligible then we need not
split B into zeroth and first-order parts. Instead, the field due to
the coils may be incorporated into the potential function ¢ appearing
in Eq. (4A.21). When this is done, one obtains the equations

B=Vd+&p, (4C.1)
=1L g, (4c.2)
j =VE XVp . (4C.3)

For low core beta

B ~vd -“—’Vq)coil gBCO” , (4C4)
and
£ 44’
¢~ <+ & (4C.5)
0 BcoiI 0

A few remarks are in order at this point concerning the zero of /.
If we are dealing with a one-half cell whose midplane is also a
symmetry plane (center of a side), then we are free to set §; = 0. If
this is not the case, we will follow the convention here that Z =0
corresponds to the midplane of the one-half cell in question, but we
must retain &y. (&p is calculated by adding up the contributions from
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all the one-half cells between the one in question and the central
symmetry planz of the side.) This convention allows us to use the
indefinite integral given in Appendix 4B for f d//B [Eq. (4B.23)].
This same convention will be followed in calculatingj from Eq. (4C.3).

Since the vacuum magnetic field is axisymmetric, so is our
approximation to &. That is, ¢ = ¢($,#). However, the pressure is
shifted inward so that it depends on the angle © as well as Y. Thus,
from Eq. (4C.3)

j||=g°(V§XVP) ,

or

, ¢ Bp
ip = BSEEQ- . (4C.8)

As in Appendix 4B, instead of labeling field .Iines by ¥ (and 6),
we replace ¢ by the radius for which the field line pierces the

midplane rg. From Eq. (4B.19) we have ¢ = QBorg, so that Eq. (4C.8)
becomes

. _ B B o

Iy =§E PSEB_O . (4C.7)

 We have seen [Eq. (4.12)] that p is constant on contours of
(Xs + g)z + yé = constant ,

where £ = rgcos 6, yo = éssgn ©. We are thus led to define a new field
line label by

i
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r% = (rgcos 6 + £)2 + rgsinze (4C.8)
= rg + 2§rgcos © + €2,
and
p=rplrp) . (4¢.9)

For the devotees of o,f coordinates this is equivalent to writing
p = p(a) with o as a function of ¢ and 6.

Now the partial derivative in Eq. (4C.7), (8p/d6), is to be taken
at fixed ¢ or fixed rg. Thus,

- __ P 1

56 = dr, 3 |re (4. 20)
However, from Eq. (4C.8)

% lrsz—gr—-sme . (4C.11)

P

Provided we are not too close to rg = 0, we can approximate rs/r
unity in Eq. (4C.11) so that

B

T |r - &sin® . (4C.12)

Combining Eqs. (4C.7), (4C.10), and (4C.12) we obtain

8¢ d : ' i
H ~No_ L .____p. i i
I - g€ B re rg drg sin 8y, i %4C.13)

where we have used dp/dr ~ dp/drg (which fails for rg < Iéf). X
From Eq. (4C.5) |
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6§_8§o+ 3 J‘[dl;’
org ~ drg  Org 0 B J°

(4C.14)

Differentiating Eq. (4B.23) yields

'\ _ w81 -82"s 1 . w2 Bs2z
__(J" >_ Bo Ls(ﬂsmL 26L>. (4c. 15)

Combining Egqs. (4C.13), (4C.14), and (4C.15), we see that the
contribution to j, from this one-half cell is

Ai o~ ‘I'l'2 8_(1‘&&"25 1l . mz 3 &z ‘n 6 AC.18
W= T2 Bydrg 3 WS L T2 (4C.18)

where we have used (1 - §)% ~ 1

Equation (4C.18) consists of two parts: an oscillatory part and a
part that is linear in z. The oscillatory part occurs in the circular
configuration. In a circular EBT configuration, the term Ilinearly
proportional to z is cancelled by distributed torcidal effects. In the
square configuration, the term proportional to z is cancelled again by
toroidal effects, but this time these toroidal effects all occur in the
corner,
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APPENDIX 4D

Here we develop the first moment of the drift kinetic equation,
Eq. (4.35), which we reproduce here:

of:

rraA IR AN R AR (4D.1)

Implicit here is that f; is a function of the total energy,
€ = eb + mv?/2 and the diamagnetic moment = mvi/?B. We are primarily
concerned with scalar pressure here, which corresponds to an isotropic

distribution, fj independent, of w.

The moment of ij/at is clearly an/at, where
¢ = 3 .
nj = f d°v fJ . (4D.2)
The next term in Eq. (4D.1) can be rewritten

v v
v, *Vf =—JBLB .« 0f =—BlLv - Bf) , | (4D.3)

where we have used V *B = 0. The moment of this term is most
conveniently obtained by writing the velocity ‘space integral in terms
of € and w. The element of volume in velocity space is

By = C-‘?Tde du (4D.4)

so that Eq. (4D.3) can be integraﬁed:

v
Jdvw, =vt;=C; [de dp.%l[—B”-V . (ij)] . (4D.5)
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Because the divergence is at fixed € and w, it can safely be passed
through the integrand in Eq. (4D.5), and we obtain

3 * « = L J . .
J v, Vi =V <cJ | de duBfJ> (4D.8)
or
[dvw, svf=v - (’Bcj [ de du. ij> . (4D.7)
Now,
_c. B ooyt
C; [ de du Bf; = C; [ de du ) v“fj
= [ d® ifj - (4D.8)
By definition
3
NI [ d® it (4D.9)

so that by combining Egs. (4D.7), (4D.8), and (4D.9) we obtain

c ¥ =V« (n<v>b) . (4D. 10)

fde""u i N

For the remaining term on the left side of the drift kinetic
equation, Eq. (4D.1), it is more convenient to use the velocity space
components rather than € and w when performing the integration.
Recalling that we are most interested in isotropic distributions here,
we write
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. -
fj(e,x) = FJ<2 my ,x) . (4D.11)
However, mv2/2 = € - eb, so that
fj(e,x) = Fj (6 - e¢,x) (4D12)

Then (at fixed €),

=VF: + eE-———J—. . (4D.13)

The drift velocity, Eq. (4.36), is

E XB Emvzz\ Vi _V_ﬁ_
vp = 7 + ejB bx(—vz—v lnB+2v2K.>. (4D.14)

Combining Eqs. (4D.13) and (4D.14), we find that

E XB
j = 52 VFJ'

VD°V‘F

= 2 2 2
my A y 2V
+2 bx (~lv /nB+—Lr)l «vr.
ejB v2 V2 J

oF: EXB V2 v2
+—L-mv2 | ‘/éVlnB+2—£-K.

2 8(% mv2) B2 \v v )

(4D.15)
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where we have noted that E  (E X B) = 0. The integral of the first
term on the right side of Eq. (4D.15) is trivial:

(txs E XB
3 * P L 4 .
[ % = > VF = el LR (4D.16)

The integration of the other terms in Eq. (4D.15) can be carried
out if we notice that since F; is isotropic the only pitch angle
dependence occurs in the factor

V2 V2
Ly mp+odlg .
V2 V2

It is convenient to introduce the variables

K :—é—mvz , (4D.17)

S = V||/V ’ (4D.18)
so that

dv = 2nk! 29K de (4D.19)
and

v2

—=1-¢. (4D.20)

v

We find that
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1 "i v2
fl dg —é-v lnB+2—g-n2>
n "1 v =2 (@ InB+x) . (4D.21)
[ o
Since
[y gm? =2, (4D.22)
jdav—;-vaVFj =-3~ij . | (4D.23)

The one remaining integral in Eq. (4D.15) is

oF 1 oF ;
[ d® -;-mv"’ —— =] K2 K- (K—a—KJ->
B(—;-mv2> -1
__38, 1 Kl 2 4kE .
=-3 (2« 11 deK dKFJ>
- _3 48 F.
=-3 fd v FJ

- _% n (4D.24)

j .

Inserting Eqs. (4D.18), (4D.21), (4D.23), and (4D.24) into
Eq. (4D.15) yields

J e.B

~]ﬂd'?'va - Vf. =ij °[b X (v 4n B+Ic)]
J

+E__’E2£. [ - n;@ 208 +x)] (4D. 25)

B

Combining Eqs. (4D.2), (4D.10), and (4D.25) yields the left side of
Eq. (4.37).
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APPENDIX 4E

Here we develop expressions for the perpendicular derivatives of
closed-line integrals. These generally useful expressions are then
applied to ¢ d//B. The resultant expressions ere then used to express
the integrals appearing in Eq. (4.38) in terms of 4 d//B and its
gradient. ‘

We begin with the Clebsch representation for the magnetic field:

B =Va X VB . (4E.1)

Since Vo and VB are not necessarily orthogonal, we define the two
vectors

_Vp xB
Uy =, (4E.2)
B
B X Va
B T (4€.3)

which have the properties:

Uy *Va=1;U,°*98=0
(4E.4)
Uﬁ'VOL::O ;UB'VB=1
(These  properties can be easily verified. For  example,
Uy *Vo=Vo < (18xB)/B? = Vo xVp) *B/B2 =B - B/B? = 1.) The
utility of U, and UB becomes apparent if we write
Vo = a“’vM——va (4E.5)

op
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Using Eq. (4E.4) [and (4E.1), which implies Beva=z=be V8 =0], we
find that
8b/d0 = Uy * TP,
89/08 =Ug * 1% , (4E.8)

3/l =D * Vo .

The vectors U, and Ug have a simple interpretation in terms of
displacement. A small change in o (at fixed B) yields

hl‘ﬁ = Uyl . (4E.7)
Similarly,
I |y =UghB . (4E.8)

This interpretation allows us to compute volume and surface elements.
For example,

d®y = Uy X Up * b do dB df . (4E.9)

(One can verify that this gives the general expression for the Jacobian
in three dimensions.) However,
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UaXUB°g=(gXUa) .Uﬁ

[B x (W8 x B)]

A J-uﬁ
- ug= 1,
so that
x =3 4y dp .

B

We now consider integrals of the form

I(a,f) = ¢ & * V(oB.L) ,

§L= Vim __]_-_IU.'I"A“. -1
Ba, Ao-0 ba

We apply Stoke’s theorem to (4E.13) and obtain

I .
8L _ in KJ;'[(B°(VXV),

* Aol
where the surface element d8 is given by
B = A!IB X & ,

$ = dafU, X b al) .

However,

(4E.10)

(4E.11)

(4E.12)

(4E.13)

(4E.14)

(4E.15)

(4E.16)
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(Vg xB) xB
UU. Xb = B3
_ W
=-g
so that
s = —8&(%-) dl (4E.17)

and Eq. (4D.14) becomes

Bl . _ 4845,

Ba'_§ g VB (W xV) . (4E.18)
Similarly,

8l _ df

B—B:.(#—B—VOL‘ v XV) . ! (4E. 19)

Equations (4E.18) and (4E.19) are useful as they stand in the study of
smal | magnetic field errors.
For the special (but common) case

vV =6b, (4E. 20)
Eq. (4E.12) reduces to
I=4dls, (4E.21)

while
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N

VXV=USxb+SUXb. (4E.29)
Using the vector identity of V(A *C) withA =C = B, we obtain

0=bx (v x3)+(3°v)3
or

bx@xb == . (4E.23)

We notice that since Va and VB are perpendicular to b we only

require the perpendicular component of ¥ X b [from Eq. (4E.22)] in
Eqs. (4E.18) and (4E.19). From Eq. (4E.23)

bx@xb) xb=@xbh, =-sxb. (4E.24)

Now,

vSx b= (g—i-mar%g-vs)xﬁ
= - Bg—z-uﬁ + B%Uu , (4E.25)
and
Va'(nX3)=k.°(3XVa)=BK.°Uﬁ, (4E.28)
VBe(xb)=x-(bxvg)=-Bx-u, . (4E.27)

Combining Eqs. (4E.22) through (4E.27) yields
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Vg (v XV)=—B<%§T—SK.‘UOL>, (4E.28)
Vo * (7 xV) = B(%%— Sk °Uﬁ> . (4E.29)

Inserting Eq. (4E.28) into (4E.18) and Eq. (4E.29) into (4E.19), we
obtain

%§dl$:§dl’(%—5!\:°ua>. (4E.30)
-5%§d18:§dl’<—g%—Sn°Uﬁ>. (4E.31)

Here we should remark that although Egs. (4E.30) and (4E.31) are
derived for closed-line integrals they apply to integrals where S
vanishes at the end-points of integration (e.g., the longitudinal
adiabatic invariant for trapped particles). The contour of integration
and the surface integral must be altered somewhat in going from
Eq. (4E.13) to (4E.14), but the short segments which connect the end
points of integration contribute nothing since S vanishes there.
If we set S = 1/B, then

I=U=4dB, (4E.32)

and Eqs. (4E.30) and (4E.31) yield

T (8 £n8 . uu> , (4£.33)

BU__W(B@’{;BM.UB). ‘ (4€.38)

We now apply the above to the terms involving V Zn B + & appearing
in Eq. (4.38): '
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stf%(v—pj——Enj)' ['Bx (] lnB+m)] .

and

3- ~
Q=<eij—ei-+ nj%)§ﬂ\7a° [bx @ #n B + )]

N (%Eﬁj_+n,ﬂ>§§£vﬁ- [b x (vyZnBA+N)] -

Now,

Voo [bx @ £nB+x)] = (o x b) * (7 £n B +kK)
=-BUg* (W InB+K)

Ve [bx WsnB+K)] = @BxD) « (@ 4nB+xk)
=BU,* (@ /nB+k),

so that

(4E. 35)

(4E . 36)

(4E.37)

(4€..38)

(4E.39)
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§-S§Va° [BX v lnB+fc)]
_§dBI (‘c‘aé’gB UB°K">
_-_gggp%":%, (4E. 40)
where we have used Eq. (4E.34). Similarly,

dZ N 4 ou
§B—2-V6°[bX(V ZnB+N)]:—5-u—§-B—'=—a‘- (4E.41)

Inserting Eqs. (4E.40) and (4E.41) into Eq. (4E.37), we find

Bpj a0\ au BPJ 2%\ du
Q= (ej * Jau)aa DERREIES (4E.42)

We notice that Eq. (4E.42) looks something iike a cross-preduct.
Accordingly, we consider

v XU = (—JI’-VOL +g\g-75> ( Vo + 2o 28 Vﬁ) (4E.43)

where { is a function of o and Bonly. Using Eq. (4E.1) we find that

_afobay A
v X YU = B(aa 58 = op aa> (4E.44)
so that
Qvou _Bpdu_1¢p o (V) X W) . (4E.45)

B0 08 3B B B °
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Setting ¢ = Pj and 9 = ® in Eq. (4E.45) we find that

L3 o 5,
Q= o be @p;xeV) +n; 5 @oxW0)
or
Uxb (b x vo)
Q =Vp; (’BjB )+ W e (4E.46)

UsingE = -V we finally obtain

qQ =ij . Cueij b>+[ B);B>' VU]nj . (4E.47)

The remaining integral in Eq. (4.38) is

gf ) . (4E.48)

Using Eq. (4E.36), this becomes

)

. on:
- 94 (o) (e o). e
__ 42 [ 0B BpOn;
L_-§B 5058 * 0p B ) ° (4E.50)

Since ¢ and nj are independent of £, we may take these outside the
integral and obtain
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8n; 5 3n:
[ Bz Be 4
L= < da B8 9B E!a)u' (48.51)

In exactly the same way that we obtained Eq. (4E.45), we obtain

B Bn; @b 2 Tn;y o 2
200 8 ON _ 2 b
"B 9B 8B Ba B ' (48.52)

Using Eqs. (4E.38) and (4E.EL; we obtain

I

)-an] U (4E.53)
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APPENDIX 4F

Here we develop a simple estimate of the maximum banana width
based on the formalism employing £ and V,. We are particularly
interested in considering the case where 2 passes through zero at some
radius ry. Thus, we write

r=rg+Ar (4F.1)
and
Q= ﬂo + (AP) . (4F2)

The longitudinal adiabatic invariant J can be expfessed in terms
of {1 and vy by ’ -

Jw § = By(ar) + 307 (8r)? + vycos &, (4F.3)

J

where we have assumed that Ar/ry << 1. One can verify that Eq. (4F.3)
leads to the correct drift motion (and determine the constant of
proportionality between J and J) by inserting Eq. (4F.3) into

(4F.4)
and taking b to be in the z-direction.

Since we are primarily interested in the case Q ~ 0, we set Qg to
zero in Eq. (4F.3) and obtain the simple quadratic equation

-%-Q'(Ar)2 + vycos 8-1=0 (4F .53)
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with the solution

2(3 - v,cos 6
Ar = i[ ! )}1/2 . (4F .5b)

Qf

We see that for J > v (with the convention that j, vy, and ° are
positive) we can expand the dependence on cos © and obtain

Ar ~ 1(23/0’)1/2<1 —-;— vy oS O/j) . (4F.86)

Both signs of Eq. (4F.8) lead to (approxi~~4#) shifted circles. The
upper sign (larger r = ry + Ar) is shifted inward since the cos 6 term
is negative. The lower sign (smaller r =rp + Ar) is shifted outward
since the cosine term is positive. .

When J £ v, we see that only certain angles (cos © < J/v,) are
allowed. These orbits are crescent or banana shaped. The maximum
banana (separatrix) occurs when J = vy and the tips of the maximum size

banana (x-point) occur at_cos © = 1. We can calculate the maximum
banana width by setting J = vy and cos & = -1 in Eq. (4F.5b). We
obtain

Ar = iQ(vy/Q')I/Q . (4F.7)

Thus, the maximum distance from one leg of the banana- or crescent-
shaped orbit to the other leg is

2|ar| = 4(v, 1)1 7% . (4F .8)
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5. STABILITY OF THE ELMO BUMPY SQUARE
D. A. Spong

The ELMO Bumpy Square (EBS) will offer an interesting and flexible
test bed for the stabilization of a connected core plasma in a closed-
field-iine geometry using energetic hot electron rings. The basic
rationale behind the EBS device is that locating all the toroidal
curvature in the corner sections where the magnetic field is highest
significantly reduces neoclassical transport and improves the overall
plasma centering. Bumps in the side sections are necessary to provide
an azimuthal particle precession, which is essential for confinement.
The average unfavorable curvature introduced by the bumps is
counteracted by the diamagnetic well dug by the localized hot electron
rings (which act as an uncoupled species provided core beta, B,, is not
too large and the hot electron energy is sufficiently high). Analogous
hot. species stabilization schemes have been proposed in recent years
for tokamaks,! helical axis stellarators,? and tandem mirrors.3 Because
certain of the characteristic instability modes reappear among these
different confinement geometries and the theoretical analysis methods
are common, research into hot electron stabilization on the EBS can be
of significant benefit to the remainder of the fusion community. 1In
eddition, hot particle instabilities have some paralliels to modes
observed in tokamaks* with neutral injection and modes predicted in
future tokamaks® where alpha particles will be present. By forming hot
electron rings in the straight axisymmetric bumpy sections, the EBS
will ensure the greatest possible control and diagnoses of hot electron
ring parameters of any device where hot electron stabilization has been
considered. In addition, more efficient ring production is possible in
this device than in other geometries, ensuring the production of deep
diamagnetic wells - a condition which may be somewhat marginal in ELMO
Bumpy Torus-Scale (EBT-S).

The EBS does, however, allow the possibility of several new types
of instabilities that would not be present to the same extent in the
EBT-S, since the toroidal curvature is being concentrated in the
corners instead of evenly distributed around the torus. A preliminary
examination has been made of some of the possible modes, and none of
them at this time appear to be overly limiting, although more detailed
quantitative work needs to be done and is presently under way. If one
considers simple interchange modes, which are constant along a field
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line, they are driven only by field-line- averaged unfavorable
curvature and thus should be roughly the same in the square as in the
torus. Actually, they will be slightly less limiting in the square
because part of the bad curvature is localized in regions of higher
magnetic field than in the torus. The modes that one would clearly
expect to be different in the square are those that balloon somewhat in
the corners. An analysis of these modes has recently been made® using
the ideal MHD variational principle and the generalized kinetic energy
principle,”'® where the sides and corners have been characterized by
piecewise constant equilibrium properties.

This analysis®+® has indicated that the dominant effect
determining the B, limit is still the ring-core interaction in the
sides and not ballooning in the corner sections. Such a result can be
understood by noting that the curvature in i{:_ corners is a factor of 2
weaker than that in the bad curvature sections of the sides, and the
magnetic field is typically a factor of 4 higher in the corners.
Because it will be possible experimental:. .o vary the magnetic field
of the corners, one cifi fijeck if the bad curvature regions in the
corners begin to be important below some critical global mirror ratio
(Mg = Bcorner/Bmideane) The dependence of calculated stability

boundaries on ring beta BH and Mg using the generallzed kinetic energy

principle is plotted in Fig. 5.1. Here both ﬁ and BH are normal ized
betas (normalized to B ypy = 28/R;). As may be seen, there is a lower
stability boundary that corresponds to diamagnetic well stabilization
(modified here by finite B;) and an upper boundary that is analogous to
the B, limit of Van Dam- Lee'® and Nelson.!® This upper limit dror

with |ncreaSIng By as was the case in the earlier workl 9,11
(B. < (28/R.) (1 + ﬁH)'l] due to the destabilizing effect of the ring
pressure gradlent on modes that have some degree of ballooning. As
Fig. 5.1 shows, the stability boundaries do not significantly degrade
until Mg = 2 (this is probably a lower |imit on the global mirror ratio
that could be tried experimentally). At typical mirror ratios of
Mg =4, there is no substantial difference from M;=o (which
corresponds to a bumpy cylinder). This analysis® using the generalized
kinetic -energy principle is based on a number of approximations: for
example, piecewise constant parameters for the sides and corners are
used, large radial and azimuthal mode numbers are assumed, no hot
electron FLR effects are considered, core plasma compressibility is
neglected, Ny, effects are neglected, and low-frequency (w << Wg, Hot
or w,;) modes are considered. Some of these, such as keeping the
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detailed dependences of parameters along the field lines in the side
sections, can be improved by further calculations, and work is
presently under way in this area.

In addition to the ideal MHD modes, resistive modes can also be
present in the bad curvature regions of the corners. It is often
possible for such modes to still be unstable when the ideal modes are
stable. However, such modes are present in almost all plasma
corif [Hement devices, and the effective bad curvature seen by a
cgpreti7t A taea gl ih the corner of an EBS is not significantly

wat ween by equivalent resistive modes present in small
kI RS. A‘ihough the tokamak does have shear, which helps to -
stabilize these modes, the bumpy square has a low density in the corner
and good coupling to the sides. Resistive modes typically grow on a
much slower timescale than ideal modes, and, as a result, their
nonlinear effects are of more importance in determining their
consequences than for the ideal MHD instabilities. The analysis and
classification of resistive modes in an EBS will require a sustained
effort, and it is probably not possible to say anything definitive
about them in the near term.

Several instability modes under study in tandem mirror systems
have been discussed as possible candidates in EBS systems. These are
the passing particle interchange mode,2:13 the shear Alfvén wave — hot
electron precessional drift mode,!* and possibly the Alfvén ion
cyclotron mode.®:18 The passing particle interchange’?:12 s an
electrostatic drift wave ( potential, ¢, varies along the field line),
which is localized in, and feeds off, bad curvature regions. In the
tandem such a mode is possible due to the very weak coupling between
the central cell and end plug regions. In the EBS the coupling between
a side and corner is expected to be much stronger due to the good field
line connection and the fact that the equilibrium ambipolar potential
is not being forced to vary strongly along a field line, as it is in
the tandem. The shear Alfvén wave coupled to hot electron drift!! is
not expected to be a significant problem in an EBS because the hot
electron drift frequency is above the ion cyclotron frequency and thhe
shear Alfvén wave cannot propagate in this frequency range. Such 3
mode can exist in a larger size EBS device, where wy ot is less than
Wei» and warrants further study. The approximate stability criterion

is given14 as
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v 2
[ A > leH or ;< ——zﬂ%———.
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where

Vp = Alfvén velocity ,
wky = hot electron curvature drift frequency ,
4 = azimuthal mode number ,

Lo = toroidal circumference .

One aspect of the square that may make it more resilient than a2
conventional bumpy torus against such modes is the fact that they must
propagate through the high magnetic field corners. As can be seen from
the above inequality, the high-B field raises the critical ion density
and helps extinguish the instability. The ion c.yclot,r'onls'16 mode is
driven by ion anisotropy and has been of interest in the tandem mirrors
due to the presence of sloshing ion distributions, perpendicular
neutral injection, and loss cones. Such modes are no more |ikely to be
prevalent in EBS than in EBT-S (where there is no strong evidence of
them) and may be even less prevalent due to the smaller fraction of the
distribution affected by loss cones in EBS. They may be of interest,
though, with respect to certain configurations of ion cyclotron
heating.

In addition to the above questions concerning new modes that can
be present in the EBS, it is also of interest to consider modifications
of modes that are thought to determine the operating window in EBT-S.
These are the hot electron interchange mode and the stabilization of
low-frequency, low-B, flute modes. Both calculations and experiments
are under way to further understand these effects; the T-M transition
has been correlated with the appearance of the hot electron
interchange,’” but its cause has not been definitively linked to this
instability. The C-T transition is thought to be caused by some
combination of ring effects (well stabilization and/or charge
uncovering effects) and possibly core profile effects (compressibility,
hol low temperature profiles). One might expect that for similar values
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of magnetic field and field line curvature as EBT-S, these operational
modes should be the same as in the present experiment. The EBS will be
similar in these respects for the side sections, and the the mode
transitions should occur at roughly the same values of By, and
MHot/Ncore 35 in EBT-S. One significant difference will be that the

maximum attainable value of PByy will be higher due to the more
efficient production of rings in the straight axisymmetric sections.
On the one hand, this will help ensure the diamagnetic well

stabilization of the core plasma, but it could also lead to a T-M
transition at higher pressures than in EBT-S if the core density does
not rise in proportion to NHot+ However, since the core confinement is
improved in EBS, it is expected that n,,.. should be larger, resulting

in values of nyay/Neopes Which will not induce the hot electron
interchange mode except at very low pressures.
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6. MHD BALLOONING MODES IN THE ELMO BUMPY TORUS
C. L. Hedrick

The MHD stability properties of the square configuration are
analyzed here. 1In particular, limitations on core plasma beta due to
bal looning modes are developed. The restrictions on core plasma beta
are found to be comparable to those of the Lee-Van Dam-Nelson limit.

6.1 INTRODUCTION

Here we compare the MHD stability of the square configuration of
ELMO Bumpy Torus (EBT) with the existing circular configuration. The
most obvious difference between the two configurations is that all the
toroidal curvature is localized in the "“corners®™ of the square
configuration, whereas in the circular configuration the toroidal
curvature is, to lowest order, uniformly distributed. Whether the
toroidal curvature is localized or uniformly distributed should have
little effect on the stability properties of pure flute modes.
However, ballooning modes should have a tendency to concentrate in the
corners — especially along the outer fieid lines where the curvature
and pressure gradients promote instability.

To make the problem tractable, we will make the assumption of
localizability so that we can neglect radial and azimuthal couplings.
(This assumption should be pessimistic insofar as stability is
concerned since these couplings tend to be stabilizing.) We will use
an energy principle to develop the stability criteria. Again, in the
interest of simplicity, we confine ourselves to the so-called universal
term and neglect the effects of compressibility, etc., of the so-called
kinetic term. In particular, for these. initial calculations, we
confine ourselves to the so—called rigid ring model.

In Sect. 8.2, approximations based on the energy principle are
developed. In Sect. 8.3, flute modes are analyzed for the square
configuration of EBT since this information is useful in analyzing
ballooning modes. In Sect. 8.4, a number of analytic estimates are
developed for the various scale factors (magnetic field, curvature,
etc.) appearing in the energy principle. A -knowledge of the relative
size of quantities in the sides and corners of the square configuration
fecilitates further approximations made in the analysis of the Euler
equation developed in Sect. 8.5.
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The stability criterion developed in Sect. 6.5 is reduced to 2
limitation on core beta in Sect. 6.68. This limitation is found to be
no more restrictive than that of Lee-Van Dam-Nelson, provided the hot
electron rings do not dig too deep a magnetic well.

6.2 A PESSIMISTIC ENERGY PRINCIPLE

From Nelson and Hedrick! we find that the energy principle can be
written in the form

SH = W, + OH, (6.1)
where the universal term is given by

My =5 [ Rx[@ + @ XB -jg) xE-R+E-TpF =§)] . (6.2)
and, in the scalar pressure (MHD) limit, the kinetic term is given by

M =%J‘ Bx[p@ -+ €)?] . (6.3)

Here @ is the perturbed magnetic field and § is the displacement.
Except for the current produced by the hot electron rings, jo, the form
of Eq. (6.2) is that of the more familiar single fluid. The fluid in
this case is the core plasma characterized by the scalar pressure p.

It is convenient to write Eq. (6.2) in the form

B, =5 [ (@ + 1) (6.4)
where

LE@XB-jg) XE*Q+E~Vp - §) . (8.5)



A6-3

Using the equilibrium relation

VXB =Jg+]core (6.6)
and
L
Vefl=- B+§°(&+V[n8) , (6.7)

L can be rewritten in the form
y N
L=jbs(€xQ) -€-Vp|25-+¢° (k+9/nB)|. (6.8)

To make further progress in analyzing L, we introduce o,B
coordinates through the Clebsch representation of the magnetic field:

B=VaxV8. (6.9)

It ig convenient to define

V, =98 xB/B? ; Vg = Yo X B/B? , | (6.10)
since these vectors have the properties that

Vo Va=1; V =0,
(6.11)
Vp‘Va:O;Vb'Vﬁ:l,

.and
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V, XB=98; VgXxB=Vo . 8.12)
o B

The displacement is then conveniently written as

£ =XV, +YVg, (8.13)
where

X =0as g ; Y=UB<¢ . (6.14)

Utilizing

Q =V x (£ xB), (6.15)

one finds that

Q

TalL: __g: . _g; , (6.186)
9 X oY

B~ \afVa*arvg)- : (6.17)

We now choose o such that

Vp =

2

Vo ; (6.18)

a has the interpretation that it is the magnetic flux (modulo 2w)
contained with the pressure surface and B is an angular-like
coordi nate.
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By use of Eqs. (8.11) and (8.13), we see that the choice of «
given by Eq. (8.18) yields

e¥p =X
£ Tp=Xzr. (6.19)

If we write £ and V| #n B in component form,

[ ="uv°l+'<ﬁ75 , (6.20)
v lnB-aggBVQ+algBVﬁ (6.21)

we can utilize Eq. (8.8) to write the integral of 8W, in the form

0
Q2 +L= Q2 _2_(512_55_,_‘“4_6_;:_8_)

-x Y82 ( +9—%§)] , , (8.22)
where
ay -
Q¢ = 92|a,vu +2pV8 |2 B (6.28)

and we note that in a,B coordinates d®x = da df d4/B so thet

- jadd @,y (8.26)



A6-6

Since we expect that the drive for instability in the corners of
the square configuration of EBT will be strongest on the outer field
lines that lie in the equatorial plane, we now confine our attention to
that plane. The up-down symmetry of the equatorial plane implies that

j“ =K'ﬁ =-a—%g—&=0 . (625)

It is also the case that in the equatorial plane Va * ¥8 = 0 and
Va ’Vﬁ =0. (6.26)

Utilizing Eqs. (6.23), (8.25), and (6.28), we find that Eq. (6.22)
reduces to

Q@ +L= 32[(%;—)2 Vo l2 + (g—} |v5|2]

+ (Q" —%%‘%X)z . (6.27)

We now note that if we neglect two positive (stabilizing) terms then
the expression for Q2 + L simplifies considerably. That is,

@+ L2 vpf? (—g-l"-)2 + D2, | (6.28)

where

D:—-g-&(;;——g—&-rnn-’-alnB), (629)
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and we have noted that Va, VB, and B are mutually orthogonal in the
equatorial plane so that Eq. (6.10) yields B?|v |2 = |vp|2.

The form of D given in Eq. (8.29) is useful for estimating
flute-like perturbations (9X/04 = 0). For 3X/df # 0, an alternative
expression for D is also useful. The development of the alternative
expression begins with the vector identity

%vlln3=n+nx(vxn)/8"’. (6.30)

If we utilize Eq. (6.6) and

XB =Vp = Va2 (6.31)

J core 2 ’

we find that in the equatorial plane

oV
28, Lo 120 (6.2

so that Eq. (8.29) becomes

D=--g-5(2nu-;12-je-7ﬂ). (3.33)

In what follows it will be convenient to focus on the part of our
underestimate of the integrand of W, which is integrated along a'field
line:

B = f %[wmt@)‘ . ox2] . (6.34
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6.3 FLUTE MODES

It will prove useful in analyzing ballooning modes to have first
analyzed the case of pure flutes. Thus, suppose that X is constant
along a field line so that Eq. (8.34) reduces to

ohg =% [4p . (6.35)

We now express the integrand in terms of the gradients of

)

d/
§ 5 - (6.38)

To do this we make use of the fact that if I = § d? S, then

BL_ ¢ (gg-suu-u), (8.37)
-g%zc_;dl(gg-sua-n). (8.38)

(This relation is valid for closed-field-line systems and for cases
where S vanishes at the limits of integration, such as that encountered
in a mirror-confined population of particles.)

Setting S = 1/B in Eq. (8.37), we obtain

%:-J‘-%l—(a—é:—e'+ltu). (639)

Comparing Eq. (6.39) to Eq. (8.29) and noting that 3dp/dx = constant
slong a field line (since Vp = Va Bp/Bu = J oope X B), we find that

suE=x2g5(%g--§u-fg-). (6.40)
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This leads to the condition for stability

gg(%g--ggf%)> 0. (6.41)

Because we have neglected the kinetic term that involves the
compressibility 4, we have not recovered the oft—quoted result:

13y df
(—£+qu80.&1 &1f ))0 (6.42)

6.4 ESTIMATE OF GEOMETRICAL FACTORS

We now make some estimates of the quantities ky/B and [VB|2/B,
which appear in the mt.egrand of our underestimate for SW. We are
perticularly interested in comparing characteristic values in the sides
of the square EBT configuration with the values in the corners.
Following the conventions for the circular EBT configurstion, we
characterize the behavior in the sides of the square configuration by

midplane valyes.
To lowest order in one of the mirror cells that constitute a side,

a=¢= J‘; r* dr’ B(r".2) . (6.43)

B=0, (6.44)
and

V=10 . (6.45)

The quantity |[VB|2/B then is given spproximately by
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vgl*
I (8.46)
B r2B

No;; in the paraxial approximation [e.g., B  Bg(l - & cos kz)],

) 5-%—80(1 -8 cos kz)r?
so that

bu5r?B, (8.47)
and we see that in the sides

2
ild 22 (8.48)

Since ¢ is constant along a field line, we see that |Vﬁ|2/B is constant
along a field line in the sides of the square.

To obtain the behavior of |8|2/B in the corners, we now suppose
that the transition between side and corner occurs in the side. (This
is possible though not necessary. Indeed it may be more desirable to
have at least some of the transition occur in the corner.
Nevertheless, our assumption facilitates the analytic approach used
here, and any deviation from this assumption should have little effect
on the results obtained here.) With this assumption, the field lines
in the corners are segments of perfect circles. Consequently, the
magnitudes of Ao and AB will remain unchanged as one traverses a corner
since the distance between field lines (labeled by a and B) remains
unchanged. Consequently,

lvel® field Ii 6
5 ™ constant along a field line , (8.49)

both in the sides and in the corners.
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To calculate Ky, we use Eqs. (B8.20) and (8.11) to obtain
Ky =U0. °K . (6.50)
In the equatorial plane, where Vo and VB are orthogonal,

Vo
U, :—é— lvg| ol - (8.51)

In the sides where a ™ y

v
Uy Q%W . (6.52)
In a midplane of a mirror cell in a side, the curvature is roughly
given by
e
K= r—, (6.53)
coi |

where R.,i| is @ coil radius. In a midplane, it is also the case that
v = |Na|3,., so that a characteristic value of k, in a side is given by

(L1
n"'lmidplane - (PB coi|)midp|ane : (6.54)

In a corner the magnitude of the curvature is simply the

reciprocal of the radius of toroidal solenoid segmented to form the
corner:

1 1
k| =———n , 8.55
| Reoroidal coi | (6.55)

3
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where we have noted that in designing a square one tries to minimize
the volume of the corners by using the minimum toroidal radius
consistent with the placement of finite-size coils. To obtain the
magnitude of «,, we note that in the equatorial plane & and Uy are in
the same direction and that the magnitude of U, is obtained from
Eqs. (6.51) and (6.49):

B . 1/2
ny lvg| |vB| ( mgdplane)
U =— = — H
% corner B lcorner B Imidplane side

Defining a global mirror ratio by

B
MG =3 ?orner ' (6.58)
midplane
we have
Vg L (sl (6.57)
aicorner — Mé/g B midplane :
1 (1
- M2 rB / midplane
Combining Eqs. (6.55) and (6.57) we obtain
1 1 (1
= . 8.58
ul corner 7 Reoi| \rB)midplane (6.59)
Comparing Eqs. (6.44) and (6.48) we see that
Ka,corner 1 . (8.59)

ka,midplane  2M"2

We aiso see that the quantity occurring in the integral of &W scales as
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(ko/8) corner -1
(a/B)midplane ~ 2432

(6.60)

6.5 BALLOONING MODE ANALYSIS

To treat nonconstant X we introduce an eigenvalue A (proportional
to w ) so that we can write an approximate energy principle in the form

A g dlX? =8 = §%‘i [lez (%})2 + ox‘*’] . (6.61)

Integrating by parts yields

[ a [ (lvgl"’ g;) (A _%) x]x =0, (6.62)

from which we immediately obtain the Euler equation

> ("g'z %}>+ ( -%)x =0 . | (6.63)

From Eq. (8.49) we see that |9B|2/8 is approximately constant
along field |ines so that Eq. (8.83) can be written

o lvl:alz (" g)" =0 (6.6

where the subscripted quantities are to be evaluated at some convenient
point on the field line (e.g., at a midplane of a mirror segment in a
side).

At this juncture we note that both the center of a side and the
center of a corner are reflection symmetry points (planes, if one
considers all field lines) for the equilibrium quantities. Thus, we
introduce the distance L between the center of a side and the center of
en adjacent corner and define



A6-14

S =4/, (8.65)

where S = 0 corresponds to the center of a side and S = 1 corresponds
to the center of the adjacent corner. With this definition we can
rewrite Eq. (6.64) in the dimensionless form

2 A A
§§§§-+ R-DB)x=o0, (8.866)
where

~ o, By

A=L A, (6.87)
v8, |

" B

_2_% D

D=L PR (6.88)

We now make explicit approximations for D appearing in Eq. (8.68).
Since D is appro}ﬂmately constant along a field line in the corner, we
are led to treat the behavior of D in the sides in a similar fashion
(particularly sngf here we are interested in the new features

introduced by the 'corners). Thus, we treat D as being piecewise
constant:

D=

Dy, . 0<S<1l-¢
? : (6.89)

De 1-e¢S<1

B(-s) = D(S) . (6.70)
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D(1+5) =0(1-5), (6.71)

where the transition between side and corner occurs at S=1 -
e (e KK 1).

We now assume that the equilibrium is stable to flute modes (since
if it is not it will also be unstable to the wider class that includes
ballconing modes). In terms of the present notation this means that

D=(l-€)Dg+eD,>0. (6.72)

[Comparison of Eq. (6.72) with Eq. (8.40) reveals a way to calculate D,
Dg, and Dg.] R

The piecewise constant approximation to D implies that the
solutions to Eq. (6.88) are simple sinusoids or exponents. Thus, we
introduce wave numbers for the side and corner regions by

k2=R-0g, (6.73)

-D (6.74)

>

2 _
=R-0, .

We are most interested in the lowest eigenvalues (A) of
Eq. (8.88), which is Sturmian. Accordingly, we focus on modes that are
symmetric at S=0 and S = 1:

(8.75)

cos kgS 0€£S<C1l-¢
X = é

a cos [k,(S-1)] , l1-e¢(S<1

Here we have noted that since Eq. (8.68) is linear and homogeneous the
overal! amplitude of X is unimportant and we can (arbitrarily) set
X(0) = 1. We also note that k, and/or kg may be imaginary so that one
or more of the cosines in Eq. (B.75) may be a hyperbolic cosine of a
real quantity.
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If we impose continuity of X at S =1 - €, we obtain

cos [kg(l - €)] = 2 cos kee , (8.78)
whereas continuity of dX/ds yieids

kgsin [kg(1 - €)] = -akgsin ke . (8.71)

Eliminating a from Eqs. (8.78) and (8.77), we obtain the dispersion
relation

kgban [ks(l - e)] = —k tan ke . (8.78)

To progress further analytically we assume that the arguments of the
tangent functions in Eq. (B8.78) are small (certainly justifiable at
sufficientiy fow beta) so that

tan x x(l +-é-x2) . (8.79)
With ghis approximation Eq. (6.78) reduces to
(1 —e)A Do) 1 +—- (1-€)2 (R-D
=-e(f-0,) | 1+—e h-0 (6.80)

| where we have used Egs. (6.73) and (8.74) for k, and k.
' Equation (8. 80) can be rewritten in the form
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A-D= —-%-[(1 -€)®(A-Dg)? + (A -D (6.81)

We now recal!l that (for small or modest beta) D,, Dg << 1, and € << 1.
For approximately flute-like modes, Eq. (8.81) gives A =0 +00%.

Formally, there is another root that is X = -3 in the limit as €, D,,
Dg, D tend to zero. However, this root clear|y violates our
approximation for the tangent functions appearing in Eq. (6.78) and,
hence, should be discarded.

We are thus led to solve Eq. (6.81) for the root "near® A=D by
iteration [rather than by formally solving Eq. (8.81) as a quadratic].
We obtain

A~D [1 -%5(1 -P_&)z] , (6.82)

where we have used the definition of D to eliminate Ds.

We now suppose that we are not too close to marginal stability for
flute modes, so that we can write

DD << 1. (6.83)
Under these circumstances stability obteins, provided

€=

D < (6.84)

6.6 ESTIMATE OF BETA LIMIT

We now express our stability limit Eq. (6.84) in terms of more
intuitive or readily evaluated quantities. From Eqs. (6.88), (8.69),
and (6.72),

1 25 _1 Bo D df
s G 1)
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The combination el is simply the distance along a field line from the
start of a corner to the center of a corner. Thus,

el =_}Rcor'ner : (6.88)

The combination Bo/lvﬁol2 has been taken to be constant along a
field line. It is conveniently evaluated in the midplane of one of the
mirror cells using Eq. (68.48):

Bo/19B,|2 = Byr2 . (6.87)

To estimate the final factor occurring in Eq. (8.85), we make use
of Eqs. (8.35) and (B.41) and the assumption that we are not too near
the marginal stabiiity point for pure ¥lute modes to write

Ddf _3p 3 df\ -
[pe-2s(d) | (-8

As we have already noted, the contribution of the sides t6 the integral
in. Eq. (6.88) is small [Eq. (6.80)], and the length of a corner is
smal| compared to a side. :

Thus we can approximate ’

lj‘d_lg _I_J‘ﬂ : (6.89)
LY B lside © B side only
We further approximate the integral in Eq. (6.89) by
1dly__ 1 L (8.90)
L I B Lsingle cel (f B)single cell

In the midplane of a single mirror cell,



_Q_(fill)s z_a_(fi
B |/ B kingle cell ~ By \' B fingle cell
o dé
= [-5:: <fT)single cel l]/(awaro)

-1 |8 (rdé
" roB [Bro <f B)single cell] ' (8.91)

We now introduce a scale length R for the derivative of [ df/B by

3 [rdl __1frde
org f B)single cell ~ R-U(f B)single cell (6.‘92)
and note that (see Sect. 4)
1 4 v_ 1(-8 8.93
Lsingle cel | (f 3)53“9"-‘- cel | Ry By (6.92)
where
& = bumpiness parameter = (M - 1)/(M + 1) (6.94)

with M = mirror ratio.
We next introduce a scale length for the pressure gradient by

% 4 % p [
B0, 7By Bro ~ ToBo \ Rp) " (6.96)

Ddl. (1-8) P
jRdd, (-8 (8.98)
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or, using the definition of core beta,

Be = 2P/Bg ’ (6.97)
____.g.i_____)______, .98
f B L QrgBo RpRU )

Inserting Eqs. (6.86), (6.87), and (8.98) into Eq. (6.85) yields

ﬂ2(4,— 8) ( corner)2

1.2
Le? 5 R B (8.99)
P
so that the stability criterion given by Eq. (6.84) becomes
R Ry
B < :g—('l—_l_—g)— (——L—-) . (8.100)
Reorner
We have already noted in developing Eq. (6.53) that
Reorner ® Reoi » (8.101)
so that Eq. (6.100) becomes
2 1 _EgRu
<= 6.102
Pe w2 (1-9) Rconl ( )

It is now convenient to relate Ry (which involves the effects of
the hot electron rings) to the vacuum value of |Ryl since (see Sect. 4)

MQ._VAQI ~ B (8.103)
or Reoi |

IRyol~1 = lim o IRy~ = &
amng
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so that

coi |

121 R Ry
P 281 -8) (R ¢ )(RUO>‘ (8.104)

For a nominal local mirror ratio of M = 2, 8 = 1/3, Eq. (6.104) becomes

54 [ R Ry
sclenlin] 09

Finally, we note that in terms of the present notation an approximate
Lee-Van Dam-Nelson |imit on beta is given by

2R
BLvon =7 ——
coi l

so that Eq. (6.105) becomes

R
B < % %) BLVDN - (8. 106)

Thus, for ring beta sufficiently small that Ry/|Ry,l <€ 1/3, this
stability 1imit is comparable to or less restrictive than the

Lee-Van Dam-Nelson limit. This is not a very restrictive fimit on ring
beta.

6.7 SUMMARY

Here we have used a simplified formalism to estimate the potential
limitations on core plasma beta imposed by MHD ballooning modes in the
square configuration of an EBT. Anticipating that it will be desirable
to include more kinetic effects than seemed advisable for an initial
examination of the problem, a great many details have been meade
explicit. For example, the curvature, connection length, and universal
term of O4 can all be expected to play a role in more detailed kinetic
formal ism.
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Within the MHD mode! employed, an attempt has been made to err on
the side of pessimism at each point. Even so, we find that the
limitations on core plasma beta imposed by the MHD baliooning modes are
no more restrictive than the Lee-Van Dam-Nelson criterion, provided
that the hot electron rings do not produce too deep a magnetic well.
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7. BALLOONING MODES IN THE ELMO BUMPY SQUARE CONFIGURATION
UBING THE GENERALIZED KINETIC ENERGY PRINCIPLE

D. A. Spong

In the bumpy square configuration, toroidal curvature is localized
in the corner sections rather than uniformly distributed, as is the
case in the existing circular ELMO Bumpy Torus (EBT) configuration,
This feature, coupled with the fact that the magnetic field is higher
in the corner section- results in a number of distinct advantages with
respect to particie .unfinement, heating, and transport. It might be
expected, however, that ballooning modes should have some tendency to
concentrate in the corner sections — especially along the outer field
lines where the curvature and pressure gradients are unfavorable. Here
we examine the stability of such a configuration using a ballooning
mode equation! derived from the generalized kinetic energy principle.
The side and corner sections of the square are treated with a piecewise
constant approximation and matched at a transition boundary to obtain
the stability condition. This retains the ring-core coupling and
yields both the low B, diamagnetic well stabilization condition and a
high-B, stability limit analogous to the Lee-Van Dam-Nelson B, limit,
where B, is the core plasma beta. Due to the high magnetic field in
the corners and the relatively weak curvature there (%1/2 of the
curvature in the bumpy sections), this upper B, limit is not
significantly changed from that which would be present in the
conventional circular bumpy torus configuration.

7.1 INTRODUCTION

Hot-species stabilization schemes have recently been proposed in
tokameks,! helical axis stellarators, and tandem mirrors.3 Instability
modes connected with the presence of a superthermal component have also
been discussed in relation to toksmaks with neutral injection' and for
future devices where alpha particles will be present.® In this paper,
we analyze the stability properties of the bumpy square configuration,®
which is stabilized by hot electron rings produced near the second
harmoni¢ cyclotron resonance by microwave heating. Of the various
toroidal configurations in which hot species stabilization has ‘been
proposed, this geometry is at present the only one in which ring
formation is experimentally proven. In addition, by forming the rings
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in straight mirror sectors rather than in regions where distributed
toroidal curvature is present, the bumpy square geometry offers the
highest possible ring formation efficiency and confinement. This will
help to ensure the production of deep diamagnetic wells at the ring
locations without excessive microwave power requirements, a condition
which is necessary to stably support steep core plasma gradients. The
main stability question of interest relative to the bumpy square is how
the isolated toroidal curvature in the high-field corner sections will
influence overal| stability properties. For example, at what values of
core beta do ballooning modes localize in the corner sectors and go
unstable? Also, a related question is whether the unfavorable curvature
in the corners will degrade existing stability limits’*® in the side

sections, resulting from consideration of the core-hot electron ring
coupling.

To address these stability questions, we examine low-frequency
modes using an energy principle a:alysis. 0Of the various possible
approaches, this method allows the most complete description of the
magnetic field line topology, which is of primary importance here in
comparing the square geometry against an ideal straight bumpy cylinder.
A number of different energy orinciples have been formulated that can
be applied to magnetically confined plasmas in closed fleld line
devices. The earliest of these is that of Bernstein et al.? (and
generalized in ref. 10 to the case of tensor pressure), referred to in
the following as the conventional magnetohydrodynamic (MHD) Iimit.
This energy principle may be:written as

s
i

SN =
SHf + ka ) | H (7.1)

where

Wy = fdax [le + TQ|| + °J|| (f X Q)

+ o x W, - Log ¢ -vB)(E - VP )] (7.2)
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and

SN,(:—-%-fdudde.dJ (%—E)HQ , (7.3)

(¢}

with

H = gyro-averaged change in the particle kinetic energy due to
field displacement £,

P, - P
°-=1+_.L___.JL.
B
oP
T = —-1"-—'|" ,
B oB

Q, = Lagrangian perturbed magnet.lc field perpendicular to the
equilibriumB field, {

Q“_Lagrangmn perturbed magnetic field p;rallel to the
equilibriumB field, :

§ = tield line displacement vector,
jy = plesma current parallel toB,
q= bb: v .,

PysPy = parallel and perpendlcular plasma pressure components,
respectively,

(o)
V V—VBBB ,
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o,B = radial and angle-like Clebsch variables used to represent
the magnetic field B =Va X V8 ,

K = magnetic moment = MVE/QB ,

J = longitudinal invariant = M § df V" ,
€ = particle energy = MVﬁ/? + uB ,
F = gyro-averaged distribution function.

This form of 8W assumes that the instability growth rate is small
compared to the cyclotron frequency and large compared to the bounce
and drift frequencies. That is, particles are taken as being tied to
field lines and having no motion along or across (except for
gyromotion) field lines over the time scale of the instability.

A somewhat more general form of the energy principle for an
anisotropic, guiding-center plasma was next derived by Kruskal and
Oberman.'! Their energy principle has. the same form as given in
Eq. (7.1) with 8Ky given in Eq. (7.2). However, now the kinetic
portion &4, is changed to the form given below:

wk=—%jmd5de€9 H? o, C(7.9)
(s ]

where

- __1_ g4dl
<...> = bounce average = 315 § v, (...) .,

F = gyro- and bounce-averaged guiding-center distribution
function.

Here it is assumed that the instability growth rate is small compared
to the bounce and gyration frequencies but large compared to the
cross-field drift frequency. This corresponds to a physical picture of
particles tied to magnetic field lines (like beads) with gyration
perpendicular to field lines and parallel motion along them for the
time scale of the instability but with no drift across them.
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Finally, the most recent derivation of the energy principle, the
generalized kinetic energy principle,12:13 retains the cross-field
drift motion, and its kinetic portion is written as follows:

1 oF 2

M, = -= [ da df du dJ (} > {KHD
k 2 j [ e |,

(OF /) ¢

+ Befou) (<H>? - <<H>>2)} : (7.5)

where

<€...>> = double average over both the bounce and drift motion

-1 1
= g o8 Bl <

with 1 = precessional drift period,
6%%9 = bounce-averaged rate of precession.

This version of energy principle then treats the drift frequency,
bounce frequency, and gyration frequency all as being large compared to
the growth rate of the instability.

Consideration of the assumptions underlying the various kinetic
perts of & given in Eqs. (7.3), (7.4), and (7.5) then indicates that
these should apply to increasingly energetic plasma components. In
examining the stability of a hot electron stebilized bumpy square
configuration, we consequently use the generalized kinetic energy
principle of Eq. (7.5) to describe the hot electron component and the
conventional MHD form of Eq. (7.3) for the lower temperature core
plasma. The fluid portion of &{ given in Eq. (7.2) will apply to both
components. This is justified as long as we examine instabilities
whose growth rate is much less than the core ion or electron cyclotron
frequencies but much greater than the core drift or bounce frequencies.
On the othe~ hand, the hot electron component must be sufficiently
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energetic that its cross-field drift frequency is much greater than the
instability growth rate.  Such frequency orderings should be
appropriate to low-frequency MHD modes in the near-term bumpy square
geomebtry.

Inherent in using such an approach to examine bumpy square
stability are a number of assumptions: finite Larmor radius effects
are neglected, only Iow—frequency modes (w << wy oy OF Wei) are
considered, relativistic effects are not included, and effects that
depend on ny,, (as separate form By,4) are neglected. Hot electron
finite Larmor radius effects have been examined recently14'15 for a
number nf modes that can occur in bumpy field devices and found to be
strongly stabilizing for even moderate velues of m, the azimuthal mode
number. However, at low m the zero Larmor radius theory!® still
appears to establish the B, limitation. The low—frequency limitation
will prevent us from considering the full impact of the ring-core
decoupling.’® This is not apt to be of too much importance in
near-term experimental devices where the hot electron drift frequency
is significantly larger than typical MHD growth rates, but requires
further analysis in possible future devices where the ratio wy jot/HD
does not remain as large. The neglect of n,,, effects precludes charge
uncovering stabilization which can stabilize certain classes of modes!’
before diamagnetic well stabilization is established. Also, it
prevents examination of the hot electron interchange stability
boundaries; however, since the hot interchange mode is not unstable-in
this model (due to the assumption that w << wg yot). this is of no
interest here anyway.

In addition to the above assumptions, which are inherent to the
energy principle analysis, we make a few other approximations only to
simplify the present calculation, most of which can be improved with
straightforward gxtensions. In fact, work on this in some areas is
already under way. We do not include the full three-dimensional
effects for the core or ring plasmas. This is probably quite good for
the hot electron rings in the sides of the bumpy square since they
should be very close to azimuthally symmetric but may not be as good
for the core plasma. Finally, we will neglect the radial mode
structure and will.treat the sides and corner sections in a piecewise
continuous fashion. These last two approximations can easily be
avoided by treating the radial wave number as an independent parameter
and by going to a more elaborate numerical solution of the eigenvalue
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equation. However, as a first cut, we do not include this degree of
detail.

The outline of the remainder of this section is as follows.
First, we revisit the derivation of the ballooning equation for a hot
electron plasma immersed in a cooler core plasma (as given by
Rosenbluth, Tsai, Van Dam, et al.l) and discuss the differences and
similarities of this equation with that obtained using conventional
MHD. Second, we discuss approximations that can be made to this
equation appropriate to the ELMO Bumpy Square (EBS) device. Finally, a
solution. and dispersion relation for the bumpy square are presented,
and results for stability boundaries as a function of B.ore. Byot. 2nd
global mirror ratio (= Bcorner/Qnidplane) are given.

7.2 KINETIC BALLOONING EQUATION DERIVATION REVISITED

As mentioned in the previous section, we will use the conventional
MHD fluid portion of.8W for the core plus ring component and the
generalized kinetic energy principle for &4y, which in this case will
apply only to the hot electron ring. Using ¢ and Q" as variables (the
perturbed electrostatic potential and the Lagrangian magnetic field
perturbation parallel to the equilibrium magnetic field, respectively)
instead of the displacement § (with €, set equal to zero), the
following results have been given in ref. { for &We and &W,:

oy =L [ [o [os|2 (6« v0)2 « 7@, - LB £0)?

-~ oK) WP, +Ze - TP )] (7.8)

dal 24« nt)|
. ) v, (R + Vi e - x0)
=3de du (@ * VF) ——

<wp> I (7.7)
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where @ =B X VS/B2, S = eikonal function, and <wp»> = bounce-averaged
drift frequency. Here we have used an eikona! ansatz to decouple the a
and B dependences from the # dependence (i.e., we assume that the
variations in o and B are much more rapid than the Z variation). We
have also assumed that the B (azimuthal angle) dependence in <H> and
<wp> is negligible except through the el™ of perturbed fields. This
is equivalent to assuming axisymmetry about the minor axis. This
should be a reasonable approximation for hot electron rings in the side
sections of a bumpy square since they are in straight bumpy cylinders
and do not experience any toroidal curvature. The assumption that

< /<up> « e/™ then results in <KH>> = 15! ¢ dB <H>/Kuwp> = 0, which

reduces Eq. (7.5) to the form given in Eq. (7.7).

It is now desirable to express 84, in terms of moments of the hot
electron distribution F. This will be especially useful in being able
to factor the equilibrium force balance relation into the energy
principle at a later point. Actually, this could be done along with
the minimization with respect to ¢ and Q, in terms of the distribution
F itself, but the algebra would probably become much more obscure.
Expressing O, in terms of moments of F can be achieved by using a
Schwartz inequality. This will allow us to write 84, as a ratio of two
velocity space integrals instead of as a velocity space integral of a
ratio of two functions. The Schwartz inequality gives the following
relationship: .

([ dE du AD)2
[ dE du D?

[ dE du A? 2 (7.8)

If we then identify A%, AD, and D? as

AD =e = VF <H>

02 =0 * WF <y .
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then the inequality of Eq. (7.8) yields
df 2
[de due * VF fv—(pﬂu + V'ﬁ e °lcd>)}
]

kaZ I . (7.9)
2 [dE dpe «0F [ (o - vB + V2 * &)
b v, Lo i

That is, the right side represents a lower bound on SHk such that this
should result in a pessimistic estimate of stability. This application
of the Schwartz inequality, of course, depends on the above quantities
(A%, D?, and AD) having the same sign over the range of integration. .
Changes in their overall sign should not influence the argument, but 2
change in sign with respect to pitch angle or energy variations can
invalidate it. For example, the bounce-averaged drift frequency in the
hot. electron ring region is plotted in Fig. 7.1 vs ¢ equal to cosine of
the pitch angle and for three different values of f,;. In the first
case, B,y is zero; second, it is just enough to cancel the curvature
drift, but not form a well; and third, in the bottom figure, aHot is
large enough to reverse-VB and the overall direction of <wp>. As may
be seen, there is generally a region near & = 0.8 where <wp> reverses
sign. Normally, this would prevent the use of a Schwartz inequality.
However, since the kinetic portion of 84 here is only applied to the
hot electron ring, which is highly anisotropic (P,y > Py), it is
expected that the hot electron distribution will not significantly
populate the range of pitch angles where <up> reverses sign. In fact,
in the present calculation we assume P =0, which ensures the
validity of the Schwartz inequality. However, even if one allows a
finite Py, it is expected that this procedure should be valid for
typical ring electron distributions. In earlier work,!Z where the ring
pressure was taken as isotropic, the stability window was observed to
vanish, and this possibly can be related to the above difficulty.

Using the form of &W, given in Eq. (7.9), one can now interchange
orders of integration on the numerator and denominator velocity
integrals, that is,

[ o€ du(...) f%ff(”') N TEN jL\;’:&i(...)
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Fig. 7.1. Bounce-averaged drift frequency vs pitch angle
(¢ = cos V| /V) for three different values of ring beta, Byy. Byot = 0
(top), small Byot (middle), and large Byt (bottom).
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and express these integrals in terms of pressure moments of the hot
electron distribution function:

Top integral = f%g-fi:vd-“‘—g (@ * ¥F) (p.Q" + Vﬁo * xb)
I
d vy s 2
= f?[(o * W) 5+ (@ * W,)(e °&)¢] ;
Bottom integral = f%—fi’E—v"“—ﬂ(e *VF)(ue + VB + V2 & < k)
i
- .d_l .l. ON ] ‘~
= f o [B @ V) _VB) + (o VP")(I °n)] .

Here, the operator V=v-0B 0/0B and arises from moving the gradient
operator from inside the velocity integrals (f dE du B/V,) to outside.
The kinetic portion of & then becomes!

éf-dal [(—qé’-)o . gPlH + (0 *Kk)@ ° GP"HN](
8, = . (7.10)

2 fdl[ (e = 9B)(o VP_LH) + (0 K)o v ||H)]

Separating out the components of &Wy and Wy, which .involve Q,, we cen
now minimize with respect to Q,, resulting in the following integrsl
equation for Q,:

-2p - me - ey (2.1
where

X=[L e n)o-Tye
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Y:J.-dBl(e .gle)EBlL ’
A= J.-%l—[%(e *UB)(e %'PJ.H) + (@ *k)e %'PHH)}

This can easily be solved by taking a [ df(e * GPJ_H)/B'2 moment, and
gives the following solution' for Q:

Q, =280 < k) - e = PN (7.12)
where

) e JL @ - m)(e « Ty +Ze « VP )0

f%[(e *K)e ° gPlM‘*%‘ * V) 'jr‘;_z'(‘ - VPte ¢ vPc)]

In deriving this we have incorporated the equilibrium pressure balance
relation VB = Box - 1/BV P, to eliminate thee * VB term appearing in
A above [Eq. (7.11)]. This will avoid sensitivities to the equilibrium
mode!, which would otherwise exist in the resulting ballooning
sequation.

Substituting @, from Eq. (7.11) into Eq. (7.10) end minimizing
with respect to ¢ |leads to the ballooning equation, given in ref. 1:

o|vs|? ~ ~
B -v( |32‘ B -v¢>+ (e +x)fe VP, +%e *W,)o+Td

=@ K)o WPy +Ze - TP A, (7.13)

where I" is proportional to W,

75 =kl ’
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o= 1-+jlhé%jﬁL.
T=l+%%,
k=(be Vb,
e =B x ¥S/82 ,
Vv "'B'z%'

This is an integro-differential equation of the Fredholm type with a
symmetric kerne! and may be solved by the prescription given in ref. 1.
That is, we can break ¢ up into a homogeneous solution and a particular
solution: ¢ = 5 + cby, where &) is a solution of Eq. (7.13) with the
right side set equal to zero and ¢; is a2 solution with A =1. The
constant ¢ is then determined by substituting this solution back into
Eq. (7.18). We use this method with a very simplified equilibrium
mode! for the bumpy square. At this point, Eq. (7.13) could be app!ied
to numerically calculated bumpy square equilibrium fields and solved
using shooting techniques. Work on this type of calculation is
present|y under way, but only the simplified analytic model will be
discussed here.

7.3 SIMPLIFICATION OF THE BALLOONING EQUATION AND RELATION TO
CONVENTIONAL MHD

In order to reduce Eq. (7.13) to a readily tractable form, we make
a number of approximations. First, we consider the high-m limit where
the radial mode structure can be neglected and S can be taken as mf.
Second, the azimuthal mode number m cancels from the ballooning
equation. Third, we take P,y =0 and assume that B and B.,.. 2re
sufficiently small such that o 8 1 and T8 1. Finally, as mentioned in
ref. 18, the quantity [VB)2/B can be related to magnetic- flux and
should be fairly constant along a field line. Invoking these
approximations results in the fol lowing:
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B xXV8 ] ] ] . \
e = 82 =Ua = contravariant basis vector in Vo direction,
olvs]?
B 'V( |B2| B * ) Ivﬁ|2 &2 B ‘

@ * K = Kk, = contravariant curvature a component,

<}

a4
do °

We then define the following quantitiéé to simplify the appearance of
the ballooning equation:

21%8y Ky dpe
.=
|Vﬁb|2 B da

where L = typical field line length, we normalize £ as s = £/L, and "0"
subscripts denote evaluation at the midplane. The ballooning equation
can then be written as

d¢+ Dg - DY) = - Dy [ ds Db , (7.14)
ds? - | J ds Dy(1 - Bc/BLvpN)

where we have noted that

_DﬂlchRB'a
Oy anu fvon
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with
2L,
PN = | -
c
L - (.Lﬂ’.g)"
pe dr
An analojqous equation from conventional MHD (using a rigid ring model)
would be'®
d26 PPl N
2 (T - D¢ - Do) =7 [dsD® , (7.15)
with

Dc =De/Pe

q=§% :
I=§§.§' .

~ = ratio of specific heats.

Here we have retained compressibility effects which enter in through
the integral term on the right side of the equation. Comparison of
Eqs. (7.14) end (7.15) indicates that the effect of the hot species
enters in through a term which is very similar to the compressibility
term in conventional MHD. Since Dy is negative on the outside half of
a hot electron ring located in an unfavorable curvature region, the
right side of Eq. (7.14) will add positive "compressibility® (which -is
stabilizing for B, < Bypy) and negative "compressibility® (which is
destabilizing for B, > Bypy). The latter effect gives rise to the B,
limit ot Bc = PLVDN- :
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One difference between Eqs. (7.14) and (7.15) on the left side is
that T' - D, - Dy in the kinetic ballooning equation is replaced by
I'-D,-D0¢y in the conventional MHD equation.  Setting this
coefficient to zero and requiring "2 0 results in a stability
condition for flute mode, at least in a local sense. [A |ine-averaged
condition can be obtained by going a few steps back in the derivation
of the ballooning equation and retaining the line averages of
8W(£).] For conventional MHD, the Dy term gives rise to diamagnetic
well stabilization (in the rigid ring sense) since

. . 4LnH
D¢ < D¢y implies that B,y > R ¢
c
where
] 1 dPIH 1
nH - PlH df‘ ’

R

¢ = radius of curvature at the midplane.

In the case of the kinetic ballooning equation, Doy is repl: d by Dy
(proportional to w dP,/dr), which would appear to add to the
instability drive of the core plasma occurring in the D, term
(proportional to k dp./dr). However, if we take the flute limit in
Eq. (7.14) and take Doy and Dy to be constants along a field line
[actual ly such strong approximations are not necessary if we go back to
the |ine-averaged version of &4 (£)], the right side of Eq. (7.14)
becomes

o nyfene o
J ds Dy(1 - Be/BLypw) 1 + Dow/Oy

2~ o0y - Do)

where we have also expanded in powers of B./B ypy- In this limit, the
Dy term on the left side of Eq. (7.14) is cancelled by a similar term
from the right side and replaced by exactly the term required to give
rigid ring conventional MHD.

However, for instability modes that have some finite degree of
bal looning, the hot electron pressure gradient term will not completely
cancel, resulting in a nonrigid ring response that can be
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destabilizing. This is especially apparent if we use the identity
(A+8) =A1 - (B/A)(A + B)™! to rewrite Eq. (7.14) as follows:

2 Dy | ds Dy

&2 . -0 = Do 1 J 4= 0y
2 C

s fdsDH

[ ds Dgy [ ds Db
J ds Dy [ ds Dy(1 - B/BLypN)

(7.18)

7.4 APPLICATION OF THE KINETIC BALLOONING EQUATION TO A BUMPY SQUARE
CONFIGURATION

The hot-electron-stabilized, bumpy square device is discussed
extensively in ref. 8. In this geometry there are eight symmetry
planes, so it will only be necessary to consider one-eighth of the
device. A diagram of 2 one-eighth sector is shown in Fig. 7.2 with
some typicel dimensions indicated. Here, as in ref. 18, we assume that
the transition from a side to @ corner section occurs in the corner end
thet s = 1 - € represents the boundary between @ side and a corner,
s =0 is the middle of a8 side, and s =1 is the middle of & corner.
Here € = "R,o;|/L and L is given by

T
L= (6 *E)Rcoil .

If we then convert k, and dp/de to the normal cylindrical radial
variable, we have o :

-

__ 1
o = TR,
dp___F

da = " BL,
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Fig. 7.2. Schematic diagram of a one-eighth sector of an EBS with
some typical dimensions.
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As mentioned, the quantity Bo/|VBp|2 (= rfBp) is related to the magnetic
flux (b ~ r2B) which is constant along a field line. If we further use
the constancy of r?B in examining the dependence of Dy and D, in the
side section, we find that these terms are left with a R;lB"" scaling.
This tends to weight them heavily toward the midplanes of the side
sections. As a first approximation, we then simply evaluate these
terms at the midplane and take them as constants. Since there are
presumably no hot electrons in the corner sections, we only need to
evaluate D, there. Assuming that magnetic field lines in the corner
are one-quarter arcs of perfect circles (of radius 2R,5i;) with a
magnetic field strength My times larger than that in the midplanes of
the sides, Dg oorper can be approximated in a simple manner (as was
done in ref. 18). The resulting values of D, and Dy are given below:

(12 + w2 _PBe
D H N » (7.17
c,side 9 BLVON )
Dy & - 12 + )2 BiH (7.18)
BLvon
D o {122m2 Pe (7.19)
c,corner W72 BLVON .

We can then write down separate ballooning equations for the side and
corner sections:

2
-:—S;L (C - D¢, corner)® = 0 (7.20)
(corner equation — no hot species)
PO, mp . pee - Du iSO 7
gar * 7 Desside =00  ds Dy(L - Bo/BLyon) -

(side equation — hot species present at midplane) .



A7-20

As mentioned in the previous section (Sect. 7.3), the side equati»n may
be solved by decomposing the solution (¢ = &y + c®;) into a homo eneous
part &y [with the right side of Eq. (7.21) set to zero] and a
particular solution ¢; that is a solution of

d?d;
d52 + (l—'— Dc,side - DH)CD]. =—DH . (7.22)

Substitution back into the original Eq. (7.21) then gives the constant
¢ as

£(®g)
c :T_—f@T R (723)

where

() = f ds DH¢ .
J ds Dy(1 - Be/BLypw)

The boundary conditions that will be applied to & are

(a) -gz—: 0 at s = 0 and s = 1 since these are symmetry planes;

(b) ®(s=1) =1 (since the equation is homogeneous, we can specify
the value of ¢ at one point);

(c) @ and dd/ds are continuous at s = 1 - €.
The solution in the corner section subject to these boundary conditions

is:

®eorner = €Os ko(s - 1), (7.24)

where
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2 _
kc =T - Dc,cor'ner .

The solution in the sides can be constructed using a Green’s function
to give

c k cos k sS

kgcos kg(l - €)

Pside = €OS kgs + [cos ke - cos kg(l - €)]
+ jz Dycos kgy sin kg(1 - € — s) dy
—-€ .
+ Ji Dycos kgs sin kg(l - € - y) dyg , (7.25)
where

2
kg =T"- Dc,side -Dy .

Since in our case Dy is independent of s, this reduces to

DH cos k S DH
¢side = [COS k cE+¢ k2] cos ks(l ~ E) 'kz . (728)

Substituting back into Eq. (7. 21) or usnng Eq. (7.23) then gives the
constant ¢ as

kgtan kg(l - €)cos ke

¢ = ':. (7.27)

where

- . D) = Dol - 1 - =Fe
= [ ds (D4 + Deyy) = Dy(1 e)(l BLVDN)'
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The solutions of Eqs. (7.24) and (7.25) now satisfy conti’nuit.y of ¢ at
s=1-¢e (side-corner interface), but we have not made their
derivatives continuous. This requirement leads to the dispersion
relation given below:

kotan ke = —kgtan k(1 - €)

t.an2ks(1 -€)

_.D.g. , (7.28)
kS Bc ﬁ 1
(1- e)(l - ﬁLVDN>+ kg [1 -€- ke tan kg(1 - e)]

where
2 _
ks =T'- Dc.side - DH ’

2
ke = I'- Dc,cor-ner' .

Stability is determined by solving this equation for I', with "< 0
implying instability and ' > O implying stability.

7.5 RESULTS

In order to solve the dispersion relation given in £Eq. (7.28), we
have used a numerical root-finding technique. The equation was
rewritten in a form that does not have any singularities; also, it was
necessary to properly continue the trigonometric functions so that they
became hyperbolic functions in cases where k% and k"; were negative. It
was observed that there is always & root at I'=0 for B, =0,
independent of By. This particular root was followed as B, was
changed in small increments. Typical results are plotted in Fig. 7.3

for I' vs B./Bypy for several different values of B,y (= B,/BLyoN).
As may be seen, the root is always unstable (I"< 0) for s.I.H = 0. Then,
as E.I.H is increased, there begins to be a stable window in B.. At
Bl =2 (which is the diamagnetic wel! stabilization condition), the
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lower end of the stable window in B, extends all the way to B, = 0, as
would be expected.

Next, in Fig. 7.4 we have plotted the stability boundaries in the
ﬂc(_ ﬁc/aLVDN) VS ﬁlH plane for several values of My. Several
interesting features can be seen here which relate to the discussion of
Sect. 7.3. First of all, there is a diamagnetic well stabilization

boundary at ELH =2 and B, =0. However, as B, is made finite,

proportionally less By is required for stability. This effect is
expected to be due to the positive "compressibility" aspect of the
kinetic term on the right side of Eq. (7.14) for £, < BLyDN: However,

this is only observed to extend to By = 1 (left edge of the figure);
past this point stability does not seem to be possible at any value of

Be- Another effect present in Fig. 7.4 is the dropoff in the upper B,

limit as ﬁ is raised. This is expected to be related to a lack of
cancellation in the hot electron pressure gradient term (nonrigid ring
response), discussed prior to Eq. (7.18), as the mode structure
develops a significant degree of ballooning.

The  scaling of  the stability  boundaries  with Mg
(= Bcorner/Bmldplane) indicates that both the upper anq | ower
boundaries begin to deteriorate slightly as Mg is lowered. This would
be - expected since decreasing M; changes the weighting of the
unfavorable curvature in the corner sections. However, MG must be
lowered a good bit to see any effect since the corner curvature is 50%
weaker than the curvature in the midplanes. Also, the length of the
field lines through the corner section is significantly shorter than
through the side section. As .a result, no significant change occurs
untit Mg = 2. For the bumpy square device presently under
consideration, Mg is nominally equal to 4; an Mg of 2 is probably a
lower limit to the variation that could realistically be made in this
parameter. As may be seen, there is no substantial difference between
the Mg =4 and Mg = 1000 cases. The latter should correspond to a
bumpy cylinder limit.

7.6 CONCLUSIONS

The generalized kinetic energy principle (for the hot electrons),
coupled with the conventional MHD energy principle for the core plasma,
has been applied to the ballooning stability of a bumpy square plasma
with hot electron rings. A very simplified model of the vacuum
magnetic field and plasma properties is used here. However, the two
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|lower-frequency stability boundaries (diamagnetic well stabilization
and upper B, limit with B, ~ Bypy) that would be expected in such a
configuration are readily apparent in the results; this leads one to
conclude that the ballooning equation is not highly sensitive to the
equilibrium model. Further refinements are desirable at this point and
would pr'obably mvolve using realistic vacuum magnetic fields (which
are available now® for the bumpy square), with finite-beta corrections,
and using numerical shooting techniques to solve for the stability
condition. Work is presently under way on this type of calculation.

The results obtained in the present, simplified model indicate
that B, limits in a bumpy square with Mg =4 are not drastically
different from those present in an infinite bumpy cylinder. Two
effects of interest are that for finite values of B, stability can be
achieved with B, < 4A/R, (i.e., below the crttlcal value for
diamagnetic well stablllzatlon) and that the upper B, limit drops off
as By is increased above the minimum required for stability. The
fir'st feature is thought to be caused by the positive "compressibility®
aspect of the kinetic term in the ballooning equation for B, < B ypy-
The second has been related to an enhancement in the ring—core
interaction as ballooning becomes stronger. Both effects encourage
operation at as low a value of B as possible while maintaining core
plasma stabilization. Fortunately, this is also the regime in which
one would like to operate to minimize ring power requirements.
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Appendix 8
CONCEPTUAL DESIGN REPORT FOR ELMO BUMPY SQUARE

Abstract

A conceptual design was prepared for the EBS project, providing
for the complete disassembly of the EBT device, demolition of its
substructure, and assembly of new and existing components. This
report presents a brief physical description of the project; a state-
ment of the project purpose and justification; the system definition
and baseline requirements; a discussion of the concept and some
alternatives; preliminary assessments of safety, quality assurance,
environment, and energy conservation; a'description of the method
for accomplishing the project; a schedule and cost estimate; a
review of the specifications and existing systems; and a number
of engineering drawings.
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1. INTRODUCTION

This document contains the conceptual design for use by Martinm
Marietta Energy Systems, Inc., in preparing construction drawings and
equipment specifications for changing the Fusion Energy Division EIMO

Bumpy Torus (EBT) device from a toroidal configuration to a square

configuration.

EECY
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2. BRIEF PHYSICAL DESCRIPTION OF PROJECT

This project provides for the complete disassembly of the existing
EBT device, demolition of the substructure, and reassembly of new and
existing components to form a square configured device as shown on
drawing SK10. Sixteen of the existing mirror coils will be salvaged and
reinstalled between new cavity sections, four coils on a gside. The
connecting corner sections forming the vacuum vessel will be toroidal
sectors, each with eight new half-size EBT mirror coils. A new device
substruéture and a new microwave manifold will be provided. Each set of
eight corner coils will be powered by a 3~MW generator, requiring an
additional 12 MW of power not previously supplied to the device. The
power distribution system and cooling water system will be modified to
accommodate the additional needs.

The instrumentation and control systems and the microwave waveguide
network will be removed from the existing device and will be reinstalled
essentially unchanged, except as required to adapt to the new configu-

ration. The biological shield will remain unchanged.
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3. PROJECT PURPOSE AND JUSTIFICATION

3.1 PURPOSE

This project is an advancement of the existing ELMO Bumpy Torus
(EBT) research program sponsored by the U.S. Department of Energy (DOE),
Office of Energy Research, Office of Fusion Energy. The purposes of
this project are (1) to enhance and extend the technical data base of
the program and (2) to provide challenge and stimulation to the overall
fusion program through exploration of novel approaches in the areasAof

physics, technology, and fusion reactor engineering.

3.2 JUSTIFICATION OF NEED AND SCOPE ;

The EBT is a toroidal confinement system with a numﬁer of features
that make it attracfive as a reactor concept. These include staady-
state operation with good accessibility for maintenance, modularity, and
relatively simple magnetic coil system and engineering design require-
ments. In the years that these virtues of EBT were identified, the
other fusion devices have recognized and tried to incorporate these
advantages. This attempt led to, for example, the emphasis on current
drive in tokamaks to approach steady state and to the modular tokamak
and stellarator designs to get some of the maintainability/availability
advantages of EBT. Historically, the EBT program has contributed to the
development of f;sion in a much broader sense than just its reactor
attractiveness. These contributions include (1) microwave [electron
cyclotron heating (ECH)] physics and technology, (2) physics of non-

axisymmetric transport, (3) steady-state plasma-wall interactions,
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(4) physics of very high temperature plasmas, and (5) several novel
plasma diagnostics (i.e., heavy ion beam probe, etc.). These physics
and technology contributions are expected to continue and to be further
advanced with this new proposed project — the ELMO Bumpy Square (EBS).

Recently, several advanced bumpy torus configurations were studied
in detail to identify those concepts that offer potential for significantly
enhanced performance in the present EBT geometry and that offer favorable
reactor extrapolations. Among the various possibilities considered, the
reconfiguration of the present device from a torus into a square, with
stronger magnetic fields in the corners, has been shown to be feasible
and 1s a logical step in the program.

The EBS is formed by four linear arrays of simple magnetic mirrors
linked by four high-field toroidal solenoids (corners). The configu-
ration is such that the straight sides of the square are constructed
from the EBT-I/S mirror coils (four coils per side), and each corner is
formed by eight new half-size EBT-I/S coils that generate high field
with negligible field ripple in the corners.

The EBS configuration off%rs a number of distinct advantages over a
conventional EBT with fespect to particle confihement, heating, trans-
port, ring production, and stability. In EBS the particle drift orbits
are better centered for all classes of particles. The velocity space
loss region is greatly reduced, leading to improved volume utilization,
significantly reduced direct particle losses, and increased microwave
heating efficiency. For an isotropic distribution, more than 95% of the
particles are confined in EBS, as compared to 50% confinement in

EBT-1/S. The combination of nearly concentric particle drift orbits and
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the small radial displacements in the higﬁ-field corners gives an order-
of-magnitude reduction in neoclassical diffusive losses. The orbits of
the deeply trapped particles and core plasma pressure surfaces almost
coincide and are centered on the minor axis. There being no shift, hot
electron rings will be exceedingly well centered in EBS. For the same
anisotropy in EBS there should be little or none of the radial broadening
of the ring that occurs in EBT. This should make it easier to form an
average magnetic well in EBS than in EBT. Detailed calculations in the
areas of equilibrium and stability indicate that equilibria exist
(shifts are smaller in a square configuration than in a torus), and the
stability limits (especially those associated with the corners) are no
more restrictive than those studied for a conventional EBT. Reactor
projections for EBS indicate the possibility of a substantial reduction

in reactor physical size (a factor of 2 to 3) as compared to past EBT

designs.

3.3 ECONOMIC CONSIDERATIONS

Because EBS is a reconfiguration of the existing EBT-1/S device,
there is a minimal capital investment involved for the physics program.

As discussed in the previous section, EBS not only will extend the
knowledge of EBT physics, but it will also advance the EBT in a favor-
able direction in terms of reactor desirability and will continue to

contribute to the physics and technology of fusion in general.
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4. SYSTEM DEFINITION AND BASELINE REQUIREMENTS

4.1 FUNCTIONAL REQUIREMENT

The device is designed to be a physics experiment wherein an
environment is created to permit certain physical phenomena to occur and
where precise observations and determinations can be made of their
occurrences. The basic machine parameters that must be measured con=
tinuously are vacuum pressure, magnetic field intensity, rate of heat
removal, and microwave powver level. The measurement and control of

these parameters is within the scope of :ﬁin project.

4.2 PERFORMANCE REQUIREMENTS (RELIABILITY, AVAILABILITY,

AND MAINTAINABILITY)

The operation of this device requires a staff of professional
research physicists and an array of sophisticated diagnostic hardware.
As a consequence of the high overhead, reliadbility (and congruent machine
availability) is an overriding factor in the design of ihn machine. The
machine will be designed to maximize the ease and speed of replacing a
component (e.g., a burned O-ring, a shorted coil, a ruptured water-
cooled electrical cable, etc.).

The reliability of building support systems is of comcern, and
continuing maintenance programs are in place. The dc motor-generator
sets have scheduled maintenance, the d;ninoralizad vater system and
cooling tower operation 1i.cont1uua11y‘ionitotod, and doélipg oil in
the gyrotron power supplies required for microwave power generation is

"analyzed on a routine programmed basis.
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4.3 PRELIMINARY ASSESSMENT OF INTERFACE REQUIREMENTS

The device will interface with building utilities — primarily the
demineralized water cooling system and the motor-generator d¢ power
network,

Approximately 2§00 gal/min of cooling water will be required during
operatiqg periods. The pumping system has an automatic flow sensor
cur;ently operating on line, and additional pumps are automatically
started or;stopped as“thg load demand varies. The demands for cooling
water for this project;are adequately met by the building system now in
place.

The motor-generator dc power ggcpu: is shared by othgr experiments
located in the building. This device interfaces 'to the power network
through an assignment panel that dictates whic@ experiment has control
of the generator output. This system is in’place also and requires no
podifica;iops'to accommodate the new device pquiguration.‘ The psoject
needs for‘ppweg interface consist of new generator control gapel#ffor
the four additional generators required for the four sets of corner
coils. The aluminum bus and necessary disconmect switches are in place

and are available to the project. _ i

4.4 .CRITICAL ELEMENTS

‘There are no éritical elements required by the device (in the sense
that ‘new of ongoing cCompoment research and development must be success-

fully compieted).' Desigﬁ,”fabricétion, and assembly require omnly
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presently developed technology, and no particular element can be con-

sidered more critical than another.

4.5 CONSTRAINTS

The device constraints are those imposed by the support system
limitations. The magnet characteristics must be compaciblg with the
generator voltage and current limits, the water cooling passage must
withstand 250 psig, and the microwave power level introduced into the
machine is constrained by the gyrotrons and their power supply limi-
tations. The device will be designed to the ‘1imits of the support

systems; no arbitrary constraints will be imposed.

4.6 PLANS FOR SYSTEM TESTS

All nev and renovated water piping will be leak'checked'ac'system
operating pressure. All vacuum piping will be leak checked in accordance
with generally accepted high;vacudn procedures and standards. New coils
will be tested by operating at full current before installation. Afcer
device assembly, all systems will be celted'ip strict accordance with a
startup procedure to Se generated‘by the Euo}oq Energy Division. The
test will generally conform to established precedent set by tests on

prior EBT configurations.
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5. CONCEPT AND ALTERNATIVES

5.1 IDENTIFICATION OF ALTERNATIVES

The device is conceived as an experimental research device for
exploring a particular plasma regime and, by its nature, is an alterna-
tive concept in that it is in corstant competition for funding and
technical suppoxt with other devices proposed for studying plasma

regimes of interest in achieving controlled fusion reactions.

5.2 EVALUATION OF ALTERNATIVES

A8 stated in Sect. 3.2, several bumpy torus configurations have
been studied in some detail. For a more detailed analysis of alterna-
tives to the proposal described herein, refer to the ELMO Bumpy Square

Status Report (January 1984) compiled by N. A. Uckan.

3.3 IDENTIFICATION OF RECOMMENDED CONCEPT

This repott'descriﬁea the recommended concept as determined by
experimencﬁl results to date on the present EBT device and detailed
puysics calculhtioni, as well as by detailed cost analysis and sound

engineering practice.



A8-11

6. UNCERTAINTIES

6.1 TECHNOLOGY/DEVELOPMENT

There are no unknown technology areas, and no research or development

need be finished to construct the machine.

6.2 OPERATION

There are no uncertainties associated with operating the machine.

6.3 PROJECT

There are no known uncertainties associated with related project

costs, schedule, or participants.
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7. PRELIMINARY ASSESSMENTS

7.1 SAFETY, FIRE, AND HEALTH

No special hazards will be encountered, other than those normally
associated with high-voltage equipment; The work area now has a sprinkler
system in place. No harmful effluent will be generated by the project.
High-intensity X rays are generated during device operation, but the
bilological shield around the existing device is calculated to be adequate
for personnel safety. Radiation will be monitored in the personnel work
area. Access into the device enclosure during operation is positively
prevented by electro-mechanical devices interlocked with the X~ray-

producing power supplies.

7.2 QUALITY ASSURANCE

Upon receipt by the Engineering Division of instructions to proceed
vith the project, a quality assurance (QA) plan/assessment for the
device will be generated that will be applicable to the design, procure-
ment, and construction phases of the project. This QA plan will be in
effect before any drawings are issued for construction or any procuremeni

is initiated. The QA plan will be in accordance with Engineering pro-

cedures.

7.3 ENVIRONMENT

All work on this project will be within an existing building and

will not be visible within the surrounding area. No waste or residue
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will be produced. The waste heat dissipated in the cooling tower may

result in some increase of visible indication of water evaporation under

certain climatic conditions.

7.4 ENERGY CONSERVATION

This project, by its nature, is a consumer of energy. The energy

conservation concept 1is not applicable to this project.
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8. METHOD OF ACCOMPLISHMENT

It is proposed that the project be accomplished for the U.S.

Department of Energy in the manner outlined in the following subsections.

8.1 DEPARTMENT OF ENERGY

DOE will furnish overall project coordination and review and will
approve all required documents, administer all prime contracts, and
direct and administer all aspects of the project, including specific

approval of work assignments and approval of work performed.

8.2 OAK RIDGE NATIONAL LABORATORY

The Operating Contractor will provide all design documents and
materials specifications. Title IIl services will be provided as
required. The Maintenance Division will disassemble the existing
machine and will rebuild the device as described herein. New components

will be fabricated in area shops or will be procured from an outside

‘vendor.

8.3 COST-PLUS-ADJUSTED-FEE CONTRACTOR

To the extent feasible, a cost~plus—adjusted-fee (CPAF) contractor
will procure material and provide labor to modify the demineralized

water system from the building headers to pipe flanges near the device.
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10. COST ESTIMATE

The EBS cost estimate (in thousands of dollars) is listed below.

Engineering $ 719
Titles I and II design $464
Project integration $255
Construction $2709
Subtotal $3428
Contingency $ 808
TOTAL PROJECT COST $4236

This cost estimate is based on the following lists of assumptions.

In scope

1. QA plan; (including prerequisite Safety Analysis)

2. Removal\of existing support structure

3. Design and construction of basic device

4. Title III support as required to establish as operational the vacuum

and cooling syqﬁéms and the coil power supplies

£
3

RTINS it
ceranaaBetae.

H
H

Out of scope H 5;

i
i

1. Removal of existing diagnostics

2. Removal of obsolete microwave components
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Insta.tation of diagnostics

Modificétion of biological shield to accommoda;e diagnostics or
operations |

Work on gyrotrons, their.power supplies, rf supplies, and output
power distribution networks

Modifications to blank cavity cover plates

Operational procedures (other than interlock logic)

Utilities around the machine associated with specialty operations

and diagnostics

-
.

A
o

. -
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ll. OUTLINF SPECIFICATIONS
11.1 GENERAL CODES, STANDARDS, AND SPECIFICATIONS

The applicable portions of the latest edition of the following
codes, standards, and specifications will govern the work performed on

this project.

11.1.1 DOE Manuals and Orders

2250.1 Cost and Schedule Control Systems Criteria for Contract Per-
formance Measurement

5480.1A Environmental Protection, Safety, and Health Protection
Program for DOE Operations

Chapter 1 Environmental Protection, Safety, and Health
Protection Standards

Chapter VII Fire Protection
Chapter XI Requirements for Radiation Protection

Chapter XII  Prevention, Control, and Abatement of Air and
Water Pollution

5481,1A Safety Analysis and Review System (OR 5481.1A)

5484.1 Environmental Protection, Safety, and Health Protection
Information Reporting Requirements

5484.2 Unusual Occurrence Reporting System
5700.4 - Project Management System

5700.6A Quality Assurance (OR 5700.6)

6301 General Design Criteria

6430 Facilities General Design Criteria
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11.1.2 Operating Contractor Engineering Procedures

Y/EF-538/R4, General Design Criteria for UCC-ND Projects
Engineering Standards
Safety and Fire Protection Standards

Welding Manual

11.1.3 Nationally Recognized Codes and Standards

American Society of Mechanical Engineers — Code

American Society for Testing and Materials — Standards

American Concrete Institute

American National Standards Institute

American Welding Society Standards

Concrete Reinforcing Steel Institute

Federal Aviation Administration Grounding, Bonding, and Shielding
Practices for Electronic Equipment and Facilities (especially for
diagnostics grounds)

Institute of Electrical and Electronics Engineers Standards
Instrument Society of America Standards

Insulated Power Cable Engineers Association

International Conference of Building Officials Uniform Building Code
(Seismic Criteria)

Joint Industrial Council

National Electrical Code

National Electrical Safety Code — Handbook 81

National Fire Code, National Fire Protection Association

National Electrical Manufacturers Association Standards
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Occupational Safety and Health Administration Standards

Underwriters Laboratory

Uniform Building Code

11.2 DEVICE MECHANICAL SYSTEMS

11.2.1 Vacuum System

The vacuum pumping system for the square configuration will consist
of four pumps, each attached to one cavity section at the end of each
side. Three existing turbomolecular pumps and one cryogenic pump will
comprise the four pump complement mechanical foreline and tank roughing
pumps will remain unchanged.

New cavity sections will be required that, with the existing mirror
coil cases, constitute the plasma vacuum chamber. Six new ''special"
cavities will be required. Each is made of aluminum, is welded-plate
constructed, and has a microwave port. These will have large cover
plates on four sides, which will enhance diagnostic interfacing flexi-
bility. The remaining fourteen cavities will have a simplified design
to reduce costs and are flanged cylinders with one port for a microwave

feed. Four cavities will have a vacuum pumping port, in addition.

11.2.2 (Cooling System

The existing cooling system between the existing building headers
and the EBS will be modified to accommodate the added heat load imposed

by the corner coils. The cooling requirements for the magnet system
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will increase from about 1200 gal/min to about 1750 gal/min (from 288 to
438 water paths at 4 gal/min). In addition to the magnet system, the
vacuum vessel requires cooling to remove about 500 kW of heat deposited
from ion cyclotron resonance heating (ICRH) and electron cyclotron
resonance heating (ECRH).

The existing cooling water manifolds for the mirror coils will be
modified and reinstalled. New manifolds will be fabricated for the
turning coils. The manifolds around the machine will have connections
for power bus cooling and cavity cooling and will have spares for
diagnostic cooling, as well as for the mirror coil needs. Twe gyrotrons
for 28-GHz, 200-kW, continuous wave (cw), microwave power generation are
now in place, and no changes will be required for their cooling systems,

which are independent of the mirror coil cooling system.

11.2.3 Vacuum Vessel Support Structure

The existing support structure will be completely demolished down
to the second floor level at elevation 289 m (949 ft). |

The case of each mirror coil will be directly supported by a stand
bolted to the floor. Each corner assembly will likewise be supported by
a stand bolted to the floor. The individual stands will then be coupled
by a concrete collar to distribute all centering and out—-of-plane

magnetic forces over the centerline span of the machine.
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11.3 DEVICE ELECTRICAL SYSTEMS

11.3.1 Magnet System

Sixteen of the existing EBT mirror coils will be installed on this
device — four each on each straight side. Four of the existing split
mirror coils will be used, one on each side, and each in a different
relative position. The coils on each side of the square are in series
and in series with the opposite side of the square; they are powered by
two dc generators in series with a combined rating of 700 V and 7140 A.
Each corner has eight coils, each of which is physically half of the
straight side mirror coils (two pancake coils instead of four); they are
series connected and are in series with the opposite corner; they are
powered by two dc generators in series with a combined rating of 700 V
and 8570 A. The positive and negative solid copper bus around the
machine‘is in close parallel alignment to cancel stray field effects.

Error field correction coils are not within the scope of this
project, but adequate space consideration for their use is incorporated.
Four continuous vertical and four continuous horizontal field coils will
Se located (one each) on the 45° planes out from the machine centerline.

Trim coils adjacent to the four turning coil assemblies are also
provided for but are not part of the scope of this project. One circular
coil, twice the diameter of a mirror coil, can be mounted inside each of
the eight transition cavities. This location optimizes the function of

the trim coils while removing space conflicts with other machine systems.
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11.3.2 Microwave System

The microwave manifold will be a 10-cm-diam (4-in.-diam) copper
duct square configured to match the coil-cavity arrangement. The
manifold will connect to each straight-side cavity section through a
10-cm-diam (4-in.-diam) port, each port having an adjustable iris to
control power distribution. Input power from one or both 28-GHz,
200-kW (cw) gyrotrons will be fed into the square manifold at a single

point and split for a symmetric distribution at iris areas.

11.3.3 Device rf Sources

No changes to the radio frequency (rf) sources will be effected by
the new configuration, other than a minor rerouting of ducts to fit the
square geometry. New duct flanges will be required at the cavity inter-
faces, but these modifications are outside the scope of this project.

Sources of rf power are listed here for information:

1. Gyrotrons — two each (28 GHz, 200 kW, cw). A power supply consisting
of stacked, variable-voltage, regulated supplies will be used
to drive either one or both of the gyrotrons. The beam supply has
a rating of 100 kV at 10 A, and the gun supply is rated at 40 kV
at 1.0 A.

2. Klystrons — Existing power supplies, oscillators, and amplifiers
will be utilized for auxiliary heating in special expériments.

3. Transmitters — one each 2-30 MHz, 100 kW, cw; one each =30 MHz,
200 kW, cw; one each 175-215 MHz, 50 kW; &w; one edcf 2-30 MHz,

20 kW, cw; and one each 30-60 MHz, 20 kW, a¥,

All of the sources listed are in place and afhf ﬁp!féﬁ}gpal.
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11.3.4 1Instrumentation and Controls

The majority of the instrumentation and controls already exists.

Additions will be made primarily in the cooling and generator control

systems,

The vacuum and instrumentation systems exist and will be installed

on the square configured device without change.

1.

For vacuum instrumentation and control, the vacuum in each of the 20
cavities will be monitored by ion gauges. Line-pressure sensing and
control-valve interlocks are provided for each of the three turbo-
pumps to protect machine vacuum and to prevent damage to the pumps.
Heated, interlocked molecular sieves are also provided for each
turbopump. The turbopump foreline is instrumented with thermo-
couple gauges. The west quadrant utilizes a cryopump whose header is
instrumented with ion and thermocouple gauges. Valving and inter-
locks are provided to adequately protect and isolate the cryopump.
All instrumentation for monitoring and controlling the sector coils
already exists and need only be reconfigured to accommodate the new
geometry. Valving interlocks and flow monitoring for the supply

and return lines feeding the new corner coils will be added, along
with 16 flow sensors for the coils themselves; A hose~break
detector to be supplied by the Fusion Energy Division will be
incorporated into the corner coil cooling-system instrumentation.
The controls for the west-end motor-generator (MG) sets currently
i qge are 18 years old and utilize obsolete components, some of

ﬁﬁiﬁﬁ &te now difficult to obtain. The circuit topology will remain
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‘
unchanged, but new controls utilizing components that reflect the
state of the art will be supplied by the Fusion Energy Division.
The control system for the east-end MG sets now in place has been
developed from scratch, utilizing a high-gain, high-precision error
amplifier incorporating excess di/dt sensing and protection, which
drives an amplidyne generator to achieve precision closed-loop

current regulation.
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12. REFERENCE DATA

MECHANICAL

10.

11.

Plan View — Facility

Plan View — Machine

Elevation —-MAchine

Typical Elevation Cross Section

Flux Surface/Vacuum Vessel Interaction
Reference Configuration

Water piping

Water Manifolds & Support Structure
Circular Cavity

Square Cavity

Corner Assembly

ELECTRICAL

12.

Plan View — Bus Work

Dwg. No.

SK10
SK31
SK30
SK34
SK32
SK36
SK16
SK37

SK33

SK19 -

SK35
(SHT. 1 &

sK21
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9. REACTOR ASSESSMENTS OF ADVANCED BUMPY TORUS CONFIGURATIONS

N. A. Uckan, L. W. Owen, D. A. Spong, R. L. Miller, *
W. B. Ard,** J, F, Pipkins,** and R. J. Schmitt#*

Here we summarize the results from refs. 1 and 2. Recently,
several innovative approaches were introduced for enhancing the
performance of the basic ELMO Bumpy Torus (EBT) concept and for
improving its reactor potential 3% These include planar racetrack and
square  geometries,  Andreoletti  coil  systems, and  bumpy
torus-stel larator hybrids (which include the twisted racetrack and
helical axis stellarator — snakey torus). Preliminary evaluatiops of
reactor implications of each approach have been carried out based on
magnetics (vacuum) calculations, transport and scaling relationships,
and stability properties deduced from provisional configurations that
implement the spproach but are not necessarily optimized.1'2 Further
optimization is needed in all cases to evaluate the full potential of
each approach.

Results of these studies!*? indicate favorable reactor projections
with a significant reduction in reactor physical size as compared to
conventional EBT reactor design® carried out in the past.
Specifically, with these advanced configurations, reactors with
R 20 +t3 m are found to be possible; this is almost a factor of 2
reduction in size compared to recent EBT reactor design points with
R~ 40 #5 m (which utilizes symmetrizing coils for an aspect ratio
enhancement) for comparable power outputs. (Here R is defined as
2rR-equivalent major radius.) This makes it possible to operate at
high wall loadings (v2 to 4 W/m® instead of ~1 to 1.5 WW/m?) and
increased engineering fusion power density.

*Applied Microwave Plasma Concepts, Inc., Encinitas, California 92024,
*HMcDonnel | Douglas Astronautics Company, St. Louis, Missouri 83168.
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9.1 INTRODUCTION

Several aspects of the ELMO Bumpy Torus (EBT) concept make it
attractive as a fusion reactor: the large aspect ratio; simple,
noninterlocking circular coils with modest field; modularity; and,
above all, the steady-state operation. There have been several EBT
reactor studies demonstrating the advantages resulting from these
aspects of the EBT concept, the most recent of which is discussed in
réf, d:

%; Loept 't Shep, on Advanced Bumpy Torus

wpbe,  Eere au! Wpprodches and concept improvement
schemes BMETEYEd fu unhencing the performance of the basic EBT concept
and for improving its reactor potential.® These include (but are not
limited to) configurations with (1)  noncircular magnetic
coi Is — Andreoletti coil systems;® (2) square or racetrack geometries
without® or with’ rotational transform; and (3) stellarator-bumpy torus
hybrids — snakey torus.® 1In all cases EBT-like hot electron rings are
used to stabilize the interchange modes driven by the unfavorable
magnetic field curvature either on a continuous, steady-state basis
[for cases (1) and (2) above] or on a transient bssis during startup to
access the "second stability regime® [for case (3) above].

The results of recent preliminary reactor assessments of these
advanced bumpy torus configurations are summarized in the following
sections.l 2

’

9.2 COMMENTS ON BASIC EBT CONFIGURATION

The toroidal curvature of the magnetic field in EBT results in an
inward shift of particle drift orbits toward the major axis. The
relative amount of shift, however, depends on the pitch angle (V,/V).
This shift is largest for the transitional (resonant) and toroidally
¢-2sing particles (i.e., those having V /V), and it is smallest for
particles trapped near the midplane of each sector (i.e., those having
small V ,/V). This dispersion in the displacement of particle drift
orbits plays a major role in diffusive and direct particle losses.

The drift orbits are determined by contours of constant J, the
longitudinal adiabatic invariant (J =§V||d!). The shift in drift
orbit centers is then determined from R yry — the radial position of
the minimum of J. The volumetric efficiency F(V,/V) = A(V,/V)/
A(V“ = 0) is defined as the ratio of the last closed drift orbit area
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of a particle with a given pitch angle to that of V, =0 (purely
trapped particle).

In a simple bumpy torus, an increase in aspect ratio reduces the
dispersion in drift orbits and improves the confinement of all classes
of particles. The need for better confinement characteristics and
efficient utilization of magnetic fields has led in the past to
reactors with large physical size and power output. Through the use of
low—current supplementary coils (i.e., ARE and SYM coi ls®) or inverse-D
coils,® however, it was possible to reduce the reactor sizes from about
Rt~ 680 m (ref. 10) to about Ry~ 35 m (ref. 3) for a fusion power
output of P ~ 1200-1500 MWe. Results of the recent reactor studies
with SYM and inverse-D coils are given in ref. 3. With the new
advanced configurations, further reduction in reactor physical size has
been shown to be possibie. In all cases, unless otherwise specified,
the following parameters are used: average plasma radius 3~ 1.5m
(a=1m under the coil); B,y =Bp;, 22567 and By, , ©55T for
mirror fields on-axis; the blanket and shield thickness under the
mirror coil ¥ 1.0 m and is distributed nonuniformly between the coils;
and the mirror coil half thickness & 0.35 m.

9.3 EBT WITH ANDREOLETTI COILS (EBTEC)

The EBTEC (EBT with enhanced confinement) configuration consists
of a toroidal array of racetrack-shaped coils— "Andreoletti
coils" —whose major axes are 2lternately oriented vertically and
horizontally.® By adjusting the elongation of the coils (HM,
height~to-width ratio) and the relative shifts in the centers of
alternate coils, it has been shown that it is possible to obtain nearly
concentric trapped and passing particle drift surfaces, thus greatly
reducing the random-walk step-size for diffusion. As in EBT, the core
plasma is stabilized by the hot electron rings which form near mod-B
contours in the midplane. Here we present preliminary results for a
reactor-size device.

Among the various sizes studied for a reactor, we present two
cases here: (1) greatly enhanced confinement for a device comparable
in size to the latest circular coil EBT reactor design, which uses SYM
coils for aspect ratio enhancement,® that is, for Rr~35m, and (2) o
reduced major radius device, Ry  20-26 m, with confinement comparable
to a circular coil reactor (Ry™35m). 1In the calculations, the
blanket and shield thickness is assumed to be 1.0 m at the limiting
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coil throat in the shortest direction, and it has a nonuniform (D1 m)
distribution between the coils (as well as under the coil in the
longest direction).

For the enhanced confinement case (RT ~3m M=2.25 and
a™1.25m under the coil), Fig. 9.1 shows the dispersion in drift
orbit  centers of trapped and passing particles, ARjyy =
[RJMIN(VH/V) =0)] - [RJMIN(VH/V) = 1)], vs the outward shift of the
vertical coils relative to the horizontal coils. Because of less shift
requirement, H/M =3 has been chosen for the coils. To have
ARjyN 2 0, about a 7.5-m shift of coil centers is required. One
quadrant of the equatorial plane of the configuration for this case is
shown in Fig. 9.2.

A plot of volumetric efficiency (percent of area enclosed by a
drift surface) in the midpiane vs V,/V is shown in Fig. 9.3 for an
EBTEC reactor and for a circular coil EBT reactor without and with SYM
coils for the same R, a, and M. Note that the EBTEC has nearly
concentric orbits for all V /V; however, the area for the resonance
particles is small due to shielding scrape-off. It may be possible to
alleviate this scrape-off by proper shaping or parameter optimization.
In any case, a very significant improvement in resonance particie
behavior over the circular coil case is evident from Fig. 9.3.

For the reduced major radius case (Ry ®~ 20-25 m), Fig. 9.4 (a plot
of AR yIN vs Ry) indicates that drift orbit centering becomes poorer as
Ry decreases. The coil shift is about 10 m; however, a larger shift
could be used to reduce ARjypy further.

Figure 9.5 shows a l4-sector device with Ry = 26.5m for the
vertical coils and Ry = 16.5 m for the horizontal coils. The plasma in
the midplane is centered at Ry = 23 m. Figure 9.8 shows the limiting
field lines in the equatorial plane and the mod-B contours. Note that
the distortion from the shift has moved the minimum in mod-B contours
off of the midplane. Nevertheless, a drift surface analysis was
carried out in the "geometric midplane." Figure 9.7 shows the trapped
and passing particle drift orbits in this midplane. ARy~ 0.6 m is
lower than the value deduced from Fig. 9.4, but the plasma radius a is
smaller here. Volumetric efficiency corresponding to this case is also
shown in Fig. 9.3. Comparison with the circular coil EBT reactor still
indicates significant improvement.

To summarize the results, we see that for the Ry ™ 35 m case,
trapped and passing particle orbits can be made to nearly coincide. A
very narrow resonance region results (see Fig. 9.3), which can perhaps
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be eliminated with further optimization; in particular, if Ry is
increased, the resonant particles become circular at large plasma
radius. For RT =23 m, the l4-coil case, the confinement is
significantly better than for the Ry = 36 m circular coil reactor. To
simplify the coils it may be possible to design alternative, smaller
coils which produce the same magnetic field geometry as the shifted
Andreoletti coils.

9.4 ELMO BUMPY SQUARE

The ELMO Bumpy Polygon geometry, in which the magnetic axis is not
circular but is shaped like a racetrack, triangle, square, pentagon,
etc., consists of l|inear segments of simple mirrors (made of circular
or elliptical coils) that are linked by sections of high-field toroidal
solenoids. In these configurations, the toroidal effects are localized
in regions of high magnetic field, thereby minimizing the elfect of
toroidal curvature on single particle drift orbits, volumetric
efficiency, etc. As in EBT, the core plasma is stabilized by the
presence of hot electron rings in the linear mirror sections. For a
near-term, experimental-size device (such as EBT-S), EBS has been shown
to have single particle confinement properties and plasma volume
utilization that are distinctly superior to those of a standard EBT of
comparable size (see Sect. 1 of this report).

High-field solenoid sections (corners) can be circular or
elliptical in cross section. It is also possible to replace the coils
in the straight sections with the Andreoletti coils discussed
previously. Reactor characteristics of the bumpy square (as we!l as
the racetrack) are analyzed for both circular and Andreoletti coils.
Significant improvements (similar to the results discussed previously)
in orbit centering and volumetric efficiency over those of the circular
coi | EBT are found.

Figure 9.8 shows the variation of the normalized magnetic field
strength as a function of arc length along the magnetic axis for one
quadrant (straight section plus two half-corners) of a typical reactor
case, which consists of three |inear mirror sectors per side (total of
12 mirrors plus 4 corners). The on-axis mirror ratio in the sides is
~2.2 and the "global™ mirror ratio (B at the corners/B at the reference
midplane, Boo) for this particular case is 3.86. The mirror coils on
the sides are 8-T magnets, and the corner coils are 12 T. From the
shape of the curve in Fig. 9.8, one can see that there are
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mirror-trapped particles in a single sector, mirror-trapped particles
between the high-field corners, and passing particles. There are also
transitional particles that turn or barely pass near the various field
maxima. The equivalent major radius of the device (circumference/2w)
shown in Fig. 9.8 is about Ry 20.5m, which has drift orbit
characteristics much better than the Ry =35 m circular coil EBT
(Fig. 9.3). Transitional and passing particle orbit characteristics
are similar to and the trapped particle orbits are significantly better
than the Ry = 35 m EBT with SYM coils.

Simple scaling calculations indicate that diffusive step-size
Ax (= ARjyrn) is inversely proportional to the global mirror ratio
(Beorner/Boo) and the ratio of the length of the straight section to
the curved section,

A Boorner NG T [Beopner | N]—l
X * « ,
Boo 2R cor Boo Q“J

where N is the number of mirrors (in straight sections), Ly is the
mirror sector length, and Reor is the radius of the corner (toroidal
solenoid) in which R, 1 1 2) L. He note that confinement time
scales with 1/(Ay)2 and thus with the square of the global mirror
ratio.

Figure 9.9 shows a field line drawing (in the equatorial plane) of
a hybrid configuration, a bumpy square with Andreoletti coils. Here
each straight section (side) consists of two mirror sectors with one
horizontal Ardreoletti coil (HM =2). Among the configurations
studied, this one (though not optimized) gives the smallest bumpy
square geometry for a reactor with an eguivalent major radius of
Rt = 17.5 m. The volumetric efficiency and drift orbit characteristics
are much better than the Ry =20.5 m bumpy square case discussed
previously. Figure 9.10 shows the volumetric efficiency for the
Rt = 17.5 m EBS. As we see, the orbit characteristics for all classes
of particles for the Ry = 17.5 m EBS are significantiy better than the
Ry = 35 m EBT with SYM coils (Fig. 9.10).

Figure 8.11 shows a field line drawing of another hybrid
configuration —a bumpy square with horizontal "teardrop" coils in
which the shape of the coil is shown in Fig. 9.12. This is similar to
the case discussed previously (see Fig. 9.9); however, in this case the
plasma occupies a large fraction of the coil volume. The teardrop
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coils (one on each side) are shifted inward relative to the corners.
Figure 9.13 shows the variation of the normalized magnetic field
strength as a function of arc length along the magnetic axis for one
quadrant, where Boo 8227, Ly~ 10m, and R,y & 6.5 m. The global
mirror ratio is about 5. The teardrop coils are 10-T magnets with
modest current density and the corner coils are 15 T. The corner coils
are of a much smaller cross section, and the total weight of all the
coils in one corner is comparable to that of one teardrop coil. A plot
of volumetric efficiency is given in Fig. 9.14, which compares very
favorably with Figs. 9.3 and 9.10.

Because there are a finite number of coils that can be placed in
corners, field ripple effects may play an important role. Ballooning
modes associated with the corners and the effect of parallel currents
on equilibrium and confinement properties are considered in Sects. 4
through 7 of this report.

9.6 TWISTED RACETRAK

The twisted racetrack (TRT) EBT is a type of "figure 8"
stellarator with two straight sections composed of axisymmetric mirror
sectors. In this configuration (Fig. 9.15), as in EBT, the "bumpiness”
of the field provides favorable poloidal drifts and equilibrium, and
the hot electron rings (in the straight sections) provide the
stability. Rotational transform is introduced (by twisting the
racetrack) to improve the confinement. The curved solenoid sections do
not contain rings (as in the planar bumpy racetrack or bumpy square
configurations) and have an on-axis field approximately equal to the
magnetic field in the coil throats of straight sections. The flux
surfaces are nearly concentric circles with essentially no shear. Thus
the objective of TRT is to obtain a configuration with favorable EBT
stability and equilibrium properties that has the stellarator-|ike
Tavorable transport at modest aspect ratio.

Preliminary calculations carried out for a TRT reactor also
indicate considerable improvement (similar to EBTEC and EBS) over a
standard EBT configuration. The example looked at is for Ry 2 20 m,
equivalent circumference major radius. It consists of six axisymmetric
mirrors per straight section (with a mirror ratio M = 2.25 and mirror
length L, ~ 8.5 m) —a total of 12 mirrors —and curved solenoid end
connectors with a radius of R, 28 m. The rotational transform is
q(axis) ¥ 1.7 and q(limiter) ~ 2.3.
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At reactor temperatures (T; ~ 20 keV), the ion collision frequency
is lower than the bounce time for ions trapped in the 1/R variation in
the toroidal curved sections of the racetrack. In this regime the
dominant thermal conductivity is due to these trapped ions, which are
in banana orbits. The diffusion coefficient is given roughly by

2
2
D~ “90%[% fTV*] :

’

where qpi/el/'2 is the banana width, f; is the fraction of distribution
trapped in the banana orbits, uvtygy is the effective collision
frequency for untrapping the ions, and € = a/R,o. is the inverse aspect
ratio. The banana width in the TRT is the same es in a tokamak or
stellarator with the same toroidal curvature. However, the fraction of
trapped particles and the effective collision frequency in the straight
section with mirrors are different from those in the toroidal section.
Therefore, to evaluate the transport in TRT, the parameters must be
integrated around the device. Calculations are carried out by
approx imating the mirror sectors as square magnetic wells with a field
Bnin = Bmay/M for half the length of the sector (L,/2) and a field By,

for the other half of the length. For a density of ~102° m™3) o
temperature of ~20 keV, and q @ 1.7, we find nT & 3.5 X 1029 m3es for
this TRT reactor.

This preliminary result of nT indicates some margin of ignition
that is approximately equal to that in a circular EBT reactor with SYM
coils for Ry @ 35 m (ref. 3).

9.6 SUMMARY

Reactor projections for the advanced bumpy torus concepts indicate
the possibility of a substantial reduction in reactor physical size (a
factor of 2 of more) compared to past EBT designs. The trend to
smaller EBT reactor systems is summarized nicely in Fig. 9.16. Further
reductions are anticipated as the concepts continue to develop.
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POLOIDALLY ASYMMETRIC ELECTROSTATIC POTENTIALS
IN CLOSED-LINE BUMPY TOROIDS

C. L. Hedrick and L. W, Owen

ABSTRACT

Here an analytic expression is developed for the poloidal asymmetry
in the electrostatic potential observed experimentally in the T-mode of
operation in the ELMO Bumpy Torus (EBT). A multiple-~fluid treatment

for the "cool," '"warm," and "hot" electrons is used. The central idea.

is that the "warm'" electrons dominate both the raliial and poloidal
structure of the electrostatic potential in the T-mode of operation.

The expression for the poloidal asymmetry in the electrostatic
potential, which agrees reasonably well with experiment, is also applied
to a modification of the EBT magnetic configuration. We find that a
substantial reduction in the asymmetry of the electrostatic potential
below that of the EBT is possible in the modification of the EBT

magnetic configuration.

I. INTRODUCTION

Here we develop an analytic expression for the poloidal asymmetry
in the electrostatic potential observed experimentally in the T-mode of
operation in the ELMO Bumpy Torus (EBT).!™* Ve also apply this
expression for the asymmetry in the potential to the ELMO Bumpy Square
(EBS) magnetic configuration.®

Ve shall treat the electrons as consisting of several distinct
fluids. This approach is motivated in large part by the experimental

observation that the electrons in EBT consist of at least three
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distinct populations.® The lowest energy population, which constitutes
the bulk of the electrons, typically has temperatures well below the
potential. This group’s temperature does not correlate simply with the
potential. The highest energy group, the hot electron rings, has
energies well above the potential (e.g., hundreds of
kilo-electron-volts versus hundreds of volts), and again the behavior
of this group is not closely correlated to the potential.

An intermediate energy group, which is the focus of this paper,
has a temperature, as deduced from soft X-ray measurements,’ which is
comparable to and scales with the electrostatic potential. Thus it is
natural to assume that this intermediate energy population of electrons
dominates the formation of the potential. The experimentally observed
radial variation of the potential 1is relatively easy to obtain
theoretically. Indeed, as we indicate by way of review in Sec. III,
one can obtain the main features without specifying all of the details
of the heating and loss processes.

To obtain the poloidal variation of the electrostatic potential,
the main subject of this paper, we again assume that the formation is
dominated by the intermediate energy electrons. The underlying idea is
that the poloidal variation in the electrostatic potential is caused by
the dispersion in single particle magnetic drift motion, which in turn
is driven by the toroidal curvature and gradients in the magnetic
field. Because of the multiple fluid treatment used here, a number of
quantities which reflect different averages of the magnetic drift
motion appear in the formalism. These quantities (denoted by U with
appropriate subscripts) reduce, in the isotropic limit, to ¢d1/B. (The
1nterpretive connection between single particle magnetic drift motion

and the various fluid quantities is made at the end of Sec. II.)
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Determining the poloidal asymmetry requires some information about
the other groups nf electrons and the ions. Fortunately, it is
possible to make assumptions (based on limiting cases) about the other
plasma constituents and thereby obtain a relatively simple expression
for the asymmetry in the potential. This expression agrees relatively
well with experiment.

Because the multiple fluid treatment of electrons employed here is
slightly nonstandard, in Sec. II we review the kinetic equation and its
first several moments for each constituent. In this same section we
develop the magnetic equilibrium properties. Not surprisingly, we find
that magnetic equilibria in EBT and EBS are dominated by the hot
electron rings. The annihilator of equilibrium currents is-also
developed in Sec. II for later use in the charge conservation equation,
voy-o.

In Sec. IIT we manipulate the density and momentum transport
equations for the intermediate energy electrons to obtain a
field-line-averaged density transport equation. The poloidally
symmetric version of this equation is simply the one-dimensional
density transport equation for the intermediate energy electrons.

In Sec. IV we discuss the main features of the poloidally
symmetric solutions to the transport equations for the warm electrons.
Ve argue that the poloidally symmetric part of the electrostafic
potential is controlled (in the usual electron-cyclotron heated T-mode
of operation) by the heat deposition profile through the "radial"
temperature profile of the intermediate energy electrons.

In Sec. V we utilize charge neutrality and minimal assumptions

about the varicus plasma components (based on limiting cases) to obtain
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a relation between the poloidally asymmetric part of the potential and
the poloidally asymmetric parts of various other macroscopic
quantities,

In Sec., VI we concatenate the relations developed in the previous
sections to obtain an analytic expression for the asymmetry in the
potential. Using estimates of various quantities appearing in this
expression, we make a comparison to the experimentally observed
asymmetry of the potential in EBT. This same expression is also used
to project the asymmetry in the electrostatic potential for EBS.

In Sec. VII the major points are reviewed, along with some of
their implications. 5Some of the limitations of the present theory are

discussed and suggestions for further research are made.

II. MOMENT EQUATIONS AND MAGNETIC EQUILIBRIA

The kinetic equation for species k may be written

of of
k Ak k

ERAS T el Il T )
vhere S, represents the effect of scattering. We have in mind a

multiple time scale analysis so that moments of Sy include sources and
sinks associated with scattering by microwaves as well as by Coulomb
collisions.® The first few moments of Ey. (1) yield the continuity, or

density transport, equation for the kP species,®’1?

on
e () - s,

~



A10-5

and the momentum transport equation for the kth species,

3V,
ik [T{ * Y‘.’k] = UE + Ay x B - 7 - B

+ mk,l'd3vsk(z - Yk) . (3)

Since charge conservation plays an important role in determining
the electrostatic potential, we begin by examining the equations

cbtained by summing Eqs. (2) and (3) over species,

— + 93 =0, (4)

~ ~ ~

v
~C
pm[——a-t—"'!c'wc]-pQE"-ixB—V':"'%IdaVSkmk(Z"!c) 0

(3)

Here V., is the center of mass flow velocity, J is the total current,

and P is the total pressure tensor in the center of mass frame:

v

- E M J.d’vfk(! S VY - V)
Since
Pk = mk Id!v fk(V - Vk)(V - Vk) ’

- E(Ek + mViy) - olele ¢

nrwo
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The mass and charge densities are denoted by oM and Q- We note that

in steady state the charge density satisfies Poisson’s equation:

pg=Y-E . (6)

We now estimate the relative sizes of the various terms appearing
in Eq. (5). We are initially interested in the possible effects of
electric fields on magnetic equilibria. Thus we estimate that
v, = E x ngz. Assuming that the various scale 1lengths for the
electric field are comparable, we find, wusing Ea. (6), that thg
convective derivative term involving YC is larger than pQE = E(Y . E)

by ”%i/“%i (=200 in EBT). Thus we will neglect pgE in kq. (5).

The total pressure tensor is‘dominated by the hot electron rings

in EBT,
P=P . (7)

Because the temperature of the g;t electron ring is comparable to the
rest energy of an election, £he thermal velocity of the hot electron
ring is comparable to the speed of %ightg This is so much larger than
the \'E x E velocity (<10%°cm/s) that even though "the convective
derivative term involves the ion mass and density, it 1is virtually
impossible for this term to be comparable to © - 2. [Note that if one
neglected the hot electron rings (and the warm ele;trons), this might

not be the case.} Thus we shall neglect the convective derivative in

Eq. (5).
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To estimate the relative magnitude of the remaining terms in the

* gteady-state version of Eq. (5), it is convenient to rewrite it in the

form
Bx (V- P)
J) = —2 = +Y q T , (8)
.-rl- Bz §k~k

where we have associated the scattering-induced particle flux, Ek, with
the integrdl involving S, in Eq. (5). Ve can estimate the magnitude of
the I, from the continuity equation I} = |e|n, L, /T,. Because the hot
electron gyroradius is relatively large [e.g., L./p, € 0(10)] and the
electron cyclotron frequency is tens of gigahertz, one must assume
lifetimes, relative densities, and/or scale lengths that are several
orders of magnitude different than those es&imated experimentally to
make a single species’ scattering-induced current comerable to the
currents arising from the ring pressure tensor. Since one!expeets that
the sum on species in Eq. (8) will provide considerable cancellation,

we obtain the standard magnetic equilibrium relation

_:].'Lu-_—__._ . 9

We will, howvever, retain the scattering-induced fluxes in Eq. (8) when
ve turn to transport.

The relative magnitudes of the scattering-induced forces and
currents and those associated with the convective derivative term are
somewvhat more delicate matters. The convective derivative term,

through its contribution to viscosity, may be important in some
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high-temperature and lifetime cases by preventing certain pathological
electric-field solutions. In this paper, we will not allow such
pathology and will neglect the convective derivative in Eqs. (3) and
(5).

Notice that in making the above estimates it was important to
include the fact that the hot electrons dominate the total pressure and
to use experimental estimates of scale lengths, lifetime, etc. If we
had included only the coolest components of electrons and ions, we
might have obtained an entirely different ordering.

Because the magnetic equilibrium currents are dominant, we can use
the standard approach that allows one to decouple transport and
magnetic equilibrium. In the remainder of this secc¢ion, we outline the
procedure necessary to determine the "pressure surfaces" for the hot
electron rings. Integration over these pressure surfaces annihilates
the magnetic equilibrium currents and allows one to obtain information
about the "radial" component of the electron field from charge
conservation (Vv » j = 0).

Ve may rewrite the steady-state version of Eq. (4), V- j =0, in

~ -

the form

BxV.P
iJ._"..—_lv.'__lv. -~ -~ ~ 10
(B~ "B. NSRBI TR : (10)

wvhere we have used Eq. (9). The divergence appearing on the extreme

right in Eq. (10) is treated in the appendix and leads to



A10-9

/ .
3 (du ) 3
T [T] = - a—l[‘“' D T]

-2 [opy - (B x By + Uy - BxW] (11)
g -~ - ~ ~ -
where
P, - P
cml+ 21 (12)
BZ
and
9 3py
oy = Uy - VB - (13)

Equation (11) may be rewritten as
a [ 1 -
i [T] g o, - @xmmmy 9y - Bx0] L as

This 1s the anisotropic or tensor pressure geperalization of the more
familiar scalar pressure equation for the Pfifsch-Schlﬁter currents.
The scalar pressure limit of Bq. (14)!!}? can appear in ways which
emphasize elther the curvature, 5, or 2llnB, since
gp . [E x (5 - glnB] = 0.13 For tensor pressure one cannot freely
interchange 5 and gllnB except at lov B [see Eq. (A.14)]. For those
not wishing to follow the details in the appendix, Eq. (14) can be made
partially plausible by noting that the quantities involving 25 and the
curvature, 5, are just those which arise when taking moments of the
magnetic drift veloeity, (i.e., }, q) I v Vp VE). Ve vill use this

relation to single particle maghetic drift motion at the end of this
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section to provide an interpretation of fluild quantities which appear

in both equilibrium and transport.

Because the field lines are closed in EBT and EBS and because j,
B, and ¢ are single valued, the left side of Eq. (14) integrates to

zero after one complete traversal of a field line so that

d -
¢ 5 [Ypl © (B x VlnB) + Vp + (B x 5)] -0 . (15)

We now assume that the ring pressure is separable and of the form
Py = Pr(a9.6)gl(b) y Py = Pr(avﬁ)g“(a) ’ (16)

where o and B are the usual coordinates associated with the Clebsch

representation of the magnetic field as introduced by Grad and Rubin:!?

B=Vax V8 . (17)

Making use of the definition of bp“, we find that

. ve P, o o 18
Yoy = Ve o5+ B (18)

and that Eq. (15) takes the form

a;’r dl 3lnB '
P Tl ek a»
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wvhere

V,= 98 x B/B> ,

o
(20)
‘!ﬂ = -ga x E/B2
Since
-1
—_ 3_33[_;_'] (21
{see Eq. (A.8)}, we can write Eq. (19) as
0« 2PrgarfofB) -8 . &
a0 ~|B] B - ~B
L sar|o[30] 80 of . (22)
K] ~|B] B - L

For an arbitrary function Q for closed field lines (or mirror geometry
vith Q vanishing at the end points of integration),®
)
o 610 = ga1 (%0 - o) - W, ,
(23)

533 $d1q = Cdl[go - 05] : Vg
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Comparing Eqs. (22) and (23), we see that

ap, au ap,. au
Py r,ll _ r r,ll -0 , (24)
da o8 T da
vhere
dl
U =0 5 & - (25)

Equation (24) implies that the surfaces of constant ﬁr are the
same as the surfaces of Ur,“’ a result first obtained by Grad using a
somevhat different procedure.!®> In the 1limit of isotropic ring
pressure, g, reduces to a constant (which we shall take to be 1), and
ve recover the familiar relation that for closed field lines the scalar
pressure is a function of §dl/B. The other simple 1limit is for a
highly anisotropic ring pressure -- more representative of EBT. 1In
this case the surfaces of Ur’" are the same as mod-B in the midplane
(for points off the midplane, one maps the mod-B contours via field
lines).

Without loss of generality, we now choose the surfaces of constant
a to correspond to surfaces of constant Ur,"‘ The a-surfaces are then
also surfaces of constant ring (or total) pressure. Vith this choice
of o, the annihilator of the equilibrium currents is simply expressed

as
devod = § %} ¢dB(...) . (26)

The constraint involving Ur,“ given by Eq. (24) has a simple

interpretation. We have already remarked that the quantities appearing
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in Eqs. (14) and (15) arise when taking moments of the magnetic drift

velocity. Equation (24), which can also be written

Wy (b x W) =0,

is simply a statement that the surfaces of constant p,. must be tangent

to the "average magnetic drift" -- which is proportional to b x VU

ol
Ur," may then be interpreted as an ‘'"average adiabatic
invariant" -- similar in spirit to the single particle longitudinal

adiabatic invariant but averaged over the distribution of particles.

In the remainder of this paper, additional quantities appear,
vhich, like Ur,", reflect averages of the magnetic drift motion. In
particular, we will find that the poloidal asymmetry in the potential
is driven by the average magnetic drift motion of the warm electrons,

wvhich is different than that of the ring electrons.

III. WARM ELECTRON TRANSPORT EQUATION

In this section, we combine Eqs. (2) and (3) for the intermediate
energy (or warm) electrons and manipulate the resultant density
transport equation into a form needed in later sections.

From Eq. (3), in steady state,

ExB 1BX(V'PV)
Bz "-‘ET-—-—B—Z-———‘FEV- (27)

ngVy = ny
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Notice that in contrast to the equilibrium equation for the current,
here we must retain the term involving E X E since the density, rather
than the charge density, occurs. Ve nov insert Eq. (27) into Eq. (2),
and since we are only interested in field 1lines that do not strike
material walls (coil casing or "limiter"), we perform a field line

average. The resultant equation is

E x B Bx (V:FP
s L yv. ln, - " - 1 osdg :;f_f:___sfi

dl dl
+6.B_g'£w=6-8—,[d3vsk . (28)

To evaluate the integral involving the pressure tensor, PV' in
Eq. (28), it is convenient to assume that the distribution function for

the warm electrons is of the form

f = F(e,o,B)h(e/n) , (29)

vhere € is the kinetic energy and u is the magnetic moment. With this

assumption the density and pressure take the separable form.

ny = ny(e,B)G,(B)

Py,i = Py B (B) . (30)

Py,1 = Py(e,B)G (B) .

The separability of the parallel and perpendicular pressures and

the density for the warm electrons is similar to that assumed £for the
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ring electrons in the previous section. It is again convenient to
introduce field line averages of the B-dependent parts of the fluid

quantities:

dl
Uw’n 2 6 B Gn(B) ’

(31)

_ g dl
Uy, =6 5 6(B)

As discussed for the ring electrons at the end of the previous section,
these quantities can also be interpreted as "average adiabatic

invariants" which reflect the single particle magnetic drift
motion -- in this case, of the warm electrons. Because we have several
fluid gquantities (e.g., pressure and density) when dealing with
transport, it is necessary to have two slightly different averages or
wveightings of the drift motion. It is not necessary to introduce
separate averages for the parallel and perpendicular pressure because,
as shown in the appendix, the assumed form of the distribution function
relates the parallel and perpendicular pressures [see Eq. (A.8)].

The integral involving the divergence of EV in Eq. (28) is similar

to that encountered in Sec. II, and using the same techniques we find

that

(32)

B x (V- P - -
A x (¥ =V) By Ay dpy 3y
B - - " 3« 38 8
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To evaluate the term in Eq. (28) involving E x B, it is convenient

to define

Vg = E x B/B? . (33)

Using the vector identity for the divergence of a cross-product and the

fact that in steady state V x E = 0, we obtain

B -E
v Vg=-E- [v X [LL]} == (v x B + 2B x VlnB) . (34)
~ 7 B B2 = - - -

-

Since E + b is assumed zero, we can use [see Eq. (A.14)]

(Y p E)l = E X (E - glnB) (35)
to obtain

Y . YE = —YE . (5 + glnB) (36)
and

Y . (nYE) = YE . [gnw - "V(E + YlnB)] . {372
Using

E=--U¢ _ (38)

¢, 3
Ve - g ¥ g8 e - )
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Combining Eqs. (37), (39), and (30), we obtain

an . G,)
?“Wﬂ=%%#%*wbﬁgl“%%'d}

an . (3G
3¢ (] 9 n .
T {%ﬁ; Gn + Ny [BEZ "ﬁ'] =~ Cn Yo K}} - (40

~
\

Setting Q in Eq. (23) to G,/B, we find that
¢ dl

. % 3 (- ¥ 3 [
T w0 = 55 5 (Wlen) - 58 gs (W) (41)

Equations (28), (41), and (32) allow us to write the density

transport equation in the form

Sy = Cy (42)
vhere we have collected the terms arising from scattering into §“:
symé S (v -v-1) . (43)
The terms arising from "convection" of the warm electron fluid are
Cy = %2 583 (;‘wuw,n) - 3% ':; (;‘wuw,n)

(44)

1 [%w 3y, dpy Ay
daa 9B o8 do
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In the remainder of this paper we will assume that the poloidal

variation in the various macroscopic quantities is small and write

é = dp(x) + ¢;(,B) (45)

and similarly for the other macroscopic quantities. Here it should be
noted that experimental measurements indicate |$;|/|¢y] is typically
less than or equal to one third. This is sufficiently large that it
vas not clear a priori vhether this expansion would adequately describe
the experimental results. The primary justification for the expansion
is that it vyields results for EBT which are in reasonable agreement
with experiment and that it should be even better for EBS.

Ve note from Eq. (44) that the lowest order version of Cy is zero
since none of the lowest order macroscopic quantities depend upon 8.

The lowest order version of Eq. (42) is then

6d8¢ S(fvsy -v- )| =0, (46)
B ~ o
which is simply the one-dimensional transport equation for the warm or

intermediate energy electron density in steady state.

IV. POLOIDALLY SYMMETRIC TRANSPORT SOLUTIONS.

In this section, we discuss the poloidally symmetric solutions to
the transport equations for the intermediate energy electrons. These
equations are generally of the same form as those used in two-fluid
treatments of EBT transport, for which there is a substantial body of

information.16¢718
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Ve begin by discussing some of the general properties of Y . EV'
Here we are concerned with fluxes induced by both microwave and Coulomb
scattering. Fortunately, the fluxes induced by microwave scattering
often have properties similar to those induced by Coulomb collisions.
That 1is, many of the results of neoclassical transport coefficient
calculations depend more upon the details of the particle drift orbits
than upon the details of the scattering mechanism. Thus we limit
ourselves here to the properties of neoclassical transport which carry
over to the more general case which includes microwvave scattering (and
perhaps scattering due to other fluctuating electromagnetic fields),

It should be emphasized that we are primarily concerned in this
paper vith poloidal asymmetry in the electrostatic potential induced by
particle motion and so, for example, we will neglect any (small)
poloidal asymmetry in the microvave heat deposition. As is discussed
at some length in Sec. VII, the weak focusing of the microwvave energy
and the small single pass absorption lead to small poloidal asymmetry

in the microwave heat deposition profile.

The "radial"” or a component of Iy typically takes the form

ﬁ An
w,0 U6y + Tw,o
Ty,0 ~ v,0

Tv,0 = 'DW[Y"V,O. - el ‘ZTw,O] (47

Because the intermediate energy electrons span the zone vhere E x B
drifts can, to lowest order, cancel the YB and curvature drifts, Dy
tends to be quite large (particularly at larger radii) compared to the
corresponding transport coefficients for the cooler bulk electrons and
ions. Typically the hot ring electrons have lifetimes which are 2 to 3

orders of magnitude larger than the bulk electrons®'!® so their
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contribution to particle fluxes 1is negligible. Because the more
energetic of the warm electrons are lost at a higher rate than the less
energetic electrons, the numerical factor A in Eq. (47) tends to be
greater than unity (e.g., 2 or 3).

Vhile there are, in general, a number of possible radial electric
fields which satisfy charge conservation, the radial electric fields
observed experimentally in the T-mode of operation in EBT can be
obtained fairly simply. To lowest order the charge conservation

condition, ¥ - j = 0, reduces to

~

Ti,0=Ty,0* Te,0 + Ty

wvhere ri,O’ Pc,o, and rr,o are the "radial” particle fluxes of the
ions, the cool or bulk electrons, -nd the ring electrons, respectively.
Because Dy is so large, this last equation is difficult to satisfy (for
electric fields like those observed experimentally) unless the factor

multiplying DV in Eq. (47) is small. Thus
|EIZ¢O = AYTV,O + Tw’ozln(nw,o) . ‘ (108)

Because A is greater than unity and the logarithm is a relatively weak

function, Eq. (48) has the approximate solution

e¢0 -3 ATV,O . (49)

Thus wve see that the "radial" or a profile of ¢p is dominated by
the profile of TH,O' Insofar as losses are concerned, the diffusive or

conductive losses for Ty o tr+ to be nearly diagonal, again because
’
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the higher energy particles are lost at a higher rate. At relatively
high energy, unconfined drift orbits exist for single particles and the
scattering rate 1is sufficiently low that, once scattered onto such an
orbit, a particle drifts to the wall. This process is similar to the
loss cone that occurs in a simple mirror machine except that the time
scales are different (drift time scale instead of bounce time scale).
These "drift losses" are relatively more important for energy transport
than for particle transport because they occur at high energy. They
arise formally vhen evaluating the integral over S ,. Here vwe model
them by a simple loss rate, Vp,y

The processes balancing the energy losses are scattering or
heating due to microwaves. Formally, they arise because the part of Sy
representing microwvave scattering takes electrons from the cooler group
and moves them into the intermediate energy population. There is, of
course, also a "sink" associated with microwave heating transferring
electrons from the intermediate population to the hot electron ring
population.

Two types of microwave heating occur in EBT (and EBS).
‘Fundamental electron cyclotron heating occurs at a resonant surface
vhich crosses most of the field lines (see Fig. 1) and is relatively
uniform as a function of radius or a. Second harmonic heating, on the
other hand, is localized to radii in the midplane (or «) near the point
vhere the second harmonic resonance condition is satisfied. While the
relative magnitude of the two heating processes depends upon the
strength of the microvave electric field at the fundamental and second
harmonic resonance, it is clear that the heat deposition profile for
the intermediate energy population can be peaked near the second

harmonic resonance.
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Fig. 1. Field lines in the equatorial plane for (a) EBT and (b) EBS
magnetic configurations. The inset drawings show contours of mod-B for
an EBT mirror cell and for a central mirror cell of the EBS magnetic
configuration. Notice that the mirror cell of an EBS is very nearly
axisymmetric and that all toroidal effects are concentrated in the

corners.
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We can now see in a qualitative way how the Tw’o profile responds
to the peaking of the heat deposition near the second harmonic
resonance. If the "drift losses" are sufficiently large compared to
the diffusive (or conductive) 1losses, then TV,O will peak near the
second harmonic resonance. This is most easily seen if we first
neglect the diffusive losses, for then vD,VTw,O is simply proportional
to the heat deposition profile, H, and TW,O = H/vD’w. Because

particles at larger radii or o are closer to the walls, they are more

susceptible to direct loss to the walls, Vp,v is larger at larger
radii, and TV,O tends to peak slightly to the interior of the peak in
the heat deposition profile. Including diffusive or conductive effects
simply broadens or diffuses the profile for TW,O'

Thus, we see that }he peaking of the heat deposition profile near
the second harmonic causes TV,O to peak near the second harmonic, which
in turn causes ¢;3 to peak near the second harmonic resonance in the
midplane.

Finally, we should point out that strictly speaking, Eq. (47)
applies to an isotropic distribution. For anisotropic distributions an
additional term occurs which involves gradients of B. Ve have
neglected such terms on the grounds that the gradients of B are weak
compared to the gradients of the other macroscopic quantities. This is
consistent with approximations we shall make for the gradients of
¢dl1/B, UV,n' UV,H’ etc., vhich reflect the relatively weak gradients of
B. Indeed, as we shall see in Sec. VI, neglecting such terms is what
allows us to avoid using the energy transport equation when analyzing

the poloidal variation of the macroscopic quantities. A consequence of
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these approximations is that we will cetain only the most dominant

effects of magnetic drifts on the poloidal asymmetry in the

electrostatic potential.

V. QUASI-NEUTRALITY

In this section we discuss approximations for the plasma
constituents other than the intermediate energy electrons. We then use

these approximations in the quasi-neutrality condition,

ni = nc + nw + nr ’ (50)

to obtain a relation that will be used in the next section. Here

n; = ion density,
n, = cool or bulk electron density,
n, = hot electron ring density.

For both the cool or bulk electrons and the ions, we assume that
their densities are functions only of ¢. This approximation reflects
the fact that for cool particles, the constancy of the total energy
(kinetic plus potential) restricts the particles to follow
(approximately) a potential surface. This, of course, can be deduced
from the kinetic equation in the collisionless limit.

For the hot electron rings we have already assumed that the
pressure tensor is separable into a function of o and a function of B.
This is consistent with assuming that the hot electron ring

distribution function is of the form

£, = F(e,a) H(em) . (51)
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This in turn leads to the density for the hot electron rings being of

the form

n. = n.(a) g ,(B) - (52)

Because gr,n(B) differs somewhat from gr,"(B), the contours of
dl . .
constant Ur’" = ¢ 3 &, differ slightly from those of

dl

Ur,n = ¢ + €r,n Vhile U depends solely on a (by construction),

r,ll
Ur,n does have a slight B dependence. For simplicity we shall neglect

this B dependence, which is equivalent to assuming that
— =0 . (53)

Including the B dependence of n. leads to terms which are small
compared to similar terms involving ny (because there are fewer ring
eléétrons per field 1line than warm electrons, and because the more
anisotropic rings have wveaker B dependence).

We nov use the above relations to eliminate n; - ng, vhich 1is
potentially the difference of large numbers and, hence, is difficult to

estimate accurately. To lowvest order,

dng _dn oh = Ny  + N’ (54)
135 ~ds) O =™,0* "

wvhere prime implies differentiation with respect to a. To first order,

(35)

dni dnc 8#1 anv’l
d¢  de¢) 8 - 9B
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Combining the previous tvo equations yields

an o
v,1 1 (.,
T T3 (“w,o + n;) ' (56)

Ve now integrate Eq. (56) along a field line to cast it into a

form that we will need in the next section. Thus

d1 dny,1 ¥ -, .
B aﬁ, - -FB— (nwio UV,n,O + Ny Ur,n) ! (57)

4 6
vhere we have noted that ¢ 1is constant along field lines and have

neglected integrals of the order of U&,n,o and U;,n‘

Vi. POLOIDALLY ASYMMETRIC POTENTIAL

In this section, we combine the information developed 1in the
previous sections to obtain an analytic expression for the asymmetry in
the electrostatic potential in EBT and EBS. Ve then compare the
expression with experimental observations from EBT and compare and
contrast these results with those for EBS.

The first-order density transport equation [see Eq. (42)] is
Cv,l = sv,l . (58)

Ve will assume that év,l is small compared to Cw,l. If ve approximate

Su,1 = (0 F ), (59)
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and anticipate the result that the first-order macroscopic quantities

will vary as cosB or sinB, we can compare the magnitude of Sw’l with

the terms occurring in Eq. (44) for Cy. Noting that in the

axisymmetric limit
3¢

’

|E/rB| (60)

(i.e., ¢6 is the E x E poloidal precession frequency), we estimate that
éw,l/cw,l = 0(Vv/Q). Thus we anticipate that éW,l being small compared
to CW,l will be justified if the fluid loss rate induced by scattering,
v, is small compared to the E x E poloidal precession frequency.

Since the fluid loss rate vanishes as the scattering vanishes, we
cannot really allov v to vanish, since this would preclude justifying
our fluid treatment. The situation here is similar to that encountered
in "plateau” transport when calculating resonant neoclassical diffusion
coefficients.?%’2! 1Indeed, the fluid equations are quite similar to
(but more complex than) the first-order kinetic equation encountered in
resonant neoclassical transport coefficient calculations (e.g., spatial
diffusion here plays the same role as velocity space diffusion does in
transport calculations), and the approximations used are similar to
those often used in the plateau limit. By analogy we expect that the
resultant expressions will give reasonable global results but will be

poor approximations very near singularities or resonances (e.g.,

Q= 0).
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From Eq. (44) ve have

an ) au 3¢, .
' v,1 W,n,1 1
Cv,1 = % [ aé Uv,n,0 * ™,n,0 55’ ] Y ng,0 Uv,n,0
au
1 - v, i1
- 'I—é—l' pV,O —a—e——' ’ (61)

vhere we have neglected the radial (or a) derivatives of UV,n,O and
UV,H,O' By neglecting U&,H,O wve have dropped a term proportional to
aﬁvyl/as. This allows us to avoid simultaneously solving the density

and energy transport equations for the poloidal variation.

Using Eq. (57) we eliminate a&u,l/aa from Cw’lz

- au 3G
' w,n,1 dl n
C,1 = %0 ™,0 [_—_aa By a—s]

34y (-, ] 1 -~ Wy,

neUp n) - TeT Py,0 % (62)

Combining Egs. (58), (59), and (62) we obtain

ap B 8

3

a—5 + \’¢1 = -K’O y . (63)
vhere

~ v &L o%,n,0

V= = 1 4 ——— , (64)

E ant’n
and
F1)) G
K. 1 [ V,n,1 _ g dl n] - (65)

UU,n,O
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- ’
n U ¢
g=—0 ¥n070 4 4 |, (66)
n. Ur,n %
~t
P U
5 - T%'- 'Y,O w,,1/988 (67)
%0"w,0 V,n,1 . d1 %y
3B B 3f

Anticipating that Uw,n,l and G, are proportional to cosf, we write

K = Ky sing , (68)

and Eq. (63) has solutions

9 Ko .
— cosB - v sinB
%0 1.% ( )

Thus the effect of small but finite § is to rotate the surface of
symmetry away from the equatorial plane (8 = 0,n). In the remainder of
this section, we will concentrate on estimating the magnitude and
consider the limit § = O.

To simplify the task of estimating the various quantities, we

assume that all the radial (or «) scale lengths are comparable, so that

n, o U
v,0 “¥,n,0
Be ————1_.3% , (69)
ny Ueon - :

TV,O OUV,“,IIGG

lelog Uy n,1 s 4
P 3

8 = ’ (70)

Zn
T3
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or

(71)

| =

vhere we have used &V,O = ;W,O TW,O and made use of Eq. (49). We have
already noted that A tends to be large so that 8 tends to be small
(e.g., 1/6 to 1/2). The ratio ny oUy o o/(nU. ) appearing in
Eq. (69) is simply the ratio of the number of warm electrons on a field
line to the number of hot electrons on the same field line. This ratio
tends to be large since the warm electron density exceeds the hot
electron density in the midplane of EBT and the warm electrons tend to
extend farther along the field lines. To within a factor of 2, the
estimate for EBT is that H is 3.2?

For EBS we will also assume that H is approximately equal to 3.
The rationale depends wupon the facts that the heating geometry (on a
field line) is similar for EBT and EBS and that 1loss processes are
relatively weak in the transition region between the highly trapped
ring electrons and the warm electrons. Thus the Fokker-Planck equation
for the electrons takes the form a/a! . (é . af/a! + Bf) = 0 with the

~

ratio of the elements in A and B relatively constant betwveen EBT and

~ ~
~

EBS. Since this equation is homogeneous, if f is a solution, so is any
multiple of f. Thus, if the number of warm electrons per field 1line
increases, so does the number of hot electrons, and their ratio (the
dominant part of H) is unchanged.

We expect that the reduction in losses in EBS (due to better
magnetics) would increase the number of both warm and ring electrons.
Probably most important is a reduction of losses for, the warm electrons

at high values of v;/v. Because ECH gives electrons perpendicular
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energy, we expect this to be a relatively minor effect. There 1is,
however, greater uncertainty in the value of H for EBS (e.g., an

additional factor of 2).

Thus, neglecting ¥ in Eq. (63) and setting H = 3 in Eq. (65), we

obtain

(72)

1 . 1 (Yn,1_ pa 3
B B 9B)’

% 2B Uy,n,0
and our remaining task is to determine the behavior of the right side
of Eq. (72). Ve begin by noting that while the warm electrons in EBT

are quite anisotropic, the right side of Eq. (72) would be simplified

considerably if the warm electrons were isotropic, for in this limit

au 3G
u1 [“a'n'l-‘d—al--a—q]-’;—lndﬁ . (73)
¥,n,0 B B 8 B
This suggests that we define
- dl
I-Fﬁ-ln(-i-), (74)
aly 3G
8 - [ a'g'l"%l‘Tg] ' (73)
w,n,0 8
so that
o¢
1 7M1 a1a (76)

¢ 9B
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vhere the anisotropy function, a, is wunity for an isotropic warm
electron distribution. l

Equation (76) shows that the drive for the poloidal asymmetry in
the electrostatic potential is the poloidal asymmetry in ¢dl/B or its
anisotropic generalization. Recalling the interpretive remarks about
¢dl/B and its anisotropic generalization at the end of Sec. II, we see
that, from the microscopic point of view, it is the dispersion in the
single particle magnetic drift motion which produces the asymmetry in
the electrostatic potential.

Because the hot electron rings occur at relatively large radii,
accurate evaluation of the factors I and a requires numerical treatment
of the magnetic field. Nonetheless, considerable insight can be gained
by carrying through analytic evaluation of I near the magnetic axis.
Thus, prior to presenting the results of numerical computation, wve give
these simplified calculations.

Neglecting the bumpiness of the magnetic field, we write the

magnetic field for EBT as

.
0l . r )

B = BO[,‘;{] = \1 - R_o. cosBJ By , 77)
( )

dl = RAE = Ry|1 + o= cos®|dE , (78)
\ R0 J

where R is the major radius and § is the toroidal angle. Then

aa R r
5 Ea [1 + 2ﬁa coseﬂ . (79)
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llere 8 is the poloidal angle referenced to the minor axis. Neglecting

the fact that © and B are measured about different axes, we see that

2nR
U-é%z_a_o.[l-;-zg_cosﬁ] . (80)
0 0

This particular formula is in reasonable agreement with the numerical

calculation of U at the ring position in EBT:

Ul = 1 cosB (B1)
T "I

Thus for EBT

1

)
I 8
“ 10 38

(cosB) . (82)

Because all toroidal effects in EBS are concentrated in the
corners (see Fig. 1), the situation is somewhat different in EBS. In
the sides, we again neglect the bumpiness so that the contribution from

the sides is simply

Uside = 4L/Bg ,

vhere L is the length of a single side and Bs is a "mean" value of B in

the side. In the corners, where the field is essentially that of a

toroidal solenoid,

Re

rC.
dl = R,|1 + — cos®| , (83)
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T'e
B « Bc 1 - = cos@ ’ (84)
Rc

vhere R. is the radius of the magnetic axis in the corner, and B., Ig»
and © are the magnetic field on axis, minor radius, and poloidal angle,

respectively, in the corner. Thus in the corners

L

r

dl c c
S Y [1 + 2 i; cosGﬂ ’ (85)

0

and the contribution of all four corners to ¢dl/B is

2nR r.
Ucorner = B 1 +2 N cos@ . (86)
c c
Thus for EBS
2nR r
u=g_1‘+ °[1+2§.°.cose] : (87)
s Be c

To minimize the toroidal effects (the 2r./B, cos@ term in the present

instance), the ratio of the length of the sides to the length of the

corners is kept as large as practical:

4L
iuT; >» 1 ., (88)
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The global mirror ratio
MG = BC/BS

is also made as large as practical. (Because we have neglected the
bumpiness of the sides, this definition of global mirror ratio is

slightly different from the standard one.) Thus in EBS
2nR r
U 3L [1 . [_c] 1., 5¢ cose] . (89)

Because the global mirror ratio is large (e.g., 3 to 10) the
radius of a field line in the corner is less than the minor radius in

the midplane, r,, of a side by approximately Mi'/?. Thus

4L ZRRC 1 2rs
U — 1 — C
-3 Bs [ + [ L ][HGJ/i] Rc coso ’ (90)
and
)] 2nR 2r
ﬁl = [-ZEE] 1_. Tfi cos® . (91)
0 HG’/z c

The above formula reveals the strong dependence of the asymmetry
of ¢d1/B in EBS on the global mirror ratio (a readily controlled
parameter). It also shows that the asymmetry in ¢dl/B is relatively

insensitive to the corner radius, R The reduction caused by adding

cl
more mirror cells to the sides is contained in the dependence on L.

Because of the approximations made, it does not show the effect of
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local mirror ratio (bumpiness of the sides) or the importance of
carefully tailoring the transition between the sides and corners.
Numerical calculations show that Uy/Ug in EBS can be reduced by as

much as an order of magnitude from that of EBT. Thus

1
Tess ¢ 15 IesT - (92)

0f course, by decreasing the global mirror ratio (e.g., decreasing Bc)
Ippg can be increased considerably.

In EBT, soft X-ray measurements® in the midplane and coil plane
indicate that less than 10% of the intermediate energy or warm electron
population is passing or transitional. That is, more than 90% of the
varm electron population is trapped, and only the remaining 10% is
isotropic. Thus it is important to study the effect of anisotropy.

In both EBT and EBS, the anisotropy factor, a, must approach zero
as the anisotropy of the warm electrons approaches that of the highly
anisotropic hot electron rings. This follows from the fact that in
this case Uv,n would approach Ur,"' vhich by definition is only a
function of a. On the other hand, for purely isotropic distribution, a
is unity by construction. Because the toroidal effects are more or
less uniformly distributed in EBT, we would expect that the rise to the
isotropic limit would occur even wvhen the distribution consisted of
only trapped particles, For EBS, however, the magnetic field in the
sides is axisymmetric to a high level of accuracy so that we would
expect this same trapped particle distribution to yield zero asymmetry

in EBS.
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Since a wide variety of distributions is possible, we first

examine Gn of the form

G, = : (93)

We can then decompose more realistic distribution functions in terms of
these functions and deduce those corresponding to the more realistic
Gy, - Thus, for example, if we approximate the distribution for EBT so

that
Gn = fl Gn(Bcl) + fz Gn(BCZ) (94)
vith £, = 90X and £, = 10%, then for this distribution

a=f; a(By) + f5 a(Byy) (95)

vhere ;(Bc) is obtained by inserting &n in Eq. (75).

Figure 2 shows the result of numerically calculating ; for both
EBT and EBS. The features described earlier are apparent from these
graphs. The only new feature is the relative maxima in a which occur
near the transition between trapped and passing (or isotropic) for both
EBT and EBS. While somevhat exaggerated by our choice of én' these
maxima reflect the fact that transitional particle magnetic drift
orbits are the most asymmetric.

It will be noticed from Fig. 2 that for purely trapped particle

distributions in EBT, a is nearly the same as for the isotropic case.
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Fig. 2. Anisotropy factor, a, for (a) EBT and (b) EBS. Two scales are
used: B, (normalized to the value of B in the midplane on the magnetic
axis) and v;/v = (1 - leBc)I/", vhere B, (here equal to 0.7) is the
value of B at the second harmonic electron cyclotron resonance. The
fundamental resonance of the electron cyclotron resonance occurs at

B 1.4. For EBT the boundary between trapped and passing occurs near

c

[]
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2, vhile for EBS it occurs near B, = 5.
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Thus for EBT the effect of anisotropy is relatively small (e.g., 30%).

Since this effect is small compared tu the factor of 2 uncertainty in

H, ve set a = 1 for EBT, so that using Eqs. (76) and (82) we obtain

4 1
— B = R 96
% 3 cosf (96)

Thus at 8 = 0, ¢ = 2/3¢0 vhile at 8 =n, ¢ = a/3¢0, S0

$B8=0 1
WE=m 2z’

(97)
vhich is typical of EBT experimental data (to within the aforementioned
factor of 2) in the T-mode.!™

For EBS5, we see that the effect of anisotropy is very important
since ; for the trapped portion is zero. Using Eq. (95), we see that

for f, = 10%

L

& %70

Because ECH gives electrons perpendicular energy we do not expect the
fraction of passing (or isotropic) warm electrons in EBS to be
substantially larger than in EBT -- even though these less well trapped
particles would be better confined in EBS than in EBT.

Thus the asymmetry in ¢ for EBS is reduced below that of EBT by
two factors. The first factor comes from the improvement in global
confinement properties as indicated by the reduced asymmetry in ¢dl/B.

The second factor arises from the anisotropic character of the warm
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electrons and the near-perfect axisymmetry of the magnetic field in the
sides. ‘ Each of these factors, if one uses EBT parameters, yields an
order of magnitude reduction in the poloidal asymmetry in ¢. Because
of the greater uncertainty in H and fy for EBS, ve estimate that the
overall decrease in the poloidal asymmetry in ¢ is reduced by one to

twvo orders of magnitude.

VII. SUMMARY

In this paper we have obtained an analytic expression for the
poloidal asymmetry in the electrostatic potential which s in
reasonable agreement with experimental observation. Applying this
expression to the EBS configuration reveals that the asymmetry in the
potential is reduced due to two factors. One factor is the overall
improvement in magnetic confinement of single particles as manifested
through the reduced asymmetry in ¢dl/B. The second factor arises
because the intermediate energy population of electrons consists
primarily of trapped particles that are confined to the very nearly
axisymmetric mirror cells in the sides of an EBS.

One reason that this reduction in the poloidal asymmeéry in the
potential for EBS is important is that it greatly reduces the loss of
cooler electrons and ions that constitute the bulk of the pf;sma.z’ The
Monte Carlo calculations carried out in Ref. 23 indicate that strong
poloidal asymmetry in the potential (as in EBT) leads to "convective"
losses that are about an order of magnitude larger than the purely
diffusive losses usually assumed. For the greatly reduced poloidal

asymmetry in the potential predicted for EBS, these “"convective" losses
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become negligible compared to diffusive losses, and the overall
lifetimes of EBS are increased by one to two orders of magnitude above
those of EBT. The calculations of Ref. 23 (see particularly Fig. 10)
indicate that once the poloidal asymmetry in the potential |is
sufficiently small (i.e., in the range predicted here), the lifetime in
EBS depends far more on the global mirror ratio than on the poloidal
asymmetry in the electrostatic potential.

To obtain the expression for the as;hmetry in the potential, it
has been necessary to make a number of approximations. In particular,
the problem was greatly simplified by neglecting radial (or a)
derivatives of ¢dl/B (and similar anisotropic generalizations of ¢dl/B)
compared to the radial derivatives of other macroscopic quantities.
Vhile justifiable for the global information developed here, this
approximation cannot be Jjustified very near the x-point in the
potential. Thus, to obtain more fine-grained information about the
potential (especially for lower scattering rates relative to the E x E
precession), it appears necessary to simultaneously solve the
first-order density and energy transport equations for the warm
electrons including the differential character of (diffusive)
scattering effects. However, the problem is further complicated by the
breakdown of the assumptions made here for the cooler electrons and
ions near the x-point in ¢.

The Monte Carlo calculations of Ref. 23 suggest that at least for
the cooler electrons and ions, both radial and poloidal diffusion are
important near the x-point in ,. This suggests that all six transport
equations (density and energy transport equations for warm electrons,
cool elecfrons, and ions) should include both radial and poloidal

diffusion. Leaving aside the question of how one determines the



A10-42

various transport coefficients, six coupled second-order partial
differential equations in two dimensions is clearly a complicated
system to solve.

In the absence of two-dimensional diffusion, each of these
transport equations is of the type considered when calculating'resonant
neoclassical transport coefficients [see particularly Eq. (1) of
Ref. 20]. Thus it seems that a logical next step would be to examine
the behavior of a single differential equation of this type which
included scattering in two dimensions rather than one. Comparison with
Monte Carlo results could further illuminate the "fluid" behavior near
the x-point in the potential.

Finally, we note that we have neglected poloidal asymmetry in the
microwvave heat deposition., Our initial motivation for this was the
fact that no strong correlation was observed experimentally between the
poloidal asymmetry in the microwave launching structure and the
poloidal asymmetry in the electrostatic potential.??* Note that
experiments were conducted with microwave launch structures at poloidal
angles which differed by 135%, so that if a strong correlation existed
it would have been observed. This is not to say that no poloidal
asymmetry in the microwave heat deposition occurred -- it simply did
not appear to be a strong effect.

There are, hovever, theoretical reasons to believe that the
poloidal asymmetry in the microvave heat deposition is small., 1In
contrast to Tandem Mirror experiments,?® the microwave antenna patterns
in EBT are not strongly focused and the microwave single pass
absorption is small.?® A consequence of this is that microwave energy
is reflected from walls many times before it is absorbed. These wall

reflections tend to randomize the initial poloidal asymmetry.



Al0-43

Vhile a definitive calculation of the poloidal asymmetry in the
microwave heat deposition is clearly beyond the scope of this paper, it
is possible to make estimates of the order of magnitude of the
asymmetry., We estimate that in EBT the peloidal asymmetry in the
microwvave heat deposition is of the order of a percent or less.
Including this asymmetry in éw,1 and using the techniques and
approximations of Sec. VI, wve estimate that the effect of poloidal
asymmetry in the microwave heat deposition on the poloidal asymmetry in
the electrostatic potential is at least an order of magnitude less than
that produced by magnetic drift motion -- the subject of this paper.

Using this same estimate of the poloidal asymmetry .in the
microwave heat deposition for EBS leads to a poloidal asymmetry in the
electrostatic potential which falls in the range produced by magnetic
drift motion. As we have already mentioned, within this range of
electrostatic potential asymmetry the bulk lifetimes do not differ
appreciably.?3

0f course, it might be possible that the EBS configuration would
achieve such large densities and temperatures that the microwave single
pass absorption would be significantly increased. In this case, it
would probably be necessary to wutilize a more symmetric launch
structure to symmetrize the microwave heat deposition -- much as was

conceived for Tandem Mirror applications.?®

This research was sponsored by the Office of Fusion Energy, U.S.
Department of Energy, under contract DE-ACO5-840R21400 with Martin

Marietta Energy Systems, Inc.
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APPENDIX

A Useful Tensor Pressure Relation

In both magnetic equilibrium [see Eq. (10)] and transport [see

Eq. (28)] calculations one encounters a quantity of the form

Q=29

-

(A.1)

B x (V - Pk)
Here we express Q in a form which facilitates analysis and allows
interpretation of fluid quantities in terms of single particle drift

motion. It is assumed that the pressure tensor has the standard form:

Our first task is to develop a relation between P and p, for the
case when Ek represents the pressure tensor of a single species and
hence does n;t necessarily obey the magnetic equilibrium relation
1 x E = S . E. (Vhen Ek refers to the total pressure, then one can
obtain the r;Iation hetv;en P and p;, from the equilibrium relation.)

Thus for the moment we assume that P and p; arise from a single

species and that

py = mjdivEy? (A.3)

=
"

5 fdvEe? (4.4)
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vhere £ is a function of ¢, u, o, and B so that

4n
Py = 2[—-—-21/2"‘,/,] fdeduB(e - uB)/2 £ (A.5)
2
p = |—20 | fdeew —BHE | (A.6)
21/2m3/2 (C _ uB)1/2

Ve notice that it is natural to write Py and P as functions of a,

B, and B. If we form

3py 4n deduB?
Bl - py = - L Ll L (A7)
B /2372 (e - pB)/2
ve see that
ap)
B—ai = p“ —-— p.’. . (A-a)

Equation (A.8) can also be derived from the parallel component of

jxB=9- P, We emphasize that this equilibrium relation need not,

~ ~
~

hovever, be invoked.

From Eqs. (A.2) and (A.8), wve find that

v P = 9P + (py - TR (A.9)
so that
1
Q- (o, + 2, - D) (A.10)
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[w)
[uy
il

V'(vapl) '

~

o
N
I

= 2Vpl . (E x VlnB) + 2(pl - p”)VlnB * (E x K) y (A.ll)

Dy = v« [toy - pB x 0]

Using the vector identity for the divergence of a cross-product

and the fact that the curl of a gradient is zero, we find that

Dy = Up - (Y xB) . (A.12)
Since

UxB=3=j + b (A.13)
and

3) = B x (k - 9lnB) (A.14)

[which follows from the vector identity for the gradient of the inner

product of B with itself and Eq. (A.13)], we find that

Dy = Sy *+ %y ¢ (B x k - B x vlns) (A.15)
so that
8pl
Dy + Dy = 3y i + Vp - (g X K+ B x glnn)
+2(p - py) WinB - (B xK) . (A.16)

To evaluate D3, ve use Eq. (A.14) to obtain

9. BxKk) =9 (§-4b+Bxvn) . (A.17)



Al10-47

From V - j = 0, we obtain

=33y , i dlnB
PxXP = a3

t<q
—~
-
X
2ay
~
13

+ 9V (B x V1nB) . (A.18)

Using the vector identity for the divergence of a cross-product and the

facts that the curl of a gradient is zero and j

V x B, wve vwrite

V- (B x VlnB)

1]
1.

VlnB

., olnB .
=dn ot i VB

=5y R, B - Bx k) (A.19)

where we have used Eq. (A.14) to perform the last step. Combining

Egs. (A.18) and (A.19), we obtain

3y 3alnB

v-(BXE):-—al—-PZj"—a—i-—

+ VInB + (B x K) . (A.20)

Thus Eqs. (A.11) and (A.20) yield

Ay alnB
D3 = (py - Pl)[iﬁ‘ e

+ (B x K) - [le - Wy + (p) - p")VlnB] : (A.21)
Ve next define

- op py opy
Zp" = ga ey + YB T3 = gp" - =—VUB ., (A.22)
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Combining Eq. (A.22) with Eq. (A.8), we find that

YPu = YP" - (Pl - P“)YlnB ’

and Eq. (A.21) becomes

3y

Dy = (py - Pl)[sr - 23y

olnB
ol

+ (%) - Tpy) + (B x K)

+ 2(Rl -y YlnB .

where we have used Eq. (A.8).

(B x k) ,

Combining Eqs. (A.16) and (A.24) yields

Dy + Dy - D3 = Up + (B x VinB) + Upy * (B x K)
Ay alnB 9Py
+ (PJ_ - Py) 31 + [‘2(Pl - Py) =31 + 3T
Since
a [(rL - oy dy Iy am) . (°PL
B o [[“Er"]j"] = (- p"){iT" T oar) b
IRR Ay ) alng 9P
%(Pl-P")—ai—‘*J" -(Pl-P")—af—-'F—al#

[’

(A.23)

(A.24)

(A.25)

Py
oL

(A.26)
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[wvhere we have used Eq. (A.B8) to eliminate ap"/all, we find that

Dy + Dy - D3 = Vp, (Exgln§)+\2p" © (B x K)
s 3 [[PL - Pu) Ju )
Combining Eqs. (A.1), (A.10), and (A.27), we obtain

v .

[B x (V * Pk)

, .
=] - e @ xmom i @]

a [[PL - Pu)du
Sl e
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Appendix 11

COMPARISON OF ELECTRON CYCLOTRON HEATING
THEORY AND EXPERIMENT IN EBT

D. B. Batchelor

INTRODUCTION

The ELMO Bumpy Torus (EBT) device consists of 24 simple miryqrs joined
end-to-end so as to form a closed field line torus. The mirréf.ratio in each
simple mirror sector is 1.9:1., The device is heated by fundamental and
second harmonic electron cyclotron resonance interaction. When operated at a
central midplane magnetic field of 5 kG and microwave power up to 60 kW at
18 GHz, the device is called EBT-I. When operated at a central midplane
magnetic field of 7.2 kG with microwave power up to 200 kW at 28 GHz, the
device is referred to as EBT-S.

For most of the time that EBT has been in operation the experimental
emphasis has been on confinement experiments and stability studies. Although
electron cyclotron heating (ECH) is fundamental to EBT operation, it is
difficult to measure wave fields in the plasma, heating rates, or other
phanomena that give information directly about the wave physics. Hence, the
study of ECH on EBT began as a theoretical program whose first objective was
to understand the gross features of microwave power flow and power deposition
in each of the plasma components. This was accomplished by using ray
tracing /1,2/ techniques and by developing a zero-dimensional (0-D) wave
energy balance model that takes into account the many passes through the
plasma and essentially random reflections which a typical ray makes before
being absorbed /3/. Over the last several years experiments have been per-
formed with simple microwave calorimeters that are in good agreement with the
power flow calculationa for a wide variety of operating conditions /2/. Now
we report experimental results that directly test and calibrate some of the
assumptions of the power flow and absorption modeling. That is, the single-
pass wave power absorption by the hot electron rings has been measured, the
microwave losses to the EBT cavity walls have been measured, and the

essentially complete opacity of the fundamental resonance to extraordinary



All-2

mode waves propagating from the high-field side has been verified. 1In
section 1 of this paper we outline the general features of microwave propaga-
tion and absorption in EBT and describe the most recent experiments.

Recent experiments and theoretical results indicate that confinement
physics and heating physics in EBT devices are inextricably coupled. The
picture that had previously emerged can be summarized as follows. An annular
plasma of relativistic electrons (TA ~n 500 keV) forms in a region near where
the mod B contour for second harmonic resonance is tangent to a magnetic
field line (Fig. 1). This relativistic electron component is diagnosed by
hard X-ray detectors, synchrotron radiation, and diamagnetic loops. When the
stored energy in the annull becomes sufficiently large, flute instabilities
associlated with bad mirror curvature and plasma pressure are stabilized. It
has conventionally been assumed that the stabilization mechanism is the
formation of a radial magnetic well due to hot electron beta although other

processes have recently been proposed /4/. The plasma radially outside the
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Fig. 1. Equatorial cross section of two EBT-S cavities.
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annuli, referred to as the surface plasma, is unstable and very poorly
confined. The plasma radially inside the annuli is called the core plasma

and is believed to be stable in the usual machine operating mode, the T-mode.
For a discussion of EBT operating modes see Ref. /5/. Measurements of core
plasma density using microwave interferometry and of core density and tempera-~
ture using soft X-ray techniques at the mirror midplane indicated core
densities somewhat less than 10!2/cm3 and temperatures in the range 200 to
1200 eV in EBT-S, depending on microwave power and gas feed rate.

The temperature of the '"core'" component was observed to scale with
decreasing collisionality in a way which strongly suggested classical or
neoclassical confinement. In particular, for collisionless electrons the
simplist neoclassical theory of Kovrizhnykh /6/ for bumpy tori that predicts
an energy confinement time T, that scales as T; © T:/Z/neF(RT, Rys Rpy 2),
where F is a function'of RT = toroidal major radius, RB = magnetic field VB
scale length, RE = ambipolar electric field scale length, and & = plasma
radius. Assuming that a constant fraction f of the input microwave power Pu

is absorbed by the core plasma, the power balance can be expressed as

2
P = neTe - Ne F(RT’ RB’ RE’ L)
M £ '1'1/2 b3
E e

In experiments for which the neutral gas flow was adjusted so as to maintain
constant plasma scale lengths, the quantity nleé/Z was indeed found to scale
linearly with Pu over a considerable range (Fig. 2). Also, the experimental
densities and electron temperatures were consistent with 1-D transport
modeling using more realistic transport coefficients and experimentally
observed ambipolar potentials /7/.

Recent experiments however have shown that the core plasma confinement
is considerably more complicated than is indicated by the midplane soft
X-ray measurements. Thomson scattering measurements indicate that the bulk
of the core density (50% to 90%) is composed of a collisional isotropic core
component with '1‘e = 70-120 eV. Also, other recent experiments (mirror throat
goft X-ray, throat-launched microwave power, and power feed turnoff experi-
ments) demonstrate that the '1‘e = 200-1200 eV component seen by the midplane
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Fig. 2. ;ZIT;/Z as determined from midplane soft X-ray vs microwave power.

soft X-ray diagnostic is in fact a collisionless anisotropic hot tail. 1In
section 2 we describe some of these experiments and give a theoretical
interpretation of that data.

1, MICROWAVE POWER FLOW AND WAVE ABSORPTION

The microwaves in EBT-I1 (18 GHz) are injected from waveguides located at
the midplane of each mirror sector. The 28-GHz power for EBT-S operation is
distributed to each sector through a toroidal manifold which is fed by the
gyrotron and serves simultaneously as an overmoded waveguide distribution
system and & vacuum pumping manifold. In neither case is any directive or
polarizing antenna’ structure present.
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Numerous theoretical studies undertaken to elucidate the role of propaga-
tion and absorption processes in EBT have led to a qualitative understanding

of ECH in EBT-1/S:
(1) Because of strong gradients in B along field lines, any extraordinary mode

energy propagating from the high-field side of the fundamental resonance
is totally absorbed. This is true even for the low density surface
plasma.

(2) However, the extraordinary mode right-hand cutoff prevents extraordinary
mode energy launched near the mirror midplane from propagating directly
to the fundamental cyclotron resonance.

(3) The ordinary mode can propagate throughout the plasma, including the
high-~field region.

(4) A rapid equilibration between ordinary and extraordinary modes occurs due
to mode conversion at wall reflection.

(5) The density and temperature of the core and surface plasmas in EBT-1/S
are sufficiently small that absorption of the ordinary mode is quite
small at both fundamental and second harmonic resonances.

(6) The extraordinary mode is moderately absorbed and the ordinary mode is
weakly absorbed by the hot electron annuli.

The picture that emerges is one of weakly damped rays making many transits
across the device, with wall reflections and repeated ordinary-extraordinary
mode conversions playing an important role in the ultimate energy deposition.
In order to deal with the complicated, essentially random nature of the wave
propagation after a few wall reflections, a simple 0-D power balance model
was developed that treated the sources, sinks, and conversion properties in a
globally averaged way. The plasma is divided into regions bounded by cavity
walls, resonant surfaces, or the right-hand cutoff surface. It is assumed
that each mode propagates freely inside each region. At a wall boundary
surface the waves are totally reflected and partially converted to the other
mode. At a boundary surface in the plasma, waves can be reflected, partially
absorbed, and partially trahsmitte&.to the adjacent plasma region. The

power flux for each mode in each region is assumed to be isotropic in angle
and uniform in space. Details of the 0-D model are given in Refs. /2,3/.
Using this model we are able to estimate the wave energy density in each mode
and the fraction of the total input power Pu which is absorbed by each
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component. Using a combination of ray tracing calculations and the 0-D
model we estimate that of the total power launched into the device during
T-mode operation in EBT-S about 40% is deposited in the lossy surface plasma.
This is because the surface plasma covers more than half of the fundamental
resonance surface, and extraordinary mode energy is strongly absorbed there
even for comparatively small plasma density and temperature. Approximately
33% of Pu is deposited directly in the core plasma and about 287 goes to the
hot electron annuli,

The calculations of absorption by the annulus are carried out using a
relativistic form of Poynting's theorem /2,8/:

Here, s is the arc length along a ray, § = Relg* X (n x E)] = Poynting's
vector, n = ck/w = real refractive index, and g“ = Hermitian part of the
relativistic conductivity tensor. The real refractive index and the electric
field polarization eigenvectors are determined from the ray tracing code,
which uses the cold plasma dispersion relation. In calculating gH an

isotropic relativistic Maxwellian distribution function is assumed:

1 on p2 + p2 \1/2
F(p) = A exp [-p(l v L ,
m¥e3 4nKa (p) m2c2

where p = mec2/TA and Kp(p) is the modified Bessel function. An arbitrary

number of cyclotron harmonics can be retained and all Bessel functions

containing finite Larmor radius effects are included without expansion. Now
measurements have been made of the single-pass microwave transmission through
the hot electron annuli.

The experiment involves transmitting a swept frequency (18- to 26-GHz)
wave through the hot electron ring, across the EBT midplane, using a pair of
highly directive horns. Measurement of the difference in transmission
amplitude with and without the presence of a hot electron population allows a
determination of the ring absorption. The 18-GHz (EBT-I1) system was used for
plasma heating because it allows the flexibility to turn a cavity feed off,
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thereby reducing the ring density. Simultaneous hard X-ray and perpendicular
stored energy measurements were made of the rings to determine the ring
density and temperature for fed and unfed cavities.

Single-pass ring absorption was measured with the polarization of the
microwaves perpendicular and parallel to the magnetic field corresponding to
the extraordinary and ordinary modes of propagation. The measurements were
made at a pressure just above the T-M transition where the rings have a large
stored energy but remain stable. The ring temperature and density were also
measured with the hard X-ray diagnostic. Figure 3 shows the measured trans-
mission as a function of frequency with and without a ring present. Note the
lower level of transmission with a ring present, indicating absorption. The
detailed structure apparent in the transmission signals is primarily due to
reflections, of the cavity walls, of the horn radiation that is not coupled

in a single pass.

ORNL-DWG 83-3699 FED
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Fig. 3. Microwave transmission through a cavity midplane with and without a
ring present. -
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To calculate the fractional power absorption the two signals were
digitally subtracted and divided by the signal present without a ring. This
fraction decreases with frequency from about 12% at 18 GHz to about 5% at
26 GHz. The ray tracing calculations follow this downward trend but tend to
give somewhat higher absorption. The agreement is relatively good if one
takes the ring parameters to be n, = 1.2 x 1011/cm3, '1‘A = 200 keV, but the
theoretical result 1s about a factor of 2 higher than the experiment if one
takes n, = 1.7 x 10!!/em?, T, = 120 keV.

For the O-mode, no significant change in transmission was observed with
and without a ring present. The ray tracing code predicts a ring absorption
less than 1% for the O-mode consistent with the measurement. In addition,
the single-pass absorption was measured above the T-C transition pressure
with and without a heating microwave feed for both the 0- and X-~-modes. For
both modes no change in transmission was observed, indicating that changes in
the core or surface plasma caused by the lack of a microwave feed were not
responsible for the change in transmission observed at lower pressure. We
feel therefore that the agreement between the measured absorption and the ray
tracing calculations is quite good and that the ring power deposition pre-
dicted by the power balance model should be accurate to within a factor of 2.

Single-pass microwave absorption by the plasma in EBT is sufficiently
weak that the microwaves undergo multiple reflections from the cavity walls
before being absorbed. With each reflection some of the microwave energy is
dissipated in the aluminum cavity walls. A set of measurements was made to
determine this loss by measuring the power coupled out of a 3-in. port in one
of the cavities into a waterload microwave calorimeter. An intercavity
transport code was used to predict the power coupled to the calorimeter for
various cavity microwave feed configurations and losses due to microwave
absorbing diagnostic portholes as a function of the single bounce wall loss
coefficient.

The data were obtained with the torus filled with nitrogen to atmospheric
pressure. The total microwave power fed to the torus was held to ~400 W.

The input microwave frequency was swept *25 MHz about the central 18-GHz
frequency in order to scramble standing wave modes, thereby spatially

averaging the power received by the calorimeter.
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Various power feed and porthole loss configurations were used during the
measurement. Power was fed to the torus at different cavities or sets of
cavities to study the transport to the cavity with the calorimeter. A second.
set of measurements was made after nine 4-~in.-diam port covers were removed
to artifically increase the microwave losses. The transport code was used to
model the experimental results. It was found that a wall loss coefficient of
0.7%Z per wall bounce matched the data quite well.

To determine the power lost to the wall in the presence of a plasma the
0-D microwave power balance model was modified to include a wall loss
coefficient. For a wall loss coefficient of 0.77 the power balance model
predicts a total (multibounce) wall loss of ~5% the input microwave power.
Thus, the wall losses can be considered an almost negligible microwave loss.

In order to improve the efficiency of core plasma heating, a program was
initiated to launch extraordinary mode power directly from the high magnetic
field side of the fundamental resonance. Calculations using the 0-D power
balance model predicted that improvement would be marginal unless two
constraints were satisfied: (1) that the power be beamed toward the plasma
center and (2) that the microwaves be highly polarized in the extraordinary
mode. To meet these requirements a high-power, linearly polarized, directive
launcher was developed /9/. The extraordinary mode is elliptically polarized
when propagating at an oblique angle to the magnetic field. In order to
launch the waves perpendicular to B such that the extraordinary mode is
linearly polarized, it was necessary to '"snake'" the launcher through the
fundamental resomance 2zone and launch back toward the resonant layer (Fig. 4).
In initial experiments, up to 24-kW net power from the high-field launcher was
delivered to the plasma. Preliminary experiments with a microwave calorimeter
located on the low-field side of the cavity into which the power was directed
indicate that virtually none of the throat-launched power penetrates to the
low magnetic field side when the launcher is indeed on the high-field side of
the resonance. However, if the field strength is lowered such that the
resonance moves to a higher field than the launcher, very high power levels
are received by the calorimeter. We believe this indicates that the throat
launcher does indeed excite predominantly extraordinary mode and that the

extraordinary mode power is absorbed in a single pass through resonance.
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Fig. 4. High-field, polarized extraordinary mode launcher "snaked" through
the fundamental resonance.

2. RECENT RESULTS IN CORE HEATING AND CONFINEMENT

There have been a number of improvements in the Thomson scattering
diagnostic, resulting in an improved signal-to-noise ratio, a vastly
increased data base with computer acquisition, and radial scanning capability.
The experiments establish the existence of a cold electron component with
temperature about one-third that given by soft X-ray measurements. Figure 5
shows Te as determined by both soft X ray and laser as a function of gas
pressure. The laser is sensitive to electrons primarily with energy below
about 200 eV, whereas the soft X ray is most sensitive to electrons in the
range 500 eV to 2 keV. Therefore, both diagnostics are compatible with the
concept of a two-temperature distribution. In fact, data in the higher
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Fig. 5. Core electron temperature as determined by midplane soft X-ray and

laser Thomson scattering vs torus field pressure.

energy laser channels are consistent with the presence :f an energetic tail
although it is difficult to establish the density and temperature of such a
tail component.

Another recent enhancement is the installation of split coils in some of
the mirrors, which allows diagnostic access to the plasma in the mirror
throats. Interferometer measurements at the throat indicate the plasma
density to be nearly equal to that at the midplane throughout the T-mode of
operation. However, (ne)throat/(“e)mid drops as the T-M transition is
approached. Measurements with a soft X-ray detector located at the throat
show that an energetic component is indeed present with (Th)chroat = (Th)mid
but with much smaller density (nh)throat < o'l(nh)mid' We regard this as
strong evidence that the low temperature bulk component is isotropic whereas
the energetic tail is highly anisotropic. 1In addition, one can infer that
the electric field along B is small.
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There is also clear evidence that the tail component is locally produced
at the fundamental cyclotron resonance. The cavity containing the midplane
soft X-ray detector is not fed with microwave power since bremstrahlung
associated with the hot electron ring would mask the soft X-ray emission from
the v600-eV component. However, there is a flux of extraordinary mode power
on the fundamental resonance surfaces in this cavity from adjacent cavities
that are powered. Now, if the microwave power is removed from these adjacent
cavities, the extraordinary mode power flux on the fundamental resonances of
the soft X-ray cavity drops essentially to zero according to the power
balance model described in the last section. Indeed, it is observed that the
soft X-ray signal drops effectively to zero under these conditions.

This behavior can be understood theoretically if one carefully takes

into account the correlation between the spatial structure of the microwave
electric field Eu(§) and the velocity space structure of the plasma distribu-

tion function f(e,u), where € = mv2/2 = particle energy and u = mvf/ZB =
particle magnetic moment. For fixed position along a magnetic field line s,
the condition for fundamental cyclotron resonance including the Doppler

effect is

M Y O R

where vﬁes(s) is the parallel velocity necessary for resonance at location s
and Hl(s) is the real part of the parallel wave number at s. As an extra-
ordinary mode wave approaches the fundamental resonance from the high magnetic
field side, absorption begins and wave power starts to decrease where the
velocity for Doppler-shifted resonance is a few times the thermal speed,
v;es(s) = O(Ve) with v = (2Te/me)l/2.

For a Maxwellian plasma the profile of wave power Pu(s) can be obtained
by solving the dispersion relation. For k1 = 0 this dispersion relation

takes the simple form

w2 1 ¢ w - Qe
o1 B (),
we Ty Ve Ve
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where oy o= CHI/w is the refractive index and Z({) is the plasma dispersion
function. Figure 6(a) shows profiles of kr(Qe/w) and ki(ﬂe/w) for extra-
ordinary waves propagating parallel to the field in a Maxwellian plasma or
density n, = 10'2/cm3 and temperature Te = 300 eV. Shown in Fig. 6(b) is the

wave power profile Pu(Qe/w) for various temperatures determined from

Q = Q
P \-2) =P _exp {- [ ds’ 2k, [ =2 (s)|}
M \w s(Qe/w) ilw
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Fig. 6. (a) k-real and k-imaginary vs Qe/m for parallel propagating extra-
ordinary mode waves in a 300-eV Maxwellian plasma. (b) Wave power

density profiles c:zIE_I2 for various plasma temperatures.
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Where we have approximated the magnetic field profile near resonance as
Qe(s)/w =1+ s/L (L = 20 cm for application to the central region of
EBT-1/S). Defining 8(s) = Qe(s)/m - 1, we see for example in the Te = 300-eV
case that 50% of the power is absorbed by § = 0.07 (s = 1.4 cm) and that 90%
of the power is absorbed by 6 = C.04 (s = 0.8 cm). The importance of this
observation is that only particles with comparatively large v" are heated,
i.e., those with §TES > 0.04, where Pu(s) is large.

The condition for resonanc. 2t a given location s or fractional shift §
away from the non-Doppler-shifted« raesonance, v;es(d) = -cG/n"(S), can be
related to the energy and pitch anie at the mirror midplane. Invoking p

conservation gives

vay 12

€ vz oo €
res lo ” 2 1/2
V“ (é)g't —-—i{l1-—— =t —[1"(1“;)1'(1"'5)] >
2m v2 By 2m
where By = is the field strength at the midplane, z2 = ﬁo!vz, Vo = V) 3t
the midplane, and r = w/Qeo. Equating the two expressions for vﬁes and

suviving for the resonant energy we obtain

res sy L2 8%/nif &)

2 1-r(L+6)Q-z2)

It 1s important to note that to be resonant at a given § there is a minimum

required energy e;i:(é) = 256 keV x Gzlnﬁ(é) and that the minimum energy is

obtained for purely passing particles, [ = v"0/v = 1. The resonant energy
increases with increasing u, becoming infinite for particles turning just at
the point 6. This somewhat counterintuitive result simply indicates that it
is not sufficient to reach the magnetic field & for an electron to be heated
thefe; rather, it must also have v"(ﬁ) = v;es(ﬁ). For example, assuming

o = 1.7 and r = 1.4, which would be appropriate for a 2:1 mirror ratio as
in EBT-S, for passing particles £ = 1 at § = 0.07 [the location at which
haif the power has been absorbed in the Te = 300-eV case in Fig. 6(b)], one

obtains e:ii = 430 eV. Also, for a trapped particle Z € 0.707 to be resonant

es

at this location, it must have energy e¥®% = 1.7 keV. We can conclude that
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if the bulk electron distribution in EBT were a Maxwellian at 300 eV most of
the power would be absorbed by passing particles with energy above about
1.5Te and by trapped particles with energy above about 6Te.

We see that there is considerable velocity space structure in the micro-
wave heating operator. This comes about not only through the explicit
velocity dependence but also because of the velocity dependence of the spatial
location of the Doppler-shifted resonance and the strong spatial variation in
wave power density due to heavy damping. Of course particles with
¢ < (1 -1/r)1/2 (i.e., particles which turn before reaching resonance) are
not heated at all.

The primary effect of fundamentsl extraordinary mode heating is to
increase the electron's perpendicular energy at the resonance location.
Parallel heating comes about only through u conservation as the particle
moves to lower magnetic field. Therefore, ¢ tends to decrease as the heating
progresses, passing particles become trapped, and trapped particles turn ever
closer to the midplane, until electric field profile effects effectively shut
off the heating. For the particles that are resonant at large values of §,
where the wave electric field is large, the heating is quite rapid. We can

estimate the average heating rate as

At-:l 1 nezﬁf L
At T 2m v, »
e I
sTes

where €, is the perpendicular electron energy, E_ is the amplitude of the
right circular component of the field, L is the magnetic field scale, T is

res is the

location of the Doppler-shifted resonance. Using parameters appropriate for

the transit time between successive passes through resonance, and s

EBT-S with 100 kW of ECH power (giving the asymptotic value for E_ = 20 V/cm),
one obtains Ael/At 2= 3 x 107 eV/s. On the other hand, particles in the bulk
of the distribution, € ¢ Te’ can only be heated by collisions with those
energetic particles that are directly heated by the microwaves.

It is clear that the heating process has the potential for forming a
cold, isotropic collisional bulk as well as an anisotropic, energetic tail in

consonance with the experimental observations. Whether a significaunt tail
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actually forms depends upon how well the directly heated population is con-
fined and how tightly the directly heated particles are collisionally coupled
to the bdlk. Now the confinement of energetic particles in EBT (i.e.,
particles with ¢ > e¢/a, where Ej is the ambipolar potential ~100 to 400 V
and a is the plasma minor radius) is very pitch-angle dependent. Since EBT
relies on poloidal particle drifts QU to cancel the vertical drift vy due to
toroidicity, those particles with small values of QD have large neoclassical
step sizes and large shifts inward in major radius, which can result in
direct (i.e., nondiffusive) particle and energy loss. In particular, those
particles that are transitional between trapped and passing tend to be very
lossy. This situation is illustrated in Fig. 7. The effect of the rf is to
push passing or energetic trapped particles i.to the lossy region of velocity
space.

Quantitative evaluation of these processes requires detailed modeling of
the spatial dependence of the microwave field profiles and the velocity spaee”™
dependence of power absorption by particles, collisional relaxation, radial
diffusion of heat and particles, direct loss of heat and particles on open
drift surfaces, and particle sources. Although this is an inherently 4-D
problem, involving radial and poloidal variations as well as velocity space
variations, we have initiated a program of Fokker-Planck modeling based on
the 2-D finite-element code of Matsuda. The direct losses are being modeled
as velocity-dependent particle sinks, and we hope to be able to model
neoclassical radial diffusion in a similar manner. The preliminary results
of this code indeed show the formation of an anisotrcpic tail and a cold
collisional bulk component. In addition, the direct particle.losses result
in significant energy losses and reduction in bulk heating efficiency.

In summary we can see that the microwave power Pu effectively vanishes
near Qe(s) 2 w. The implication of this is that for fixed € passing particles
are preferentially heated and for fixed pitch angle high energy particles are
preferentially heated. The effect of the heating is to increase Vi pushing

passing particles toward the trapped-passing boundary where confinement is
poor.
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Appendix 12

MONTE CARLO ESTIMATES OF PARTICLE AND ENERGY CONFINEMENT TIMES
IN A BUMPY TORUS AND A BUMPY SQUARE
WITH POLOIDAL ELECTRIC FIELDS

J. S. Tolliver and C. L. Hedrick

Since significant poloidal structure in the electrostatic potential in Elmo Bumpy Torus (EBT) has
been observed experimentally and predicted theoretically, a Monte Carlo calculation has been used t¢o make
estimates of the particle and energy ccnfinement times in EBT with varying degrees of asymmetry in the
electric field. The code is applicable to the bulk ion population and the “cocl” electron population in EBT
but not to the intermediate-energy electrons believed to be responsible for the formation of the potential.
A similar calculation is possible for the proposed Elmo Bumpy Square (EBS) device, which is expected to
have much more symmetric potential profiles because of much better centering of the particle orbits. The
calculations indicate that the confinement time in EBS will be two to three orders of magnitude better than
in EBT.

I. INTRODUCTION

Transport theories for most magnetic plasma confinement devices have traditionally assumed that the
electrostatic potential does not vary poloidally. Only recently has serious consideration been given to poloidal
electric fields.!*~" In EBT, experimental evidence suggests that, under certain operating conditions, the
potential does have a significant poloidal structure.?® This asymmetry can be understood theorectically! by
assuming that the formation of the potential is dominated by the *warm® or intermediate-energy electrons®—
in keeping with the experimental observation that the magnitude of the potential scales with the “tempera-
ture” of the warm electrons.” By using limiting-case descriptions of the lowest order behavior of the ions and
the "cool” and “hot” electron populations, a fluid treatment of the warm electrons leads to an expression for
the poloidal asymmetry in the potential which is in reasonable agreement with experiment. This expression
shows that the poloidal isymmetry in the potential is driven by asymmetry in the magnetic field which, in an
isotropic warm electron dlitribution, madifests itself through poloidal asymmetry in § di/B. More generally,
the asymmetries in the gradient-B and curyature drifts manifest themselves in a slightly more complicated
expression which reflects the densit. .nd pressure weighting along field lines of anisotropic diltﬁbutiou.

In answer to the question of how do the bulk ions and the ®cool® electrons respond to this asymmetric
potential, we have utilised a bounce-averaged Monte Carlo code!® to calculate the particle and energy
lifetimes of these particles by simulating thoir orbits and collisions in the EBT-I/S device with varying
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degrees of potential asymmetry. The lifetimes are estimated by keeping proper statistics on the rate at which
particles leave the plasma through the last closed flux surface in the device, Because these cool particles are
not expected to participate significantly in the formation of the potential, they can be expected to have loss
rates incapable of producing the assumed electric field. To the extent that the cool and warm populations are
decoupled, no inconsistency exists. In reality, of course, there is always some coupling between the different
populations, and the losses of the cool particles would be expected to modify the warm population and the
self-consistent potential somewhat. However, by the computational nature of the Monte Carlo technique,
it is impractical, if not impossible, to calculate a completely self-consistent electric field within the limit
of finite computer resources. A complete description would require inclusion of the microwave heating
physics, the relativistic electron rings, coupling among these *hot® ring particles and the warm and the cool
populations, and coupling among the various ion and electron populations. In order to have statistically
meaningful reults, it would be necessary to have enough Monte Carlo test particles to represent adequately
the ring electrons in the sparsely populated high-energy electron tail. Orders of magnitude more particles
than practical would be required. Furthermore, the significant advantages of bounce-averaging would have
to be discarded for the high-energy ring particles, costing another 2-3 orders of magnitude in computer
time. It is clear that a complete description is far beyond present day computational resources. Despite the
shortcomings of the Monte Carlo method, it has the advantage of offering increased realism in the treatment
of geometry effects in a finite aspect ratio device—realism that is impossible in analytic calculations, It is
just these geometry effects (for example, inverse aspect ratio expansion parameters of order 1/3, large orbit
deviations from fux surfaces, nonlocal diffusion, and direct losses) that are important in understanding the
behavior of plasmas in finite-sised devices. By understanding the response of the bulk ions and electrons
to asymmetric potential profiles similar to that seen experimentally, we are able to make one step toward
s more complete understanding of the poloidal potential structure and its effect on plasma confinement in
magnetic confinement devices.

In the proposed EBS experiment,’! with a much more nearly axisymmetric magnetic field structure,
the poloidal asymmetries in the potential are expected to be much smaller than in EBT. To quantify the
associated improvement in confinement times, we have calculated lifetime estimates for EBS that show an
increass of two to three orders of magnitude over EBT lifetimes.

Section II describes the bounce-averaged Monte Carlo code as it is applied to a device the sise of the
EBT-I/S or EBS experiment. Section III demonstrates the beneficial effect of a radial electric field on
confinement, and Sec. IV presents the Monte Carlo lifetime estimates for EBT and EBS. In Sec. V we draw

conclusions and speculate on the implications of the present results to other devices.
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II. THE BOUNCE-AVERAGED MONTE CARLO CODE AND ITS APPLICATION TO A FINITE
ASPECT RATIO DEVICE

The ORNL bounce-averaged EBT Monte Carlo transport code!® uses the bounce-averaged Monte Carlo
differential Coulomb collision operator previously derived by Tolliver'?:!3 and follows particles using the

Northrop and Teller!? equations:

(@) = 7o (G (1a)
<ﬂ) = -‘ZL"(g_i)ﬁ.e.u (lb)
7= (%;")u.ﬁ.u (Lc)

where J = f mdiv, is the second adiabatic invariant; ¢ and y are the total energy and magnetic mo-
ment, respectivaly; Ze is the charge state (¢ = absolute va.uc of the electron charge); a and S are Clebsch
coordinates!* with Va x VA = B; the angle by 'z mean “bounce-averaged”; and r is the bounce time.
In a bumpy torus or bumpy square it is conveni.... to choose 2xa as the flux through an f di/B pressure
surface; then S is a generalised Pgigigﬂ angle with period 2x. A pressure surface contoir and its relation to
the vacuum vessel and the geomelric center of the magnetic field coils is shown schematically in Fig. 1(a).
Actual numerically computed o and 3 lines for a realistically sised bumpy torus—the EBT-1/S experiment
at ORNL—are shown in Fig. 1(b). It should be noted that the pressure surfaces are not mere shifted circles
but are vertically elongated with nonconcentric centers such that the radial distance from a = 0 to the
outermost flux surface is much greater along the § = 0 line than along the 8 = x line. Recent analytic
theories*5 that attempt to include the pressure surface geometry are restricted to the much simpler shifted
circle approximation. As a result of the assumption of circular pressure contours, the analytic treatments
require that the poloidal angle § be equivalent to a true polar angle # centered at a = 0; then the § =
constant lines are straight radial rays. For a very large aspect ratio, the actual 8 lines are indeed nearly
straight rays, but for the realistic case shown in Fig. 1(b), the lines of § = constant are obviously not ra-
dial. Analytic treatments also assume that the shift A of the pressure surfaces from the geometric center is
ordered small in the inverse aspect ratio expansion—that is, that A/r ~ O(a/R;), where r is the radius to
some point in the plasma, R, is the major radius of the torus, and a is the plasma radius. While A/r can
be genuinely small for most radii in a very large aspect ratio device, it is evident from Fig. 1(b) that A is
of the same order as the plasma sise for a realistic device. We know of no analytic calculations that remain
valid for such a large value of A. Only a numerical calculation can adequately include the pressure surface
geometry of a realistically sised experimental device.

For a hypothetical bumpy torus with a very large aspect ratio, the analytic assumptions of small A and
approximately circular pressure contours are valid. In addition, the average orbit displacement from the flux
surfaces is small, making the transport local and diffusive. In such a limiting case, the diffusion coeflicients
have been culculated analytically.® Our Monte Carlo code has been successfully benchmarked!9:12 against
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FIG. 1. (a) Schematic geometry of a u = § dl/B pressure surface in 3n EBT midplane and its relation
to the geometric center of the magnetic field coils. The major radius of the torus, R;, measures the distance
from the torus centerline to the geometric center, and R, is the distance from the centerline to the § di/B
center. S(u) is the surface enclosed by the u = constant contour, and 27a is the magnetic flux through
S(u). (b) Contours of constant a and 8 for EBT-1/S. In both (a) and (b), the cartesian (z,y) axes have

their origin at the § di/B center, and the y'-axis passes through the geometric center.

the theory in the special case of low collision frequency and small radius—a regime where the theory remains
valid. When the aspect ratio is not large (such as in EBT-I/S or any realistically sised device), the finite
shift A and the noncircularity of the pressure surfaces become relevant. More important, however, the
transport can be nonlocal and nondiffusive. In such a case, the concept of a local diffusion coeflicient loses
meaning as convection and mass flow become the dominant transport processes. We show that the presence
of a poloidal electric field can transform the plasma transport from a diffusive to a convective behavior. No
analytic calculations have been made that treat such convective behavior in a bumpy torus.

Although analytic treatment of finite-sised devices and nonlocal, nondiffusive traneport is difficult, the
Monte Carlo remains valid and can be easily generalised to treat such cases. Instead of a diffusion coefficient,
we calculate a particle confinement time 7, by running the Monte Carlo simulation until each of a large initial
number of particles is lost by striking the wall. For the purposes of this calculation, the “wall” is defined
as some closed a = constant’ flux surface that is near the vacuum vessel wall but completely contained
within the device. The particles are initially given a Maxwellian distribution in energy and pitch angle and
a uniform distribution in f. Conceptually, as each particle is lost, its lifetime ¢; and energy E; upon crossing

the wall are recorded, and it is then dropped from the simulation. Obviously, some particles will live much
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longer than others, but it is those that are rapidly lost that contribute most to the confinement time. After

each of the original N particles has been lost, we calculate the particle confinement time r,, as
—==) T (2a)

Similarly, the energy confinement time re can be calculated as

1 12 E;
2 N 3T ?.'—' (2b)

where 78 heayatesf thie Initial Maxwellian (both T and E measured in eV). In practice, for best

o Al meluty, the code is vectorized to treat 64 independent particles simultaneously. After
cuch particle is lost, its statistics are recorded, and a new particle is started with random initial conditions.
Thus, there are always 64 particles in the simulation. This scheme makes effective use of computer memory
and also allows vectorigation for speed. The simulation should be continued until each particle has been
lost and replaced at least once, preferably several times for good statistics. Then, N in Eqs. (2) ie the total
number of wall collisions that have occurred. In practice, the simulation must be run for 10-100 times the
eventual confinement time. It should be clear that configurations with excellent confinement properties are
very expensive to simulate.

To examine the sensitivity of our results to the choice of the initial radial, or a, distribution, we
have tested various options and settled on an initial delta-function distribution at r s a/2 as the most
representative and convenient choice. When a poloidal electric field is present, crescent-shaped potential
islands exist with an “x-point” somewhere inside the plasma radius a. If the delta function is placed beyond
this x-point, the particles will be rapidly lost. This behavior is somewhat analogous to the cold and lossy
edge plasma beyond the hot electron rings in EBT and certainly does not represent the behavior of the bulk
plasma, with which we are concerned here, in the center of the device. We have also tested a number of
approximately parabolic initial radial distributions. If the parabola extends much past the x-point, those
particles that are initially near the center will be well-confined, while those beyond the x-point will be
rapidly lost. However, if the parabola is entirely contained within the x-point, analogous to considering a
parabolic bulk plasma distribution while ignoring the edge, comparatively good confinement will be seen.
Our numerical results show that an initial delta function at r s a/2 produces confinement times comparable
to those obtained with such an initial parabolic distribution, and also in rough agreem.:it with experimental
results.

A useful diagnostic tool to demonstrate graphically the motion of the particles is a multiple exposure
graph of the (a, §) coordinates of each of the 64 particles in the simulation. This multiple exposure plot
is similar to a puncture plot that shows a particle’s position each time it crosses some reference plane.
In a bounce-averaged description, however, all information about a particle’s position along a field line is

lost. So instead of a puncture plot, we show a particle’s actual (a, ) coordinates which are independent
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of position along the field line, at equal time intervals. Since a and § uniquely define a field line, we can
project any (a,8) coordinate along that field line to any reference plane to obtain the physical coordinates
at the reference plane. We use the EBT (or EBS) midplane as the reference plane in all plots shown in this
paper and transform from the nonorthogonal (a, 8) coordinates to real cartesian space. Thus, each point in
the multiple exposure plots represents not where a particle crosses the midplane, but the physical position

where the field line specified by a particle’s instantaneous (a, §) coordinates c: s the midplane.

III. THE EFFECT OF A RADIAL ELECTRIC FIELD AND COULOMB COLLISIONS

The existence of a purely radial electric field is understandably beneficial to confinement. By “purely
radial,” we mean an electrostatic potential ® that is a function of a (the “radial” variable) but has no g
dependence. In EBT and EBS, the poloidal precession necessary to cancel the toroidally induced vertical
drift comes from gradient-B and curvature drifts and the E x B drift. Particles in an EBT that are toroidally
passing or transitional (i.e., near the trapped-passing boundary in phase space) have very. small gradient-B
and curvature poloidal precession frequencies and thus are poorly confined if no electric field exists. But if
a radial electric field is present, the E x B drift can provide significant poloidal precession, thus providing
good confinement. (Actually, the loss region is not totally removed, just moved to much higher energies,
where only a few particles exist.) This effect holds for both ions and electrons sin:e both species feel the

B x B drift. Also, there is little difference if the field is inward-pointing or outward-pointing.

To demonstrate graphically the beneficial effects of an electric field, Figs. 2(a) and 2(b) show multiple
exposure plots of the collisionless orbits of 64 electrons in EBT with no electric field and with a purely radial
electric field that is inward-pointing at small radii and outward-pointing at large radii. All 64 particles were
started on the birth surface a/ar = 1/4, where ar is the outermost flux surface shown in Fig. 1(b), and with
random £’s uniformly distributed on the range (0,2x). This birth surface corresponds to a radius r s a/2,
where the plasma center (r = 0) is assumed to be at the minimum of § dl/B. The kinetic energies and pitch
angles of the 64 particles were chosen randomly from a 100-eV Maxwellian distribution. The electrostatic
potential used in Fig. 2(b) has the form $ = 400(a, — a2) volts where a, = a/ar is a normalised flux
variable. Thus, ® rises to a maximum of 100 V at a, = 1/2 and falls back to sero at a,, = 1. The poor
confinement properties when no electric field is present are obvious from the many particles in Fig. 2(a) whose
orbits carry them far from the birth surface with some orbits that intersect the wall. In 1 ms of simulation
time nearly the entire cross-section has been filled from an initial distribution of 64 particles at r s a/2. In
contrast, when the purely radial electric field is included, the confinement improves dramatically, as shown
in Fig. 2(b). The initial positions, energics, and pitch angles are identical to those shown in Fig. 2(a), but
most of the 64 particles remain close to the birth surface, and there are no direct losses. The EBT and EBS
concepts are based partly on the existence of radial electric fields to improve particle confinement. In like

manner, modern-day stellarator designs depend on strong radial electric fields for good confinement.!®
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FIG. 2. Multiple exposure (a, §) coordinates (projected to the midplane and transformed to real carte-
sian space) depicting the orbits of 64 Monte Carlo test electrons without collisions in EBT-1/8 (a) with no
electric field and (b) with a purely radial radial electric field (with A® = Tg).

Although the collisionless confinement is poor when no electric field is present, the presence of Coulomb
collisions can limit the detrimental effect of direct losses because collisional particles are unable to complete
orbits that intersect the wall. When e-e and e-i Coulomb collisions appropriate to a background density
of about 9 x 10! cm™2 are included in the simulation, the transport becomes more diffusive in nature, as
evidenced in Figs. 3(a) and 3(b). Of course, in the low collisionality reactor regime, the direct losses remain

troublesome when no field is present.

It should be pointed out here that the magnetic confinement properties of EBS are much better than
EBT because of much better centering of the collisionless orbits. Figure 4(a) shows contours of constant a
and £ for a *“minimal® EBS design with 4 coils per side and a global mirror ratio of about 3.7. Since the
“average” particle motion is on a flux surface, it is clear from the figure that the average particle orbits are
much better centered than in EBT |[cf. Fig. 1(b)]. With 6 coils per side and a global mirror ratio of about 6.4,
an EBS becomes even more axisymmetric as evidenced in Fig. 4(b). Multiple exposure {collisionless) particle
motion plots for the EBS coordinate system of Fig. 4(b) are shown in Figs. 5(a) and 5(b), respectively. All
initial conditions and the functional form‘of ® are identical to those used in Figs. 2. Obviously, with or

without an electric field, the particles remain much closer to the birth surface, and there are far fewer *bad”
orbits than in EBT.



(a)

FIG. 3.

afipropriate to about 9 X 10!!cm~2 background plasma density (a) with no electric field and (b) with a
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Multiple exposure positions of 64 test electrons in EBT undergoing e-e and e-i collisions

CANL-DWG 88-2222 FRD

A4 '
, Y AR
H
p=JInia e gan/d
= ,
7 / g
e SO
~ Al el ~
oS
S=r o \ =0
| X
0, 7
N \‘\z\‘ s y
K\ \(\ /
. NN — Vi
N e g
~ ] '
S /
) B

mirror ratio of 3.7 and (b) an improved EBS with 6 coils per side and a global mirror ratio of 6.4.
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FIG. 5. Multiple exposure positions of 84 collisionless electrons in an EBS (a) with no electric field and

(b) with a radial electric field.

IV. THE EFFECT OF POLOIDAL ASYMMETRY IN THE ELECTROSTATIC POTENTIAL

It is evident that a radial electric field is very valuable for charged particle confinement. However,
if @ has some poloidal dependence, potential islands exist that can have an extremely detrimental effect
on transport rates. Low-energy particles will approximately follow the potential contours because they
are strongly affected by the E x B drift and only weakly affected by the enerﬁ-dependent gradient-B and
curvature drifts. Because of the potential island structure, such particles can take large neoclassical stepsises,
leading to large diffusive loss rates. More seriously, if the potential contours intersect the wall, particles can
experience electrostatic direct losses. These direct losses and large orbits are much more troublesome than
the magnetic direct losses and wide orbit dispersion in Fig. 2(a) because particles of all pitch angles are
affected, not just the passing and transitional particles. Therefore, pitch angle collisions cannot improve the
situation. Only energy-scattering collisions up to energies several times the potential well depth (so that the
gradient-B and curvature drifts are large compared to the E x B drift) can produce particles with orbits that
do not approximately follow the potential contours. If, as observed experimentally in EBT, the potential
is of the same order as or greater than the (cool population) electron temperature, only very few particles
will be scattered to such high energies. As a result, most particles will be strongly affected by the potential

island structure.
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To quantify these effects, we have made Monte Carlo calculations for EBT and EBS with a range of

poloidal asymmetries in the potential. We have chosen an ad Ahoc potential of the form
d(an,f) = q’o(a" = arza —napcos f) , (3)

where the asymmetry parameter n determines the magnitude of the poloidal asymmetry, When n = 0, the
potential depends on a, only, and since a,, is approximately proportional to (r/a)?, is nearly parabolic near
the center, rising to a peak of ®y/4 at a, = 1/2 and falling back to zero at @, = 1. Figures 2, 3, and
5 were made with n = 0 and &; = 400V. The actual potential in EBT-S is not sufficiently well known
to be representable in a simple analytic form, but theoretical calculations! predict an asymmetry of about
15-20%, and n of order 15-20% in Eq. (3) leads to potential contours with large potential islands not unlike
the potential profiles sometimes seen in EBT.2

As a benchmark case, we first show EBT-S results for n = 0. Thus, the potential contours coincide
with the a contours, and there is no island structure, We use a 100-eV Maxwellian distribution of electrons
and @ = 400V so that the maximum potential well depth is A® = T.. Particles are launched at a, = 1/4
with a uniform random distribution in f and pitch angle. The particles experience e-e and e-i collisions
appropriate to a background density of about 9 x 10! cm™~3. Figure 6 shows the potential contours and the
multiple-exposure (a, ) coordinates (projected to the midplane and transformed to real space) depicting

the essentially diffusive nature of the particle motion. Using Eqs. (2) the particle confinement time may be

OANL-DWG 84-2738 FED

FIG. 6. Potential contours (with contour values shown in volts) and the associated long-time particle

motion in EBT for the case of closed symmetric potential contours having no island structure.
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calculated to be 7, = 4 ms, and the energy confinement time 7z ~ 2ms. These results can be regarded as
the “neoclassical® confinement times, the bases with which to compare all other confinement times when a
poloidal electric field is present. Although no analytic theory exists that is valid for this realistic geometry
[A/r ~ O(1)], we rely on the fact that our Monte Carlo code has been benchmarked against the theory for
large aspect ratio to justify the claim that 7, = 4ms is the “neoclassical” result,

As an example of the plasma behavior when a substantial poloidal electric field exists, we show results in

Fig. 7 for n = 16%. This choice produces closed, nearly circular potential contours in the center surrounded

ORNL-DWG 84-2739 FED

FIG. 7. Asymmetric potential contours in EBT with asymmetry parameter n = 16% producing crescent-

shaped potential islsnds and the associated particle motion.

by concentric crescent-shaped potential islands with the outermost crescents barely intersecting the wall. All
other parameters (i.e., ® and all initial conditions) are identical to those used in the previous case. From
the multiple-exposure plot in Fig. 7, it is obvious that the transport is strongly convective in nature, with
most particles following the potential contours once they get outside the central region where the poloidal
asymmetry is small. Of course, a relatively small diffusive motion is superimposed onto the convective orbits
because of collisional effects. The particle and energy confinement times for this case are 7, & 7g =~ 0.2 ms.

We have systematically varied the poloidal asymmetry o;rer arangeof n = 1% to n = 16% and calculated
the particle and energy confinement times for both EBT and a simple EBS design. These results are shown
in Fig. 8. In order to make a lower limit estimate of the confinement time possible in EBS, we have chosen

the “minimal” EBS design with af-coordinate system shown in Fig. 4(a). Based on the theoretical results
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scale of this plot.

in Ref. 3, the expected asymmetry in such a design is about 1 or 2 percent. An advanced EBS design with a
global mirror ratio of about 6 might have only 0.5% or less asymmetry. Not surprisingly, the confinement time
improves dramatically as the asymmetry decreases, and EBS has substantially better confinement than EBT.
But the important conclusion to be drawn is the gain to be expected in going from EBT with 5 2 ib% to EBS
with n < 2%-—easily two orders of magnitude improvement in confinement time. The particle confinement
time for an improved EBS design with nearly gero asymmetry is about 150 ms, compared with 20~30 ms for

the minimal EBS. Thus, an overall improvement of two to three orders of magnitude over EBT ia possible.

V. CONCLUSION

It is evident (and not surprising) that an electrostatic potential with only radial dependence is good
for confinement. However, a “bad” potential, with strong poloidal dependence, can destroy neoclassical
confinement, producing confinement times one to two orders of magnitude smaller than the “good” potential
case. Because of poloidal asymmetries in the magnetic field, the electrostatic potential in EBT can have
relatively large asymmetries, leading to very poor confinement. In EBS, however, the potential asymmetry
should be much smaller, leading to dramatic improvements of two to three orders of magnitude in the particle

and energy confinement times.
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Although these results were calculated for a EBT and EBS, qualitatively similar behavior should be
expected for other devices if a poloidal electric field exists. Tokamaks and stellarators would be expected to
have only small poloidal electric fields because of the presence of rotational transform, which allows poloidally
varying potentials to be easily short-circuited. Conversely, tandem mirrors, which—like bumpy tori—do not
have closed flux surfaces, might have significant poloidal electric fields. Indeed, other authors® have shown
that the presence of poloidal variations in the potential in a tandem mirror contribute significantly to the
radial particle flux. However, Ref. 6 remaine a diffusive calculation and makes no attempt to treat the
convective behavior seen in Fig. 6. We speculate that, for sufficiently large poloidal electric fields, tandem

mirrors might experience radial particle losses qualitatively similar to those shown here,
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Appendix 13

ALTERNATIVE CORNER COILS

Introduction

The method for making the corner coil sections as contained in the
main body of this proposal has a number of attractive features:

1) There is high confidence in the design and fabrication of these
coils. The conductor (rectangular copper with a circular hole for
wvater cooling) has been used before, and the techniques for winding
it into coils have been demonstrated in the existing EBT coils.
The performance and reliability have been established through
extensive use.

2) Diagnostic access to the plasma is possible using ports betveen
these coils. Since there is a great deal of interest in the
physics of the corner region, this access is quite important.

On the other hand, the use of these coils raises some concerns,
principally because of the high power requirements for operation. The
high field in the corner will require about 12 Mw. That much power
would be a major expense in operating the facility. In addition, the
reliability of the power source (MG sets) is a concern for experimental
availability, and the maintenance of the powver source vould also
increase the operating costs.

These concerns have prompted an investigation of two options for
the corners, one a novel copper coil configuration, the other a
superconducting coil assembly. Each of these options offers a
significant reduction 1in power consumption for maintaining the corner
magnetic field. These two options are described below. The advantages

of each are given, as vell as some of the operational and developmental
concerns.

Parameters of the coils for the Corner Section

The magnetic field required in the corner region is determined by
the global mirror ratio. As demonstrated in Chapter 1, plasma
confinement in EBS depends sensitively on this quantity. To
investigate this dependence, global mirror ratio values of up to 6
should be available. A resonant field (at 28 GHz) of 1T results in a
field of O.5T at the ring location. A global mirror ratio of 6 leads
to a field requirement of 3T in the corner; a desire for some
flexibility in locating the ring raises this to 3.5T.

The current required to generate that field is roughly 1.5 - 2 x
10% A-t per corner. The current distribution differs in the various
options, and is given below.
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Copper Option

The resistive losses in the corner regions can be decreased by
increasing the amount of copper available to carry the current required
to produce the magnetic field. An obvious way to accomplish this is to
use vedge-shaped coils which nose together tightly on the inside radius
of the coil array and which completely fill the outer radius regions.
Another method is to extend the conductor radially to the top, bottom,
and outside. In this case the coil bore would no longer be in the
center of the coil. Such a coil could be built using wedge-shaped
rectangular plate with a spiral cut to produce the turns. A cooling
channel using imbedded copper tubing would be used to remove the heat
generated in the coils. These concepts, together with the baseline
design, are shown in Fig. 13.1.

This coil concept has been termed the spiral cut plate concept and
has been studied for feasibility, cost, and schedule. In order to
match the current/voltage characteristics of the existing MG powver
supplies, a configuration consisting of 22 coils of 8 turns each has
been considered. A more detailed plan view of this concept is given in
Fig. 13-2, and the side view is shown in Fig. 13.3. To optimize this
concept (minimize the resistance) the locations of the spiral cuts have
been chosen so that the resistance of each turn is nominally equal.
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The coil insulation would consist of sheet insulation inserted
between turns and sheet insulation between the plates. The plates
would be connected electrically in series using cross-overs to connect
adjacent plates. A cooling circuit would consist of two plates, with
the water spiralling in on one plate, then out on the adjacent plate.
That two-plate combination would be potted using glass filled epoxy to
maintain structural integrity and to carry the turn-to-turn loads.
Special purpose potting molds have been considered in the estimate.
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These coils could be supported, and the utilities provided, in a

manner very similar to that in the baseline approach. Development
issues are:

(a) WVedge-shaped copper plate has not been produced. Although a
manufacturer has expressed interest in rolling such plates, the
availability has not been demonstrated. If flat plates were to be

necessary, then the costs to machine it into a wedge shape would
be about $50K.

(b) Diagnostic access in the corner region is eliminated, thereby
precluding measurements of the corner plasma properties.
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Superconducting Option

In this option the magnetic field in the corner would be produced
by eight superconducting winding bundles in each corner. Each bundle
consists of 112 turns, which results in 896 turns per corner. The coil
current of 2.3 kA would be provided by a new, low voltage power supply.
Coil operation at such 1low currents would give excellent stability.
The arrangement of the corner coil array and its dewar are shown in
Fig. 13-4.

The coils would be wound using surplus EBT-P superconductor, so
there would be no procurement cost for the wire. Similarly, no
procurement cost would be expected for the helium refrigerator, since
there would be cryogenic equipment available from the Large Coil
Program, which would be terminated by the time EBS would be
operational. In the summary of the costs for the various options, the
costs for the refrigerator and conductor are shown in parentheses, to
indicate the increment which would be necessary, were these resources
not available.
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The initial study of the conceplt has assumed that there would be
one pair of vapor cooled leads per corner assembly. The operating
costs could be further reduced by using a superconducting bus to
connect the corners, thereby minimizing the heat 1load for the
refrigerator. The heat load due to X-ray heating has been evaluated,
and would be less than 1/2 V per corner.

Developmental issues are:

(a) The complex shape of the dewar within the limited space of the
corner causes it to be a major influence in the overall cost.

(b) Installation of the liquid nitrogen shield and insulation will be
a critical point due to minimal space between the cold mass and
the dewar wall. However, it 1is felt that a viable design is
possible within the space available.

(c) Fabrication of the bobbin as a monolithic unit will be of the same
order of difficulty as the baseline corner concept, and does not
require any development activities,

(d) A winding technique must be developed which minimizes the number
of joints in the superconducting windings.

(e) Adequate space exists for the design of a realizable cold mass
support scheme.

(f) The added space requirement of the dewar complicates the inter-
face between the vacuum elbow (passing through the dewar) and the
adjacent transition cavities. It may become necessary to modify
the transition cavity design.

(g) Diagnostic access in the corner region is eliminated, thereby
precluding measurements of the corner plasma properties.

(h) An adequate protection system for the coils would have to be
designed and implemented.

Cost Comparison of the Various Options

The costs for individual elements for the various coil options are
summarized below, in table 13-1.

As shown in this table, the capital costs for the two alternate
options are, respectively, 50X and 100% greater than for the baseline
design. However, the large reduction in power costs would offset the
higher capital costs within a period of 1 to 2 years.

These estimates have been based on a variety of sources, including

EBT-P magnet development, RFTF cryogenic installation, shop estimators,
and vendors.
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TABLE I
ELMO BUMPY SQUARE CORNER MAGNET STUDY
CONCEPT COSTS
(S IN THOUSANDS)

WATER COOLED SUPERCONDUCTING

BASELINE SPIRAL CUT

DESIGN PLATE
FACILITY COST
FABRICATION 876 1,220 1,340
OTHER
ELECTRICAL & CRYOGENICS - - 360
COIL MATERIAL (50)* 90 (100)*
REFRIGERATION (250)*
SYSTEM - -
ENGINEERING 140 200 260
SUBTOTAL 1,016 1,510 1,960

OPERATING COST - (44 TEST WEEKS, 2.25 DAYS/VWEEK, 8 HOURS/DAY: 800 HOURS)
POVER ($41.5/MV HR) 400 60 35

SUBTOTAL 400 56 35

*COST OF REFRIGERATION SYSTEM AND COIL MATERIAL IF PURCHASED

Discussion

Both of these options meet the objectives of greatly reducing the
operating costs due to power charges, and both suffer the disadvantage
of eliminating diagnostic access in the corner region.

Each concept has some historical basis for confidence in producing
the coils. Numerous superconducting coils have been built, with higher
fields and more complex shapes (e.g. Baseball, Ying-Yang, etc.). A
spiral cut plate coil, with flat plate, was built as a prototype for
the ORMAK toroidal field coil.

The superconducting option would require the purchase of a nev
pover supply. This would slightly increase the capital cost, but would
result in a more reliable supply, and in decreased maintenance costs.
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